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Extension of the Schoenberg theorem to integrally conditionally positive
definite functions
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Abstract

The celebrated Schoenberg theorem establishes a relation between positive definite and conditionally pos-
itive definite functions. In this paper, we consider the classes of real-valued functions P(J) and CP(.J),
which are positive definite and respectively, conditionally positive definite, with respect to a given class of
test functions J. For suitably chosen J, the classes P(J) and CP(J) contain classically positive definite
(respectively, conditionally positive definite) functions, as well as functions which are singular at the
origin. The main result of the paper is a generalization of Schoenberg’s theorem to such function classes.
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1. Introduction

A function f : R? — R is positive definite if f is even, i.e. f(x) = f(—x) Vx € R?, and

D fxi—x)&& >0 (1)

ij=1

for all n € N, all x1,Xs,...,%, € R? and all &,&,...,&, € R. A function f : R = R is conditionally
positive definite if f is even and the inequality (1) holds for all n € N, all x,Xs,...,%, € R? and
all &,&,...,&, € R satisfying >.1 | & = 0. Conditionally negative definite functions can be defined
similarly, by reversing the inequality in (1). By [13, Prop. 4.4], these functions coincide with the negative
definite functions defined in [13, Def. 4.3], provided f(0) > 0.

The notions of positive definite and conditionally positive definite functions can be generalized to
complex-valued functions, two-variable kernels, as well as functions and kernels defined on groups, see
e.g. [1, 19, 3]. We restrict our attention to the case when f is a real-valued function on R%, however the
functions defined above are automatically classically positive definite (respectively, conditionally positive
definite) in the complex sense. The celebrated Schoenberg theorem (which is also valid for complex-valued
kernels defined on more general sets) establishes a relation between the two types of functions we have
introduced.

Theorem 1.1. (Schoenberg [14, Th. 2], [1, Th. C.3.2], [13, Prop. 4.4], [3, p.74])
A function f : R* — R is conditionally positive definite if and only if for all t > 0, the functions e'f are
positive definite.

Note that both positive definite and conditionally positive definite functions have finite values at zero.
The main result of this paper is a generalization of Theorem 1.1 to the case where functions can be
singular at the origin, see Theorem 2.1.

The following definition extends the definition given in [5, p. 54|, where functions defined on R were
considered.

Definition 1.1. Let J be a set of real-valued measurable functions defined on R?. We define a function
f : RT = R to be positive definite for J if f is even a.e. (that is, f(x) = f(—x) for almost all x € R?),
and for every h € J, the integral

b= [ [ foc=yhixn(y) dxay )

exists as a Lebesgue integral and is non-negative.
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Similarly, we extend the definition of conditionally positive definite functions.

Definition 1.2. A function f : R — R is conditionally positive definite for a set J of test functions
if  is even a.e. and the integral in (2) exists as a Lebesque integral and is mon-negative, for every
he{geJ: [pag(x)dx =0}, assuming this set is not empty.

In association with [7], the functions defined in Definitions 1.1 and 1.2 may also be called integrally
(conditionally) positive definite functions for J.

Another notable extension of the set of positive definite functions is the set of functions with k
negative squares; for these functions, the matrix (f(x; —x;))i;_; can have up to k negative eigenvalues.
Functions with 0 negative squares are positive definite functions and the class of conditionally positive
definite functions is a subclass of functions with 1 negative square; see e.g. [12, Lemma 3.12.3]. In [1§],
some key results of [5] were extended to this class of functions.

The classes of functions which are positive definite and conditionally positive definite for J will be
denoted by P(.J) and CP(J), respectively. By Pc and CP¢, we denote the sets of classical positive definite
and conditionally positive definite functions on R?.

We shall also use the following notation. Let p € [1,00]. By LE(R?) we denote the set of real-valued

functions in LP(R?) with compact essential support. By LY (R?) we denote the class of functions

Lp

loc

(Rd) — {f ‘R SR | f€LP(K) for all compact sets K C Rd} .

Furthermore, by C§(R?) we denote the space of r times continuously differentiable functions on R% with
compact support, and by C(R?) we denote the space of infinitely differentiable functions on R<.

P
loc

LF
Let p € [1, ). By f, —= f as n — 0o, we mean that f,, converges to f in the L
that is,

sense as n. — 00;

pae =t ([ 17,60 = ol ax) = o

n—oo

for any compact set K C R<.

A non-constant function f : (0,00) — [0,00) is completely monotone if f is infinitely differentiable
and (=1)" f (") > 0, for all non-negative integers n. The family of all non-constant, completely monotone
functions will be denoted CM.

The concept of positive definite functions was extended to positive definite distributions by L. Schwartz
[15, Chapter VII, §9]. For any ¢ € D(RY), that is, for any ¢ in the set C3°(R?) with the topology usual
for the theory of distributions, we have for the distribution Ty associated with any real-valued locally
integrable function f, Ty(9) = o f(X)G(X) dx, T(6 % () = fou Jou F(x — y)B(X)0(y) dxdy, sce e.g.
[19, Sec. 7]. Hence, for a real-valued function f € Ll (R%), T, is a positive definite distribution if and
only if f € P(CZ(R?)).

The rest of the paper is organized as follows. In Section 2 we establish some properties of the functional
classes P(J) and CP(J), and formulate the main result of the paper, Theorem 2.1. In Section 3 we
provide several algorithmic schemes for constructing functions from P(.J) and CP(J). We also discuss an
important practical implication of Theorem 2.1, which states that f € CP(J) if and only if the functional
(2) is convex on a suitable class of functions. Section 4 contains the proof of Theorem 2.1, split into a
series of lemmas, and in Section 5 we develop further the theory of the class of functions CP(J). Finally,
the appendix contains the proof of two auxiliary technical lemmas.

2. Extension of the Schoenberg theorem and properties of P(J) and CP(J)

2.1. Properties of the functional classes P(J) and CP(J)

The following two simple properties proceed immediately from the definitions of P(J) and CP(J).
If J; C Js, then P(J3) C P(J7) and CP(J2) C CP(J;). Also, if ¢; > 0 for any ¢ = 1,...,n, and
fi, fas. ooy fn € P(J) (or CP(J)), then Y1, ¢; f; € P(J) (vespectively, Y7, ¢; fi € CP(J)).

Some non-trivial properties of the functional classes P(J) have been established in the pioneering
paper [5], where complex-valued functions on R are considered. For most classes of functions .J, these
properties also hold true for the real-valued positive definite functions defined in Definition 1.1; see
Appendix for details.

Properties of the set P(J) are highly dependent on the choice of the set J of test functions. For
continuous functions f and J being the set of continuous functions with compact support, f € P(J) and
f € P¢ are equivalent; see Proposition 6.2. We prove an analogous result for CP(.J) in Proposition 5.1.

In view of the fundamental results of [5], P(JJ) is most interesting when J = L{(R), for ¢ > 1. We
now list six properties of the functional classes P(L{(R)) established in [5].



(i) If f € P(Li(R)), then f is essentially bounded and almost everywhere equal to a continuous,
classically positive definite function on R.

If f € P(L(R)), then f € LL (R).

iii) If f is continuous and classically positive definite on R, then f € P(LZ(R)).

(i)
)

(iv) If f € P(L3(R)) and g is continuous and classically positive definite on R, then fg € P(L3(R)).
)
)

—~
—~

P(LI(R)) C P(LA(R)) for all ¢ € [1,2].
P(LZ(R)) = P(LZ(R)) = P(Cj(R)) for all g € [2,00], r € [0, 00].

v
(vi

The essential boundedness of the function in property (i) follows from [5, Th. 5], whilst the fact that it
is almost everywhere equal to a continuous, classically positive definite function follows from [6, Sec. 6].
For a proof of (ii), see [5, Lemma 1]. In Lemma 4.3 we prove that functions in CP(L3(RR)) are also locally
integrable. Property (iii) follows directly from Bochner’s theorem [4, Chapter IV.20] and Definition 1.1.
For a proof of (iv), see [5, Th. 1]. Property (v) follows since LZ(R) C LI(R) for all 1 < ¢ < 2, and
property (vi) can be proved using [5, Lemma 1] and the fact that for any 0 < r < oo, C{(R) is dense in
L:(R).

The properties (i)—(vi) above generalize to arbitrary d > 1, as well as to the case when R is replaced
with any locally compact Abelian group G; see e.g. [8, 9, 17]. We note that for such a group G,
property (i) follows from two applications of the uniform boundedness theorem, see [17, Th. 2.4].

It is clear that property (v) holds for conditionally positive definite functions. In Propositions 5.1 and
5.2 respectively, we prove that properties (iii) and (vi) are also valid for such functions.

Properties (v) and (vi) demonstrate that as g increases from 1 to 2, P(LZ(R%)) and CP(L&(R%)) increase
from smaller classes of functions to larger such classes, but for all ¢ > 2, P(L3(R%)) and CP(L{(R?))
remain unchanged. Functions in P(LZ(R?)) and CP(L3(R¢)) need not be bounded or continuous, and
hence can tend to o0 at zero.

2.2. The main result: an extended Schoenberg theorem

As follows from the discussion above, the widest and hence most interesting classes of positive definite
and conditionally positive definite functions are P(L3(R%)) and CP(L2(R?)). Using this as motivation, we
consider these two classes of functions in the rest of the paper. Our main result is the following theorem.

Theorem 2.1. Let f : R? — R. If there exist to > 0 and p > 1 such that eVl € L2 (R?) for all
0 <t<tgy, then

f € CP(LERY)) <= e e P(LA(RY)) (0 <t <tg). (3)
This theorem will be proved in Section 4.

3. Some examples and possible applications

3.1. Ezamples of functions in P(L3(R)) \ Pc

Continuous, classically positive definite functions belong to P(L3(RR)), see Proposition 6.2. We will now
demonstrate how to find functions in P(L3(R))\ P¢; that is, functions in P(LZ(R)), which are unbounded
at the origin and therefore not positive definite in the classical sense. To do this, we use the following
result of [11].

Proposition 3.1. [11] Let g € CM. If f = g(| - |) € LL.(R), then f € P(L3(R)).

Proposition 3.1 suggests the following strategy for finding examples of functions f € P(L(R)), which
are not classically positive definite. Take any completely monotone function g € CM; check whether g is
unbounded at zero; for f = g(| - |), check whether f € L{ (R); if both of these conditions are satisfied,
then f € P(LZ(R)) \ Pc.

There are several ways of constructing completely monotone functions. One of the simplest is based
on the following statement, see [13, Th. 3.6].

Proposition 3.2. Ifu € CM and h is a Bernstein function, then g := uo h € CM.



We provide four basic functions u € CM, which are especially useful in this context: wui(z) = x~¢
with a > 0, uz(z) = e 5% with 8 > 0, uz(x) = log(1 + 1/z), and u4(z) = e'/* (x > 0).

Another way of constructing completely monotone functions is based on the fact that the derivative
of a Bernstein function is always completely monotone, see [13, p.18]. A long list of Bernstein functions
can be found in [13, Chapter 15]. Going through the first fifty Bernstein functions in this list, we find
that in the following cases, the corresponding functions f, belong to the set P(L3(R)) \ Po: 1, 7, 8, 9,
11, 12, 13, 16, 17, 19, 23, 25, 27, 31, 33, 34, 36, 38, 40, 41, 42, 43, 44, 45.

In particular, the following functions belong to P(LZ(R)) \ Pc¢:

fil@) =l 0<a <1

fs(@) = z*7 /(L + |2, 0 < a < 1

fi(@) = (ale* (1 = o)) = Bla)” (1 = [21) /(1 = l21*), 0 < @ < B < 1;

fio(@) = (anle] a2 (Je T A+ ) 0< an, e an <
fo@) = (1= /Jal = e VIT) //Jal, A > 0

fas(@) = 2] 1+ 1/z)) log (1 +1/[2])  (x € R\ {0}).

3.2. Extension to functions on R?

The main result of [11], extended to functions on R?, is the following.
Proposition 3.3. Let f € LY(RY). Then
f € P(LA(RY)) if and only if f > 0,
where f denotes the Fourier transform of f.

If g € CM is bounded, then f = g(|| - ||?) : R? — [0, 00) is continuous and classically positive definite
for any d € N, where || - || denotes the Euclidean norm on R?; see [2, Th. 1.6]. Proposition 3.3 can be
used to prove the next result, which generalizes this observation to potentially unbounded completely
monotone functions.

Proposition 3.4. Let g€ CM and f = g(|| - |?) : R — [0,00). If f € LY(RY), then f € P(L3(RY)).

Proof. By [13, Th.1.4], g is the Laplace transform of a non-negative measure u on [0,00). By the
Fubini theorem, for any u € R¢,

fu) = (2703/[0 >/Rd eI te o e p(d)
d

= / H <(27r)§/ e i teimius d;vl) p(dt)
[0,00) ;1 R

d
= / H ((Qt)_%e_“f/‘“),u(dt) = / (Qt)_%e_”“|\2/4tu(dt) > 0.
[0,00) j=1 [0,00)
Thus, f € P(L3(R%)) by Proposition 3.3. -

The following result is a direct consequence of Proposition 3.4, and provides a basis for finding
examples of functions in P(L2(R%)) with d > 2, which are unbounded at zero.

Proposition 3.5. Let g € CMNLL _((0, 00)). For any s > 0, define

loc
Fx) = g(|Ix|P)e I, x e RY (4)

Then, f € P(L3(RY)), for any d > 2.

Proof. Let s > 0 and d > 2. Since the product of completely monotone functions is also completely
monotone, see e.g. [13, Corollary 1.6], it follows that ge™*|(g,.c) € CM, where e™*|(g o) denotes the



restriction of e~* to the domain (0,00). Moreover, f € L'(R9), for a change of variables to polar co-
ordinates gives,

1 o}
f(x)dx = wq_1 / g(rz)e_srzrd_1 dr + wgq—1 / g(rg)e_”2rd_1 dr
R 0 1
! -2 > —sr?, d—1
<wg-1 [ g(x)x 2 de+wi—19(1) e Tt dr < oo,
0 1

where w,_1 denotes the volume of unit (d—1)-dimensional ball and r is the radius. Thus, f € P(L3(R))
by Proposition 3.4. O

The derivatives of the functions from [13, Chapter 15] listed in Section 3.1 are completely monotone,
locally integrable on (0,00), and singular at the origin. The corresponding functions in P(L2(R?)) can
be constructed using (4).

3.3. Ezamples of functions in CP(L3(R%)) \ P(LZ(R%))

Firstly, we assume d = 1. It is clear that if f € P(L3(R)), then f € CP(L(R)). We will now show how to
construct examples of functions f € CP(L3(R)), such that f has a singularity at zero (so that f ¢ CP¢)
and f ¢ P(LA(R)).

In view of Proposition 3.2 with u(z) = 2~ (¢ > 0), if h is a Bernstein function, then g, = h=* € CM
for all ¢ > 0. Define v; :== h(| - |) and let ¢, > 0. By Proposition 3.1, if v; € LL (R) for all 0 < ¢t < to,
then v; € P(L3(R)) for all 0 < t < to. Define f := —log(h(|-])), so that e/ = v;. By Theorem 2.1, if
el e LY (R) for any 0 < ¢ < to and some p > 1, then f € CP(L2(R)). It only remains to check the last
condition, f ¢ P(L3(R)).

Consider the following simple examples. In all three cases we choose p = 2 and tg = 1/4, so that
vy € LL (R) and e/l € LY (R) for all 0 < t < to.

1. Take h(z) = z, then g;(z) = 7%, vi(x) = |z|~* and f(z) = —log|z|. All conditions are satisfied,
hence f € CP(L3(R)). It is easy to see that f ¢ P(L3(R)). Indeed, take the test function ¢(z) = 1 for
0 <z <8, ¢(x) =0 otherwise. Then

8 8
By(g) = /R /R Fa—y)d(x)dly) dedy = — /0 /0 log [z—y| dzdy=96(1 — 21og2) < 0.

2. Take h(z) =z +/z, then gi(z) = (z+ /)", vi(z) = ([ +/]]) " and f = ~log(|- |+ /] ]) €

CP(LZ(R)). To prove f ¢ P(L3(R)), we take the same test function ¢ as in the example above, giving

8 8
B (¢) = _/O /0 log (|z—y| + v/]o—yl) dady =~T520631216 < 0.

3. Take h(z) = I'(z + 1)/T'(z), where I is the Gamma function. We have f = —logI'(| - | + 3) +
logT(| - ). To prove f ¢ P(LZ(R)), again we take the same test function ¢ as above, finding

8 8
Ps(0) = —/0 /0 (logT(|lxz —y| +1/2) —log'(|Jz — y|)) dedy ~—10.83 < 0.

All three examples are built on the same principle: if h is a Bernstein function and some regularity
conditions are satisfied, then f = —logh(|-|) € CP(L3(R)).

We now indicate how to construct functions in CP(L3(R%))\P(L3(R%)). Similarly to above, define
vr(x) == ht(||x)|2)etXI* x € R%, and let ty > 0. By Proposition 3.5, if k= € LL _((0, 00)) for all
0 < t < ty, then v; € P(L3(RY)) for all 0 < t < t,. Define

F(x) 1= —log ((|Ix]|?) exp([lx]2)) = —log (h(|x]?) — x| (x € R,

so that e’/ = v;. By Theorem 2.1, if e!l/l € LP (R9) for any 0 < ¢ < to and some p > 1, then
f € CP(LZ(R%)). It only remains to check the last condition, f ¢ P(L2(R%)).

3.4. Convexity of the functional (2)
For any M € R, define L ,;(R?) to be the set of functions h € L§(R?) such that [y, h(x)dx = M.
A functional ® : L 1/ (RY) — R is convex if

<I>((1—a)h1+ah2)§(1—a)@(h1)+a¢>(h2) (5)

forall 0 <o <1 andall hy,hy € LaM(Rd).



Proposition 3.6. For any f € L _(RY) and M € R, the functional ®; : Lg’M(]Rd) — R defined in (2)

loc

is conver if, and only if, f € CP(L3(R%)).

Proof. For ® = ®;, we can rewrite the Lh.s. in (5) as follows,
O (1 —a)h +ahy) = (1-a)®y(h)+a®s(hy) —a(l—a)As(h,h),

where
Aptine) = [ [ o= ¥) =)0y = ) (y) dxdy.

Hence, ®; is convex if and only if A¢(hq,hs) > 0, for any hy, ho € L&M(Rd).

One direction is clear, since if hy, hy € L ), (RY), then [p,(hy — ho)(x)dx = 0. Thus, if f €
CP(LZ(R%)), then ®; is convex on L2 ,,(R?). For the reverse implication, let h € LZ(R?) be such
that [, h(x)dx = 0, and let K denote the compact support of k. Take hi(x) = h(x) + M for x € K,
hi(x) = 0 otherwise, and hs(x) = M for x € K, ha(x) = 0 otherwise. Then, hy, hy € Lg,M(Rd) and
h =hy — hs. m|

If we choose M =1 and consider a subset of Lal(Rd) containing only functions which are non-negative
almost everywhere, then we can interpret these functions as probability density functions. Since any
probability measure can be approximated by a sequence of probability measures which have densities
(with respect to the Lebesgue measure), we can extend the functional ®; : L ; (R?) — R to the functional
@, defined on the set of probability measures 1 on R?, or a given Borel set X C R9, by

w0 = [ [ =) dnte)duto). (©

Proposition 3.6 then implies that for f € L (R?), the functional ®, defined in (6), is convex on the set

loc

of probability measures if and only if f € CP(L2(R?)).

4. Proof of Theorem 2.1

The proof of Theorem 2.1 will proceed in several steps, formulated as lemmas. Lemmas 4.1 and 4.2 are
simple technical results which demonstrate that L (R?) N P(L3(R?)) and Li _(R?) N CP(LZ(R?)) are
closed subsets of L (R%). These results will be used in the proofs of Lemmas 4.7 and 4.8, respectively.

Lemma 4.1. Let f € LL _(R?) and (fn)nen be a sequence of functions in Li (R?) N P(LZ(RY)). If

loc

i LL, f asn — oo, then f € P(LE(RY)).

Proof. Let h € L3(RY) and h*(z) = h(—2z) (z € RY). Let K be the compact support of h * h*. Since
1

LL.
o =25 f as n — o0,

/ (f - fn)(x — y)h(x)h(y) dxdy’ =
Rd JRd

/Rd(f B f”)(z)/ h(x)h(x — z) dxdz

Rd

‘/K(ffn)(Z)(h*h*)(Z)dz

i [hx h¥ oo, (7)

using Young’s inequality in the final step. O

The following statement can be proved in an analogous manner.

Lemma 4.2. Let f € LL (RY) and (fn)nen be a sequence of functions in Li (R?) N CP(L3(RY)). If

loc loc
1

I Lioc f asn — oo, then f € CP(L?)(Rd))

Functions in CP(L2(R%)) need not be bounded at the origin, they need only be locally integrable.
This fact is proved in the following lemma and is later used to ensure the existence of the integral in (2),
for particular spaces J of test functions.

Lemma 4.3. If f € CP(L2(R%)), then f € LL _(R9).

loc



Proof. Let K C R be any compact set and I=[ay,b;] X [az,b2] X ... X [aq,bs] C R? be such that K C L.
Let ¢ = max{|a1|, |b1|a |a2|a cee |bd‘} > 0.

Let ¢ € L3(R) be such that ¢ is positive and continuous on [—2¢, 2¢], and fR dx = 0. For any
x = (z1,72,...,74) € RY define U(x):=v(z1)Y(z2)...1%(x4). Then ¥ € L2 4, Ja ¥(x)dx =0 and

o) = [ Wl y)uyay = H v v e R
—c,c
is positive and continuous on [—¢, c]%. Thus,

wf o[ eldes [ (feians | [ @ sy e dve

z€[—c, c]? R4 JR4

= [ [ yreveay @

where (8) follows from the Fubini theorem. Since f € CP(LZ(R?)), the integral in (8) exists. Hence

[ W@ldz< [ 1) ds < /C,C]d'f(z)d“‘”'
Od

Note that we can replace LZ(R?) in Lemma 4.3 with a more general set J of functions defined on R,
provided that for any ¢ > 0, J contains a function h, which is positive almost everywhere on [—c, ¢|? and
Jga h(x) dx = 0.

Lemma 4.4. Let ¢ € L§(R?) be such that [, ¢(x)dx < oo. If f € CP(LE(R?)), then there exists a
Hilbert space (H,{-,-);) and a mapping k : R* — H, z +— k, such that

=l =C= [ [ ra=viotx—wjoly —v)dudv  (xy €RY) ©)

where

C= F(s = t)6(s)@(t) dsdt (10)

Rd JRd
is independent of x and y.

Proof. Suppose f € CP(L2(R9)). Let V be the subset of L3(R%) defined by

{hEL2 (RY) Zal u) (u € R?) for some m € N,

x; €RY a; €R; s.t. [ h(u)du= 0}.
Rd

V is a vector space. For ®, ¥ € V, define
1
=3 f(x—y)@(x)¥(y) dxdy.
Rd JRd

Since f € CP(LZ(R?)), the mapping
(@, W) = (P, )

is a bilinear, symmetric and non-negative form on V. Set
Vi={n eV |{Hhn)=0}.
V' is a subspace of V since for any ¢’,h/ € V',
1 1
(6 +0, g +N0)p=2(g" 1)y <2(g".g")} (W,I); =0
by the Cauchy-Schwarz inequality. On the quotient space V/V’, define

(gl [P]) g = (g:h)s, (11)



where [g], [h] denote the equivalence classes in V/V’. The inner product in (11) is well-defined since
(g9 h+N)p= (9.0 (9,h eV, g h eV)
To see this, note that
1 1
(9.7'); < {g,9)} (W, W)} =0
and i
(g, 1) s = {9, —h")y < g, g) (=W, =W)} =
by the Cauchy-Schwarz inequality. Thus, (g, ') = 0 and similarly, (¢’ ,h>f = 0. Let (H,(-,-)s) be the

Hilbert space completion of V/V’; then, in particular, V/V’ is dense in H.
Let x € R%. For any z € RY, set k, := [¢p(z — ) — ¢(X — )] € H. Then, for any x, y € R,

lhx = EyllF = (kx — Ky, kx = ky)
= / flu—v)o(x —u)p(x — v) dudv
Rd JRd

+ 5 /l%d Rd f(ll o V)gb(y - u)¢(y - V) dudv (12)
a / fla=v)p(x —u)é(y — v) dudv,
R4 JR4

1
(kx, kx) i/Rd Rdf u—v)p(x —u)p(x — v) dudv
- / flu—=v)o(x —u)p(x — v) dudv
Rd Rd
+ % /Rd » flu—v)p(x —u)p(x — v) dudv,
k) = [ 1= v)o(x = w)aty = v) duav
= [ [ = vox— woty - v) dud
- / / flu—=v)p(x —u)p(x — v) dudv
Rd Rd
+ /Rd /Rd flu=v)p(x —u)p(x — v) dudv
and
1
ks =3 [ /R (0= V)oly — w)o(y - v) dudv

/ /R f — wWely — v) dudv

v /Rd [ F(u = v)o(x Wl — v) dudv.

By a simple change of variables, each of the first two integrals in (12) is equal to C/2, where C is defined
by (10). Thus, formula (9) follows. O

We will refer to ‘H as the Hilbert space, and to k as the mapping, associated with f and ¢.

Lemma 4.4 can be considered as a generalised version of the GNS construction, which is a widely
celebrated technique in the literature, see e.g. [1, Th. C.2.3]. In fact, (9) is a direct extension of [1,
Th. C.2.3 (i)]. Note that in [1], it is assumed that conditionally positive definite functions vanish at the
origin. The following result is analogous to [1, Lemma C.3.1] and [3, Chapter 3, Lemma 2.1].

Lemma 4.5. Let f € CP(L3(RY)) and ¢ € L§(R?) be such that [, ¢(x)dx < oo. Let H and k denote
the associating Hilbert space and mapping respectively. Fiz xo € RY. The kernel

90, ¥) = |lkx = by [ + llky = Ey 7 = lhx = Ky} (x.y €RY) (13)

is a classical positive definite kernel, see e.g. [19, Eq. 8.1].



Proof. As in [1, p. 373], a straightforward calculation gives
g(x,y) :2<kx_kX07ky_kX0>f (va 6Rd)~

Therefore, for any n € N, X1, Xa,...,x, € R? and v1,vs,...,v, €R,

Zn:vi (kxz - kxo)

i=1

2
> 0.

n

Z 9(xi, %) v; v =2

1,j=1

f

O

For f € CP(L§(R?%)) and ¢ € L3(R?) such that [, ¢(x) dx < oo, with associating Hilbert space (H, (-, ) ¢)
and mapping k, define
K(x,y) = lkx — by} (x,y €R?).

It follows from (9) that K(x + a,y + a) = K(x,y) for any a € R%, and hence K(x,y) = K(x —y,0) for
all x,y € R?. Define f(z) :=K(z,0) for all z€ R?. Then, K(x,y) = f(x —y) for any x,y € R%.

The kernel ¢ : R4 x R? — R, defined in Lemma 4.5, is positive definite. Hence, so is t"¢g™ for any
t > 0, n € N, since the product of positive definite kernels is also positive definite, see e.g. [1, Prop. C.1.6
(iv)]. Consequently, €' is a classically positive definite kernel.

Let ¢ > 0. It follows from (13) that

e—tK(X,y) — etg(xv y) X (e_tK(x’x()) e_tK(y7XO)) (X)y € Rd)

The kernel e~ *K(+x0) o=tK(-.x0) . Rd » R? 4 R is positive definite, since

n n 2
Z (eftK(xi,xo) eftK(x]-,xo)) viv; = (Z vietK(xi,xg)> >0

i,j=1 i=1

for any n € N, x1,%2,...,%, € R? and v1,vs,...,v, € R; as in [1, p. 374]. Hence, e *¥ is a positive
definite kernel, and therefore, e~/ is a classically positive definite function, as in (1). By Theorem 1.1,
it follows that — f is conditionally positive definite. Thus, — f + « is conditionally positive definite for
any a € R.

The next lemma highlights a connection between classically conditionally positive definite functions
and functions which are conditionally positive definite with respect to LZ(R?). In particular, we observe
that LY (R?) N CP(L2(R?)) is the closure of C*(R%) N CPc. We use this result in the proof of Lemma

loc
4.7.

Lemma 4.6. Let p € [1,00) and f € LY (RY) N CP(L3(RY)). Then, there is a sequence (fn)nen of

loc

LP
infinitely differentiable, classically conditionally positive definite functions, such that fn, —= f asn —
0.

Proof. Let ¢ : R — R denote the bump function

M@{C“”%miJ7lﬂ<1

07 |x| 2 17
where ¢y > 0 is the constant chosen such that [pv(z)dr = 1. For any x = (x1,x2,...,%q) € R? define
U(x) := ¢(x1)(x2) ... ¥(xq) and
U, (x):=n?¥(nx) (neN). (14)

Then, for any n € N, ¥,, € C3°(R?) is even and has compact support [f%, %]d. Moreover, [,V (x)dx =
1 for all n € N.
Applying Lemma 4.4 to the functions ¥,, and f, we find

lknx — kny||? =C, — / fla=v)¥,(x—u)¥,(y —v)dudv (x,y € RY ne N),
Rrd JRd

where
Ch = / fls —t)U,(s)¥,(t)dsdt € R
Re JRd



and k, , is the equivalence class [U,(z — ) — U, (X — )] in H (z € Rd). Let
Fu(@) = kns — knol  (z€RY).

From Lemma 4.5 and the ensuing remarks, it follows that — fn + « is conditionally positive definite for
any a € R, n € N. In particular,

Fule) = =)+ o= [ [ =)W a = (a3 (x = v)) dud
:/ f(z+t—s)0,(z—s)V,(z—t)dsdt (zcR?) (15)
Rd Rd

defines a classically conditionally positive definite function. Note that we have used the evenness of f
and ¥,, in order to arrive at the above equation. On rewriting (15), again by using the fact that ¥,, is
even, we obtain

:/Rd » f(t—(S—Z))\Ifn(s—z)\lfn(z—t)dsdt:/Rd/Rd (f % U, (£)) U, (z — t) dt.

Hence, for any n € N,

fn = f *Mns (16)
where 7, =V, %V, = d(\II*\I/)( -). Using the properties of ¥,,, it follows that for any n € N, ), € C"O(Rd)
has compact support [=2, 2]%, and [, n,(x) dx = 1. Hence, f, € C*(RY) for all n € N, and f, —= Hoe, f
as n— oo by [16, Th. 1.18]. O

Proposition 5.3 demonstrates that the converse to Lemma 4.6 is also true. In the following result, we
establish one direction of the equivalence (3) in Theorem 2.1.

Lemma 4.7. Let f € CP(LZ(R?)). If there exist to > 0 and p > 1 such that €'/l € L (RY) for all
0 <t <tg, then et/ € P(L3(RY)) for all 0 < t < tq.

Proof. Suppose to > 0 and p > 1 are such that ‘| € Lfoc(Rd) for all 0 < t < ty. Then, it follows that
et e LV (RY) for all 0 < t < ty, and f € LL (R?) for any 1 < ¢ < cc.

The functlonb fn, as defined in the proof of Lemma 4.6, are conditionally positive definite in the
classical sense. Thus, by Theorem 1.1, e’/ is positive definite for any ¢ > 0, n € N. Moreover, e/ is
continuous for all ¢ > 0, n € N since f,, is continuous for any n € N. By property (iii) of Section 2, it
follows that e'/» € P(L3(R?)) for any ¢ > 0, n € N.

Ll
By Lemma 4.1, we need only show that et/» 2% etf ag n —00. Let € >0,0 <t <tyand K C R?

be a compact set. Let ng € N and define K=K+ {—%, %} . By Lemma 4.6, there exists n, € N such
that for all n > n,,

1o~ Fllox = ( ICE f(X)I"dX)q P (7)

2t (|1l &

where % + % = 1. W.lo.g., we assume n, > ngp.
Let n > n.. We partition K = K; U Ky, where K1 = {x € K|f(x) < fa(x)} and Ky = {x €
K| f(x) > fn(x)}. By the Mean Value Theorem,

[(e —et)(x)| = tet I |f,(x) — f(x)| f.a.a x€RY

where £, (x) lies between f,(x) and f(x). Therefore,

tf"— )| da = tn ()£, — F)(x)] dx tn ()£, — F)(x)] dx
/It ldr = [ 1@ = 9l [ e s, - i)

K>

HaGI(f — £Yx)] dx LN (F — ) (x)] dx
S/Kfe (fn — x| d */Kfe (fn — D) d
/ te O (f = F)(x)] dx + / te O (f, — f)(x)] dx
K K

t (e llp,x + lle llpr) 1 £n = fllg. s (18)

IN

IN

10



using Hélder’s inequality in the last step. Next, for almost all z € R?,

0<etit) _3 8 1) iseal

|
j=0 J:
and thus, since K C K,

le® 1y xc < et

b < lle" VI, & (19)

By Jensen’s inequality, see e.g. [10, Th. 1.8.1], and (16), it follows that for any x € RY,

tfn(X)_eXp</ F(x = 2)nn(z )dz) /R o2y (2)dz= et n, (x),

and hence,
et |y, < fle* %

p,K

Moreover,
(" 1) (%) xx (%) < (e xg) 1) (x)  (x € RY.

This follows since for x € K and n > ng,
(e xic) % 10) () = /[
= [T ) dy = (e ) (0.

]d

(70— y) ) maly) dy

]d

n’n

Thus, using Young’s inequality, it proceeds that
e % mallp,c < lle 11, & lImall = N1, & < e,
and thus,
eI \lp, 5 < N1, 4- (20)

From (17), (18), (19) and (20), we conclude that
/ | tn ‘ )| dx < e.

The following lemma concludes the proof of Theorem 2.1.

Lemma 4.8. Let f : R — R. If there exists to > 0 such that !/l € LL . (R?) for any 0 < t < tg, then

el e P(LA(RY) (0 <t <ty) = f e CP(L3(RY).

Proof. Suppose e'/ € P(L3(R?)) for all 0 < t < tg. Then, for any ¢ € L3(R?) and 0 < t < ¢,

/ / ) g(x)d(y) dxdy > 0
Rd JRd

1
i [ ooty dxdy 2o,
t Jra Jra

Let ¢ € L3(R?) be such that [, 1(x) dx = 0. Then, for any 0 < ¢ < t,,

%/Rd/Rdetf(x*y)w( y)dxdy = /Rd/Rd =YD ap(x) ) (y dxd}’**/Rd Rd¢ X)) (y)dxdy
/Rd/Rd( - )w(X)w(y)dxdy

11

and hence,



Define f; := (et —1)/t, (0 < t < tp). It follovvb that f; € CP(L2(R?)) for all 0 < t < tg. To prove

f € CP(L3(RY)), we need only show that f; ﬂ> fast— 0, by Lemma 4.2. Let K C R? be a compact
set. Then,

JI==) 00

dX:/ tztj 2f dx</ Z dx
/ Zto |f tl;/( ctol £l _1_t0|f(x)\)dx

(t —0).

<—2He

5. Further results

In this section we prove two corollaries of Theorem 2.1 and establish an important result, analogous
to property (vi) of Section 2, concerning the class CP(J). Firstly, we show that functions which are
continuous and conditionally positive definite for L3 (R9) are conditionally positive definite in the classical
sense.

Proposition 5.1. Let f : R? — R be continuous. Then, f € CP(L2(R?)) if and only if f is classically
conditionally positive definite.

Proof. Suppose f is continuous and classically conditionally positive definite. By Theorem 1.1, e!/ is
classically positive definite for all ¢ > 0. Moreover, for any t > 0, e’/ is continuous since f is continuous.
Using property (iii) of Section 2, it follows that e/ € P(L3(R%)) for all t+ > 0. By Theorem 2.1, we
conclude that f € CP(L3(R%)).

For the reverse implication, consider the following. For n € N, let ¥,, denote the functions defined in
(14). For any N € N and any x1,Xa,...,xy € R, define

Zfl W(x—x%;) (xeRYneN),

where £1,£2,...,§n € R are such that Zfil & = 0. Then, ®, € LZ(R?) and fRd ®,,(x)dx = 0 for all
n € N. Furthermore, since f is continuous,

E fxi =) & &5 = lim E / / fx = y)@n(x)®n(y) dxdy
i,j=1 " OOZj 1 —wowld Ixit =5, 5 1d
= lim f(x—y)P,(x)P,(y) dxdy > 0.
n—r oo Rd JRd

The next result demonstrates that for p > 2, CP(LH(R?)) remains the same.
Proposition 5.2. CP(L%(R?)) = CP(LE(RY)) = CP(Cy(R?)) (p € (2,00], r € [0,00]).
Proof. Let p € (2,00], 7 € [0,00]. Since Cj(R?) C LE(RY) C L3(R?), it follows directly that CP(L3(R?)) C

CP(LH(R?))  CP(CE(R?)). For the reverse implication, consider the following. Let ¢ € L3(RY) be such
that [,q ¢(x)dx = 0. For n € N, let ¥,, denote the functions defined in (14), and set

YV =¢ x ¥, (neN).

Then, v, € Cj(R?) C LE(RY) for all r € [0,00], p € (2,0], n € N, and by the Fubini theorem,
e ix= [ (@xw)ax= [ [ o6 y)va(y) dyix
R4 R4 R4 JR4E
o(a)da [ W, (y)dy =0
Rd R4

12



Moreover, 1, Ji“% ¢ as n — oo, by [16, Th. 1.18].
Let r € [0, 00] and suppose f € CP(Ch(R?)). Since f € LL _(R?) by Lemma 4.3, the integral

/ £(x - y)o(x)d(y) dxdy = / (f+0)o
R2 JR4E Rd

exists as a Lebesgue integral. By a change of variables and the Fubini theorem

/ F(x — ¥)$(x)(y) dxdy = / F@)d(z + y)(y) dyda.
R4 JR4E Rd JRd

Then,
sup | [ (6024 )0(3) = (s + )0 ()]
zeRd | JRd
< sup / |9(z + ¥)I[(¢ — ¥n)(y)ldy + sup / (& = ¥n)(z + ¥)[|[¥n(y)|dy
zcR4 d z€R4 JRd
< |19ll2 |¢ — ¥nllz + | = Ynll2[[¢¥nlls =0 asn — oo.
Hence, | [, f(2)gn(z)dz| — 0 as n — oo, where g, denotes the function g,(z) = [p.(d(z + y)o(y) —

U (z + y)Un(y) dy and K denotes its compact support. Thus,

/ f(x — y)o(x)6(y) dxdy=lim [ | F(x — y)n(x)ion(y) dxdy> 0,
Rd Rd ]Rd

n—oo Rd

and the result follows, for CP(Ch(R?)) C CP(L2(R?)). |

The following proposition shows that the converse to Lemma 4.6 is true. Indeed, if there exists a

loc

sequence (fy)nen of classically conditionally positive definite functions such that f, —= f as n — oo,
then f is conditionally positive definite for LZ(R?).

Proposition 5.3. Let f : R — R be such that f € LY _(R?) for some p € [1,00). Then, f € CP(L3(R%))
if and only if there exists a sequence (frn)nen of infinitely differentiable, classically conditionally positive

definite functions, such that f, —=» IOC f asn — oco.

Proof. One direction is proved in Lemma 4.6. For the reverse implication, we note that for any n € N,
1

fn € CP(LZ(R%)) by Proposition 5.1. By Lemma 4.2, we need only show that f,, — Dioe, f as n — oo. This
follows directly, since for any compact set K C R?,

J 100 = el ax < 1l ( [ 18,60 - s ax)

where % + % = 1 and | K| denotes the Lebesgue measure of K. O

6. Appendix

The following proposition highlights the connection between real-valued functions which are positive
definite with respect to a set of complex-valued test functions, and which are positive definite with respect
to the subset of real-valued test functions. Roughly speaking, as in the classical case, real-valued positive
definite functions are automatically positive definite in a complex sense.

Proposition 6.1. Let f : R? = R and J denote a vector space of complez-valued functions on ]Rd, such
that if ¢ € J, then ¢ € J and || € J. Let Jg = {(b eJ | ¢ is real- valued} Then, f € P(JR) if and

only if f € P(J )

Proof. One direction is clear since Jr C J. For the reverse implication, consider the following. Let ¢ € J
and suppose f € P(Jg). First we prove the existence of the integral

/ Flx — y)(x)$(y) dxdy. (21)
Rd JRd

13



Indeed,

e ReJR4 3 d::d}

where ¢ = || € Jg. The integral in (22) exists since f € P(Jg). Hence, it follows that the integral in
(21) exists in the Lebesgue sense. Next we show the non-negativity of (21), which in turn, proves that

f € P(J). ¢ can be re-written as
$ = Re () +iTm ()
where Re (¢) : R? — R and Im (¢0) : R? — R. Moreover,
vty
2

Re (¢)) = eJ and Im(¢y)=-——€J.

Thus, Re (¢),Im (¢) € Jg. Let a := Re (¥), b := Im (¢) and

t[u,v] = /]Rd y f(x —y)u(x)v(y) dxdy (u,v € J).

Then
tla,b] +tb,al =tla+b,a+bl —ta,a] —t[b,b]

and
—i(t[a,b] —t[b,a]) =t[,v] —t]a,a] —t[b,b] (23)

are finite, since f € P(Jg). Hence, t[a,b] and ¢ [b, a] individually exist since both the sum ¢ [a, b] + ¢ [b, a],
and the difference t [a,b] — ¢ [b, al, exist. This allows us to use the Fubini theorem, which in conjunction
with the evenness of f gives

[ foc=yratsixay = [ [ s y)bx) aly) sy,
R4 J R4 ReJRA
Hence, t [a,b] = t[b,a], and it follows from (23) that

t[y, 9] =tla,a] +t[b,0] > 0.

O

Note that we can replace P with CP throughout, provided the integral in (21) exists for all ¢ € J such
that fRd ¥(x)dx = 0. In the above proof, the existence of the integral follows under the assumption
that f € P(Jg), and since J is closed under the operation | - |, see (22). A similar approach will not
work in the case of proving conditional positive definiteness, since for ¢ € J such that fRd Y(x)dx =0,
although we have ¢ = || € Jg, as in (22), it doesn’t necessarily follow that Jga ¥(x)dx = 0. Hence,
assuming f € CP(Jg) does not guarantee the existence of the integral in (21). However, for the function
spaces we are mainly interested in, namely LZ(R?), the integral in (21) automatically exists for all real
and complex-valued functions 1 € LZ(R?), since f € L (R?) by Lemma 4.3.

For completeness, we demonstrate that under certain conditions on our function, Definition 1.1 co-
incides with the original definition of positive definite functions, see (1). In particular, a continuous
function is classically positive definite if and only if it is positive definite w.r.t. Co(R9).

Proposition 6.2. Let f : R? — R be continuous. Then, f € P(Co(R?)) if and only if f is classically
positive definite.

Proof. Let f € Pg. By properties (iii) and (vi) in Section 2, for functions defined on R9, it follows

directly that f € P(Co(R%)). For the reverse implication, consider the same argument as in the proof of
Proposition 5.1, however, we no longer require the condition that vazl & =0. O
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