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Abstract

Based on a nonparametric modelling approach, this paper presents a random
vibration analysis of a subsea pipeline subjected to spatially varying ground motions. The
earthquake-induced ground motions are modelled as nonstationary random processes and
their spatial variations are considered. The modelling uncertainties of the subsea pipeline
are taken into account using a random matrix theory, while the unilateral contact
relationship between the pipeline and seabed is also considered. Thus, an uncertain
computational model for the subsea pipeline subjected to a random earthquake is
established, and the corresponding solutions are calculated using Monte Carlo simulation
(MCS). In order to highlight the contribution of the unilateral contact effect to random
responses of pipelines, comparative studies are performed between the unilateral and
permanent contact models. In numerical examples, the possible convergence problems in
the present computational model are firstly studied to determine the optimal numbers of
reduced modes and MCS samples. Then influences of the randomness in the earthquake
and modelling uncertainties in the pipeline are investigated qualitatively through three
representative cases. The different propagations of randomness and modelling
uncertainties in the unilateral and permanent models are also examined and discussed. It
is concluded that the randomness of the earthquake and modelling uncertainties of the
pipeline have significant influences on the statistical characteristics of earthquake

responses of the pipeline.
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1 Introduction

The subsea pipeline is an important part of offshore oil and gas exploitation systems.
When a pipeline is broken, the ocean environment might be polluted and underwater
repair is very difficult and costly. Earthquakes are typical environmental excitations
during the service life of the pipeline. As an occasional random excitation, an earthquake
poses a tremendous threat to the safety of the pipeline, and hence the dynamic problem
of the pipeline under an earthquake has received great attention. Due to the high cost and
technical difficulties of experiments, the earthquake analysis and design of the pipeline
are mainly based on numerical simulations. Thus, establishing an accurate numerical
computational model is of great significance to the earthquake analysis of the pipeline.
On the other hand, there are inevitably randomness and uncertainties in this
computational model on account of the natural random factors and lack of relevant data.
This paper discusses how to introduce randomness and uncertainties into the
computational model and how they influence the system response.

For reasons of manufacturing errors and corrosion, some physical and geometric
parameters of the pipeline, such as Young’s modulus, mass density, wall thickness etc.,
may be uncertain. These parameters can be considered as random variables and their

uncertainties are usually characterized by probability distribution functions. Spatial
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correlations of these parameters can be further considered by using the random field
theory. Uncertainties introduced by random variables or fields are called data
uncertainties and this quantification approach is usually termed the parametric uncertainty
approach. This approach has been successfully applied to model uncertainties in many
different static and dynamic structural analyses [1-5]. Meanwhile, there is another kind
of uncertainty, known as modelling uncertainty, in the dynamic analysis of the pipeline.
The modelling uncertainty stems primarily from two sources. The first source is the
simplifying assumptions invoked when developing a mathematical model. For instance,
when dealing with a beam structure, the use of beam theory instead of three dimensional
elasticity theory introduces a reduced admissible displacement field. The second source
is the unquantified errors associated with the modelling of structural joints or connections.
For example, the pipeline consists of many welding points and bolted connections, whose
properties are always uncertain and depend on many parameters. Since the modelling
uncertainty contains too many uncertain parameters, some of which cannot even be
identified, it is difficult to quantify it by the parametric uncertainty approach.

To deal with the modelling uncertainty, a nonparametric approach based on random
matrix theory was developed by Soize [6]. In the framework of the nonparametric
approach, the generalized mass, damping and stiffness matrices of the reduced matrix
model are replaced by corresponding random matrices. Then the probability distribution

functions of these random matrices are constructed using Jaynes’ entropy with the
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constraints defined by some available information. For random matrix models of the
system, it is not necessary to identify which system parameters are uncertain or their
detailed distribution information, while the global dispersion level of each random matrix
can be controlled by a unique positive parameter called the dispersion parameter. Hence,
this approach is very suitable for dealing with the modelling uncertainty introduced by
the unavoidable approximation and simplification of unknown and imprecise expression
of a complex structure in establishing a mathematical equation from a physical structure.
The main theoretical concepts and derivation procedures of the nonparametric approach
are presented in [6, 7]. This approach is also validated by several experiments, such as a
model consisting of two rectangular plates connected together with a complex joint [8, 9],
a cantilever plate with randomly attached spring-mass oscillators [10], post-buckling of a
thin cylindrical shell submitted to a static shear load [11], and so on. To date, this approach
has been applied to various industrial problems, for example the random vibration and
reliability analysis of complex aerospace engineering systems [12, 13], the dynamic
behaviour prediction of an uncertain Jeffcott rotor with disc offset [14], the vibration
analysis of a drill-string with bit-rock interaction [15], and so on. To the authors’
knowledge, the literature contains many studies on the data uncertainty but far fewer on
the modelling uncertainty, and so the focus of this paper is on modelling uncertainty in
the dynamic analysis of subsea pipelines.

The data and modelling uncertainties mentioned above come from the structure itself.
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Nevertheless, ground motions caused by the earthquake are also uncertain due to the
natural randomness of soil and the complex propagation mechanism of earthquake waves.
Uncertainties of the earthquake are usually characterized by random processes [16].
Meanwhile, spatial variations can be found in earthquake waves propagating along long-
span structures, such as subsea pipelines, which result in differences in the amplitude and
phase of ground motions at the supports of the structures. This phenomenon is known as
spatially varying ground motions [17]. Such spatial variations have been considered in
earthquake analysis of many long-span structures, such as a multi-supported suspension
bridge [18], supporting towers of overhead electricity transmission systems [19], dam-
reservoir-foundation systems [20], etc., and their influences on the random earthquake
responses of long-span structures are recognized to be significant.

In the dynamic analysis of subsea pipelines, one key point is how to consider the
relationship between pipelines and the seabed as exactly as possible. For reasons of high
costs and construction difficulties, subsea pipelines always rest freely on the seabed,
rather than being buried or anchored. In the literature on the dynamic analysis of unburied
pipelines, pipelines are usually modelled as beams permanently contacted with elastic
foundations [21-25]. However, in reality unburied pipelines are constrained unilaterally
by the seabed, which means that the reaction of the seabed can only be compressive and
not tensile. Hence, during the vibration of pipelines, particularly when the deformation

takes place predominantly in the vertical plane, a separation of pipelines and the seabed
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will occur. Clearly, the elastic foundation beam model will overestimate the constraint
between pipelines and the seabed. To overcome this drawback of the elastic foundation
beam model, a unilateral contact model is used in this paper to simulate the relationship
between subsea pipelines and the seabed. Note that the unilateral contact model will
inevitably introduce nonlinearity into the random analysis, and hence Monte Carlo
simulation (MCS) seems to be the best and only method to obtain random responses of
pipelines. Fortunately, the implementation of the nonparametric approach mentioned
above is based on MCS, and so the contact nonlinearity does not incur any additional
computational requirements.

This paper studies the random vibration of subsea pipelines subjected to spatially
varying ground motions, considering the randomness of the earthquake and the modelling
uncertainties of the pipeline. The paper is organized as follows. Section 2 gives the
mathematical formulation of a subsea pipeline under an earthquake, and then presents the
finite element model and the corresponding reduced computational model. In section 3,
quantification approaches and simulation strategies for modelling uncertainties of the
pipeline are given. Section 4 presents some numerical examples. Convergence analyses
are firstly performed with respect to the dimension of the reduced models and the number
of MCS samples. Then propagations of randomness and modelling uncertainties in the
present computational model are investigated qualitatively through three representative

cases. Finally, concluding remarks are made in section 5.
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2 Deterministic modelling of the subsea pipeline subjected to

ground motions
2.1 Governing equations of the pipeline

Fig. 1 shows a typical subsea pipeline subjected to an earthquake. The dashed part
represents the initial profile of the subsea pipeline and seabed before the earthquake,
while the solid part represents the deformed profile during the earthquake.

The subsea pipeline is simplified as a Timoshenko beam, and hydrodynamic forces
caused by the internal oil and the surrounding sea water are considered. According to the
fluid-conveying beam theory [26] and Morison’s equation for slender cylindrical
structures [27], governing equations of the subsea pipeline in the vertical plane can be

written as

020 020 ow
(b1 + polon) 55 — El 5— = kGA (5=~ 6) =0

t? 0x? ox
d%w 0w
(mpipe + Moy + mwater) ? + (moilvgil + NO - KGA) O x2 (1)
92w 20

+ 2Tnoilvoilm + KGA& = _fseabed

f seabed
Lo A
pipeline 4 ‘

 deformed profile

4 Vol A\ seabed pd
w N _ A el
oo - oo Ve —oon X
. (0) e ™
| profil ~ W, ; o .
initial profile I
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Fig. 1 Schematic of subsea pipeline and seabed
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where x and t are respectively the position and time; 6 and w are respectively the
cross-section rotation and vertical displacement of the pipeline; pI and pg;l,; are
respectively the moments of inertia of the pipeline and oil; EI and kGA are respectively
the flexural and effective shear rigidity of the pipeline; mpipe, Mo aNd Myaeer are the
masses of the pipeline, oil and additional water per unit length; v.; is the flow velocity
of the oil which is assumed to be a constant; N, is the axial compression; fseapeq IS the
reaction force per unit length of the seabed.

Ignoring the friction of the seabed and considering unilateral contact of the seabed

and pipeline, the reaction force of the seabed ficapeq Can be expressed as

0 £>0

= 2
fseabed {T]kseabed f =0 ( )

where kgeapeq 1S the stiffness of the seabed, and

E=n+w® +wg—w (3)

is the relative displacement between the pipeline and seabed, w® s the initial seabed

g

profile, n is the compressional deformation of the seabed and wy is the motion of the

seabed.

2.2 Discretization by finite elements

Due to the contact nonlinearity, it is very difficult to obtain an analytical solution of

Eq. (1). Hence, a numerical solution using the finite element method seems to be the only
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choice. Timoshenko beam elements with two nodes are used to discretize the pipeline.
Since effects of the oil conveyed through the pipeline and the surrounding seawater are
considered, the beam element used in this paper is different from the conventional one.
Therefore, a brief derivation of the finite element formulation is given here.

The displacement field within a beam element can be interpolated as [28]

w = Nqe, HZqu (4)

in which g, is the 4 x 1 node displacement vector, N and N denote 1 X 4 shape

function vectors, which can be written as

_ _ ®)
N = [N1 N, N N4]
where
N, =1 —;(12gx + 3ly? — 2x3)
1 1(12 + 12g)
—_ 2 _ 2 2 3
N, = (2 + 129) [(1* +69)lx — 21* + 6g)x* + 1x°]
_ 2 _ 3
N3_l(lz+12g) (12gx + 3Ly — 2x°)
[—6glx + (69 — 1*)x* + 1x°] (6)

Ne =102 T129)
_ 1
Ny = ————(6x* — 6ly)
[(1Z2 +12g)

Ny, = —————[13 + 129l — (41> + 12 31y?

— _ 2
Ns = [0z 3 129y (O — 61D

10
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where [ is the element length, y isthe local coordinate and g = EI/(kGA).

The shear strain of the beam cross section can be written as

_aw
T ox

Y (7)

Hence the strain energy and kinetic energy of a beam element can be expressed as

=2 [[er () + woay + o (22) ]
¢ 2, dx ey o\ox X

1 @ NG w2 2
Te = E_I (p[ + poilloil) (E) + (mpipe + mwater) (E) + Myi1Voil (8)
0

According to the variational principle, the element matrices can be obtained directly

by substituting Eg. (4) into Eq. (8),

a
Ko = [ [EININ, + KGA(NE — R)(N, = N) = mouw2 NN Jd x
0
a
Me = j [(mpipe + Mo + mwater)NTN + (pl + poilloil)NTN]dX (9)
0

a
Cer = f (NTN, —NIN)dx
0

in which N, =N /dy and N, = dN/dy, superscript “T” denotes transposition, K,

and M, are element stiffness and mass matrices, respectively. C.; is the gyroscopic

11
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damping matrix due to the conveyed oil. Rayleigh damping is also considered here, and

hence the element damping matrix can be expressed as
C.=Coy+d M, +d,K, (10)

where d; and d, are Rayleigh damping factors corresponding to the mass and stiffness,
respectively.

The subsea pipeline is discretized into N Timoshenko beam elements, while the
seabed is discretized into N — 2 spring elements, as shown in Fig. 2. The discrete

governing equation of the subsea pipeline can be written as

MX + CX + KX = Fyeapeq (11)

inwhich M, € and K are structural mass, damping and stiffness matrices, respectively;
X is the nodal displacement vector, F¢.,peq IS the reaction force vector of the seabed,;

and ~ denotes differentiation with respect to time t.

0 beam element

% A =N
= i contact/ ra775TAY I
w,

spring element 1+ | contact™ ATZ
I /777?777 " s : :'\
Wg1 = - separate
I Wgz /777%777 %

FTFT77777

)

o
+
=

Iwgq I Wgq+1

Fig. 2 Finite element model of subsea pipeline and seabed

12
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Since the variation of earthquakes is considered, motions of different points at
seabed will have differences in phases, amplitudes, or both. This means that the analysis
of the subsea pipeline subjected to earthquake is a multi-support excitation problem. To

solve this problem, Eq. (11) is rearranged as

Ms Msb Xs Cs Csb Xs Ks Ksb Xs RS

Mg, Myl(X,) Csp Col(Xp) LKg KpllAp b
in which the subscripts “b” and “s” indicate the support and non-support degrees of
freedom (DOF), respectively, so that X}, are the enforced displacements of the supports
on both sides, X are all nodal displacements except those at the supports, R;, are the

enforced forces at the supports and R, are the reaction forces of the seabed. Expanding

the first row of Eq. (12) gives
M X,+CX;+KX;=R,+P (13)

in which P = —M . X, — Cs, X, — K, X}, is the effective earthquake force acting on
the non-support DOF.

Each node of the beam element used in this paper has two DOF, namely translation
and rotation in the vertical plane. However, the reaction force of the seabed is assumed to
act only on the translation DOF and not the rotation DOF of the pipeline during the

contact. Combining Eqgs. (2) and (3), the reaction force Ry can be expressed as

13
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R, = DR
R — { 0 >0
- _Kseabednq fq =0 (14)

_ (0)
$qg=Wq—1q—Wgq —Wgq

g=12-,N—1

where R is the N,¢-dimensional reaction force vector and N, is the number of non-

support nodes, D is the translation DOF indicator matrix with “0” and “1” elements, &

is the relative displacement vector between the pipeline and seabed model, w is the

translation vector of the pipeline, Kseapeq 1S the stiffness of the seabed spring, n is the
(0)

compressional deformation vector of the seabed, wg~ and w, are respectively the

profile vector and displacement vector of the seabed.

2.3 Reduced computational model

Due to the contact nonlinearity, many iterations must be performed during the
solution of Eq. (13). Meanwhile, the finite element model may have a large dimension
and the dynamical analysis will be time consuming. In order to reduce the computational
cost, one can project the nonlinear equations onto a relative lower dimensional subspace
spanned by a set of specific basis functions and then the dimension of equations can be
reduced [29]. In this paper, the basis used for reduction is the natural modes of the pipeline
(without the seabed). The natural modes are obtained from the following generalized

eigenvalue problem

Ks(bp = w}%MS¢pl p = 1;2; Nmode (15)

14
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in which w, and &, are the p-th natural frequency and mode of the system,
respectively, Nyo4e 1S the dimensionof K¢ and M. Thus, the reduced problem can be

expressed as

X, = ®q (16a)
M.g+Cg+K.q=1r+p (16Db)
where
=[P P, - Pp](n < Npoge)
M.=d"™M®», C.=d'C.d, K,.=>P KD (17)

r=®'R, p=aoTP

It is noted that Eq. (16b) cannot be decoupled into a set of single DOF systems for
two reasons. Firstly, €, contains the component of gyroscopic damping, which cannot
be diagonalized by the natural modes. Secondly, R is not known a priori and depends
on the current state of the pipeline and seabed due to the contact nonlinearity. This is

different from the linear case or the case without internal oil.

3 Uncertain modelling of the earthquake and the pipeline

Two different kinds of uncertainties are considered in the present computational
model. The first one is randomness of the earthquake and is modelled as a random process.
The other one is modelling uncertainties of the pipeline, for which the random matrix

theory is applied to model them.

15
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3.1 Random earthquake with spatial variation

Assuming that the acceleration of the ground motion during the earthquake is a

nonstationary random process, it can be expressed as

W = g(£)d(t) (18)

in which d(t) is a stationary and homogeneous Gaussian random process with zero
mean value and its auto power spectral density (PSD) is S,(w), w is the circular
frequency, g(t) is a slowly varying deterministic envelope function. Then the cross-

PSD of the acceleration at two arbitrary points can be expressed as

S (Ax, w) = y(Ax, w)Sy(w) (19)

where Ax = |xz — xj| is the distance between the two points x; and x; on the ground,
and y(Ax,w) is the coherency function which represents the spatial variation of
earthquakes.

Considering n separate points on the ground, the auto-PSD matrix of the ground

acceleration at these points has the form

Y1) yi(w) - yip(w)
S(w) = |721(@) Y22(@) Y0 ) (20)
an(w) Vnn(w) Vnn(w)

where y;j(w)(i,j = 1,2,---n) is the coherency function of x; and x;. By using

16
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Cholesky decomposition, S(w) can be represented as the product of a lower triangular

matrix H(w) and its Hermitian transpose, i.e.
S(w) = H(w)HY(w) (21)

The stationary time history sample of the acceleration at point x; is obtained in the

following terms as a summation of cosine functions with random phase angles [30]

i Nfreq

di© =2) > |Hy(m)VEocos(@nt = Oy (@) + ) (D)
=1 m=1

where H;;(w,,) is the element on the i-th row and [-th column of matrix H(w,,),
Aw = wey /N is the frequency step, we,; IS the cut off frequency, N is the number of
frequency steps, Ng..q is the number of frequencies, w, = mAw is the m-th
frequency, 6;(w,,) is the phase of H;(w,,), and @, is the random phase angle
distributed uniformly between 0 and 2m. The corresponding nonstationary time history
sample can then be obtained according to Eq. (18). The reader is referred to [31] for a
more detailed illustration of the simulation procedure of random earthquakes with spatial

variations.

3.2 Nonparametric modelling for uncertainties of the pipeline

As mentioned in the introduction, the nonparametric approach developed by Soize
[6] is able to take into account modelling uncertainties in the computational model. This

subsection will show the main theories and derivations of the nonparametric approach

17
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and more details can be found in [6, 7].
The uncertainties of mass, damping and stiffness matrices are considered and these
matrices are replaced by the corresponding random matrices. Thus the governing

equations shown in Eq. (16b) can be rewritten as

M;lparq + C?parq + K?parq =71+ P (23)

PP KPP are mox n symmetric positive-definite random matrices

where M
corresponding to the mass, damping and stiffness, respectively.
According to the random matrix theory [6], p4, the probability density function of

the random matrix A(4 € M **, C;P*, K P*" ), yields the following constraint

conditions

ff pa(A)dA =1
M (R)

U o apaaia = ae msm (24)
M;; (R)

] In(det(4))pa(A)dA = v with [v] < +oo
\/ M3 (R)

where M (R) indicates the subspace constituted of all the positive-definite symmetric
real matrices with n xn dimensions, d4 = 2""Y/*[[, ;.. dA;; and A is the
mean value of the random matrix A. Taking into account the constraint conditions in Eq.
(24) and using the Maximum Entropy Principle, the probability density function of A

can be deduced as

18
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(n—14+22)

pa(A) = HM;(R)(A) X cq X (det(A))/’l_1 X exp <— >

tr{ﬂ_lAT}> (25)

where HM;(R)(A) is the indicator function, which is equal to 1 when 4 € M; (R) and

0 otherwise, c4 is a positive constant which can be expressed as

n(n—-1+21)/2

—n(n— n—1+ 21
(= (2m) n(:l _1);44-(—21 2 ) 7 (26)
(M. r (F=5)} (det(a)

where T(x) = [7°

, t*te7tdt(x > 0) isthe gamma function.

The variance of the component A;, which is at the j-th row and k-th column of

matrix A can be calculated from

Ojk = m(ﬂjz‘k +4jAn),  0<j<ksn @7

Note that E{||A - A“i} = ¥; Xk 0fy, in which |A|l% = (tr(AA*))l/2 is the Frobenius
norm of the matrix A, A* isthe conjugate of the matrix A and tr( ) denotes the trace.

Thus the dispersion parameter of the matrix A can be defined as

efla-al)F (s COR
Ella -4} - (28)
T R G ZA N 7o)

Then the parameter A in Egs. (25) to (28) can be calculated by

19



(er(a))”

1
A=——|1-83(n-1) ++—% (29)
2652 a(n )+ (tr(éz))

353

354 From the above derivation, it can be seen that once the dimension n has been
355  determined, &4 controls the dispersion level of the random matrix A and hence is called

356  the “dispersion parameter”. It is proved that 6, should satisfy the following constraint

357
n+1
30
0<84< /n — (30)
358
359 Given a dispersion parameter §, and mean value matrix A, samples of the random

360 matrix A can then be generated. Since A is a positive-definite symmetric matrix, it can

361  be written as
362

A=L}GL, (31)
363

364 in which, L, is an upper triangular matrix obtained by applying the Cholesky
365 factorizationto A,i.e.,, A= L}L,, G isarandom matrix and whose mean value is a n-

366  dimensional identity matrix. The random matrix G is further written as
367

G=L.Lg (32)
368

369  where Lg isan upper triangular random matrix resulting from the Cholesky factorization
370  and its samples can be generated by the following steps [12]:

371 (1) random variables Lj,(j < k) are assumed to be independent;

20
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(2) for a non-diagonal element, i.e. j < k, the real-valued random variable Lg
can be rewritten as Lgjx = 0,|Uj|, in which o, = 8,(n+1)"%/2 and Uy is a
Gaussian random variable with zero mean and variance of 1;

(3) for a diagonal element, i.e. j = k, the positive-valued random variable Ly
can be rewritten as Lgj; = 0,,/2V; in which o, is defined in step (2) and V; is a

gamma random variable with the following probability density function

1 n+1 1-—j
viniTle™, @, = +—
I(an,) w28 2 (33)

Pv; (v) = Tz (w) ()

4 Numerical examples

The physical and geometric parameters of the subsea pipeline are taken as follows:
Young’s modulus E = 207 X 10°Pa, mass density p = 7850 kg/m3, Poisson’s ratio
v = 0.3, Rayleigh damping factors corresponding to the stiffness d; = 0.05 and the
mass d, = 0.01, total length of pipeline L, = 100m, shear correction factor k =
2(1+v)/(4 + 3v), outer radius R, = 0.6m, wall thickness h = 0.017m. The mass
densities of the oil in the pipeline and surrounding water are p,; = 800 kg/m3 and
Pwater = 1025 kg/m, respectively, and the velocity of the oil is vy; = 3 m/s.

According to the design standard [32], the effective axial compression N, should
not exceed 0.5N.., where N, is the critical buckling load, and hence N, = 0.3N, is
used in this paper. The pipeline is discretized into 100 elements and both ends are simply

supported.
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Fig. 3 Schematic of seabed profile
A seabed profile shown in Fig. 3 is considered. The middle point of the free span is
L; = 50m, the length is L, = 50m, the maximum depth is h¢ee = 0.3m. The depth
distribution of the free span is represented approximately by a cosine function, hence the

seabed profile can be expressed as

fO 0S.x<L1_L2/2
h 2n(x — Ly + L,/2
wy” =J f;ee [1—Cos ( Ll /2 Ly —L/2 < x <Ly +1y/2 (34)
2
LO L1+L2/2SXSLO

A ground acceleration spectrum power density function developed by Clough and
Penzien [33] is used here, and the corresponding parameters are S, = 0.018 m?/s3,
wg = 15rad/s, wf = 0.1wg, Vapp, = 1000m/s, & = & = 0.6 [34]. The duration of
the earthquake is T = 10.92s, and the time step for the numerical integration is At =
0.01s, hence the number of time steps is N; = 1093. The nonstationary modulation
function and spatial variation parameters of earthquake can be found in [31]. Samples of
ground acceleration are generated by Egs. (18) and (22), and then a correction scheme

suggested by Berg and Housner [35] is used to eliminate the baseline offsets caused by
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the accumulation of random noise in accelerations.

In this section, the optimal numbers of reduced modes and MCS samples are firstly
determined through convergence analysis. Then, the propagations of randomness of the
earthquake and modelling uncertainties of the seabed are investigated. Since the unilateral
contact of the pipeline and seabed introduces nonlinearity into the computational model,
the randomness and modelling uncertainties may have some different influences on
random responses. Hence, a model of permanent contact between the pipeline and seabed
is also used for a comparative study. It is noted that in the permanent contact model, the
system stiffness matrix contains two components, namely, the pipeline and seabed.
However, to be consistent with the unilateral contact model, only the pipeline is assumed

to be uncertain while the seabed is assumed to be deterministic.

4.1 Convergence analysis

The convergence problem of the number of reduced modes is studied based on the
mean model of the system, and the excitation is an arbitrary sample of the ground motions.

The study uses the following convergence function

T
Conv(ny) = f Iw(t, )12t (35)
0

in which w(t,ny) is the displacement vector of the pipeline at time t by using the first
n, natural modes as reduced modes. For the convenience of comparing the cases of

unilateral and permanent contact on a same figure, results are normalized by those with
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Fig. 4 Normalized convergence results for reduced modes in permanent and unilateral
contact models
n, = 200, which is the case without any reduction. Fig. 4 gives the convergence results,
which indicate that both unilateral and permanent contact models will obtain convergent
results when n, > 80. Hence, n;, = 80 is used in the subsequent analysis.
On the other hand, since the random results are obtained by MCS, it is necessary to
study the convergence of MCS samples. The corresponding convergence function can be

defined as [36]

Ns
1 T
Conv(ng) =—>" [ Iwie sllPde @Y
$i=1"0

where w(t,s;) indicates the displacement vector of the pipeline for the i-th sample at

time t and ng is the total number of samples. The convergence results for cases with
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different dispersion parameters, i.e., 6y = 6x = 0.1, 0.2, 0.3, are calculated and shown
in Fig. 5. It can be seen that the permanent contact model appears to have a faster
convergence with the number of samples than the unilateral contact model. To balance
the accuracy and efficiency, ng, = 1000 is used in following studies. It is worth noting
that the number of MCS samples is always chosen to be in the range of about 200 to 1500

in the relevant literature [6-14, 36].

4.2 Propagations of randomness and modelling uncertainties

In the present computational model, two kinds of uncertainty, namely, the
randomness of ground motions and modelling uncertainties of the pipeline are included.
To study the propagations of these uncertainties qualitatively, three representative cases
with different uncertainties are considered and their details are shown in Table 1.

Table. 1 Three representative cases with different uncertainties

Ground motions

Pipeline

Deterministic

Modelling uncertainties

Case 1
Arbitrary sample Random matrix
Randomness Deterministic
Case 2
Random process Mean model
Randomness Modelling uncertainties
Case 3

Random process

Random matrix
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4.2.1 Case 1: deterministic ground motions and uncertain pipeline
model

To study the influences of modelling uncertainties on random responses, the case
with deterministic ground motions and an uncertain pipeline model is carried out firstly.
The ground motion is an arbitrary sample generated by the approach in subsection 3.1.
Time histories of this sample at x = 50m are given in Fig. 6.
Fig. 7 displays the time-varying mean values of displacements of the pipeline at x =
50m for cases with different dispersion parameters. It is shown that the dispersion
parameters of modelling uncertainties have slight influences on the mean values of
responses in the permanent contact model. However these influences are very significant
in the unilateral contact model, giving larger mean values as the dispersion parameters
are increased. Fig. 8 gives the time-varying standard deviations of displacement responses
at the same location. It can be seen that standard deviations increase with dispersion
parameters in both the permanent and unilateral contact models. However, this increase
is almost linear in the permanent contact model, while it is clearly nonlinear in the
unilateral contact model. These results demonstrate that the modelling uncertainties of

the pipeline have significantly different propagation in linear and nonlinear systems.
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4.2.2 Case 2: random ground motions and deterministic pipeline

In this subsection, a computational model with random ground motions and
deterministic pipeline model is adopted to study the propagation of randomness of the
earthquake. Note that the ground motions are assumed to be Gaussian distributed with
zero mean.

Fig. 9 presents the time-varying statistical moments of displacements of the pipeline
at x = 50m in the permanent and unilateral contact models. It can be seen from Fig. 9(a)
that the responses have zero mean values in the permanent contact model while much
larger mean values in the unilateral contact model. The reason is that for a linear and time-
invariant system (the permanent contact model), if the input has zero mean, then the

output also has zero mean. However, in the unilateral contact model which is a nonlinear
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system, the responses have non-zero mean values even if the excitation has zero mean
values. Fig. 9(b) gives the standard deviations. It is observed that the standard deviations
in the unilateral contact model are much larger than those in the permanent contact model,
except for a short time at the beginning of the earthquake. The skewness, which is a
measure of the asymmetry from the Gaussian distribution, is given in Fig. 9(c). It can be
seen that both skewnesses fluctuate around zero, with a small amplitude in the permanent
contact model but relatively large values in the unilateral contact model. This
phenomenon indicates that when the ground motions are Gaussian, the responses of the
permanent contact are also Gaussian while those of the unilateral contact models are not.
Based on these results, it is concluded that the randomness of the ground motions
propagates in different ways in the permanent and unilateral contact models.

4.2.3 Case 3: random ground motions and uncertain pipeline

Finally, a case with random ground motions and an uncertain pipeline model is carried
out to study the combined influences of the randomness and modelling uncertainties on
random responses. The time-varying mean values of displacements of the pipelineat x =
50m are shown in Fig. 10. It can be seen that for the permanent contact model, the mean
values vary in a small range around zero with amplitudes of the order 10~3m, which
means that random responses can be regarded as being zero mean. It is also shown that
the influence of the dispersion parameter on the amplitude of mean values is not obvious

in the permanent contact model. However, as shown in Fig. 10(b), the dispersion
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parameter has a remarkable influence on the mean values for the unilateral contact model.
Fig. 11 shows the time-varying standard deviations of displacement responses and the
characteristics of results are quite similar to those in Fig. 8. However, the standard
deviations in Fig. 11 do not increase linearly with the dispersion parameter any more for
the permanent contact model, in contrast to those in Fig. 8. Compared to the results for
Cases 1 and 2, it can be concluded that the consideration of both randomness and
modelling uncertainty will make random responses more dispersed than the cases in
which either one is not considered.

The reliability assessment of structures subjected to an earthquake is usually
formulated as a first passage problem, i.e. the probability that the structural response
exceeds a given threshold. Based on certain assumptions, the first passage problem is
usually reduced to finding the statistical moments of the maximum response during a
specified period. Figs. 12 and 13 give mean values and standard deviations of maximum
displacement responses of the pipeline, respectively. It is shown that both mean values
and standard deviations tend to increase with the dispersion parameter, especially those
in the middle region of the pipeline. Meanwhile, it can be seen that mean values and
standard deviations near the end supports, i.e., locations x =0 to 20m and x =80 to
100m, vary little with the increase of the dispersion parameter in the permanent contact
model (Figs. 12(a) and 13(a)), but vary greatly for the unilateral contact model (Figs. 12(b)

and 13(b)). There are two reasons for this phenomenon. Firstly, the end supports of the
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pipeline are assumed to be rigid and hence their motions are equal to the ground motions,
which are independent of the uncertainties of the pipeline. Secondly, the permanent
contact model has a larger system stiffness than the unilateral contact model due to the
total constraint of the seabed. Hence, in the permanent contact model, motions of the
pipeline near the end supports are to a great extent controlled by the motions of the end

supports. But in the unilateral contact model, the effect of end supports is much smaller.

5 Conclusions

This paper presents a computational model for the random vibration analysis of a
subsea pipeline subjected to an earthquake. The randomness of the earthquake and
modelling uncertainties of the pipeline are included in this computational model.
Meanwhile, the spatial variation of the ground motions and the unilateral contact
relationship between the pipeline and seabed are considered. Based on the present
computational model, propagations of the randomness and modelling uncertainties are
investigated through three representative cases. Results indicate that both the randomness
of the earthquake and modelling uncertainties of the pipeline have significant influences
on the random responses of the pipeline, and hence they should be considered in any
earthquake analysis of the pipeline. Furthermore, comparative studies are performed
between the permanent and unilateral contact models and remarkable differences are

observed in their random responses. For the permanent contact model, random responses
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of the pipeline exhibit a consistent statistical characteristic with the randomness and
modelling uncertainties, whereas for the unilateral contact model random responses are
more dispersed. These differences demonstrate the necessity of consideration of the
unilateral contact effect in the random earthquake analysis of subsea pipelines, especially

for those unburied or not anchored in deep sea regions.
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