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FACTORIZATION THEOREMS FOR CLASSICAL GROUP CHARACTERS,
WITH APPLICATIONS TO ALTERNATING SIGN MATRICES
AND PLANE PARTITIONS

ARVIND AYYER AND ROGER E. BEHREND

ABSTRACT. We show that, for a certain class of partitions and an even number of variables of
which half are reciprocals of the other half, Schur polynomials can be factorized into products
of odd and even orthogonal characters. We also obtain related factorizations involving sums of
two Schur polynomials, and certain odd-sized sets of variables. Our results generalize the fac-
torization identities proved by Ciucu and Krattenthaler (2009) [14] for partitions of rectangular
shape. We observe that if, in some of the results, the partitions are taken to have rectangular
or double-staircase shapes and all of the variables are set to 1, then factorization identities for
numbers of certain plane partitions, alternating sign matrices and related combinatorial objects
are obtained.

1. INTRODUCTION

Some of the most challenging problems in enumerative combinatorics in recent decades have
involved plane partitions, alternating sign matrices, and related objects. Schur polynomials,
i.e., characters of the general linear group, as well as characters of other classical groups, have
played a role in solving many of these problems. While the appearance of such characters in the
enumeration of plane partitions is expected, a combinatorial understanding of their occurrence
in the enumeration of alternating sign matrices is currently lacking.

The main results of this paper are Theorems 1-3, which state that, for certain partitions
and variables, Schur polynomials can be factorized into products of characters of orthogonal
groups. More specifically, in Theorem 1, we find that, for any partition (Ay,...,\,) and in-
teger k > A1, or half-partition (A{,...,\,) and half-integer & > Ay, the Schur polynomial
Skt Ay o Am kA1) (15 - - o5 Ty, xl_l, ..., z,1) decomposes, up to a simple prefactor, into a
product of a character of a special odd orthogonal group and a character of an even orthog-
onal group. In Theorem 2, we obtain a similar factorization of the sum of two Schur poly-
nomials, and in Theorem 3, we obtain a factorization of a Schur polynomial with arguments
T1, ... Tny Ty, 20, 1. We prove all of these cases by using standard determinant expres-
sions (which arise from the Weyl character formula) for the characters of the classical groups,
and applying elementary determinant operations. Currently, we do not have a representation-
theoretic explanation of these factorizations, although it would clearly be interesting to find one.
On the other hand, combinatorial proofs of such factorizations, and of generalizations involving
skew Schur polynomials, will be provided in a forthcoming paper [0].

The connection between these results and plane partitions, alternating sign matrices and
related combinatorial objects is that factorization identities for numbers of such objects can
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2 A. AYYER AND R. E. BEHREND

be obtained by setting all of the variables in the theorems to 1, and specializing to parti-

tions with certain rectangular or double-staircase shapes. Indeed, the work reported in this

paper was primarily motivated by previously-known factorization identities for Schur polyno-

mials indexed by partitions with such shapes. In particular, identities for the rectangular case

S (e, 0,0,0) (T15 -+ 5 T w7t ..., xY) were noted without proof by Okada [32, Lem. 5.2, 1st Eq.],
N~

andnprovgd by Ciucu and Krattenthaler [11, Thms. 3.1 & 3.2], while identities for the double-
staircase cases S(n—1,n-1,..1,1,0) (%1, - - -, T, I e B S(n-1,n-1,..1,1,0,0) (1, - - -, T, ot
zyb) and S(n-1n-1,..11.00)(T1s - s Tp, 27 ..., @, 1, 1) were noted without proof by Ayyer, Beh-
rend and Fischer [5, Remarks 5.4 & 6.4], and Behrend, Fischer and Konvalinka [3, Eq. (63)].
The results of this paper generalize all of these cases, and provide new, shorter proofs for the
rectangular cases.

The structure of the rest of this paper is as follows. In Section 2, we introduce the classical
group characters, and identify some of their elementary properties. In Section 3, we state the
main Schur polynomial factorization theorems, and in Section 4 we provide their proofs. In
Section 5, we apply the main theorems to partitions with rectangular or double-staircase shapes,
and obtain factorization identities for numbers of plane partitions, alternating sign matrices and
related objects.

2. CLASSICAL GROUP CHARACTERS

We first review some standard terminology. A half-integer is an odd integer divided by 2. A
partition, or respectively half-partition, is a tuple (A1, ..., \,) whose entries are all nonnegative
integers, or respectively all positive half-integers, in weakly decreasing order, A\; > ... > \,. In
the literature, zero entries of a partition are often omitted, but in this paper it will be convenient
for these to be shown explicitly, since they often play an important role. The shape of a partition
refers to the shape of its associated Young diagram. For further information regarding partitions
and Young diagrams, see, for example, Macdonald [27, Ch. I.1] or Stanley [11, Ch. 7], [12, Ch. 1].

For an indeterminate x, the notation
z=qa"

will be used throughout the rest of this paper.

We now introduce the classical group characters. For indeterminates z1, ..., x,, and a partition
A= (A1,..., \n), the Schur polynomial or general linear character is given by
1<det< (:Cj\j-‘rn—j)
i,j<n
sx (@1, ..., Tn) = = (1)

H1§i<j§n(xi - xj)7
and the symplectic character is given by

Aj+n—j+1 _Ajtn—j+1
det <x AR A )
1<i,j<n

(2)

SPA(l’h e ,.Tn) = H?:1 (l'z — fz) H1§7;<j§n($i - fj)‘
For indeterminates xi,...,x,, and a partition or half-partition A\ = (A,...,\,), the odd

orthogonal character is given by

det (x,\j+nfj+1/2 _ f{\j+nfj+1/2)

1<ij<n \ g
80())\dd<ilj'1, Ce ,CCn) = - 1/2 _ '/2 s (3)

[T (77 = 27) Thcicjen(@i + 2 — 25 — 7))
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and the even orthogonal character is given by

det (x%‘j tned | gitned >

1<ij<n\ * !

1+ dx,.0) H1§i<j§n(5’3i + T — x5 —T;)

oM (X, ..y Ty) = (

(4)

where ¢ is the Kronecker delta.

For the exact connection between the functions (1)—(4) and characters of irreducible represen-
tations of the general linear group GL,(C), symplectic group Sp,,(C), special odd orthogonal
group S0s,,1(C) and even orthogonal group 0,,(C) (and the spin covering groups for the or-
thogonal case), see, for example, Fulton and Harris [17, Ch. 24] and Proctor [36, Appendix 2].

Some elementary properties of these functions, which can be verified using the expressions
(1)—(4), are as follows, where A denotes (A1, ..., A,).

e For a partition A, sy(z1,...,z,) is a symmetric polynomial in x1, ..., z,, and sp,(x1, ..., x,),
5033 (xy, ..., x,) and 0§ (xy, ..., x,) are symmetric Laurent polynomials in 1, ..., x,.
e For a half-partition A, 5039 (22, ... 22) and o$*" (22, ..., 22) are symmetric Laurent polyno-
mials in x1, ..., T,.
e For a partition A and integer k > —\,,,
(1 ) sa (@1, o T0) = St ki) (T« -+ T (5)
e For a partition A and integer k > Ay,
(1. .. 20)" sx(Z1, ..., Tp) = S(k—Anyk—A1) (T1, -, Tn)- (6)
e For a partition A and 1 <i <n, sp,(xy,...,,) is invariant under replacement of z; with ;.
e For a partition or half-partition A and 1 <4 < n, s03%(zy,...,x,) and o (zy, ..., z,) are

invariant under replacement of x; with z;.
e For a partition A, the odd and even orthogonal characters indexed by the half-partition
(M +1/2,...,\, + 1/2) can be expressed in terms of characters indexed by A as

n

o 1/2 | —1/2
50(§f+1/2,...,/\n+1/2) (T1,0 0y a0) = H(ﬂfz/ xi/ ) spA(T1, -, Tn) (7)
i=1
and
even o i 1/2 _1/2 o
0D 12 i) (X1, ) = (—1)2=? H(:E/ +z)/ ) so3M (=1, ..., —mn). (8)
i=1

Note that ambiguities arise in (—x;)* if k is a half-integer, and hence the consideration of
such terms will be avoided in this paper. This can be done for the odd orthogonal character
in (8) by observing that (since A is a partition) so§%(zy,...,r,) is a Laurent polynomial in

Z1,...,Ty,, which can then be evaluated at —x1,..., —x,.

3. MAIN RESULTS

In this section, we state the main results of the paper. In Subsection 3.1, we provide the
primary statements of these results, while, in Subsection 3.2, we provide alternative statements
of the results. Proofs will be given in Section 4.
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3.1. Primary statements of the results. The main results of this paper are as follows. (Some
general remarks regarding these results will be given at the end of this subsection.)

Theorem 1. For any partition (Aq,...,\,) and integer k > Xy, or half-partition (A,...,\,)
and half-integer k > Ay,

/2 |, -1/2 _ _
H(xz/ .ﬁl}'z/ ) S(k4-A1,..., k+)\n,]€—/\n,.-.,k—>\1)(‘r17 ey Ty Ty e e 7xn)
i=1
dd
= 500\, A (T ) 03T 2, apy2) (@15 ). (9)
For the case in which (Aq,...,\,) is a partition and k is an integer, the shape of the partition

on the LHS of (9) is illustrated in Figure 1.
>/
n
n
X
FIGURE 1. The shape of the partition on the LHS of (9), where A = (A\y,...,\,)

is a partition and & > Ay is an integer. The inverted A denotes (\,,...,\;), and
the shading indicates that the corresponding region should be removed.

Theorem 2. For any partition (Ao, ..., \n,) and integers ki, ke > X, or half-partition (Ao, .. .,
An) and half-integers ki, ke > Ao,

n

1/2 | -1/2 _ _
H(xi/ + mi/ ) (S(kl"l‘)\l7~'-7k1+>\n7k1_An—17~~-7k1_A0)(xl? sy Ty Ly - - 7xn)
i=1 _ _
+ S(k2+)\1,...,k2+)\n71,kg—)\n,...,kg—)\o)(xla vy Ty L1y e e an))
= (1 Gan0) 30081ty (1) Oy (). (10)
For the case in which (Ag,...,\,) is a partition and ki, ke are integers, the shapes of the

partitions on the LHS of (10) are illustrated in Figure 2.

ky ko

- -

A0 O™
n n—1
n n+1
uX X

FIGURE 2. The shapes of the partitions on the LHS of (10), where A = (Ao, ..., \y)
is a partition, A% A" and A\°" denote (A1,..., \n), Moy, Anc1) and (Mg, ..., Adul1),
respectively, and ki, ks > )\g are integers. Also, the inverted A\ and A" denote
(A, -, Ao) and (A,_1, ..., o), respectively, and shading indicates that the corre-
sponding region should be removed.
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Theorem 3. For any partition (Ao, ..., \,) and integer k > )Xo, or half-partition (Ao, ..., \,)
and half-integer k > Ao,

n

1/2 ,1/2 _ _
2 | |( +T ) (k+A1,...,k+,\n,k—An,...,k—,\0)($1, e Ty L1y - -5 T, 1)
i=1

= 30‘();1? A )(51:1, Cey Ty) Oai1/2,. 7/\n+1/2)(l‘1, ey X, 1) (11)
and
2 H( V2 561/2) S (kAo bt A1 EE Ak An 11k 20) (L1 -+ o s Ty T1y -+ o T, 1)
i=1

Note that the £+ on the LHS of (12) indicates that either + or — can be used to give a valid
equation.

For the case in which (A, ..., \,) is a partition and k is an integer, the shapes of the partitions
on the LHSs of (11) and (12) are illustrated in Figure 3.

k k k

-—> -— -

¥ %/ W
n n+1 n
n+1 n n+1

X uX X

F1GURE 3. The shapes of the partitions on the LHSs of (11) and (12), where
A= (Ao, ..., \n) is a partition, A\° denotes (A1, ..., \,), A" denotes (Ao, ..., A\n_1),
and k > ) is an integer. Also, the inverted A\ and A" denote (A,,...,A\y) and
(An_1,-.-,A0), respectively, and shading indicates that the corresponding region

should be removed. The three diagrams correspond to (11), the + case of (12)
and the — case of (12), respectively.

In certain cases, the even orthogonal characters in Theorem 3 can be expressed, up to simple
prefactors, as odd orthogonal characters, as stated in the following results.

Proposition 4. If

Aoy s An) = (nb+a,...,20+a,b+a,a), (13)
for a nonnegative integer or positive half-integer a, and a nonnegative integer b, then
n b/2
(14 6x,0) 00" Ay (@1, - w0, 1 H< > ) SO0 by (@1 wn). (14)
=1 \ j=—b/2

Note that if b is odd, then j in the sum on the RHS of (14) ranges over all half-integers
from —b/2 to b/2.

Proposition 5. If
Aoy An) = ([”—Hjb—k (—1)"@,...,2b+a,2b—a,b+a,b—a,a), (15)



6 A. AYYER AND R. E. BEHREND

for a nonnegative integer or positive half-integer a, and an integer b > 2a, then

n (b+1)/2
0?X§11/2,...,An+1/2)(x17 ey Ty, 1) = 2H< Z 375) Soc()f\l(?—b/Q,...,An_l—b/z)(9317 oy @y). (16)
i=1 \ j=—(b+1)/2

Note that if b is even, then j in the sum on the RHS of (16) ranges over all half-integers
from —(b+1)/2 to (b+1)/2.

By slightly modifying the proofs of Theorems 1-3, it is possible to obtain certain closely
related results. An example is the following variation of Theorems 1 and 3, for which we omit
the proof. For any partition (A;,...,\,) and integer k£ > A;, or half-partition (Aq,...,A,) and
half-integer £ > Ay,

n—1
1/2 | -1/2 _ _
2 H(% Z; )3(k+)\1,...,k-i-/\n,k—)\n,...,k—/\l)(3717 sy Ty L1y e e ey L1, 1)
i=1
R odd even
=Ty 50(,\1,...,An)(1517 Coy ) O()\1+1/2,...,/\n+1/2)(x17 T, 1) (17)

Some remarks regarding the previous results are as follows.

e [t can easily be checked that each of the Schur polynomials is indexed by a valid partition,
and each of the orthogonal characters is indexed by a valid partition or half-partition.

e For a partition (Aq,..., ;) with A\; < b, the complement of (A\1,...,A,) in an a x b rectangle
is defined to be the partition (b — A4, ...,b— A;). It can easily be checked that, for fixed n
and k, the partitions which can occur on the LHS of (9) are precisely those which are
self-complementary in a (2n) x (2k) rectangle (where 2n is necessarily even, since n is an
integer, but 2k can be even or odd, since k can be an integer or half-integer). Similarly,
for fixed n and k, and A, set to 0 (which implies that (Ag,...,\,) is a partition and k is
an integer), the partitions which can occur on the LHS of (12) are precisely those which are
self-complementary in a (2n+1) x (2k) rectangle (where 2n+1 and 2k are necessarily odd and
even, respectively). It follows that the LHSs of (9) and (12) include all self-complementary
partitions, since a partition cannot be self-complementary in an a x b rectangle if @ and b are
both odd.

e Partitions with the same forms as those on the LHSs of (9), (12) and (17) have appeared
previously in results of Stanley [10, Lem. 3.3], [11, Exer. 7.106a).

e The RHSs of (9), (11) and (12) are explicitly independent of k, and this independence for
each LHS follows from (5). Similarly, both sides of (10) are independent of k; and k.

e Due to (5) and (6) (and the fact that a Schur polynomial is a symmetric function), Theorem 2
remains valid if the condition k; > Ag is replaced by k; > A; and the first Schur polynomial
in (10) is replaced by Sk 4x0,...k14An_1 k1 —Anseorski—A) (15 - - s Tpy T1y .., Ty ), OF the condition
ko > Ao is replaced by ko > A; and the second Schur polynomial in (10) is replaced by
5 (kg4 A0soer skt A k2 — A 1yeekz A1) (T15 - oy Ty T4, - ,T). Hence, the apparent asymmetry in the
structure of each of the partitions on the LHS of (10) can be reversed.

e Similarly, (11) remains valid if the condition k& > Xq is replaced by k& > A;, and the Schur
polynomial is replaced by Sgixg,...k+hnk—Ansok—A0) (T15 - o3 Ty Ty - - o T, 1).

e The equality between the + and — cases of the Schur polynomial in (12) follows from (6).

3.2. Alternative statements of the results. In each of (9)—(12) and (17), and in certain
cases of (14) and (16), one of the two orthogonal characters is indexed by a partition and the
other is indexed by a half-partition. However, by using (7) and (8), each of these results can be
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expressed in a form in which all of the characters are indexed by partitions. This will now be
done for Theorems 1 and 2, and the other cases will then be discussed briefly. For simplicity, and
for later convenience in Section 5, the alternative statements of Theorems 1 and 2 will assume
that k = A\ and k; = ks = Ag.

A restatement of Theorem 1 (with & = A;) is as follows. For any partition (Aq,...,\,),

S()q-‘r)\l,...,>\1+)\n,>\1—)\n,...,)\l—)\l)(xlu S ) 'fh LR Ji‘n)
= (—1)22;1 i so‘(’f\lin.’)\n)(wl, cey T) so?f\liw)\n)(—xl, ooy, —xy,) (18)
and
S (MM 41, A AT A M <A (Z1s - o oy Ty Ty oo, T
= SP(x,..., /\n)(xb s ,.Z’n) O?X?rjrl,...,)\nJrl)(xh Tt 71:%)' (19)

Note that (18) corresponds to the case of Theorem 1 in which (Ay,...,\,) is a partition
(and k£ = A\y) in (9), and (8) is applied to the even orthogonal character. On the other hand, (19)
corresponds to the case of Theorem 1 in which (A, ..., \,) is a half-partition (and & = A1) in (9).
In this case, (19) is obtained by replacing (A1, ..., \) by (A1 +3,..., A+ 3), and applying (7)
to the odd orthogonal character.

A restatement of Theorem 2 (with k; = ky = \g) is as follows. For any partition (A, ..., \,),

5 (A0 Ao A0+ Am A0 An— 11 o—20) (T1s + o s Ty T1y - - 5 Ty)
+ S(/\0+)\1,.,.,)\0+)\n_1,)\o—/\n,...,)\o—)\o)(xh co oy T, il? o 7j7n)
_ even
- (1 + 5>\n70) 8p(>\0,...,>\n_1)(x17 et "/L‘n> O()\l,...,)\n)<x1’ te 7x71) (2O>
and
8()\0+)\1+1,...,)\0+>\n+1,)\0—>\n,1 ..... Ao—Xo) ('rla R ‘1_:17 LR 7i‘n)
+ 8()\04—)\1—}-1,...,)\0—1-/\”71+1,)\0—>\n,...,>\0—>\0)('rh vy Ty j:17 L Jjn)
{1\ Ai o 0dd odd . .
= (=1)zi=1 50(A0+1,...,>\n71+1)(I1’ ey T) 50(/\1,...,>\n)( Tiy.e.y—Ty). (21)

Note that (20) corresponds to the case of Theorem 2 in which (Ao, ..., \,) is a partition (and k; =
ky = Xo) in (10), and (7) is applied to the odd orthogonal character. On the other hand, (21)
corresponds to the case of Theorem 2 in which (A, ..., A,) is a half-partition (and k; = ks = \g)
in (10). In this case, (21) is obtained by replacing (Ao, ..., A,) by ()\0 + %, D WS %), and
applying (8) to the even orthogonal character.

Theorem 3, Propositions 4 and 5, and (17) can also be restated in forms analogous to those
given above for Theorems 1 and 2.

The case of Theorem 3 in which (A, ..., A,) is a partition and k is an integer gives reformula-
tions of (11) and (12) in which (8) is applied to the even orthogonal character in (11), and (7) is
applied to the odd orthogonal character in (12). The case of Theorem 3 in which (Ao, ..., \,;) isa
half-partition and & is a half-integer gives reformulations of (11) and (12) in which (7) is applied
to the odd orthogonal character in (11), and (8) is applied to the even orthogonal character
in (12).

Propositions 4 and 5 lead to four cases each. For example, these are as follows for Proposition 4.
If a is an integer and b is even, then (14) is left unchanged. If a is an integer and b is odd, then (7)
is applied to the odd orthogonal character in (14). If a is a half-integer and b is odd, then (8)
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is applied to the even orthogonal character in (14). If a is a half-integer and b is even, then (7)
and (8) are applied to the odd and even orthogonal characters, respectively, in (14).

4. PROOFS

In this section, we provide proofs of Theorems 1-3 and Propositions 4 and 5. Note that,
essentially, these proofs rely only on the determinant expressions (1), (3) and (4) for Schur
polynomials and orthogonal characters, and the application of standard determinant operations.

Proof of Theorem 1. Using the Schur polynomial expression (1), the Schur polynomial on the
LHS of (9) is

Skt A oo Bt A bAoA (15 <oy Ty Ty oo, T)

k+Xj+2n—j
Caass

i )ie, (xkf’\"“’ﬁnfj
1<i j<n

i )1sm'5n

det

_k+Aj+2n—j _k—Any1-j4+n—j
(mi ’ )1§i,j§n (l’z e )1§i,j§n (22>
[T (i = %) [icicjon (@i — 2)(Zi — T5) (20 — T5) (25 — 7))

By multiplying row ¢ in the top blocks of the matrix in (22) by z; +n-1/2

bottom blocks by fo_l/ 2, for each i = 1,...,n, and then reversing the order of the columns in

the right blocks, it follows that the numerator of the RHS of (22) is

and row ¢ in the

(IAj+n7j+1/2 )
' i 1<i,j<n

) (—)\n+1*j+j71/2
% i Z
1<i,j<n

det

(i’Aj+n_j+1/2)
i 1<i,j<n

(xAn+1—j+j—1/2)
i 1<i,j<n
Ait+n—j+1/2
(x‘] J /

’ )197&” (i‘%\j-i-n—j—&-l/z

? )1§z‘,j§n

= (—1)""=D/2 det :
(j?\j+nfj+1/2)
? 1<i,5<n

Ai+n—j+1/2
(xi]Jrn 7 )1§i,j§n

Now note that, for any n x n matrices A and B,

det <%’£) = det (%’%) = det ( A g = AfB ) = det(A—B) det(A+B), (23)

where these equalities are obtained by subtracting the right blocks of the matrix from the left
blocks, adding the top blocks to the bottom blocks, and applying the standard result that the
determinant of a block triangular matrix is the product of the determinants of its diagonal
blocks.

Taking A;; = g T2 and B = g2 o1 <0, j <, in (23), it follows that the

3 3

numerator of the RHS of (22) is

— Aj+n—j+1/2 _Aj+n—j+1/2 Aj+n—j+1/2 _Aj+n—j+1/2
(_1)n(n 1)/2 det (m'] J+1/2 xij J+1/ ) det <xij J+1/ _I_mij J+1/ )
1<i,j<n 1<ij<n

Finally, by observing that the denominator of the RHS of (22) is

(_1)n(n71)/2 H?:l(xi — [fz) H1§i<j§n(xi + ZZ’Z‘ — Ij — j]j)Z, (24)

and using the odd and even orthogonal character expressions (3) and (4), it follows that the
RHS of (22) is

1/2 . _1/2
50((),(\1;1,,,,,)\”)(331, ceey Tn) O(EXTrjrl/z,...,AnJrl/z)(xla e ,xn)/ [T (371'/ + 551'/ )a
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as required. O

Proof of Theorem 2. Using the Schur polynomial expression (1), the sum of Schur polynomials
on the LHS of (10) is

S(kl-ﬁ-kl7...,k1+kn,k}1—Anfl,...,kl—)\0)(:UIJ -3 Tn, jla cee 7in>
+ S(k2+/\1,...,k2+/\n_1,kz—/\n,...,kg—/\o)(x17 o3 Ty L1y - - 7:):77,)
ki+X;+2n—j ki—Apn_it+n—j
(:El- ! ])1_i§n ({El "I J 1§€n
1<j<n
- det k1+X;+2 j k1—A j
—k1+Aj+2n— —k1—An—j+n—
(xi ! I 1<i<n (l‘z " I 1<i<n
1<j<n 1<j<n
ko+;j+2n—j ko—Ap—j+n—j
(13i2 J ])1§i§n ($Z~2 n ])1991
+ det 1<j<n-1 0<j<n /
€
_ko+X;+2n—j _ko—XAp—_j+n—j
(IiQ / J)1gign (IiQ " J)lgign
1<j<n-—1 0<j<n

—~

(H?ﬂ(%’ — %) [Licicjen (@i — ) (@ — Z)) (2 — 25) (25 — fi))- (25)

By multiplying row ¢ in the top blocks of the first matrix in (25) by Z;* ™", row ¢ in the bottom

blocks of the first matrix by :Ef1+", row ¢ in the top blocks of the second matrix by Efﬁ", and
row ¢ in the bottom blocks of the second matrix by mf2+”, for each 2 = 1,...,n, it follows that
the numerator of the RHS of (25) is
1<j<n 1<j<n 1<j<n—1 0<j<n
det Aj+n—j An—j+i + det Aj+n—j An—j+i (26)
T i 'nij J i<n 7'j Y i<n 4n7j J i<n
@ gz | @ hgg @ gz [ @ iz

Since the two matrices in (26) differ by only a single column (specifically, column n), the sum
of their determinants is the single determinant

Aj+n—j A Y _An—i+J
(5171-] )1§i§n (:L’,Ln _I_ l‘i") X (:L',Ln J )lfign
dot 1<j<n—1 lsisn 1<j<n
e
—Ajtn—j A A An—j+i
(:U,LJ ])1§'L§n (ajln + .1'1”) <i< (l’ln J ])lgzgn
1<j<n—1 lsisn 1<j<n

By reversing the order of the columns in the rightmost blocks of the matrix, it follows that
the previous determinant is

Ai+n—j _ _ _Ajit+n—j
(I‘J j)1g¢gn (IA” + l’)\") , (l‘%\(ﬁn) ) ($-J ])1gign
7 . 7 7 1<i<n 1 1<i<n 7 .
n(n—1)/2 1<j<n-—1 == == 1<j<n-—1
(—1) det . )\
_Aj+tn—j _ A i+n—j
(%] ])1SiSn (l’,}‘" + :L"Z)‘") . (% OHL) . (Iij ])ISiSn
1<j<n—1 1sisn 1sisn 1<j<n—1

It can be seen, by applying standard determinant operations, that for any nx (n—1) matrices A
and B, and n x 1 matrices ¢, d and e,

q Alc|d|B . A+Blc|d|B _d A+Blc| d | B
et(BceA>_et(A—l—BceA>_et( 0 Oe—dA—B)

— det(A + B|c) det(e — d| A — B). (27)

. Aj+n—j _Aj+n—j no =An _ .
Taking A;; = 27 "7 By =3, " e = + @ di = 20 and e; = 20" for 1 <i < n

and 1 < j <n—1,in (27), it follows that the numerator of the RHS of (25) is

(AP0 o (T ) g (et g

1<i,j<n t 1<ij<n '
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Finally, by observing that the denominator of the RHS of (25) is the same as the denominator
of the RHS of (22) (and hence given by (24)), and using the odd and even orthogonal character
expressions (3) and (4), it follows that the RHS of (25) is

even

o n 1/2 _1/2
(1+dx,.0) 50(,(\1;1+1/2,.A.,/\n71+1/2)(3717 cey Ty) 0(,\1,...,,\n)(351> e ’xn)/ [T=, (xi/ + xi/ )>

as required. 0]

Proof of Theorem 3. Using the Schur polynomial expression (1), the Schur polynomial on the
LHS of (11) is

SRt A oo Et A kA ke 20) (T15  + 3 Ty Ty ooy Ty 1)

( k+Xj+2n—j+1 k=Ap—j4+n—j
Z; 1<i<n ( i 1<i<n
1<j<n 0<j<n

_k+Aj+2n—j5+1 _k—Ap_j+n—

det (I‘Z / J )1§i§n ( i "I ])17'L§n
1<j<n 0<j<n

(1)1§j§n (1)0§jsn

= - - — - —. (28)
[l (i = 2) (2 = 1)(Zi — 1) [Licicjen (@i — ) (@ — 7)) (2 — ;) (5 — T)

By multiplying row ¢ in the top blocks of the matrix in (28) by ijr"H/ ? and row i in the
central blocks by xf+n+l/ 2, for each ¢ = 1,...,n, and reversing the order of the columns in the

right blocks, it follows that the numerator of the RHS of (28) is

Xj+n—j+1/2
(mg J+1/

i (Zf,)\j+nij+l/2)17i

1<i<n :

1<j<n 0<j<n
_1\n(n+1)/2 _X\j+n—j+1/2 Aj+n—j+1/2
( 1) det (ZL’lJ J / 1<i<n ('ZL‘Z] J / )l_iSn
1<j<n 0<j<n

(1)1San (1>0§jin

It can be seen, by applying standard determinant operations, that for any matrices (A;;)i<i<n

0<j<n
and (Bij)lgi.gn s

0<j<n
ArL’ ] i<n BZ 1 i<n Az S BZ i )1<i<n BrL 7 )1<i<n
(Aihisisn | (Bighgicn (Aij = Bijhsisn | (Byj)isisn
det (Bij)1gign (Aij)lgign = det (Bij — Aij)lgign (Aij)1§i§n
1<j<n 0<j<n 1<j<n 0<j<n
(Dicien | (Dosjn (0)1<<n (Dosi<n
(Az'j — Bij)lgivgn (Bij)lgégn
1<j<n 0<j<n (Az] + Bij)lgi.gn
= det (0)1§i§n (AZJ + Bij)lgign B det (AZ] — BU) det o=isn
1<j<n 0<j<n 1<i,j<n (D)o<j<n
(0>15jén (]-)Ogjgn

1 (Aij + Bighzzn
=3 det (Azg - Bz]) det == . (29)

Ishisn (2)o<i<n
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Taking Ay = 27" 7" and By = 2772 for 1 < i <mand 0 < j < m, in (29), it

(2 (2

follows that the numerator of the RHS of (28) is
Ajtn—j+1/2 | _Njtn—j+1/2y
(_1)n(n+1)/2 det (x5j+n—j+1/2 _5:{\j+n—j+1/2> det (1'7, + é;éz

1
2 1<ij<n\ ¢ ¢ 2)
0<j<n

By observing that the denominator of the RHS of (28) is

(_1)n(n+1)/2 H?:l (xz - 921) (xl + T — 2) H1§i<jgn<xi + T —xj — i’j)Qa (3())
and using the odd and even orthogonal character expressions (3) and (4), it follows that the
RHS of (28) is

o} even n 1/2 _1/2
50(5\1;17._.7)\”)@1, ey Tp) 0(/\0+1/27“_7/\n+1/2)(x1, e T, 1)/(2 T, (xz + 7z, )),

as required for the proof of (11).
The proof of (12) can be obtained by slightly modifying the proof of (11). The details will be
omitted. 0

Proof of Proposition 4. Using (4), we have

(l’?j+n7j + f;\j+n7j)1gign
det 0sssn
(1+ 6,0) ( ) Do (31)
4 03,,0) Oxgr Ay (T15 -+ o3 Ty 1) = — - — —.
’ [Tim, (xz T T - 2) H1gi<jgn(37i +I - — )
By subtracting column j of the matrix from column j — 1, for each j = 1,...,n, it follows

that the numerator of the RHS of (31) is
2 det <x;\j_l+n_j+1 + iif**”‘j“ - x?ﬁn_j - :T:jﬁn_j).
1<i,j<n
Now let (Ag,...,A,) be given by (13). Then \; = X\;_; — b, for 1 < j < n. Therefore, the
numerator of the RHS of (31) is

Aj—1+n—j+1 _Aj_1+n—j+1 Aj_1—b+n—j _Aj_1—b+n—j
2 det (x'yl J +mi]1 J _:L_ijl ]_mijl ])

1<i,j<n
=2 det ((x(.b+1)/2 — E(b+1)/2) (x?\j—l—b/2+n—j+1/2 . f%\j—1—b/2+n—j+1/2)>
1<i,j<n ¢ ¢ ( i
— no (02 S (b+1)/2 Njo1—b/24n—j+1/2  _Xj_1—b/24+n—j+1/2
=21[i., (951 —Z; ) lgf}jtgn(mi] ' -z, )
— no (12 2172 b/2 j Ajo1—b/24n—j+1/2  _Xj_1—b/24n—j+1/2
= ZHizl (QUZ — )(Ej:—b/2 :L'z) 133%71(%] 1 J — 1 J )
Using (3) and the denominator of the RHS of (31), we now obtain (14), as required. O

Proof of Proposition 5. Using (4), we have

Nidn—j+1/2  _Mitn—j+1/2
(x.”n]/ xi]nj/)

i + 1<i<n
det 0<jsm
( . ocsen o
0 Tiye. oy T = .
(Mo+1/2,... .20 +1/2)\ 15 )y n _ _ _
’ [Tim, (xl +Z — 2) H1§i<j§n(xi + T — x5 — Ij)
By subtracting column j + 1 of the matrix from column 5 — 1, for each j =1,...,n — 1, and

subtracting column n from column n — 1, it follows that the numerator of the RHS of (32) is
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3/2 | _AN_1+n—j+3/2  Apitn—j—1/2  _Ayi1dtn—j—1/2
2det<( jortn=its/ + z;’ 1+n—j+3/ _xi9+1+n i-1/ _l,igﬂ-i-n -1/

1<i<n
1<j<n-1

(x?n71+3/2 T jj\n71+3/2 _ x?n+l/2 _ E?n+1/2)1<2<n>
Now let (Xg,...,A,) be given by (15). Then Aj; = A\j; — b, for 1 < j < n —1, and
An = b — A\,_1. Therefore, the numerator of the RHS of (32) is

1<i<n
1<j<n—-1

% %

3/2 A —Jj+3/2 Aj_1—b+n—j—1/2 _Aj_1—b+n—j5-1/2
2det(( J1+nj+/+$i31+nj+/_xj1 +n—j /—le +n—j—1/

T, + I; —I; —x;

+n—j+3/2 _Aj—_1+n—j+3/2 Aj_1—b+n—j—1/2 _Aj_1—b+tn—35-1/2
=2 det (x”l ]/—}-jSjl 3/_%]1 J/_xijl ]/)

()\n—1+3/2 Ano1+3/2 _Apo1—b—1/2 ,\n_lqu/z) )
1<i<n

1<i,j<n
b 2+1 JJ 241 Aj—1—b/24n—j5+1/2 _Aji—1—b/24n—j5+1/2
=9 det( / / )(xijl / J /_xijl / J /))
1<i,j<n
N n b/2+1 ,b/2+1 Nj_1=b/24n—j+1/2  _X\j_1—b/24n—j+1/2
=211, (z; ) det (31:Z — I )

( 1<i,5<n
_ n /2 71/2 (b+1)/2 j Ajo1-b/24n—j+1/2  _Xi_1—b/24n—j+1/2
= 2 Hz 1 (-CE ) (ZjZ*(l%i»l)/Z .1",3) 1Sd,;3t§n($z] 1 J _ :UZ'J 1 J )

Using (3) and the denominator of the RHS of (32), we now obtain (16), as required. O

5. APPLICATIONS

In this section, we obtain certain previously-known Schur polynomial factorization identities
as corollaries of Theorems 1-3, and we consider some combinatorial aspects of our results.
Throughout the section, the notation

n times

will be used, where r is a value of a variable of a character, or an entry of a partition or
half-partition.

5.1. General considerations. In addition to the determinant expressions (1)—(4) for the clas-
sical group characters, there exist combinatorial expressions in which each function is given
as a Weighted sum over certain tableaux, where the weight of a tableau T typically has the
form [T, a: @) , for integers or half-integers k;(T"). Hence, the characters can be regarded as
multivariate generatmg functions for such tableaux. The simplest case is that of the Schur
polynomial s\, ) (21,...,%y,), which is a weighted sum over all semistandard Young tableaux
of shape (A1,...,\,) with entries from {1,...,n}, where the weight of such a tableau T is
[T, apwmberof@sinT Ty the cases of symplectic and orthogonal characters, (2)—(4), there are
several different types of tableaux which can be used. For further information regarding combi-
natorial expressions for characters, see, for example, Krattenthaler [19, Appendix|, Fulmek and
Krattenthaler [10, Sec. 3], and Sundaram [10].

It follows that the main results of this paper, Theorems 1-3, can be interpreted combinatorially
as factorization identities satisfied by generating functions for tableaux. Accordingly, it would
be interesting to obtain combinatorial proofs of these identities, as will be done in [6].

If all of the variables z1,...,x, in the characters (1)—(4) are set to 1, then this gives the
numbers of associated tableaux, and the dimensions of associated irreducible representations.
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There exist product formulae for each of these numbers, as follows. For a partition (Af,...,A,),
H1§i<j§n()‘i - )‘j —i+ j)
[T !

SO n) (1) = (33)

and

8D, (1)

[T i —i+n+ DL,V = A =i+ 5) N+ A —i —j+2n +2) ”
- 1,2~ 1) -

and for a partition or half-partition (A1, ..., \,),

50(()51;1,..‘,%)(1%

H?:1(2>\i—2i+2n+1)H1§i<j§n(Ai—Aj—z’+j)(>\i+>\j—z’—j+2n+1) .
- [T (2 — 1) (35)

and
2" H1§i<j§n(/\¢ — N —i+7)N+ AN —i—7+2n)

OeVen 1n — 36
) (Ut o) LI 20 o
By combining (8) and (36), it follows that, for a partition or half-partition (A1,...,A,),
(D)Z= % [ciejeni = X =i+ )N+ A =i — j + 20+ 1)
SO0 (1)) = —= - (37

[T (20)!

For further information regarding (33)—(36), and derivations using Weyl’s denominator for-
mula, see, for example, Fulton and Harris [17, Ch. 24].

We now proceed to the consideration of plane partitions and related combinatorial objects
(such as rhombus tilings), and alternating sign matrices and related combinatorial objects (such
as alternating sign triangles). For definitions and information regarding plane partitions, al-
ternating sign matrices, and symmetry classes of these objects, see, for example, Bressoud [9],
Krattenthaler [23], and Behrend, Fischer and Konvalinka [, Secs. 1.2 & 1.3]. Of particular
relevance here are the facts that the sizes of certain sets of these objects are given by product
formulae, and that in all of the cases which will be considered, these product formulae can be
related to cases of the product formulae (33)—(37) in which the partition is of rectangular or
double-staircase shape. The rectangular shapes are associated with exact equalities between
numbers of plane partitions and specializations of (33)—(37) (as will be seen in the list in Sub-
section 5.2), while the double-staircase shapes are associated with equalities, up to certain simple
prefactors (which are typically powers of 3), between numbers of plane partitions or alternating
sign matrices and specializations of (33)—(37) (as will be seen in the list in Subsection 5.3). In the
rectangular cases, certain combinatorial connections can be found between the plane partitions
and tableaux enumerated by the same formula. The simplest example is that of equality between
the number of plane partitions in an axbx ¢ box and the number of semistandard Young tableaux
of shape (a’, 0°) with entries from {1,...,b+ c}, for which there is an almost-trivial bijection
between the respective sets of objects. On the other hand, no such combinatorial connections
are currently known for any of the double-staircase cases. Furthermore, in some of these cases,
there are several different types of plane partitions, alternating sign matrices or related objects
which are enumerated by the same product formula, but without a bijective explanation for the
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equalities currently known. We note that the explicit appearance of characters of classical groups
in the enumeration of alternating sign matrices was first obtained, algebraically, by Okada [33].

In the next two subsections, the partitions in the general theorems of Section 3 will first be
specialized to have rectangular shape (Subsection 5.2) or double-staircase shape (Subsection 5.3),
which will lead to factorization identities of Okada [32], Ciucu and Krattenthaler [11], Behrend,
Fischer and Konvalinka [3], and Ayyer, Behrend and Fischer [5]. Then, all of the variables in
these results will be set to 1, which, using the relations discussed above, will lead to factorization
identities for numbers of plane partitions, alternating sign matrices or related objects. Almost all
of these identities have appeared previously in the literature, at least in some form, and although
they can easily be verified directly using the product formulae for the relevant objects, it seems
interesting that they can also be regarded as specializations of multivariate factorization results.

5.2. Partitions of rectangular shape. In the results in this subsection, m is a nonnegative
integer.

The following result, which is a corollary of Theorem 1, was noted without proof by Okada [32,
Lem. 5.2, 1st Eq.], and proved by Ciucu and Krattenthaler [14, Thms. 3.1 & 3.2].

Corollary 6. We have

5((2m)n70n)(l‘17 ey T, Ty ,j}n) = (_l)mn SO?,SSL)(Zfl, e ,:L‘n) SO?SSL)(_$1, SRR _:En) (38)

and
S(@ma1)n,00) (1, -+ oy Ty Ty ooy Tn) = 8Py (T1, -+, Tn) O(im1ymy (T15 - -5 T (39)
Proof. Taking (A1,...,A,) = (m™) in (18) and (19) gives (38) and (39), respectively. O

The following result, which is a corollary of Theorem 2, was obtained by Ciucu and Kratten-
thaler [11, Thms. 3.3 & 3.4].

Corollary 7. We have

S((2mym,0m) (L1, - o Ty Ty o5 Ty) + S(2myn—1,0n41) (L1, -0, Ty Ty - - -5 Ty)
= (14 0m,0) P(mny (T1, - -+, Tn) O(my(T1, - -+ 5 ) (40)
and
S((2m+1)m,0m) (T15 - -3 Ty T1y oo, T) F S(@manyn-1,0041) (T15 - - Ty, 1y oo, Tp)
=(-1)™" so?fn(iﬂ)n)(xl, e T) so?f,lﬁ)(—xl, ey —y). (41)
Proof. Taking (Ao, ..., \,) = (m™™!) in (20) and (21) gives (40) and (41), respectively. O

The following result, which is a corollary of Theorem 3 and Proposition 4, was noted without
proof by Okada [32, Lem. 5.2, 2nd Eq.].

Corollary 8. We have

S(@m)n,0mt1) (T15 o Ty T1s v Ty 1) = 8Py (21, -+, 1) 30‘()7‘,1;3,,)(:161, ey T) (42)

and

S(@m41ym 0t (T, -+ o, Ty Ty ey Ty 1) = 8Py (T15 -+ 05 T) so‘gfirflﬂ)n)(xl, ey ). (43)
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Proof. To obtain (42), take (Mg, ..., A,) = (m™"1) and k = m in the — case of (12), and apply (7)
to the odd orthogonal character. Then take a = m and b = 0 in (13), and apply (14) to the even
orthogonal character. To obtain (43), take (Ao, ..., A,) = ((m+ 1)"*!) and k = m + L in (11),
and apply (7) to the odd orthogonal character. Then take a = m + 1 and b = 0 in (13), and
apply (14) to the even orthogonal character. O

We now set x; = 1, for each i, in (38)—(43). The terms in the resulting equations can then be
identified as follows, for appropriate a, b and c.

e We have
bre) 1+7+k—-1
St (1 ZHUHIHWM_Q
which is the number of plane partitions in an a x b X ¢ box (MacMahon [28, Sec. 429]). We
denote this number as PP(a, b, c).
e We have
i+j+2a—1
itj—1

(15025 (1)) = spey (1" =[]

1<i<j<b

)

which is the number of transpose complementary plane partitions in a (2a) x b X b box
(Proctor [34, 35]). We denote this number as TCPP(2a, b,b).
e We have w1
odd (b 1+ + 20—
17) = _
SO(ab)( ) 1<H Z+] -1
<i<j<b

Y

which is the number of symmetric plane partitions in a (2a) x b x b box (Andrews [1]). We
denote this number as SPP(2a,b,b). Note that SPP(2a,b,b) is also the number of certain
weighted rhombus tilings of a half-hexagon, as shown by Ciucu [10, Sec. 6]. (However, no
bijective explanation for this is currently known.) More specifically, using the notation of
Ciucu [10, Eq. (6.1)], SPP(2a, b,b) = 2° M (H (b, b,2a)").
e We have a9
i a—
=2 1] iij—Z

)
1<5<j<b

which is the number of certain restricted symmetric plane partitions in a (2a) x b x b box
(Ciucu and Krattenthaler [11, pp. 54-56]). We denote this number as SPP*(2a, b, b). Note
that SPP*(2a,b,b) = 2SPP(2a,b— 1,0 — 1).

By using a simple bijection between plane partitions and rhombus tilings, each of the previous
cases can be stated in terms of the latter. For example, PP(a,b,c) is the number of rhombus
tilings of a hexagon with side lengths a, b, ¢, a, b, ¢, TCPP(2a,b,b) is the number of rhombus
tilings of a hexagon with side lengths 2a, b, b, 2a, b, b which are symmetric with respect to the
line bisecting the two sides of length 2a, and SPP(2a, b, b) is the number of rhombus tilings of a
hexagon with side lengths 2a, b, b, 2a, b, b which are symmetric with respect to the line joining
the two points where sides of length b meet.

Some additional remarks regarding the identifications in the previous list, and the identifi-
cations which will appear in the analogous list in Subsection 5.3, are as follows. The initial
equalities (up to prefactors) between characters with all variables set to +1 and explicit prod-
uct formulae can be obtained straightforwardly using (33)—(37). The further equalities between
explicit product formulae and numbers of plane partitions, alternating sign matrices or related
objects are fundamental results in the enumeration of these objects and their symmetry classes.
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The references given in parentheses are for the first proofs of these results. However, in most
cases, several later proofs are also known, and in some cases, the result was conjectured in the
literature long before being proved. The references for the later proofs and conjectures are omit-
ted here. Also note that the explicit product formulae often appear in the literature in several
different forms, but that the equality between the forms can be obtained straightforwardly.

By applying identifications in the previous list, the results (38)—(43) with all variables set to 1
give the following factorization identities for numbers of plane partitions:

PP(2m,n,n) = SPP(2m,n,n) TCPP(2m,n,n), (44)
PP(2m +1,n,n) = SPP*(2m + 2,n,n) TCPP(2m,n + 1,n + 1), (45)
PP2m+1,n,n)+PP2m+1,n—-1,n+1)
= SPP(2m + 2,n,n) TCPP(2m,n,n), (46)
PP(2m,n,n) + PP(2m,n —1,n+1)
= SPP*(2m,n,n) TCPP(2m,n+ 1,n + 1), (47)
PP(2m,n,n + 1) = SPP(2m,n,n) TCPP(2m,n + 1,n + 1), (48)
PP(2m + 1,n,n + 1) = SPP(2m + 2,n,n) TCPP(2m,n + 1,n + 1). (49)

Note that (44)—(47) were previously obtained from (38)—(41) by Ciucu and Krattenthaler [14,
Egs. (3.26), (3.29), (3.36), (3.37)]. For a recent generalization of (44), see Ciucu and Kratten-
thaler [15, Thm. 2.1].

5.3. Partitions of double-staircase shape. The following result, which is a corollary of The-
orem 1, was noted without proof by Ayyer, Behrend and Fischer [5, Remark 6.4].

Corollary 9. We have

S(2n,2n—1,2n-1,2n—2,2n-2,...22,1,1,0) (X1 - - - s Tan, T1, - - -, Top)

o n odd

= (-1 S0(nn—1,n—1,n—2,n—2,...,2,2,1,1,0) (T1,. .., 720)

odd
X SO(n,nfl,nf1,n72,n72,...,2,2,1,1,0)(_xb coy—2,) (50)
and

S(2n+1,2n,2n,2n—1,2n-1,..2.21.1,0) (L15 - - -, L2t 1, L1, - - Tony1)

o even

- Sp(n,n—l,n—1,n—2,n—2,...,1,1,0,0) (‘Tl? s 7‘r2n+1> O(n+1,n,n,n71,n71,...,2,2,1,1) (xb cee 7x27l+1)' (51>

Proof. Replacing n by 2n in (18), and then taking (A,...,A2,) = (n,n —1L,n —1,n —2,n —
2,...,2,2,1,1,0) in that equation gives (50). Replacing n by 2n 4+ 1 in (19), and then taking
(A, o dopp) =(myn—1,n—1,n—2n—-2,...,1,1,0,0) in that equation gives (51). O

The following result, which is a corollary of Theorem 1, was also noted without proof by
Ayyer, Behrend and Fischer [5, Remark 5.4].

Corollary 10. We have

S(2n,2n,2n-1,2n-1,...1,1,0,0) (T15 - - -, T2t 1, L1, - - s Tony1)

_ odd odd
= 80 nn—1,n—1,..,2,2,1,1,0) (T1,- -+, Tong1) So(n,n,nfl,nf1,...,2,2,1,1,0)<_x17 oy —Topt1) (52)
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and

S(2n-1,2n—1,2n-2,2n-2,...,1,1,0,0) (X1 - - s T2p, T1, - . -, Tap)

= SP(n—1,n—1,n—2,n—2,...,1,1,0,0) (w1, .., 720) 0?1‘;?;,11—1,n—1,...,2,2,1,1)(‘Tlv Cy Tap). (53)

Proof. Replacing n by 2n + 1 in (18), and then taking (Ay,...,Aops1) = (n,n,n — 1,n —
1,...,2,2,1,1,0) in that equation gives (52). Replacing n by 2n in (19), and then taking
A, .. don)=(n—1,n—1,n—2,n—2,...,1,1,0,0) in that equation gives (53). O

The following result, which is a corollary of Theorem 3 and Proposition 5, was noted without
proof by Behrend, Fischer and Konvalinka [3, Eq. (63)]. A form of this result in which the odd

orthogonal characters on the RHSs of (54) and (55) are replaced by certain symplectic characters
was obtained previously by Zinn-Justin [18, Eq. (54)].

Corollary 11. We have

2n
S(2n,2n—1,2n-1,2n—2.2n—2,..1.1,0,0) (L1, - - -, Ton, T1, .. ., Tan, 1) = H(fz + 14 ;)
i=1
X 30?3(711 Ln—lm—2n-2,..221,1,0) (15 - - s T2n) SP(n—1n-1n-2n-2,..1,1,0,0)(Z1, - - -, T2n) (54)
and
2n+1
S(2n+1,2n,2n,2n—1,2n-1,..1,1,0,0) (L1, - - - Tont1, T,y - - -, Tang1, 1) = H (T +14+x;)
i=1
X 30(()3%11 Ln-1,..221,1,0) (T1 -+ T2n41) SP(nn—1n—1,n—2n-2,...1,1,0,0) (T1, - - -, T2n41). (5D)

Proof. To obtain (54), replace n by 2n in (11), (15) and (16), and let (A, ..., A2,) be given
by (15) with a = 0 and b = 1. Then use (11) and (16), with & = n, and apply (7) to the odd
orthogonal character in (16).

To obtain (55), replace n by 2n 4+ 1 in (11), (15) and (16), and let (A, ..., Agny1) be given
by (15) with a = 0 and b = 1. Then use (11) and (16), with &k = n+ 1, and apply (7) to the odd
orthogonal character in (16). Finally, use (6) to obtain S(,41,2n41,2n,2n,..2,21,1,0)(Z1, - - -, Tont1,
T1,. . Tong1, 1) = S@nt1.2n,2n,2n-120—1,..,1,1,00) (L1, - - Tang1, T1s - - -5 Topg1, 1). O

Note that several of the characters in (50)—(55) are related to partition functions of certain

cases of the six-vertex model. For further details, see Ayyer, Behrend and Fischer [5, Thms. 6.3
& 5.3], Behrend, Fischer and Konvalinka [, Cor. 4], Okada [33, Thms. 2.4 & 2.5, Razumov and

Stroganov [37, Thms. 2, 3 & 5], [38, Egs. (28) & (31)] and Stroganov [11, Egs. (6) & (11)], [15,
Eq. (17)].
We now set x; = 1, for each i, in (52)—(55). The terms in the resulting equations can

then be identified as follows, for appropriate m (where the remarks made regarding the list in
Subsection 5.2 again apply).

e We have

,_n

m—

3z+2
m+z

3—m(m—1)/2

S(m,m—1,m—1,m—2,m—2,....2,2,1 1, 0
=0
which is the number of cyclically symmetric plane partitions in an m xmxm box (Andrews [2,
]), and the number of quasi alternating sign triangles with m rows (Ayyer, Behrend and
Fischer [5]). We denote this number as CSPP(m).
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e We have

m—1 .
37m(m71)/25m—1,m—1,m—2,m—2,...,1,1,0,0 1) = @Z——H,)!y

( ) (177) 11 (m )]
which is the number of each of the following: m x m alternating sign matrices (Zeilberger [17],
Kuperberg [21]), order m descending plane partitions (Andrews [2, 3]), totally symmetric self-
complementary plane partitions in a (2m) x (2m) x (2m) box (Andrews [1]), and alternating
sign triangles with m rows (Ayyer, Behrend and Fischer [5]). We denote this number as
ASM(m).
We have

3-mim=1)/2 S(m,mfl,mfl,m72,mf2,...,2,2,1,1,0,0)(12m+1) = 1-11 %7

which is the number of (2m + 1) x (2m + 1) diagonally and antidiagonally symmetric al-
ternating sign matrices (Behrend, Fischer and Konvalinka [$]). We denote this number as
DASASM(2m + 1).
We have

—m(m—1) , odd 2m
3 S0 (m,m—1,m—1,m—2,m—2,....2,2,1,1,0) (%)

—m(m even m = 6Z — 1 62 3)
S +1)O(m-i-l,m,m,m—l,m—1,...,2,2,1 1) 12 +1 H 2i—1)2m+2i— 1)

1
2

i=1
which is the number of totally symmetric plane partitions in a (2m) x (2m) x (2m) box (Stem-
bridge [13]). We denote this number as TSPP(2m,2m, 2m). Note that TSPP(2m,2m, 2m)
is also the number of certain weighted rhombus tilings of a pentagonal region, as shown by
Ciucu and Krattenthaler [13, Sec. 4]. More specifically, using notation of Ciucu and Krat-
tenthaler [13, Egs. (4.2)-(4.5) & Fig. 4.2], TSPP(2m, 2m, 2m) = 2*" L(R] )|n=m z=0, OT using
notation of Lai and Rohatgi [26, Eq. (4.4) & Fig. 4.1(d)], TSPP(2m, 2m, 2m) = 2*" M(;Gy.1).
We have

—(m—1)2 __odd 2m—1
3 80 (m—1,m-1,m—2,m—2,...,2,2,1,1,0) (1 )

1 9g—m? even 2m GZ + 1
— 2 3 O(m,m,m—l,m—l,...,Q,Q,l 1) 1 H 2m + 9 — 1)
=0

which is the number of certain weighted rhombus tilings of a pentagonal region (Ciucu
and Krattenthaler [13, Sec. 4]). We denote this number as R(2m). More specifically,
using notation of Ciucu and Krattenthaler [13, Egs. (4.2)—(4.5) & Fig. 4.2], R(2m) =
22" 2L(RY)|n=m—1.4=1, Or using notation of Lai and Rohatgi [20, Eq. (4.4) & Fig. 4.1(d)],
R(2m) = 22" 2 M(;Gm_12).
We have
(=)™ 3_m2So?gn(,lm—1,m—17m—2,m—2,...,2,2,1,1,0)((_1)2m)
m—1

_ —(m—1)2 2m— 1
=3 Sp(mfl,mf2,m72,mf3,mf3,...,1,1,00 1

1=

22—1—1 ) (67 + 2)!
(6i + 1) (2m + 24)!’

which is the number of cyclically symmetric transpose complementary plane partitions in a
(2m) x (2m) x (2m) box (Mills, Robbins and Rumsey [31]), and the number of vertically
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symmetric quasi alternating sign triangles with 2m rows (Behrend and Fischer [7]). We
denote this number as CSTCPP(2m, 2m, 2m).
o We have

37m(m+1)80<()dd )((_1)2m+1)

mmm—1m—1,...,221,10

= 37m(m71)SP(m—1,m—1,m—2,m—2,...,2,2,1,1,0,0)(12m) = H %7
i=1

which is the number of each of the following: (2m + 1) x (2m + 1) vertically symmet-
ric alternating sign matrices (Kuperberg [25]), order 2m + 1 descending plane partitions
invariant under a certain involution 7 of Mills, Robbins and Rumsey [29, pp. 351-353]
(Mills, Robbins and Rumsey [31]), totally symmetric self-complementary plane partitions
in a (4m + 2) x (4m + 2) x (4m + 2) box invariant under a certain involution v of Mills,
Robbins and Rumsey [30, p. 286] (Ishikawa [18]), (2m) x (2m) off-diagonally symmetric al-
ternating sign matrices (Kuperberg [25]), and vertically symmetric alternating sign triangles
with 2m + 1 rows (Behrend and Fischer [7]). We denote this number as VSASM(2m + 1).

As indicated in Subsection 5.1, no bijective explanations are currently known for any of the
equalities between numbers of objects in the previous list.

On the other hand, by using a simple bijection between plane partitions and rhombus tilings,
several cases can be stated in terms of the latter, as follows. Cyclically symmetric plane partitions
in an m X m X m box are in bijection with rhombus tilings of a regular hexagon with side
length m which are invariant under rotation by 120°. Order m descending plane partitions are
in bijection with rhombus tilings of a hexagon with alternating sides of lengths m — 1 and m + 1
and a central equilateral triangular hole with side length 2, which are invariant under rotation
by 120°. See Krattenthaler [22]. Totally symmetric self-complementary plane partitions in a
(2m) x (2m) x (2m) box are in bijection with rhombus tilings of a regular hexagon with side
length 2m which are invariant under all symmetry operations (i.e., rotation by 60° and reflection
in all six symmetry axes). Totally symmetric plane partitions in a (2m) x (2m) x (2m) box are in
bijection with rhombus tilings of a regular hexagon with side length 2m which are invariant under
rotation by 120° and reflection in any symmetry axis passing through two vertices. Cyclically
symmetric transpose complementary plane partitions in a (2m) x (2m) x (2m) box are in bijection
with rthombus tilings of a regular hexagon with side length 2m which are invariant under rotation
by 120° and reflection in any symmetry axis bisecting two sides. Order 2m + 1 descending plane
partitions invariant under the involution 7 defined by Mills, Robbins and Rumsey [29, pp. 351—
353] are in bijection with rhombus tilings of a hexagon with alternating sides of lengths 2m
and 2m + 2 and a central equilateral triangular hole with side length 2, which are invariant
under rotation by 120° and reflection in any symmetry axis (i.e., a line bisecting two sides). See
Krattenthaler [22].

By applying the identifications in the previous list, the results (50)—(55) with all variables set
to 1 give the following factorization identities for numbers of plane partitions, alternating sign
matrices and related objects:

CSPP(2n,2n,2n) = TSPP(2n, 2n, 2n) CSTCPP(2n, 2n, 2n), (56)
CSPP(2n+1,2n+1,2n + 1) = 2TSPP(2n, 2n, 2n) CSTCPP(2n + 2,2n +2,2n + 2),  (57)
ASM(2n + 1) = R(2n + 2) VSASM(2n + 1), (58)

ASM(2n) = 2R(2n) VSASM(2n + 1), (59)
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DASASM(4n + 1) = 3" TSPP(2n, 2n, 2n) VSASM(2n + 1), (60)
DASASM(4n + 3) = 3" R(2n + 2) CSTCPP(2n + 2, 2n + 2, 2n + 2). (61)

Note that (56) and (57) are closely related to results of Mills, Robbins and Rumsey [31, Thm. 5
with z = 1, p = 0], [39, Thm. 2.1 with =z = 1, u = 0], Ciucu and Krattenthaler [13, Egs. (4.3) &
(4.5) with x = 0], Krattenthaler [20, Thm. 36 with z = 1, p = v = 0], [21, Lem. 2 with =z = 1,
p = v = 0], and Kuperberg [25, Thm. 4, 9th & 10th Eqgs. with = = 1]. Similarly, (58) and (59)
are closely related to results of Mills, Robbins and Rumsey [31, Thm. 5 with x = p = 1], [39,
Thm. 2.1 with z = p = 1], Ciucu and Krattenthaler [13, Egs. (4.3) & (4.5) with = = 1],
Krattenthaler [20, Thm. 36 with x = p =1, v = 0], [21, Lem. 2 with z = p = 1, v = 0], and
Kuperberg [25, Thm. 4, 1st & 2nd Eqs. with z = 1].

For a recent discussion of certain factorization identities for numbers of plane partitions,
including (44) and (56), see Ciucu [I1, Sec. 1]. For recent generalizations of the rhombus tiling
interpretations of (56)—(59), see Ciucu [12, Thm. 8 & Cor. 1], and Lai and Rohatgi [26, Thms. 2.1
& 2.2].
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