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ABSTRACT

We present the temperature power spectrum of the Cosmic Microwave Background obtained by
cross-correlating maps from the Atacama Cosmology Telescope (ACT) at 148 and 218 GHz with
maps from the Planck satellite at 143 and 217 GHz, in two overlapping regions covering 592 square
degrees. We find excellent agreement between the two datasets at both frequencies, quantified using
the variance of the residuals between the ACT power spectra and the ACT×Planck cross-spectra. We
use these cross-correlations to calibrate the ACT data at 148 and 218 GHz, to 0.7% and 2% precision
respectively. We find no evidence for anisotropy in the calibration parameter. We compare the Planck
353 GHz power spectrum with the measured amplitudes of dust and cosmic infrared background (CIB)
of ACT data at 148 and 218 GHz. We also compare planet and point source measurements from the
two experiments.

1. INTRODUCTION

Recent measurements of the Cosmic Microwave Back-
ground (CMB) power spectrum by the Atacama Cosmol-
ogy Telescope (Das et al. 2013, hereafter D13), South
Pole Telescope (Story et al. 2012), and the Planck satel-
lite (Planck Collaboration I 2013; Planck Collaboration
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XV 2013) provide a precise view of CMB anisotropies
over a wide range of scales (2 < ` < 4000), extend-
ing the measurements by the WMAP satellite (Hinshaw
et al. 2003; Bennett et al. 2013) and earlier observations,
and demonstrating exquisite agreement with the ΛCDM
model (e.g., Spergel et al. 2003; Hinshaw et al. 2013; Siev-
ers et al. 2013; Story et al. 2012; Planck Collaboration
XVI 2013).

We present a measurement of the cross-correlation of
CMB temperature anisotropies at 148 GHz and 218 GHz,
from the ACT data acquired during the 2008, 2009 and
2010 observing seasons, with the publicly released Planck
maps at 143 GHz and 217 GHz. The overlap of the
two experiments allows us to test their consistency. The
ACT data used in the previous analysis were calibrated
to WMAP data by matching the ACT×WMAP cross-
spectrum to the ACT power spectrum (at 2% precision
for ACT 148 GHz; Hajian et al. 2011). The lower level
of noise, higher resolution, and closer match in frequency
of the Planck satellite data now enable a more precise
calibration.

The paper is organized as follows. In Section 2 we
describe the observations, beam transfer function and
mask used in the cross-correlation analysis. In Section 3
we show the ACT×Planck power spectra for each ACT
season and each frequency, and use a simple likelihood to
assess the consistency with the ACT power spectra and
to compute a best-fit calibration factor. In Section 4, we
compute new estimates of the Galactic cirrus contamina-
tion and Cosmic Infrared Background (CIB) fluctuations
in ACT maps using the 353 GHz Planck data. In Sec-
tion 5 we test the isotropy of the best fit calibration,
by comparing the ACT two-dimensional power spectra
to the ACT × Planck two-dimensional spectra. Lastly,
we compare planet temperature measurements and flux
density measurements of compact sources from the two
experiments in Section 6 and Section 7, respectively. We
conclude in Section 8.
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Fig. 1.— Comparison of ACT (top) and Planck (bottom) maps for a 15 deg2 patch in the ACT Equatorial region. The maps are the
inverse variance weighted combination of all ACT data at 148 GHz (left) and 218 GHz (right) and all Planck data at 143 GHz and 217 GHz.
All maps have been filtered with a high pass filter (for modes on scales: ` < 500). Artifacts of the HEALpix pixelization are seen in the
Planck maps. The agreement is visually excellent.

In this paper we take as a baseline the maps presented
in D13. These maps were calibrated to WMAP as in
Hajian et al. (2011). Recalibration factors y quoted in
the following are values by which one multiplies the ACT
maps. That is, a recalibration factor of 1.01 means mul-
tiply the ACT map by 1.01 and increase the power spec-
trum by (1.01)2. Note that the observed map calibra-
tion factor between Planck and WMAP maps is 0.985
(Planck is lower than WMAP; Planck Collaboration XVI
(2013)); this sets our expectation for the ACT calibration
to Planck.

2. ACT AND PLANCK DATA

ACT is a 6-meter off-axis Gregorian telescope situated
in the Atacama desert in Chile. The data used in this pa-
per are described in D13 and consist of maps of 300 deg2

along the celestial equator (hereafter ACT-E) and 292

deg2 along declination -55
◦

in the southern sky (ACT-S).
We consider two seasons of data (2009, 2010) for ACT-E
and one season of data (2008) for ACT-S (as these have
the highest signal to noise ratio). For cross-correlating
with Planck, the data within each season are divided into
two splits in time, each of which is cross-linked, allow-
ing direct estimation of the noise power spectra of the
maps. For Planck we use the ‘half-ring’ maps from the
public data release. Each frequency channel has two half-
ring maps, built using only the first or the second half
of the stable pointing period data. We project Planck’s
galactic-coordinate HEALPix maps to patches of ACT’s
cylindrical equal area pixels in equatorial coordinates us-

ing the Taylor interpolation scheme described in Næss &
Louis (2013).

Figure 1 depicts a subset of the maps used in this
analysis. To account for the instrument resolution, we
use the ACT beam transfer functions presented in Has-
selfield et al. (2013), and for Planck we use the publicly
released effective transfer functions (Planck Collabora-
tion VII 2013). The spatial variations of the Planck
beam transfer functions across the sky result in effects
that are significantly smaller than the statistical uncer-
tainty in the calibration factors, and so will be ignored
in this analysis. We use the ACT masks presented in
D13, including a point source mask in both the ACT-S
and ACT-E regions with flux cut of 15 mJy at 148 and
218 GHz, and a Galactic cirrus mask in the ACT-E re-
gion. Because the Planck beams are significantly broader
than the ACT beams, point sources will appear larger in
Planck maps than in ACT maps. We test the effect of
widening the ACT mask by 50% and find that our results
are stable at the 0.2 σ level. The Planck HFI channels
at 100–353 GHz are calibrated on the dipole due to the
Sun’s motion relative to the CMB, leading to an absolute
calibration uncertainty of 0.54 percent for the 100, 143,
and 217 GHz channels, with relative calibrations of 0.2
percent between them (Planck Collaboration VIII 2013).

3. CROSS CORRELATIONS

We compute the ACT 148 GHz × Planck 143 GHz,
and the ACT 218 GHz × Planck 217 GHz power spec-
tra, for each ACT season. We follow the same procedure
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Fig. 2.— Left: The recalibrated cross-correlation between ACT at 148 GHz and Planck at 143 GHz (A×P), compared to the recalibrated
ACT power spectra (A×A), in the overlapping angular range. Right: Residuals between the cross and auto-spectra as a function of scale.
No significant features are observed. Since data for each experiment in each plot come from the same sky region, the errors on the residuals
do not include cosmic variance. Note also that the ordinates of the residual plots are not multiplied by the ∼ `2 factor used for plotting
angular power spectra.

described in D13, including prewhitening of the maps,
filtering, and deconvolving the effects of the beam, pix-
elization, and windowing. The uncertainties on the spec-
tra are calculated analytically using measurements of the
noise in the maps and include beam uncertainties (see
Appendix A).

We allow a single degree of freedom for the comparison
between the cross-spectra and the ACT spectra, namely
a calibration factor that rescales the ACT power spectra
to match the cross-spectra. We note that the shift in the
effective frequency between the two experiments leads
to a negligible variation in the foreground level. The
calibration, y, is obtained for each frequency and ACT
season and region by minimizing the χ2 defined as

χ2(y) = rtΣ−1r. (1)

Here r = CA×P − yCA×A is the residual between the
cross and auto-spectra, which removes cosmic variance
uncertainty, and Σ is the covariance matrix of the resid-
ual (Appendix A). This factor y is relative to the origi-
nal WMAP calibration used in the D13 analysis, and can
then be used to rescale the ACT maps. The calibrated
power spectra for each season and region, together with
the residuals, are shown in Figures 2 and 3 for the sub-
stantial range of angular scales common to both experi-
ments.

We find the signal to be consistent at both frequen-
cies and in both regions of the sky, with the probability
to exceed (PTE) and the calibration factors reported in
Table 1. The PTEs for all the spectra lie in the range
0.213 < PTE < 0.874, and there are no particular fea-
tures seen in the residual spectra. We compare the ACT
re-calibration factors to those determined by the Planck
collaboration by jointly fitting the ΛCDM cosmological
model to the ACT and full-sky Planck power spectra
(Planck Collaboration XVI 2013). They are reported
there as yACTe

148 , yACTs
148 , yACTe

218 , yACTs
218 , and are repeated in

Table 1 for comparison. The two methods give consis-
tent results. For completeness, we also report the re-
calibration factors obtained by jointly fitting the ΛCDM
cosmological model to the ACT and full-sky WMAP 9
years power spectra. The difference between the Planck
and WMAP calibration is consistent with our expecta-
tion.

4. GALACTIC DUST AND CIB USING PLANCK 353 GHZ

The 353 GHz Planck maps can be modeled as the sum
of CMB, Galactic cirrus dust and CIB fluctuations. Fig-
ure 4 shows the difference between the measured Planck
353 GHz and ACT 148 GHz power spectra for the equa-
torial and southern surveys. Since the dust emission is in-
homogeneous, we use the ACT spatial weighting scheme
when computing the Planck 353 GHz power spectrum.
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TABLE 1
Probabilities to exceed and calibration factors

Freq Season χ2/ν P.T.E y (this work) y (modela) yw (modelb)

148 3e 0.962 0.49 0.980 ± 0.008
4e 1.138 0.31 0.989 ± 0.006

ACT-E 0.988 ± 0.007 1.009 ± 0.008

ACT-Sc 0.693 0.804 0.998 ± 0.0065 0.992 ± 0.007 1.011 ± 0.008
218 3e 0.803 0.683 0.957 ± 0.034

4e 1.26 0.213 0.969 ± 0.02
ACT-E 0.96 ± 0.01 0.99 ± 0.01

ACT-S 0.616 0.874 1.001 ± 0.025 1.01 ± 0.01 1.04 ± 0.02

aFrom Planck Collaboration XVI (2013).
b Re-calibration factors obtained by jointly fitting the ΛCDM cosmological model to the ACT and full-sky WMAP 9 years power spectra.
cACT-S includes just the correlation with the 2008 maps.
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Fig. 3.— As in Figure 2, for the correlation between ACT at 218 GHz and Planck at 217 GHz.

The difference between the two power spectra is domi-
nated by Galactic cirrus and CIB fluctuation emissions
at 353 GHz. The contribution from other signals, such
as the Sunyaev Zel’dovich effect, is subdominant and can
be safely neglected.

Figure 4 also shows predictions and error bands for the
sum of the CIB and cirrus contributions at 353 GHz. We
estimate the Poisson and clustered CIB contribution at
353 GHz based on the ACT constraints from Table 2 of
Dunkley et al. (2013).

Following Addison et al. (2012), the CIB power spec-
trum is modeled as the square of a modified blackbody

in flux density units with emissivity index constrained to
be β = 2.2 ± 0.1, with a fixed effective temperature of
T = 9.7 K. As can be seen in Figure 17 of the Planck
Collaboration XXX (2013) paper, the 2013 Planck CIB
model is ∼ 30% higher than the early Planck 217 GHz
CIB bandpowers that were used to constrain the Addi-
son et al. (2011) model. We renormalize the Addison et
al. model by multiplying the 353 GHz prediction by a
factor of 1/1.3.

The Galactic dust power at 353 GHz was calculated us-
ing a modified blackbody with emissivity index β = 1.5
and temperature T = 20 K, consistent with submillime-
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Fig. 4.— Difference between the measured Planck 353 GHz and
ACT 148 GHz power spectra for the equatorial and southern sur-
veys (dots). The colored bands represent the 1σ prediction for the
Galactic dust and CIB amplitude based on the extrapolation of
the ACT foreground power spectra modeling at 148 and 218 GHz
(Dunkley et al. 2013).

ter analysis of cirrus in a similar region of sky along the
celestial equator (Bracco et al. 2011), and with observa-
tions from the Planck satellite (Planck Collaboration XI
2013). We correct the Galactic and CIB power calculated
at the nominal frequency, 353 GHz, for the bandpass pro-
file and response to a dust-like source SED (Planck Col-
laboration IX 2013). The uncertainties shown in Figure
4 are dominated by uncertainty in the CIB and Galactic
dust amplitudes measured by ACT (Dunkley et al. 2013).
We interpret the figure as showing that the ACT dust
model and measurements are in agreement with Planck’s
measurement at 353 GHz.

5. ISOTROPY OF THE TWO-DIMENSIONAL POWER
SPECTRA

Because of its scan strategy, ACT has anisotropic
noise. While the map-making algorithm should not pro-
duce any anisotropy in the map or the transfer function,
the Planck data provide an opportunity to test the ACT
maps by checking for any directional dependence in the
calibration factor. Excess noise along and perpendicu-
lar to the ACT scan directions leads to X shaped pat-
terns of high noise regions in the ACT two-dimensional
power spectra. These features have been down-weighted
accordingly using azimuthal weights in the D13 analy-
sis. Planck data do not suffer from such artifacts and
the effects due to the scanning strategy of ACT become
subdominant in the cross-spectra. We compare the two-
dimensional power spectra of ACT and ACT × Planck in
order to assess the isotropy of the deduced calibration pa-
rameter. We compute the two-dimensional power spectra
following the same procedure as for the one-dimensional
analysis, except that we do not deconvolve the effect of
the window function, because the inversion of the un-
binned mode coupling matrices is too computationally
intensive. We divide the two-dimensional power spec-
trum into five different angular wedges, of 36

◦
each, us-

ing the symmetry ` → −` of the power spectra. We
then bin the power spectra using the same bin size as
for the one-dimensional power spectra and compute the
expected variance in each bin using Monte-Carlo simula-

tions. Finally, we compute the best-fit calibration num-
ber for each angular bin. We do not detect any significant
anisotropy in the two-dimensional power spectra. The
best-fit calibration per angular bin as well as the two-
dimensional power spectra are shown in Figure 5 and
Figure 6.

6. PLANET BRIGHTNESS TEMPERATURES

The calibration correction factors may be used to re-
fine the ACT planetary brightness temperature measure-
ments originally presented in Hasselfield et al. (2013).
The ACT results may then be compared to Planck mea-
surements to demonstrate the extent to which the ACT
beam, which transfers the instrument calibration to small
angular scales, is understood.

Using the factors presented in Table 1, we recalibrate
the ACT measurements of Uranus for each season and
array, obtaining mean Rayleigh-Jeans temperatures of
102.2± 1.7 K at 149 GHz and 92.5± 2.8 K at 219 GHz.
The errors are now dominated by uncertainties in the
spectral bandpass rather than in the calibration. Our
measurements of Uranus are within 1σ of the tempera-
tures measured by Planck Collaboration VIII (2013) at
143 GHz and 217 GHz, respectively.

The revised coefficients for the empirical model of
Uranus brightness temperature presented in Hasselfield
et al. (2013) are found to be (a0, a1, a2) = (120, -80.9,
22.2), which yields temperatures in the 100 to 300 GHz
range that are up to 1.6% lower. The resulting model lies
within the 1σ uncertainties of the Planck measurements
at 100, 143, 217 and 353 GHz, though those data were
not used to constrain the model.

We also recalibrate the ACT Saturn brightness tem-
perature measurements, and refit both the disk+ring
and disk-only models. The fit quality and uncertainties
change only slightly, and the inferred Saturn disk tem-
peratures decrease by roughly 1% at 149 GHz and 2% at
219 GHz.

The cross-correlation calibration is most sensitive to
angular scales in the range of ` = 500 to 2000, while
ACT’s flux density measurements of compact sources
such as Uranus are sensitive to much finer angular scales,
around ` = 8000. The agreement between Planck
and ACT brightness temperatures demonstrates that the
ACT beam and its solid angle have been characterized
to better than 3% (with this number coming from the
Planck planet brightness temperature uncertainties).

7. SOURCES

A separate but related method of determining the cali-
bration factor y is to compare ACT and Planck measure-
ments of unresolved sources. Determining the flux den-
sity of a compact source requires both a calibrated map
and knowledge of the relevant beam solid angle. Com-
paring Planck and ACT measurements can thus test our
understanding of both instruments’ beams.

Nearly 60 of the ACT sources tabulated in Marsden
et al. (2013) and Gralla et al. (2014, in preparation) were
detected in one or both of Planck’s 143 and 217 GHz
bands. The detected sources are among the brightest
in the ACT lists, and all but two of them are classified
as synchrotron emitters. Most are blazars (Planck early
results. XV 2011), a class of source known to be variable
on time scales of weeks to years. The ACT observations
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Fig. 5.— Two-dimensional ACT×ACT power spectra (left) and ACT×Planck (middle) in the overlapping angular range. The vertical
bands show the fourier mask applied to the ACT spectra to avoid artifacts of the scanning strategy and the black circles encompass the
` < 500 modes that are not used in the power spectra analysis. Right: calibrations as a function of the angular bands, from which we have
subtracted their mean. No significant anisotropy is detected.

were not necessarily made at the same time as the Planck
observations (obviously the case for the 2008 ACT runs,
made before Planck began observations in August 2009).
We expect source variability to introduce scatter in plots
comparing Planck and ACT flux densities. We study this
issue further in Section 7.4 below.

7.1. ACT data

The 2008 ACT South flux densities are from Marsden
et al. (2013). A few additional southern sources that
fall outside the sky area treated in that paper are also
included. Flux densities for equatorial sources are from
Gralla et al. (2014, in preparation). For the equatorial
sources, which were observed in two seasons, we made
inverse-variance weighted averages of the 2009 and 2010
values.

7.2. Planck data

The Planck measurements used here are taken from
the Planck Catalogue of Compact Sources (PCCS)19; see
Planck Collaboration XXVIII (2013). Planck measure-
ments at 143 and 217 GHz were used. We employed
DETFLUX values, as described in the PCCS, in order to
reduce sensitivity to neighboring sources, extended struc-
ture and background emission that could enter Planck’s
broader beams. PCCS flux densities for a given source
are averages of all observations of that source made dur-
ing the period 12 August 2009 to 27 November 2010.
These flux densities require small color corrections of a
few per cent, since the sources treated here have very
different spectra from the CMB dipole used to calibrate
the Planck maps. These color corrections depend on the
spectral index of each source. Each index was computed
from the Planck data, and was also used to make the
small extrapolations from Planck band centers at 143

19 Available at http://irsa.ipac.caltech.edu/Missions/Planck.html
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Fig. 6.— As in Figure 5, for the correlation between ACT at 218 GHz and Planck at 217 GHz. Here the absolute value emphasize the
X shaped patterns.

GHz and 217 GHz to the corresponding ACT band cen-
ters appropriate for synchrotron sources (Swetz et al.
2011), 147.6 and 217.6 GHz. For a handful of weak
sources, Planck data were missing at one of the two fre-
quencies; we assumed typical values of the spectral in-
dex for these sources. At 218 GHz, the color correction
is partially canceled by the small extrapolation in fre-
quency, so the resulting multiplicative correction to the
PCCS values varied only between 0.984 and 0.997. At
148 GHz, the correction is larger, ranging from 0.96-1.02
for all but the two inverted spectrum dusty sources.

7.3. Comparing Planck and ACT flux densities

Figure 7 and 8 compare the ACT and Planck flux den-
sities. For both frequencies, the linear fits were forced to
pass through the origin (see Planck Collaboration XIV,
2011) to reduce the effect of source boosting, sometimes
called Eddington bias, in the Planck data. Relaxing this
constraint typically changes the slope of the fits by less
than 1σ. At 148 GHz, the agreement is excellent, despite
the evident scatter introduced by variability. ACT’s flux
densities agree with Planck’s to within 1%; from this

comparison we find y = 1.002 ± 0.028. The uncertain-
ties in flux density in the Planck measurements, at 30 to
40 mJy, are typically 10 times those in the ACT mea-
surements: the size of the symbols used in the figures is
roughly equivalent to the 1σ Planck errors.

At 218 GHz, there are fewer (45) matched sources (and
the source variability may be greater). At 218 GHz,
ACTs flux densities run about 5% lower than Planck’s;
formally, with all the data included, the implied correc-
tion factor y = 1.055±0.031. This value is higher (∼ 2σ)
than the value of y obtained from the power-spectrum
comparisons (see Table 1). We explore the issue of vari-
ability in Section 7.4 below. A second possibility for
this apparent discrepancy is that Planck’s larger beam
is picking up emission from sources clustered around the
primary source. Such an effect has been seen in the case
of lensed, submillimeter sources by Welikala et al (2014,
in preparation). These authors ascribe excess Planck flux
to sources clustered around a lensing source, however,
and there is no evidence that the blazars that make up
the vast majority of the sources used here are lensed.
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Fig. 8.— As in Figure 7, for ACT and Planck at 218 GHz. We
also show the effect of dropping the variable source J0217+017.

7.4. The effect of source variability

So far, we have implicitly assumed that the expected
variability of the synchrotron sources studied here does
not, on average, bias the ACT-Planck comparison. We
can test that assumption in two different ways. First, we
can arbitrarily exclude discrepant points from the graphs
to see what effect there is on the fitted slopes. A sec-
ond, and better justified, approach is to drop sources for
which we have evidence of variability. The latter is pos-
sible for the ACT equatorial sources, many of which were
observed at two epochs roughly a year apart. Two such
variable sources are J0217+017 and J0739+016. At 148
GHz, dropping 4 or 5 of the most divergent points from
Figure 7 changes the slope of the fit, and hence y, by
∼ 2%, or 0.8σ. The same is true for dropping 4 to 5 of
the sources observed to be variable, such as J0217+017.
In either case, a value of y = 0.98-0.99 is favored, in
agreement with the results of section 3.

At 218 GHz, in contrast, dropping variable sources
makes a larger difference. If we drop just one known vari-
able source, J0217+017, y changes from 1.055 to 1.016, a
change of ∼ 1.4σ. If we drop 3-4 more variable sources,
y remains at 1.01 ± 0.026, with no significant change in
the associated statistical error. This value is now more
consistent with the results from Section 3.

7.5. Other tests

We conducted several tests of the stability of these re-
sults on compact sources. First, as noted, allowing an
unconstrained fit to the data changed the slope of the
fits (and hence y) by less than 1σ. Another test of the
effect of possible Eddington bias in the Planck data was
to drop the weakest sources (around 20% of the total).
There was little effect on the values of the calibration
factor y. We also repeated the fits with unweighted
averages of the 2009 and 2010 ACT data, rather than
inverse-variance weighted averages. At 148 GHz, using
unweighted averages raised y by 2% or less than 1σ. At
218 GHz, with J0217+017 omitted, the value of y shifted
only slightly, from 1.016 to 1.020. Next, we omitted all
the 2008 ACT data, taken before Plancks launch. At 218
GHz, y changed minimally from 1.016 to 1.004 (again ex-
cluding J0217+017). The same test at 148 GHz resulted
in a small change in y, from 0.983 to 0.971 ± 0.017. Fi-
nally, we tried dropping ∼5 -10 sources at low Galactic
latitude or those flagged in the PCCS as possibly con-
taminated by Galactic cirrus emission (with the CIRRUS
flag > 10; see Planck Collaboration XXVIII, 2013). Two
of the 148 GHz sources dropped were known variables,
J0253-544 and J0739+016. The result was to lower y by
∼ 2% at 148 GHz, with a much smaller effect at 218 GHz.
None of these tests resulted in a change of y greater than
1σ.

8. CONCLUSION

The ACT experiment has mapped two regions of the
sky covering 592 deg2 at arcminute resolution. The same
regions have now been observed by the Planck satellite,
and we have computed the cross-correlation to check for
consistency between the data sets. The cross-comparison
also tests the beams and transfer functions of both ex-
periments. The cross-power is consistent at all angular
scales probed by both experiments, and at both frequen-
cies observed by ACT. We have estimated new calibra-
tion factors for ACT at higher precision by using the
Planck data in place of WMAP. The isotropy of the cal-
ibration factor implies that the ACT scan strategy did
not introduce anisotropies into the maps. We have also
measured the Planck 353 GHz power spectrum in the
ACT equatorial and southern surveys region, and found
the amplitudes of the dust and CIB to be consistent with
those measured by ACT. We have used the new calibra-
tion factors to rescale the ACT planetary brightness tem-
perature measurements and found them to be consistent
with Planck. ACT and Planck measurements of compact
sources provide results consistent with those found from
a comparison of power spectra, albeit at lower sensitiv-
ity and with an extra uncertainty associated with source
variability. Overall the agreement between the two mea-
surements is excellent.
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APPENDIX

ANALYTIC ERROR BARS

The total covariance matrix Σ of the residual CA×A
b −CA×P

b is a sum of two terms. The first accounts for the noise
in ACT and Planck and the second accounts for the beam uncertainties: Σ = Σn + Σbeam. The noise term is given
by

Σn =
〈
(CA×A

b − CA×P
b )(CA×A

b − CA×P
b )

〉
= Θ

(A×A);(A×A)
b + Θ

(A×P );(A×P )
b − 2Θ

(A×A);(A×P )
b . (A1)

Each of the terms can be computed analytically:
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where nd is the number of data splits and νb is the number of modes per bin, corrected for the effect of the window
function. Cb is a theoretical power spectrum, and NXX

b is the noise power spectrum, given by CXX
b, auto − CXX

b, cross.
Finally the full covariance is given by〈
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