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The main result of this paper is the rate of convergence to Hermite-type distributions in non-
central limit theorems. To the best of our knowledge, this is the first result in the literature on
rates of convergence of functionals of random fields to Hermite-type distributions with ranks
greater than 2. The results were obtained under rather general assumptions on the spectral
densities of random fields. These assumptions are even weaker than in the known convergence
results for the case of Rosenblatt distributions. Additionally, Lévy concentration functions for
Hermite-type distributions were investigated.
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1. Introduction

This research will focus on the rate of convergence of local functionals of real-valued
homogeneous random fields with long-range dependence. Non-linear integral functionals
on bounded sets of R? are studied. These functionals are important statistical tools in
various fields of application, for example, image analysis, cosmology, finance, and geology.
It was shown in [12], [39] and [40] that these functionals can produce non-Gaussian limits
and require normalizing coefficients different from those in central limit theorems.

Since many modern statistical models are now designed to deal with non-Gaussian
data, non-central limit theory is gaining more and more popularity. Some novel results
using different models and asymptotic distributions were obtained during the past few
years, see [1], [4], [7], [25], [34], [39] and references therein. Despite such developments
of the asymptotic theory, only a few of the existing studies are concerned with rate of
convergence, especially in the non-central case.
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2 Anh, Leonenko, Olenko and Vaskovych

There are two popular approaches to investigate the rate of convergence in the litera-
ture: the direct probability approach [1], [20], and the Stein-Malliavin method introduced
in [28].

As the name suggests, the Stein-Malliavin method combines Malliavin calculus and
Stein’s method. The main strength of this approach is that it does not impose any
restrictions on the moments of order higher than four (see, for example, [28]) and even
three in some cases (see [26]). For a more detailed description of the method, the reader
is referred to [28]. At this moment, the Stein-Malliavin approach is well developed for
stochastic processes. However, many problems concerning non-central limit theorems for
random fields remain unsolved. The full list of the already solved problems can be found
in [42].

One of the first papers which obtained the rate of convergence in the central limit
theorem using the Stein-Malliavin approach was [28]. The case of stochastic processes
was considered. Further refinement of these results can be found in [29], where optimal
Berry-Esseen bounds for the normal approximation of functionals of Gaussian fields are
shown. However, it is known that numerous functionals do not converge to the Gaussian
distribution. The conditions to obtain the Gaussian asymptotics can be found in so-
called Breuer-Major theorems, see [2] and [14]. These results are based on the method
of cumulants and diagram formulae. Using the Stein-Malliavin approach, [30] derived a
version of a quantitative Breuer-Major theorem that contains a stronger version of the
results in [2] and [14]. The rate of convergence for Wasserstein topology was found and
an upper bound for the Kolmogorov distance was given as a relationship between the
Kolmogorov and Wasserstein distances. In [19] the authors directly derived the upper-
bound for the Kolmogorov distance in the same quantitative Breuer-Major theorem as
in [30] and showed that this bound is better than the known bounds in the literature,
since it converges to zero faster. The results described above are the most general results
currently known concerning the rate of convergence in the central limit theorem using
the Stein-Malliavin approach.

Related to [30] is the work [36] where, using the same arguments, the author found
the rate of convergence for the central limit theorem of sojourn times of Gaussian fields.
Similar results for the Kolmogorov distance were obtained in [19].

Concerning non-central limit theorems, only partial results have been found. It is
known from [9], [14] and [39] that, depending on the value of the Hurst parameter,
functionals of fractional Brownian motion can converge either to the standard Gaussian
distribution or a Hermite-type distribution. This idea was used in [7] and [8] to obtain the
first rates of convergence in non-central limit theorems using the Stein-Malliavin method.
Similar to the case of central limit theorems, these results were obtained for stochastic
processes. In [8] fractional Brownian motion was considered, and rates of convergence
for both Gaussian and Hermite-type asymptotic distributions were given. Furthermore
all the results of [8] were refined in [7] for the case of the fractional Brownian sheet as
an initial random element. For the case of random fields with long-range dependence, [8]
is the only known work that uses the Stein-Malliavin method to provide the rate of
convergence.

Separately stands [3]. This work followed a new approach based only on Stein’s method
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without Malliavin calculus. The authors worked with Wasserstein-2 metrics and showed
the rate of convergence of quadratic functionals of i.i.d. Gaussian variables. It is one
of the convergence results which cannot be obtained using the regular Stein-Malliavin
method [3]. However, we are not aware of extensions of these results to the multi-
dimensional and non-Gaussian cases.

The classical probability approach employs direct probability methods to find the
rate of convergence. Its main advantage over the other methods is that it directly uses
the correlation functions and spectral densities of the involved random fields. Therefore,
asymptotic results can be explicitly obtained for wide classes of random fields using slowly
varying functions. Using this approach, the first rate of convergence in the central limit
theorem for Gaussian fields was obtained in [20]. In the following years, some other results
were obtained, but all of them studied the convergence to the Gaussian distribution.

As for convergence to non-Gaussian distributions, the only known result using the
classical probability approach is [1]. For functionals of Hermite rank-2 polynomials of
long-range dependent Gaussian fields, it investigated the rate of convergence in the Kol-
mogorov metric of these functionals to the Rosenblatt-type distribution. In this paper,
we generalize these results to Hermite-type distributions.

The main result is given in Theorem 5. It establishes an upper bound of the form

p(Kr/C(r), Xs(A)) = o(r™), r— oo,

for the Kolmogorov distance p(-,-) between non-linear functionals K, of random fields
and Hermite-type random variables X, (A) from the xth order Wiener chaos. Explicit
expressions for the normalizing factor C'(r) and the power s in the rate of convergence
are provided.

It is worth mentioning that these results are obtained under more natural and much
weaker assumptions on the spectral densities than those in [1]. These quite general as-
sumptions allow to consider various new asymptotic scenarios even for the Rosenblatt-
type case in [1].

It is also worth mentioning that in the known Stein-Malliavin results, the rate of
convergence was obtained only for a leading term or a fixed number of chaoses in the
Wiener chaos expansion. However, while other expansion terms in higher level Wiener
chaoses do not change the asymptotic distribution, they can substantially contribute to
the rate of convergence. The method proposed in this manuscript takes into account all
terms in the Wiener chaos expansion to derive rates of convergence.

It is well known, see [9, 27, 37], that the probability distributions of Hermite-type
random variables are absolutely continuous. In this paper we investigate some fine prop-
erties of these distributions which are required to derive rates of convergence. Specifically,
we discuss the cases of bounded probability density functions of Hermite-type random
variables. Using the method proposed in [31], we derive the anti-concentration inequality
that can be applied to estimate the Lévy concentration function of Hermite-type random
variables.

The article is organized as follows. In Section 2 we recall some basic definitions and
formulae of the spectral theory of random fields. The main assumptions and auxiliary
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results are stated in Section 3. In Section 4 we discuss some fine properties of Hermite-
type distributions. Section 5 provides the results concerning the rate of convergence.
Some conclusions are drawn in Section 6.

2. Notations

In what follows |-| and ||-|| denote the Lebesgue measure and the Euclidean distance in R¢,
respectively. We use the symbols C' and § to denote constants which are not important
for our exposition. Moreover, the same symbol may be used for different constants ap-
pearing in the same proof. It is assumed that all random variables are defined on a fixed
probability space (2, F, P).

We consider a measurable mean-square continuous zero-mean homogeneous isotropic
real-valued Gaussian random field n(z), = € R, with the covariance function, see [18],

B(r) i= Cov (n(a),n(v)) = [ Yalr2)da(z), o,y € B, )
0
where r := ||z — y||, ®(-) is the isotropic spectral measure, the function Y(-) is defined
by
d
Yy(z) := 2@=2/2p <2> Ja—2y/2(2) 23D/ 2 >0, (2)

and J(q_2)/2(-) is the Bessel function of the first kind of order (d —2)/2.

Definition 1. [18] The random field n(x), z € R?, as defined above is said to possess
an absolutely continuous spectrum if there exists a function f(-) such that

d(z) = 2rd/2p—1 (d/2) /ud_lf(u) du, 2z>0, ud_lf(u) € Li(Ry). (3)
0

The function f(-) is called the isotropic spectral density function of the field 7. In this
case, the field n with an absolutely continuous spectrum has the isonormal spectral

representation
) = [ O VFTRTW (N,
Rd

where W (-) is the complex Gaussian random measure on R%.

Consider a Jordan-measurable bounded set A C R? such that |A| > 0 and A contains
the origin in its interior. Let A(r), r > 0, be the homothetic image of the set A, with
the centre of homothety at the origin and the coefficient » > 0, that is |A(r)| = r¢|A].

Consider the uniform distribution on A(r) with the probability density function (pdf)

Al XA(T)(QT), r € R, where X ,(+) is the indicator function of a set A.
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Definition 2. Let U and V be two random vectors which are independent and uni-
formly distributed inside the set A(r). We denote by Yacy(2), 2 > 0, the pdf of the
distance || U — V|| between U and V.

Note that ¢)a((2) = 0if 2 > diam {A(r)} . Using the above notations, one can obtain
the representation

/lmufym¢uw:LM%ﬂETwvam
A(r) A(r)
diam{A(r)}
— A2 / T(2) Yam(2) dz, (4)
0

where 7(+) is an integrable Borel function.

Remark 1. If A(r) is the ball v(r) := {z € R? : ||z|| < 7}, then

d+1 1
wv(r)('z) = d"n_dzd_lllf(z/Qr)2 (;—7 2) , 0<2< 2,
where
T(p+a) |
pTq -1 -1
I = — P~ (1 —w)4  d 1
u(Psq) ) T(q) /u (1-w) du, pe(0,1], p>0,¢g>0,
0

is the incomplete beta function, see [18].

Let Hi(u), k > 0, u € R, be the Hermite polynomials, see [34]. The Hermite polyno-
mials form a complete orthogonal system in the Hilbert space

Ly(R, p(w) dw) = ¢ G : /G2(w)¢>(w) dw<oop, o(w):= e

An arbitrary function G(w) € L2(R, ¢(w)dw) admits the mean-square convergent
expansion

Gw) =) Cﬂfjﬂ,(m Cj = /G(w)Hj(w)qS(w)dw. (5)
j=0 ’ R
By Parseval’s identity
5 = [ @t ©
=
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Definition 3. [39] Let G(-) € L2(R, ¢(w) dw) and assume there exists an integer £ € N
such that C; =0, for all 0 < j <k — 1, but C; # 0. Then & is called the Hermite rank
of G(-) and is denoted by Hrank G.

Remark 2. Note, that E (H,,(n(z))) = 0 and
E (Hp, (0(2)) Hmy (0(y))) = 62ma! B™ (o = yll), 2,y € RY,

where d;,2 is the Kronecker delta function.

Definition 4. [5] A measurable function L : (0,00) — (0,00) is said to be slowly
varying at infinity if for all ¢ > 0,

By the representation theorem [5, Theorem 1.3.1], there exists C' > 0 such that for all
r > C the function L(-) can be written in the form

L(r) =exp | C1(7) _,_/Liu) du |,
c
where (;(-) and (3(-) are such measurable and bounded functions that (2(r) — 0 and

¢i(r) = Cy (|Co| < o0), when r — co.
Remark 3. By Proposition 1.3.6 in [5], if L(+) varies slowly, then for an arbitrary § > 0
PL(r) — oo, and r°L(r) =0 when r — oco. (7)

Definition 5. [5] A measurable function g : (0,00) — (0,00) is said to be regularly
varying at infinity, denoted g(-) € R., if there exists T such that, for all t > 0, it holds

that
lim g(rt)
r—oo g(r)

=1t".

Definition 6. [5] Let g : (0,00) — (0,00) be a measurable function and g(xz) — 0 as
x — 00. Then a slowly varying function L(-) is said to be slowly varying with remainder
of type 2, or that it belongs to the class SR2, if

L(rzx)
L(r)

Vo > 1, —1~Ek(x)g(r), r— oo,

for some function k().
If there exists © such that k(x) # 0 and k(xp) # k() for all p, then g(-) € R, for
some 7 < 0 and k(x) = Ch,(z), where

he(a) = {1“(””) HARS Q
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3. Assumptions and auxiliary results

In this section, we list the main assumptions and some auxiliary results from [23] which
will be used to obtain the rate of convergence in non-central limit theorems.

Assumption 1.  Let n(z), z € R%, be a homogeneous isotropic Gaussian random field
with En(xz) =0 and a covariance function B(x) such that

B(0) =1, B(x)=En(0)n(z) = [lz|~ Lo(llz]]),
where Lo(+) is a function slowly varying at infinity.
In this paper we restrict our consideration to o € (0,d/k), where  is the Hermite
rank in Definition 3. For such « the covariance function B(-) satisfying Assumption 1 is

not integrable, which corresponds to the case of long-range dependence.
Let us denote

Koim [ G@)ds and K= [ HiGot) do

A(r) A(r)
where Cy, is defined by (5).
Theorem 1. [23] Suppose that n(x), v € R?, satisfies Assumption 1 and Hrank G =
k € N. If at least one of the following random variables
KT Kr Kr K
and :

VVar K, \/Var K, . " Var K, .

has a limit distribution, then the limit distributions of the other random variables also
exist and they coincide when r — co.

Assumption 2. The random field n(x), * € R?, has the spectral density

fWMD=@MﬂHWW%L<ﬁm>,

where (d )
T (&=
da)=——2/_
02( O‘) od/2] (%)
and L is a locally bounded function which is slowly varying at infinity and satisfies for
sufficiently large v the condition

‘1 - < Cg(rha(1), t>1, (9)

where g(-) € R.,7 <0, such that g(z) = 0, x — oo, and h,(t) is defined by (8).
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Remark 4. For Ly(-) and L(-) given in Assumptions 1 and 2, by Tauberian and Abelian
theorems [22], it holds Lo(r) ~ L(r), r = +o0.

Remark 5. In applied statistical analysis of long-range dependent models researchers
often assume an equivalence of Assumptions 1 and 2. However, this claim is not true in
general, see [15, 22]. This is the main reason for using both assumptions to formulate
the most general result in Theorem 5. However, in various specific cases just one of the
assumptions may be sufficient. For example, if f(-) is decreasing in a neighborhood of zero
and continuous for all A # 0, then by Tauberian Theorem 4 in [22] both assumptions
are simultaneously satisfied. A detailed discussion of relations between Assumption 1
and 2 and various examples can be found in [22, 32]. Some important models used in
spatial data analysis and geostatistics that simultaneously satisfy Assumptions 1 and
2 are Cauchy’s and Linnik’s fields, see [1]. Their covariance functions are of the form
B(z)=(1+ ||m||g)_9 , 0 €(0,2], 6 > 0. Exact expressions for their spectral densities in
the form required by Assumption 2 are provided in [1, Section 5].

Two simple examples of covariance functions and spectral densities of random fields
that satisfy Assumption 2 are given below.

1
Ezample 1. Let 7 =0 and L(z) = 0, <
4In(z), =>1.
Then for ¢t > 1 and r > 1
1_ L(tr)| _ |, 4ln(tr)| _ In(?)
L(r)| Aln(r) | In(r)’

Thus, L(-) satisfies condition (9) with g(r) = 1/In(r), h-(t) = In(¢), and 7 = 0.
Let d =3, k = 2, and a = 2. In this case

| L n(JA)
W):— oD 1D

FUAD = e2(3.2) [N~ L (

By (1), (2) and (3)

o0

B(r) = /Yg,(rz) dd(z) = 1677/ sin(rz) 22f(z)dz = —

AN

rz

/1 sin(rz) In(z) dz

0

41n(r) + 727 Ci(r)

)

cos(z)

where Ci(r) = — dz is the cosine integral, see (6.2.11) [33], and 7 is Euler’s

*%8

constant.
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By (6.2.13) [33] we have In(r)+~v—Ci(r) = [ 1_%s(z)dz. Therefore, by the L'Hospital
0
rule we get

. f 1—cos(z) dz
1 _ z
B(0) = 4 lim (") el Cilr) _ 4 yigg .
r—0 T r—0 r

=1.
Also,
B(r) = 4r~*(In(r) +~ — Ci(r)) = r~*Lo(r),
where Lo(r) = 4(In(r)+~v—Ci(r)) ~ 41In(r) = L(r), as by (6.2.14) [33] it holds Ci(r) — 0,

when r — oo.

<1
Example 2. Now, we consider the case of 7 < 0. Let L(x) b

Il

—
o O
—
—

|

-
SN—

8

Vv

—

For t > 1 and » > 1 it holds

-

Thus, L(-) satisfies condition (9) with g(r) = 15, h-(t) = £+, and 7 = —1.
Let d =3, k=2, and a = 2. In this case f(|A]) = 2 i X, 1](|\>\H)

Therefore

ﬁ\cn

1

/smrz (1 —2)dz GT_S;n(T).
r

0

Note, that by the L’Hospital rule we get

B r—sin(r)
B(0) = 6}% 3 =1
Also,
B(r) = 6" ) _m2p ),

where Lo(r) = 6% ~ 671 = L(r).

The remarks below clarify condition (9) and compare it with the assumptions used
in [1].

Remark 6. Assumption 2 implies weaker restrictions on the spectral density than the
ones used in [1]. Slowly varying functions in Assumption 2 can tend to infinity or zero.
This is an improvement over [1] where slowly varying functions were assumed to converge
to a constant. For example, a function that satisfies this assumption, but would not fit
that of [1], is In(-).
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Remark 7. Slowly varying functions that satisfy condition (9) belong to the class SR2
from Definition 6.

Remark 8. By Corollary 3.12.3 [5] for 7 # 0 the slowly varying function L(-) in
Assumption 2 can be represented as

L(z)=C (1 + CT_lg(x) + o(g(x))) .

As we can see L(-) converges to some constant as « goes to infinity. This makes the case
7 = 0 particularly interesting as this is the only case when a slowly varying function with
remainder can tend to infinity or zero.

Lemma 1. If L satisfies (9), then for any k € N, 6 > 0, and sufficiently large r

‘1 B L*/2(tr)

< St>1.
T2y | S Cyg(r)h()t°, t > 1

Proof. Applying the mean value theorem to the function f(u) = u™, n € R, on A =
[min(1, u), max(1,u)] we obtain the inequality

11— 2" =nf" 1 — 2| < n|l —2|max(1,2" "), 0 € A.

Now, using this inequality for x = LL((t:)) and n = k/2 we get

kE_1
L(tr)\ ?
1, | — . 10
) ( (Z7) ) (10
By Theorem 1.5.6 in [5] we know that for large enough 7 there exists C > 0 such that
for any 61 > 0
(tr)

(r)

Applying this result and condition (9) to (10), and by choosing § = 51(§ — 1), we get

‘ L*2(tr)

LFk/2(r)

~

<C-t, t>1.

h

1= L < gty man (1,67 < C 06 0 1.

LF2(r)

Let us denote the Fourier transform of the indicator function of the set A by

Ka(z) := /ei(“‘) du, ze€R%
A
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Lemma 2. [23] Ift1,...,tx, k > 1, are positive constants such that it holds Y ;_, t; < d,

then
dA ... d),

< 00
d—t d—t
AL A

/|KA(A1+~.+AH>|2
Rdm

Theorem 2. [23] Let n(x), z € RY, be a homogeneous isotropic Gaussian random field
with En(x) = 0. If Assumptions 1 and 2 hold, then for r — oo the random variables
Xy 1= rlm0)/2md /2 / H, (n(x)) de
A(r)
converge weakly to

W(dAy) ... W(dA,)
YRR W ales

XK(A) = Cg/Q(d,a)//KA(AlJr"'Jr)\K) (11)
Rd}{

where f " denotes the multiple Wiener-1to integral.
Rdx

Remark 9. If x = 1 the limit X,(A) is Gaussian. However, for the case x > 1 dis-
tributional properties of X, (A) are almost unknown. It was shown that the integrals
in (11) possess absolutely continuous densities, see [9, 37]. The article [1] proved that
these densities are bounded if k = 2. Also, for the Rosenblatt distribution, i.e. kK = 2 and
arectangular A, the density and cumulative distribution functions of X, (A) were studied
n [41]. An approach to investigate the boundedness of densities of multiple Wiener-Itd
integrals was suggested in [9]. However, it is difficult to apply this approach to the case
Kk > 2 as it requires a classification of the peculiarities of general nth degree forms.

Definition 7. LetYy and Ys be arbitrary random variables. The uniform (Kolmogorov)
metric for the distributions of Y1 and Ys is defined by the formula

p(Y1,Y2) =SHEIP(Y1 <z)—-P (Y2 <2)l.
zZE

The following result follows from Lemma 1.8 in [35].

Lemma 3. If X,Y and Z are arbitrary random variables, then for any e > 0 :

p(X+Y,2)<p(X,2)+p(Z+e,Z)+P([Y]| >¢).

4. Lévy concentration functions for X;(A)

In this section, we will investigate some fine properties of probability distributions of
Hermite-type random variables. These results will be used to derive upper bounds of
p (Xk(A) 4+ €, Xk (A)) in the next section. The following function from Section 1.5 in [35]
will be used in this section.
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Definition 8. The Lévy concentration function of a random variable X is defined by

Q(X,e) =supP(z< X <z+¢), €>0.
z€R

Remark 10. By Definitions 7 and 8

Q(Xx(A),e) = sup (P(Xk(A) < z+¢) - P(Xi(A) < 2))

= sup [P(Xk(A) < 2) = P(Xk(A) +2 < 2)| = p(Xk(A) + &, X, (D))

We will discuss two important cases, and show how to estimate the Lévy concentration
function in each of them.
If X%(A) has a bounded probability density function px, (a) (-), then it holds

z+e

Q (X«(A),e) = sug / PX,.(A) (t)dt < ssug DX, (A) () <eC. (12)
zE ze

This inequality is probably the sharpest known upper bound of the Lévy concentration
function of Xj(A). It is discussed in case 1.

Case 1. If the Hermite rank of G(-) is equal to k = 2 we are dealing with the so-called
Rosenblatt-type random variable. It is known that the probability density function of this
variable is bounded, consult [1, 9, 10, 21, 24] for proofs by different methods. Thus, one
can use estimate (12).

Case 2. When there is no information about boundedness of the probability density
function, anti-concentration inequalities can be used to obtain estimates of the Lévy
concentration function, see Theorem 3 below.

Let us denote by I;(-) a multiple Wiener-It6 stochastic integral of order dk, i.e. I;(f) =
fﬂédm FA, o AW (dA) ... W (dA,), where f(-) € L§(R). Here L3(R) denotes the
space of symmetrical functions in Ly (R%). Note, that any F € Ly(£2) can be represented

as F' = E(F)+ Y I;(fy), where the functions f, are determined by F. The multiple
q=1

Wiener-It6 integral I,(f,) coincides with the orthogonal projection of F' on the g-th
Wiener chaos associated with X.
The following lemma uses the approach suggested in [31].

Lemma 4. Foranyk € N, t e R, and € > 0 it holds

cnél/n

(CIEAI, o) + )

P (|X.(A) — 1] < &) < .

where Ka(x1,...,xs) == T Héiﬁg%*”ji?gw)/z and ¢, 1s a constant that depends on k.
1 Tk
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Proof. Let {e;}ien be an orthogonal basis of Ly(R?). Then, Kn € Ly(R%) can be
represented as

Ka = E Ciryoiniy @ - @ €.
(Z‘l,“‘,i,{)GN“
For each n € N, set
K} = E Ciy i€ ® - €.

(i1,085)E€{L,...,n}"

Note, that both Kx and K% belong to the space L§(R%).

By (11) it follows that X,.(A) = ¢5/*(d, 0)I.(Ka). Let X(A) := c§/2(d, o). (KR).
Asn — oo, K% — Ka in Ly(R%). Thus, X”(A) = X.(A) in Ly(Q, F, P). Hence, there
exists a strictly increasing sequence n; for which X,/ (A) — X, (A) almost surely as
J — o0.

It also follows that

XP(A) = c5*(d, ), 3 Cir, iy @ @ €,
(31 5eemsin ) E{L,...,n}

K
_ 5/2 K1yeenfom ®k1 ®kim
=/ (d,a) ) > et (e ™ @ @),
m=1 1<i| <.--<if <n
R+ tRm=r

where k; € N, i = 1 ,m, cobroim = > Cii i, and ASbolmo.—
) 5. il ] . . . 1yeeslh? i il
(7117-“@&)6141./1’”.;-/”1
1 m
{(i1,...,1x) € {1,...,n}" : ky indicies 4y = i},..., Ky indicies 4y =i, I =1,...,K}.

By the It6 isometry [18]:

Ly, (€57 @ @ep™) H /ej(/\)W(d)‘) =14 (),

<.
—

where &; ~ N(0,1).
Thus, X7 (A) can be represented as X' (A) = Uy, (&1, ..,&), where Uy .(-) is a
polynomial of degree at most . Furthermore, X (A ) — t is also a polynomial of degree

at most k.
Now, applying Carbery-Wright inequality, see Theorem 2.5 in [31], one obtains that

there exists a constant ¢, such that for any n € N and € > 0
p1xza) < (B - 7)) < ae

Analogously to [31], using Fatou’s lemma and the correspondingly selected subse-
quence {n;} we get
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P (|XK(A) < (E (Xn(A) — t)“') ) < e 2V rel/n = ¢ VR,

It is known, see (1.3) and (1.5) in [16], that EX,(A) = 0 and EX?(A) = CHIA(AH%Q(RM).
Thus, the above inequality can be rewritten as

CoEl/F Co €V

P([Xe(A)—t|<é) < = - vt
(B2 =07)"  (CIEalZ, ey +#2)

O

The following theorem combines the two cases above and provides an upper-bound
estimate of the Lévy concentration function.

Theorem 3. For any k € N and an arbitrary positive € it holds
Q(Xk(A),e) < Ce,
where the constant a equals 1 if Kk =2 and 1/k if k > 2.

Proof. If k = 2, following the discussion of case 1 above, the result of the theorem is an
immediate corollary of (12) and the boundedness of px, (a)(-)-
If k > 2, applying Lemma 4 with t = 2 + 5 and £ = § we get

Q(Xu(A),e) =supP (|Xo(a) - (24 5)| < 5)

z€R 2 2
1/k H
< sup Cr (%) < cre!/ — O/
—= 1 — 1 N
2€R - 2\ 2= - ®
F\(CIRAI, gy + (2 +5)°) (201K a | aqrsn))

O

Remark 11. There are other cases when the constant a also is equal to 1. For example,
some interesting results about boundedness of probability density functions of Hermite-
type random variables were obtained in [17] by Malliavin calculus. To recapture a key
result of [17] we recall some definitions from Malliavin calculus.

Let X = {X(h),h € L?*(R%)} be an isonormal Gaussian process defined on a complete
probability space (€2, F, P). Let S denote the class of smooth random variables of the form
F = f(X(h1),...,X(hy)), n € N, where hy,...,h, are in L?(R?), and f is a function,
such that f itself and all its partial derivatives have at most polynomial growth.

The Malliavin derivative DF of F = f(X(h1),...,X(h,)) is the L2(R?) valued ran-
dom variable given by
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)
U X (b))

c— 0

i=1

The operator D is a closable operator on Ly(f2) taking values in Ly(£2; L?(R%)). By
iteration one can define higher order derivatives D*F € Ly(£; L*(R%)®%), where ® de-
notes the symmetric tensor product. For any integer £ > 0 and any p > 1 we denote by
D*® the closure of S with respect to the norm || - ||, given by

k
1712, =SB (1D F I garer )
1=0

Let us denote by & the adjoint operator of D from a domain in Lo(€; L2(R%)) to La(€2).
An element u € Ly(€; L?(R%)) belongs to the domain of § if and only if for any F € D2
it holds

E[(DF,u)] < ¢, v/E[F?],

where ¢, is a constant depending only on wu.
The following theorem gives sufficient conditions to guarantee boundedness of Hermite-
type densities.

Theorem 4. [17] Let F € D** such that E[|F|??] < co and
—2r
E[IDF| ] < oo, (13)

where q,r,s > 1 satisfy % + % + % =1.

Denote w = ||DFH22(W) and u = w ' DF. Then u € DY with ¢ = 74 and F has
a density given by pr(z) = E[1ps.6(u)]. Furthermore, pp(x) is bounded and pp(x) <
Collw™ [ || Fl2,s min(1, [z =2 F|3,), for any x € R, where Cy is a constant depending
only on q.

Note, that the Hermite-type random variable X, (A) does belong to the space D?*
s > 1, and E[| X, (A)|?9] < oo by the hypercontractivity property, see (2.11) in [17]. Thus,
if the condition (13) holds, then X, (-) possess a bounded probability density function.
In general, it is very difficult to verify the condition (13).

5. Rate of convergence

In this section we consider the case of Hermite-type limit distributions in Theorem 2.

The main result describes the rate of convergence of ‘“Tm() f G(n(z))dz to

X.(A) = C;/Q (d,) [ "Ka(AL+ -+ A) HMHYZE?)};K(‘T@EQ)/2, when r — oco. To prove
Rdr "

it we use some techniques and facts from [6, 23, 21].
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Theorem 5. Let Assumptions 1 and 2 hold and Hrank G = k € N.

Ifr e (—d_;”a, ) then for any s < 57— min (%ﬂﬂ)

k! K, .
p(W,Xﬁ(A)) ZO(T ), r — 00,

where a is the constant from Theorem 3, C, is defined by (5), and

. 1
¥ :=min | =27, — T T .
d—2a +ot d—ra + d+1—ra

If T =0 then
Ii!K,« o 22711
P (CWQLZ(T)’XK(AO =0 (g + (7")> y T =00,

where g(-) is from Assumption 2.

Remark 12. For k =1 the result of Theorem 5 holds and sy = min (—27,d+ 1 — «).
Theorem 5 generalizes the result for the Rosenblatt-type case (x = 2) in [1] to Hermite-
type asymptotics (k > 2). It also relaxes the assumptions on the spectral density used
in [1], see Remarks 6 — 8.

—RkRa

Proof. The value of 7 in the proof is in (fd , } . The situations where special con-
siderations are required for the case 7 = 0 are emphasised and corresponding derivations
are provided in the proof.

Since Hrank G = k, it follows that K, can be represented in the space of squared-
integrable random variables LQ(Q

K, =K, +5, = /H ))de+ > Qf / H;(n(x))dz,

A(r) jzrtl A(r)

where C; are coefficients of the Hermite series (5) of the function G(-).
Notice that EK,. , = ES, = EX,(A) =0, and

K K e

X”r‘){ = [xeY K .
’ Cori= 5 L3(r)

Since the weak limit X, (A) and the random variables X, ,, are not necessarily defined
on the same probability space, let us consider the distributional couples X7 of X, ,; that
share the same random measure as X, (A).

A short scheme of the proof is as follows. First, we show how to estimate Var S,.. Then,
we apply Lemma 3to X = X, ., Y = %, and Z = X,;(A). Thus, the upper

Cpr L (r)
bound can be given as
).

k! S,

p (X} Xe(A)) +p(Xk(A) +6,Xs(A) + P (‘Crd—z“LS”(r)
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for any positive €. The second summand is the Lévy concentration function of X, (-) and
can be estimated using the results of Section 4. The third summand can be bounded by
applying Chebyshev’s inequality and the estimate of Var S,.. To estimate p (X:’m X (A)),
we apply Lemma 3 once more. The obtained bound is p(X.(A)+¢e, X.(A))
+&2Var (X, — X, (A)). The rest of the proof shows how to estimate Var (X, — X, (A)).

S, used in this paper is a particular case of V,. in [23, p. 1470] when the random field
is scalar-valued. By the estimate of VarV,. in [23, p. 1471],

diam{A}
C?
Var S, < \A|27"2d*(“+1)°‘ Z J ,7;7('”1)0‘[/(’?Jrl (rz)va(z)dz

i
iser1

o diam{A}

< |A|2T2d—naLS(T) Z Cj / LR Lg (TZ) Ly (TZ) wA(Z) dz. (14)

=t Lg(r) (r2)°

We represent the integral in (14) as the sum of two integrals I; and I with the ranges
of integration [0,7~%1] and (r—%, diam {A}] respectively, where 3; € (0, 1).

It follows from Assumption 1 that |Lo(u)/u®| = |B(u)| < B(0) =1 and for r > 1 we
can estimate the first integral as

K

r—h1 LN( ) sup 86/K,LO (S) P51
TZ 0<s<r
I < —ra 0 dz < == 0000 -, —ka d
< [ | g [ e
0 0

where ¢ is an arbitrary number in (0, min(«, d — Ka)).
By Assumption 1 the function Ly (+) is locally bounded. By Theorem 1.5.3 in [5], there
exists rg > 0 and C' > 0 such that for all r > rq

sup s%/%Lg (s)
0<s<r

L) SO
Using (4) with r = 1 we obtain
r=A1
[ atae - m1| 1= a7 e = wldacy
0 A A

1 1
< sup — / wl| 70Ty ul])du = sup — / u|| 70 du
sup |A|A [l 0, o1y (lul) SUD 1A [l

-y A—yno(r—~F1)

r=h1

C dero1s Crfﬁl(dfmxfﬁ)
< e dr= >~
= 1A / T T d—ka—0) Al

0
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where A —y = {x € R?: 2 +y € A} and v(r) is a ball with center 0 and radius r.
Notice that

sup sOLE (s) diam{A}
I, < r1=81 <s<r-diam{A} Lo (S)
2= rOLE(r) e 5@
0 rl=F1 <s<r-diam{A}

2~ OFR iy (2) dz

Applying Theorem 1.5.3 in [5], and property (7) we get
I, = O(T—(a—é)(l—ﬁl)).
According to (6)
2
]—J /G2 w)dw < 4o0.

j>r+1

Hence, for sufficiently large r
Var S, < C 123~ LE(r) (rfﬁl(dfﬁa75) to (Tf(af(s)(lfﬁl))) .

Since, by Remark 4, Lo(-) ~ L(-), we can replace Lo(-) by L(-) in the above estimate.
Also, by choosing 31 = ~71) to minimize the upper bound we get

Var S, < Crd=ro s (p)p~d Ecevadl
It follows from Theorem 3 with Remark 10 that
p(Xu(A)+¢e, X (A)) < Ce.

Applying Chebyshev’s inequality and Lemma 3 to X = X, ., Y =
7Z = X,.(A), we get

k! K, k!'S
VXNA =p(Xpp+ —— Xu(A
(et T Xe) =0 (Nt g )
a(d—rkao)

XK(A))+C(5“+6 ZpTaGim 1)&*5),

<p (X

TR
for a sufficiently large r.

a(d—ra)

Choosing ¢ := r~ @Fa)d=(=-Da) to minimize the second term we obtain
p (OT[”'KL() X,,;(A)) p (X7, Xu(A)) + Crovaueona s (15)
Applying Lemma 3 once again to X = X, (A), Y = X — X, (A), and Z = X, (A)
we obtain for ¢; > 0
p (X2 Xa(A) < 5O+ P{|X}, — Xo(A)] > 1)
< e} CHep?Var (X, — X (A)). (16)
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Now we show how to estimate Var (X7, — X.(A)).
By the self-similarity of Gaussian white noise and formula (2.1) in [12]

/
., D =& W(dAy) ... W(dX,)
XT‘,H =G (d7 a)/ KA(AI + -+ An)QT(Alv ] Aﬂ) ||/\1H(d—04)/2 . ||A H(d—a)/27
Rdx K

where

K 1/2
A A — £ —« Al
@QM~AJ:NW%E”WMJWﬂ%EWMdJ(Mwﬂ |

Notice that

W(dAy) ... W(d\,)
A W ey

X /
Xe(A)=ci(d,a) | Ka(A+-+ )
Rdh‘,

By the isometry property of multiple stochastic integrals

.EMH,XAMP_/”QOH~4AM%®Ou~JQW

T c5(d, ) AL A

dAp ... dAs.

Rrd

Let us rewrite the integral R, as the sum of two integrals Is and I, with the integration
regions A(r) := {(A1,...,\.) € R : Inax (JIAil]) < r7} and R*4\ A(r) respectively,

where v € (0,1). Our intention is to use the monotone equivalence property of regularly
varying functions in the regions A(r).

First we consider the case of (A1,...,A;) € A(r). By Assumption 2 and the inequality

we obtain

|Qr( A1y ) — 1] =

By Lemma 1, if ||\;|| € (1,77), j =1,..., K, then for arbitrary §; > 0 and sufficiently
large r we get

L5 ()| 2% () L
1— - - -1
L= 2

T
(r) L
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g(mer) (L))
< I B (A1) = € TN Br (1 D9 ) <g'(jj>') (L'(jj)”) .

For any positive 2 and fs, applying Theorem 1.5.6 in [5] to ¢g(-) and L(-) and using
the fact that h, (%) = —t%hT(t) we obtain

[R¥I 14552 4 B _r
1—?(74) < C NPT B (01D g ()
5 1
=l o (i ) s (17)
j
By Lemma 1 for [|\;]| <1, j=1,...,k, and arbitrary § > 0, we obtain
L3 (=
H)‘jH) ) 1
1— ——2| <O\ hy | — . 18

Hence, by (17) and (18)

[SIE

T
ill

Z”” X
‘Qr(/\lw-w/\w)_”?S’@'j:l W—l

K 1 B
<o (o ) gt max (1017 101
2"

for (A1,...,Ax) € A(r).
Notice that in the case 7 = 0 for any 6 > 0 there exists C' > 0 such that ho(z) = In(z) <
C2®, x > 1, and ho(z) = In(z) < Cz~%, x < 1. Hence, by Lemma 2 for —7 < 9=52 we

get
5 5 & 2
B2 () mas (1~ 111 ) ’KA (zlx) dAp .. ),
A -
A(r)nRrd
Therefore, we obtain for sufficiently large r
x B2 (kg ) - mas (12177 121°)
T AL
I3 < Cg*(r) - -
2 (DS [ PV

I=L A ()RR
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he (nin)
><|KA(/\1+.../\R)|2d/\1...d/\,@chz(’/‘) —a —a
O Y W
(r)NR*=
X max (||A1|r‘S , ||)\1||5) KA + -+ A)2dA ... d), < Cg2(r). (19)

It follows from Assumption 2 and the specification of the estimate (23) in the proof
of Theorem 5 in [23] that for each positive ¢ there exists rg > 0 such that for all r > rg,
()‘17'~~a>\n) € B(l,ug,.“,pﬁ) - {(Ala“-a)\ﬁ) € R . ||/\jH <1, if pi = —1, and ||)‘]|| >
1, if pj =1,5=1,k}, and p; € {—1,1}, it holds

KA+ 4 AP (@ Or o M) — 1 _ CEAQ £ 4 M)
d— d— = d— d—
DN EENIWES NN

|IKA(M 4+ X2 .
(R il P oY LU W Lo

Since the integrands are non-negative, we can estimate I as it is shown below

IKa(h 4+ 22 (Qr(Ary -, ) — D2 dAp .. dA,
AL Al

I4§K)

Rx=1d [Ny ||>rY

KA+ + X2)PdA ...,

<C
- Ml
AU S P LN W
IKAM 4+ A)?dAr .. d),
+C Z d—a—§8 d—a—p2d d—a—p,.0
pieloT-1) [[ Al [[Az]| A

ie2,...n  RETDA[[A[[>rY

IKAM 4+ Ag)?dAr .. d),
=i = e

P€2,.. kK ]_R(K_l)d Aa]]>r K

Lemma 5. Let2<m <k and

7 . | KA+ Ay + - 4 Ae)|Pdod Ay, .. dA,

(m77) '_uver{r(l]?i},(,l} d—(m—1)(a+9) Y d—a—pm 6 A d—a—ped
e . [[ll [[ Al A
]_R('i m+1)d ||y||>rY

Then, for any vo € (0,7) and sufficiently large r it holds

I(m,y)<C (r*(wfvo)(dfmafmé) +I(m+ 1,70)) , ifm <k,
and
—(v— d—ka—kKd |KA(’LL)|2d’U,
I(k,y) < C | r~ 0wl )+ a

llul|>r0



22 Anh, Leonenko, Olenko and Vaskovych

Proof. First, let us consider the case m < k. By replacing v + A\, by uw in I(m,~) we
obtain

|KA(UA+ A1 + - 4 Ag) 2
d—a—pmd

<
I(m,v) < w.g}}ﬁ’f_l} ”U”df(mfl)(oﬁ»&) [ —

R(k—m+1)d HUH>T’Y UH

< Mer{rtl),ai),(—l} Hqu—maf(p,ermfl)(s

TEM,..., K R(mfm,«#l)d

dvdudA 41 ... dAg 1
X
e R P R

KA+ Ama1 + -+ X)) 2 / dvdudApat ... dAe

dfaf,um_Hé L ||AKJHCI70¢7#,{5 ||UHd7(m*1)(a+6) ‘ d*afll«m,é

Al

Uu
= — v
T [ ‘

lloll>

Let us show that for ¢ € (0, min(a, d/x — «)) it holds

/ dv
sup d—a—pmé
ueRd\{o}Rd ||U||d—(m—1)(0t+5) m _ UH

/ dv <

= sup Q.
wlul=1 d—(m—1)(a+0) || « d=o—pmd

R4 (o]l Tull — Y

One can split R? into three disjoint regions A1 := {v € R" : |jv|| < £}, A3 :={v € R™:
2 <|vll < 2} and A3 :={v € R": [jv|| > 3}. The integrand has only singularity in each
of the first two regions and no singularities but the infinite integration range As in the
third case. After proceeding to the spherical coordinates the integral is bounded by
the sum of three univariate integrals: I4,, I4, and the improper integral I4,. Integrals
I4, and I4, are finite since the powers of the integrand at their singular points are
(m—1)(a+6)—1 and o+, —1 respectively that are greater than —1. The integral I, is
finite since the powers of the integrand at infinity is —(d+1—(m—1)(a+9) —(a+umd)) <
—(d+1—ma—md) < —1.

Therefore, we obtain

1
I(ma’}/) < u,iver{rcl),ai}il} Hu||d—ma—(ﬂm+m—1)5

i€mr p e mya |lul<r7o

IKA(UA Amg1 + 0+ A))? dvdud g1 ... d).
A || 47OTHm R0 A4 d=(m=1)(a+6) || u dmaimo
[ Amgll [ Akl oo [l ‘ o U‘
c |KA(u+)\m+1+-~-+)\,{)|2dud)\m+1...d)\,{
+ d—ma—(pm+m—1)5 d—a—pm418 d—a—pgd
[l [ Amt1]] Al

R(k—m)d HuH>T’70
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where 79 € (0,7).
By Lemma 2, there exists rg > 1 such that for all » > rg the first summand is bounded
by

A |KA(U+>\m+1 + -~-+)\,{)|2dud)\m+1 coodA,

1 €00,1,—1} d—ma—(pm+m—1)5 d—a—pim410 d—a—p.d
G A S Pt Pl

Cdv
—(y=70)(d=ma—m3)
/ ||,U||2d7ma7(m71)57y,m5 S CT '

[[v][>r7=70

1
d—ma—(pm+m—1)5 =

When |ul| > r?, r > 1, for any u, € {0,1,—1} it holds Tl
u
1

W. Therefore, for sufficiently large r,

I(m, 7) < Crf(V*’Yo)(d*mafm(;)

K A oo X)) PdudA gy . d N
+C max | dA_(ut 5 1t T Ae)["du +
chot-n (a7

d—o—pm416 o ||)\ Hd—a—umé
""" R(k—m)d Hu||>7"70 r

m+1||

Since the second summand does not depend on p.,, it is easy to see that it is equal
C - I(m+1,v). Thus, we obtain

I(m,y)<C (Tf(vfwo)(dfmafm& +I(m+ 1,70)> )

Following the same arguments as above, it is straightforward to obtain the statement
of the lemma in the case m = k. O

Therefore, applying Lemma 5 (x — 1) times to (20) one obtains

Iy < CT—(’Y—’YO)(d—Qa—%) R Cr—(’YN—B—’Ynfz)(d—NOé—MS)

2
sl <, @
_, lull
llull>r7n=2
where v > v >y > -+ > Y2 > 0.
By the spherical La-average decay rate of the Fourier transform [6] for § < d+1 — ko
and sufficiently large r we get the following estimate of the integral in (21)

| KA (w) \Zdu / / | KA (2w) d s

|| ”d Ka—KS — 2l—ra— né

[l >r7e=2 Z>rTr—2 Gd—1
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—ka—kKS

d
<C / e 4 C(rf’yﬁ_z(dJrlfﬁafl{é) :OTf('y,i_zfﬂyx_l)(dJrlfnafné)’ (22)
Z>rTR=2

where S9! := {x € R?: ||z|| = 1} is a sphere of radius 1 in R? and ~,_; = 0.
Now let us consider the case 7 < 0. In this case by Theorem 1.5.6 in [5] for any § > 0

we can estimate g(r) as follows
g(r) < Crmto, (23)

Combining estimates (15), (16), (19), (21), (22),(23) and choosing &1 := r~#, we obtain
KJ!KT _M+§ —ap 274264283
i < CFa)(d—(r—Da) @ T
p(C’,{rd_NzaLg(r)’Xn(Ao 7C(r = I +r % 4r
+ r—(r=70)(d—20—-25)+28 4+t p—(Ve—3—7vs—2)(d—ra—rd)+25

+T_(’Ym72_7N71)(d+1—ﬁ(x—ﬁ6)+25> .

Therefore, for any 3 € (0, 2£23¢)) one can choose a sufficiently small § > 0 such that
k! K, aa(d—ra) aiy
— T X.(A)) <O <r—m +r—m), 24
o (g gy o) < (24)
where
o = sup min (a8, =27 — 28, (v — 70)(d — 2a) — 28, .. .,
1>9>7y09> >, —-1=0
B>0

(7&—3 - ’75—2)(d - "{O‘) - 257 (’Yﬁ—? - 7&—1) (d + 1- IiOé) - 26) .

Lemma 6. LetT={v=(y1,...,m+1)|b=7%>71> " >Y+1 =0} and x =
(zoy...,Tn) € Riﬂ be some fized vector.
The function G(y) = min (y; — Yi+1) Z; reaches its maxzimum aty = (o, ..., Ynt1) €T

such that for any 0 < i < n it holds
(Vi = Vit1) T = (Vit1 — Fit2) Tit1. (25)

Proof. Let us show that any deviation of v from % leads to a smaller value. Consider a
vector 4 such that for some i € {1,...,n} and some € > 0 the following relation is true

Vi = Yit1 = Vi — Yiv1 T
n
Since Y i — Fi+1 = Yo — Yn+1 = b we can conclude that there exist some £; > 0 and
i=0
j #Za ] = 17"'7”7 such that ’yj 7;)/j+1 :’Yj 7;}/]'—{-1 —£&1.
Obviously, in this case

GH) < (W — Ve = (V — Vjg1 —€1) 25 = (75 — Vj+1) Tj — €15
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Since ;1 > 0 and z; > 0 it follows from (25) that

G(Y) < (77 — Yj41) 5 — 125 < (77 — Yj41) 5 = G(7).

So it is clearly seen that any deviation from 4 will yield a smaller value.

Note, that s can be rewritten as

29 = Sup sup sup min (af, =27 — 26, (v — 70)(d — 2a) — 28,
B>0~€(0,1) Y>70>++>vr—1=0

coiy (Ves — Yu—2)(d — k) = 2B, (Vo—2 — Yu—1) (d+ 1 — k) — 25).
Now,
min (aﬂv —27 — 257 (7 - ’YO)(d - 20‘) - 257 EEEE (75—3 - ’YK—?)(d - na) - Qﬂa

(s — 1) (d+ 1~ ra) — 26) = min (aB, —2 — 26, min (( — 70)(d — 201, ..,
(7%%*3 - ’7/‘672)(0[ - “a)a ('7572 - 7m71> (d +1- HO‘)) - 25) )

and the first two terms af and —27 — 28 do not depend on 7, g, ...,Vx—1. Therefore,
using the fact that supmin(A4, B, C(y)) = min(A4, B,sup C(7)), where A and B do not
v gl

depend on v, we obtain

»#9 = supmin | a8, —27 — 283, sup sup min ((y — 70)(d — 2a),
B>0 v€(0,1) Y>v0>+>Vx—1=0

HRRE) (7&—3 - 7&—2)(d - HOK), (7&—2 - 7m—l>(d +1- HO‘)) - 25) :
For fixed v € (0,1) by Lemma 6

sup mln(('Y—WO)(d_ 20‘)’-'-’(75—3 _7K—2)(d_ KO‘) ’
Y>Y0> > —1=0

~
(Vo—2 = Yu—1) (d+ 1= ka)) = — 1 1
d—2a +oet d—ka + d+1—ra

and
y 1
Sup 7 1 T T 1 1 T
7€(0,1) g—2a +ot d—ka + d+1—ra d—2a +-t d—ka + d+1—ka

azxy

Thus, 7 = supg~qmin (af, s — 26) = A

Finally, from (24) for 3 < s the first statement of the theorem follows.

Now let us consider the case 7 = 0. In this case by Theorem 1.5.6 in [5] for any s > 0
and sufficiently large r

g(r) >r—2. (26)
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Combining estimates (15), (1 ), (19), (21), (22), replacing all powers of r for g2(r) us-
ing (26), and choosing &1 := ¢°(r), 8 € (0,1) we obtain

kK
- < 2 aB 2-28
p(Cﬁrd—?La(T)’X“(AO < O(°(r) + 9" (r) + 9> 2(r)) .
Since sup min(2,a3,2 — 28) = 2+a, it follows that
B€(0,1)

k! K 2a
e Xk(A) ) < Cg¥e(r).
(G gy ) < o)

This proves the second statement of the theorem.
O

Remark 13. The derived rate does depend on the magnitude of the higher-order terms.

a(d—ka)
Namely, the upper bound Cr24=% L (p)r~a=t=1a *° for the higher-order terms is given
in the estimate of Var S,.. Then, this bound appears in the final expression of the rate of

a_ a(d—ra)
2+a d—(k— 1)0’2+a

For the particular case k = 2, the 1mportance of the contribution of higher-order
terms was illustrated in [1]. In Example 6 [1], it was shown that the contribution of the
high-order terms can be larger than the contribution of the leading 2nd order term. The
analogous arguments and examples are valid for any k > 2.

convergence as s < min (

Remark 14. The bound (15) in the above proof requires to estimate p (X ., X,.(A))
which is the Kolmogorov distance between two Wiener-It6 integrals of the same order.
It can be written as p (Ix(f), Ix(f)), where f, and f are appropriate functions. This

distance is estimated as

p (Lo(£:), In(f)) < C|lfr — f| 772 (27)

Since the Kolmogorov distance p(-) is majorised by the total variation distance pry ()
(pl&sm) < prv(E,m), the result pry (L(fy), L(f)) < Cllf, — FII* in [11] would be an
improvement of our estimate. However, only a sketch of a proof was provided in [11], and
[31] questioned the result. Therefore, the new bound pry (I (f1), I (f2)) < C||f1 — fo| 2=
was proved in [31]. Note, that this result is worse than ours for the Kolmogorov distance.
Thus, estimate (27) was used as the best available fully proven self-contained result.

Remark 15. It follows from the proof that similar upper bounds exist in Ls, discrep-
ancy, Lévy, and other equivalent metrics.

Remark 16. If 7 € (— d‘;”‘, ) , then the convergence rate in Theorem 5 is o(r—*),

2_%(1 min (%, %1). This

is due to the presence of slowly varying functions in the assumptions. A slowly varying

where s is strictly smaller than the critical value s, =
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function can be unbounded, but, by Remark 3, for an arbitrary positive ¢ it holds L(r) <
r0 if r is large enough. Hence, the inequality for » must be strict because Theorem 5
derives the power upper bound. In the particular case, when slowly varying functions
are replaced by constants, the multiplier r* in the proof is redundant and the rate of
convergence would be of order r~*¢.

Remark 17. The upper bound on the rate of convergence in Theorem 5 is given by
explicit formulae that are easy to evaluate and analyze. For example, for fixed values of «
and it is simple to see that the upper bound for s approaches 3¢ min (o, —27) , when
d — +o0. For fixed values of d and « the upper bound for s is of the order O(d — ka),
when av — d/k. This result is expected as the value o = d/k corresponds to the boundary
where a phase transition between short- and long-range dependence occurs.

6. Conclusion

The rate of convergence to Hermite-type limit distributions in non-central limit theorems
was investigated. The results were obtained under rather general assumptions on the
spectral densities of the considered random fields, that weaken the assumptions used
in [1]. Similar to [1], the direct probabilistic approach was used, which has, in our view,
an independent interest as an alternative to the methods in [7, 28, 29]. Additionally, some
fine properties of the probability distributions of Hermite-type random variables were
investigated. Some special cases when their probability density functions are bounded
were discussed. New anti-concentration inequalities were derived for Lévy concentration
functions.
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