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On dual model-free variable selection with two groups of variables

Ahmad Alothman?, Yuexiao Dong®*, Andreas Artemiou®

“Department of Statistical Science, Temple University
bSchool of Mathematics, Cardiff University

Abstract

In the presence of two groups of variables, existing model-free variable selection methods only reduce the dimension-
ality of the predictors. We extend the popular marginal coordinate hypotheses [3] in the sufficient dimension reduction
literature and consider the dual marginal coordinate hypotheses, where the role of the predictor and the response is not
important. Motivated by canonical correlation analysis (CCA), we propose a CCA-based test for the dual marginal
coordinate hypotheses, and devise a joint backward selection algorithm for dual model-free variable selection. The
performances of the proposed test and the variable selection procedure are evaluated through synthetic examples and
areal data analysis.

Keywords: Canonical correlation analysis, Dual marginal coordinate hypotheses, Sliced inverse regression,
Trace test

1. Introduction

In this paper, we consider dual model-free variable selection with two groups of variables x € R” and y € R?. As
a popular tool for multivariate analysis, classical variable selection aims at identifying important variables among x
for the prediction of y. Most existing variable selection methods are model-based, and consider selecting important
predictors under a given parametric or semi-parametric model. Variable selection methods in linear regression include
LASSO [17], SCAD [5], the adaptive LASSO [22], and the Dantzig selector [1]. Variable selection in semi-parametric
models have been studied in [7, 14, 18]. In multivariate association studies with two sets of random vectors, popular
methods such as canonical correlation analysis (CCA) [6] focus on reducing the dimensionality for both sets of
variables, where the role of the predictor and the response is not important. This viewpoint motivates us to consider
dual variable selection, where the goal is to simultaneously identify the important variables among x for the prediction
of y and the important variables among y for the prediction of x.

Unlike model-based procedures in the literature, our proposal is model-free and does not require assuming specific
models between x and y. Existing model-free variable selection methods all focus on selecting important variables
among x for the prediction of y. See, for example, [9, 12, 13, 21]. The aforementioned model-free variable selection
methods are closely related to sufficient dimension reduction [2]. An important link between sufficient dimension re-
duction and model-free variable selection is elucidated in [21], where popular sufficient dimension reduction methods
such as sliced inverse regression (SIR) [11], sliced average variance estimation [4], and directional regression [10] are
used to construct corresponding model-free variable selection procedures.

To achieve dual model-free variable selection, we demonstrate that CCA can be viewed as a valid sufficient
dimension reduction procedure under suitable conditions. There is an important difference between CCA and popular
sufficient dimension reduction methods such as SIR: CCA maintains the symmetry between x and y while SIR does
not. We follow Yu et al. [21] and develop CCA-based model-free variable selection procedures. Unlike the procedures
proposed in Yu et al. [21] that select important variables among x, the symmetry in CCA provides a unique opportunity
to perform dual variable selection among both x and y simultaneously.
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The rest of the paper is organized as follows. We review SIR-based trace test for variable selection in Section 2.
The general framework for dual model-free variable selection is introduced in Section 3. CCA-based trace test for
dual variable selection is developed in Section 4. Numerical studies are performed in Section 5 and we conclude the
paper with some discussions in Section 6. All the proofs are relegated to the Appendix.

2. Review of SIR-based trace test

Letx = (Xi,...,X,)" andy = (Yi,...,Y,)". Without loss of generality, assume E(x) = 0 and E(y) = 0. Denote
Xp =X, Xoe 1 Xpats - - ,Xp)T for k € {1,..., p}. To test the importance of the kth predictor X}, we may consider
the following hypotheses

Hgk:yﬂ_xlx_k vS. ‘Ha_k:y_M_xlx_k, (1

where UL means independence and L means no independence. The hypothesis H; K+ ylx | x4 above implies that
Xy is not important for the prediction of y in the presence of all the other predictors. Hypotheses (1) are known as
the marginal coordinate hypotheses [3]. Once we have a valid test for (1), sequential procedures such as forward
selection, backward selection and stepwise regression can be designed in parallel to the classical procedures in linear
regression. For example, Li et al. [13] consider backward selection through the marginal coordinate test proposed in
[3], while forward selection and stepwise regression through the trace test are discussed in [21].

Since [3], different tests for (1) have been proposed in the literature. Most tests have the same flavor as the original
marginal coordinate test in [3], such as [16, 19, 20]. Yu et al. [21] introduce a novel family of trace tests, which can
be combined with various sufficient dimension reduction methods. In the following, we first review SIR as a sufficient
dimension reduction method, and then we revisit the SIR-based trace test for (1).

Classical sufficient dimension reduction aims to find 8 € R”*¢ with the smallest possible column space such that
ylix | B7x. The corresponding column space is known as the central space for the regression of y on x, and is denoted
by Syx. Let Xy = var(x) and let {Jy,. .., Jy} denote a measurable partition of @y, the sample space of y. Under the
linearity condition that E(x|87x) is linear in 87 x, we know from [11] that

E(zly € J)) € Zy/*Syix )

where z = X;'/’x is the standardized version of x. Define z-scale SIR kernel matrix as MSR = Y2 7, E(zy €

J)ET (zly € J,), where nr, = Pr(y € J,). From (2), we know
Span(M®™®) € 212 Sys, 3)
where Span denotes the column space.
Let £y , = var(x_;) and z_; = £;"/*x_;. Similar to MS®R, we define MSIR = 1 m,E(zily € J)ET (z_ly € Jy).
Yu et al. [21] consider

SR = tr(M3™®) — (MR, 4)

where tr denotes the trace. Yu et al. [21] provide the asymptotic distribution of 65 under #;*, where 55™® is the
sample version of 63 Because 63 = 0 under H,* in (1), H,* is rejected if 53'™® is larger than a threshold determined
by its asymptotic distribution under null.

3. The principle of dual model-free variable selection

Denote 7 = {1,..., p} as the full index set for x. Define the active set A for the regression of y on x as

A = {k € Ik : y depends on x through X;}. ®))



Similarly, let 7y = {1,..., g} denote the full index set for y, and the active set B for the regression of x on y be defined
as

8B ={j e I, :xdepends ony through Y;}. (6)
Letxq = {X; : k€ A}and yg = {Y; : j € B). We have the following result.

Proposition 1. The following three conditions are equivalent, and all are implied from the definitions of A in (5) and
Bin (6).

(i) yLX |xq and yUx |ysg;
(ii) yAX | X7 and ylU Xz | yg;
(iii) ygLX | X and yLLX | ygs.

Let @ denote the empty set. It follows from Proposition 1 that A = @ if and only if 8 = &. We remark that
Proposition 1 is parallel to Proposition 1 in [8], where the dual central spaces for sufficient dimension reduction are
studied.

The goal of dual model-free variable selection is to identify A and B without assuming specific models between
xandy. Letxy = {X; : k€ Flandyg = {Y; : j € G}, where F C I is the working active set for x and G C 7y is
the working active set for y. Motivated from part (i) in Proposition 1 and the marginal coordinate hypotheses (1) in
Section 2, we consider the following dual marginal coordinate hypotheses

‘7—(5‘[&] ryUx|xgandylx|yg vs. HIG iy x|xgoryd x|yg. 0

If 7—[5 191 in (7) is true, then obviously we have A C ¥ and B € G. We can then recover A and B by looking for the
combination of the smallest possible ¥ and the smallest possible G such that (Hg 161 is not rejected.

4. CCA-based trace tests and dual model-free variable selection

We have reviewed in Section 2 that SIR-based trace test can be used to test the marginal coordinate hypotheses (1).
To test the dual marginal coordinate hypotheses (7), where the roles of x and y are symmetric, we need a dimension
reduction method that maintains the symmetry between x and y. In Section 4.1, we introduce CCA as a dual sufficient
dimension reduction method. In Section 4.2, we study CCA-based trace tests for selecting variables among either x
ory. In Section 4.3, CCA-based test for the dual marginal coordinate hypotheses (7) is developed. In Section 4.4, we
propose a sample level algorithm for dual model-free variable selection.

4.1. CCA for dual sufficient dimension reduction

Recall that z = X 172x is the standardized version of x. Let w = Xy 172

X, = var(y). Define kernel matrices

y be the standardized version of y, where

M = E(zw )E(wz') and M = E(wz")E(zw"). 8)

Given x € R” and y € RY, the ¢th pair of canonical covariates (u, v¢) is defined as u, = a;X and v, = b{Ty, such
that var(uy) = var(vy) = 1 and cov(ug, v¢) is maximized. For € > 1, u, and v, satisfy the additional constraints that
cov(ug, ux) = 0 and cov(vy, vx) = 0 for all k < €. It is well-known that the a;, = X, 1/ 2c{, where ¢; is the eigenvector
corresponding to the fth largest eigenvalue of M. Similarly, b, = X 12q,, where d; is the (th eigenvector of M.
Denote Sy and Sy as the dual central spaces for the regression of y on x and the regression of x on y, respectively.

The next result states that matrices M and M are closely related to sufficient dimension reduction.



Proposition 2. Suppose E(x) = 0 and E(y) = 0. Assume B is the basis for Sy and 1 is the basis for Syy.
(i) IfE(x|B7x) is linear in B7x, then Span(M) € Ex/°Syx;
(ii) IfEYINTy) is linear in "y, then Span(M) C Z,/*Syy.

The assumptions made in this proposition are common in the sufficient dimension reduction literature. Propo-
sition 2 implies that the column space of Xy 2M can recover the central space for the regression of y on x, while
the column space of Xy 2M can recover the central space for the regression of x on y. It follows that a, € Sy;x and
b, € Syy. We remark that the conclusions in Proposition 2 bare close resemblance to (3) about the SIR-based kernel
matrix MSTR,

4.2. CCA-based trace tests for marginal coordinate hypotheses

We consider two sets of marginal coordinate hypotheses in this section, both of which are related to (7). The first
set is

Wg:ylxlx;r VS. ?{Zr:y_l«{_xle. )
Hypotheses (9) include (1) as a special case, as X becomes x_; when we take ¥ = {1,...,k—1,k+1,..., p}. The
second set is

‘H(l)g] (yLX|yg vs. WLEQ] (YL x|yg. (10)

While hypotheses (9) can be used for selecting important variables among x, hypotheses (10) are useful for selecting
important variables among y.

First we focus on the CCA-based trace test for (9). Let £,, = var(x¢) and z¢ = Z‘.;Tl/ 2
SIR-based trace test, we consider

X#. Motivated by the

6_g = tr(M) — tr(My), (11)

where Mg = E(zgw’ )E(wz;). We remark that §_¢ is constructed as the trace difference of two z-scale CCA kernel
matrices, which has the same flavor as 6;™® in (4).

Let 7 be the complement of # in 7 and denote X
and y, ., = Xre — B(XgX)E !Xy Then we have

xpe = var(xg.). Define Xy i,

= Zy,. ~E(xpex I B(xyX)

Proposition 3. Suppose E(Xg<|X¢) is a linear function of Xg. Then

(i) 6-5 = (X | B, YDEy ' BOYS )

Xgc |Xg Xgc X
(ii) 60— = 0 under 7-(37 DYLX | X

The assumption made in this proposition is common in the model-free variable selection literature, and it is
satisfied if x is normal. The first part of Proposition 3 provides the explicit formula to calculate 6_#. The second part
states that if X#. is unimportant for the prediction of y given x#, then d_# becomes zero. Yu et al. [21] have shown
that 63™ = 0 if X; is unimportant for the prediction of y given X_. Our result here is more general as 7 can contain
more than one variable. Denote é_# as the sample version of 6_¢. We reject (H((;t if 5_g is too large. The asymptotic
distribution of 6_g under 7‘({ is provided in Corollary 1 in the Appendix.

Next we introduce the CCA-based trace test for (10). Let Xy, = var(yg) and wg = 2;51/ Zy'g. Denote 1\~/Ig =
E(WQZT)E(ZW;) and consider

679 = tr(M) — tr(My). (12)

Let G¢ be the complement of G in 7y and denote Xy, = var(yg:). Define Yyselyg = Zyge — E(Yge yg)):;; E(ygy;.). Let
Yo — E(ygcy;)):;; Yg- Parallel to Proposition 3, we have

4

Vyeelys =



Proposition 4. Suppose E(yg:|yg) is a linear function of yg. Then

e EygeiveX EY "Bxy? )

. -G _ -1
(i) 679 =tr{X Yoelvs

Yo
(ii) 679 = 0 under ‘H([)g] CyUx | yg.
Let 679 be the sample version of 6 9. We reject ‘7-(([)61 if 679 is too large.
The asymptotic distribution of §~¢ under ?((Eg Tis provided in Corollary 2 in the Appendix.

4.3. CCA-based trace test for dual marginal coordinate hypotheses

In this section, we develop a test for (Hg: el ylx | xF and y1LX | yg versus the alternative ‘Hf 191 YU X | xXF
ory L x| yg. From the definition of M = E(zw")E(wz") and M = E(wz")E(zw") in (8), we have tr(M) = tr(M).
Recall My = E(zFw")E(wz) and define MY = E(zw)E(wgz"). It is easy to see that tr(M9) = tr(Mg). Hence 69
in (12) becomes

579 = tr(M) — tr(M9). (13)

We have seen that 6_¢ = tr(M) — tr(M#) in (11) can be used to test ‘HUT 1 yLUx | X#, and 579 in (13) can be used to
test W(gg 1. y1Lx | yg. This motivates us to consider

579 = (M) - r(M9), (14)

where M?, = E(Z¢wg)E(sz;). Note that 6:5? in (14) include §_s and 679 as special cases. If we take ¥ = I, then
6:g becomes 679. On the other hand, 6:?_. reduces to 6_# when we set G = 7.

The symmetry between z and w in the definition of M and M allows tr(M) to simultaneously capture the regression
information between y and x as well as the regression information between x and y. This is a unique feature of
the CCA-based trace test, as tr(M>®) in (4) only captures the regression information between y and x. Parallel to
Proposition 3 and Proposition 4, we have

Proposition 5. Suppose E(x#|X#) is a linear function of ¢ and E(yg:lyg) is a linear function of yg. Then
) sG -1 -1 -1 -1
(i) -7 =t o EOry,ox, Y Iy E(yy;F‘XT)} + Xy By, o X ) E(xf,r'y;y )

(i) 69 =0 under Hy ' : yu x| xF and y1x | yg.

Let {(xD,yD), ..., (x™, y(”))} be an iid sample. Let X = n"l i x®, %0 = x® — g and ZA;X = Y KOEMT
Similarly let § = n™' 3L, y©, §© =y -3, &y = 07! I, §OFND T, Euxy") = 07! TL OFD)T, and E,(yxT) =
7ty §OED)T. Then M = £ 1/ZEn(xyT)ﬁ; 1En(yxT))A:; 2 Similarly one can calculate

. acl)2 a1 a-1/2
MY = £ CE.(xry)E En(yex )y
Then the sample version of 6:§ in (14) becomes
56 — (N [%
04 = tr(M) — tr(M¢).

We conclude this section with the asymptotic distribution of 3:?, under ‘Hg: 161 Assume || = p; and |G| = q;, where
| - | denotes cardinality.

Theorem 1. Suppose E(x) = 0, E(y) = 0, E(x#<|X¢) is a linear function of x¢ and E(yg:|yg) is a linear function of
Yg- Then under 7‘[0? g ],

L
nd=d > Torp(l)
(=1

5



as n — oo, where ~» means convergence in distribution, L = pq — p1qi, X?(l) is independent chi-square with one
degree of freedom forall € € {1,...,L}and T\ > --- > 7y are the eigenvalues of Q, and the exact form of Q is provided
in the Appendix.

The asymptotic distribution in Theorem 1 needs to be estimated in practice. Specifically, let & be the sample
estimators of €, and let #; > --- > %, be the eigenvalues of Q. Denote ¢ = (f1,...,%,)" € R and let & € RV
consist of i.i.d. y?(1) realizations. Then the N elements of Z become realizations of the approximate asymptotic
distribution of nSﬁ under null. The proportion of these N elements greater than n(Ai:g become the approximate p-

value. For a given significance level @, we reject 7{0¢ 191 if this p-value is smaller than @. We use N = 500 in our
numerical studies.

4.4. Algorithm for dual model-free variable selection

Let {(xV, y(l)), e, (x®, y(”))} be an iid sample of {x € R”,y € R?}. We devise a sample-level algorithm for dual
model-free variable selection in this section. From the development in Section 3, we have seen that the active sets A
and B can be recovered by the smallest possible 7 and the smallest possible G such that 7{(? 191 i5 not rejected. This
motivates us to consider the following joint backward selection procedure.

1. Initial step. Set 7@ = {1,...,p} and G = {1,...,q}. Let a be the pre-specified significance level.

1.1 Foreachi € {1,..., p}, denote (F_(?) as the index set where i is removed from F©, and let 0i0) be the
©0) r(0)
approximate p-value from testing 7’[: - e against its alternative.
1.2 For each j € {1,...,q}, denote QEOJ) as the index set where j is removed from G, and let ©p+j,0) be the
. . FON :
approximate p-value from testing H,, " against its alternative.
1.3 Let kg = arg max g, and 0oy = max o, If o0y > @ and k@) < p, then set F O = F9 |
e{l,...,p+q} te{l.....p+q} ©

GV = G, and go to Step 2. If 9oy > @ and k(g > p, then set F V) = F O g = QSO{),{
2. If p«) < a, then stop the algorithm and return A=FO, B= GO,

o-p)° and go to Step

2. Iteration step. At the beginning of the ¢th iteration, let F© and G be the working index sets. Assume
17Ol = pey and |60 = q().

2.1 Foreachi € {l,..., pq)}, denote 5{(? as the index set where the ith element of F© is removed from F©,
) 1200
and let g; ;) be the approximate p-value from testing 7—(3r - against its alternative.
2.2 Foreach j € {1,...,q(}, denote Q(_{]) as the index set where the jth element of G is removed from G,
. . 70,16 L .
and let 0, + j () be the approximate p-value from testing H,, " against its alternative.
2.3 Letky = argmax o, and oy =  max o, If o) > @ and k) < p, then set FEHD = T_(Q[),
€1,y +4(0)) te{L...p+q0)
G = GO, and repeat Step 2. If o¢) > @ and k¢, > p(r), then set F*D = FO_ gD = Q(_[[)k([)_pm}, and

repeat Step 2. If o¢) < a, then stop the iteration and return A = ¥, 8 = GO,

In the initial step, we first test y LLX | X_; against its alternative for each i € {1,..., p}. Then we test yLx | y_; for
each j € {1,...,g}. The corresponding p-values are denoted as o, ) for¢ € {1, ..., p + g}. The maximum p-value o)
is then compared to a. If o) is smaller than «, then o,y < a forany ¢ € {1,..., p + g}. Thus we reject y X | X_;
forany i € {1,..., p}, and we reject ylLx | y_; for any j € {1,...,q}. Hence we estimate the active sets by F© and
G©. In the case with g() > a, the least significant element, which is indexed by k), can be removed from the active
sets. For k) < p, we update ¥ by removing the least significant element, which corresponds to an element in x. For
k) > p, the least significant element corresponds to an element in y and we only update G.

In the ¢th iteration, we start from working index sets 7© and G©. Note that 7{0? 16 s not rejected from the
last iteration, as we only go to the (th iteration if o¢-1) > @. In another word, the ¢th iteration is needed only when

6



Table 1: Frequencies of rejecting (HOT 191 based on 1000 repetitions.

Model 1 Model 2
=001 | @a=005|a=01] a=001 | «a=0.05 | @a=0.1
F ={3,4},G=1{1,2} 1 1 1 0.007 0.033 0.085
F ={1,2},G = (3,4} 0.007 0.044 0.093 1 1 1

FD or G is updated. Parallel to the initial step, after removing one element at a time from either 7 or G©,
we test the dual marginal coordinate hypotheses (7) and get p-value g, for ¢ € {1,..., p¢) + q}. The maximum
p-value o is then compared to a. If o) < @, then F© and G can not be further reduced. We stop the iteration and
estimate the active sets by 7 and G). Otherwise we go to the next iteration, where either 7 or G¥ is updated
by removing the least significant element. Note that in each iteration, we are testing the conditional independence
between x and y, and our procedure asymptotically controls the type-I error rate at the significance level a.

5. Numerical results

We use synthetic data in Section 5.1, and a real data analysis is considered in Section 5.2.

5.1. Simulation studies

Letx = (Xi,...,X,)" be multivariate normal with mean 0 and covariance matrix Xy = (c;), where o;; = o7 for
1 <i,j < p. Similarly, let € = (¢, &, ..., eq)T be multivariate normal with mean 0 and covariance matrix Xe = (6;;),
where 6;; = gi=1 for all i,je{l,...,q}. The error € is independent of x. Then we generatey = (Y1,..., Yq)T from the

following two models:

Model 1: Yy =€, Yo =6, Y3=6,Y4 = X1 + X5 + &;

Model 2: ¥} = ™% +sin(X)) + €, Yo = X3 + Xy + €,Y3 = 6, Y4 = €.

In both models, we set p = 5 and ¢ = 4. In Model 1, we set o = 0 and 8 = 0.5. The active set for the regression of y
on x is A = {1,2}. Due to the nonzero correlation among the €’s, we cannot determine B by evaluating the forward
regression between y and x. Instead we calculate E(x | y) = (0,0,0,4Y,/11 —2Y5/11,4Y4/11 — 2Y3/11)T, and thus
the active set for the regression of x on y is 8 = {3,4}. More details are provided in the Appendix. In Model 2, we set
o =0.5and 6 = 0. We have A = {3,4} and B = {1, 2} as the result of 6 = 0.

First we evaluate the performance of the CCA-based trace test for the dual marginal coordinate hypotheses (7).
For user-specified ¥ and G, we test 7{0? o1 . yAx | X¢ and yLxX | yg versus the alternative HIIG y U x| xg
ory L x| yg. Based on 1000 repetitions, the frequencies of 7—(5 16] being rejected are reported in Table 1. Fix
sample size n = 300 and take a € {0.01,0.05,0.1}. We consider two combinations of ¥ and G. When ¥ = (3,4}
and G = {1, 2}, ?{gr 161 does not hold for Model 1. We see from Table 1 that (Hof 161 i always rejected regardless of
the o value. When ¥ = {1,2} and G = {3,4}, y1L.x | X and yl.x | yg for Model 1. We see that the frequencies
of rejecting 7{5 191 are close to the corresponding nominal level. The results for Model 2 are reversed. The first
combination of F and G now corresponds to the Type-I error, and the frequencies are close to the nominal level. The
second combination of ¥ and G corresponds to the estimated power, which is 1 for all @ values.

Next we investigate the performance of the joint backward selection algorithm proposed in Section 4.4. For each
i €{1,...,1000}, denote the estimated active sets of the ith repetition as A; and ZA?.,-. We define the over-fitted frequency
(OF), the correctly-fitted frequency (CF), and the under-fitted frequency (UF) as

1000 1000
OF = 1000"" Z lACANBC B) - 1A= A)UB =By}, CF=1000" Z 1(A = ANB = B)),
i=1 i=1

and UF = 1 — CF — OF, where 1 denotes the indicator function. The average model size is defined as MS =
10007y }B?O(Iﬂil +|8;]). Based on 1000 repetitions, we report UF, CF, OF, MS together with the frequencies of each
variable being selected.



Table 2: Variable selection results for Model 1 based on 1000 repetitions.

n | X X2 X3 X4 Xs Y, Y, Y3 | Y4 | UF | CF | OF | MS
100 | 1 1 {001 ]001]|0.02]002|004|015| 1 |0.85]0.13 |0.02 | 3.25
300 | 1 1 | 001 ]001]0.01]0.01}|002]| 09 1 0.1 | 0.86 | 0.04 | 3.96
700 | 1 1 |0.02]002]0.02]|0.02]|0.03 1 1 0 0.94 | 0.06 | 4.1

Table 3: Variable selection results for Model 2 based on 1000 repetitions.

a X X | X3 | X4 Xs Y, Y, Y3 Y, UF | CF | OF | MS
0.01 0 0 1 |0.99 0 0.99 | 0.99 0 0 0.03 | 0.96 | 0.01 | 3.97
0.05 | 0.01 | 0.01 | 1 1 0.02 1 1 0.02 | 0.02 0 0.95 | 0.05 | 4.08

0.1 {002 003] 1 1 0.03 1 1 0.05 | 0.03 0 09 | 0.1 | 417

The variable selection results for Model 1 is summarized in Table 2. We fix @ = 0.05 and take n € {100, 300, 700}.
We see that the variable selection performance improves as n increases. For n = 300 and n = 700, the unimportant
variables X3, X4, X5, Y7 and Y, are selected with very low frequencies; the important variables X;, X5, Y3 and Yy are
selected with frequency 1 or frequency close to 1; and the average model size is close to 4. We also note that the
frequency of correctly-fitted model becomes close to 1 — a with n = 700.

Table 3 summarizes the variable selection results for Model 2. We fix n = 300 and consider a € {0.01,0.05,0.1}.
Our backward algorithm works well at all nominal levels. The important variables X3, X4, Y7 and Y, are selected with
high frequencies, the unimportant variables X;, X», Xs, Y3 and Y, are selected with low frequencies, and the average
model size is close to 4. As expected, @ = 0.01 leads to smaller models and & = 0.1 tend to result in larger models.
Again, the frequency of correctly-fitted model is close to 1 — .

5.2. Real data analysis

Beta-carotene and retinol are well studied chemical compounds in the human plasma. Several studies suggest that
low levels of both compounds in plasma are associated with increased risk of an array of diseases such as cancer,
cardiovascular disease, and cataracts. To determine the role of dietary habits and other health related metrics in
plasma concentrations of beta-carotene and retinol, [15] did a cross-sectional study with 12 personal characteristics
and dietary metrics for 315 patients with nonmelanoma skin cancer. After removing three categorical variables, we
consider X = (Xy,...,Xo)". The response variables are y = (Y}, ¥)", where Y] is the plasma concentration of beta-
carotene and Y, is the plasma concentration of retinol. After exploratory data analysis, we remove six observations
with extreme values and get n = 309. We apply our proposed dual variable selection procedure from Section 4.4 with
significance level @ = 0.05, and end up with A = {1,2,6,8} and B = {1,2}. This suggests that to further study the
multivariate associations between dietary habits and the plasma compound concentrations, we can focus only on six
variables X, X5, X¢, Xs, Y| and Y, instead of the original x and y.

To demonstrate the effect of variable selection on canonical correlation analysis, we first calculate the first two
pairs of canonical covariates (u;,v;) and (uy,v») based on the original data, where x € R® and y € R?. Then we
calculate the first two pairs of canonical covariates (ii;, V1) and (ii», ¥2) based on the reduced data, where x4 € R*
and x4 € IR2. The plots of the canonical covariate from the original data versus the corresponding canonical covariate
from the reduced data are provided in Figure 1. The scatterplots are close to the dotted 45 degree line, suggesting
that the canonical covariates before and after the data reduction largely agree with each other. This implies that the
reduced data keeps the canonical information from the original data.

6. Concluding remarks

In this paper, we propose the CCA-based trace test for the dual marginal coordinate hypotheses and study the
asymptotic properties of the resulting test statistic. The validity of the asymptotic test is justified through simulation
studies. Based on this novel test, we design a joint backward selection algorithm for dual model-free variable selection.
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Figure 1. Scatterplots of the canonical covariates from the original data versus the canonical covariate from the
reduced data.

The finite-sample performance of the proposed test and the variable selection algorithm are very promising. The dual
variable selection and feature screening in the case of diverging p and ¢ is worth future investigation.

Appendix

Proof of Proposition 1. The proof is similar to Proposition 1 in Iaci et al. [8], and is thus omitted. O

Proof of Proposition 2. For part (i), note that Span(M) = Span{E(zw")}. Plug inz = X 124 and w = Xy 1 2y, and all
we need to prove becomes

Span{Z;'E(xy")} = Span{Z;'/*E(zw")} C Syx = Span(B). (A.1)
From the law of iterated expectations and the fact that y_1L.x | 87x, we have
E(xy") = E{xE (y}x)} = E{XE" (y|8"x)}. (A2)
From the property of conditional expectation and the assumption that E(x|8"x) is linear in 8 x, we have
E(xE"(y|8"%)} = E(EXBT0)y"} = ES(B IuB) BTE(XY"). (A3)

9



(A.2) and (A.3) together lead to
2'E(xy") = BB EB) ' BTERYT). (A4)

(A.1) follows from (A.4) and proof of part (i) is done. Proof of part (ii) is similar to the proof of part (i), and is thus
omitted. O

Proof of Proposition 3. For part (i), assume Xy € R”" and x¢ € R” with p; + p» = p. Let x = (x[,x[,)". Define C
and D as

I 0 b 0
C= P d D= .
(—E(Xfox;)):x; Ipz) an (0 ZXMT)

Then Cx = (X;_, yI )T, CEC" =Dand Z;l = C™D"!C. It follows that

Xgc X

(M) = tr {Z7 E(xy)Zy E(yx )} = tr {CTD™' CE(xy )Z ' E(yx "))

50\ By |t feirs ot
- {( 0z )(E(yxjwyv) %! (Boxp) E(W"T""‘f))}

Xgc |[Xg
- ( IE;;E<X¢yT>2; ! qu;) IZ;; E(xgy")Z;! E(.wlyy,;p x) )
E;Tc [x# E(yxfc [x# yT )Z; E(YX;) Z;T" [x# E(’},xﬂ [x# yT )Z; E(Y)’I,ﬂ xe )

= t{Z; By DE; BxP) + fZ;) . B0y, Y OZ EG77 0 )
Together with tr(Mg) = tr{Z;;E(thyT)E;, IE(yX,T_—)}, we get
5_5 = (M) — tr(My) = t(E; o B YOIZ EGY ) (A5)

For part (ii), the assumption that E(x#«[X#) is a linear function of x# implies E(X¢|x#) = E(errX;_-)E;ngt. It follows
that

E{E(xrx)E x5y} = B{IE&sIx7)y "} = EfxyE (ylxs))- (A.6)

Under 7{8" 1 yLAX | X¢, we have E(y|x) = E(y[x#). Thus

E{x#E"(ylxr)} = E{xsE"(ylx)} = E(xgy"). (A7)
The definition yy_ . = Xgc — E(x;nx;)i‘.;ixf together with (A.6) and (A.7) leads to E(yy, s, ¥") = 0. It follows
from part (i) that 5_# = 0 under 7{(? . O
Proof of Proposition 4. The proof is similar to the proof of Proposition 3, and is thus omitted. O

Proof of Proposition 5. For part (i), assume yg € R? and yg- € R” with g; + ¢» = ¢q. Lety = (y;,y;)T. Define K
and O as

I 0 x 0
K= o and O = |7Y¢ ) .
_E(ygry;)zygl It]z) ( 0 ng‘b’Q

10



Then Ky = (¥§.75,.,,,) - KZ,K™ = O and £;' = K'O"'K. Thus
r(My) = tr {Z7 E(xry DE; Blyx)} = tr{E5 E(xy HKTO™' KE(yx "))

>l 0 E(ygxL
e N s

Yeclyg
tr{Eg By y o) By  E(gx )} + (g Br vy gy ) Ee 1y Gy iy X))

= tr(M )+ tr{Z;gc o EPygely gx¢)EXTE(chnygf|y I

Together with (A.5) from the proof of Proposition 3, we get the desired result in part (i).
For part (ii), we have seen that y Lx | x# leads to E(y,_ TyT) = 0 from the proof of Proposition 3. Following

similar steps, we can show that yllx | yg leads to E(yyy x.) = 0. It follows from part (i) that 6" g = 0 under

lvg X
W;F’[g] (YALX | XF and yUX | yg. a
We need Lemma 1 and Lemma 2 before we prove Theorem 1. Let X¢ = n”' 3 ;), f(;’) = xfl,f.) — X#, and
2y, =n! - - ~(7,’)(x(l))T Similarly we define § and % ~(') . Let E,(x¢x[,) = n”' 3L 1~;’3(x(’) )7, A;’; e = i;’r) -
E,(Xf<X 7L_)XXT %, and E, (y#y, ., ) ="' T, y(’)(‘f/g)(le)T. Define

oo _{ (@) E(yX¢)ZX¢l (7!.)} {(X(t) ) - (f(('))TZ E(X7:X7_-[)}

and we have the following result.

Lemma 1. Suppose E(x) = 0, E(y) = 0, and E(X¢<|X¢) is a linear function of X¢. If y1LX | X¢, then
1<
o T _ ! 0 -1
En(Y¥x o) = . E_] I +0,(n™),

where the first term on the right-hand side is of order Op(n’l/z).

Proof of Lemma 1. From the definition of y, |, and y,_ ., we have

[xF [xg7 2

A -1 -
(Y9 ) — EG7L ) = (Ba(yXE) — EGXE)) — [Enlyx) £y E,(rxp0)) - By FE EGrx i)l (A8)

Because E(x) = 0 and E(y) = 0, it can be shown that

n

1
Eu(yxy) ~ E(yx) = — 3 FO@D)T ~ Exgol + 0,07, (A9)
i=1

The asymptotic expansions of fl and En(x?rx .) are, respectively,

n

-1 _ _ 1 ~(D) ,~(i _ _
£, -xy = x| = > [ZPEDT - I 2]+ 0p(n7!) and (A.10)
i=1
1 v ; _
E.(xrXp.) — EXrX).) = - Z{ DED)T - Byxf))+ 0,(n7). (A.11)

i=1

11



Egs. (A.10) and (A.11) together lead to
A —1 - i i 1 -
2 Ea(xrxp) — B E(xgxp) = Z DM ;) K0T - &DTE E(x,rxf,)} +0,(n™h. (A.12)

It follows from (A.12) that
Efyx) £, (%X} - Eyx 2y Bxyx )} = Z Eyx)Z &) {&2)T - GO 7L Bxrx))

- Z{y“)(ig)f ~ B(yxp)Eg E(yx) + 0,(n7). (AL13)
i=1

Egs. (A.8), (A.9) and (A.13) together lead to

o &l IS (i)l <(i) i -
En(YPxyep,) = En(rxg) = Ealyxg B Ba(xrxg)} = ~ D FOED)T - & TR B x)
i=1
—E(yx)E & {(K2)T - (K0 TEg B(xyx]) }]+0,,(n )

:_Z {79 - Eyx g 8P HEE)T = RO T Exexo) + 0,17, (AL14)

which is the desired result. O

Similarly, let E,(yg¥g,) = n”' T1, Y4 GEDT. 4y, = Vo -Ea(¥oy gLy, 55 and Bo(xr 7y ) = 7! B, %07

ygr lyg
Define

@)

AD = K - By )y 5 H{Ten T — o) Ey E(vey )
and we have

Lemma 2. Suppose E(x) = 0, E(y) = 0, and E(yg:lyg) is a linear function of yg. If yLLX | yg, then
IR
o7 _ 1 0] -1
En(X7 Py y,) = . '_El AV +0,(n7),

where the first term on the right-hand side is of order 0,,(n_1/2).

Proof of Lemma 2. The proof is similar to the proof of Lemma 1, and is thus omitted. o

Proof of Theorem 1. Recall that || = pi, |7 = p2, |Gl = q1, 1G°] = Qo P+ P2 = p and ¢ + ¢» = q.
Let ¢; = vec(Zy *E(yyy ., )5 0 ) € R, ¢y = vee{Zg PE(xyyy  JE 0} € RP, and ¢ = (¢].67)",

XpelXg /T Xge Xy Yoclye .
where vec denotes vectorization. Then we have 6‘g Y. At the sample level, let ¢ = (¢,,h,)", where
1/2

¢1 = vec{ E (Y 7’x¢< |XT)ZXF IxT} and ¢2 = Vec{ E (X¢yy9[ |yg)2ygr |yg} Then we have
59 =4y (A.15)

Under H,, 7161 we have ylLx | x¢. It follows that E(yy el ) = 0and ¢, = 0. Together with Lemma 1, we have

n

L1
b= Z vee(Z, "L 2y + 0,7, (A.16)

Xgc [Xg
i=1

12

Yeelyg



where the first term on the right-hand side is of order O, (n~'/?). Similarly, we have y LX | yg under ng 191 1t follows

that E(x;ryy e ) = 0 and ¢, = 0. Together with Lemma 2, we have
P IR 12 A -
b=~ Z vee(Zy, PAVEE 3+ 0,07, (A.17)

i=1

where the first term on the right-hand side is of order O,(n~'/?). It follows from (A.16) and (A.17) that
I~
0= Z 99+ 0,(n™"), (A.18)
i=1

where

99 = dvec (2 PIOE 2 ), veeT (2 PAVE! 2 TeRt
Xy |[Xg Yoelyg
with E@?) = 0 and L = gp> + p1g> = pg — p1q1. As aresult of (A.18), we have
Vi ~ N0, Q) (A.19)
as n — oo, where Q = E{#”(@?)T}. Egs. (A.19) and (A.15) lead to the desired result. |

As a special case, 6‘g reduces to 6_# when we set G = Iy. Then 6_y = ¢{ ¢, and by = inlT:}S] It follows from
(A.16) that ¢, = n~' 3" 0(’) + 0p(n™), where 9\ = vec(Zy P IIVL /Y ) € RP9. Thus Vg, ~~ N(0,T), where
= E{ﬂ(li)(t?(li))T}. The asymptotlc distribution of 6_# is summarized in the next result.

Corollary 1. Suppose E(x) = 0, E(y) = 0, and E(X¢<|X¢) is a linear function of X¢. Then under 'HOT TYALX | X,

P29

nb_g ~ > porp(l)
=1
asn — oo, where X?(l) is independent chi-square with one degree of freedom for € € {1,...,pag}, andpy > - -+ 2 pp,q
are the eigenvalues of T
Similarly, ¢ _g becomes 6~9 when we set T T. Note that 69 = ¢7 ¢, with @5 = vec(Z "/ 2E(xyygplyg) v ;/WQ} €

RP%, and 69 = ¢3 ¢'5 with ¢'5 = Vec{):. g (XA;gqyg)Zyg( ‘yg} Similar to (A.17), it can be shown that ¢3 =

w9+ 0,07, where 9 = vec{E{' AV ). Thus Vs ~» N(0,Y), where Y = E(@Y@)T). The

asymptotic distribution of 679 is summarized in the next result.
Corollary 2. Suppose E(x) = 0, E(y) = 0, and E(yg:lyg) is a linear function of yg. Then under ‘H([)g 1. yAx|yg,

P92

9 > (D)
(=1

asn — oo, Where/\(%(l) is independent chi-square with one degree of freedom for € € {1,..., pqs}, and w1 2 -+ > W)y,
are the eigenvalues of Y.

Derivation of B for Model 1. Let

5 25 125 00000
5 1 5 25 00000
Te=|os 5 1 5| @™ H=15 60 0 0
125 25 5 1 1100 0
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Because y = Hx + €, we have

1 5 25 .125 4/3 =2/3 0 0

5 1 5 25 -2/3 5/3 -=2/3 0
T, =HZH +X¢ = d ! = .
y = Hix €Tla2s 5 1 5| M & 0 —2/3 47/33 -2/11
125 25 5 3 0 0 —2/11 4/11
It follows that
0 0 0 1174/3 -2/3 0 0 Jry, 2Y, -3
L 000 s sz a3 0 | 2 P
Exly) =X4X;'y=|0 0 0 O = — 0
y 0 -2/3 47/33 -=2/11||Ys| 11
0000 v 0
00 0 oJ]LO 0 =2/11  4/11 4 0
Thus we have 8 = {3, 4} for Model 1. O
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