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st✉❞✐❡s ♦❢ t❤✐♥✲✇❛❧❧❡❞ str✉❝t✉r❡s✳ ■♥ t❤✐s ✇♦r❦✱ ♣♦st❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛ ✈❛r✐❛❜❧❡ ❛♥❣❧❡
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♠❡r✐❝❛❧ ♠❡t❤♦❞ ✭❆◆▼✮ ✇❤✐❝❤ tr❛♥s❢♦r♠s t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ✐♥t♦ ❛ s❡t ♦❢ ✇❡❧❧✲♣♦s❡❞
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◆♦♠❡♥❝❧❛t✉r❡

❛✱❜✱❤ ❂ ▲❡♥❣t❤✱ ✇✐❞t❤ ❛♥❞ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡ ✭♠✮

✉✱✈✱✇ ❂ ■♥✲♣❧❛♥❡ ❛♥❞ ❖✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✭♠✮

Nx, Ny ❂ ◆✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ❛❧♦♥❣ ①✱ ② ❞✐r❡❝t✐♦♥s

Tx✱ Ty ❂ ❋✐rst✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦♣❡r❛t♦rs

Txx✱ Tyy✱ Txy ❂ ❙❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦♣❡r❛t♦rs

M ❂ ■♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❛tr✐① ♦♣❡r❛t♦r ♦✈❡r ❛ s✉r❢❛❝❡ ❛r❡❛ Ω

N̄x, N̄y, N̄xy ❂ ■♥✲♣❧❛♥❡ str❡ss r❡s✉❧t❛♥ts ✭◆✴♠✮

N
(k)
m (ū), N

(k)
n (v̄) ❂ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ✈❛r②✐♥❣ ❛❧♦♥❣ ū ❛♥❞ v̄ ❞✐r❡❝t✐♦♥s

Mx,My,Mxy ❂ ▼♦♠❡♥t r❡s✉❧t❛♥ts ✭◆✲♠✴♠✮

r ❂ P❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r

λc ❂ ❈r✐t✐❝❛❧ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ✭◆✮

Pmn ❂ ❈♦♥tr♦❧ ♣♦✐♥ts

V (p), V̄ (p) ❂ ▼✐①❡❞ ❛♥❞ ♣✉r❡ ❞✐s♣❧❛❝❡♠❡♥t s♦❧✉t✐♦♥s ♦❢ t❤❡ pth ♦r❞❡r ♣r♦❜❧❡♠

❈✭♣✮ ❂ P♦st❜✉❝❦❧✐♥❣ ❧♦❛❞ ❝♦❡✣❝✐❡♥t ♦❢ ♦r❞❡r p

❑✱ Kg ❂ ❙tr✉❝t✉r❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ ♣❧❛t❡ str✉❝t✉r❡

A,B,D ❂ ▲❛♠✐♥❛t❡ ✐♥✲♣❧❛♥❡✱ ❝♦✉♣❧✐♥❣ ❛♥❞ ❜❡♥❞✐♥❣ st✐✛♥❡ss ♠❛tr✐❝❡s

Γ0,1,2,3,4 ❂ ▼❛tr✐❝❡s ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠❛t❡r✐❛❧ ✐♥✈❛r✐❛♥ts

Γ
(τ)
mn ❂ ▲❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛t ❡❛❝❤ ♣r❡✲❞❡✜♥❡❞ ❝♦♥tr♦❧ ♣♦✐♥t

µ, ν ❂ ■♥❞✐❝❡s ♦❢ t❤❡ ♦✉t❡r ❛♥❞ ✐♥♥❡r ✐t❡r❛t✐♦♥s

α
(µ)
j , β

(µ)
j ❂ ❯♣♣❡r ❛♥❞ ❧♦✇❡r ♠♦✈✐♥❣ ❛s②♠♣t♦t❡s

θ(z̄) ❂ ▲❛②✉♣ ❛♥❣❧❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♥♦r♠❛❧✐③❡❞ t❤r♦✉❣❤✲t❤❡✲t❤✐❝❦♥❡ss ❝♦♦r❞✐♥❛t❡

ξA1,2,3,4 ❂ ■♥✲♣❧❛♥❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs

ξB1,2,3,4 ❂ ❈♦✉♣❧✐♥❣ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs

ξD1,2,3,4 ❂ ❖✉t✲♦❢✲♣❧❛♥❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs

ǫx ❂ ❆①✐❛❧ ❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥

Ξ ❂ ❑♥♦t ✈❡❝t♦r

✸



■✳ ■♥tr♦❞✉❝t✐♦♥

▼♦❞❡r♥ ❝♦♠♣♦s✐t❡ ♠❛♥✉❢❛❝t✉r✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❜❛s❡❞ ♦♥ t♦✇ st❡❡r✐♥❣ ♣r♦✈✐❞❡ ❡♥❤❛♥❝❡❞ ❢r❡❡❞♦♠

t♦ ❞❡s✐❣♥ ❡✣❝✐❡♥t ❧✐❣❤t✲✇❡✐❣❤t ❝♦♠♣♦s✐t❡ str✉❝t✉r❡s ✇❤❡r❡ st✐✛♥❡ss ✈❛r✐❡s ❝♦♥t✐♥✉♦✉s❧② ✐♥ t❤❡ ♣❧❛♥❡ ♦❢

❡❛❝❤ ❧❛♠✐♥❛✳ ■♥ t❤❡ ❞❡s✐❣♥ ♣r♦❝❡ss ♦❢ t❤✐♥ ❛♥❞ s❧❡♥❞❡r ✈❛r✐❛❜❧❡ ❛♥❣❧❡ t♦✇ ✭❱❆❚✮ ♣❛♥❡❧s✱ ✐t ❝❛♥ ♦❢t❡♥

❜❡ ✐♠♣❡r❛t✐✈❡ t♦ ❝♦♥s✐❞❡r ❜✉❝❦❧✐♥❣ ❛s ❛♥ ✐♠♣♦rt❛♥t ❞❡s✐❣♥ ❝♦♥str❛✐♥t✳ ◆✉♠❡r♦✉s ✇♦r❦s ❤❛✈❡ ❜❡❡♥

r❡♣♦rt❡❞ t♦ ♠❛①✐♠✐③❡ t❤❡ ❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ❬✶✕✸❪✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♦♣t✐♠❛❧

st✐✛♥❡ss ❞✐str✐❜✉t✐♦♥s ❢♦r ♠❛①✐♠✐③✐♥❣ ❜✉❝❦❧✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦♣♣♦s❡ t❤❛t ❢♦r ♠❛①✐♠✐③✐♥❣ ♣♦st❜✉❝❦❧✐♥❣

❛①✐❛❧ st✐✛♥❡ss ✭❝❤❛♣t❡r ✻ ❜② ❲❡❛✈❡r ✐♥ ❘❡❢✳ ✹✮✳ ❲❤✐❧st ❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢

❜❡♥❞✐♥❣ st✐✛♥❡ss✱ ♣♦st❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦r ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠❡♠❜r❛♥❡ st✐✛♥❡ss ♦❢ t❤❡ ❝♦♠♣♦s✐t❡ ♣❛♥❡❧✳

❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✐♠♣r♦✈❡ ❜♦t❤ t❤❡ ❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❛ ❜❡tt❡r

str✉❝t✉r❛❧ r❡s♣♦♥s❡✳

■♥ t❤❡ ❝✉rr❡♥t ❞❡s✐❣♥ ♣❤✐❧♦s♦♣❤② t❤❡ ♦♣❡r❛t✐♥❣ ❧✐♠✐t ❧♦❛❞ ❢♦r ♣r✐♠❛r② ❛✐r❝r❛❢t str✉❝t✉r❡s ❝❛♥

❜❡ ❞r✐✈❡♥ ❜② ❜✉❝❦❧✐♥❣ ❧♦❛❞✳ ■t ✐s ❦♥♦✇♥ t❤❛t ♣❧❛t❡✲❧✐❦❡ str✉❝t✉r❡s ❝❛♥ ❝❛rr② ❧♦❛❞s ✐♥ t♦ t❤❡ ♣♦st✲

❜✉❝❦❧✐♥❣ r❡❣✐♦♥ ✇✐t❤♦✉t ♠❛t❡r✐❛❧ ❢❛✐❧✉r❡✳ ◆❡✇ ❞❡s✐❣♥ ♣❤✐❧♦s♦♣❤✐❡s ❛❧❧♦✇ t❤❡ ♦♣❡r❛t✐♥❣ ❧♦❛❞ ❧✐♠✐t

t♦ ❡①t❡♥❞ ✐♥t♦ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡❣✐♠❡ t❤❛t ❡♥❛❜❧❡s r❡❞✉❝t✐♦♥ ♦❢ ✇❡✐❣❤t ♦❢ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡

str✉❝t✉r❡s✳ ❚❤✉s✱ ✇❡ ♥❡❡❞ t♦♦❧s t♦ ❛❝❝✉r❛t❡❧② s✐♠✉❧❛t❡ t❤❡ str✉❝t✉r❛❧ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♣♦st❜✉❝❦❧✐♥❣

r❡❣✐♠❡✳ ■♥❝r❡♠❡♥t❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s ❛r❡ ❛ r❡❧✐❛❜❧❡ ♦♣t✐♦♥ ❢♦r st✉❞②✐♥❣ ♣♦st❜✉❝❦❧✐♥❣ r❡s♣♦♥s❡✱

❤♦✇❡✈❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt r❡q✉✐r❡❞ ✐s s✐❣♥✐✜❝❛♥t ❛♥❞ ♥♦t ♥❡❝❡ss❛r✐❧② ❛♣♣r♦♣r✐❛t❡ ❢♦r ♦♣t✐♠✐③❛t✐♦♥

st✉❞✐❡s✳ ❚❤❡r❡❢♦r❡✱ ♥❡✇ ♥✉♠❡r✐❝❛❧ t♦♦❧s ✇❤✐❝❤ ❛r❡ q✉✐❝❦ ❛♥❞ r❡❛s♦♥❛❜❧② ❛❝❝✉r❛t❡ ❢♦r st✉❞②✐♥❣ t❤❡

♣♦st❜✉❝❦❧✐♥❣ r❡s♣♦♥s❡ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ❛r❡ r❡q✉✐r❡❞ ✐♥ ✐♥✐t✐❛❧ ❞❡s✐❣♥ st✉❞✐❡s✳

▼✉❝❤ ✇♦r❦ ❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ♦♥ s❡♠✐✲❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♠❡t❤♦❞s ❢♦r st✉❞②✐♥❣ t❤❡ ♣♦st❜✉❝❦✲

❧✐♥❣ ❜❡❤❛✈✐♦r ♦❢ str✉❝t✉r❡s✳ ❙t❡✐♥ ❬✺❪ ♣r♦♣♦s❡❞ ❛ ♣❡rt✉r❜❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ ♠♦❞❡❧ t❤❡ ✐♥✐t✐❛❧ ♣♦st✲

❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦r ♦❢ ✐s♦tr♦♣✐❝ ♣❧❛t❡s ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▲❛t❡r✱ ❈❤❛♥❞r❛

❛♥❞ ❘❛❥✉ ❬✻❪ ❡①t❡♥❞❡❞ ❙t❡✐♥✬s ❛♣♣r♦❛❝❤ ❢♦r ❛♥ ♦rt❤♦tr♦♣✐❝ ♣❧❛t❡✳ ❍❛rr✐s ❬✼❪ ❞❡✈❡❧♦♣❡❞ ❛ ❝❧♦s❡❞✲❢♦r♠

❡①♣r❡ss✐♦♥ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✐t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ st✐✛♥❡ss ♦❢ ♦rt❤♦tr♦♣✐❝ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✳ P❛♥❞❡②

❛♥❞ ❙❤❡r❜♦✉r♥❡ ❬✽❪ ❞❡r✐✈❡❞ ❡①♣r❡ss✐♦♥s ❢♦r ✐♥✐t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ st✐✛♥❡ss ♦❢ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ❛♥❞ ✉s❡❞

t❤❡♠ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ st✉❞✐❡s✳ ❩❤❛♥❣ ❛♥❞ ❙❤❡♥ ❬✾❪ ❡♠♣❧♦②❡❞ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛♣♣r♦❛❝❤ s✐♠✐❧❛r t♦

❙t❡✐♥ ❬✺❪✱ ❜✉t ❡♠♣❧♦②❡❞ ❆✐r②✬s str❡ss ❢✉♥❝t✐♦♥ t♦ ❞❡r✐✈❡ t❤❡ ❝❧♦s❡❞✲❢♦r♠ ❛s②♠♣t♦t✐❝ ♣♦st❜✉❝❦❧✐♥❣

✹



s♦❧✉t✐♦♥s ❢♦r ♣❧❛t❡s ✉♥❞❡r ❛①✐❛❧ ❛♥❞ ❜✐❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥✳ ❘❡❝❡♥t❧②✱ ❲✉ ❡t ❛❧✳ ❬✶✵❪ ❡♥❤❛♥❝❡❞ ❩❤❛♥❣

❛♥❞ ❙❤❡♥✬s ✇♦r❦ ❢♦r ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ❛♥❞ ❞❡r✐✈❡❞ ❡①♣❧✐❝✐t ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥s ❢♦r ❜♦t❤ t❤❡ ❡♥❞

s❤♦rt❡♥✐♥❣ str❛✐♥ ❛♥❞ ♠❛①✐♠✉♠ tr❛♥s✈❡rs❡ ❞❡✢❡❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠❛t❡r✐❛❧ st✐✛♥❡ss ❛♥❞ str❡ss

r❡s✉❧t❛♥ts✳ ❚❤❡ ✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝② ♦❢ t❤❡✐r ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥ ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ s❡❧❡❝t✐♦♥ ♦❢

♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r ❜❛s❡❞ ♦♥ ✐♥✲♣❧❛♥❡ str❡ss r❡s✉❧t❛♥t ✐♥st❡❛❞ ♦❢ ♠❛①✐♠✉♠ tr❛♥s✈❡rs❡ ❞✐s♣❧❛❝❡✲

♠❡♥t✳ ❘❛❤♠❛♥ ❡t ❛❧✳ ❬✶✶❪ ✉s❡❞ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♣❡rt✉r❜❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ st✉❞② t❤❡ ♣♦st❜✉❝❦❧✐♥❣

❜❡❤❛✈✐♦r ♦❢ ❱❆❚ ♣❧❛t❡s✳ ■♥ t❤❡✐r ❛♣♣r♦❛❝❤✱ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥s ✇❡r❡ ❝♦♠♣✉t❡❞ ❜② ❡①♣❛♥❞✐♥❣

t❤❡ ❧♦❛❞ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ✉♣ t♦ s❡❝♦♥❞ ♦r❞❡r ✜❡❧❞s✳ ❚❤✐s ❛♣♣r♦❛❝❤

r❡s✉❧t❡❞ ✐♥ r❡❛s♦♥❛❜❧② ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t ❛♥❞ ❡①❤✐❜✐ts ❡rr♦♥❡♦✉s s♦✲

❧✉t✐♦♥s ❢♦r ❛ ✜♥✐t❡ ❧♦❛❞ st❡♣ ✐♥ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡❣✐♠❡ ❢♦r str❛✐❣❤t ✜❜❡r ❛s ✇❡❧❧ ❛s ❱❆❚ ♣❧❛t❡s✳ ❚❤✐s

♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦✈❡r❝♦♠❡ ❜② ✐♥❝❧✉❞✐♥❣ ❤✐❣❤❡r ♦r❞❡r ❛s②♠♣t♦t✐❝ ✜❡❧❞s ✐♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣

r❡s♣♦♥s❡ ♦❢ ❱❆❚ ♣❧❛t❡s✳ ❉❛♠✐❧ ❛♥❞ P♦t✐❡r✲❋❡rr② ❬✶✷❪ ♣r♦♣♦s❡❞ ❛♥ ❛s②♠♣t♦t✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞

✭❆◆▼✮ ✇❤✐❝❤ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ ♣❡rt✉r❜❛t✐♦♥ t❡❝❤♥✐q✉❡ ❛♥❞ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ t♦ s♦❧✈❡

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❡❧❛st✐❝ str✉❝t✉r❡s✳ ❆◆▼ tr❛♥s❢♦r♠s t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ✐♥t♦ ❛ s❡t

♦❢ ✇❡❧❧✲♣♦s❡❞ r❡❝✉rs✐✈❡ ❧✐♥❡❛r ♣r♦❜❧❡♠s s♦❧✈❡❞ ✉s✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❆◆▼ ❛❧❧♦✇s ❛ ❣❡♥❡r✐❝

❛♣♣r♦❛❝❤ t♦ ❝♦♠♣✉t❡ t❤❡ ❤✐❣❤❡r ♦r❞❡r ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥s ✉♣ t♦ ❛♥② ♦r❞❡r ❛♥❞ ♣r♦✈✐❞❡s r❡❛s♦♥❛❜❧②

❛❝❝✉r❛t❡ ✐♥✐t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥✳ ❆③r❛r ❡t ❛❧✳ ❬✶✸❪ ❛♣♣❧✐❡❞ ❆◆▼ t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦st❜✉❝❦❧✐♥❣

❜❡❤❛✈✐♦r ♦❢ ❡❧❛st✐❝ ♣❧❛t❡s ❛♥❞ s❤❡❧❧s✳ ❈♦❝❤❡❧✐♥ ❡t ❛❧✳ ❬✶✹❪ ✉s❡❞ ❆◆▼ ❛❧♦♥❣ ✇✐t❤ P❛❞é ❛♣♣r♦①✐♠❛♥ts

t♦ ✐♠♣r♦✈❡ t❤❡ r❛♥❣❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥ ♦❢ ♣❧❛t❡ ❛♥❞ s❤❡❧❧ str✉❝t✉r❡s✳ ■♥

t❤✐s ✇♦r❦✱ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ✉♥❞❡r

❝♦♠♣r❡ss✐♦♥ ❧♦❛❞✐♥❣✳ ❆ ♥♦✈❡❧ ❣❡♥❡r❛❧✐③❡❞ ❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢

✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ r❡❝✉rs✐✈❡ s❡t ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❆◆▼✳

❚❤❡ ❞❡s✐❣♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❝♦♠♣♦s✐t❡ ❧❛♠✐♥❛t❡s ♣♦s❡s ♠❛♥② ❞✐✣❝✉❧t✐❡s ✐♥

t❡r♠s ♦❢ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡s✐❣♥ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ♠❛♥✲

✉❢❛❝t✉r✐♥❣ ❝♦♥str❛✐♥ts ♦❢ t♦✇ ♣❧❛❝❡♠❡♥t✳ ●❤✐❛s✐ ❡t ❛❧✳ ❬✶✺❪ ❞✐s❝✉ss❡❞ ✈❛r✐♦✉s ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s

❛♥❞ t❤❡✐r ❡ss❡♥❝❡ ✐♥ s♦❧✈✐♥❣ t❤❡ ❞❡s✐❣♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s✳ ❲✉ ❡t ❛❧✳ ❬✶✻❪

❡♠♣❧♦②❡❞ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ♠❛①✐♠✐③✐♥❣ t❤❡ ♣♦st✲

❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❍❡♥r✐❝❤s❡♥ ❡t ❛❧✳ ❬✶✼❪ ✉s❡❞ ❑♦✐t❡r✬s ❛s②♠♣t♦t✐❝ ♠❡t❤♦❞ ❛❧♦♥❣ ✇✐t❤ ❝♦♥t✐♥✉♦✉s

✺



✜❜❡r ❛♥❣❧❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ♦♣t✐♠✐③✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❆❚ ♣❧❛t❡s✳ ❉✐❛❝♦♥✉ ❛♥❞

❲❡❛✈❡r ❬✶✽✱ ✶✾❪ ❡♠♣❧♦②❡❞ ❛ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣② ❢♦r t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ❞❡s✐❣♥ ♦❢ ❧♦♥❣ s②♠✲

♠❡tr✐❝❛❧ ❛♥❞ ✉♥s②♠♠❡tr✐❝❛❧ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✳ ❲✉ ❡t ❛❧✳ ❬✷✵❪ ❡①t❡♥❞❡❞ t❤❡ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥

❢r❛♠❡✇♦r❦ t♦ ❞❡s✐❣♥ ❱❆❚ ❧❛♠✐♥❛t❡s ✇✐t❤ ✐♠♣r♦✈❡❞ ❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ t✇♦✲

❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣② ✐s ❛❞♦♣t❡❞ t♦ ❞❡s✐❣♥ ❱❆❚ ❧❛♠✐♥❛t❡s ❢♦r ♠❛①✐♠✐③✐♥❣ t❤❡✐r ♣♦st❜✉❝❦❧✐♥❣

♣❡r❢♦r♠❛♥❝❡✳

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❡①tr❛❝t ♣♦st❜✉❝❦❧✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s

✉s✐♥❣ ❆◆▼ ❛♥❞ s✉❜s❡q✉❡♥t❧② ✉s❡ t❤❡♠ ❛s ✐♥♣✉t t♦ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡s✐❣♥ ♦❢ ❱❆❚

❧❛♠✐♥❛t❡s✳ ❆t t❤❡ ✜rst st❡♣✱ t❤❡ ♥♦♥❧✐♥❡❛r ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ♣❧❛t❡s ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛

s❡t ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠s ✉s✐♥❣ ❆◆▼✳ ❚❤❡ r❡s✉❧t✐♥❣ ❧✐♥❡❛r ♣r♦❜❧❡♠s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞

❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ✭●❉■◗▼✮✳ ❯s❛❣❡ ♦❢ ●❉■◗▼ ❡♥❛❜❧❡s t❤❡ ❈✶ ❝♦♥t✐♥✉✐t②

r❡q✉✐r❡♠❡♥ts ♦❢ ❛ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♣❧❛t❡ t♦ ❜❡ ♠♦❞❡❧❡❞ ♠♦r❡ s✐♠♣❧② t❤❛♥ ✇✐t❤ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ●❉■◗▼ ✐s ❞♦♥❡ ✐♥ ❛ ▼❆❚▲❆❇ s♦❢t✇❛r❡ ❡♥✈✐r♦♥♠❡♥t t♦

❝♦♠♣✉t❡ t❤❡ ✐♥✐t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥ ♦❢ ❱❆❚ ♣❧❛t❡s✳ P❛❞é ❛♣♣r♦①✐♠❛♥ts ❛r❡ t❤❡♥ ✉s❡❞ t♦ ❡①♣❛♥❞

t❤❡ ❆◆▼ ♣❡rt✉r❜❡❞ s♦❧✉t✐♦♥s s♦ ❛s t♦ ✐♥❝r❡❛s❡ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥

❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t✳ ❚❤❡ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥

❝♦♠♣✉t❡❞ ✉s✐♥❣ ❆◆▼ ❢♦r s✐♠♣❧② s✉♣♣♦rt❡❞ s②♠♠❡tr✐❝ ❱❆❚ ♣❧❛t❡s ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡❞

❢♦r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ◆❡①t✱ ❛ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣② ✐s ✉s❡❞ ❢♦r

♠❛①✐♠✐③✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ❜❛s❡❞ ♦♥ ❆◆▼ r❡s✉❧ts✳ ■♥ t❤❡ ✜rst

♦♣t✐♠✐③❛t✐♦♥ ❧❡✈❡❧✱ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ✉s❡❞ ❛s ❞❡s✐❣♥ ✈❛r✐❛❜❧❡s t♦ ♣❡r❢♦r♠ t❤❡ ♣♦st❜✉❝❦❧✐♥❣

♦♣t✐♠✐③❛t✐♦♥✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ st✉❞② ✐s r❡str✐❝t❡❞ t♦ ♦rt❤♦tr♦♣✐❝ ❱❆❚ ❧❛♠✐♥❛t❡s ✇❤✐❝❤

❛r❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❢♦✉r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭ξA,D
1,2 ✮✳ ❇✲s♣❧✐♥❡s ❛r❡ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❧❛♠✐♥❛t✐♦♥

♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♣❧❛t❡ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ s♣❡❝✐✜❡❞ ✉s✐♥❣ ❛ s❡t ♦❢

❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ ❛ ❦♥♦t ✈❡❝t♦r✳ ❚❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❛r❡ ❝♦♥♥❡❝t❡❞

❜② ❛ s❡t ♦❢ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts t♦ ❞❡✜♥❡ t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥ ❬✷✶❪✳ ❚❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ♦❢ t❤❡

❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✇❡r❡ ❡♥❢♦r❝❡❞ ♦♥ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❜② ❡♠♣❧♦②✐♥❣ t❤❡ ❝♦♥✈❡①✲❤✉❧❧ ♣r♦♣❡rt②

♦❢ t❤❡ ❇✲s♣❧✐♥❡s ❬✷✵❪✳ ❚❤❡ ❣r❛❞✐❡♥t✲❜❛s❡❞✱ ❣❧♦❜❛❧❧② ❝♦♥✈❡r❣❡♥t ♠❡t❤♦❞ ♦❢ ♠♦✈✐♥❣ ❛s②♠♣t♦t❡s ✐s

❛❞♦♣t❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❱❆❚ ♣❧❛t❡✳ ■♥ t❤❡

✻



s❡❝♦♥❞ ♦♣t✐♠✐③❛t✐♦♥ ❧❡✈❡❧✱ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡rts t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥t♦

r❡❛❧✐st✐❝ ❱❆❚ ❧❛②✉♣s✳ ❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ st✉❞✐❡s ❛r❡ ❝❛rr✐❡❞ ♦✉t ❢♦r s✐♠♣❧② s✉♣♣♦rt❡❞

sq✉❛r❡ ❱❆❚ ♣❧❛t❡s ✉♥❞❡r ❛①✐❛❧✴❜✐✲❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ❢♦r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤ ✐♥ s♦❧✈✐♥❣

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♦❢ ❱❆❚ ♣❧❛t❡s ✐s ♣r❡s❡♥t❡❞✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢

t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ t♦ ♣❡r❢♦r♠ ♣♦st❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❱❆❚

❧❛♠✐♥❛t❡s✳ ■♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts t❤❛t ❣♦✈❡r♥s

t❤❡✐r ❢❡❛s✐❜❧❡ r❡❣✐♦♥ ✐s ♣r❡s❡♥t❡❞✳ ■♥ ❙❡❝t✐♦♥ ✺✱ t❤❡ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❡♠♣❧♦②❡❞ ❢♦r

❞❡s✐❣♥ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ✐♥❝❧✉❞✐♥❣ ❣❧♦❜❛❧❧② ❝♦♥✈❡r❣❡♥t ♠❡t❤♦❞ ♦❢ ♠♦✈✐♥❣ ❛s②♠♣t♦t❡ ❛♥❞ ❣❡♥❡t✐❝

❛❧❣♦r✐t❤♠ ✐s ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✻ ♣r❡s❡♥ts t❤❡ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ❢♦r ♠❛①✐♠✐③✐♥❣

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐s ♣r❡s❡♥t❡❞✳

■■✳ ❆s②♠♣t♦t✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞

❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❡❧❛st✐❝ str✉❝t✉r❡s ✐s ✉s✉❛❧❧② s♦❧✈❡❞ ✉s✐♥❣ ❛ ♣r❡❞✐❝t♦r✲❝♦rr❡❝t♦r

❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞ ♦r t❤❡ ❘✐❦s ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞✳ ❚❤✐s ❛♣♣r♦❛❝❤

❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧ ✐♥ s♦❧✈✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✱ ❜✉t ✐ts ♠❛✐♥ ❧✐♠✐t❛t✐♦♥ ✐s t❤❡ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧

t✐♠❡ ✐♥✈♦❧✈❡❞✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ✉♥s✉✐t❛❜❧❡ ❢♦r ♦♣t✐♠✐③❛t✐♦♥ st✉❞✐❡s✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐s t♦ r❡❧②

♦♥ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ♣r♦✈✐❞❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ♥❡❛r

t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❛♥❞ r❡q✉✐r❡s ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt✳ ■♥ ❑♦✐t❡r✬s ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞ ❬✷✸✱ ✷✹❪✱

t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❧♦❛❞s ❛r❡ ❡①♣❛♥❞❡❞ ✉♣ t♦ s❡❝♦♥❞ ♦r❞❡r ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ✇❤✐❝❤ ♣r♦✈✐❞❡

q✉❛❧✐t❛t✐✈❡ r❡s✉❧ts ❞❡s❝r✐❜✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ st❛❜✐❧✐t② ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ str✉❝t✉r❡✳

❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥s ❜❛s❡❞ ♦♥ ❑♦✐t❡r✬s ❛♣♣r♦❛❝❤ ❛r❡ ✈❛❧✐❞ ♥❡❛r t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t ❛♥❞ ❛r❡

♥♦t r❡❧✐❛❜❧❡ r❡♠♦t❡ ❢r♦♠ ✐t✳ ❚❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ ❑♦✐t❡r✬s ❛♣♣r♦❛❝❤ ❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t

❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❝✉❜✐❝ ❛♥❞ ❤✐❣❤❡r ♦r❞❡r ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ t❤❡

♥♦♥❧✐♥❡❛r ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡ ✐s s♦❧✈❡❞ ✉s✐♥❣ ❛ ♣❡rt✉r❜❛t✐♦♥ ❛♣♣r♦❛❝❤ t❡r♠❡❞ t❤❡

❛s②♠♣t♦t✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✭❆◆▼✮ ♣r♦♣♦s❡❞ ❜② ❉❛♠✐❧ ❛♥❞ P♦t✐❡r✲❋❡rr② ❬✶✷❪✳ ❚❤❡ ❆◆▼ s♦❧✉t✐♦♥

✐s s♦✉❣❤t ❜② ♠❡❛♥s ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❤✐❣❤❡r t❤❛♥ s❡❝♦♥❞ ♦r❞❡r ❞✐s♣❧❛❝❡♠❡♥t

✜❡❧❞s ❢♦r ❜❡tt❡r ❛❝❝✉r❛❝② ❛♥❞ ✇✐❞❡r r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t②✳ ■♥ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤✱ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠

✼



✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ s❡r✐❡s ♦❢ ✇❡❧❧✲♣♦s❡❞ r❡❝✉rr❡♥t ❧✐♥❡❛r ♣r♦❜❧❡♠s ❜② ✉s✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢

t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ str❡ss r❡s✉❧t❛♥t ✜❡❧❞s ❛❜♦✉t t❤❡ ❝r✐t✐❝❛❧ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❬✶✸✱ ✶✹❪✳

■♥ s②♠♠❡tr✐❝ ❱❆❚ ♣❛♥❡❧s✱ st✐✛♥❡ss ✭A,D ♠❛tr✐❝❡s✮ ✈❛r✐❡s ✇✐t❤ x − y ❝♦♦r❞✐♥❛t❡s ❛♥❞ t❤❡

❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ✐♥ ♣❛rt✐❛❧ ✐♥✈❡rs❡ ❢♦r♠ ✐s ❣✐✈❡♥ ❜②✱















ǫ

M̄















=









A∗(x, y) 0

0 D(x, y)























N̄

κ















✭✶✮

✇❤❡r❡ N̄ , M̄ ❛r❡ t❤❡ str❡ss ❛♥❞ ♠♦♠❡♥t r❡s✉❧t❛♥ts✱ A∗ = A−1 ✐s t❤❡ ❝♦♠♣❧✐❛♥❝❡ ♠❛tr✐① ❛♥❞ D ✐s

t❤❡ ❜❡♥❞✐♥❣ st✐✛♥❡ss ♠❛tr✐①✳ ❇❛s❡❞ ♦♥ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♣❧❛t❡ t❤❡♦r②✱ t❤❡ ♥♦♥❧✐♥❡❛r ♠✐❞✲♣❧❛♥❡ str❛✐♥s

ǫ ❛♥❞ ❝✉r✈❛t✉r❡s κ ❛r❡ ❞❡✜♥❡❞ ❛s

ǫ = ǫL + ǫNL,

ǫL =































u,x

u,y

u,y + v,x































, ǫNL =































1
2w

2
,x

1
2w

2
,y

w,xw,y































κ =































−w,xx

−w,yy

−2w,xy































✭✷✮

✇❤❡r❡ u, v, w ❛r❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤❡ ❍❡❧❧✐♥❣❡r✲❘❡✐ss♥❡r ❬✷✺❪ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ❡♥❡r❣② ❢♦r♠ ♦❢

t❤❡ ♣❧❛t❡ ✐s ✉s❡❞ ❢♦r ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❛♥❞ ✐s ❣✐✈❡♥ ❜②

L
(

Uα,W, N̄
)

=

∫

Ω

ǫ : N̄ −
1

2
N̄ : A∗ : N̄ +

1

2
κ : D : κ dΩ− λP (Uα,W ) ✭✸✮

✇❤❡r❡ Uα = {u, v} ❛r❡ t❤❡ ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥ts✱ W = {w} ✐s t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ✐♥ t❤❡

tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❛♥❞ A : B r❡♣r❡s❡♥t t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❡♥s♦rs (A,B)✳ ❉❡✜♥✐♥❣ t❤❡ ♠✐①❡❞

✉♥❦♥♦✇♥ ✈❡❝t♦r

U =































Uα

W

N̄































,

t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

✽



❊q♥✳ ✸ ✇✐t❤ r❡s♣❡❝t t♦ U ❛♥❞ ✐s ❣✐✈❡♥ ❜②✱

δ (L (U)) = 0, ∀δU,

〈〈L(U), δU〉〉+ (λ− λc) 〈〈L
′(U), δU〉〉+ 〈〈Q(U,U), δU〉〉 = 0 ∀δU,

✭✹✮

✇❤❡r❡ λc ✐s t❤❡ ❝r✐t✐❝❛❧ ❜✉❝❦❧✐♥❣ ❧♦❛❞✱ 〈〈., .〉〉 ✐s ❛ s❝❛❧❛r ♣r♦❞✉❝t✱ 〈〈L(U), δU〉〉✱ 〈〈L′(U), δU〉〉 ❛r❡

❧✐♥❡❛r ♦♣❡r❛t♦rs ❛♥❞ 〈〈Q(U,U), δU〉〉 ✐s ❛ ❜✐✲❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❚❤❡ ♦♣❡r❛t♦rs ✐♥ ❊q♥✳ ✹ ❛r❡ ❡①♣r❡ss❡❞

❛s

〈〈L(U), δU〉〉 =
∫

Ω

N̄ : δǫL + (ǫL −A∗ : N̄) : δN̄ + κ : D : δκdΩ+ λc

∫

Ω

N̄0 : δǫNLdΩ,

〈〈L′(U), δU〉〉 =
∫

Ω

N̄0 : δǫNLdΩ,

〈〈Q(U,U), δU〉〉 =
∫

Ω

ǫNL : δN̄ + N̄ : δǫNLdΩ

✭✺✮

❯s✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✱ t❤❡ ✉♥❦♥♦✇♥ U ❛♥❞ t❤❡ ❧♦❛❞ ♣❛r❛♠❡t❡r λ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞

✐♥t♦ ❛ s❡r✐❡s ✐♥ ♣❛r❛♠❡t❡r r✱

λ− λc =
∞
∑

p=1
C (p) rp,

U = U0 +
∞
∑

p=1
rpV (p)

✭✻✮

✇✐t❤ V (p) ♦rt❤♦❣♦♥❛❧ t♦ V (1) ❢♦r p ≥ 2✱

〈〈V (p), V (1)〉〉 = 0, p ≥ 2 ✭✼✮

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❆◆▼ ✐s t♦ ❝♦♠♣✉t❡ s✉❝❝❡ss✐✈❡❧② ❛ ♥✉♠❜❡r ♦❢ ✈❡❝t♦rs V (p) ❛♥❞ ❝♦❡✣❝✐❡♥ts C(p)

✉♣ t♦ ❛ ❣✐✈❡♥ ♦r❞❡r n✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧s λ(r, n), U(r, n) ❛r❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥

❜r❛♥❝❤✳ ❙✉❜st✐t✉t✐♦♥ ♦❢ ❊q♥✳ ✻ ✐♥t♦ ❊q♥✳ ✺ r❡s✉❧ts ✐♥ ❛ s❡t ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠s ✐♥ V (p), C(p) ❣✐✈❡♥

❜②

〈〈L(V (p)), δU〉〉 = 〈〈F (p), δU〉〉 ∀δU

〈〈L(V (p)), V (1)〉〉 = 0

C(p− 1) = 1
〈〈L′(V (1)),V (1)〉〉 ×

[

−
p−2
∑

k=1

C(k) 〈〈L′(V (p− k)), V (1)〉〉 −
p−1
∑

k=1

〈〈Q(V (k), V (p− k)), V (1)〉〉

]

✭✽✮

❚❤❡ ❢♦r❝❡ t❡r♠ F (p) ✐s ❞❡✜♥❡❞ ❛s

〈〈F (p), δU〉〉 =
∫

Ω

FU
α (p)δW,α + F N̄

αβ(p)δN̄,αβdΩ

FU
α (p) = −

p−1
∑

k=1

(C(r)N̄0
αβ + N̄k

αβ)W,β(p− k)

F N̄
αβ(p) = −

p−1
∑

k=1

1
2W,α(k)W,β(p− k)

✭✾✮

✾



❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❝♦♥✈❡rt t❤❡ ❧✐♥❡❛r ♠✐①❡❞ ✈❛r✐❛❜❧❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❊q♥s✳ ✽✱ ✾ ✐♥t♦ ❧✐♥❡❛r ❞✐s✲

♣❧❛❝❡♠❡♥t ♣r♦❜❧❡♠s ❛♥❞ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦♥✈❡rs✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ✇♦r❦ ❜② ❆③r❛r ❡t ❛❧✳ ❬✶✸❪✳ ❋♦r

✢❛t ♣❧❛t❡✲❧✐❦❡ str✉❝t✉r❡s ❧♦❛❞❡❞ ❜② ✐♥✲♣❧❛♥❡ ❢♦r❝❡s✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐s ❛ ♣✉r❡ ✐♥✲♣❧❛♥❡ ❡❧❛s✲

t✐❝✐t② ♣r♦❜❧❡♠ ✇✐t❤ ♥♦ tr❛♥s✈❡rs❡ ❞❡✢❡❝t✐♦♥s✳ ❚❤❡ ✜rst ❜✐❢✉r❝❛t✐♦♥ ✐s s②♠♠❡tr✐❝ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞

♣r♦❜❧❡♠ ✐s ❛ ♣✉r❡ ❜❡♥❞✐♥❣ ❞❡❢♦r♠❛t✐♦♥✳ ❋♦r ♣❧❛t❡s✱ ❊q♥✳ ✻ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ✐♥t♦

λ− λc = C(2)r2 + C(4)r4 + C(6)r6 + ....

U − U0 = r































0

W (1)

0































+ r2































Uα(2)

0

N̄αβ(2)































+ r3































0

W (3)

0































+ r4































Uα(4)

0

N̄αβ(4)































+ ....
✭✶✵✮

✇❤❡r❡ r ✐s t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts C(p) ❛r❡ ③❡r♦ ✇❤❡♥ p ✐s ♦❞❞✳ ❙✐♠✐❧❛r❧②✱

V (p) ✐s ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ✇❤❡♥ p ✐s ❡✈❡♥ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ✐❢ p ✐s ♦❞❞✳ ❚❤❡ ❆◆▼

s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ❊q♥✳ ✶✵ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r r

❜❡❝❛✉s❡ t❤❡ t❡r♠s rn ❛r❡ ❝❧♦s❡ t♦ ③❡r♦ ❢♦r r < 1✳ ❇✉t ❜❡②♦♥❞ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t r > 1✱ t❤❡ t❡r♠s

rn ❣r♦✇ r❛♣✐❞❧② ❛♥❞ t❤❡ ❆◆▼ s♦❧✉t✐♦♥ st❛rts t♦ ❞✐✈❡r❣❡✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ♦✈❡r❝♦♠❡ ❜② ✉s✐♥❣ P❛❞é

❛♣♣r♦①✐♠❛t✐♦♥❬✶✹❪ t♦ ❞❡✜♥❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❧♦❛❞ ✜❡❧❞s ❣✐✈❡♥ ❜②✱

λ− λc =
n
∑

k=1

fk(r)Ck

U − U0 =
n
∑

k=1

fk(r)Uk

fk = Pk(r)
Qk(r)

✭✶✶✮

✇❤❡r❡ fk ❛r❡ t❤❡ P❛❞é ❛♣♣r♦①✐♠❛♥ts✳ ❚❤❡r❡❢♦r❡✱ ✉s❛❣❡ ♦❢ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝

❡①♣❛♥s✐♦♥s ✐♥❝r❡❛s❡s t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❆◆▼ s♦❧✉t✐♦♥s ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ✉s✐♥❣ ♣♦❧②♥♦♠✐❛❧

❡①♣❛♥s✐♦♥s✳ ❚❤❡ s❡t ♦❢ ❧✐♥❡❛r ❞✐s♣❧❛❝❡♠❡♥t ♣r♦❜❧❡♠s ✐♥ ❊q♥✳ ✾ ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞

❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

■■■✳ ●❡♥❡r❛❧✐③❡❞ ❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞

❉✐✛❡r❡♥t✐❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ✭❉◗▼✮ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ t❤❡ ♣❛rt✐❛❧ ❞✐❢✲

❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ❣♦✈❡r♥s t❤❡ ❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦r ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ❬✷✻✱ ✷✼❪✳

❚❤❡ ❉◗▼ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❞❡r✐✈❛t✐✈❡ ✉s✐♥❣ ❛ ✇❡✐❣❤t❡❞ ❧✐♥❡❛r s✉♠ ♦❢ t❤❡

❢✉♥❝t✐♦♥ ✈❛❧✉❡s ❛t ❞✐s❝r❡t✐s❡❞ ❣r✐❞ ♣♦✐♥ts ✐♥ t❤❡ ❞♦♠❛✐♥✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❞✐✛❡r❡♥t✐❛❧✲

✶✵



✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ✭●❉■◗▼✮ ✐s ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ ❞✐✛❡r❡♥t ♦r❞❡r ❧✐♥❡❛r ✈❛r✐❛t✐♦♥❛❧ ✐♥t❡❣r❛❧

❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞

✐♥t❡❣r❛❧ ♦♣❡r❛t♦rs ♣r❡s❡♥t ✐♥ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠s ✭❊q♥✳ ✶✶✮ ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ ✇❡✐❣❤t✐♥❣ ♠❛✲

tr✐❝❡s ❛♥❞ s♦❧✈❡❞ ❢♦r t❤❡ ✉♥❦♥♦✇♥s V̄ (p), C(p)✳ ❚❤❡ ●❉■◗▼ ❛❞✈❛♥❝❡s ♦♥ t❤❡ q✉❛❞r❛t✉r❡ r✉❧❡

♣r♦♣♦s❡❞ ❜② ❙❤✉ ❡t ❛❧✳ ❬✷✽✱ ✷✾❪✳ ❲❤✐t❡ ❡t ❛❧✳ ❬✸✵❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ●❉■◗▼ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤❡

✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ❞❡r✐✈❡❞ ✉s✐♥❣ ❑♦✐t❡r✬s ❛♣♣r♦❛❝❤✳ ❚❤❡

♣♦st❜✉❝❦❧✐♥❣ r❡s♣♦♥s❡ ♦❢ ❧❛♠✐♥❛t❡s ✇❡r❡ ❧✐♠✐t❡❞ t♦ t❤❡ q✉❛❞r❛t✐❝ ❡①♣❛♥s✐♦♥ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ❛♥❞

r❡s✉❧t❡❞ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t✳ ■♥ ❝✉rr❡♥t ✇♦r❦✱ ❛s ❛ ♥♦✈❡❧t②✱

●❉■◗▼ ✐s ✉s❡❞ t♦ s♦❧✈❡ ❛ s❡t ♦❢ ❧✐♥❡❛r ♣r♦❜❧❡♠s ✭❊q♥✳ ✾✮ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❆◆▼ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡

♣♦st❜✉❝❦❧✐♥❣ r❡s♣♦♥s❡ ♦✈❡r ❛ ✜♥✐t❡ ❧♦❛❞ st❡♣ ❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t✳

❆✳ ❉✐✛❡r❡♥t✐❛t✐♦♥ ✇❡✐❣❤t✐♥❣ ♠❛tr✐①

❆ss✉♠❡ t❤❛t ❜♦t❤ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s (x, y) ❛♥❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s F (x, y) ❤❛✈❡ ❜❡❡♥

❞✐s❝r❡t✐s❡❞ ❛♥❞ ❛ss❡♠❜❧❡❞ ✐♥t♦ ❛ ❣r✐❞ (x, y)i ❛♥❞ Fi r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ i ✐s t❤❡ ♥♦❞❛❧ ✐♥❞❡① r❛♥❣❡s

❜❡t✇❡❡♥ i = 1..NxNy✳ ❚❤❡ t❡r♠s Nx, Ny r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ❛❧♦♥❣ x ❛♥❞ y

❞✐r❡❝t✐♦♥s✳ ❚❤❡ st❛♥❞❛r❞ ❣❡♥❡r❛❧✐③❡❞ ❞✐✛❡r❡♥t✐❛❧ q✉❛❞r❛t✉r❡ ❬✷✽❪ ❡q✉❛t✐♦♥ ✐s✱

∂Fi

∂x
=

NxNy
∑

i=1

T x
ikFk ✇✐t❤ k = 1..NxNy ✭✶✷✮

✇❤❡r❡ T x
ik r❡♣r❡s❡♥ts t❤❡ ✇❡✐❣❤t✐♥❣ ❝♦❡✣❝✐❡♥t ♠❛tr✐① ♦❢ t❤❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡✳ ▼❛❦✐♥❣ t❤❡ ❣r✐❞✲

♣♦✐♥t ✈❛r✐❛❜❧❡s✱ Fi✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r F✱ t❤❡ ✜rst✲♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✐s ✇r✐tt❡♥ ✐♥

♠❛tr✐① ❢♦r♠ ❛s✱

∂

∂x
F = TxF,

∂

∂y
F = TyF, ✭✶✸✮

✇❤❡r❡ Tx,Ty ❛r❡ t❤❡ ✜rst✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦♣❡r❛t♦rs ❛❧♦♥❣ x ❛♥❞ y ❞✐r❡❝t✐♦♥s✳ ❙✐♠✐❧❛r❧②✱ ✇❡

❝❛♥ ❞❡✜♥❡ s❡❝♦♥❞✲♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛s✱

∂2

∂x2
F = TxxF,

∂2

∂y2
F = TyyF,

∂2

∂x∂y
F = TxyF ✭✶✹✮

✇❤❡r❡ Txx,Tyy,Txy ❛r❡ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦♣❡r❛t♦rs✳

✶✶



❇✳ ■♥t❡❣r❛t✐♦♥ ✇❡✐❣❤t✐♥❣ ♠❛tr✐①

●✐✈❡♥ ❛ s✐♠♣❧❡ ✶❉ ❢✉♥❝t✐♦♥ f (x)✱ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛t✐♦♥ ✇❡✐❣❤t✐♥❣ ❝♦❡✣❝✐❡♥ts ❢♦r ❛♥ ❛r❜✐tr❛r②

❣r✐❞ s♣❛❝✐♥❣ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦ ✐♥✈❡rs❡ ♦♣❡r❛t✐♦♥ ❬✸✶❪✳ ❚❤✐s ✐s

✇r✐tt❡♥ ❛s

(∫

f ❞x

)

i

≈ jxikfk + c ✇✐t❤ jx = (Tx)
+
; i, k = 1..N ✭✶✺✮

✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ()
+

✐s t❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦ ✐♥✈❡rs❡ ♦♣❡r❛t✐♦♥✳ ❊q♥

✶✺ ✐s ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ ✇❡✐❣❤t✐♥❣ ❝♦❡✣❝✐❡♥ts ❢♦r ❞❡✜♥✐t❡ ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡s❡ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② s✐♠♣❧②

s✉❜tr❛❝t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧s ❛t i = 1 ❛♥❞ N ✳ ❍❡♥❝❡✿

∫ lx

0

f ❞x ≈ wx
kfk ✇✐t❤ wx

k = jxNk − jx1k ✭✶✻✮

✇❤❡r❡ wx
k ❛r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✈❡❝t♦r wx✳ ■♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❡q♥✳ ✶✻ ✐s

✇r✐tt❡♥✿

∫ lx

0

∫ ly

0

F (x, y) ❞x❞y ≈ wxyF ✭✶✼✮

❚❤❡ ✈❡❝t♦r wxy ✐s ❛ss❡♠❜❧❡❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❣r✐❞✲♣♦✐♥t ♥✉♠❜❡r✐♥❣ s❝❤❡♠❡ ✉s✐♥❣ ❡q♥s✳ ✶✺ ❛♥❞ ✶✻✳

❚❤❡ ✐♥t❡❣r❛❧ ♦❢ ❛ ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s F (x, y) ❛♥❞ G (x, y) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♣♣r♦①✐♠❛t❡❧②

❜② ❝♦♥str✉❝t✐♥❣ ❛ ♠❛tr✐①✱ M = ❞✐❛❣ (wxy)✱ s✉❝❤ t❤❛t

∫ lx

0

∫ ly

0

F (x, y)G (x, y) ❞x❞y ≈ FTMG

✇❤❡r❡M ✐s t❤❡ ✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❛tr✐① ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ❛ s✉r❢❛❝❡ ❛r❡❛ Ω

❈✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ V̄ (p) ❛♥❞ C(p) ✉s✐♥❣ ●❉■◗▼

❆♣♣❧②✐♥❣ ●❉■◗▼ t♦ ❊q♥✳ ✾ t❤❡♥✱

[K − λcKg]V̄ (p) = [F̄ (p)] ✭✶✽✮

✇❤❡r❡ [K] ✐s t❤❡ st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ ♣❧❛t❡ str✉❝t✉r❡✱ [Kg] ✐s t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡

❛♥❞ V̄ (p) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ pth ♦r❞❡r ♣r♦❜❧❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥

✶✷



V̄ (p) ❛♥❞ V̄ (1) s❤♦✉❧❞ ❜❡ ❛❞❞❡❞ t♦ ♦❜t❛✐♥ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡♥❢♦r❝❡❞ ✉s✐♥❣ ❛

▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❛♣♣r♦❛❝❤ ❣✐✈❡♥ ❜②








K − λcKg Ḡ∗

Ḡ∗t 0























V̄ (p)

µ















=















F̄ (p)

0















✭✶✾✮

✇❤❡r❡ µ ✐s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❛♥❞ Ḡ∗ = [K]V̄1✳ ❚❤❡ s♦❧✉t✐♦♥s V̄ (p) ✇❛s t❤❡♥ ✉s❡❞ t♦ ❡✈❛❧✉❛t❡

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ❝♦❡✣❝✐❡♥ts C(p)✳ ❚❤❡ ❣❡♥❡r❛❧✐t② ♦❢ ●❉■◗▼ ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ❉◗▼ ❛❧❧♦✇s

❞✐✛❡r❡♥t t②♣❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❡✛❡❝t✐✈❡❧② ✇✐t❤ ❧❡ss ♥✉♠❡r✐❝❛❧ ❡✛♦rt✳ ❚❤❡

♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s st✉❞✐❡❞

✉s✐♥❣ ●❉■◗▼ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

■❱✳ ▲❛♠✐♥❛t✐♦♥ P❛r❛♠❡t❡rs

❚❤❡ st✐✛♥❡ss ♠❛tr✐❝❡s A(x,y),B(x,y) ❛♥❞ D(x,y) ❛r❡ ❡①♣r❡ss❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢

❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ ♠❛t❡r✐❛❧ ✐♥✈❛r✐❛♥ts ❬✸✷❪✳ ■♥ t❤❡ ♣r❡s❡♥t st✉❞②✱ ♦♥❧② s♣❡❝✐❛❧❧② ♦rt❤♦tr♦♣✐❝

❱❆❚ ❧❛♠✐♥❛t❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ ✐♥✲♣❧❛♥❡ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ❝♦✉♣❧✐♥❣

✭B = 0✮✱ ♥♦ s❤❡❛r✲❡①t❡♥s✐♦♥ ❝♦✉♣❧✐♥❣ ✭A16 = 0, A26 = 0✮ ❛♥❞ ♥♦ ✢❡①✉r❛❧✲t✇✐st✐♥❣ ❝♦✉♣❧✐♥❣ ✭D16 =

0, D26 = 0✮✳ ❆s ❛ r❡s✉❧t✱ t✇♦ ✐♥✲♣❧❛♥❡ ❛♥❞ t✇♦ ♦✉t✲♦❢✲♣❧❛♥❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s✉✣❝✐❡♥t t♦

❞❡✜♥❡ t❤❡ st✐✛♥❡ss ♠❛tr✐❝❡s ❛s✱

























A11

A22

A12

A66

























= h

























1 ξA1 ξA2 0 0

1 −ξA1 ξA2 0 0

0 0 −ξA2 1 0

0 0 −ξA2 0 1

























































U1

U2

U3

U4

U5

































✭✷✵✮

























D11

D22

D12

D66

























=
h3

12

























1 ξD1 ξD2 0 0

1 −ξD1 ξD2 0 0

0 0 −ξD2 1 0

0 0 −ξD2 0 1

























































U1

U2

U3

U4

U5

































✭✷✶✮

✶✸



✇❤❡r❡ U1, U2, U3, U4, U5 ❛r❡ ♠❛t❡r✐❛❧ ✐♥✈❛r✐❛♥ts ❬✸✸❪✳ ❚❤❡ ❢♦✉r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞

❜②✱

ξA1,2 =

∫ 1

−1

[cos(2θ(z̄)) cos(4θ(z̄))] dz̄

ξD1,2 =
3

2

∫ 1

−1

[cos(2θ(z̄)) cos(4θ(z̄))] dz̄

✭✷✷✮

✇❤❡r❡ θ(z̄) ✐s t❤❡ ❧❛②✉♣ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ t❤✐❝❦♥❡ss ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♣❧❛t❡✳

❆✳ ❋❡❛s✐❜❧❡ ❘❡❣✐♦♥ ♦❢ ▲❛♠✐♥❛t✐♦♥ P❛r❛♠❡t❡rs

❋♦r ✈❛r✐❛❜❧❡ ❛♥❣❧❡ t♦✇ ✭❱❆❚✮ ❝♦♠♣♦s✐t❡s✱ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ✈❛r②✐♥❣ ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ x ❛♥❞ y ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ❢♦r ❧❛♠✐♥❛t✐♦♥ ♣❛✲

r❛♠❡t❡rs s❤♦✉❧❞ ❜❡ s❛t✐s✜❡❞ ❢♦r ❛❧❧ x, y✳ ❇② ♥♦t s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ❡✐t❤❡r ❣✐✈❡s r✐s❡ t♦ ❛♥

✉♥st❛❜❧❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ♦r ❝♦✉❧❞ r❡s✉❧t ✐♥ ❛ ♣❤②s✐❝❛❧❧② ✐♥❢❡❛s✐❜❧❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ❝♦♥✜❣✲

✉r❛t✐♦♥✳ ❍❡♥❝❡✱ ❛♥ ❛❝❝✉r❛t❡ ❜♦✉♥❞❛r② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥ ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐s

✈✐t❛❧ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s✳ ❚❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦✉r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs

✭ξA,D
1,2 ✮ ❛r❡ ✇❡❧❧✲❜♦✉♥❞❡❞ ❜② ❛ s❡t ♦❢ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥s ❬✷✷❪✱ ✇❤✐❝❤ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❇❧♦♦♠✜❡❧❞

❡t ❛❧✳✬s ❬✸✹❪ ❛♥❞ ❲✉ ❡t ❛❧✳✬s ✇♦r❦ ❬✷✵❪✱

5(ξA1 − ξD1 )2 − 2(1 + ξA2 − 2(ξA1 )
2) ≤ 0 ✭✷✸✮

(ξA2 − 4tξA1 + 1 + 2t2)3 − 4(1 + 2|t|+ t2)2(ξD2 − 4tξD1 + 1 + 2t2) ≤ 0 ✭✷✹✮

(4tξA1 − ξA2 + 1 + 4|t|)3 − 4(1 + 2|t|+ t2)2(4tξD1 − ξD2 + 1 + 4|t|) ≤ 0 ✭✷✺✮

✇❤❡r❡ t = [−1,−0.8,−0.6,−0.4,−0.2, 0, 0.2, 0.4, 0.6, 0.8, 1]✳ ❚❤❡s❡ 23 ❡q✉❛t✐♦♥s ✐♥ ❊q♥s✳ ✷✸✲✷✺ ❛r❡

❛❜❧❡ t♦ ❜♦✉♥❞ t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥ ♦❢ t❤❡ ❢♦✉r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs (ξA,D
1,2 ) ✇✐t❤ r❡❛s♦♥❛❜❧② ❣♦♦❞

❛❝❝✉r❛❝②✳ ❍❡♥❝❡✱ ♦✉r ❛♣♣r♦❛❝❤ r❡q✉✐r❡s ♠✉❝❤ ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✐♥ ❛ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss

t❤❛♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❛♣♣r♦❛❝❤ ❬✸✺❪✱ ✇❤✐❝❤ ❡♠♣❧♦②s 37, 126 ❧✐♥❡❛r ❡q✉❛t✐♦♥s t♦ ❛♣♣r♦①✐♠❛t❡❧② ❜♦✉♥❞

t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥✳

✶✹



❱✳ ❖♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡s✐❣♥ ♦❢ ❱❆❚ ♣❛♥❡❧s

❚❤❡ ❞❡s✐❣♥ ♦❢ ❱❆❚ ♣❛♥❡❧s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦ ❛s ♦♥❡ ❤❛s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ❧❛②✉♣ ❛t

❡❛❝❤ x, y ❝♦♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣❧❛t❡✳ ❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ ❞❡s✐❣♥ ❝r✐t❡r✐❛ ♦❢ ❱❆❚ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ❛r❡

❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❡♥❞ s❤♦rt❡♥✐♥❣ str❛✐♥ ǫx ♦r t❤❡ ♠❛①✐♠✉♠ ♣♦st❜✉❝❦❧✐♥❣ tr❛♥s✈❡rs❡

❞✐s♣❧❛❝❡♠❡♥t Wmax ❢♦r ❛ ❣✐✈❡♥ ❝♦♠♣r❡ss✐✈❡ ❧♦❛❞✳

❆✳ ❋✐rst✲▲❡✈❡❧ ❖♣t✐♠✐③❛t✐♦♥

✶✳ ❇✲s♣❧✐♥❡ s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ s②♠♠❡tr✐❝ ❱❆❚ ♣❧❛t❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs (ξA,D
1,2 ) ✐♥ t❡r♠s

♦❢ t❤❡ ❇✲s♣❧✐♥❡ ✐s ❣✐✈❡♥ ❛s✱

x(ū, v̄) =
∑

mn

B(x)
mnN

(k)
m (ū)N (k)

n (v̄)

y(ū, v̄) =
∑

mn

B(y)
mnN

(k)
m (ū)N (k)

n (v̄)

ξA,D
1,2 (ū, v̄) =

∑

mn

Γ(τ)
mnN

(k)
m (ū)N (k)

n (v̄)

✭✷✻✮

✇❤❡r❡ ū ❛♥❞ v̄ ❛r❡ t❤❡ ♣❛r❛♠❡tr✐❝ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ B
(x)
mn ❛♥❞ B

(y)
mn r❡♣r❡s❡♥t

t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❡❛❝❤ ♣r❡✲❞❡✜♥❡❞ ❝♦♥tr♦❧ ♣♦✐♥t Pmn ❛❧♦♥❣ x ❛♥❞ y ❛①❡s✱ Γ
(τ)
mn ✐s t❤❡ ❛ss✐❣♥❡❞ ✈❛❧✉❡

♦❢ ❛ ♣❛rt✐❝✉❧❛r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❛t ❡❛❝❤ Pmn ❛♥❞ τ ❞❡♥♦t❡s ❞✐✛❡r❡♥t ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs✳

❚❤❡ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ✈❛r②✐♥❣ ❛❧♦♥❣ ū ❛♥❞ v̄ ❞✐r❡❝t✐♦♥s ❛r❡ N
(k)
m (ū) ❛♥❞ N

(k)
n (v̄)✱ r❡s♣❡❝t✐✈❡❧②

❛♥❞ k r❡♣r❡s❡♥ts t❤❡ ♦r❞❡r ✭k− 1 ❞❡❣r❡❡✮ ♦❢ t❤❡ ♣✐❡❝❡✲✇✐s❡ ♣♦❧②♥♦♠✐❛❧ ❞❡t❡r♠✐♥❡❞ ❜② ❛ ❦♥♦t ✈❡❝t♦r

✭Ξ✮✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✐s s♦✉❣❤t ❜② ❛❞❥✉st✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭ξA,D
1,2 ✮ ❛t

t❤❡ ❝❤♦s❡♥ ❝♦♥tr♦❧ ♣♦✐♥ts ❛❧♦♥❣ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ♣❧❛t❡✳

✷✳ ●❧♦❜❛❧❧② ❝♦♥✈❡r❣❡♥t ♠❡t❤♦❞ ♦❢ ♠♦✈✐♥❣ ❛s②♠♣t♦t❡

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ♣❧❛t❡s ❢♦r ♠❛①✐♠✐③✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✉s✐♥❣

❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐s ❢♦r♠✉❧❛t❡❞ ❛s✱

✶✺



♠✐♥ ǫx(Γ
(τ)
m ) or Wmax(Γ

(τ)
m )/h

s✳t✳✿ − 1 6 Γ(τ)
m 6 1

gi(Γ
(τ)
m ) 6 0

✭✷✼✮

✇❤❡r❡ ǫx ✐s t❤❡ ❡♥❞ s❤♦rt❡♥✐♥❣ str❛✐♥✱ Wmax ✐s t❤❡ ♠❛①✐♠✉♠ ♣♦st❜✉❝❦❧✐♥❣ tr❛♥s✈❡rs❡ ❞✐s♣❧❛❝❡♠❡♥t✱

h ✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❧❛♠✐♥❛t❡✱ Γ
(τ)
m ✐s ❛ ✈❡❝t♦r ❢♦r♠ ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛t ❡❛❝❤ Pmn✱

gi(Γ
(τ)
m ) ❛r❡ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥s t❤❛t ❞❡✜♥❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❞✐✛❡r❡♥t ❧❛♠✐♥❛t✐♦♥

♣❛r❛♠❡t❡rs✱ ❣✐✈❡♥ ❜② ❊q♥s✳ ✷✸✲✷✺✳

■♥ t❤❡ ♣r♦♣♦s❡❞ ❞❡s✐❣♥ ❢r❛♠❡✇♦r❦✱ t❤❡ ❣❧♦❜❛❧❧② ❝♦♥✈❡r❣❡♥t ♠❡t❤♦❞ ♦❢ ♠♦✈✐♥❣ ❛s②♠♣t♦t❡ ❞❡✈❡❧✲

♦♣❡❞ ❜② ❙✈❛♥❜❡r❣ ❡♠♣❧♦②s ❛ s✉❝❝❡ss✐✈❡ ❝♦♥✈❡① ❛♣♣r♦①✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡ t♦ s♦❧✈❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ❛r❡ r❡♣❧❛❝❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐✲

♠❛t✐♦♥s ✭s✉❜♣r♦❜❧❡♠s✮ ❜❛s❡❞ ♦♥ ❣r❛❞✐❡♥t ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡s❡ s✉❜♣r♦❜❧❡♠s ❛r❡ ❝r❡❛t❡❞ ❛♥❞ s♦❧✈❡❞

✐t❡r❛t✐✈❡❧② ✉♥t✐❧ ❛ ❞❡s✐r❡❞ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞✳ ❆❧s♦✱ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

❛♥❞ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ✐♥ ❛ ❧♦❝❛❧ r❡❣✐♦♥ ❛r❡ ❝♦♥✈❡① s❡♣❛r❛❜❧❡ ❛♥❞ ❝♦♥s❡r✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦

❡❛❝❤ ❞❡s✐❣♥ ✈❛r✐❛❜❧❡ ✭❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs✮✳ ■♥ t❤❡ ●❈▼▼❆ ♠❡t❤♦❞✱ t❤❡ ❛①✐❛❧ ❡♥❞✲s❤♦rt❡♥✐♥❣

str❛✐♥✴♠❛①✐♠✉♠ tr❛♥s✈❡rs❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥str❛✐♥ts ✐♥ ✭✷✼✮ ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s

❬✸✻❪✱

f̄
(µ,ν)
i (Γ) =

n
∑

j=1

(

p
(µ,ν)
ij

α
(µ)
j − Γj

+
q
(µ,ν)
ij

Γj − β
(µ)
j

)

+ r
(µ,ν)
i ✭✷✽✮

✇❤❡r❡ µ ❛♥❞ ν r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ✏♦✉t❡r✑ ❛♥❞ ✏✐♥♥❡r✑ ✐t❡r❛t✐♦♥s✱ α
(µ)
j ❛♥❞ β

(µ)
j

❛r❡ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♠♦✈✐♥❣ ❛s②♠♣t♦t❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ ❞❡s✐❣♥ ✈❛r✐❛❜❧❡✱ t❤❡ ✈❛❧✉❡s ♦❢

p
(µ,ν)
ij ✱ q

(µ,ν)
ij ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s❡♥s✐t✐✈✐t②✱ ❛s ✇❡❧❧ ❛s t❤❡ ✉♣♣❡r ❛♥❞

❧♦✇❡r ♠♦✈✐♥❣ ❛s②♠♣t♦t❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ❞❡s✐❣♥ ✇❤❡♥ ❡❛❝❤ ♦✉t❡r ✐t❡r❛t✐♦♥ ❜❡❣✐♥s ✐s ❞❡♥♦t❡❞ ❜② r
(µ,ν)
i ✳

❋♦r t❤❡ ❞❡t❛✐❧❡❞ ❡①♣r❡ss✐♦♥ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐♥ ❊q✳ ✭✷✽✮ r❡❢❡r t♦ t❤❡ ✇♦r❦ ♦❢ ❙✈❛♥❜❡r❣❬✸✼❪✳

❇✳ ❙❡❝♦♥❞✲▲❡✈❡❧ ❖♣t✐♠✐③❛t✐♦♥

■♥ t❤❡ s❡❝♦♥❞ ❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝♦♥str✉❝t ❛ r❡❛❧✐st✐❝ ❱❆❚ ❧❛②✉♣ t❤❛t

❤❛s ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s t❤❛t ❝❧♦s❡❧② ♠❛t❝❤ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ❞✐str✐❜✉t✐♦♥s

✶✻



♦❜t❛✐♥❡❞ ✐♥ t❤❡ ✜rst✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ✜❜❡r ❛♥❣❧❡s ❢♦r ❡❛❝❤ ❱❆❚ ❧❛②❡r ❛♥❞

t❤❡ st❛❝❦✐♥❣ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❛♠✐♥❛t❡ ♥❡❡❞s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥✈❡rt✐♥❣ ❧❛♠✐♥❛t✐♦♥

♣❛r❛♠❡t❡rs ✐♥t♦ ❱❆❚ ❧❛②✉♣s ✐s q✉✐t❡ ❝♦♠♣❧❡① ❬✸✽❪ ❛s t❤❡r❡ ❛r❡ ♥♦ ✉♥✐q✉❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡♠✳

❚♦ ❛❝❝♦♠♣❧✐s❤ t❤✐s t❛s❦✱ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ✐s ❡♠♣❧♦②❡❞ t♦ ❞❡t❡r♠✐♥❡ ❛ ❱❆❚ ❧❛♠✐♥❛t❡ ❝♦♥✜❣✉r❛t✐♦♥

t❤❛t ❝❧♦s❡❧② ♠❛t❝❤❡s t❤❡ t❛r❣❡t ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❋♦r ❡❛❝❤ ❱❆❚ ❧❛②❡r✱ t❤❡ ♥♦♥❧✐♥❡❛r ✈❛r✐❛t✐♦♥

✭◆▲❱✮ ♦❢ ✜❜❡r ♦r✐❡♥t❛t✐♦♥s ✐s ❞❡✜♥❡❞ ❜❛s❡❞ ♦♥ ❛ s❡t ♦❢ M1 ×N1 ♣r❡✲s❡❧❡❝t❡❞ ❝♦♥tr♦❧ ♣♦✐♥ts ✐♥ t❤❡

♣❧❛t❡ ❞♦♠❛✐♥✳ ▲❛❣r❛♥❣✐❛♥ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ✉s❡❞ t♦ ✐♥t❡r♣♦❧❛t❡ t❤❡ ♣r❡s❝r✐❜❡❞ ✜❜❡r ❛♥❣❧❡s ❛t t❤❡

❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ ❝♦♥str✉❝t ❛ ♥♦♥❧✐♥❡❛r ❞✐str✐❜✉t✐♦♥ ♦❢ ✜❜❡r ❛♥❣❧❡s✱ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s

❢♦r♠✱

θ(x, y) =

M1−1
∑

m=0

N1−1
∑

n=0

Tmn

∏

m 6=i

(
x− xi

xm − xi

)
∏

n 6=j

(
y − yj
ym − yj

) ✭✷✾✮

✇❤❡r❡ t❤❡ t❡r♠ Tmn ✐s ❡q✉❛❧ t♦ t❤❡ ✜❜❡r ❛♥❣❧❡ ❛t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t (xm, yn)✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t

t❤r❡❡ t♦ ✜✈❡ ❝♦♥tr♦❧ ♣♦✐♥ts ❛❧♦♥❣ ❡❛❝❤ ❞✐r❡❝t✐♦♥ ❛r❡ ✉s✉❛❧❧② s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡❞ ✜❜❡r ❛♥❣❧❡

❞✐str✐❜✉t✐♦♥ r❡s✉❧ts ❢♦r ❛ ❱❆❚ ♣❛♥❡❧✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ✜❜❡r ❛♥❣❧❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡s ❛ ❝♦♥t✐♥✉♦✉s✱

s♠♦♦t❤ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ✜❜❡r ♦r✐❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ s✉✐t❛❜❧❡ ❢♦r ❝♦♥✈❡rs✐♦♥ ✐♥t♦ ♣r❛❝t✐❝❛❧ t♦✇

tr❛❥❡❝t♦r✐❡s ✇❤❡♥ ♠❛♥✉❢❛❝t✉r✐♥❣ ❝♦♥str❛✐♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞✳

❚❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥ ✐s ❡①♣r❡ss❡❞ ❛s ❛ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❧❡❛st sq✉❛r❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡

♦❜t❛✐♥❡❞ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ t❛r❣❡t ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❡✈❛❧✉❛t❡❞ ❛t ❛ ❧❛r❣❡ ♥✉♠❜❡r

♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❱❆❚ ♣❧❛t❡✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ❛s✱

♠✐♥ ∆ξ =
1

Np

∑

j

∆ξj

∆ξj =

[

2
∑

i

wA
i

(

ξAi − ξ̃Ai

)2

+

2
∑

i

wD
i

(

ξDi − ξ̃Di

)2
]

(j)

ξA,D
1,2 ←

[

T k
1 , · · · , T

k
n , · · · , T

k
N

]

s✳t✳✿ − π/2 6 T k
n 6 π/2

✭✸✵✮

✇❤❡r❡ T k
n ✐s t❤❡ ✜❜❡r ❛♥❣❧❡ ❛t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t ❢♦r t❤❡ kth ♣❧②✳ wA

i ❛♥❞ wD
i ❛r❡ t❤❡ ✇❡✐❣❤ts t♦

❞✐st✐♥❣✉✐s❤ t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ❜❡t✇❡❡♥ ξA1,2 ❛♥❞ ξD1,2✳ ❚❤❡ t❡r♠ Np ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❣r✐❞

♣♦✐♥ts ❛♥❞ ✐s ❝❤♦s❡♥ t♦ ❜❡ 1000 ∼ 2000 ✐♥ t♦t❛❧ ❢♦r ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛t✐♦♥✳

✶✼



❱■✳ ❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣② ❢♦r ♣♦st❜✉❝❦✲

❧✐♥❣ ❞❡s✐❣♥ ♦❢ ❱❆❚ ♣❛♥❡❧s s✉❜❥❡❝t❡❞ t♦ ❛①✐❛❧✴❜✐✲❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞✲

❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤r❡❡ ❝❛s❡s ♦❢ ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ❛♥❞ t❤❡

s❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳ ❚❤❡ ♣❧❛t❡ ✐s s✉❜❥❡❝t❡❞ t♦ ✉♥✐❢♦r♠ ❝♦♠♣r❡ss✐♦♥ ❛❧♦♥❣ t❤❡

❡❞❣❡s ✭x = ±a
2 : u = ∓∆x

2 ✮ ❛♥❞ ✐♥ ❝❛s❡ ❆ t❤❡ tr❛♥s✈❡rs❡ ❡❞❣❡s ❛r❡ ❢r❡❡ t♦ ♠♦✈❡ ✭str❡ss ❢r❡❡ N̄y = 0✮✱

✐♥ ❝❛s❡ ❇ t❤❡ tr❛♥s✈❡rs❡ ❡❞❣❡s ❛r❡ ❝♦♥str❛✐♥❡❞ ✭v = 0✮ ❛♥❞ ✐♥ ❝❛s❡ ❈ t❤❡ tr❛♥s✈❡rs❡ ❡❞❣❡s ❛r❡ ❢r❡❡

t♦ ♠♦✈❡ ❛♥❞ ❝♦♥str❛✐♥❡❞ t♦ ❜❡ str❛✐❣❤t✳ ❋♦r t❤❡ ❜✐✲❛①✐❛❧ ❝❛s❡✱ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞✐♥❣

Ny/Nx ✇❛s ❝❤♦s❡♥ t♦ ❜❡ ✵✳✷ ❛♥❞ t❤❡ s❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❧♦❛❞✐♥❣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳ ❚❤❡

♣♦st❜✉❝❦❧✐♥❣ r❡s✉❧ts ❛r❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s

q✉❛s✐✲✐s♦tr♦♣✐❝ ❧❛♠✐♥❛t❡✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ❨♦✉♥❣✬s ♠♦❞✉❧✉s Eiso✱ P♦✐ss♦♥✬s r❛t✐♦ νiso ❛♥❞ ❜❡♥❞✐♥❣

st✐✛♥❡ss Diso ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s q✉❛s✐✲✐s♦tr♦♣✐❝ ✭◗■✮ ❧❛♠✐♥❛t❡ ❛r❡ ❣✐✈❡♥ ❜② ❬✽❪✱

Diso =
Eisoh

3

12(1− ν2iso)
, νiso =

U4

U1
, Eiso = U1(1− ν2iso) ✭✸✶✮

✇❤❡r❡ U1, U2, U4 ❛r❡ ♠❛t❡r✐❛❧ ✐♥✈❛r✐❛♥ts❬✸✸❪✳ ❚❤✐s ♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❞❡s✐❣♥❡r ✇✐t❤ ❛ ✉s❡❢✉❧

♠❡❛s✉r❡ t♦ q✉❛♥t✐❢② t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❧❛♠✐♥❛t❡ ♦✈❡r ❛ q✉❛s✐✲✐s♦tr♦♣✐❝ ❧❛♠✐♥❛t❡✳

❆t ✜rst✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❆◆▼ ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦r ♦❢ ❱❆❚ ♣❧❛t❡s ✉♥❞❡r

❝♦♠♣r❡ss✐♦♥ ✐s ❛♥❛❧②③❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ ❆❇❆◗❯❙ ❋❊ r❡s✉❧ts✳ ◆❡①t✱ ✜rst ❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ ✇❛s

♣❡r❢♦r♠❡❞ ✉s✐♥❣ ●❈▼▼❆ ❢♦r ♦❜t❛✐♥✐♥❣ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s t❤❛t ♠❛①✐♠✐③❡

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❆❚ ♣❛♥❡❧s ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ s❡❝♦♥❞ ❧❡✈❡❧

♦♣t✐♠✐③❛t✐♦♥ ✇❛s ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ t♦ ❝♦♥✈❡rt t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥t♦

r❡❛❧✐st✐❝ ✜❜❡r ❛♥❣❧❡ ❞✐str✐❜✉t✐♦♥s ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ♣❧❛t❡✳ ❋✐♥❛❧❧②✱ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢

♦♣t✐♠✐③❡❞ ❱❆❚ ♣❛♥❡❧ ❞❡s✐❣♥s ✇❡r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♦♣t✐♠❛❧ str❛✐❣❤t ✜❜❡r ❧❛②✉♣s ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝s

❜❡❤✐♥❞ t❤❡✐r ✐♠♣r♦✈❡♠❡♥t ✐s ❞✐s❝✉ss❡❞✳ ❚❤❡ str❡ss r❡s✉❧t❛♥t ❞✐str✐❜✉t✐♦♥s ♦❢ ❛♥ ♦♣t✐♠❛❧ ❱❆❚ ♣❛♥❡❧

❞❡s✐❣♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❞❡t❛✐❧ t♦ ❡①♣❧❛✐♥ t❤❡ ♠❡❝❤❛♥✐❝s ❜❡❤✐♥❞

t❤❡✐r ✐♠♣r♦✈❡❞ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳
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❆✳ ❆◆▼ r❡s✉❧ts ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s

❚❤❡ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❆◆▼

❛♣♣r♦❛❝❤ ✐s ✐♥✈❡st✐❣❛t❡❞ ❢♦r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s ✐t ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥

st✉❞② ♦❢ ❧❛♠✐♥❛t❡s✳ ❆s ❛ ♣❛rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞②✱ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤ ✇❛s ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ t❤❡

♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ s②♠♠❡tr✐❝ ❱❆❚ ♣❧❛t❡s ✇✐t❤ ❧✐♥❡❛r ✜❜❡r ❛♥❣❧❡ ✈❛r✐❛t✐♦♥ s✉❜❥❡❝t❡❞ t♦ ❛①✐❛❧

❝♦♠♣r❡ss✐♦♥✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼❆❚▲❆❇

✇❛s t❤❡♥ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❆◆▼✳ ❚❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❢♦r ❡❛❝❤

❧❛♠✐♥❛ ❛r❡ ❣✐✈❡♥ ❜② E1❂ ✶✻✸ GPa✱ E2❂✻✳✽ GPa✱ G12❂ ✸✳✹ GPa✱ ν12❂ ✵✳✷✽ ✇✐t❤ ❧❛♠✐♥❛ t❤✐❝❦♥❡ss

t❂✵✳✶✸✶ mm ❛♥❞ ♥✉♠❜❡r ♦❢ ❧❛♠✐♥❛❡✱ n❂✶✻✳ ❚❤❡ ❱❆❚ ♣❧❛t❡ ✇✐t❤ ❧✐♥❡❛r ❛♥❣❧❡ ✈❛r✐❛t✐♦♥ ❛❧♦♥❣ t❤❡ x

❞✐r❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

θ(x) = φ+
2(T10 − T00)

a
|x|+ T00 ✭✸✷✮

✇❤❡r❡ φ ✐s t❤❡ ❛♥❣❧❡ ♦❢ r♦t❛t✐♦♥✱ T00 ✐s t❤❡ ✜❜❡r ♦r✐❡♥t❛t✐♦♥ ❛♥❣❧❡ ❛t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t x = 0, y = 0✱

❛♥❞ T10 ✐s t❤❡ ✜❜❡r ♦r✐❡♥t❛t✐♦♥ ❛♥❣❧❡ ❛t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t x = ±a/2, y = 0 ✭s❡❡ ❋✐❣✳ ✶✮✳ ❚❤❡ ♥♦♥✲

✉♥✐❢♦r♠ ❣r✐❞ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❈❤❡❜②s❤❡✈✲●❛✉ss✲▲❛❜♦tt♦ ♣♦✐♥ts ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥

♦❢ ✇❡✐❣❤t✐♥❣ ♠❛tr✐❝❡s ❛♥❞ ✐s ❣✐✈❡♥ ❜②

Xi =
1

2
[1− cos(

i− 1

N − 1
π)], i = 1, 2, ....N ✭✸✸✮

✇❤❡r❡ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ✉♥❦♥♦✇♥ ❧♦❛❞ ❛♥❞ ❞✐s✲

♣❧❛❝❡♠❡♥t ✇❛s ❧✐♠✐t❡❞ t♦ ✜✈❡ t❡r♠s ✐♥ ♦r❞❡r t♦ ❣❡t r❡❛s♦♥❛❜❧❡ ❛❝❝✉r❛❝② ♦✈❡r ❛ ✜♥✐t❡ ❧♦❛❞ st❡♣ s✐③❡

♥❡❛r t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t✳ ❚❤❡ ●❉■◗▼ ✇❛s ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ ✜✈❡ ❧✐♥❡❛r ♣r♦❜❧❡♠s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ s♦❧✉t✐♦♥s ✇❡r❡ ✉s❡❞ t♦ ♦❜t❛✐♥❡❞ t❤❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥s✳ P❛❞é

❛♣♣r♦①✐♠❛♥ts ✇❡r❡ t❤❡♥ ✉s❡❞ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❆◆▼ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥s t♦

✐♠♣r♦✈❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t✳

■♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡ ❆◆▼ r❡s✉❧ts✱ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❱❆❚ ♣❛♥❡❧s ✇❛s ❝❛rr✐❡❞

♦✉t ✉s✐♥❣ ❆❇❆◗❯❙✳ ❚❤❡ ❙✹ s❤❡❧❧ ❡❧❡♠❡♥t ✇❛s ❝❤♦s❡♥ ❢♦r ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❱❆❚ ♣❧❛t❡ str✉❝t✉r❡✳

❚♦ ❛❝❤✐❡✈❡ ❣♦♦❞ ❛❝❝✉r❛❝②✱ ❛ ♠❡s❤ s✐③❡ ♦❢ 40 × 40 ✇❛s s❡❧❡❝t❡❞ ❢♦r sq✉❛r❡ ❱❆❚ ♣❧❛t❡s✳ ❯s✐♥❣ t❤❡

❧✐♥❡❛r ✜❜❡r ❛♥❣❧❡ ❞❡✜♥✐t✐♦♥✱ ✜❜❡r ♦r✐❡♥t❛t✐♦♥ ✇❛s ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❝❡♥tr♦✐❞ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t✳ ❚❤❡

♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❢♦r ❡❧❡♠❡♥ts ✇❡r❡ t❤❡♥ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ ✜❜❡r ♦r✐❡♥t❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✳ Pr✐♦r
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t♦ t❤❡ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s✱ ✐♥✲♣❧❛♥❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❱❆❚ ❧❛♠✐♥❛t❡s ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥ ✇❛s ❝❛rr✐❡❞

♦✉t t♦ ❝♦♠♣✉t❡ t❤❡ str❡ss r❡s✉❧t❛♥t ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ✐♥✲♣❧❛♥❡ ❛♥❛❧②s✐s r❡s✉❧ts ✇❡r❡ t❤❡♥ ✉s❡❞ ✐♥

t❤❡ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♦❢ ❱❆❚

♣❧❛t❡s ✇❛s t❤❡♥ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s r❡s✉❧ts✳ ❚❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ❢✉♥❝t✐♦♥ r❡q✉✐r❡❞ ❢♦r

♥♦♥❧✐♥❡❛r ❋❊ ❛♥❛❧②s✐s ✇❛s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ✜rst ❜✉❝❦❧✐♥❣ ♠♦❞❡ s❤❛♣❡✳ ❚❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ♠❛❣♥✐t✉❞❡

✇❛s t❛❦❡♥ t♦ ❜❡ ♦♥❡ ♣❡r❝❡♥t ♦❢ t❤❡ ♣❧❛t❡ t❤✐❝❦♥❡ss ❛♥❞ t❤❡ ❛r❝ ❧❡♥❣t❤ ♣❛r❛♠❡t❡rs r❡q✉✐r❡❞ ❢♦r ❘✐❦s

❛♥❛❧②s✐s ✇❡r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♣❛rt✐❝✉❧❛r ❱❆❚ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❛❧②③❡❞✳ ❆❧❧ ♣❧❛t❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s

st✉❞② ✇❡r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ s✐♠♣❧② s✉♣♣♦rt❡❞✳

❚❤❡ ♥♦r♠❛❧✐③❡❞ ♣♦st❜✉❝❦❧✐♥❣ r❡s✉❧ts ♦❢ ❱❆❚ ♣❧❛t❡s ✇✐t❤ ❧✐♥❡❛r ✜❜❡r ❛♥❣❧❡ ✈❛r✐❛t✐♦♥ ❢♦r ❝❛s❡ ❆

❛♥❞ ❝❛s❡ ❇ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❆◆▼ ❛♥❞ ❋❊ ❛♣♣r♦❛❝❤❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✸✱ ✹ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡

r❡s✉❧ts ✐♥ ❋✐❣s✳ ✸ ❛♥❞ ✹ s❤♦✇s t❤❛t t❤❡ ❆◆▼ r❡s✉❧ts ♠❛t❝❤ t❤❡ ❋❊ s♦❧✉t✐♦♥s ♦✈❡r ❛ ✜♥✐t❡ r❛❞✐✉s

❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ❧♦❛❞ ❢♦r ❜♦t❤ t❤❡ ❝❛s❡s✳ ❆❧s♦✱ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡s✉❧ts ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❆◆▼

❡①❤✐❜✐t ❛ ✜♥✐t❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ st❛rts ❞✐✈❡r❣✐♥❣ ❜❡②♦♥❞ t❤❛t ♣♦✐♥t✳

❇✳ ❋✐rst ❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥✲❖♣t✐♠❛❧ ▲❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs

❆t t❤❡ ✜rst ❧❡✈❡❧ ♦❢ ♦♣t✐♠✐③❛t✐♦♥✱ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s ❢♦r ♠❛①✐♠✐③✐♥❣

♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ sq✉❛r❡ ❱❆❚ ♣❧❛t❡s ✇✐t❤ ❛❧❧ ❡❞❣❡s s✐♠♣❧② s✉♣♣♦rt❡❞ ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡

♦♣t✐♠❛❧ ❱❆❚ ❧❛♠✐♥❛t❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s ❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥ ♦r ♠❛①✐♠✉♠ tr❛♥s✈❡rs❡

❞✐s♣❧❛❝❡♠❡♥t ♠❛② ❜❡ ❞✐✛❡r❡♥t ✇❤❡♥ t❤❡ ❧❡✈❡❧ ♦❢ ❛①✐❛❧ ❧♦❛❞ ✭Nx✮ ✐s ❝❤❛♥❣❡❞✳ ❚❤❡ ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤

♦❢ t❤❡ ♣❧❛t❡ ❛r❡ a ❂ ✵✳✺ m✱ b ❂ ✵✳✺ m✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❡❛❝❤ ♦♣t✐♠✐③❛t✐♦♥ r✉♥✱ ❛❧❧ t❤❡ ❝♦♥tr♦❧

♣♦✐♥ts ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❛❝r♦ss t❤❡ ♣❧❛t❡ ❞♦♠❛✐♥ ❛♥❞ ✉♥✐❢♦r♠ q✉❛❞r❛t✐❝ ❇✲s♣❧✐♥❡ ❜❛s✐s

❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❉✉❡ t♦ t❤❡ s②♠♠❡tr②

♦❢ t❤❡ ❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❣❡♦♠❡tr② ❛♥❞ ❧♦❛❞✐♥❣s✱ t❤❡ ❧❛♠✐♥❛t✐♦♥

♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ✐s ❞❡s✐❣♥❡❞ t♦ ❜❡ ❞♦✉❜❧② s②♠♠❡tr✐❝✱ t❤❛t ✐s ξA,D
1,2 (x, y) = ξA,D

1,2 (|x|, |y|)✳

❍❡♥❝❡✱ t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞ ♦♥❧② ❛t t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts ♦♥ t❤❡ q✉❛rt❡r ♦❢ t❤❡ ♣❧❛t❡

❛♥❞ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s ✇❡r❡ t❤❡♥ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s ✐♥ ♦t❤❡r

q✉❛❞r❛♥ts ♦❢ t❤❡ ♣❧❛t❡ ♠♦❞❡❧✳

■♥✐t✐❛❧❧② ❡♥❞✲s❤♦rt❡♥✐♥❣ ✐s ♠✐♥✐♠✐③❡❞ ❜② ✜♥❞✐♥❣ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✉s✐♥❣ ❛ ✈❛❧✉❡

✷✵



♦❢ Nx t♦ ❜❡ ✷✳✺N iso
x ✳ ❚❤❡ ❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥ ǫx ♦❢ t❤❡ ❱❆❚ ♣❛♥❡❧ ✐s ♥♦r♠❛❧✐③❡❞ ✇✐t❤ ❝r✐t✐❝❛❧

❜✉❝❦❧✐♥❣ str❛✐♥ ǫisox ✳ ❋✐❣✳ ✺ s❤♦✇s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ tr❡♥❞s ♦❢ t❤❡ ✜rst✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss✱

❢♦r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❝❛s❡ ❈✱ ✉s✐♥❣ ❞✐✛❡r❡♥t ♥✉♠❜❡rs ✭5× 5❀ 7× 7 ❛♥❞ 9× 9 ✮ ♦❢ ❝♦♥tr♦❧

♣♦✐♥ts t♦ ❝♦♥str✉❝t t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢

❞❡s✐❣♥ ✈❛r✐❛❜❧❡s ❛r❡ ✶✵✵ ✭25 × 4✮✱ ✶✾✻ ✭49 × 4✮ ❛♥❞ ✸✷✹ ✭81 × 4✮✳ ❆❧❧ ❝♦♥tr♦❧ ♣♦✐♥t ❞✐str✐❜✉t✐♦♥s

❡①❤✐❜✐t r❛♣✐❞ ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤✐♥ ❛ ❢❡✇ ✐t❡r❛t✐♦♥s ✭❛r♦✉♥❞ ✶✺✮✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t✱ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡

♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr♦❧ ♣♦✐♥ts✱ r❡❞✉❝t✐♦♥ ♦❢ ❡♥❞✲s❤♦rt❡♥✐♥❣ ❛①✐❛❧ str❛✐♥ ✐s ♦❜t❛✐♥❡❞✳ ❚❤❡ ❝✉r✈❡s ❢♦r

t❤❡ 7 × 7 ❛♥❞ 9 × 9 ❝♦♥tr♦❧ ♣♦✐♥ts ❛r❡ ♥❡❛r❧② ❝♦✐♥❝✐❞❡♥t ✇❤❡♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s✳

❚❤✐s ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ❢✉❧❧ ❞❡s✐❣♥ s♣❛❝❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r

♦❢ ❝♦♥tr♦❧ ♣♦✐♥ts✳ ■t ✇❛s ♦❜s❡r✈❡❞ t❤❛t✱ ❢♦r ❛❧❧ ❝❛s❡s✱ 7 × 7 ❝♦♥tr♦❧ ♣♦✐♥ts ❢♦r t❤❡ ❇✲s♣❧✐♥❡s t♦

❞❡✜♥❡ t❤❡ st✐✛♥❡ss ✈❛r✐❛t✐♦♥✱ ✐s s✉✣❝✐❡♥t t♦ ②✐❡❧❞ ❝♦♥✈❡r❣❡❞ ♣♦st❜✉❝❦❧✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts✳ ❚❤❡

♦♣t✐♠❛❧ ✈❛r✐❛t✐♦♥s ✭7 × 7 ❝♦♥tr♦❧ ♣♦✐♥ts✮ ♦❢ t❤❡ ❢♦✉r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✻✱

❢♦r ❝❛s❡ ❈✳ ❚❤❡ ❝♦♥t♦✉r ♣❧♦ts ♦❢ t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ ❋✐❣✳ ✻ ❡①❤✐❜✐t s♠♦♦t❤♥❡ss ✇✐t❤♦✉t

♥♦t❛❜❧❡ ❞✐s❝♦♥t✐♥✉✐t② ❛♥❞ r❡q✉✐r❡ ❢❡✇❡r ♥✉♠❜❡r ♦❢ ❞❡s✐❣♥ ✈❛r✐❛❜❧❡s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❛s❡❞

❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ❬✶❪✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ❝❛s❡ ❆✱ ❝❛s❡ ❇ ❛♥❞ ❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣✱ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥

♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✼✲✾ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ ❝❛s❡s ❈ ❛♥❞ ❆✱ t❤❡

✈❛❧✉❡ ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s ξA1,2 ✭❋✐❣ ✻ ❛♥❞ ✼✮ ♥❡❛r t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ r❡❣✐♦♥s ♦❢

t❤❡ ❱❆❚ ♣❧❛t❡ ❛r❡ ❝❧♦s❡r t♦ ♦♥❡ ❛♥❞ t❤✐s ❧❡❛❞s t♦ ♣❧❛❝❡♠❡♥t ♦❢ 0o ✜❜❡rs r❡s♣♦♥s✐❜❧❡ ❢♦r st✐✛❡♥✐♥❣ ♦❢

t❤❡ ♣❛♥❡❧ ✐♥ t❤❡ ❛①✐❛❧ ❞✐r❡❝t✐♦♥ t♦ t❛❦❡ t❤❡ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞✳ ❋♦r ❝❛s❡ ❇ ❛♥❞ ❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣✱ t❤❡

❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝❡♥tr❛❧ r❡❣✐♦♥ ♦❢ t❤❡ ♣❧❛t❡ ❛r❡ ξA1 ≈ 0 ❛♥❞ ξA2 ≈ 1 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s

t♦ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ 0o ❛♥❞ 90o ♣❧✐❡s✳ ❚❤✐s ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ξA1,2 ✭❋✐❣ ✽ ❛♥❞ ✾✮

❧❡❛❞s t♦ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❛①✐❛❧ ❛♥❞ tr❛♥s✈❡rs❡ ♠❡♠❜r❛♥❡ st✐✛♥❡ss ❛♥❞ ❡♥❤❛♥❝❡s t❤❡ ♣♦st❜✉❝❦❧✐♥❣

♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❆❚ ♣❧❛t❡s✳ ❋✐❣✳ ✶✵ s❤♦✇s t❤❡ ♣r❡❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ str❡ss r❡s✉❧t❛♥ts

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❱❆❚ ♣❛♥❡❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ♦❢

❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣✳ ❚❤❡ N̄x ❞✐str✐❜✉t✐♦♥ ✐♥ ❋✐❣s✳ ✶✵❛✱ ✶✵❞ s❤♦✇s r❡❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❛①✐❛❧

❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ❢r♦♠ t❤❡ ❝❡♥t❡r t♦✇❛r❞s t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♣❛♥❡❧ ❛♥❞ ❧❡❛❞s t♦ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡

❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ N̄y ❞✐str✐❜✉t✐♦♥ ✭❋✐❣✳ ✶✵❡✮ ✐♥ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡❣✐♠❡

✐♥❞✐❝❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❡♥s✐❧❡ str❡ss st❛t❡ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♣❛♥❡❧ ✇❤✐❝❤ ❛✐❞s ✐♥ r❡s✐st✐♥❣ t❤❡
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❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ✐♥ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ❛❧s♦ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ♣♦st❜✉❝❦❧✐♥❣

st✐✛♥❡ss ♦❢ t❤❡ ♣❧❛t❡✳

❈✳ ❙❡❝♦♥❞ ❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥✲❖♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣s

■♥ t❤❡ s❡❝♦♥❞ ❧❡✈❡❧ ♦❢ ♦♣t✐♠✐③❛t✐♦♥✱ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥t♦ r❡❛❧✐st✐❝

✈❛r✐❛t✐♦♥s ♦❢ ✜❜❡r ♦r✐❡♥t❛t✐♦♥ ❛♥❣❧❡s ✭♦r t❤❡ t♦✇ tr❛❥❡❝t♦r✐❡s✮ ✐s ♣❡r❢♦r♠❡❞✳ ❋♦r ❛ ❱❆❚ ❧❛♠✐♥❛t❡✱

t❤❡ st❛❝❦✐♥❣ s❡q✉❡♥❝❡ ❛♥❞ s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥ ♦❢ ✜❜❡r ❛♥❣❧❡s ❢♦r ❡❛❝❤ ❧❛②❡r ✐s r❡q✉✐r❡❞✳ ❆ 3× 3 ❝♦♥tr♦❧

♣♦✐♥ts ❣r✐❞ ✐s ❝❤♦s❡♥ ♦♥ t❤❡ q✉❛rt❡r ♦❢ ❡❛❝❤ ❱❆❚ ❞❡s✐❣♥ ❧❛②❡r ❢♦r ❞❡✜♥✐♥❣ t❤❡ ✜❜❡r ❛♥❣❧❡ ✈❛r✐❛t✐♦♥

✐♥ t❤❡ ♣❧❛♥❡ ♦❢ sq✉❛r❡ ♣❧❛t❡ t❤❡r❡❜② ❞❡✜♥✐♥❣ ❛ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ✜❜❡r ❛♥❣❧❡✳ ❚❤❡ ✇❡✐❣❤ts

wA
i , w

D
i ✇❡r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐❞❡♥t✐❝❛❧ ❢♦r t❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ξA1,2 ❛♥❞ ξD1,2✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡

st❛❝❦✐♥❣ s❡q✉❡♥❝❡ ✐s ✜①❡❞ t♦ ❜❡ ❛ ✶✻✲❧❛②❡r s②♠♠❡tr✐❝ ❧❛♠✐♥❛t❡ [±θ1/ ± θ2/ ± θ3/ ± θ4]S ✇✐t❤ ❢♦✉r

❱❆❚ ❞❡s✐❣♥ ❧❛②❡rs ✭θ1(x, y), θ2(x, y), θ3(x, y), θ4(x, y)✮ ❢♦r t❤❡ ❝❛s❡s ❆✱ ❇ ❛♥❞ ❈✳ ❋✐❣s✳ ✶✶✲✶✸ s❤♦✇ t❤❡

s♣❛t✐❛❧❧② ♥♦♥❧✐♥❡❛r ✈❛r②✐♥❣ ✜❜❡r ❛♥❣❧❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❧❛②❡rs ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡

❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥ ♦❢ t❤❡ sq✉❛r❡ ❱❆❚ ♣❧❛t❡ ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛s❡s

❈✱ ❆ ❛♥❞ ❇✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❱❆❚ ❧❛②✉♣s ✭❋✐❣s✳ ✶✶✱ ✶✷✮ ♦❢ ❝❛s❡ ❈ ❛♥❞ ❆ s❤♦✇ 0o ✜❜❡r ❛❧♦♥❣

t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ❡❞❣❡ ♦❢ t❤❡ ♣❛♥❡❧ t❤❛t s✉♣♣♦rt t❤❡ ❛♣♣❧✐❡❞ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ❛♥❞ ✐♠♣r♦✈❡s t❤❡

♦✈❡r❛❧❧ st✐✛♥❡ss ♦❢ t❤❡ ❧❛♠✐♥❛t❡✳ ❚❤❡ ❱❆❚ ❧❛②✉♣s ✭❋✐❣✳ ✶✸✮ ✐♥ ❝❛s❡ ❇ ♣r❡❞♦♠✐♥❛♥t❧② s❤♦✇ ✜❜❡r

❛♥❣❧❡s ❝❧♦s❡r t♦ 0o ❛❝r♦ss t❤❡ ♣❛♥❡❧ t♦ s✉♣♣♦rt t❤❡ ❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞✳ ❆ ❱❆❚ ❧❛②✉♣ ✭❋✐❣✳

✶✸❜✮ ✐♥ ❝❛s❡ ❇ s❤♦✇s 90o ✜❜❡r ❛♥❣❧❡ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♣❛♥❡❧ t♦ s✉♣♣♦rt t❤❡ ❝♦♠♣r❡ss✐✈❡ ❧♦❛❞

✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❞✉❡ t♦ ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭v = 0✮✳ ❋♦r t❤❡ ❜✐✲❛①✐❛❧ ❝❛s❡✱ ❛♥

❛♥t✐✲s②♠♠❡tr✐❝❛❧ st❛❝❦✐♥❣ s❡q✉❡♥❝❡ ✇✐t❤ s♣❡❝✐❛❧❧② ♦rt❤♦tr♦♣✐❝ ♣r♦♣❡rt✐❡s ✭❬❇❪❂✵✱ A16 = A26 = 0✱

D16 = D26 = 0✮ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ st❛❝❦✐♥❣ s❡q✉❡♥❝❡ ✇❛s ❝❤♦s❡♥ t♦ ❜❡ ❛ ✸✷✲❧❛②❡r ❛♥t✐✲s②♠♠❡tr✐❝

♦rt❤♦tr♦♣✐❝ ❧❛♠✐♥❛t❡ [±θ1/ ∓ θ1/ ± θ2/ ∓ θ2/ ± θ3/ ∓ θ3/ ± θ4/ ∓ θ4]AS ✇✐t❤ ❢♦✉r ❱❆❚ ❞❡s✐❣♥

❧❛②❡rs θ1(x, y), θ2(x, y), θ3(x, y), θ4(x, y) t♦ s✉♣♣r❡ss t❤❡ ❞❡❧❡t❡r✐♦✉s ❡✛❡❝t ♦❢ D16 = D26 = 0 ♦♥ t❤❡

♣♦st❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦r✳ ❚❤❡ ♦♣t✐♠❛❧ ✜❜❡r ❛♥❣❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❱❆❚ ❧❛②❡rs t❤❛t ♠✐♥✐♠✐③❡s ǫx

❢♦r t❤❡ ❜✐✲❛①✐❛❧ ❝❛s❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✹✳ ❈♦♠♣❛r❡❞ t♦ ♦t❤❡r ❝❛s❡s✱ t❤❡ ❱❆❚ ❧❛②✉♣s ✭❋✐❣✳ ✶✹✮ ❢♦r

❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣ s❤♦✇ ♣r❡❞♦♠✐♥❛♥t❧② 0o ✜❜❡r ❛r♦✉♥❞ t❤❡ ❝❡♥tr❛❧ r❡❣✐♦♥ ♦❢ t❤❡ ♣❛♥❡❧ ❛♥❞ ❛❧s♦ t❤❡

✜❜❡r ❛♥❣❧❡s ❛❧♦♥❣ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ❛r❡ ♥♦t ❛❧✐❣♥❡❞ ❝♦♠♣❧❡t❡❧② ✇✐t❤ t❤❡ ❧♦❛❞✐♥❣ ❞✐r❡❝t✐♦♥✳ ❆ ❱❆❚
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❧❛②✉♣ ✭❋✐❣✳ ✶✹❝✮ s❤♦✇ 90o ✜❜❡r ❛♥❣❧❡ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♣❛♥❡❧ t♦ s✉st❛✐♥ t❤❡ ❛♣♣❧✐❡❞ tr❛♥s✈❡rs❡

❝♦♠♣r❡ss✐♦♥ ❧♦❛❞✳ ❚❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ❢♦r ♦♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣ ❝♦rr❡s♣♦♥❞✐♥❣

t♦ ❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✺✳ ❚❤❡ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✺

♠❛t❝❤❡s ✉♣ t♦ ✽✵ ♣❡r❝❡♥t ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✾✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❱❆❚

❧❛②✉♣ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ ✜rst ❧❡✈❡❧ ♦❢ ♦♣t✐♠✐③❛t✐♦♥

❧❡❛❞s t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t ✼ × ✼

❝♦♥tr♦❧ ♣♦✐♥ts ❣r✐❞ ✐s s✉✣❝✐❡♥t t♦ ❛♣♣r♦①✐♠❛t❡❧② ♠❛t❝❤ ✾✺ ♣❡r❝❡♥t ♦❢ t❤❡ ♦♣t✐♠❛❧ ▲P ❞✐str✐❜✉t✐♦♥

s❤♦✇♥ ✐♥ ❋✐❣✳ ✾✳

❆ ❞✐r❡❝t ●❆ s❡❛r❝❤ ❛♣♣r♦❛❝❤ r❡q✉✐r❡s ♠❛♥② ✭♣♦♣✉❧❛t✐♦♥ s✐③❡ × t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t✐♦♥s✮

♣♦st❜✉❝❦❧✐♥❣ ❡✈❛❧✉❛t✐♦♥ r✉♥s ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❱❆❚ ♣❧❛t❡s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ✐♥❝r❡❛s❡s

❝♦♥s✐❞❡r❛❜❧② ✇❤❡♥ ♠❛♥② ❧❛②❡rs ❛♥❞ ❝♦♥tr♦❧ ♣♦✐♥ts ❛r❡ ✉s❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐ss✉❡ ✐s ❛✈♦✐❞❡❞ ✐♥

t❤❡ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣②✳ ❋♦r t❤❡ ❝❛s❡s ❝♦♥s✐❞❡r❡❞✱ ❧❡ss t❤❛♥ ✶✺ ✐t❡r❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞

t♦ ❛❝❤✐❡✈❡ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ t❤❡♦r❡t✐❝❛❧❧② ♣♦ss✐❜❧❡ ♠❛①✐♠✉♠

♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s✳ ❚❤❡ s✉❜s❡q✉❡♥t ♣r♦❝❡ss ♦❢ r❡tr✐❡✈✐♥❣ r❡❛❧✐st✐❝ ❧❛②✉♣s

❢r♦♠ t❤❡ r❡s✉❧t❛♥t ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs r❡q✉✐r❡s ❧✐tt❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ❡✈❡♥ ✇❤❡♥ t❤❡ ❞❡s✐❣♥

s♣❛❝❡ ✐s ❡①t❡♥❞❡❞✳

❉✳ ❖♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts

❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡s✉❧ts ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❧❛♠✐♥❛t❡ ❛♥❞ str❛✐❣❤t

✜❜❡r ❧❛♠✐♥❛t❡ ❞❡s✐❣♥ ✇❤❡♥ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ ❛ ❤♦♠♦❣❡♥♦✉s ◗■ ❧❛②✉♣ ❢♦r t❤❡ ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞✲

❛r② ❝♦♥❞✐t✐♦♥s ✭❝❛s❡ ❈✱ ❝❛s❡ ❆✱ ❝❛s❡ ❇✮ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✶✻✲✶✽ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡♥❞✲s❤♦rt❡♥✐♥❣

str❛✐♥ ❢♦r ❛ ✜①❡❞ ❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ✭2.5Niso✮ ❣✐✈❡s ❛ ❞✐r❡❝t ♠❡❛s✉r❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ str✉❝t✉r❛❧

st✐✛♥❡ss✱ ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r❡✲❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ st✐✛♥❡ss❡s ♦❢ t❤❡ ❧❛♠✐♥❛t❡✳ ❋✐❣s✳

✶✻✲✶✽ s❤♦✇s t❤❛t t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❞✐str✐❜✉t✐♦♥s

❛tt❛✐♥s t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦ss✐❜❧❡ ❧✐♠✐t t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ sq✉❛r❡ ❱❆❚ ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥✳

❚❤❡ ♦♣t✐♠❛❧ ♣♦st❜✉❝❦❧✐♥❣ ❞❡s✐❣♥ r❡s✉❧ts ❢♦r t❤❡ ❱❆❚ ❛♥❞ str❛✐❣❤t ✜❜❡r ❧❛♠✐♥❛t❡s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥

❚❛❜❧❡ ✶✳ ❋♦r t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ str❛✐❣❤t✲✜❜❡r ✭❝♦♥st❛♥t st✐✛♥❡ss✮ ❧❛♠✐♥❛t❡s✱ t❤❡ ❧❛②❡r ❛♥❣❧❡s ❢♦r

t❤❡ ❧❛♠✐♥❛t❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡ r❡str✐❝t❡❞ t♦ 5o ✜❜❡r ❛♥❣❧❡ ✐♥❝r❡♠❡♥t ❢r♦♠ −90o t♦ 90o✳ ❋r♦♠ ❚❛❜❧❡

✷✸

IITH
Highlight



✶✱ t❤❡ ❧❛②✉♣ [±45/06]s ❣✐✈❡s t❤❡ ♠✐♥✐♠✉♠ ❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥ ✭ǫx✮ ❢♦r ❜♦t❤ ❝❛s❡ ❆ ❛♥❞ ❝❛s❡ ❈✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣ ✐s ❜❡tt❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ str❛✐❣❤t ✜❜❡r ❞❡s✐❣♥ ❢♦r ❛❧❧

t❤r❡❡ ❝❛s❡s st✉❞✐❡❞ ❛♥❞ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ ✷✷% ✇❛s ♦❜s❡r✈❡❞ ❢♦r ❝❛s❡ ❈ ❝♦♠♣❛r❡❞ t♦ t❤❡ str❛✐❣❤t

✜❜❡r ❧❛♠✐♥❛t❡ [±45/06]s✳ ❋♦r ❝❛s❡ ❇✱ t❤❡ ❱❆❚ ❧❛②✉♣ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✸ ❝♦♥s✐sts ♦❢ ✜❜❡r ❛♥❣❧❡s ❞❡✜♥❡❞

❛t ❝♦♥tr♦❧ ♣♦✐♥ts ❝❧♦s❡r t♦ 0o, 90o ❛♥❞ r❡s❡♠❜❧❡s t❤❡ ♦♣t✐♠❛❧ str❛✐❣❤t ✜❜❡r ❧❛②✉♣ [902/06]s ❞❡s✐❣♥✳ ■♥

❛❞❞✐t✐♦♥✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ✺✳✾% ✐♥ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣ ♦✈❡r str❛✐❣❤t

✜❜❡r ❞❡s✐❣♥ [902/06]s ❢♦r ❝❛s❡ ❇ ✐s ♥♦t ❛s s✐❣♥✐✜❝❛♥t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ❝❛s❡s✳ ❋♦r t❤❡ ❜✐✲❛①✐❛❧

❧♦❛❞✐♥❣ ❝❛s❡ ✭Ny/Nx = 0.2✮ ✱ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡s✉❧ts ❝♦♠♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♦♣t✐♠❛❧

❱❆❚ ❧❛♠✐♥❛t❡ ❛♥❞ str❛✐❣❤t ✜❜❡r ❧❛♠✐♥❛t❡ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✾✳ ❚❤❡ ♦♣t✐♠❛❧ str❛✐❣❤t ✜❜❡r ❝♦♥✜❣✲

✉r❛t✐♦♥ t❤❛t ♠✐♥✐♠✐③❡s ǫx ✐s ❣✐✈❡♥ ❜② t❤❡ ❧❛②✉♣ [±50/ ∓ 50/ ± 10/ ∓ 10/08]AS ✳ ❚❤❡ ♦♣t✐♠❛❧ ❱❆❚

❧❛♠✐♥❛t❡ ❡①❤✐❜✐ts ❛ ✽✳✽% ✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ ♦♣t✐♠❛❧ str❛✐❣❤t ✜❜❡r ❧❛②✉♣✳ ❚❤❡ str❡ss r❡s✉❧t❛♥t

❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ♣r❡✲❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st✲❜✉❝❦❧✐♥❣ r❡❣✐♠❡ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣s ❝♦rr❡s♣♦♥❞✐♥❣

t♦ ❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✵✳ ❚❤❡ N̄x ❞✐str✐❜✉t✐♦♥ ♦❢ ❱❆❚ ♣❧❛t❡ ✐♥ t❤❡ ♣r❡✲❜✉❝❦❧✐♥❣ ❛♥❞

♣♦st✲❜✉❝❦❧✐♥❣ r❡❣✐♠❡ ❝❧❡❛r❧② s❤♦✇s t❤❡ r❡❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ t♦✇❛r❞s t❤❡ ❡❞❣❡ ♦❢ t❤❡

♣❧❛t❡✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ N̄y ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡❣✐♠❡ s❤♦✇s ❛ t❡♥s✐❧❡ str❡ss st❛t❡

✇❤✐❝❤ r❡s✐sts t❤❡ ❛♣♣❧✐❡❞ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ❛❧s♦ ❛✐❞s ✐♥ ✐♠♣r♦✈✐♥❣

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ st✐✛♥❡ss ♦❢ t❤❡ ♣❧❛t❡✳ ❋♦r t❤❡ ♦♣t✐♠❛❧ str❛✐❣❤t ✜❜❡r ❧❛②✉♣ ♦❢ ❜✐✲❛①✐❛❧ ❧♦❛❞✐♥❣✱ t❤❡

♣r❡❜✉❝❦❧✐♥❣ str❡ss r❡s✉❧t❛♥t ❞✐str✐❜✉t✐♦♥s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ❝♦♥st❛♥t ❛❝r♦ss t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ❧❛♠✐♥❛t❡

❛♥❞ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ str❡ss r❡s✉❧t❛♥t ❞✐str✐❜✉t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✶ ✇❤✐❝❤ ❡①❤✐❜✐ts s✐♠✐❧❛r ♣❛t✲

t❡r♥s t♦ ♦♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣✳ ❆s s❡❡♥ ✐♥ ❋✐❣s✳ ✷✵✱ ✷✶ t❤❡ ♦♣t✐♠❛❧ ❱❆❚ ❧❛②✉♣ ❡①❤✐❜✐ts ❛ ❣r❡❛t❡r

❞❡❣r❡❡ ♦❢ str❡ss r❡s✉❧t❛♥t r❡❞✐str✐❜✉t✐♦♥ ❝♦♠♣❛r❡❞ ✇✐t❤ str❛✐❣❤t ✜❜❡r ❧❛②✉♣ ❛♥❞ t❤✐s ✐s r❡s♣♦♥s✐❜❧❡

❢♦r t❤❡✐r s✉♣❡r✐♦r ❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ ❞❡s✐❣♥ r❡s✉❧ts ♦❢ ❱❆❚

♣❛♥❡❧s ❢♦r ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛①✐♠✉♠ tr❛♥s✈❡rs❡ ❞✐s♣❧❛❝❡♠❡♥t ✉♥❞❡r ❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡

s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ s✉❜♠✐tt❡❞ ❛❧♦♥❣ ✇✐t❤ t❤✐s ♣❛♣❡r✳

❱■■✳ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ✇♦r❦✱ ❛ ♣❡rt✉r❜❛t✐♦♥ ❛♣♣r♦❛❝❤ ♥❛♠❡❧②✱ t❤❡ ❛s②♠♣t♦t✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✇❛s ✉s❡❞ t♦

s♦❧✈❡ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ✉♥❞❡r ❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥✳ ❚❤❡ ❆◆▼ ❛♣♣r♦❛❝❤ ✇❛s

✷✹



❚❛❜❧❡ ✶ ❖♣t✐♠✉♠ ❞❡s✐❣♥ ❢♦r ♠✐♥✐♠✐③✐♥❣ ❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥ ǫx

❈❛s❡s Nx/N
iso
x ❖♣t✐♠✉♠ ❧❛②✉♣s ǫx/ǫ

iso
x ■♠♣r♦✈❡♠❡♥t ✭✪✮

❝❛s❡ ❆✱ ❙tr ✜❜ ✷✳✺ [±45/06]s ✷✳✾✶ ✲

❝❛s❡ ❆✱ ❱❆❚ ✷✳✺ ❱❆❚ ▲❛②✉♣ ✭❋✐❣✳ ✶✷✮ ✷✳✻✹ ✶✵✳✹

❝❛s❡ ❇✱ ❙tr ✜❜ ✷✳✺ [902/06]s ✷✳✶✼ ✲

❝❛s❡ ❇✱ ❱❆❚ ✷✳✺ ❱❆❚ ▲❛②✉♣ ✭❋✐❣✳ ✶✸✮ ✷✳✵✺ ✺✳✾

❝❛s❡ ❈✱ ❙tr ✜❜ ✷✳✺ [±45/06]s ✷✳✼✶ ✲

❝❛s❡ ❈✱ ❱❆❚ ✷✳✺ ❱❆❚ ▲❛②✉♣ ✭❋✐❣✳ ✶✶✮ ✷✳✷✷ ✷✷✳✶

❇✐✲❛①✐❛❧✱ ❙tr ✜❜ ✷✳✺ [±50/∓ 50/± 10/∓ 10/08]AS ✷✳✾✼ ✲

❇✐✲❛①✐❛❧✱ ❱❆❚ ✷✳✺ ❱❆❚ ▲❛②✉♣ ✭❋✐❣✳ ✶✹✮ ✷✳✼✸ ✽✳✽

t❤❡♥ s✉❝❝❡ss❢✉❧❧② ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ ❞✐✛❡r❡♥t✐❛❧✲✐♥t❡❣r❛❧ q✉❛❞r❛t✉r❡ ♠❡t❤♦❞ t♦ s♦❧✈❡

t❤❡ ♥♦♥❧✐♥❡❛r ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✛❡❝t✐✈❡ ✇❛② s✉✐t❛❜❧❡

❢♦r ♦♣t✐♠✐③❛t✐♦♥ st✉❞✐❡s✳ ❚❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡s✉❧ts ♦❢ ❱❆❚ ♣❧❛t❡s ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤

♠❛t❝❤ ❋❊ s♦❧✉t✐♦♥s ♦✈❡r ❛ ✜♥✐t❡ ❧♦❛❞ st❡♣ s✐③❡ ❛r♦✉♥❞ t❤❡ ❜✉❝❦❧✐♥❣ ♣♦✐♥t ❢♦r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❯s❛❣❡ ♦❢ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ❆◆▼ ❛♣♣r♦❛❝❤ ❢✉rt❤❡r ✐♥❝r❡❛s❡❞ t❤❡

r❛♥❣❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ s♦❧✉t✐♦♥ ♦❢ ❱❆❚ ♣❧❛t❡s✳

❆ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✇❛s ❛♣♣❧✐❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♦❢

❱❆❚ ❝♦♠♣♦s✐t❡ ♣❧❛t❡ ✉♥❞❡r ❛①✐❛❧✴❜✐✲❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥✳ ❖♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡r ❞✐str✐❜✉t✐♦♥s

♦❜t❛✐♥❡❞ ✉s✐♥❣ ●❈▼▼❆ ❣❛✈❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ✐♥✲♣❧❛♥❡ st✐✛♥❡ss ❞✐str✐❜✉t✐♦♥ ♦❢ ❱❆❚ ♣❧❛t❡s ❢♦r ♠❛①✲

✐♠✐③✐♥❣ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥✲♣❧❛♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱

●❆ ✇❛s ❛♣♣❧✐❡❞ t♦ ❝♦♥✈❡rt t❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs t♦ ♥♦♥❧✐♥❡❛r ✜❜❡r ❞✐str✐❜✉t✐♦♥s ❛❝r♦ss

t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♣❧❛t❡ ❛♥❞ ♣r♦✈✐❞❡s ❛♥ ✉♥❞❡rst❛♥❞✐♥❣ ♦♥ t❤❡ ♣❧❛❝❡♠❡♥t ♦❢ ✜❜❡r ♣❛t❤s t♦ ✐♠♣r♦✈❡

t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ♦♣t✐♠❛❧ ❧❛♠✐♥❛t❡ ❧❛②✉♣s ❢♦r str❛✐❣❤t ✜❜❡r ❛♥❞ ❱❆❚ ❧❛♠✐♥❛t❡s

✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ❡♥❞✲s❤♦rt❡♥✐♥❣ str❛✐♥ ✐♥ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ r❡❣✐♠❡✳ ❋r♦♠ t❤❡

♦♣t✐♠✐③❛t✐♦♥ r❡s✉❧ts✱ ✐t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t ❱❆❚ ❧❛♠✐♥❛t❡s ❞❡♠♦♥str❛t❡ ✐♠♣r♦✈❡❞ ❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st✲

❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r ❝♦♥st❛♥t st✐✛♥❡ss ❧❛♠✐♥❛t❡s✳ ■♥ t❤❡ ❢✉t✉r❡✱ t❤❡ t✇♦✲❧❡✈❡❧ ♦♣t✐♠✐③❛t✐♦♥

❢r❛♠❡✇♦r❦ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞❡s✐❣♥ ❱❆❚ ♣❧❛t❡ ❛♥❞ s❤❡❧❧ str✉❝t✉r❡s ✇✐t❤ st✐✛❡♥❡rs ❛♥❞ ❝✉t✲♦✉ts ❢♦r

✐♠♣r♦✈❡❞ ♣♦st❜✉❝❦❧✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳

✷✺



❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦rs ✇✐s❤ t♦ ❛❝❦♥♦✇❧❡❞❣❡ ❊P❙❘❈✱ ❆✐r❜✉s ❛♥❞ ●❑◆ ❢♦r s✉♣♣♦rt✐♥❣ t❤✐s r❡s❡❛r❝❤ ✉♥❞❡r

t❤❡ ♣r♦❥❡❝t ❆❇❇❙❚❘❆❈❚✷ ✭❊P✴❍✵✷✺✽✾✽✴✶✮ ❛♥❞ ❛❧s♦ t❤❛♥❦ ❆❈❈■❙ ❈❡♥tr❡ ❢♦r ❉♦❝t♦r❛❧ ❚r❛✐♥✐♥❣

✭❊P✴●✵✸✻✼✼✷✴✶✮ ❛t ❇r✐st♦❧✳ P❛✉❧ ▼ ❲❡❛✈❡r ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ■r❡❧❛♥❞ ❢♦r

❢✉♥❞✐♥❣ ❱❆❘■❈❖▼P ✉♥❞❡r ✐ts ❘❡s❡❛r❝❤ Pr♦❢❡ss♦r s❝❤❡♠❡

❘❡❢❡r❡♥❝❡s

❬✶❪ ■❥ss❡❧♠✉✐❞❡♥✱ ❙✳ ❚✳✱ ❆❜❞❛❧❧❛✱ ▼✳ ▼✳✱ ●✉r❞❛❧✱ ❩✳✱ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡✲st✐✛♥❡ss ♣❛♥❡❧s ❢♦r ♠❛①✐♠✉♠

❧♦❛❞ ✉s✐♥❣ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ❆■❆❆ ❏♦✉r♥❛❧✱ ❱♦❧✳ ✹✽✱ ◆♦✳ ✶✱ ✷✵✶✵✱ ♣♣✳ ✶✸✹✲✹✸✳

❬✷❪ ❙❡t♦♦❞❡❤✱ ❙✳✱ ❆❜❞❛❧❧❛✱ ▼✳ ▼✳✱ ■❏ss❡❧♠✉✐❞❡♥✱ ❙✳ ❚✳✱ ❛♥❞ ●✉r❞❛❧✱ ❩✳✱ ❉❡s✐❣♥ ♦❢ ❱❛r✐❛❜❧❡✲❙t✐✛♥❡ss ❈♦♠✲

♣♦s✐t❡ P❛♥❡❧s ❢♦r ▼❛①✐♠✉♠ ❇✉❝❦❧✐♥❣ ▲♦❛❞✱ ❈♦♠♣♦s✐t❡ ❙tr✉❝t✉r❡s✱ ❱♦❧✳ ✽✼✱ ◆♦✳ ✶✱ ✷✵✵✾✱ ♣♣✳ ✶✵✾✲✶✼✳

❬✸❪ ❲✉✱ ❩✳✱ ❲❡❛✈❡r✱ P✳ ▼✳✱ ❘❛❥✉✱ ●✳✱ ❑✐♠✱ ❇✳✱ ❈✳✱ ❇✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡ ❛♥❣❧❡ t♦✇

❝♦♠♣♦s✐t❡ ♣❧❛t❡s✱ ❚❤✐♥✲✇❛❧❧❡❞ ❙tr✉❝t✉r❡s✱ ❱♦❧✳ ✻✵✱ ✷✵✶✷✱ ♣♣✳ ✶✻✸✲✼✷✳

❬✹❪ ❋❛❧③♦♥✱ ❇✳ ●✳✱ ❆❧✐❛❜❛❞✐✱ ▼✳ ❍✳✱ ❇✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ str✉❝t✉r❡s✿ ❊①♣❡r✐♠❡♥t❛❧✱ ❆♥❛❧②t✐❝❛❧ ❛♥❞

◆✉♠❡r✐❝❛❧ st✉❞✐❡s✱ ■♠♣❡r✐❛❧ ❝♦❧❧❡❣❡ ♣r❡ss✱ ✷✵✵✽✳

❬✺❪ ❙t❡✐♥✱ ▼✳✱ ▲♦❛❞s ❛♥❞ ❞❡❢♦r♠❛t✐♦♥ ♦❢ r❡❝t❛♥❣✉❧❛r ♣❧❛t❡s ✇✐t❤ s♠❛❧❧ ✐♥✐t✐❛❧ ❝✉r✈❛t✉r❡ ❧♦❛❞❡❞ ✐♥ ❡❞❣❡

❝♦♠♣r❡ss✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s✱ ❱♦❧✳ ✶✽✱ ✶✾✺✾✱ ♣♣✳ ✶✹✸✲✺✶✳

❬✻❪ ❈❤❛♥❞r❛✱ ❘✳✱ ❘❛❥✉✱ ❇✳✱ P♦st❜✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ r❡❝t❛♥❣✉❧❛r ♦rt❤♦tr♦♣✐❝ ♣❧❛t❡s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧

♦❢ ▼❡❝❤❛♥✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❱♦❧✳ ✶✺✱ ◆♦✳ ✶✱ ✶✾✼✸✱ ♣♣✳ ✽✶✲✾✼✳

❬✼❪ ❍❛rr✐s✱ ●✳✱ ❚❤❡ ❜✉❝❦❧✐♥❣ ❛♥❞ ♣♦st❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ✉♥❞❡r ❜✐❛①✐❛❧ ❧♦❛❞✐♥❣✱ ■♥t❡r✲

♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ▼❡❝❤❛♥✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❱♦❧✳ ✶✼✱ ◆♦✳ ✸✱ ✶✾✼✺✱ ♣♣✳ ✶✽✼✲✷✵✷✳

❬✽❪ P❛♥❞❡②✱ ▼✳ ❙❤❡r❜♦✉r♥❡✱ ❆✳✱ P♦st❜✉❝❦❧✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ ♦♣t✐♠✐③❡❞ r❡❝t❛♥❣✉❧❛r ❝♦♠♣♦s✐t❡ ❧❛♠✐♥❛t❡s✱

❈♦♠♣♦s✐t❡ ❙tr✉❝t✉r❡s✱ ❱♦❧✳ ✷✸✱ ◆♦✳ ✶✱ ✶✾✾✸✱ ✷✼✲✸✽✳

❬✾❪ ❍✉✐✲❙❤❡♥✱ ❙✳ ❛♥❞ ❏✐❛♥✲✇✉✱ ❩✳✱ P❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ❢♦r t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♦❢ s✐♠♣❧② s✉♣♣♦rt❡❞ r❡❝t❛♥✲

❣✉❧❛r ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ✉♥❞❡r ✉♥✐❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥✱ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❡❝❤❛♥✐❝s✱ ❱♦❧✳ ✾✱ ✶✾✽✽✱

♣♣✳ ✼✾✸✲✽✵✹✳
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❛♣♣❧✐❝❛t✐♦♥ t♦ s♦❧✈❡ ❜♦✉♥❞❛r② ❧❛②❡r ❡q✉❛t✐♦♥s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❥♦✉r♥❛❧ ❢♦r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ✢✉✐❞s✱

❱♦❧✳ ✷✶✱ ◆♦✳ ✾✱♣♣✳ ✼✷✸✲✼✸✸✳

❬✸✵❪ ❲❤✐t❡✱ ❙✳✱ ❘❛❥✉✱ ●✳✱ ❲❡❛✈❡r✱ P✳ ▼✳✱ ■♥✐t✐❛❧ ♣♦st❜✉❝❦❧✐♥❣ ♦❢ ✈❛r✐❛❜❧❡ st✐✛♥❡ss ❝✉r✈❡❞ ♣❛♥❡❧s✱ ❏♦✉r♥❛❧ ♦❢

t❤❡ ▼❡❝❤❛♥✐❝s ❛♥❞ P❤②s✐❝s ♦❢ ❙♦❧✐❞s✱ ❱♦❧✳ ✼✶✱ ✷✵✶✹✱ ♣♣✳ ✶✸✷✲✺✺✳

❬✸✶❪ P❡♥r♦s❡✱ ❘✳✱ ❆ ❣❡♥❡r❛❧✐③❡❞ ✐♥✈❡rs❡ ❢♦r ♠❛tr✐❝❡s✱ ■♥ Pr♦❝✳ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s✳ ❙♦❝✱ ❱♦❧✳ ✺✶✱ ◆♦✳ ✸✱ ✶✾✺✺✱

♣♣✳ ✹✵✻✲✹✶✸✳

❬✸✷❪ ❚s❛✐✱ ❙✳ ❲✳✱ ❍❛❤♥✱ ❍✳ ❚✳✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s✱ ❙t❛♥❢♦r❞✱ ❈❚✿ ❚❡❝❤♥♦♠✐❝ P✉❜❧✐s❤✐♥❣

❈♦✳✱ ■♥❝✱ ✶✾✽✵✳

❬✸✸❪ ❏♦♥❡s✱ ❘✳✱ ▼✳✱ ▼❡❝❤❛♥✐❝s ♦❢ ❈♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s✱ ❈❘❈ ♣r❡ss✱ ✷♥❞ ❘❡✈✐s❡❞ ❡❞✐t✐♦♥✱ ✶✾✾✽✳

❬✸✹❪ ❇❧♦♦♠✜❡❧❞✱ ▼✳✱ ❉✐❛❝♦♥✉✱ ❈✳✱ ❲❡❛✈❡r✱ P✳▼✳✱ ❖♥ ❢❡❛s✐❜❧❡ r❡❣✐♦♥s ♦❢ ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ❧❛②✲✉♣

♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ❆✿ ▼❛t❤❡♠❛t✐❝❛❧✱ P❤②s✐❝❛❧ ❛♥❞

❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡s✱ ❱♦❧✳ ✹✻✺✱ ✷✵✵✾✱ ♣♣✳ ✶✶✷✸✲✹✸✳

❬✸✺❪ ❙❡t♦♦❞❡❤✱ ❙✳✱ ❆❜❞❛❧❧❛✱ ▼✳▼✱ ●✉r❞❛❧✱ ❩✳✱ ❆♣♣r♦①✐♠❛t❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥s ❢♦r ❧❛♠✐♥❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ❆■❆❆

❏♦✉r♥❛❧✱ ❱♦❧✳ ✷✱ ✷✵✵✻✱ ♣♣✳ ✽✶✹✲✷✷✳

❬✸✻❪ ❙✈❛♥❜❡r❣✱ ❑✳✱ ▼▼❆ ❛♥❞ ●❈▼▼❆ ✈❡rs✐♦♥s ❙❡♣t❡♠❜❡r ✷✵✵✼✳

❬✸✼❪ ❙✈❛♥❜❡r❣✱ ❑✳✱ ❚❤❡ ♠❡t❤♦❞ ♦❢ ♠♦✈✐♥❣ ❛s②♠♣t♦t❡s✲ ❛ ♥❡✇ ♠❡t❤♦❞ ❢♦r str✉❝t✉r❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ■♥t❡r♥❛✲

t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ❱♦❧✳ ✷✹✱ ✸✺✾✲✼✸✱ ✶✾✽✼✳

❬✸✽❪ ❱❛♥ ❈❛♠♣❡♥✱ ❏✳ ▼✳ ❏✳ ❋✳✱ ❑❛ss❛♣♦❣❧♦✉✱ ❈✳✱ ●✉r❞❛❧✱ ❩✳✱ ●❡♥❡r❛t✐♥❣ r❡❛❧✐st✐❝ ❧❛♠✐♥❛t❡ ✜❜❡r ❛♥❣❧❡ ❞✐str✐✲

❜✉t✐♦♥s ❢♦r ♦♣t✐♠❛❧ ✈❛r✐❛❜❧❡ st✐✛♥❡ss ❧❛♠✐♥❛t❡s✱ ❈♦♠♣♦s✐t❡s P❛rt ❇✿ ❊♥❣✐♥❡❡r✐♥❣✱ ❱♦❧✳ ✹✸✱ ◆♦✳ ✷✱ ✷✵✶✷✱

♣♣✳ ✸✺✹✲✻✵✳

❱■■■✳ ❆♣♣❡♥❞✐①

❚❤❡ ❆◆▼ ❛♣♣r♦❛❝❤ ❝♦♥✈❡rts t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ♣❧❛t❡s ✐♥t♦ ❛ s❡t ♦❢ ❧✐♥❡❛r ♣r♦❜✲

❧❡♠s ❛♥❞ t❤❡ ●❉■◗▼ ♥✉♠❡r✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ♦r❞❡r ♣r♦❜❧❡♠s ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❢♦❧❧♦✇s✳

✷✽



❆✳ ❩❡r♦t❤ ♦r❞❡r ❛♥❛❧②s✐s ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s

❚❤❡ ③❡r♦t❤ ♦r❞❡r ❛♥❛❧②s✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣r❡❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ♣❧❛t❡s ❛♥❞ t❤❡ ●❉■◗▼

✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇r✐tt❡♥ ✐♥ ♠❛tr✐① ❢♦r♠ ✐s ❣✐✈❡♥ ❜②✱









Kuu Kuv

Kvu Kvv























u0

v0















=















Fu0

Fv0















✭✸✹✮

Kuu =

∫

Ω

∂
′

∂x
A11

∂

∂x
+

∂
′

∂y
A66

∂

∂y
dΩ = A11T

x′

MTx +A66T
y′

MTy

Kuv = Kvu =

∫

Ω

∂
′

∂x
A12

∂

∂y
+

∂
′

∂y
A66

∂

∂x
dΩ = A12T

x′

MTy +A66T
y′

MTx

Kvv =

∫

Ω

∂
′

∂y
A22

∂

∂y
+

∂
′

∂x
A66

∂

∂x
dΩ = A22T

y′

MTy +A66T
x′

MTx

✭✸✺✮

✇❤❡r❡ U0 =















u0

v0















r❡♣r❡s❡♥ts t❤❡ ③❡r♦t❤ ♦r❞❡r s♦❧✉t✐♦♥ ❛♥❞ Fu0, Fv0 r❡♣r❡s❡♥ts t❤❡ ❢♦r❝❡s ❛♣♣❧✐❡❞

❛❧♦♥❣ t❤❡ x ❛♥❞ y ❞✐r❡❝t✐♦♥s✳ ❚❤❡ t❡r♠s Tx,Ty r❡♣r❡s❡♥t t❤❡ ✜rst✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦♣❡r✲

❛t♦r ❛♥❞ t❤❡✐r tr❛♥s♣♦s❡s ❛r❡ ❣✐✈❡♥ ❜② Tx′

,Ty′

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t❡r♠ M r❡♣r❡s❡♥t t❤❡ ✐♥t❡❣r❛❧

q✉❛❞r❛t✉r❡ ♠❛tr✐① ♦♣❡r❛t♦r ♦✈❡r ❛ s✉r❢❛❝❡ ❛r❡❛ Ω✳

❇✳ ❋✐rst ♦r❞❡r ❛♥❛❧②s✐s ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s

❚❤❡ ✜rst ♦r❞❡r ❛♥❛❧②s✐s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❱❆❚ ♣❧❛t❡s ✐s ❣♦✈❡r♥❡❞

❜② t❤❡ ❜❡♥❞✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❧❛t❡s✳ ❚❤❡ ❡✐❣❡♥ ✈❛❧✉❡ ❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ✐♥ st❛♥❞❛r❞ ♠❛tr✐① ❢♦r♠

✐s

[Kww − λcKg]w = 0 ✭✸✻✮

✷✾



Kww =

∫

Ω

∂2
′

∂x2
D11

∂2

∂x2
+

∂2
′

∂y2
D22

∂2

∂y2
+ 2

∂2
′

∂x2
D12

∂2

∂y2
+ 4

∂2
′

∂x∂y
D66

∂2

∂x∂y

+ 4
∂2

′

∂x2
D16

∂2

∂x∂y
+ 4

∂2
′

∂y2
D26

∂2

∂x∂y
dΩ

= D11T
xx′

MTxx +D22T
yy′

MTyy + 2D12T
xx′

MTyy + 4D66T
xy′

MTxy

+ 4D16T
xx′

MTxy + 4D26T
yy′

MTxy

Kg =

∫

Ω

∂
′

∂x
N̄0x

∂
′

∂x
+

∂
′

∂y
N̄0y

∂
′

∂y
+ 2

∂
′

∂x
N̄0xy

∂
′

∂y
dΩ

= N̄0xT
x′

MTx + N̄0yT
y′

MTy + 2N̄0xyT
x′

MTy
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✇❤❡r❡ Kg r❡♣r❡s❡♥ts t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐① ❛♥❞ N̄0x, N̄0y, N̄0xy r❡♣r❡s❡♥ts t❤❡ ♣r❡❜✉❝❦❧✐♥❣

str❡ss r❡s✉❧t❛♥ts✳ ❚❤❡ t❡r♠s Txx,Tyy,Txy r❡♣r❡s❡♥t t❤❡ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♠❛tr✐① ♦♣❡r❛t♦rs✳

❈✳ ❙❡❝♦♥❞ ♦r❞❡r ❛♥❛❧②s✐s ♦❢ ❱❆❚ ❧❛♠✐♥❛t❡s

❚❤❡ s❡❝♦♥❞ ♦r❞❡r ❛♥❛❧②s✐s ❝♦rr❡s♣♦♥❞s t♦ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣♦st❜✉❝❦❧✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞
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Kuu Kuv
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


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Fu2 = −
1

2

∫

Ω

∂
′

∂x
A11

∂w1

∂x

2

+
∂

′

∂x
A12

∂w1

∂y

2

+
∂

′

∂x
A66(

∂w1

∂x

∂w1

∂y
+

∂w1

∂y

∂w1

∂x
)dΩ

= −
1

2
(A11T

x′

M(Txw1)
2 +A12T

x′

M(Tyw1)
2 +A66T

x′

M(Txw1T
yw1 +Tyw1T

xw1))

Fv2 = −
1

2

∫

Ω

∂
′

∂y
A12

∂w1

∂x

2

+
∂

′

∂y
A22

∂w1

∂y

2

+
∂

′

∂y
A66(

∂w1

∂x

∂w1

∂y
+

∂w1

∂y

∂w1

∂x
)dΩ

= −
1

2
(A12T

y′

M(Txw1)
2 +A22T

y′

M(Tyw1)
2 +A66T

y′

M(Txw1T
yw1 +Tyw1T

xw1))
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✇❤❡r❡ U2 =
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v2
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
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✐s t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✳ ❚❤❡ s❡❝♦♥❞ ♦r❞❡r str❡ss r❡s✉❧t❛♥t N̄αβ

✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s❤✐♣
















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













=
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










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
























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1
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iso✮ ✭❜✮N̄y ✭P♦st❜✉❝❦❧✐♥❣ st❛t❡

❛t ✷✳✺ Nx
iso✮ ✭❝✮N̄xy ✭P♦st❜✉❝❦❧✐♥❣ st❛t❡ ❛t ✷✳✺ Nx

iso✮

✹✷


