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Abstract 20 

A computational framework is presented to calculate the reliability of subsea pipelines 21 

subjected to a random earthquake. This framework takes full account of the physical 22 

features of pipelines and the earthquake, and also retains high computing precision and 23 

efficiency. The pipeline and the seabed are modelled as a Timoshenko beam and a Winkler 24 

foundation, respectively, while the unilateral contact effect between them is considered. 25 

The random earthquake is described by its power spectrum density function and its spatial 26 

variation is considered. After suitable discretizations in the spatial domain by the finite 27 

element method and the time domain by the Newmark integration method, the dynamic 28 

unilateral contact problem is derived as a linear complementarity problem (LCP). Subset 29 

Simulation (SS), which is an advanced Monte Carlo simulation approach, is used to 30 

estimate the reliability of pipelines. By means of numerical examples, the accuracy and 31 

robustness of SS are demonstrated by comparing with the direct Monte Carlo simulation 32 

(DMCS). Then a sensitivity analysis of the reliability and a failure analysis are performed 33 

to identify the influential system parameters. Finally, failure probabilities of subsea 34 

pipelines are assessed for three typical cases, namely, with and without the unilateral 35 

contact effect, with different grades of spatial variations and with different free spans. The 36 

influences of these effects or parameters on the reliability are discussed qualitatively.  37 

Key words: subsea pipeline; random earthquake; spatially varying ground motion; 38 

unilateral contact; reliability; subset simulation 39 
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1 Introduction 40 

Subsea pipelines always rest freely on the seabed, rather than being buried or 41 

anchored. Due to the scouring or unevenness of the seabed, pipelines will not touch down 42 

uniformly along the length of the pipe, and free spanning inevitably occurs. Since subsea 43 

pipelines are generally important and costly facilities, their reliability has been a 44 

fundamental problem of interest throughout the world. In recent years, attention has 45 

mainly been focused on corrosion failure [1], vortex-induced vibration fatigue damage 46 

[2], on-bottom lateral instability [3] and so on. As an occasional random excitation, a 47 

strong earthquake poses a tremendous threat to the safety of pipelines, and hence the 48 

dynamic response and reliability of pipelines under an earthquake have also received 49 

great attention. However, the emphasis has been on buried pipelines, with much less 50 

research on unburied pipelines. The relevant standards, such as DNV-OS-F101 [4], do 51 

not provide design methods or guidelines for the earthquake reliability of unburied subsea 52 

pipelines. The failure of structures under an earthquake is a typical first-excursion 53 

problem. To assess the first-excursion reliability, the main difficulties arise from (1) the 54 

solution of random responses of structures under the earthquake and (2) the evaluation of 55 

the reliability by using the random responses obtained in (1). 56 

In the solution of random responses, one of the most important problems is how to 57 

consider the relationship between pipelines and seabed as exactly as possible. In the 58 

literature on the dynamic analysis of unburied pipelines, pipelines are widely simplified 59 
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as multi-supported beams or beams on an elastic foundation [5-8]. However, in reality 60 

unburied pipelines are constrained unilaterally by the seabed, which means that the 61 

reaction of the seabed can only be compressive, but not tensile. Hence, during the 62 

vibration of pipelines, particularly when the deformation takes place predominantly in the 63 

vertical plane, a separation of pipelines and the seabed will occur. Clearly, both the multi-64 

supported beam model and the elastic foundation beam model will overestimate the 65 

constraint between pipelines and the seabed, and neither of these two models can take the 66 

separation of pipelines and the seabed into consideration. Therefore, a unilateral contact 67 

model is more appropriate to simulate the relationship between unburied pipelines and 68 

the seabed, and such models have been applied to various kinds of static and dynamic 69 

analysis of the subsea pipelines, such as the elastic and elasto-plastic analysis of subsea 70 

pipelines subjected to vertical static loads [9], stress analysis problems involving subsea 71 

pipelines freely resting upon irregular seabed profiles [10], optimal control of the dynamic 72 

response of subsea cables constrained by a frictionless rigid seabed [11] and so on. 73 

Nevertheless, due to the contact nonlinearity, obtaining the dynamic response of a 74 

unilateral contact system is a challenging task, and some classical methods of structural 75 

analysis, such as the analytical method used in [6] or the frequency-domain method used 76 

in [8], are no longer feasible. As a consequence, the unilateral model is not used 77 

frequently for the dynamic analysis of subsea pipelines under an earthquake, despite its 78 

good approximation to the relationship between subsea pipelines and the seabed. In 79 
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general, the unilateral contact problem is dealt with by numerical methods, e.g., the 80 

combination of the finite element method and step-by-step integration method. In each 81 

time step, the nonlinear problem is solved by the Newton-Raphson method or a similar 82 

iterative method [10]. The unilateral contact problem can also be treated by deriving it as 83 

a linear complementary problem (LCP). There are many well-developed methods to solve 84 

the LCP and most of them have been included in commercial software, making it much 85 

more convenient to solve the unilateral contact method by the LCP method than Newton-86 

Raphson methods.  87 

The earthquake excitation model is another key point in the process of the solution 88 

of random responses of subsea pipelines. Due to the natural random factors of the soil, 89 

the motion of the seabed is more likely to exhibit strong randomness during an earthquake, 90 

as are the responses of structures. Hence it is more rational to study the responses of 91 

structures subjected to an earthquake from the point of view of the random vibration. On 92 

the other hand, variations can be found during earthquake wave propagation along the 93 

length of long-span structures, such as subsea pipelines, which result in differences in the 94 

amplitude and phase of ground motions at the supports of the structures. This 95 

phenomenon is termed as spatially varying ground motions [13]. Many random vibration 96 

methods have been developed for the analysis of multi-span structures subjected to 97 

spatially varying ground motions [14-16]. However, these methods are no longer feasible 98 

after taking the contact of pipelines and the seabed into consideration, for two reasons. 99 
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Firstly, these methods are based on the power spectrum density or response spectrum, 100 

which are essentially frequency-domain methods, and thus cannot be used to treat the 101 

contact problem because of the nonlinearity. Secondly, the response of a nonlinear system 102 

is always non-Gaussian even if the input is a Gaussian random process, and these methods 103 

can only provide the first- and second-order statistical moments of the response, which 104 

are insufficient to describe totally the statistical properties of the non-Gaussian response. 105 

In the circumstances, the Monte Carlo simulation (MCS) method, which is suitable for 106 

both linear and nonlinear random vibration analysis, seems to be the best and only choice, 107 

despite its relatively large computational requirements [17]. 108 

After obtaining the random response of subsea pipelines, the problem which follows 109 

is how to estimate the reliability of subsea pipelines through this random response. Due 110 

to the complex nature of the first-excursion failure and the unilateral contact problem, the 111 

limit state function of subsea pipelines is extremely complicated and has no explicit 112 

expression, while extreme values of the random response are not Gaussian distributed. 113 

Therefore, popular methods of reliability analysis such as the first order reliability method 114 

(FORM) [18], second order reliability method (SORM) [19], point estimate method 115 

(PEM) [20], etc. are unable to predict accurately the reliability of subsea pipelines under 116 

an earthquake. The MCS is one of most well-known methods for reliability analysis 117 

because it is independent of the complexity and dimension of the problem. However, the 118 

number of samples required by the MCS is proportional to the reciprocal of the failure 119 
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probability. Hence, when the failure probability is very small, e.g., of order 10−3, this 120 

method will suffer from inefficiency due to its demand for a large number of samples. In 121 

order to reduce the computational cost of the MCS, an advanced MCS called Importance 122 

Sampling (IS) was developed [21,22]. The IS requires prior knowledge of the system in 123 

the failure region, so it works well when applied to a linear and low-dimensional problem, 124 

whose failure region is quite simple. However, the failure region geometry of subsea 125 

pipelines under an earthquake is complicated and prior knowledge of the random 126 

responses is unavailable, hence the IS is not suitable for the problem considered in this 127 

paper. In order to carry out reliability analysis with small failure probabilities, Au et al. 128 

[23,24] developed another advanced MCS named Subset Simulation (SS). The basic idea 129 

of SS is to express a small failure probability event as a product of a series of intermediate 130 

events with larger conditional probabilities. Through setting these intermediate events 131 

properly, the conditional probabilities can be large enough to be estimated with a small 132 

number of samples. SS is a robust and efficient method and has been used for predicting 133 

small failure probabilities in engineering fields, such as the time-dependent reliability of 134 

underground flexible pipelines [25], the probabilistic dynamic behaviour of mistuned 135 

bladed disc systems [26], radioactive waste repository performance assessment [27], the 136 

stochastic dynamic stiffness of foundations for large offshore wind turbines [28] and so 137 

on. A general form of SS is presented in [29] is mainly, with application to a seismic risk 138 

problem involving dynamic analysis. 139 
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As mentioned above, reliability analysis of subsea pipelines subjected to random 140 

earthquakes faces two difficulties: the solution of random responses and estimation of 141 

reliability, and these are the focus of this paper. Regarding random response solutions, 142 

mathematical models with reasonable simplifications and assumptions are firstly 143 

estimated for pipelines, seabed and ground motions, and then a corresponding solution 144 

strategy is given based on LCP. Regarding reliability estimation, SS is introduced to 145 

increase the computational efficiency for the predictions of first-excursion failure 146 

probabilities of pipelines. This paper therefore provides a practical computational 147 

framework for the reliability analysis of subsea pipelines subjected to random 148 

earthquakes. The work is structured as follows. In section 2, the mathematical formulation 149 

of a subsea pipeline under a random earthquake is given. In section 3, by combining the 150 

finite element method and Newmark integration method, a solution strategy is obtained 151 

by deriving the unilateral contact problem as a LCP. In section 4 the fundamental concept 152 

and implementation procedures of SS are briefly presented. Section 5 gives some 153 

numerical examples. The feasibility of SS is verified with respect to direct MCS, and the 154 

contribution of some random parameters to the failure of pipelines is addressed through 155 

a sensitivity analysis. Then, influences of the unilateral contact effect, the spatial variation 156 

and the free span on the reliability of pipelines are investigated. Finally, conclusions are 157 

given in section 6. 158 

 159 
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 160 

(a) Without deformation 161 

 162 

 163 

(b) With deformation 164 

Fig. 1. Schematic of a subsea pipeline 165 

 166 

2 Problem formulations 167 

2.1 Governing equations of the pipeline 168 

A schematic of a subsea pipeline and the seabed is shown in Fig. 1(a). There is a free 169 

span in the middle of the pipeline due to the scouring or unevenness of the seabed. The 170 

length of the pipeline is denoted by 𝐿0, while the location and length of the free span are 171 

denoted by 𝐿1 and 𝐿2, respectively. Because of the complex formation mechanism and 172 
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the lack of practical measured data of the free span, the seabed profile 𝑤g
(0)

 is 173 

approximated with the following function 174 

 175 

 𝑤g
(0) =

{
 
 

 
 0 0 ≤ 𝑥 < 𝐿1 − 𝐿2 2⁄

ℎfree
2

[1 − cos
2𝜋(𝑥 − 𝐿1 + 𝐿2 2⁄ )

𝐿2
] 𝐿1 − 𝐿2 2⁄ ≤ 𝑥 < 𝐿1 + 𝐿2 2⁄

0 𝐿1 + 𝐿2 2⁄ ≤ 𝑥 ≤ 𝐿0

 (1) 

 176 

where ℎfree is the maximum depth of the free span. 177 

The pipeline is modelled based on the Timoshenko beam theory and hydrodynamic 178 

forces of the internal oil and the surrounding seawater are considered. The seabed is 179 

simplified as a Winkler foundation. In the coordinates shown in Fig. 1(b), the governing 180 

equations for the vibration of the pipeline in the vertical plane can be written as  181 

 182 

 

𝜌𝐼
𝜕2𝜃

𝜕𝑡2
− 𝐸𝐼

𝜕2𝜃

𝜕𝑥2
− 𝜅𝐺𝐴 (

𝜕𝑤

𝜕𝑥
− 𝜃) + 𝑑1𝜌𝐼

𝜕𝜃

𝜕𝑡

− 𝑑2 [𝐸𝐼
𝜕3𝜃

𝜕𝑥2𝜕𝑡
+ 𝜅𝐺𝐴(

𝜕2𝑤

𝜕𝑥𝜕𝑡
−
𝜕𝜃

𝜕𝑡
)] = 𝑀oil 

𝑚pipe

𝜕2𝑤

𝜕𝑡2
− 𝜅𝐺𝐴(

𝜕2𝑤

𝜕𝑥2
−
𝜕𝜃

𝜕𝑥
) + 𝑑1𝑚pipe

𝜕𝑤

𝜕𝑡
− 𝑑2𝜅𝐺𝐴(

𝜕3𝑤

𝜕𝑥2𝜕𝑡
−
𝜕2𝜃

𝜕𝑥𝜕𝑡
)

+ 𝑁0
𝜕2𝑤

𝜕𝑥2
= 𝑓oil + 𝑓water − 𝑓seabed 

(2) 

 183 

where 𝑡 is time, 𝜃 is the cross-section rotation, 𝑤 is the vertical displacement of the 184 

pipeline, 𝜌𝐼 is the moment of inertia, 𝐸𝐼 is the flexural rigidity, 𝜅𝐺𝐴 is the effective 185 

shear rigidity, 𝑚pipe  is the mass per unit length, 𝑑1  and 𝑑2  are Rayleigh damping 186 

factors corresponding to the mass and stiffness, respectively, 𝑁0 is the axial compression, 187 

𝑀oil and 𝑓oil are respectively the hydrodynamic forces per unit length in the rotational 188 
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and vertical directions, 𝑓water  is the hydrodynamic force per unit length due to the 189 

surrounding seawater, and 𝑓seabed is the reaction force per unit length of the seabed. 190 

It is assumed that the internal oil is an incompressible and inviscid fluid with a 191 

constant flow velocity 𝑣oil, and the effects of the oil are considered as external forces on 192 

the pipeline. Thus, as a fluid-conveying beam [30], 𝑀oil and 𝑓oil can be expressed as 193 

 194 

 

𝑀oil = −𝜌oil𝐼oil
𝜕2𝜃

𝜕𝑥2
 

𝑓oil = −𝑚oil𝑣oil
2 𝜕2𝑤

𝜕𝑥2
− 2𝑚oil𝑣oil

𝜕2𝑤

𝜕𝑥𝜕𝑡
− 𝑚oil

𝜕2𝑤

𝜕𝑡2
 

(3) 

 195 

in which 𝜌oil𝐼oil is the moment of inertia of the oil and 𝑚oil is its mass per unit length.  196 

For slender cylindrical structures such as pipelines, Morison’s equation [31] is 197 

widely used to evaluate the resulting hydrodynamic force of the surrounding water, 198 

defined as the summation of the inertia and drag forces. It is assumed that the surrounding 199 

water is static, while the drag force is small and hence can be neglected, so that 𝑓water is 200 

determined by 201 

 202 

 𝑓water = −𝐶m𝜌water𝜋𝑅out
2
𝜕2𝑤

𝜕𝑡2
 (4) 

 203 

where 𝐶m is the added mass coefficient and is generally equal to 1.0, 𝜌water is the 204 

density of the seawater and 𝑅out is the outer radius of the pipe. 205 

The friction of the seabed is ignored. Unilateral contact in the vertical plane is 206 

considered, and thus the reaction force of the seabed 𝑓seabed is 207 

 208 
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 𝑓seabed = {
0 𝜉 > 0

𝜆𝑘seabed 𝜉 = 0
 (5) 

 209 

where 𝑘seabed is the stiffness of the seabed, and 210 

 211 

 𝜉 = 𝜆 + 𝑤g
(0) + 𝑤g − 𝑤 (6) 

 212 

is the relative displacement between the pipe and the seabed, 𝜆 is the compressional 213 

deformation of the seabed, 𝑤g
(0)

 is the initial profile of the seabed and 𝑤g is the motion 214 

of the seabed. Since the pipeline is constrained unilaterally by the seabed, the reaction of 215 

the seabed can only be compressive, but not tensile. On the other hand, the pipe can be 216 

either above or in contact with the seabed, but never under it. Hence, 𝑓seabed and 𝜉 217 

satisfy the following linear complementarity conditions, 218 

 219 

 𝜉 ≥ 0, 𝑓seabed ≥ 0, 𝜉𝑓seabed = 0 (7) 

 220 

Obtaining the solution of Eq. (2) is a quite challenging task because of two 221 

difficulties. Firstly, the earthquake is a random process and the spatial variation is 222 

considered, so the motion of the seabed is actually a random field. Secondly, contact 223 

regions of the pipeline and seabed are not known a priori and will change with the pipeline 224 

motion. The contact nonlinearity further increases the difficulty of solution. 225 

2.2 Random earthquake with spatial variation 226 

The acceleration of the ground motion due to the earthquake is assumed to be a 227 

nonstationary random process which can be expressed as 228 
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 229 

 𝑤̈g = 𝑔(𝑡)𝑑̈(𝑡) (8) 

 230 

where 𝑑̈(𝑡) is a stationary Gaussian random process with zero mean value and 𝑔(𝑡) is 231 

a slowly varying deterministic envelope function which is given as  232 

 233 

 𝑔(𝑡) = 2.5974(e−0.2𝑡 − e−0.6𝑡) (9) 

 234 

Assuming that 𝑑̈(𝑡) is homogeneous in the spatial domain, then the cross power 235 

spectral density (PSD) of the acceleration at two arbitrary points can be expressed as 236 

 237 

 𝑆 (Δ𝑥, 𝜔) = 𝛾(Δ𝑥, 𝜔)𝑆0(𝜔) (10) 

 238 

where 𝜔  is the circular frequency, Δ𝑥 = |𝑥𝑖 − 𝑥𝑗|  is the distance between the two 239 

points 𝑥𝑖  and 𝑥𝑗  on the ground, 𝑆0(𝜔) is the auto-PSD of the acceleration of the 240 

ground motion and 𝛾(Δ𝑥, 𝜔) is the coherency function which can be written as 241 

 242 

 𝛾(Δ𝑥, 𝜔) = 𝛾(w)(Δ𝑥, 𝜔)𝛾(c)(Δ𝑥, 𝜔) (11) 

 243 

in which 244 

 245 

 𝛾(w)(Δ𝑥, 𝜔) = exp(−
i𝜔Δ𝑥

𝑣app
) (12) 

 246 

indicates the complex-valued wave passage effect, i = √−1 , 𝑣app  is the apparent 247 

velocity of the earthquake waves, and 248 
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 249 

 𝛾(c)(Δ𝑥, 𝜔) = exp(−𝛼
𝜔Δ𝑥

2𝜋𝑣app
) (13) 

 250 

characterizes the real-valued incoherence effect. The L-Y model [32] is used in this paper 251 

and 𝛼 = 0.125. The modified Kanai-Tajimi PSD of the acceleration is used and 𝑆0 is 252 

given by [33] 253 

 254 

 

𝑆0(𝜔) =
1 + 4𝜉g

2(𝜔 𝜔g⁄ )
2

[1 − (𝜔 𝜔g⁄ )
2
]
2

+ 4𝜉g2(𝜔 𝜔g⁄ )
2

×
(𝜔 𝜔f⁄ )4

[1 − (𝜔 𝜔f⁄ )2]2 + 4𝜉f
2(𝜔 𝜔f⁄ )2

𝑆g 

(14) 

 255 

where 𝜔g and 𝜉g are the resonant frequency and damping ratio of the first filter, and 256 

𝜔f and 𝜉f are those of the second filter. 𝑆g is the amplitude of the white-noise bedrock 257 

acceleration which depends on the soil condition. 258 

Since the SS used in this paper is based on the MCS method, the time history samples 259 

of the ground motion should be generated from the PSD of the acceleration as shown in 260 

Eq. (10). Here the Auto-Regressive Moving-Average (ARMA) method is used to generate 261 

the time history samples of the ground acceleration. For brevity in this paper, details of 262 

the ARMA are not presented and interested readers are referred to [34]. In addition, since 263 

it is required to estimate the force acting on the pipeline, and to detect the contact between 264 

the pipeline and the seabed in each time step, the time histories of the velocity and 265 

displacement of the seabed also need to be evaluated. A simple and direct approach to 266 
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obtaining the velocity and displacement is to make use of the inherent integral relations 267 

between the displacement, velocity and acceleration by assuming zero initial conditions. 268 

However, due to the accumulation of random noise in accelerations, direct integration of 269 

the acceleration data often causes unrealistic drifts, namely baseline offsets in the velocity 270 

and displacement. In order to eliminate the baseline offsets, a commonly used correction 271 

scheme suggested by Berg and Housner [35] is used, in which the zero-acceleration 272 

baseline is assumed to be of polynomial form, the constants of which are determined by 273 

minimizing the mean square computed velocity. 274 

 275 

3 Linear complementarity method for the dynamic contact of 276 

pipeline and seabed 277 

Because of the contact nonlinearity, it is impossible to obtain an analytical solution 278 

of Eq. (2). Numerical solution seems to be the only choice, and thus a suitable 279 

discretization is needed in the spatial and time domains. The pipeline is discretized into 280 

Timoshenko beam elements with two nodes, considering the effects of both the oil 281 

conveyed through the pipeline and the surrounding seawater, while the seabed is modelled 282 

as spring elements. Considering the spatial variation of the ground motion, the governing 283 

equation of the pipeline can be represented in the following discrete form, 284 

 285 

 [
𝑴s 𝑴sb

𝑴sb
T 𝑴b

] {
𝑿̈s
𝑿̈b
} + [

𝑪s 𝑪sb
𝑪sb
𝑇 𝑪b

] {
𝑿̇s
𝑿̇b
} + [

𝑲s 𝑲sb
𝑲sb
T 𝑲b

] {
𝑿s
𝑿b
} = {

𝑹s
𝑹b
} (15) 

 286 
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in which the subscripts “b” and “s” indicate the support and non-support degrees of 287 

freedom (DOF), respectively, so that 𝑿b are the enforced displacements of the supports 288 

on both sides, 𝑿s are all nodal displacements except those at the supports, 𝑹b are the 289 

enforced forces at the supports and 𝑹s are the reaction forces of the seabed. 𝑴, 𝑪 and 290 

𝑲 are the mass, damping and stiffness matrices, respectively. Expanding the first row of 291 

Eq. (15) gives 292 

 293 

 𝑴s𝑿̈s + 𝑪s𝑿̇s +𝑲s𝑿s = 𝑹s + 𝑷 (16) 

 294 

where 𝑷 = −𝑴sb𝑿̈b − 𝑪sb𝑿̇b −𝑲sb𝑿b is the effective earthquake force acting on the 295 

non-support DOF. 296 

Each node of the beam element used in this paper has two DOF, namely translation 297 

and rotation in the vertical plane. However, it is assumed that the reaction force of the 298 

seabed acts only on the translation DOF. For the convenience of the following derivation 299 

procedures, rearranging the DOF in Eq. (16) gives 300 

 301 

 

[
𝑴w 𝑴wq

𝑴qw 𝑴q
] {
𝒘̈
𝒒̈
} + [

𝑪w 𝑪wq
𝑪qw 𝑪q

] {
𝒘̇
𝒒̇
} + [

𝑲w 𝑲wq
𝑲qw 𝑲q

] {
𝒘
𝒒}

= {
𝒓w
𝟎
} + {

𝑷w
𝑷q
} 

(17) 

 302 

where 𝒘 and 𝒒 are the translation and rotation DOF, respectively; 𝑷w and 𝑷q are 303 

the effective forces acting on the translation and rotation DOF, respectively, and 𝒓w is 304 

the reaction force of the seabed. 305 
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Based on the Newmark integration method, Eq. (17) is discretized in the time domain. 306 

With appropriate gathering of terms, the governing equation at time 𝑡𝑘+1 can be written 307 

as 308 

 309 

 [
𝑲̂w 𝑲̂wq

𝑲̂qw 𝑲̂q
] {
𝒘
𝒒}

𝑘+1
= {

𝒓w
𝟎
}
𝑘+1

+ {
𝑷̂w
𝑷̂q
}
𝑘+1

 (18) 

 310 

where 311 

 312 

 [
𝑲̂w 𝑲̂wq

𝑲̂qw 𝑲̂q
] = [

𝑲w 𝑲wq
𝑲qw 𝑲q

] + 𝑎0 [
𝑴w 𝑴wq

𝑴qw 𝑴q
] + 𝑎1 [

𝑪w 𝑪wq
𝑪qw 𝑪q

] (19) 

 313 

 

{
𝑷̂w
𝑷̂q
}
𝑘+1

= {
𝑷w
𝑷q
}
𝑘+1

+ [
𝑴w 𝑴wq

𝑴qw 𝑴q
] (𝑎0 {

𝒘
𝒒}

𝑘
+ 𝑎2 {

𝒘̇
𝒒̇
}
𝑘

+ 𝑎3 {
𝒘̈
𝒒̈
}
𝑘

)

+ [
𝑪w 𝑪wq
𝑪qw 𝑪q

] (𝑎1 {
𝒘
𝒒}

𝑘
+ 𝑎4 {

𝒘̇
𝒒̇
}
𝑘

+ 𝑎5 {
𝒘̈
𝒒̈
}
𝑘

) 

(20) 
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𝑎0 =
1

𝛼(Δ𝑡)2
𝑎1 =

𝛿

𝛼Δ𝑡
𝑎2 =

1

𝛼Δ𝑡
𝑎3 =

1

2𝛼
− 1

𝑎4 =
𝛿

𝛼
− 1 𝑎5 =

Δ𝑡

2
(
𝛿

𝛼
− 2)

 (21) 

 315 

in which Δ𝑡 is the time step, 𝛿  and 𝛼  are parameters of the Newmark integration 316 

method, which satisfy 𝛿 ≥ 0.5 and 𝛼 ≥ 0.25(0.5 + 𝛿)2  to ensure the unconditional 317 

stability of the integration scheme. The acceleration and the velocity at time 𝑡𝑘+1 are 318 

 319 

 

{
𝒘̈
𝒒̈
}
𝑘+1

= 𝑎0 ({
𝒘
𝒒}

𝑘+1
− {

𝒘
𝒒}

𝑘
) − 𝑎2 {

𝒘̇
𝒒̇
}
𝑘

− 𝑎3 {
𝒘̈
𝒒̈
}
𝑘

{
𝒘̇
𝒒̇
}
𝑘+1

= {
𝒘̇
𝒒̇
}
𝑘

+ 𝑎6 {
𝒘̈
𝒒̈
}
𝑘

+ 𝑎7 {
𝒘̈
𝒒̈
}
𝑘+1

 (22) 

 320 
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in which 𝑎6 = Δ𝑡(1 − 𝛿) and 𝑎7 = 𝛿Δ𝑡. 321 

Expanding Eq. (18) and eliminating terms related to 𝒒 gives 322 

 323 

 𝑲̅w𝒘𝑘+1 = 𝒓w,𝑘+1 + 𝑷̅w,𝑘+1 (23) 

 324 

where 𝑲̅w = 𝑲̂w − 𝑲̂wq𝑲̂q
−1𝑲̂qw and 𝑷̅w,𝑘+1 = 𝑷̂w,𝑘+1 − 𝑲̂wq𝑲̂q

−1𝑷̂q,𝑘+1. 325 

According to Eq. (6), the relative vertical distance between the seabed and pipeline 326 

at time 𝑡𝑘+1 is 327 

 328 

 𝝃𝑘+1 = 𝝀𝑘+1 +𝒘g
(0) +𝒘g,𝑘+1 −𝒘𝑘+1 (24) 

 329 

where 330 

 331 

 𝝀𝑘+1 = 𝑲g
−1𝒓w,𝑘+1 (25) 

 332 

is the compressional deformation of the seabed at time 𝑡𝑘+1, 𝑲g is the stiffness matrix 333 

of the seabed and 𝒘g
(0)

 is the initial profile of the seabed. 334 

Combining Eqs. (23) to (25) gives 335 

 336 

 𝑲̃𝝃𝑘+1 = 𝒓w,𝑘+1 + 𝑷̃w,𝑘+1 (26) 

 337 

in which 𝑲̃ = (𝑲̅w𝑲g
−1 − 𝑰)

−1
𝑲̅w, 𝑷̃w,𝑘+1 = (𝑲̅w𝑲g

−1 − 𝑰)
−1
[𝑲̅w(𝒘g

(0) +𝒘g,𝑘+1) −338 

𝑷̅w,𝑘+1] and 𝑰 is an identity matrix. 339 

Eq. (7) can be expressed in the following discretized form 340 

 341 
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 𝝃𝑘+1 ≥ 𝟎, 𝒓w,𝑘+1  ≥ 𝟎, 𝝃𝑘+1
T 𝒓w,𝑘+1 = 0 (27) 

 342 

Eqs. (26) and (27) together form a mathematical structure known as a LCP, which is 343 

equivalent to the following quadratic programming problem 344 

 345 

 
min𝑓(𝝃𝑘+1) =

1

2
𝝃𝑘+1
T 𝑲̃𝝃𝑘+1 − 𝑷̃w,𝑘+1

T 𝝃𝑘+1

s. t.  𝝃𝑘+1 ≥ 𝟎
 (28) 

 346 

Because of the symmetry and positive definiteness of 𝑲̃, Eq. (28) is a convex 347 

optimization problem and the common solution to it is guaranteed to exist and be unique 348 

[12]. There are many well-developed methods to solve the LCP and most of them have 349 

been included in some commercial software. For simplicity, the solution procedures of 350 

the LCP are not given in this paper. 351 

By solving the LCP problem of Eq. (28), 𝝃𝑘+1  can be determined. Then, by 352 

substituting 𝝃𝑘+1 into Eq. (26), the reaction force of the seabed 𝒓w,𝑘+1 is obtained. The 353 

displacement of the pipeline 𝒘𝑘+1 is further determined by substituting 𝒓w,𝑘+1 into Eq. 354 

(23). It is worthwhile to point out that an iterative procedure is needed in most solution 355 

methods for the LCP, and thus the solution at the current time step can be used as the 356 

initial trial solution for the next time step in order to accelerate convergence. 357 

 358 

4 Subset simulation for reliability estimation 359 

The first-excursion probabilities of a subsea pipeline subjected to a spatially varying 360 
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ground motion are considered in this paper. The failure event of the pipelines can be 361 

represented as the exceedance of an arbitrary response 𝒔(𝑡, 𝜽) , which can be the 362 

displacement, internal force, stress or any other response, above the threshold value 𝑏 363 

within a specified time interval, i.e., 364 

 365 

 𝐹 = { max
𝑙=1,⋯,𝑛𝑟

( max
𝑡∈[0,𝑇]

|𝒔(𝑡, 𝜽)|) > 𝑏} (29) 

 366 

where 𝑛𝑟  denotes the dimension of the response 𝒔(𝑡, 𝜽) , 𝑇  is the duration of the 367 

earthquake, 𝜽 is a random variable vector which characterizes the randomness in the 368 

system, and whose probability density function (PDF) is 𝑞(𝜽). It is noted that bending 369 

stresses are used to identify the failure of pipelines in this paper. The probability of the 370 

occurrence of the failure event 𝐹, namely, the failure probability, can be expressed in 371 

terms of the following probability integral 372 

 373 

 𝑃(𝐹) = ∫ 𝐼𝐹(𝜽)𝑞(𝜽)
𝜽∈𝜴

d𝜽 (30) 

 374 

where 𝐼𝐹 is the indicator function, which is equal to 1 when the pipeline has failed and 375 

0 otherwise. 𝜴 denotes the value space of 𝜽. 376 

Generally, the integral in Eq. (30) cannot be calculated efficiently by means of direct 377 

numerical integration due to the high dimension of 𝜽 and the complicated geometry of 378 

the failure region. MCS is commonly used in problems with high dimension and a 379 

complicated failure region, by virtue of its computational robustness. However, the main 380 
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drawback of MCS is that it is not suitable for evaluating small failure probabilities due to 381 

its demand for a large number of samples. In order to reduce the computational cost of 382 

MCS, SS [23, 24] is used, of which the main procedures are as follows. 383 

By introducing a sequence of ascending threshold values 0 < 𝑏1 < 𝑏2 < ⋯ <384 

𝑏𝑛 = 𝑏, one can obtain the corresponding intermediate failure events 𝐹1 ⊃ 𝐹2 ⊃ ⋯ ⊃385 

𝐹𝑛 = 𝐹. By the definition of conditional probability, the failure probability of the pipeline 386 

can be expressed as a product of conditional probabilities, 387 

 388 

 𝑃(𝐹) = 𝑃(𝐹1)∏𝑃(𝐹𝑖+1|𝐹𝑖)

𝑛−1

𝑖=1

=∏𝑃𝑖

𝑛

𝑖=1

 (31) 

 389 

where  𝑃1  denotes 𝑃(𝐹1)  and 𝑃𝑖(𝑖 = 2,3,⋯ , 𝑛)  denotes 𝑃(𝐹𝑖|𝐹𝑖−1) . Eq. (32) 390 

expresses a small failure probability as a product of relatively large conditional 391 

probabilities. For example, assume 𝑃𝑖~0.1, 𝑖 = 1,2,⋯4 , then the failure probability 392 

𝑃(𝐹)~10−4  which is too small for efficient estimation by MCS. However, the 393 

conditional probabilities 𝑃𝑖(𝑖 = 1,2,⋯4), are of order 0.1, and so can be evaluated 394 

efficiently by simulation. 395 

The probability 𝑃1  can be evaluated readily by the application of direct MCS 396 

simulation as  397 

 398 

 𝑃1 =
1

𝑁1
∑𝐼𝐹1(𝜽ℎ

(1))

𝑁1

ℎ=1

 (32) 

 399 
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in which 𝜽ℎ
(1)(ℎ = 1,2,⋯ ,𝑁1) are independently distributed samples simulated from 400 

the PDF 𝑞(𝜽), and 𝑁1 is the number of samples 𝜽ℎ
(1)

. 401 

To estimate the conditional probabilities 𝑃𝑖(𝑖 = 2,3,⋯ , 𝑛)  samples should be 402 

generated according to the conditional PDF 𝑞(𝜽|𝐹𝑖−1) = 𝑞(𝜽)𝐼𝐹𝑖(𝜽) 𝑃(𝐹𝑖−1)⁄ . However, 403 

efficient sampling from a conditional PDF is usually not a trivial task. Fortunately, this 404 

can be achieved by the Markov chain Monte Carlo (MCMC) simulation based on the 405 

Metropolis-Hastings (M-H) algorithm which provides a powerful method for generating 406 

samples that satisfy the prescribed conditional probability. Readers are referred to [23] 407 

for more details regarding the MCMC and the modified M-H algorithm. 408 

After generating the conditional samples, the conditional failure probability 𝑃𝑖 can 409 

be determined as 410 

 411 

 𝑃𝑖 =
1

𝑁𝑖
∑𝐼𝐹𝑖(𝜽ℎ

(𝑖))

𝑁𝑖

ℎ=1

 (33) 

 412 

where 𝜽ℎ
(𝑖)(ℎ = 1,2,⋯ ,𝑁𝑖) are independent distributed conditional samples according 413 

to the conditional density probability 𝑞(𝜽|𝐹𝑖−1). Through choosing the intermediate 414 

threshold values 𝑏𝑖 adaptively, the conditional probabilities 𝑃𝑖(𝑖 = 1,2,⋯ , 𝑛 − 1) can 415 

be ensured to be equal to a certain value 𝑝0 (𝑝0 = 0.1 is used here). Substituting Eqs. 416 

(32) and (33) into Eq. (31), the failure probability can be expressed as 417 

 418 

 𝑃𝐹 = 𝑝0
𝑛−1

1

𝑁𝑛
∑𝐼𝐹𝑛(𝜽ℎ

(𝑛))

𝑁𝑛

ℎ=1

 (34) 
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 419 

The main procedures of SS can be summarized as follows. 420 

1. Generate 𝑁 samples 𝜽ℎ
(0)(ℎ = 1,2,⋯ ,𝑁) by direct MCS from the original PDF 421 

𝑞(𝜽). The superscript “0” denotes these samples correspond to conditional level 0. 422 

2. Set 𝑖 = 0. 423 

3. Calculate the corresponding response variable 𝒔̃(𝜽ℎ
(𝑖)) = max (|𝒔(𝑡, 𝜽ℎ

(𝑖))|) 424 

4. Choose the intermediate threshold value 𝑏𝑖+1 as the (1 − 𝑝0)𝑁th value in the 425 

ascending order of 𝒔̃(𝜽ℎ
(𝑖)) (calculated at step 3). Hence the sample estimate of 𝑃𝑖+1 is 426 

always equal to 𝑝0. Note that it has been assumed that 𝑝0𝑁 is an integer value. 427 

5. If 𝑏𝑖+1 > 𝑏𝑛, proceed to step 10 below. 428 

6. Otherwise, if 𝑏𝑖+1 < 𝑏, with the choice of 𝑏𝑖+1 performed at step 4, identify the 429 

𝑝0𝑁  samples 𝜽𝐻
(𝑖)(𝐻 = 1,2,⋯ , 𝑝0𝑁)  among 𝜽ℎ

(𝑖)(ℎ = 1,2,⋯ ,𝑁)  whose response 430 

𝒔̃(𝜽𝐻
(𝑖)) lies in the region 𝐹𝑖+1 = {𝒔̃(𝜽𝐻

(𝑖)) > 𝑏𝑖+1}. These samples are at conditional 431 

level 𝑖 + 1 and distributed as the conditional probability 𝑞( |𝐹𝑖+1). 432 

7. The samples 𝜽𝐻
(𝑖)(𝐻 = 1,2,⋯ , 𝑝0𝑁)  (identified at step 6) provide seeds for 433 

applying the MCMC simulation to generate (1 − 𝑝0)𝑁 additional conditional samples 434 

distributed as the conditional probability 𝑞( |𝐹𝑖+1), so that it obtains a total of 𝑁 435 

conditional samples 𝜽ℎ
(𝑖+1)(ℎ = 1,2,⋯ ,𝑁) ∈ 𝐹𝑖+1 at conditional level 𝑖 + 1. 436 

8. Set 𝑖 ← 𝑖 + 1. 437 

9. Return to step 3 above. 438 

10. Stop the algorithm. 439 
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It is noted that the total number of samples employed is 𝑁𝑇 = 𝑁 + (𝑛 − 1)(1 −440 

𝑝0)𝑁. 441 

The sensitivity of the reliability with respect to variations in system parameters 442 

reflects the contributions of these parameters to the failure of structures, and hence it is 443 

useful to perform a reliability sensitivity analysis. The reliability sensitivity is defined as 444 

the partial derivative of the failure probability with respect to distributional parameters of 445 

the system parameter. In the framework of SS, the reliability sensitivity can be expressed 446 

as [36]  447 

 448 

 ∂𝑃𝐹
∂𝜂
|
𝜂̅

= 𝑝0
𝑛−1

1

𝑁𝑛
∑𝐼𝐹𝑛(𝜽ℎ

(𝑛))

𝑁𝑛

ℎ=1

∂𝑞(𝜽ℎ
(𝑛))

∂𝜂

𝑞(𝜽ℎ
(𝑛))

 
(35) 

 449 

where 𝜂 denotes the distribution parameters, for example, the mean value or the standard 450 

deviation, of the PDF of the uncertain system parameters 𝜽 . 𝜂̅  is the value of the 451 

distribution parameter where the sensitivity is evaluated. For a better comparison of the 452 

contribution of different system parameters, the reliability sensitivity can be normalized 453 

as follows, 454 

 455 

 𝑒𝜂 =
∂𝑃𝐹
∂𝜂

𝜂̅

𝑃𝐹
 (36) 

 456 

5 Numerical examples 457 

In the following numerical examples, information about the system parameters is 458 
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given first. Then, SS is applied for estimating the failure probability of a subsea pipeline 459 

subjected to a random earthquake with spatial variation, and a comparison is made with 460 

the direct MCS (DMCS) to verify the SS. Then a sensitivity and failure analysis is 461 

performed to identify the influential parameters on the pipeline failure. Finally, the 462 

reliabilities of subsea pipelines in three typical cases are investigated. 463 

5.1 Description of system parameters 464 

The subsea pipeline in Fig. 1 is adopted as an example structure. Unless otherwise 465 

specified, the physical and geometric parameters of the pipeline are as follows: material 466 

grade X60 with specified minimum yield strength (SMYS) 𝜎𝑦 = 414 × 106Pa, Young’s 467 

modulus 𝐸 = 207 × 109Pa, mass density 𝜌pipe = 7850 kg m3⁄ , Poisson’s ratio 𝜈 =468 

0.3, Rayleigh damping factors corresponding to the mass 𝑑1 = 0.01 and the stiffness 469 

𝑑2 = 0.05 , total length of pipeline 𝐿0 = 100m , shear correction factor 𝜅 =470 

2(1 + 𝜈) (4 + 3𝜈)⁄ , outer radius 𝑅out = 0.6m, wall thickness ℎ = 0.02m. The mass 471 

densities of the oil in the pipeline and surrounding water are 𝜌oil = 800 kg m3⁄  and 472 

𝜌water = 1025 kg m⁄ , respectively, and the velocity of the oil is 3m s⁄ . According to the 473 

design standard [4], the effective axial compression 𝑁0  should not exceed 0.5𝑁cr , 474 

where 𝑁cr is the critical buckling load, and hence 𝑁0 = 0.3𝑁cr is used in this paper. 475 

The pipeline is discretized into 100 elements and both ends are simply supported. The 476 

failure criterion for the subsea pipeline is defined as when the bending stress exceeds 80% 477 

of SMYS [37]. 478 
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The location and length of the free span, 𝐿1 and 𝐿2, are assumed to be Gaussian 479 

distributed variables with mean values 50m and 30m, respectively, and coefficient of 480 

variation (COV) 0.3. As physical parameters these must be strictly positive, and in order 481 

to guarantee that one free span always exists, 𝐿1  and 𝐿2  are required to satisfy the 482 

following constraints, 483 

 484 

 {

𝐿0 ≥ 𝐿2 ≥ 0

𝐿1 − 𝐿2 2⁄ ≥ 0

𝐿0 − 𝐿1 − 𝐿2 2⁄ ≥ 0
 (37) 

 485 

Strictly speaking, these constraints rule out the use of Gaussian models for the random 486 

variables 𝐿1 and 𝐿2. Hence, an acceptance-rejection method is used to generate samples 487 

of 𝐿1 and 𝐿2 from Gaussian distributions with constraints as expressed in Eq. (37). 488 

The maximum depth of the free span ℎfree = 0.3m and the stiffness of the seabed 489 

𝑘seabed = 2.293 × 106 N m2⁄  are used here. Parameters of the ground motion PSD and 490 

the spatial variation are respectively 𝑆g = 0.018m
2 s3⁄ , 𝜔g = 15 rad s⁄ , 𝜔f = 0.1𝜔g, 491 

𝑣app = 1000m s⁄ , 𝜉g = 𝜉f = 0.6 [38]. The duration of the earthquake is 𝑇 = 10.92s, 492 

and the time step for the numerical integration is ∆𝑡 = 0.01s. Hence the number of time 493 

steps is 𝑁𝑡 = 1093. In order to generate the ground motion time histories from the above 494 

ground PSD, the following procedures are implemented. A 𝑁node × 𝑁𝑡  discrete-time 495 

white noise matrix 𝑾 is first generated, where the elements of 𝑾 have a mean value 496 

of 0 and standard deviation of √2𝜋 ∆𝑡⁄ , 𝑁node is the number of nodes of the discrete 497 

pipeline. Then the ARMA method is used to modulate 𝑾  to generate the required 498 
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ground motion samples. 499 

During the SS procedures, the choice of the proposal PDF and the grouping of 500 

uncertain parameters affect the distribution and the acceptance rate of the samples and 501 

consequently the efficiency of the SS. It is suggested in [29] that deciding what type of 502 

proposal PDF to use for a group depends on the contribution of the uncertain parameters 503 

to the failure and on the information available for constructing the proposal PDF. In this 504 

paper, there are two types of uncertain parameters. The first type is the discrete-time white 505 

noise matrix 𝑾 , whose parameters play a similar role in affecting failure. These 506 

parameters affect failure significantly as a whole, but not individually. Hence, each of 507 

these parameters is grouped individually and their proposal PDFs can be chosen to be 508 

uniform with width 2. The second type is the structural parameters 𝐿1 and 𝐿2, whose 509 

contribution to the failure cannot be known a priori. Hence, 𝐿1 and 𝐿2 are collected 510 

into one group and the proposal PDF is chosen to be Gaussian with mean and covariance 511 

estimated from the current seed samples. 512 

5.2 Validation of the subset simulation 513 

SS and DMCS are used to estimate the failure probability of the subsea pipeline 514 

under the earthquake and the results are shown in Fig. 2. SS is applied with a conditional 515 

failure probability 𝑝0 = 0.1 and the number of samples at each level is 𝑁 = 1000. Four 516 

levels of conditional simulations are used in one simulation run, so the total number of 517 

samples is 𝑁𝑇 = 3700. For comparison, the failure probabilities from the DMCS with  518 
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 519 

Fig. 2. Comparison of failure probability from SS and DMCS 520 

 521 

105 and 3700 samples are also given in Fig. 2. It is seen that the results of these three 522 

simulation cases agree very well in the region with relative large failure probability 523 

(above 10−2 ). However, in the region with small failure probability (below 10−3 ), 524 

results of SS and DMCS with 105 samples still agree quite well, while those of the 525 

DMCS with 3700 samples show a significant discrepancy.  526 

To investigate the variability of the SS results, the COV of the failure probability 527 

from 10 independent SS runs is shown in Fig. 3. Since each conditional level contains 528 

1000 samples, the total numbers of samples, 𝑁𝑇, used for obtaining estimates of failure 529 

probability level at 10−1 , 10−2 , 10−3  and 10−4  are 1000, 1900, 2800 and 3700, 530 

respectively. For comparison, the COV of the results of the DMCS are given at particular 531 
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failure probability level by using the same total numbers of samples. It should be noted 532 

that DMCS is unable to estimate the failure probability accurately with a relatively small 533 

number of samples, e.g., 3700, so the COV of DMCS is obtained from an simple 534 

approximate formula [23], i.e., COV = √(1 − 𝑃(𝐹)) (𝑃(𝐹)𝑁)⁄ , rather than from many 535 

independent DMCS runs. It can be seen from Fig. 3 that the COV of SS increases 536 

gradually with decreasing failure probability, while the COV of DMCS increases much 537 

more rapidly. The COV of SS and DMCS are quite close in the region with relatively 538 

large failure probability (10−2~10−1). However, when the failure probability is below 539 

10−3, it can be observed that the COV of DMCS is much larger than that of SS. 540 

 541 

 542 

Fig. 3. Comparison of the COV of the failure probabilities from SS and DMCS 543 

 544 
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The results in Fig. 2 and 3 show that, compared to DMCS, SS can estimate the failure 545 

probability with much fewer samples, and its results have a smaller COV, especially in 546 

the low failure probability region. Hence, SS is proved to be a highly accurate and robust 547 

method to estimate the small failure probability of subsea pipelines under a random 548 

earthquake. 549 

5.3 Sensitivity and failure analysis 550 

To identify the contribution of the uncertain structural parameters to the failure of 551 

the subsea pipeline, a sensitivity analysis of the failure probability with respect to the 552 

mean values and variations of 𝐿1 and 𝐿2 is performed using SS, and the results are 553 

compared to those of DMCS, as shown in Table 1. It can be observed that the results of 554 

SS and DMCS agree quite well from the perspective of the sensitivity which is in fact a 555 

higher order quantity. It is also observed that the sensitivity with respect to 𝐿2 is larger 556 

than that with respect to 𝐿1 , implying that the length of the free span 𝐿2  is more 557 

influential on the failure of subsea pipelines than its location 𝐿1. 558 

The Markov chain samples generated during SS can be used not only for estimating 559 

the conditional probabilities, but also for the failure probability [29]. From Bayes’ 560 

theorem,  561 

 562 

 𝑃(𝐹|𝜽𝑙) =
𝑞(𝜽𝑙|𝐹)

𝑞(𝜽𝑙)
𝑃(𝐹), 𝑙 = 1,2⋯𝑁𝜽 (39) 

 563 

 564 
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Table 1 Normalized sensitivities of the failure probability 565 

 SS DMCS 

𝑒𝜇𝐿1  0.147 0.125 

𝑒𝜇𝐿2  1.035 0.893 

𝑒𝜎𝐿1  0.0371 0.0439 

𝑒𝜎𝐿1  0.348 0.298 

 566 

where 𝑁𝜽 is the dimension of 𝜽. Thus when 𝑞(𝜽𝑙|𝐹) is similar to 𝑞(𝜽𝑙), it is deduced 567 

that 𝑃(𝐹|𝜽𝑙) ≈  𝑃(𝐹), so that the failure probability is insensitive to 𝜽𝑙 . Hence, by 568 

comparing the conditional PDF 𝑞(𝜽𝑙|𝐹) with the unconditional PDF  𝑞(𝜽𝑙), one can 569 

obtain an indication of how much the uncertain parameter 𝜽𝑙  influences the system 570 

failure. 571 

Fig. 4 shows histograms of the conditional samples of the uncertain parameters 𝐿1 572 

and 𝐿2 at different levels for a single SS run. It is noticed that the conditional PDFs of 573 

the uncertain parameters are obviously too large for certain values. This is because there 574 

are inevitably some repeated samples during the MCMC procedure. Despite some peaks, 575 

it is seen that the conditional PDFs of 𝐿1 are almost symmetric about the mean value of 576 

𝐿1  at different levels, while those of 𝐿2  are not symmetric and have a significant 577 

rightward shift, especially at the final level. From the comparison of the shapes of the 578 

conditional PDFs, it is concluded qualitatively that 𝐿2 contributes more to the failure  579 
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 580 

(a) 𝐿1 581 

 582 

(b) 𝐿2 583 

Fig. 4. Empirical conditional PDFs of 𝐿1 and 𝐿2 at different conditional levels 584 

(histograms) compared to their unconditional PDFs (solid lines) 585 
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of subsea pipelines than L_1. This is in agreement with the conclusion of the parametric 586 

sensitivity analysis above.  587 

5.4 Study of three typical cases 588 

To study the influences of more parameters or effects on the failure of subsea 589 

pipelines, three typical cases are considered. 590 

Case 1: Unilateral contact model and permanent contact model 591 

As pointed out in the introduction, the separation of pipelines and the seabed is not 592 

considered in the dynamic analysis in some literature [5, 6]. This pipeline-seabed model 593 

is called a “permanent contact model”, while the model used in this paper is called a 594 

“unilateral contact model”. In order to investigate the influence of the unilateral contact 595 

effect on the reliability of subsea pipelines, failure probabilities of the unilateral and 596 

permanent models are calculated by SS and results are shown and compared in Fig. 5. It 597 

is seen that the failure probability of the permanent contact model is smaller than that of 598 

the unilateral contact model at the same threshold value, so that the permanent contact 599 

model is a more dangerous model in the earthquake design of subsea pipelines. The 600 

comparison also shows the necessity of the consideration of the unilateral contact effect 601 

in the earthquake reliability analysis of subsea pipelines. 602 
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 603 

Fig. 5. Failure probabilities of subsea pipelines using unilateral and permanent contact 604 

models 605 

Case 2: Different apparent velocity 606 

As expressed in Eqs. (12) and (13), the apparent velocity of the earthquake waves  𝑣app 607 

is one of the most important parameters affecting the spatial variation of the ground 608 

motion. The spatial variation decreases with increasing  𝑣app. When 𝑣app approaches 609 

infinity, the spatial variation of the ground motion vanishes and the earthquake is reduced 610 

to a uniform excitation. To study the influences of the spatial variation of the ground 611 

motion on the reliability, four cases with different 𝑣app are considered, namely 𝑣app =612 

500m s⁄ , 1000m s⁄ , 2000m s⁄  and uniform excitation, as shown in Fig. 6. It is 613 

observed that the influence of 𝑣app on failure is not significant in the region with relative 614 

large failure probability. But when the failure probability is at a small level, it increases 615 
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 616 

Fig. 6. Failure probabilities of subsea pipeline with different apparent velocity 𝑣app 617 

 618 

with decreasing apparent velocity 𝑣app. 619 

Case 3: With and without free span 620 

In subsection 5.3, sensitivities of the failure probability of pipelines with respect to the 621 

location and length of the free span were studied. To study further the influence of the 622 

free span itself on the failure of subsea pipelines, three different cases are considered, i.e., 623 

(1) without free span, (2) with a deterministic free span at location 𝐿1 = 50m with 624 

length 𝐿2 = 30m and (3) with the uncertain free span used in subsection 5.3. The results 625 

are given in Fig. 7. It is shown that the free span has significant influence on the reliability 626 

of the subsea pipeline. Neglect of the free span or its uncertainty in the earthquake 627 

reliability analysis will lead to an underestimate of the failure probability. 628 
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 629 

Fig. 7. Failure probabilities of subsea pipeline with different types of free span 630 

 631 

6 Conclusions 632 

In this paper, a computational framework based on subset simulation (SS) is 633 

proposed for the reliability analysis of subsea pipelines subjected to a random earthquake 634 

with spatial variation. Firstly, a mathematical model of subsea pipelines under random 635 

earthquake is established with consideration of the unilateral contact effect between the 636 

pipeline and the seabed. Then, by using the finite element method and Newmark 637 

integration method, the governing equation is discretized and the dynamic contact 638 

problem is derived as a linear complementarity problem. Finally, SS is applied for 639 

estimating the failure probability of subsea pipelines. SS expresses a small failure 640 

probability as a product of a sequence of large conditional probabilities, and provides the 641 
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potential to reduce the number of samples required in estimating small failure probability.  642 

In numerical examples, direct Monte Carlo simulation (DMCS) is used to validate 643 

the feasibility of SS in the earthquake reliability problem. It is found that the failure 644 

probabilities calculated by SS agree well with those from DMCS, while the efficiency of 645 

SS, as indicated by the smaller number of samples, is much greater than that of DMCS. 646 

A coefficient of variation analysis shows that SS is more robust in small failure 647 

probability estimation than DMCS. Results from a sensitivity analysis indicate that the 648 

free span length is more influential on the failure of subsea pipelines than the free span 649 

location. Three typical cases with different parameters or effects are studied. It is shown 650 

that the unilateral contact effect between the seabed and pipelines, the spatial variation of 651 

the ground motion and the uncertainty of the free span have great influence on the failure 652 

of seabed pipelines and should be considered in earthquake reliability analysis. 653 
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