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RESTRICTION OF LAPLACE-BELTRAMI EIGENFUNCTIONS TO
CANTOR-TYPE SETS ON MANIFOLDS

SURESH ESWARATHASAN AND MALABIKA PRAMANIK

ABSTRACT. Given a compact Riemannian manifold (M, g) without boundary, we estimate
the Lebesgue norm of Laplace-Beltrami eigenfunctions when restricted to certain fractal
subsets I' of M. The sets I that we consider are random and of Cantor-type. For large
Lebesgue exponents p, our estimates give a natural generalization of LP bounds previously
obtained in [16, 17, 33, 8]. The estimates are shown to be sharp in this range.

The novelty of our approach is the combination of techniques from geometric measure the-
ory with well-known tools from harmonic and microlocal analysis. Random Cantor sets
have appeared in a variety of contexts before, specifically in fractal geometry, multiscale
analysis, additive combinatorics and fractal percolation [19, 21, 22, 29, 30]. They play a
significant role in the study of optimal decay rates of Fourier transforms of measures, and
in the identification of sets with arithmetic and geometric structures. Our methods, though
inspired by earlier work, are not Fourier-analytic in nature.
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The study of eigenfunctions of Laplacians lies at the interface of several areas of mathemat-
ics, including analysis, geometry, mathematical physics and number theory. These special
functions arise in physics and in partial differential equations as modes of periodic vibra-
tion of drums and membranes. In quantum mechanics, they represent the stationary energy

states of a free quantum particle on a Riemannian manifold.

Let (M, g) denote a compact, connected, n-dimensional Riemannian manifold without bound-
ary. The ubiquitous (positive) Laplace-Beltrami operator on M, denoted —A,, is the primary
focus of this article. It is well-known [34, Chapter 3] that the spectrum of this operator is
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non-negative and discrete. Let us denote its eigenvalues by {)\3 : 7 > 0}, and the correspond-
ing eigenspaces by ;. Without loss of generality, the positive square roots of the distinct
eigenvalues can be arranged in increasing order, with

O=X <A <A< - <0 = 00.

It is a standard fact [34, Chapter 3] that each E; is finite-dimensional. Further, the space
L*(M,dV,) (of functions on M that are square-integrable with respect to the canonical
volume measure dV,) admits an orthogonal decomposition in terms of E;:

2(M,dV,) @E

One of the fundamental questions surrounding Laplace-Beltrami eigenfunctions targets their
concentration phenomena, via high-energy asymptotics or high-frequency behaviour. There
are many avenues for this study. Semiclassical Wigner measures provide one way to measure
concentration, as exemplified in the seminal work of Shnirelman [31], Zelditch [38], Colin
de Verdiere [9], Gérard and Leichtnam [12], Zelditch and Zworski [39], Helffer, Martinez
and Robert [14], Rudnick and Sarnak [27, 28], Lindenstrauss [23], and Anantharaman [1].
Another direction involves growth of the LP norms of these eigenfunctions. The contribution
of this article lies in the latter category. Specifically, it describes the L*(M) — LP(T)
mapping property of a certain spectral projector (according to the spectral decomposition
above), where I' is a fractal-type subset of M. In particular, I" does not enjoy any smooth
structure, a point of departure from prior work where this feature was heavily exploited.
We begin by reviewing the current research landscape that will help place the main result
Theorem 1.3 in context.

1.1. Literature review. The Weyl law, itself a major topic in spectral theory, provides an
L*> bound on eigenfunctions on M [16]. The first results that establish L? eigenfunction
bounds for p < 0o are due to Sogge [33].

Theorem 1.1. [33] Given any manifold M as above and p € [2,00], there exists a constant
C = C(M,p) > 0 such that the following inequality holds for all A > 1:

leallzean < CA+ X loall2ary, with

(1.1) 5(n,p) = P
n—1 n L2(n+1)
- =, if ———— <p < o0
2 P n—1

Here @, is any eigenfunction of —A, corresponding to the eigenvalue \*. The bound is sharp
for the n-dimensional unit sphere M = S™, equipped with the surface measure.

Historically, an important motivation and source of inspiration for this line of investigation
has been the Fourier restriction problem, which explores the behaviour of the Fourier trans-
form when restricted to curved surfaces in Euclidean spaces. In fact the Stein-Tomas L?
restriction theorem [36], originating in FEuclidean harmonic analysis, was a key ingredient
in an early proof of Theorem 1.1 for the sphere. Indeed, Theorem 1.1 may be viewed as a
form of discrete restriction on M where the frequencies are given by the spectrum of the
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manifold, see for example [32]. Conversely, it is possible to recover the L? restriction theo-
rem for the sphere from a spectral projection theorem such as Theorem 1.1 applied to the
n-dimensional flat torus. The lecture notes of Yung [37, Section 2] contain a discussion of
these implications.

Theorem 1.1 permits a number of independent proofs. For an argument that involves well-
known oscillatory integral estimates of Hormander applied to the smooth spectral projector
(denoted p(A—+/—A,)), we refer the reader to the treatise [34]. The semi-classical approach

of Koch, Tataru and Zworski [20] has also yielded many powerful applications.

Finer information on eigenfunction growth may be obtained through L? bounds on ¢, when
restricted to smooth submanifolds of M. One expects ¢, to assume large values on small
sets. Thus its LP-norm on a Lebesgue-null set such as a submanifold, if meaningful, is typi-
cally expected to be larger in comparison with the L? norm taken over the entire manifold
M, as given by Theorem 1.1. The first step in this direction is due to Reznikov [26], who
studied eigenfunction restriction phenomena on hyperbolic surfaces via representation theo-
retic tools. The most general results to date on restricted norms of Laplace eigenfunctions
are by Burq, Gérard and Tzvetkov [8], and independently by Hu [18]. The work of Tacy
[35] has extended these results to the setting of a semi-classical pseudo-differential operator
(not merely the Laplacian) on a Riemannian manifold, while removing logarithmic losses at
a critical threshold. Another particular endpoint result is due to Chen and Sogge [10]. We
have summarized below the currently known best eigenfunction restriction estimates for a
general manifold, combined from this body of work and for easy referencing later.

Theorem 1.2. [8, 18, 35] Let 3 C M be a smooth d-dimensional submanifold of M, equipped
with the canonical measure do that is naturally obtained from the metric g. Then for each
p € [2,00], there exists a constant C = C(M,%,p) > 0 such that for any A > 1 and any
Laplace eigenfunction @y associated with the eigenvalue N2, the following estimate holds:

(1.2) leallo.an) < C (14X loxll 2 arav,)-
The exponent d(n,d, p) admits a multi-part description. Specifically,
—1 —2
i 4 - n2 ) fOT’ 2 é p S 17
_ P n-—=
(13) 5(n,n—1,p) - n—1 n—1 m
- ) for < b < oo.
2 D n—1
Ford+#n—1,
n—1 d
(1.4) d(n,d,p) = ——, for2<p<ooand (d,p)# (n—2,2).
p

2

For (d,p) = (n — 2,2), the exponent §(n,d,p) is still given by (1.4); however, there is an
additional logarithmic factor log"*(\) appearing in the right hand side of inequality (1.2).

The proofs in [8] and [10] use a delicate analysis of oscillatory representations of the smoothed
spectral projector p(A — y/—2A,) restricted to submanifolds 3, combined with refined esti-
mates influenced by the considered geometry. Alternatively, [18] uses general mapping prop-
erties for Fourier integral operators with prescribed degenerate canonical relations to obtain
bounds for the oscillatory integral operators in question. There are several recurrent features
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in these proofs; namely, stationary phase methods, arguments involving integration by parts,
operator-theoretic convolution inequalities. This methodology heavily relies on the fact that
the underlying measures are induced by Lebesgue, which in turn is a consequence of M and
3 being smooth manifolds. The present article explores the accessibility of this machinery
in the absence of smoothness, and aims to find working substitutes when such methods are
unavailable. This leads to a discussion of our main results.

1.2. Main results. An interesting feature of the exponents d(n, p) and §(n, d, p) occurring in
Theorems 1.1 and 1.2 respectively is that for large p, they are both of the form (n—1)/2—a/p,
where

a = dimension of the space on which the L” norm of ¢, is measured
{dim(M) =n in Theorem 1.1,}

1.5 =
(1.5) dim(¥) =d  in Theorem 1.2.

In view of this commonality in (1.1), (1.3) and (1.4), we pose the following question: is
there a class of “sparser” sets I' C X, or equivalently a class of measures p that are singular
relative to the canonical measure on Y, with respect to which we can estimate the growth
of our eigenfunctions p,? The optimal scenario would be to obtain bounds that reflect the
dimensionality of the set I' in the same way that Theorems 1.1 and 1.2 do. We answer this
by presenting the main result of our article.

Theorem 1.3. Fiz positive integersn > 2 and 1 < d < n. Let X be a smooth, d-dimensional
submanifold of M. For each ¢ € [0,1), we define the critical exponent

4d(1 —¢)
1.6 = dye) = ——=.
( ) Po pO(na 76) n—1
Then for each choice of n,d, % and e, there is a probability space (Q, B,P*) depending on
these parameters that obeys the properties listed below.

(a) For P*-almost every w € ) there exists a Cantor-type subset I', C X, equipped with a
natural probability measure v,,, such that the set Iy, has Hausdorff dimension d(1 — €).
Fore =0, v, is singular with respect to the natural surface measure on ¥ induced by the
Riemannian metric g.

(b) ForP*-almost every set T, obtained in (a) there ezists a finite constant C = C'(w,n,d, p,e) >
0 such that for all A > 1, we have the eigenfunction estimate

(1.7) loallzomam) < CA” @A) loallzanar,)-

Here py denotes any L?-eigenfunction associated with the eigenvalue \* for the Laplace-
Beltrami operator —Ag on M. For py > 2, the exponent 0, is given by
n—1

4 )
n—1 d(l—e¢ _

5 ( ), if p = po.

p

For py <2, the exponent 0, = (n—1)/2 —d(1 —¢)/p for 2 <p < oco. The quantity P(\)
appearing in (1.7) is an increasing function that grows slower than any positive power of

if 2 < p < po,
(1.8) dp = 0p(n,d,e) :=
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A; specifically, ® is of the form

(1.9) D(\) = exp(C'y/log(N)),

where C" = C'(n,d,p,e) > 0 is an explicit constant.

(¢) The exponent 0, in the above estimate is sharp in general for p > max(pg,2), in the
following sense. Suppose that ¥ is any d-dimensional submanifold of the n-dimensional
unit sphere M = S", d <n. Fize € (0,1].

There exists a sequence of L*-normalized spherical harmonics {on; 17 = 1} with \; /o0
such that for P*-almost every set T',, obtained above and for every p > pg, one can find
a constant C' = C(w,p) > 0 verifying the lower bound

(1.10) s, lzorany = CAFR(A) ™
for all \; sufficiently large.

1.3. Remarks. Let us pause for a moment to contextualize some of the important features
of our result, and expand on directions of further improvement.

1. For p > py, the exponent 6, in Theorem 1.3 (b) is of the same form alluded to in (1.5),
namely §, = (n — 1)/2 — a/p with @ = d(1 — ¢). Thus our result may be viewed as
a natural interpolation between the global estimates in [33] and the smooth restriction
estimates in [8], bridging the estimates across a family of sets with continuously varying
Hausdorff dimensions.

2. To the best of our knowledge, Theorem 1.3 is the first result of its kind in several dis-
tinct categories. First, it offers, for every manifold M and every smooth submanifold X
therein, eigenfunction bounds over non-smooth subsets of positive but non-integral Haus-
dorff dimension. Second, even for integers m, our result produces new sets of dimension
m, for example with (n,d,e) = (2,2,1/2), that are not necessarily contained in any
m-~dimensional submanifold, and yet capture the same eigenfunction growth bounds as
smooth submanifolds of the same dimension, up to sub-polynomial losses. Third, when
e = 0, our result provides examples of singular measures supported on submanifolds with
respect to which the eigenfunctions obey the same L” growth bounds as with the induced
Lebesgue measure on the same submanifold. This is reminiscent of an earlier article by
Laba and Pramanik [22], where the authors construct a random Cantor-type measure with
respect to which the maximal averaging operator has the same LP mapping properties as
the Hardy-Littlewood maximal function (where the underlying measure is Lebesgue).

3. Asin [8, 18], the proof of Theorem 1.3 yields estimates not merely for the eigenfunctions
©a, but also for the smoothed spectral projector on M. The sharpness statement for
p > po continues to hold for such operators.

4. On the other hand, Theorem 1.3 leaves room for improvement on several fronts. As we
will explain in the next section, our methods may be viewed as a fractal adaptation of [8,
Theorem 1], which itself ignores oscillations inherent in an underlying operator. While
this yields sharp results (excluding the ®(\) factor) in the full range 2 < p < o0 if py < 2,
it fails to produce the optimal range of exponents for py > 2. Effectively harnessing the
oscillation in the fractal analogue of the problem to obtain generalizations of [8, Theorem
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3] requires new ideas and presents substantial technical challenges. We plan to return to
this in a future project.

. Our estimates, though sharp for general M and >, can be improved in special situations.
This will be the case, for instance, when M = T", the n-dimensional flat torus (which ad-
mits a stronger Weyl law), or if the submanifold X in a general manifold M has additional
geometric properties, for example if ¥ is a curve of nonvanishing geodesic curvature. This
is consistent with similar results of this type for smooth submanifolds, see for example [8,
Theorem 2|, [4, 7, 13, 3] and the bibliography therein. We pursue this direction in greater
detail in upcoming work.

. The blow-up factor ®(\), which is super-logarithmic but sub-polynomial, is an artifact
of the choices of parameters needed for the random Cantor construction, see Section 2.6.
Many alternative parameter choices are possible within the framework of this construction,
some of which yield logarithmic blow-up in lieu of ®()), at the cost of additional technical
challenges. We have opted not to pursue these improvements here. However, all estimates
of this type will be accompanied by some blow-up. It is an interesting question whether
there exists a member of this class of random sets for which such losses can be avoided.

. The random measures v, that we construct and their supporting sets I',, have many ana-
lytic and geometric properties that are not directly exploited in the proof. In particular,
these measures have optimal Fourier decay subject to the Hausdorff dimension of their
support. More precisely, for almost every w, our measures obey

7,(6)] < Ce(1+1€) "2 Jel > 1,

where C¢ is a function that grows slower than any positive power of |£|. In other words,
the sets I'y, in Theorem 1.3 have the same Fourier dimension as their Hausdorff dimension,
i.e. they are almost surely Salem.

Fourier decay of measures have long been known to play an important role in eigenfunction
restriction problems. For instance, it appears in the work of Bourgain and Rudnick [7],
where the authors obtain significant improvements on the general estimates of [8] in the
special case of M = T", n = 2, 3. More generally, the study of harmonic-analytic principles
(such as Fourier decay, fractal analogues of the uncertainty principle, study of oscillatory
integrals and operators) in settings where standard techniques (such as integration by
parts or stationary phase) are not viable have led to major developments in spectral theory,
for instance in the work surrounding resonance gaps in infinite-area hyperbolic surfaces
[25, 5, 6]. We explore the mapping properties of convolution operators on random Cantor
measure spaces, and establish Young-type inequalities for such measures. However, our
methods are not Fourier-analytic in nature. This is another point of similarity of our work
with [22], where a similar random Cantor set was constructed, but whose Fourier-analytic
properties were not directly relevant to the proof.

. Restriction of eigenfunctions to fractals has appeared in a related but distinct line of
inquiry that addresses spatial equidistribution of eigenfunctions restricted to subsets of
manifolds, instead of norm growth. Most recently Hezari and Riviere [15] have estab-
lished, in the specific setting of the flat torus T"”, spatial equidistribution of a density one
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subsequence of eigenfunctions on sets of possibly fractional Hausdorff dimension. In fact,
Corollary 2.7 of [15] proves L*-restriction estimates of this density one subsequence for a
wider class of measures that the one used in this paper. This addresses a special case of
a conjecture in [7] on L?-restriction to hypersurfaces. It would be of interest to explore
the issue of equidistribution for the entire sequence of toral eigenfunctions for the class of
random Cantor sets considered in this paper.

1.4. Overview of the proof. The broad strokes of our approach follow that of [8, Theorem
1], so we briefly review the main ideas involved here.

1. One starts with a microlocal approximation .7 of the smoothed spectral projector p(A —
v/ —A,). The approximation .7, is an oscillatory integral operator, whose phase function
is essentially the distance function in the ambient Riemannian metric.

2. The TT* method applied to .7,.7," reduces the problem to estimating the L of the latter
operator on the restricted set 7, which for [8, Theorem 1] was a smooth curve on M.

3. The integration kernel of 7),.7)" is itself an oscillatory integral, with a nondegenerate phase
function. The method of stationary phase, applied to this oscillatory integral, yields a
pointwise upper bound on the kernel, leading to a pointwise bound on the operator 7,.7,*.
The dominating operator is a convolution, with an explicit convolving factor.

4. The proof is then completed by invoking Young’s convolution inequality for the Lebesgue
measure on R. The admissible exponents of the inequality are precisely those for which
the convolving factor is integrable.

A careful analysis of [8, Theorem 1], which we carry out in Section 3, shows that steps 1, 2
and 3 above extend with minor revisions to the setting of an arbitrary measure space, with
v replaced by I'y,. A noteworthy point of departure is the following. Whereas the natural
measure on the curve v used in [8] is absolutely continuous with respect to the translation-
invariant Lebesgue measure on R, the measure v, accompanying our Cantor set I',, is no
longer translation invariant. The proof thus fails critically at the last step, since Young’s
convolution inequality is unavailable, indeed known to be false, in general measure spaces.
The main contribution of this article is in deriving an analogue of Young’s inequality for the
convolution kernel ICy that appears in the pointwise upper bound in step 3, and for the special
class of random Cantor measures constructed earlier in the paper (in Section 2). Specifically,
this involves estimation of the quantity sup{||KCx(u—)||zr(w,) : u € T} for almost every w €
2. The transition from the desired operator norm of .7,.7}* to the quantity above has been
formalized in Proposition 3.3, aided in turn by a generalized Schur-type inequality proved in
Section 11. A substantial portion of the article, ranging from Sections 4 to 9, is devoted to
the estimation of this last quantity, through a series of successive reduction to various random
sums. Critical elements of our analysis include large deviation inequalities due to Bernstein
and Azuma (summarized at the end of Section 12), discretization of continuous random
variables represented by the random integrals (see Section 7.2) and interaction between
length scales of the fractal construction with the spectral parameter \.

The layout of our article and logical dependencies among various sections are described in the
diagram below. Section 2 is dedicated to the construction of a probability space of random
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Cantor-type sets E,, C [0, 1]¢, whose elements are almost surely of dimension d(1 — €); see
Lemma 2.4. These sets FE,, when mapped to the d-dimensional submanifold > C M via a
coordinate chart, yield the desired sets I', C ». The accompanying probability measure v,
is the push-forward of the natural Cantor measure u, on E,. The proof of Theorem 1.3
(a) appears as a consequence of Lemma 2.4 in Section 2.8. Section 3 sets up the microlocal
analysis background regarding the smooth spectral projector, providing in particular an
explicit asymptotic expansion whose leading term becomes the main object of interest. The
proof of Theorem 1.3 (b) appears here, modulo an important integration kernel estimate in
Proposition 3.4 whose proof is taken up in subsequent sections. This section also contains
our adaptation of Young’s inequality for general measures in Proposition 3.3, with its proof
relegated to Section 11. The technical work on estimating sup{||/Kx(u — *)||r() = u € Ty}
begins in Section 4 where we introduce a deterministic function ©(\; s, g; k). This function
© will be shown to control all the successive approximations of our integration kernel in
later sections. Sections 5 through 9 encompass these approximating steps. Section 10 proves
sharpness of Theorem 1.3, namely part (c), for p above the critical exponent. The key
probabilistic tools and associated results that have been used repeatedly throughout the
article have been collected in Section 12.

Theorem 1.3

Part (a) Part (b) Part (c)

Section 2 Section 3 Section 10
Section 12 @on 4 Section 12
Section 5

ﬂ

Proposition 6.1 Proposition 6.2

Section 7 Section 9

Section 12




10 SURESH ESWARATHASAN AND MALABIKA PRAMANIK

2. PRELIMINARIES

2.1. A general Cantor-type construction. All the fractal subsets of [0, 1]¢ considered in
this paper are obtained using a Cantor-type iteration, whose basic features we now describe.
There are two main ingredients in the construction; namely, a choice of successive scales and
a selection mechanism at each scale.

Fix a nondecreasing sequence of positive integers { Ny : k > 1} with

(2.1) 6. =M, = N\Ny...Ng.
Using the notation Z,, := {1,--- ,m}, we define a class of multi-indices
(2.2) I(k,d) == {ix = (i1, ..., ix); i; € Z%,, 1 <j <k}, and

(2.3) I* = J{I(k,d) : k > 1}.

The interpretation of the integers N, and the multi-indices i, is the following. At step k,
the unit cube [0, 1]¢ is partitioned into subcubes of sidelength §; with sides parallel to the
coordinate axes. These subcubes, which we term cubes of the k-th generation, are indexed
by ix. Each such cube is of the form

Q(x) = aliy) + [0,0,]%,  with
h—1 dp—1 i —1

! 2 4+t k-

Ny NNy Ni... N,
Here 1= (1,...,1) € R% The expression (2.4) above should be thought of as a finite “digit
expansion” of a(ix) with respect to the base string (N7, Ny, --+). Every point in the unit
cube has a possibly infinite digit expansion with respect to this base sequence. Further, such
a digit expansion is unique, except for countably many points in the unit cube. We note

that the cubes of any given generation have disjoint interiors. Further, each k-th generation
cube gives rise to exactly Ni, ;| children, as follows:

Qi) = U{Q(ikyzkﬂ) Dy € Z?Vkﬂ}-

Thus any two distinct cubes Q(i) and Q(j) with i,j € I* must satisfy exactly one of the
relations

(2.4) a(iy) =

Qi) € Q@), or QU) € QA), or int(Q(i)) Nint(Q(j)) = 0.
To specify a selection algorithm, we fix for each Z<: >1 an_ordered set Yy = {Yi(ix);ix €
I(k,d)} whose elements are either 0 or 1. Set X (iy) := Yi(41),
(2.5) X (i) = Xp_1(ip_1)Ye(ip) where iy = (ir_1, %),
Xp = A{Xi(ik) : i € I(k, d)}, Py = ##{i : Xpe(ix) = 1},
Q) = {QUx) : ix € Ik, d), Xi(iy) =1}, Q" =[] Q.
k

The relevance of these definitions is the following. A total of P, cubes of the k-th generation
are chosen at step k, the marker of selection being Xy (ix) = 1. We call the selected ones the
basic cubes of the k-th generation. The collection Qy, which is indexed by ij with Xy (ix) = 1,
specifies the cubes Q(ix) that are selected. If Xj(ix) = 0, then so is X,(is) for any ¢ > k
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with 7 (i) = ig, by (2.5). Here 7 denotes the projection onto the first k vector coordinates
in R?. Thus, once a cube is discarded at a given step, its descendants are eliminated from
consideration for the remainder of the construction. The union of the cubes in 9, therefore
gives rise to a decreasing sequence of closed sets.

Given these quantities, we define the successive nested iterates Ej of the construction, and
the limiting set E:

(26)  Ey:=[0,1)", Ep:=JQG): Xu(i) =1} = {Q: Qe &}, E:=[)Ew
k=1
We always assume that |Ey| = Pyd¢ — 0, so that F is a Lebesgue-null set. On the other

hand,
(2.7) E # 0 if and only if P, # 0 for each k > 1.

2.2. A Cantor measure. Our next task is to define a probability measure p on E. This is
a standard procedure, so we briefly sketch the details. For each k > 1, we define the function

1 .
(2.8) pr = 1g, /| Ei| = Pup ZXk(lk)lQ(ik)’
i

which is a probability density function that assigns a uniform mass of 1/P; to each basic
cube at step k. It is easy to see that the sequence {u,(Q) : ¢ > 1} converges for all cubes
Q € Q. Let us denote its limit by uo(Q), and observe that

(@) = Jim (@) = (@) = - for all @ € Q.

L—o0

The set function p initially defined on Q* is a pre-measure. By the Carathéodory extension
theorem (see for example Proposition 1.7 in [11]), there exists a Borel probability measure
pon [0, 1]¢ given by

(2.9) u(A) = inf{z po(U;) : ANE C UUZ', U; € Q*}.

The measure p coincides with pg on Q*. In particular, p — p in the weak-* topology, i.e.

for all f € C ([0, 1]%)
/f,uk%/fuask%oo.

2.3. Hausdorff dimension. The set E defined in (2.6) obeys certain dimensionality bounds
given in terms of the construction parameters.

Lemma 2.1. Let dimy(E) denote the Hausdorff dimension of E constructed above. Then

. .. log(Py)
. < _—
(2.10) dimg(FE) < h&g}f T log(0)’
log(P;,/NZ
(2.11) dimy(FE) > so := lim inf log(Pi/Ni))

k—oo — 1Og(5k—1) .
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Proof. The relation (2.10) is a standard result that follows immediately from the statement
of Proposition 4.1 in [11]. The proof of (2.11) is an easy adaptation of Lemma 2.1 of [22],
which we include for completeness. Our main tool here is Frostman’s lemma (see for example
Theorem 8.8 in [24] or Section 4.1 of [11]), which says

3 a probability measure v supported on E and a constant 0 < C' < oo}

dimy(F) = :
img(E) = sup {S such that v(B(z;7)) < Cr® for all z € R* and r > 0.

Since any ball of radius r can be covered by an axes-parallel cube of sidelength 2r, the claim
(2.11) would follow if we prove the following: for p defined as in Section 2.2 and every s < s,
there is a constant C; > 0 for which the estimate

(2.12) p(J) < Cgr?

holds for all axes-parallel cubes J of sidelength r. To this end, fix a small number r > 0
and let k = k(J) denote the unique index such that é;y1 < r < d;. The number of basic
cubes in Q1 that can intersect J is either: (i) at most 29N, as J may intersect at most
2% adjacent cubes in Qy, or (ii) the natural upper bound of |J|/6{, ,, since the cubes in Q4
have disjoint interiors. From the definition (2.9) of i, we see that

J
p(J) < Pk_+11 min {Qleim —|d | 1
O i1

—1 (odrrd \1-0 ’J| ’
< Pk+1 (2 Nk+1) 5d
k+1

Nd
< 2d k+1 rd&

= Paof?
Here 0 < # < 1 is a constant to be determined shortly. Setting s = df, we observe that
(2.12) is met provided N{,,/Py;16; is uniformly bounded for all sufficiently large k. This
happens precisely when s < sy, completing the proof. 0

2.4. Random Cantor sets. We now delve into the probabilistic construction which gener-
ates our desired Cantor-type sets. The basic procedure is as in Section 2.1, with the crucial
additional point that the sequence X, is now randomized. Recall the definitions of My, N
and I(k, d) from (2.2) and the discussion preceding it.

The underlying measure space under consideration is

Q= H Qk, where Qk = H Ek<lk), with Ek(lk> = {0, 1}
k=1 ix€l(k,d)

Thus €, consists of all binary strings of length MZ. We denote a “random” string in

by Yi = {Yi(ix) : ix € I(k,d)}. The set €2 is the collection of all infinite binary strings

w=(Y1,Yy, ), with Yy, € Q. As described in Section 2.1, every w € ) generates a

Cantor-type set F(w).

We now assign a probability measure to 2. For a collection of small positive numbers ¢, to
be specified, set

(2.13) pr = N, %
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which will serve as the “selection probability” at step k. For each & > 1 and i; € I(k, d), the
two-point set Z(ix) = {0, 1} is endowed with the probability measure )y, where

A({1}) = probability of the event {Yy(ix) = 1} = pr, and
A({0}) = probability of the event {Y}(ix) = 0} = 1 — py.

The space €, is equipped with a product probability measure that is a finite #(I(k, d))-fold
Cartesian product of the measures \;, with one copy of A\ for each i, € I(k,d). In other

words,
Pe= ] M
i €l(k,d)
This means that for every binary string n = (ny, - - - ,nMg) € O,

Pr({n}) = probability of {Y, =n} = pL"'(l — pk)M;?—ln\ where
Inl=m-+---+ Mg = number of 1-s in the string 7).

Finally, the measure IP on €2 is the product probability measure of the measures Py. In sum-
mary, the random vectors {Yy : kK > 1} across different scales are independent. The scalar
entries {Yy(ix) : ix € I(k,d)} within a single scale Y}, are independent as well; in addition,
they are identically distributed as Bernoulli random variables with success probability p.
On the other hand, it is important to note that the random variables {Xy : £ > 1} defined
as in (2.5) are not independent.

Before proceeding further, we need to ensure that the limiting sets ¥ = E(w) obtained in
this manner are nonempty, with nonzero probability.

Lemma 2.2. Assume that the construction parameters Ny and ¢i defining (2.13) are chosen
so that

[e.9]

(2.14) > —p)E <1

k=1
Then for the construction described above, P(E is nonempty) > 0.
Proof. 1t suffices to show that the probability of the complementary event, namely when E

is empty, is bounded from above by the left hand side of (2.14). Accordingly, we express
this event as a disjoint union:

{FE is empty} = U {3k such that Ej is empty}
k=1

= J{P =0but P, >0}
C [ J{3i € 1(k — 1,d) such that Yi(ix) = 0V iy = (i,4) € I(k,d)}.
k=1

The k-th event in the last union of sets can happen only if there are at least N independent
Bernoulli random variables Yy (ix) at the k-th stage that vanish. Since each Yj(ix) assumes
the value 1 with probability py, the probability of this k-th event is at most (1 — pk)N’? ,
completing the proof. 0
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In view of Lemma 2.2, we can define the conditional probability measure P* as follows: for
any measurable set A,

AN{E #0})
P(E#£0)

Most of the probabilistic statements made in this paper will be with respect to P*.

(2.15) P(A) i T

2.5. Quantitative estimates of P,. We pause a moment to record some bounds on P
that will play a crucial role in the sequel. Set

2.16) Buim N{OWIBL, Ry = [N

Note that while P is a random variable given by X}, the random variable P}, depends only
on Xj_1. The quantity Ry on the other hand is purely deterministic.

Lemma 2.3. Assume that the construction parameters Ny and ey obey (2.14) and

(2.17) > logk N2 < 0,
k=1

Then for P*-almost every w € (1, there exist constants Cy,Cy > 1 depending on w such that
for every k > 1, the following two estimates hold:

(2.18) |Py — Pyl < C1/log(k + 1) max (Py, log(k + 1))%,
(2.19) Cy 'Ry < P, < CyRy,.

Proof. Estimates of this type are consequences of large deviation inequalities ubiquitous in
the probabilistic literature, and have also appeared in previous work on random construction
of sets, see for instance [21, 22]|. For completeness, we include the proof of (2.18) and (2.19)
in the Section 12. 0J

2.6. Choice of construction parameters. So far, we have not specified values of N, and
£ that are used in the random construction of our Cantor sets. We do so now. Even though
a vast majority of our results will continue to hold for very general choices of large Ny and
small e, we set down two specific choices of (i, ex)-pairs that will be used as reference
points for the rest of the analysis. They are

(2.20) N, = N*, ¢, = % and
(2.21) N :=NF g =e

In (2.20), N > 1 is a fixed large integer and 0 < v < 1 is a small constant such that N7 is
large. In (2.21), N is a fixed large integer and 0 < € < 1 is an arbitrary constant independent
of N. We leave the reader to verify that both (2.14) and (2.17) hold for these choices of Ny
and ¢, so that P* is well-defined according to (2.15).
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2.7. Almost sure Hausdorff dimension. The relevance of the choices of ¢ in (2.20) and
(2.21) is clarified in the following lemma.

Lemma 2.4. For the random construction described in Section 2.4, and for P*-almost every
w € §, the corresponding set E = E(w) obeys the dimensional bound

d for Ny, and €y, as in (2.20),

(2.22) dimu(E) = {d(l —¢) for Ny and gi as in (2.21).

Proof. Note that M, = §,' = N**+1/2 for both choices (2.20) and (2.21). In view of
(2.16) and (2.19), the quantity Py is P*-almost surely bounded above and below by constant
multiples of

k 3
[[ Vo0 = NeRE=D2 for (2.20)
k )
. d(l1-ej) J=1
(2.23) Ry, = H N; =9 .
j=1 HNdj(l—a) — NAA=k(E+1)/2 £ (2.21).
\ Jj=1 7

With these choices of 9, and Ry, it is now easy to check that

o log(Py) L log(Ry)
———"%L = liminf ————— = lim ————*,

—o0  — log(ék_l) k—oo — 10g(5k) k—o00 — 10g(5k)
and that the value of the limit is precisely the quantity in the right hand side of (2.22) in
the two cases. The desired conclusion now follows from Lemma 2.1. OJ

Remark: Lemma 2.4 says that de should be viewed as a marker of “codimension” of the set
E, which therefore is independent of v (for (2.20)) and N (for both (2.20) and (2.21)). We
therefore fix N and v as absolute constants that will not change in the sequel; for instance,
N = 10° and v = 1/3 will suffice. The quantity ¢ will vary. For notational consistency, we
will henceforth set ¢ = 0 for the case given by (2.20).

2.8. Fractal subsets of manifolds. In this subsection, we describe how to transfer our
Cantor set constructions from a unit cube to the setting of a Riemannian (sub)manifold.
Given a compact n-dimensional Riemannian manifold M, let ¥ C M be a smooth embedded
(sub)manifold of dimension 1 < d < n, equipped with the restricted Riemannian metric
naturally endowed by ¢g. Let (U, ¢) be a local coordinate chart on X, where U C R? is an
open set containing [0,1]% and ¢ : U — p(U) < X is a smooth embedding. For a random
Cantor set £ = F(w) with w € Q constructed as in Section 2.4, we define the corresponding
random set I',, in X by setting

[, :=p(Ew)), provided FE(w)# 0.
2.8.1. Proof of Theorem 1.3 (a).

Proof. Since ¢ is a diffeomorphism, it is bi-Lipschitz, and hence preserves Hausdorff dimen-
sion [11, Corollary 2.4]. Thus dimg(T',) = dimg(E(w)). The result of Theorem 1.3 (a) now
follows from Lemma 2.4. 0
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2.8.2. A measure on T'y,. If 4 = p, is the probability measure on F = E(w) defined as
in Section 2.2, we define the corresponding measure v = v, on I' = T',, as follows: for

fec>(M),

(2.24) /Ffdy = /Ef o p(u)y/det g(u) du(u).

Since det(g) is a positive smooth function that is bounded above and away from zero on
U, the weight factor \/det(g) in (2.24) is a benign one, in the sense that it can be replaced
by constants in many operator-theoretic estimates. Let dV, denote the canonical volume
measure on M bestowed by g. We will study the restriction of eigenfunctions normalized in
L*(M) = L*(M,dV,) to the Cantor set I' = I',, equipped with the measure v = v,,.

3. MICROLOCAL PRELIMINARIES

Our study of eigenfunction restriction estimates is based on an explicit integral representation
of an underlying operator .7, called the smoothed spectral projector, in local coordinates.
The formulation of the spectral projector 7, as a Fourier integral operator is well-known and
ubiquitous in the literature (see [34] and the references therein). This is stated in Theorem
3.1 below for completeness. After restricting 7, to a random Cantor set I' as specified in
Section 2.8, we arrive at

(3.1) = A

which is the main operator of interest. A microlocal analysis of the integral kernel of the
resulting symmetrized operator 7,7, is a key tool in determining Lebesgue mapping proper-
ties of 7. We will relate this kernel with that of the unrestricted normal operator .7, .7,". In
Theorem 3.2, we recall a standard asymptotic expansion of the kernel of the latter operator.
This section is devoted to a recollection of classical facts, stated largely without proof but
with suitable references. Collectively, they provide a roadmap leading up to the proof of
Theorem 1.3 in Section 3.5, modulo a probabilistic kernel estimate that has been specified
in Proposition 3.4 and will be proved in later sections.

3.1. The smoothed spectral projector. Let us consider a Riemannian uniformly normal
neighbourhood of a base point o € M. Let x > 0 denote the radius of a geodesic ball
centred at zy contained in this neighbourhood. Without loss of generality and due to our
normal coordinate system, we can write zo = 0, the origin in R” =T, M. We set V = {y €
R™: |y| < k} and fix a neighbourhood W of xy contained in V.

Let us consider the first-order pseudo-differential operator /—A given by the spectral the-
orem. Consequently we have

\/I:Z)\jr@j, I:Zgzjv
j=0 J=0

where &2; is the projection operator onto the finite-dimensional eigenspace corresponding to
the eigenvalue \;. Furthermore

oo
6zt\/—A — 2 :ezt)\j 32]'.
Jj=0
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Let us now fix a function x € S(R™) with x(0) = 1 and supp(X) C (k/2, k). This leads to
the smooth projection operators

(32) Tri= (V=B =2 = 3y = N

We observe that
(3.3) X(V—=A — XN)pr = ¢, for all A = A,

Furthermore, a formal operator calculus made rigorous by the spectral theorem shows that

(3.4) P x(=V=E =) = 2ty

—Z[Qﬂ/ =N ()dt]ogzj

1 oy
- / e*’LtAelt\/ 7A>/€(t) dt
27

For x small enough, it is a classical result that e®V~2 can be represented as a Fourier integral
operator in local coordinates, see for instance [16]. A stationary phase argument then leads
to the following well-known theorem:

Theorem 3.1. [34, Theorem 4.1.2, Lemma 5.1.3] Given the setup described above, there exist

distinct positive constants ¢; € (0,1), 0 < i <4, and a smooth function a : W xV xR} — C

with support in the set

(3.5) S:i={(z,y) e W x V:|z] <cor < c1 < |y| < cor < K}

obeying the following properties for A > 1:

(a) The function ay(x,y) := a(z,y;\) does not vanish for (x,y) € S with |x| < cor and
dy(z,y) € [c3k, car).

(b) The spatial derivatives of ay are uniformly bounded, i.e., for every multi-index «, there
exists a constant Co, > 0 such that |03 ax(z,y)| < Ca.

(c) The function ay appears in the representation of the integral kernel for the smoothed
spectral projector I defined as in (3.4). Specifically, for all x € W and all f € L*(V)

(3.6) T(f =N / ~Ma @ ay (2, ) f(y) dy + Za(f).
Here % is a smoothing operator in the sense that || Z\||r2(v)y—raw) < CnA™N for all
N>1and all2 < g < 0.

The infinitely smoothing property of %, ensures that for any probability measure u supported
on a set I' C M, we have the following estimate

A S| L2 < | PoSf ooy < NS | ooy < CN AN Fll 22y

for all smooth functions f € L?*(V) and all N > 1. Thus %, does not contribute any
significant power of A in eigenfunction restriction estimates, and we ignore it in the sequel.
By a slight abuse of notation, we will rename as .7, the leading term in (3.6).
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3.2. Restriction of the smoothed spectral projector to submanifolds. Let us recall
from Sections 2.8 and 2.2 the construction of a random Cantor set I" on a (sub)manifold
Y. C M, endowed with its natural measure v. Equipped with the representation (3.6), we
now embark on the study of the smooth spectral projection operator 7, restricted to I', as
defined by (3.1). By duality, 7 maps L*(M,dV’) boundedly to LP(T',v) if and only if 7,7
maps L¥ (T',v) to LP(I',v). We are thus led to examine the latter normal operator.

Let J#,(x,2') denote the Schwarz kernel of the operator 7,2}, where .7, is the operator
given by the leading term in (3.6). If (U, ) is a local coordinate chart on ¥ as specified in
Section 2.8, it follows that

(3.7) TNTX(f /J?f/,\ v)y/det(g(v)) dp(v ueU, olu) € X.

In other words, the Schwarz kernel of 7,7, is the restriction of #) to I' x I'. The first step
in establishing Lebesgue boundedness of the normal operator 7,7, is therefore studying the
Schwarz kernel J#,. Our next result gives an asymptotic expansion of this kernel.

Theorem 3.2. [8, Lemma 6.1] For ¢ (x,2’) be as in the preceding paragraph, the following
conclusions hold:

(a) There exist constants k < 1 < C and a sequence of real-valued symbols (a,b,,) €
C>(R™ x R" X R) such that for |x — 2’| > CA™' and any N € N, the following expansion
holds:

(3.8) M=ot (w2 ZZ

+ mO )\|ZL‘—JZ

:tz)\dg(z z')
at (x, 2/, \) + by (z, 2, \).

/| 2dim

Each of the symbols aE has support in W x V of size O(k) (independent of ) and is
uniformly bounded in \. The remainder by obeys the estimate

by (2,2, )| < Cy (Ao — 2/) T

(b) In particular, if {x = @(u) : w € U} is a local parameterization of a d-dimensional
smooth embedded (sub)manifold ¥ C M, then there exists a constant C' > 1 such that

1

(3.9) | (2, ") | < A\ (u — v)) T,
for all x = ¢(u), ' = p(v) € ¥, u,v € U. Here (-) denotes the Japanese bracket given
by (u) = (1 + [uf?)"/2.

3.3. Reduction to a generalized Young-type inequality. The kernel estimate (3.9)
allows us to bound 7,7 pointwise by a convolution operator.

Proposition 3.3. Given a setI' C X, let Ty denote the restriction to I' of the smooth spectral
projection operator, as defined by (3.1). Suppose that I' is parameterized by E C [0,1]¢ via
a coordinate chart ¢, i.e., I' = p(F).

(a) Then for all non-negative f and all uw € E, we have the pointwise inequality

(3.10) T (foe)(u)] < OCXNHLA(fop)](u),  where

£3(f 0 9)(u !/Kxu—vﬂfow()md)7mm
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Kalu) == Q)= "7
(b) For p > 2, the operator Ty is bounded as a linear operator from L*(M,dV) to LP(T,v)
provided

(3.11) a,% = sup/ |Ka(u — v)‘% du(v) < oo.

uel
The operator norm of Ty is, in this case, bounded above by /A" ta,.

Proof. The inequality (3.10) follows from (3.7) combined with (3.9), once we recall from
Section 2.8 that the weight factor y/det(g) is uniformly bounded above and below by positive
constants. Part (b) is a consequence of a generalized Young’s inequality, stated and proved
in Proposition 11.1 in an appendix below (Section 11). We have used this proposition with
T replaced by Ly, r = p, ¢ =p and s = p/2. In view of the symmetry and the translation-
invariance of the kernel Ky, both the quantities A; and By in (11.3) equal a, in this context.
If a, is finite, the conclusion of Proposition 11.1 asserts that A"~'£, is bounded as a linear
operator from L? — LP with norm at most A" 'a,. In view of (3.10), 7,75 has the same
property. By duality, 7, maps L*(M,dV,) to LP(T',v) with norm bounded by the square
root of A"~ !a,,. O

3.4. An integration kernel estimate. In view of Proposition 3.3, the problem of Lebesgue
boundedness of 7T, reduces to an estimation of the quantity a, in (3.11). For a random set
I' and its associated measure v as described in Section 2, the integral representing a, is
random, so we aim to prove a quantitative estimate for it that holds almost surely. The
following proposition, which makes this precise, is the main step towards Theorem 1.3.

For p € (0, 00], set

4d(1 —¢)
12 = ———
(3 ) Po n—1 )
p(n—1) .
-~ 7 <
(3.13) a, = a(p,n,d,e) = 4 0 <p<po,

d(1—¢) if p > po.

Given p = p,, the natural measure on the random Cantor set E = E,, described in Section
2.4, we define the random function

(3.14) A(u, A p) = A, Aip) = / A — o))" du(w).

The most important technical component of this article is the following proposition.

Proposition 3.4. Fiz any p € [1,00). For P*-almost every w, there exists a constant C' > 0
depending only on w,p,n,d,c such that for all X > 1, the following estimate holds:

(3.15) sup |A(u, A;p)| < CP(AN)A™.

u€(o,1]4

Here A, oy, and © are as in (3.14), (3.13) and (1.9) respectively.
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3.5. Proof of Theorem 1.3 (b), assuming Proposition 3.4.

Proof. Let us recall the relation (3.3), which in particular implies @\ = @, for every
eigenfunction @,. Thus (1.7) follows from the stronger statement

T2y 1oy < CRA)(1+ A),
with 0, as given by Theorem 1.3 (b). We set about proving this.

For py > 2, we will apply Proposition 3.4 twice, for the values p = 2 and p = py respectively.
The proposition then gives that except for a P*-null set of w, the random function (-, A; p)
obeys the estimate (3.15) for these two values of p. In the notation of Proposition 3.3 part(b),
this means that for p = 2 and p = py, the operator T, maps L?(M,dV,) to LP(T',dv), with
operator norm bounded above by \/A""1a,, where

a, < (CBA™)» = AT B())

in each case. The conclusion of Theorem 1.3 for py > 2 with 2 < p < pg now follows from
Holder’s inequality, by interpolating the linear operator 7, between these two values of p.
For po > 2 and p € [pg, 00|, we interpolate T, between p = py and the trivial bound at
p = o0, namely

T3 lloe < CA"Z || f]]2.

The last inequality follows from the Weyl law, and is also an easy consequence of (3.6). For
po < 2, it is only necessary to interpolate once, between the endpoints p = 2 and p = oo,
completing the proof of the theorem. O

4. APPROXIMATION OF THE INTEGRATION KERNEL: PROOF OF PROPOSITION 3.4

4.1. Notation. We have seen in Section 3.5 that the proof of Theorem 1.3 is predicated on
Proposition 3.4. We are thus tasked with proving the almost sure estimate (3.15). In this
section we take a step in this direction, by recording a probabilistic statement concerning
certain approximations of 2 that ultimately lead to (3.15). This statement is contained in
Proposition 4.2 which is the main result of this section, and the proof of Proposition 3.4 is
completed using it. The proof of Proposition 4.2 will be presented in Section 5.

We begin by setting up some preparatory notation. For ease of exposition, it is convenient
to define the following deterministic function ©, which will dominate various quantities that
we will estimate. For fixed positive constants s and p, we define

A2 ifs>
(4.1) O\ s,0ik) == 4" e
AP if s < p.

Here k = k) for A > 1 is a monotone nondecreasing function of A that grows to infinity slower
than any power of \. Our analysis will show that for functions © relevant to Proposition 3.4,
the exact functional form of k, is tied to the choice of parameters (2.20) and (2.21) in the
Cantor construction. As long as k) grows slower than any power of A, it does not affect the
exponent o, of A in Proposition 3.4; but for specificity we will keep track of it nonetheless.
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We ask the reader to verify that the bound on 2 specified on the right hand side of the
inequality (3.15) is in fact O(\; s, p; k), with

(4.2) s:w, o=d(1—¢), Ky=B(\).

We start by recording an easy integral estimate in terms of © that will be used extensively
in the sequel.

Lemma 4.1. Given numbers ¥, p > 0, there exists a constant C' = C(9, p) such that for all
7> 0,

v 1 ifo<r<1
4.3 NP de < O -7
(43) /0 0 =0T {@(T;p,ﬁ;log(l +7)) ifT>1.

Proof. A direct computation shows that

T if 7 <1,

it 7>1and v < p,
log(1+7) if7>1andd=p,
To=r if 7>1and 9 > p.

/ t )P dt < C x
0

It is now straightforward to verify that the last expression above is bounded by the right
hand side of (4.3). O

4.2. Approximating 2l using 7, and %;. The main quantity of interest 2 will in turn be
approximated using absolutely continuous approximations of the measure pu. More precisely,
for any fixed positive constant s, set

(4.4) S (u, Ay 8) = A (U, \; s) 1= /()\(u — ) *dug(v), and
(4.5) o (u, Ay s) = A, (u, \; s) 1= /(z\(u — )y du(v).

Thus

(4.6) A(u, \;p) = o (u, \;p(n —1)/4), with s=p(n—1)/4.

The measure p; used in the definitions above is the normalized Lebesgue measure on the k-th
Cantor iterate Ej, as defined in (2.8) of Section 2.2. Substituting (2.8) into the expression
for o7, in (4.4), we obtain

(4.7) Ay = h(u, \; 8) = (Ppdd) ' Br(u, \; s), where
(4.8) By, = Bi(u, \; s) = ZXk(ik)wk(ik), and

4.9 wi (i) = wi(ig; u, A, 8) = AMu —v)) *dv.
(4.9 () = G d9) = [ =)

The relevance of the quantities above in the estimation of 2 is the following. The quantity .7
(respectively &) represents the action of the measure py, (respectively u) on the continuous
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function v — (A(u — v))~*. Since uy converges to p in the weak-* topology, we have that
(4.10) e(u, \;8) — @ (u,\;s)  as k — oo, for every u € [0,1]% and X > 0.

Thus any upper bound on &/ or 2 would follow from a similar estimate on <7, for all
sufficiently large k. The precise estimate is formalized in the proposition below.

Proposition 4.2. For P*-almost every w, there exists a constant C depending only on
w,p,n,d, e for which the following estimate holds. For every A > 1, one can find ko = ko(X)
such that for all k > ky,

k
(4.11) sup Br(u, \;s) < C1P(N)O(A;s,0;1) H Dm
m=1

u€el0,1]¢
where py denotes the selection probability given in (2.13), and s, 0, P are as in (4.2).
4.3. Proof of Proposition 3.4 assuming Proposition 4.2.

Proof. With all the notation in place, the only ingredient in this proof is the almost sure
estimate (2.19) on Py in terms of Ry, where Ry is as in (2.16). In view of the relation (4.7)
linking 7, and 2y, this estimate along with the conclusion (4.11) of Proposition 4.2 implies
that for P*-almost every w € €1, there exists a constant C > 0 such that

k
(4.12) i(u, \; 5) < (Cy " Ridf) ' CrO(N; s, 055) [ [ pm = CO(N; 5, 05 1)

m=1
for all large enough k. The last step above uses the relation R0 = pips - - - py, which can
be easily deduced from (2.16) and (2.13). Since the right hand side of (4.12) is uniform in
k, combining (4.12) with (4.10) leads to the conclusion of Proposition 3.4. O

5. ESTIMATION OF %,: PROOF OF PROPOSITION 4.2

In view of the reduction carried out in Section 4, our goal now is to prove Proposition 4.2.
We proceed to do so in this section, by rewriting %, as a telescoping sum of centred random
variables. Set

(51) %k = (Kk(u, )\; S) = ZXk,1<ik,1) [Yk(ik) — pk} wk(lk), so that
ig
(5.2) By, = 6 + pr.PBr_1.
Here pr, = E(Yy(ix)) is as in (2.13) of Section 2.4. Iterating the recursion relation (5.2) yields
k-1 k
5:3) D=6+ Y[ T] paletpmem [ (-0~
(=1 m=t+1 [0-1]

Thus £, is a sum of k+ 1 terms, all of which are random except the last summand. We now
proceed to estimate each term in the sum. We first show that the deterministic last term in
(5.3) can be dominated by a suitable choice of ©.

Lemma 5.1. There exists an absolute constant C = Cy > 0 such that

sup / AMu—0))7° < CyO(A; s,d;log(1 + N)),
[0,1]

u€(0,1]4
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where © is as in (4.1).

Proof. For u € [0,1]¢, we make a change of variable v — z = u — v in the integral to obtain
2Vd

/ AMu—wv))*dv < / (Ax) P dx < Cd/ (Ar)“Sr? Ly
[0,1]¢ lz|<2v/d r=0

A
< C’d)\_d/ (ry=sr?=t dr.
0

The integrand in the second integral above is rotationally symmetric, hence the second
inequality follows from a spherical change of coordinates x = rw, r > 0, w € S !. The
last inequality results from a scaling transformation r — r/(2A\v/d). The last integral in the
display above is precisely of the form dealt with in Lemma 4.1. Invoking (4.3) with ¢ = d,
p = s therefore yields the desired conclusion. 0

5.1. An estimate for %;. We now turn our attention to estimating %,. The main result
here is Proposition 5.2, which will be proved in the next section. Even though %}, is a random
quantity, the estimate that we seek will be deterministic and given in terms of a function
Uy = Wr(\;s,d, €) that we now define:

k—1
(5.4) Uy, = 6 H Dm X ©f  where
m=1
O(6; 11325, 0y NE 1) O (AS—13 25, 2d; ®(N))  if Aoy > Ady, > 1,
(5.5) Or := 4 O(0;11:25, 0, N 1) O(Adk—1;2s,d; 1) if M < 1< Mg,
O(X;2s, 0; D(N)) if M1 < 1.

Here © is as in (4.1), and C' is an unspecified constant whose exact value may change from
one occurrence to the next but which depends only on d, s and . As we will see, the value
of C' has no effect on the exponent «, given in (3.13) and (3.15); it only affects 8,. The
function @ is of the form

(5.6) O(t) := exp(Cy/logt), t>1.
With this notation in place, our main estimate for %}, is the following.

Proposition 5.2. Fiz any two positive constants s and p. For P*-almost every w € €1, there
exists a constant C > 0 such that for all X > 1 and k > 1,

(5.7) sup |%(u; A, 5)| < Clog(A/64) /Wy,

u€el0,1]¢
5.2. Proof of Proposition 4.2, assuming Proposition 5.2.

Proof. Let s and p be as in (4.2). Dividing both sides of (5.3) by p1ps - - - px yields
¢

XkE[H p] Gt [ -0 d

m=1 /=1 m=1 [Ozl]d

(5.8) < Z[H pm} _lfcfd + O(X;s,d;log N,

x
—-
=
i
L
I
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k¢ 1 .
(5.9) <[ TTpn] 1og(r/60 /s + O(x; s, dslog A,

/=1 m=1

where the summands in the first term of (5.8) have been estimated using (5.7) of Proposition
5.2. The bound on the last term uses Lemma 5.1. We will prove shortly in Lemma 5.3 below,
that for an absolute constant C' > 0,

ko 4 )
(5.10) ST pn]  tos(M/80)3 Ve < COM s, 00(N)),

/=1 m=1

with @ as in (5.6). Assuming this for the moment, and inserting (5.10) into (5.9), we obtain

k
—1
| [T om] < ClO0 s, 0:0(0) + O(N;5,d: log A)
m=1
< CO(A;s, 0, 2(N).
The last inequality can be verified directly from the definition (4.1) of ©, by comparing its

values in the different regimes of s, and d. This completes the proof. 0J

5.3. Estimating the sum in (5.10).
Lemma 5.3. With s, 0,k as in (4.2), the estimate (5.10) holds.

Proof. In view of the three-part description of Wy, given in (5.4) and (5.5), the sum on the
left hand side of (5.10) can be decomposed into three sub-sums:

k l
(5.11) Z[Hpm] log(M/80): /Ty = S + S + Si.

/=1 m=1
Here ., denotes the sum over indices ¢ € %, for m = 1,2, 3, where
L ={1 <l <k:\oy> 1},
222:{1§£§/{32)\6@§1<)\(5g_1},
gg={1§€§/{i>\5@_1§1}
In order to establish the claimed bound, it suffices to show that each .#,, is bounded above
by ®(A\)O(A;s, 0;1). The estimation accordingly splits into three steps.
Step 1: Estimating 1. The descriptions (5.4) and (5.5) of Wy, dictate that for indices ¢ € .2,

-1

U, = 53[1‘[ pm} % O(671: 25, 0; NE)O(AG(_1; 25, 2d; B(N))
m=1
B A2 if s < 0/2,
(5.12) =0f [[ pm x § A6 0N if 0/2 < s <d,

ATHGE NG B(N) if s > d.
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We will insert the expressions for W, obtained in (5.12) into the summand in (5.11) for
various ranges of s and p. Thus for s < /2, %] reduces to

/-1

=> & [H pm} %pzlxs log(\/d,)

e
S Cd,s,aA_S(log )‘)5 S Cd,s,aq)<)‘)@()‘a S, 0; 1)
For p/2 < s < d, inserting (5.12) into (5.11) yields

-

/—1
d 3 s
=307 | TLpm| “pilos(Vo)IN0; T NE,
e m=1
1 1
< Cah™ Y 68" log(A/60)2 Nf

(log \)2 if§§3<g,
XNTD(N) ifp<s<d
< Cas e ®(N)O(A; s, 0:1).

For s > d, the same procedure leads to

< Od,s)‘_s X

1.2.4
A=A\ dsz Hpm pe Yog(M/00)262 ' NE 1 ®(\)

e m=1

< Cash™ ) 67N log(M/60) 2
(e
< Chaed 2B(N) < Cpy e ®(N)O(N; s, 0 1).

This completes the proof for ..

Step 2: FEstimating 5. The number of indices ¢ obeying Ad, < 1 < Ady_; is exactly one, so
the sub-sum .%5 is in fact a single term, namely

[f[p } log(\/6:)% /T,

= ! [ITm]

[N

1
2

p; Hlog(\/8,)2 [ (6,125, 0, NE)O(ASp_1; 25, d; 1)

Let us pause for a moment to observe that in this case

Se=0M\""Y, 81 =0N\'®()\), andhence Mj_; =O(NS ).
We will use these facts without further reference in the remainder of this scenario. As in the
previous case, we evaluate this term for different values of s and p. For s < g/2,

1

/-1
Sy =07 | T o] “pit10g(0/60)3 672, (A01) ]
m=1
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(5.13) = A752NE  log(A/60)% < Cus A *B(N).
For o/2 < s < d/2 (which occurs if and only if ¢ > 0),

4ol 1 .
y =67 | [T om| "0 108(V/00)3 [BNE (001) ]
m=1
(5.14) <ANTESETENE | < Oy A 20(N).
For s > d/2,

-1 1
L4 2 1 1
y =67 | T ] “pi 108(0/00)3 [67 (A0 1)NE ]
m=1

_d
(5.15) <N 26772 log(A/8)2NE | < Cuy A 9B(N).

Combining the final estimates in (5.13), (5.14) and (5.15), we find that
A7 if s < p/2

S < Cyee X P(N) X
2=l 9@ {)\9 if s > p/2

} < Cyse®(N)O(N; 5,05 1).

The verification of the last inequality is left to the reader.

Step 3: FEstimating .#3. In this case,

—1 1
VU, = 62 [H pm] *VO(\ 25, 0; D(N)).

Inserting this into the expression for .73 yields

2 . L (A ifs< /2,
Z 5 [H pm} log(A/de)2 x {)\_g/z if s > 0/2 }

Lels
(3]

A6 log(A/60) P NE, if s < 0/2,
3
ATED(N) Y 67 log(A/6) 2N, if s > o/2
A0 if s < /2,
< Cyse x D(N) x o
" A7? if s> /2,
S Cd,s,sq)<)\)@()\; S, 0, 1)7

where the last step follows from the definition (4.1) of ©. This completes the proof of the
lemma. U

<

6. ESTIMATION OF %,: PROOF OF PROPOSITION 5.2

Summarizing the situation thus far, we have reduced the proof of Theorem 1.3 to that
of Proposition 5.2. We complete the latter proof in this section, modulo two propositions
based on large deviation inequalities that will be proved subsequently.
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We need the following auxiliary quantity:
(61) @k = .@k(u,)\ S) = ZXk 1 lk 1 wk lk ZXk 1 lk 1 Z(wk(lk>)27
lk lk 1

which will be used to bound %;. We will also need a fine discretization of the frequency
scale A and the spatial parameter . With this in mind, let us decompose the range of the
frequency parameter A into countably many pieces using

J o g+

(6.2) A;j:=[6:',67Y], sothat [67' 00 U

For a constant M soon to be specified, we fix maximal ((5k5]+1)M -separated sets

(6.3) Ujp = U [M] C[0,1] and Ay, = Aj[M] C A,
so that
(6.4) #(Uje) < 10796, M6 N7 and  #(Ay) <106, Mo M.

The relevance of %, U, and A in the estimation of % is clarified in the following two
propositions.

Proposition 6.1. Any choice of a large constant R > 1 permits the choice of an absolute
constant Mg = M (R, d) with the following property.

For P*-almost every w € Q, there exists a constant C = C(R,w) > 0 such that for each
Bk >1, N€ A, and u € [0,1]%, one can find u' € Uj[Mg] and N € A [Mg] obeying the
relation

(6.5) G, )| < Cllog(84160) [/ Zulel, X3 9) + (054160)
Here 6y, Dy are as in (5.1) and (6.1) respectively.

Proposition 6.2. For P*-almost every w € Q, there exists a constant C = C(w,d, s,&) > 0
such that for all indices j,k > 1, all A € L; and u € [0,1]%, the quantity 9y defined in (6.1)
admits the following bound:

(6.6) Dr(u, Ay s) < CVr(A;s,d,€),
with ¥y, as in (5.4).
6.1. Proof of Proposition 5.2, assuming Propositions 6.1 and 6.2.

Proof. Let R be an absolute constant depending only on d and s such that

(8;:100)F < inf{\/\lfk()\; s.d,e) i A€ A,-}.

In fact any R > 100(d+ s) will suffice. The desired estimate (5.7) is then obtained by simply
combining the two inequalities (6.5) with (6.6). O
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7. ESTIMATION OF %), VIA A LARGE DEVIATION INEQUALITY

7.1. Proof of Proposition 6.1.

Proof. The argument relies on two key steps. The first is a suitably fine discretization of the
parameters u and A, as a result of which the estimation of the supremum of %} (u, A;s) is
reduced to its evaluation at finitely many points. This step has been carried out in Proposi-
tion 7.2 below. The second is an application of Azuma’s inequality, quoted in Theorem 12.4,
on each of the finitely many %% (u, A; s) thus obtained. The details of this are in Lemma 7.1.

Assuming Lemma 7.1 and Proposition 7.2 for the moment, the proof is completed as follows.
Proposition 7.2 dictates that for every R > 1, there exists a constant Mz > 0 such that for
every (u,\), (u/,\') € [0,1]% x A;,

(7.1) |Gr(u, \; 8) — G, N3 8)| < (0;016,)F  provided — [(u, A) — (v, N)| < (6,641)YE.

In view of the separation condition on Uj; and A, described earlier in this section in the
lead up to (6.3), this means that for every (u,\) € [0,1]¢ x A;, there exists (u/,\) €
Ujk[Mg] x Aji[Mpg] such that

|G, A 5) = Gro(u', N 5)| < (054100) ™.
Combining this with the conclusion (7.2) of Lemma 7.1, we arrive at the estimate
[Gh(u, A; 8)| < [Golu', N5 8) ]+ (8;410%) "
< C|log (041002 /(W Ny 5) + (84100,
which is the claimed inequality (6.5). O

Lemma 7.1. Fiz M > 1. For P*-almost every w, there exists a constant C' = C(M,w) >0
such that for all j,k > 1 and (u, ) € Ujp[M] x Ap[M],

(7.2) G (u, X 5)| < C|10g(8;110%) |2/ Dr(u, A; 5).

Proof. We follow a reasoning similar to the proof of (2.18) in Lemma 2.3. For a large absolute
constant B depending only on M and soon to be specified, we define an event S;;, as follows,

there exists (u, \) € Ujp[M] x A;x[M] such that
8¢, =<we) )
* i, A; s)| > B|1og(8,4160)|2 v/ Di(u, X; 5)
This event may be rewritten as
(7.3) Sy, = U[Sjk(u, A;s)]© where
[N

(74)  [SpluAs)] = {w € Q1 [%(u, A; 8)| > Bllog(8,4100) 2 /Dl 5)} ,

and the union in (7.3) takes place over all tuples (u, \) € Ujp[M] x A, [M]. It is possible
for the set in (7.4) to be empty for certain choices of (u, A). We will shortly show that

(7.5) > Pr(s5) < oo.

jk=1
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Once this is proved, the Borel-Cantelli lemma would imply that P*-almost surely, the event
S;x holds for all but finitely many j and k. More precisely, for P*-almost every w € €2, there
exist jo(w) and ko(w) such that except for (j, k) € [1, jo(w)] % [1, ko(w)],

|61 (u, \; s)| < B| log((SjH(Sk)]%\/.@k(u, A;s) for all (u, \) € Ujp[M] x Ajp[M].
After possibly adjusting the value of C' in order to accommodate the remaining finitely many
values of j and k, we can ensure that (7.2) holds for all j and k, with
|(5k(u A;s)|

| log(0;416%) 124/ D (w, X; )

We pause for a moment to observe that the limiting set E is nonempty on the support of P*;
hence by (2.7), P, > 0 for every k > 1. Since wy(ix) is always strictly positive, this implies
that the quantity Zk(u, A;s) defined in (6.1) is also strictly positive for every (u,A). As a
result, the constant C' defined above is also positive and finite.

C:B—i—max{ (u, \) ETU]kXAJk,1<]<jo,1<k<ko}

It remains to prove (7.5). Let Fj denote the o-algebra generated by Yy, -+, Y. Let us

write

P(Tjr)  _ E@(Tjn|Fr-1))
P(E # () P(E # 0)
We observe that the denominator is a nonzero constant independent of j, k£ by Lemma 2.2.
Thus for (7.5), it suffices to show that P(T;;|Fj_1) is bounded above by a deterministic
constant that is summable in j, k. We estimate P(T;x|Fr—1) using Azuma’s inequality, quoted
in Theorem 12.4 below. Conditioning on Fj_1, we observe that for each (u, A), the quantity
%) as defined by (5.1) is a sum of independent, centred random variables, and in particular
a martingale. More precisely, in the notation of Theorem 12.4, one has

U=0, m=M,,, Uy,=Uyp—U=5%(u,Xs), ¢, =Xp-1(ir—1)wi(ir).

P*(S5;) = with Ty, = S5, N {E # 0}.

Setting
t = Bllog(3;1104)[2 (> )*
ig

n (12.17), we obtain for each choice of (u, A),
2 2

m> < 2(0j+10x) 7,  where
T, A;8) == [Si(u, X 8)]° N {E # 0},

with S;(u, A;s) as in (7.4). Since T, is the union of the events T;,(u,\;s) for (u,\) €
Uk[M] x Aji[M], the trivial bound gives

P(T,| Fir) < 205410%) T % #(Ux[M]) x #(A[M))

< CH8:16 B—zflfM(dJrl)
~ d( 7j+1 k) 2 ’

P(Tj(u, A; 8)| Fre1) < 2 exp(—

where the last step follows from (6.4). For an absolute large constant B obeying B? >
2+ 2M(d + 1), the right hand side above is a deterministic constant summable in j and k,
completing the proof. [l



30 SURESH ESWARATHASAN AND MALABIKA PRAMANIK
7.2. Discretization.

Proposition 7.2. Let the parameters d, s be as in Section 4.1. Then for any large constant
R > 1, there exists M = M(R d,n,s) with the following property. For every j,k > 1,
u,u' € (0,1, A, N € A; = [65 ,5j_+11] with

(7.6) u— o] < (00", A= N[ < (00100)Y
and every w € ), the function €, = 6. given by (5.1) obeys the estimate
(7.7) ‘Cﬁk(u; A s) — Gl N s)| < (6,4160)F.

Proof. The mean value theorem shows that the function z — (z)~*

on R? i.e., there exists an absolute constant B = B, 4 such that

is uniformly Lipschitz

(7.8) ()75 = (¢Y*| < Blz— 2| forall 2,2’ € R%
This means that for wy, defined as in (4.9) and for any multi-index i,

|wi(i; w, A, 8) — wi(ip; o', X', 5)|

< |wi(ips w, A, ) — wi(ips o', X, 9)| + [we(ie; v, A, s) — we(in; o, N, s))|

< [ 00 = i oo
i /Q(ik)| (A = 0))™ = (N(u' = v))~] dv]

§/ B|)\(u—v)—)\(u’—v)]dv+/ BIMNu —v) = N(u' —v)|dv
(ik) Q(ix)
< Béd()\|u —u'| + A= N[
(7.9) < BSH(671 + Vd) (655100 < 2B (85410,) M
The third inequality above is obtained by using the estimate (7.8) to estimate the integrands,

once with (z,2") = (AMu — v),\(v/ — v)), and once with (z,2") = (A(v — v), N (v — v)).
Substituting the estimate in (7.9) into the expression (5.1) for € yields the estimate:

|Gi(u, X ) — G/, N )| < ZXk—l(ik—1>|Yk(ik) — pil [wi(iks u, A, 8) — we(i; u/, X', 5)|
ig
< 2BG(8;4100)" ZXk 1 (k1)
< 2B(8j1100) ",
since » ; Xjp-1(ik-1) = P 1N < 8,;%. We now choose M > R so that ;" 1 < (2B)~!

This ensures that the rightmost quantity in the displayed sequence of inequalities above is
bounded by (6,410x), as claimed. O
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8. ESTIMATION OF DETERMINISTIC WEIGHT FUNCTIONS

It remains to prove Proposition 6.2. This is our main objective for this section or the
next. In preparation, let us recall from (6.1) the definition of the random quantity Z;. The
right hand side of (6.1) is a linear combination of the binary random variables Xj_1(ix_1)
weighted by a deterministic weight function depending on k. Each deterministic weight is a
short sum of the form

(8.1) S (wi(in))®

25
involving wy = wy(ix; u, A, s), which in turn has been defined in (4.9). Our first order of
business is to obtain good quantitative bounds on this weight function. The lemmas in this
section provide these bounds, which will be used in the next section towards the proof of
Proposition 6.2.

Lemma 8.1. For everyu € [0,1]4, A\ > 1 and k > 1 and every multi-indez i, € I(k—1,d),
the following estimate holds:

(8.2) > (wi(ie—1,3))? < 508 (AA(u, i) 7>,

i

where the summation index iy Tanges over Zﬁlvk and A(u, i) denotes the distance of the point
u from the cube Q(i).

Proof. Let us fix u, A\, k and i;_;. By the nesting property of the cubes Q(ix), we know that
Q(ix) C Q(ir_1) for every multi-index iy of the form i = (ix_1, 7). Thus, by definition of A,
any v € Q(ix—1) satisfies the bound |u — v| > A(u,ix—1). We substitute this bound into the
expression (4.9) of wy, and recall that each cube Q(ix) has sidelength ¢ and hence Lebesgue
volume 6¢. This leads to the following pointwise bound on wy:

(i) = wi(isu, A, 5) = /Q(‘ =) o < 3O )

Since the right hand side above is independent of 7, € Z§, , squaring and summing in i
yields

D (wi(in)? < G AA(u, i) N

K

< OO (AA(u, 1)),

where the last inequality uses the fact that 6y Ny = 1, as seen from (2.1). This is the
desired inequality (8.2). O

If w is close to Q(ix—1), and for certain regimes of A, k, s and p, the estimate in Lemma 8.1
can be improved. The next lemma quantifies this improvement. Set

(8.3) Ck := max(Adg, 1),
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and define a function Z; = Z¢(\, (g, (k—1; 5, d) as follows:
(1if (1 =1, i.e., Mdp_1 <1 and for any s and d, )
@(Ck_l; 2s, d; log(l + Ck—l)) if Aék <1< >\5k_1,

( 3\

d
1 ifs<§ande:)\5k>1,

8.4 ) = 6p0h_y X d

d
N, s if§ <s<dand G = A6, > 1,

\

LG %Y log(1+ ¢)? if d < s and ¢, = ASy, > 1.

/

Here the function © is as in (4.1). The reason for defining = as above will emerge shortly,
as we estimate each short sum of the form (8.1) over a variety of regimes in d, s, A, O, 0_1.
Its immediate relevance is that it dominates this sum, as shown in the following lemma.

Lemma 8.2. Given any constant Cy > 0, there exists another constant Cy = Cy(CY,d, s)
with the following property.

For any u € [0,1]% and k > 1 such that A(u,ip_1) < C10x_1, we have the estimate

(8.5) Z(wk(ikq,gk))Z < O,

1k

where the function Zy, is as in (8.4).

The proof of the lemma above uses of a set of tools that we lay out in the following subsection.

8.1. Refined estimation of the weights on cubes near u. For any multi-index i,_; €
I(k — 1,d), define a collection of cubes Q given by

Q = Qlir_1] == {Qir_1) +t:t = (t1, -~ ,tq) €Z% |t;] <Oy for 1 <i < d}.

The number of cubes in Q is at most (2C; + 1)%; further, Q has the property that any
u € [0,1]? obeying A(u,ir_1) < C10x_1 must lie in at least one of the cubes in Q. Fix one
such point u, and let if_, € I(k — 1,d) and i} € I(k, d) denote multi-indices depending on u
such that

u€ Qi) € Qiz_1) € Q.
Let us consider the union Q* of Q(if) along with its adjacent cubes. Thus Q* is a cube of
sidelength 3 containing Q(i}) and axis-parallel to it, with dist(u, 0Q*) > dy.

We cover Q(ix_1) using axis-parallel translates of Q* of the form Q* 4+ 3mdy, m € Z?. Thus,
we are able to ensure the following geometric properties:

(i) The possible values of the integer vector m needed for the covering are contained in
[—C1Ny/3,C Ny /3] N Z4.
(ii) Every cube Q(ir) = Q(ir_1,1x) is contained in Q* + 3mdy for some m in the above
range. The covering is essentially optimal in the following sense: for every fixed m, we
(iii) If v € Q@* + 3mdy, for some m # 0, then |u — v| > c4/m|d.
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8.2. Proof of Lemma 8.2.

Proof. Combining the observations (i)-(iii) in the previous subsection, we are led to the
following estimate:

/

Z(wk(ik—lazk»Q < CdZ[/

(M —v)~* do] " (by (i) and (i) above)
m Q*+3mdy,

ik
/

(8.6) < Cys Z [/Q“rgmé AMu —v))~* dv}z

|m|<10d

/
+ Z (A6pm) =262 (using (iii) above)
|m|>10d

(8.7) < Cus(M + W5).

The notation > appearing in the first and second steps above indicates that the summation
takes place over all indices m € Z¢ N [—C; Ny /3, C1 Ny /3]¢, with additional restrictions on
m indicated below the relevant sum. We will estimate the integral representing # and the
sum representing #5 separately.

Let us start with #,. There exists an absolute constant Cy such that
Q" +3md, C {v:|u—v| < Cydp} forall m with m| < 10d.

This means that the integral occurring in each summand of %] can be bounded from above
as follows,

(8.8) /Q*+3m6k Mu—v))*dv < /|uv|§06k (Mu—v))"*dv.

The right hand side above is independent of m, and the number of possible choices of m
with |m| < 10d is uniformly bounded. Thus squaring both sides of (8.8) above and summing
in m yields

e /lu_vlécéku(u )~ o] g

After a change of variables x = u — v, we obtain

V< (Ax)~*dx

Ix|<Cy,

O
< Cd/ Ay~ St dr

=0
Ak
<O\ / )5t dt
0
oty gyt L] if A3, < 1,
< Caph X (A0)7 {@(Aék;s,d,;log(lJr)\ék)) if A, > 1}
(8.9) < Cas0iO(Grs 5, ds log(1 + Cr)).-
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In the second inequality of the sequence of steps above, we have made a polar change of
coordinates x = rw, r > 0, w € S¢~!. This is followed by the scaling transformation t = Ar.
The penultimate step invokes the estimate (4.3) derived in Lemma 4.1, with ¢, p and 7
in that lemma replaced by d, s and \d, respectively. The last step combines the estimates
arising in different regimes in a single closed form.

We now turn to #5. Since
O m|éy, < |z| < Cylm|dy for all z € mdy, + [0, ;]* and all m € Z? with |m| > 10d,

the sum represented by #, may be interpreted as a lower Riemann sum. Replacing this sum
by the corresponding integral yields

Wo= > (Adpm) 25
|m|>10d

< Oy 08 / \z) "% dr
e Z m5k+[0:5k]d< >

|m|>10d

< Cd,ség/ (\x) ™2 dz.
0k /C<|z|<Cok—1

The last inequality follows from the fact that the cubes mdy, + [0, §;]? are essentially disjoint,
with

U{mék + [0,5k]d tm € Zd N [—ClNk/g, ClNk/S}d, |m\ Z 10d}
C{zrecR*: %k < |z| < Cék_1},

for a constant C' > max(Cy + v/d,1/(5d)). The resulting integral is then estimated via the
same sequence of spherical and scaling transformations as was used for #1:

Cop—1
Wo < C’d735,f/ <)\T>_25Td_1 dr
CASk_1
< Cyedin™ / ) 2 dt.
A6y, /C

While the univariate integral above is superficially similar to the the one considered in
Lemma 4.1, it is important to note that the domain of integration here is an interval bounded
strictly away from the origin, in contrast with Lemma 4.1 which deals with intervals whose
left end point is the origin. As such, a direct application of Lemma 4.1 with ¥ = d, p = 2s
and 7 = C\J;_1 would yield non-sharp upper bounds of the integral bounding #5, which
could be significantly smaller in certain regimes of d and s. Accordingly, we estimate the
last displayed integral directly on a case-by-case basis for different values of the integration
limits Adg, Adx_1and the exponents d, s. This leads to

(8.10) Wy < Cy, W where
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(((A0g_1)? if Mdp_1 <1, any s and d, )
(Ap_p)®28 if M0p_1 > 1 and d > 2s, any Ady,
(8.11) % — iy x log(Adx_1) — log(Adg) if Mp_1 > Ad, > 1 and d = 2s,
(A )42 if A6j_1 > A > 1 and d < 2s,
log(1 + Adx_1) if Ao, <1< Aop—q and d = 2s,
1 if Ao, <1< Adp_1 and d < 2s.

\ Vs

We omit a detailed derivation of the estimates, opting to sketch the main idea instead. For
the first four regimes, we observe that

(t)* =14 O((Aog—1)?) for any s.

For the last two regimes, we ask the reader to decompose the domain of integration into two
parts [AJ/C, 1] and [1,CAdx_1]. The behaviour of the rational function integrand over the
two subintervals then becomes easier to track.

Combining the estimates in (8.7), (8.9), (8.10) and (8.11) we obtain
Z(wk(ik—ljk))Z < Cas(W1 + W)
i
< Cao([610(Gei s, ds log(1 + G)]* + 72) < Cu B,
with Zj as defined in (8.4). The last inequality follows from a direct comparison of the

two summands in different regimes of A, dy,d,_1,s and d. We leave this to the interested
reader. O

9. ESTIMATION OF %} VIA A LARGE DEVIATION INEQUALITY
9.1. A reduction of Z. The estimates (8.2) and (8.5) prompt the following definitions.
For u € [0,1]¢, 1 <7 < £+ 1 and with the convention that &, = 1, we set:

{icen(t.d): 8,Vi<A(wi) <64V} if1<r <t
(9.1) D(r,6) = D(r, £;u) :=

{io €1(t,d): Adu.ie) < 0V} ifr=041

It is clear that for any u € [0, 1]¢,

l+1
(9.2) I(¢,d) = | | D(r, ;).

r=1
We also define
(9.3) Zp(us;0) = > X(iy).

igeD(r,0)

The relevance of the quantities D(r, ) and Z,.(u;¥¢) is made clearer in the next lemma.
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Lemma 9.1. With D(r,¢) and Z.(u;f) as above and  as in Lemma 8.2, the following

estimate holds:
k—1

(9.4) 1 Z(u, s 5)| < Cas [5,55;5_1 > Zi(usk — 1)(A6,) 7 + Zi(u, k — 1)54,
r=1

where Zy is as in (8.4).

Proof. We use the estimates obtained in Lemmas 8.1 and 8.2 to bound %, as in (6.1) :

D = Z Xp—1(ig-1) Z(wk(ik,ik_l))z

ik,le]l(kfl,d) ;k
k
=> > Xpaalie) ) (wrlin,ik-1))® by (9.2) with £ =k —1,
r=1 ix_1€D(r,k—1;u) ik

S Cd,s

k—1
SOE > Y X)) MA(u, i)

r=1 iy_1€D(r,k—1;u)

+ Y Xea(ie) Z(wk(gkaik—l)fl by (8.2),

ip_1€D(k,k—1;u) ik
k-1
< Cas[0150 > AV > Xk 1)+
r=1 ir_1€D(r,k—1u)

Y X,“(i,“)] by (8.5).

ip_1€D(k,k—1;u)

The penultimate inequality in the sequence of steps above follows from (9.2), with ¢ = k— 1.
The last expression is essentially the right hand side of (9.4), in view of (9.3). O

Lemma 9.2. For P*-a.e. w € (2, there exists a constant C = C, > 0 such that for all
u € [0,1]% and all indices v,k with 1 < r < k — 1, the quantity Z,(u, () defined as in (9.3)
obeys the following bound:
k-1

(9.5) Zy(u,k = 1) < C(6,-1 /0" [ -

Proof. Let us set ¢ = k — 1 and recall the definition (9.1) of D(r,¢). Since D(r,¢) only
involves cubes whose distance from w is at most \/c_lér_l, we observe that there is a constant
C, depending only on the dimension d such that v/dé,_;-neighbourhood of u can be covered
by at most Cy cubes from the (r — 1)th generation, each of sidelength 4, ;. In other words,
given any u € [0, 1], there is a collection I,(r — 1,d) C I(r — 1,d) of cardinality at most Cj
with the property that every i, € D(r, ¢) is of the form i, = (i,_1,j) for some i,_; € I,(r—1,d)
and some multi-index j of length ¢ — r + 1. This means that Z,.(u, f) can be no more than
the total number of basic cubes of the /-th generation of the Cantor set that are descended
from the cubes Q(i,_1), i,—1 € I,(r — 1,d). In the notation of Section 12.2, this means that

Z(u,l) < Cygsup{qel[i,—1] :1,_1 € I(r — 1,d)}.
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According to Lemma 12.1, this number is bounded by the right hand side of (9.5). O

9.2. Proof of Proposition 6.2.

Proof. Let us recall the description (5.4) of the quantity ¥}, occurring in the right hand side
of (6.6). We aim to show that % is bounded above by this quantity.

Since Zy(u,k — 1) is bounded above by a constant Cy uniformly in u, the estimate (9.4)
combined with (9.5) yields

k-1

(9.6) Dy, < Cys [6255 12 (A, 28 Or—1/0k— 1 Hpm uk]

=1

<

We recall from (8.4) that = is a function of (x = max(Adg, 1) and (,_;. The presence of the
terms (AJ,) and (; and (x—; in the sum above suggests that we should estimate it in two
separate cases depending on the relative sizes of A and §; and dx_1.

Case 1: \op > 1. In this case A\, is larger than 1 for all 1 <r < k — 1, as a result of which
(Ad,) is comparable to AJ, . In light of this, the bound (9.6) reduces to

k—1 k—1 r—1
(9.7) P < CasiA > T pw |3 07500, [ o] +2
m=1 r=1 m=1

Using the definition of §, that follows from our choice of parameters (2.20) and (2.21), we
verify that there exists a constant Cg, such that

k-1 r—1
(9.8) Z 67260 H il < Cys X D}, where
= m=1
1 it s < p/2, 2 if
9.9) 2L:={ _ / , with B=DB(dse)=1{" ife>0,
SETENE, if s> 0/2, 2s+~ ife=0.

The constant « here is the same one that appears in (2.20). Inserting the estimate (9.8) as
given by (9.9) into the expression in (9.7), and comparing it with the size of = as given by
(8.4), we arrive at the following bound on %:

A 264 TT . ifs < 2
k I]:p s 27

(910) @k < Cd75 X for >\5k > 1.
A"2505072 N B | Hpm ifg <s<d,

[ A722D()N) if 5 > d, )

Let us recall that ® is a slowly growing function given by (5.6). We ask the reader to verify
that the right hand side above agrees with the expression for Wy, as specified by (5.4), with
the constant C' in (5.5) being at least B.

Case 2: N\, <1 < A\oj_1. In this case, we still have that (, =), > 1for 1 <r <k —1, as
a result of which (9.7) continues to hold, with the first summand obeying the same bound
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given by (9.8) and (9.9). The only distinction is that = is now given by
Bk = 0p05_1O(A0k_1; 25, d; log(1 + A1),

as can be seen from (8.4). A case-by-case comparison as before now leads to

( k—1 )
A28 T pm if s < 2
knl;Lp s 27
k—1
d
et 2 2
—dsdnB : d
\ W

This too coincides with Wy as given by (5.4). Note that the range 0/2 < s < d/2 is nonempty
only if € > 0.

Case 3: \op_1 < 1, which is equivalent to (1 = 1. The new feature of this case is that \d,
is larger than 1 for small values of r and less than 1 otherwise, as a result of which (\d,) is
comparable respectively to Ad, and a constant in these two regimes. Furthermore, the last
summand Zj in (9.6) is 6862 |, as can be seen from (8.4). Accordingly, we split the sum in
(9.6) in three parts:

(9.12) D < Dy + Dy + Cabilsy_ |, where
k—1 * r—1
(9.13) T < Ca[ N6 T ] x [Z 5760, 1 p;;],
m=1 m=1

k—1 K% r—1
(9.14) Dy < Calof ]| pm) x [Z 1] p;f]-
m=1 T m=1

Here Y_" denotes the sum over all indices 1 < r < k — 1 such that A\j, > 1, and Y. denotes
the sum over the complementary set of indices . The sum appearing in Z; is very similar to
2, appearing in Case 1. The estimation of &} therefore proceeds in an essentially identical
manner, and yields

kol 1 if s <o/2
9.15 P < N6 T po % B
(9.15) b= kgp {)\259<I>(log A) if s> /2.

The second sum Z;* is estimated as follows,

kol Z gHmINII=S it e >0
.@Z* < Cd,s [5? H pm] X e
m=1 >IN if e = 0.
k—1
(9.16) < Cus[6f T] pm] x @(N)A2.

m=1
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Comparing the estimates in (9.15) and (9.16) and inserting them into (9.12) we find that
D+ 0468 | < 27, thus proving Zy < Cy ;. Since 7} equals Uy, in the regime Aoy, < 1,
we are done. ]

10. SHARPNESS: PROOF OF THEOREM 1.3 (C)

Let us recall the random Cantor construction laid out in Section 2.4. Given a Riemannian
manifold (M, g) and a submanifold ¥ of dimension d, we obtained a measure space (€2, P*)
such that P*-almost every point w € Q generated a Cantor-like set £ = E(w) C ¥ of
Hausdorff dimension d(1—¢), equipped with a natural measure p = pu(w). Our main objective
in this section is to prove the almost sure lower bound (1.10) for M = S™.

The overall structure of the proof is very similar to [8]. However, for the sake of completeness,
we include it in its entirety, since at critical junctures of the argument, well-known properties
of the Lebesgue measure have to be replaced by their analogues for . The important tools
in the proof are the following.

10.1. Summary of results.

Proposition 10.1 (Lower bound for rough spectral projectors). For any Riemannian man-
ifold (M, g),

(10.1) lim sup m = @ (m)|| L 2| 2(ar) s 2o > 0,
meN

where 1) denotes the rough spectral projector 1, = 1\/16[/\7)\%).

In other words, there exists a countably infinite increasing sequence of spectral parameters
{0k : k > 1} (not necessarily eigenvalues) with the following properties.

(a) Each 0y is a non-negative half-integer such that [0x, 0x + 1/2) N Spec(—A,) # 0.
(b) For P*-almost every w € 0 and every exponent p > py, one can find a constant C' =
C(w,p) > 0 satisfying

(10.2) o]l 2 an) s oy = COZDB(O) ™ for all k > 1.

Proposition 10.2 (Lower bound for smooth spectral projectors). For any Riemannian
manifold (M, g),

(10.3) lim sup A~ @(A)|| Ta| 220> o) > 0,

A—00

where I\ = x(\/—Ay — ) is the smooth projection operator defined in (3.2).

Proposition 10.3 (A ball condition for random measures). For P*-almost every w € €, the
following statements hold for the random sets E,, C [0,1]¢ constructed in Section 2.4.

(a) There exists a constant C' = C,, > 0 such that
(10.4) sup {,uw(B(vo;r))r’d(l’g) [@(1/7’)}_1 cr > 0,09 € Ew} < C, < .
(b) For every vy € E(w), there exists a constant Cy = C(vo;w) > 0 such that for all r >0,

(10.5) inf {uw (B(vo; r))r_d(l_a) [@(1/7“)]71 > O} > Oyt
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10.2. Proof of Theorem 1.3 (c), assuming Proposition 10.1.

Proof. For M = S", we have explicit information about the location of the eigenvalues of
the Laplace-Beltrami operator:

Spec(—Agn) = {\; ={({+n—1): (€N}

The gap between A4y and Ay, approaches 1 as ¢ — oo. Thus for any large integer m € N,
the interval [m/2,m /24 1/2) contains at most one value of A,. Thus in this context, Propo-
sition 10.1 provides an increasing sequence of positive half-integers 6, such that each interval
[0k, 0. + 1/2) contains the square root of exactly one eigenvalue, say Ay, . Since 1y, s, = ©o,
for any eigenfunction ¢, associated with the eigenvalue Ay, , the desired conclusion (1.10)
follows from (10.2) for the subsequence ¢, of L*-normalized spherical harmonics. U

10.3. Proof of Proposition 10.1 assuming Proposition 10.2.

Proof. We prove this by contradiction. If the limit superior in (10.1) is zero, then we can
find k,, — 0 such that
(10.6) Lo |20y 100y < K ®(m)~'m®  for all m.

Without loss of generality and after choosing a slower decaying function if necessary, we may
assume that A — & is a continuous function on R, decreasing to zero at infinity, such that
f(A) = kaX*®(\)~! obeys the following properties:

e f isincreasing in A for sufficiently large A,

e f satisfies a doubling condition, i.e., there exists a constant C' such that

(10.7) f(2X) < Cf(N) for all large A.

The hypotheses above are applied towards estimating the operator norm of 7y, in the fol-
lowing way. We observe that

Id = Z L2 = Z 1,,201,,/2, which implies

MEZ meZ
(108) e%\ = Zlm/201m/20%.
meZ

Taking the operator norm of both sides of (10.8) and invoking (10.6), we arrive at the
estimate

A2y = ey < Z [1y2 © Lny2 © TallL2(ar)= e ()
meZ

< Z L2l z2any =) X || my2 © Allrzan—r2(an)

meZ
< Km®(m) " im%  su A — A
< ngz (m) L IX(Aj = V)]
(10.9) <Oy Y Kn®(m) " 'm® (1 + dist(\, J))
meZ

Here J,, denotes the interval [m/2, (m + 1)/2). The third inequality in the sequence above
follows from (10.6) and the spectral theorem. The fourth inequality, which holds for any
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positive integer N, uses the fact that y is Schwartz. We now proceed to estimate the sum in
(10.9) in three parts, depending on the relative position of the running index m with respect
to m*, where m* denotes the unique integer such that A € J,,,«. Thus m* < 2\.

For m < m* — 2 we set r = m* —m, so that dist(\, J,,) > dist(Jp,, Jp=) = (r — 1)/2. Using
the fact that f(\) = kyA»®(\)~! increases with A\, we obtain

ST fn®(m)tm® (1 + dist(A, Ja)) T < f(m*) D ((r—1)/2) 7N

m<m*—2 r>2
(10.10) < CF2N) < Of(N) = Cry®(N) I\,

where the last inequality follows from the doubling property (10.7). For m in the range
|m —m*| <1, the estimate
m*+1

(10.11) > kn®(m) " m® (1 + dist(), Jn)) T < Cra®(A) TN

m=m*—1
is easy to verify from the properties of f; in fact, each one of the three summands is com-
parable to the right hand side, by the doubling property (10.7). For m > m* + 2, we set
r =m—m*, so that once again we have dist(\, J,,,) > (r —1)/2. Since k,, and 1/®(m) both
decrease with m, this leads to

Z Ko ®(m) "'m (1 + dist(, Jm))_N < K Z S(m* + ) Hm )% ((r—1)/2)7N

< K< ®(m IZm + ) ((r—1)/2)7N

<CN/€m*(I) 1i

(10.12) < Of(m*) < Cf (A ) Cra®(\) A%,

The fourth inequality holds provided one chooses N > §, + 1. The subsequent inequality is
justified exactly as in (10.10).

Combining the estimates obtained in (10.9)-(10.12), we find that
T2y =) < Cra\ for all sufficiently large \.
Since k) — 0, this implies that

lim sup A= ®(\)|| 75| |L2(v)— 1) = 0,

A—00

contradicting the conclusion of Proposition 10.2. U

10.4. Proof of Proposition 10.2, assuming Proposition 10.3.

Proof. By Theorem 3.1, 7, admits the representation given by (3.6). As before, in view of
the fast decay

2| L2y = Lo ) < CyAYN for any N > 1 and any p > 2,
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we continue to denote by 7, the leading term in (3.6). Proposition 10.2 demands the
existence of a constant ¢ > 0 such that

(10.13) T2 0n)= o) = ITATS o () o) = €@(N) TN for all large A,

where T, denotes the restriction of the operator 7, as given by (3.1). From the discussion
in Section 3, we find that 7,7, is an integral operator of the form (3.7), with integration
kernel JZ, given by

I (z(u), z(v)) = A" ! /exp[—M(dg(x(u),y) — dg(x(v),y))]a(x(u),y)a(x(v),y) dy.

We have also recorded in Section 3 (specifically in Theorem 3.1(a)) that a, is a smooth
function that does not vanish for (z,y) € S with d,(z,y) € [c3k, csr]. Here k > 0 is a fixed
small constant, and S has been defined in (3.5).

For P*-almost every w € {2 obeying the conclusion of Proposition 10.3, let us fix vy € E,,.
We are thus ensured of the two estimates (10.4) and (10.5). For all sufficiently large A, we
choose a test function f, such that

(10.14) fa(z(v)) = MNP (N (v — ).

Here v is a smooth non-negative function supported in a small ball of radius ¢ (a small ab-
solute constant soon to be specified) centred at the origin and identically one on a concentric
ball of half the radius. By choosing a smaller ¢ if necessary, we can ensure that the function
(v,y) — a(z(v),y) does not change sign and stays bounded away from zero for (z(v),y) € S
and z(v) € supp(fy). It follows from (2.24) and (10.4) that

Hf/\HLp ) /lf)\ P'\/det(g(v)) du(v

< O N7 (B(Uo;a)\_l)) < C,0(N).

(10.15)

An additional relevance of o is that

|dg(z(w),y) — dg(z(v),y)| < dg(x(u),z(v)) < CoX™'  for z(u), z(v) € supp(fy),

so for ¢ small enough, we can ensure that
Re|#4(a(u), (v))]
>\l /Re [exp{—i)\(dg(x(u), y) — dg(z(v), y)) }] a(x(u), y)a(x(v), y) dy

> cos(Co)\" ! /a(x(u), y)a(z(v),y) dy > coA™

for some fixed ¢y > 0. Thus for z(u) € supp(fy), with fy as in (10.14),

T3 fa(@w)] = coA™! / Fr(@(v))y/det (g (0)) dp(w)

T u[Blvo; o/ (20))]
))\—d(l—s)q)()\)—l — Ca—l)\nflf

> oL\

d(1—
Z Cg_l)\n_1+ Py

e,
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where the last inequality is a consequence of (10.5). The pointwise bound above implies that
T3 ll2 0, 2 G X7 40-90(X) "1y (supp(£1)
> C7PA P99 (M) T [ B(ug; oA /2)]

(10.16) > O Up=2d0=9) G (\) L = CSIp(N) "IN,
where we have used (10.5) again in the last inequality. Combining (10.15) with (10.16) leads
us to the desired conclusion (10.13). U

10.5. Proof of Proposition 10.3.
Proof. Fix any vy € E and any 0 < r < 1. Since
p[B(vosr] = lim . [B(uo; 7)],

the desired inequality (10.4) follows from a similar inequality with py replacing u. It follows
from (2.8) that

B(vo;r)
(10.17) Pkéd ZXk i) | B(vo; ) N Q(i)]-

To establish (10.4), let us choose the unique scale ¢* such that
(10.18) (Sg*_H <r< (5@*.

The relevance of ¢* is that B(vg;r) can be covered by cubes of the form {Q(ip) : i €
I*[vg; r]}, where the cardinality of I*[vg;r]| is at most a constant Cy depending only on d.
Thus the cubes Q(i) that contribute to the sum in (10.17) are those descended from (i)
for some iy« € I*[vg;7]. In other words, the sum ranges over multi-indices i, € I(k, d) whose
projection onto the first £* coordinates yields some i, € I*[vg;r]. This leads to the following
estimate:

pre[ B (vo; 7)] Pkéd > ZXk i,)0

igx €1 [vg;r]
1 .
=— > i
ko €1 [vo3r]
Cq

< stup{qk[ig*] i € ]I(K*,d)}

Cd 5€* d i
(10.19) <5 <5k) mH P

The sum Y in the first displayed line above ranges over all multi-indices i, which project
onto some ig« € [*[vg; r] in the first £* coordinates. Thus the quantity gx[is-] that appears in
the second line is the same as the one defined in (12.5) in Section 12.2, namely the number
of basic cubes of the kth generation descended from Q(ip+). Lemma 12.1 then provides the




44 SURESH ESWARATHASAN AND MALABIKA PRAMANIK

upper bound in (10.19). A simplification of this last term using (2.13), (2.20) and (2.21)

yields
Ca (5e\* H 5“ 9 ife>0,
P, \ s Pm= o Ns ife =o0.

m=0*+1

In view of (10.18), both expressions above are dominated by r!—)

proof of (10.4).

®(1/r), completing the

We turn to the inequality (10.5). For any vy € RY, the ball B(vg;r) contains a cube Q =
Q(vo;7) centred at vy and of sidelength 2r/v/d. It follows from (10.18) that there exists a
multi-index ip;o € I(¢* 4 2,d) such that

weQ= Q@*H) C Q,

provided the parameter N in (2.20) and (2.21) is chosen large enough relative to d. The
relation (10.17) then leads to the following lower bound: for k > ¢* + 3,

1

1 < . a
(10.20) pk[B(vo; )] = @Z)ﬁc(lk)&f = Fk%[le*w]a
i

where 2 indicates summation over all multi-indices i, whose projection onto the first £* + 2

coordinates yields Teuz- In other words, we only restrict attention to cubes Q(ix) that are

descended from Q. If additionally we assume that vy € E, then the right hand side of (10.20)
is guaranteed to be nonzero; in fact, by Lemma 12.2 we can estimate it from below by

Bl > e > — (222)" ]
HE Vo, T)| = quk 042] 2 CP. 5 Pm-

m=0*+3

We leave the reader to verify, along the same lines as in the previous case, that this last
quantity is bounded from below by r%1=%) /®(1/r), completing the proof. O

11. APPENDIX: A GENERALIZED YOUNG-TYPE INEQUALITY

Proposition 11.1. Let p1 be a positive Borel measure supported on a set E C R® that is not
necessarily translation-invariant. Given a measurable function K(-,-), consider the integral
operator:

(11.1) /ny ) dp(y).

Then for any choice of exponents 1 < s,q,r < oo satisfying

(11.2) 1+1:1+1
r
(11.3) —sup{/|ny|du )} < 00, By —sup{/]ny]du )} < 00,
zel yeE

the following inequality holds:
1-2 s
“Tf”LT(u) < As "Bi ||f||L‘1(u)'
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Proof. We adapt the same method of proof as the classical Young’s inequality, where pu is
the Lebesgue measure, with the modifications needed to deal with the lack of translation-
invariance. We begin with a pointwise bound for the operator T'.

1@ < [ Kl dutw

S

< / K, )| £ ()% du(y)

- [l 1wl ) K.y
< Ty (z) x Ty(x) X T3, where

T—S8 r—
T

f)l

s
P

" du(y)

%1(e) = | (K AFFOM e = ([ 1K)l Wl dutw)

r—s

r—S8

L5y = (/!K(%y)!sdu(y)) S AS
Ty = A,y ) = 5,
The last line in the estimation of 7'f(x) above uses the generalized Holder’s Inequality with

the triple of exponents (r, sr/(r —s),qr/(r —q)), whose reciprocals add up to one, by (11.2).
We proceed to compute the L"(u)-norm of our convolution:

T—Ss

To(r) = [K ()

750 < [ [51(0) X Fala) x T du(e)
< [ ([ 1K@ FI ) dut) 4 11 duo)

<Al / / K (2, 9)||f ()] dya(y) da()
< AT 5l X (B )
< A B Il

which completes our proof. 0]

12. APPENDIX: PROBABILISTIC TOOLS

12.1. Proof of Lemma 2.3.

Proof. The inequality (2.19) is a consequence of (2.18). We start by proving this implication.
Define the auxiliary quantity

P - Py

. sothat P, = Pr(1+n).
Py,

Mk -
An iteration involving (2.16) then gives

P =Py(1+m) = NN HA+n)Pey =
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k

H W 4y)] = Re [+ ).

j=1
Thus, in order to prove (2.19) it suffices to establish the P*-almost sure existence of a constant
Cy = Cy(w) > 0 such that

k
(12.1) H (14mn,)<Cy forall k>1.

This follows from two observations: the first is that for P*-almost every random set F,
(12.2) Nk # —1, since Py # 0 for all k > 1,

so the product in (12.1) is strictly positive. The second point to note is that the sequence
M. is absolutely summable. To see this, we estimate the sum as follows,

Z Pk <C, Z\/log (k+ 1) max(Py,log(k + 1 ))% x (Py)~ "
o=

< Z log(ﬁ—l— 1) N Z V/log(k +1)

< — —i2
k:Pp<log(k+1) Pr k:Pp>log(k+1) Pk
log(k + 1)
<G =
PR

N

S 01 Z log k’ + 1) [Ng(l_ak)Pk_l} a
k

<O log(k+1) N
k

The first inequality above follows from (2.18). In the second step, we have rewritten the sum
in two parts, depending on the relative sizes of P and log(k-+1). The penultimate inequality
makes use of the defining identity of Pj in (2.16). The last inequality is a consequence of
the fact that P,_; > 1 on the support of P*. Our summability hypothesis (2.17) therefore
implies that P*-almost surely there exists a large integer ko = ko(w) > 0 depending on C
such that

k
< H(1+77j) <2 forall k >k > k.
——

N | =

Set Cy > 1 to be any constant such that Cy = Cy(w) > max (2C3, 1/(2Cy)), where

k
Cy = sup H +mn;) and Cy= sup H(l—l—nj)*l.

Both C5 and Cj are strictly positive, by (12.2). Then (12.1) holds with this Cy, proving
(2.19).
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It remains to prove (2.18). For a fixed large w-independent constant B soon to be specified
(B = 100 will suffice), we define the event
Skiz {MEQZ|Pk—Fk|St0},

where

1
(12.3) to := By/log(k + 1) max(?k, log(k + 1)) ’
{Blog(k‘ +1) for Py, <log(k + 1),

Blog(k +1)P?  for P, > log(k + 1).
We aim to show that

(12.4) iP*(sz) < 0.

Once (12.4) is established, the Borel-Cantelli Lemma [2, p 53, Theorem 4.3] implies that for
P*-almost every w, there exists an integer ko(w) > 1 such that the event Sj occurs for all
k > ko(w). Since we have

_p o 2Md
sup B — Pil < ! sup |P, — Pyl < ko
k<ko(w) \/ﬁk log(k + 1) V108 2 <y (w) Vlog?2

for every such w, the desired inequality (2.18) holds P*-almost surely by setting C; =
max (B, 2M /1/Tog2).

We now turn our attention to proving (12.4). Let Fj denote the o-algebra generated by
Yy, -, Y, Since
P(Te) _ E(P(Tp|Fr-1)) .
P*(S5) = = with T, = 8¢ N{E # 0},
it suffices to show that P(Ty|Fk_1) is bounded above by a deterministic constant that is
summable in k. We estimate P(Ty|Fy_1) using Bernstein’s inequality, quoted in Theorem
12.3 below. Conditioning on Fj_1, we observe that

d
Nk

Po=Pe=> Xalix ) > (Yk(ik) - N,;dgk)

i, ix=1

is the sum of P, = P,_; N, ,‘j independent, centred random variables, each of which is bounded
above by 1 in absolute value and has variance < p,, = N, 9k Thus in the notation of Theorem
123, m = Py, M =1 and Y. 0% < 02 = P;,. We apply (12.16) with these values and with
t =tp as in (12.3). This yields

_ 2
P(Tklfk—l) = ]P)(lpk - Pk| > t0|fk_1) S eXp | —= 0 p
Pp+%

exp i) for Pj, <log(k +1),

< _4t()/3
— 2
exp —43%/3) for P, > log(k +1).
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<(k+1)77%
The final step is obtained by substituting to from (12.3) into the two cases. The right hand
side is summable for any choice of B > 4, completing the proof. U

12.2. Estimating the number of descendants of a basic cube. For indices 1 < r </,
and a fixed i, € I(r, d), let us define

(12.5) qelis] = ZXz(ié);

where ' ranges over all multi-indices i, € I(¢,d) whose projection onto the first r coor-
dinates yields i,. Thus ¢[i,| represents the number of basic cubes of the k-th generation

descended from Q(i,).

Lemma 12.1. Suppose that the construction parameters Nj and € obey the following
summability condition:

(12.6) > k[ log by | N, 12 < 0.
k>k'

Then for P*-almost every w € 2, there exists a constant C' = C, > 0 such that for every
choice of indices r < {,

d V4
sup{qli,] : i, € I(r,d)} < C (%) I »m

£ m=r+1

Remark: We observe that the condition (12.5) is stronger that the other two conditions
(2.14) and (2.17) needed in earlier parts of the argument. Further, the choices of Ny and ¢
as given in (2.20) and (2.21) satisfy (12.6) and hence also (2.14) and (2.17).

Proof. The proof is very similar to that of Lemma 2.3 above, so we only sketch the details.
For fixed r, we define a partially averaged version of g;, which we call g,:

(12.7) Gelis] = Nipeqeoalis] = Ny e i),
with p, and ¢ as in (2.13).
For a fixed large w-independent constant B to be specified, we set
70 := (+ B)"?|1og 6,/ max(q,[i,], (¢ + B)|log 5,|) ">
(12.8) _ { (¢ + B)2|log 6, [VA(7,i,)"/* it G, > (( + B)|log 4| }
(¢ + B)|log o, | if g, < (¢ + B)|logé,|,
and define the event
T, = ﬁ Ty, where T, :={w e Q:|gli,] —gli,]] < forall i, € I(r,d)}.

l=r+1
We aim to show that

o0 o0

(12.9) Y Pt = ZP*( U Ti€> <3 3 Pr(1) < oo

r=1 l=r+1 r=1 {=r+1
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The same Borel-Cantelli argument as in Lemma 2.3 would then imply that for almost every
w € (Q, there is a constant C' > 0 such that

(12.10) \qeliy] — @lir]| < C1p for all » < £ and all i,.

We will return to the proof of (12.9) shortly, but will leave the verification of (12.10) from
(12.9) to the reader. Assuming (12.10) for the moment, the remainder of the proof is com-
pleted as follows. We fix indices r < /¢, and a multi-index i,, and for simplicity write
¢ = qlir], 4o = G,[i,]. Define an auxiliary quantity (, according to the following relation

(12.11) G =To(1+ Co).

The definitions (12.5) and (12.7) of ¢, and @, imply if ¢, is nonzero, then so is every g, and
q,, for r+1 < m < (. As a result, (; is well-defined for nonzero g,. Further, (12.10) implies
that in this case,

C
[ a_TO < C(( + B)|logd,| x (g,) 72
y4

(12.12) < C(0 + B)|log 6,|N,; M —=0/2

The second inequality in the sequence above follows from (12.8). The last inequality is a
consequence of (12.7), which says that if g, is nonzero, it must be larger than N{p.

The quantity ¢, is analogous to 7, in the proof of Lemma 2.3 and will play a similar role.
[terating the relation (12.11) and applying (12.7) at every step, we arrive at

G = Nipigr1(14+¢) =+

(12.13) - [ f[ N;ﬁpmH f[ (1+§m)}qr: (g—;)d[ ﬁlpmH f[ (1+Cm)]

m=r+1 m=r+ m=r+ m=r+

Since ¢, = ¢,[i,] = 1, it suffices to show that the second product above is bounded above
by a constant independent of r and ¢ and depending only on w. The estimate (12.12) shows
that (,, is small for m > r and large r, so in order to establish the desired conclusion it
suffices to show that the sum of |(,,| in the range r + 1 < m < £ is bounded above by a
large w-dependent constant that is uniform in r and ¢. The summability hypothesis (12.6)
ensures that this is the case.

It remains to prove (12.9). We do this again with an application of Bernstein’s inequality,
as we did in the proof of Lemma 2.3. Since

@ =T = Xea(ie-1) Y (Yelie) = po),

i i
we can set
m = qi_1 N, o® = Niq1p. =7, and t=1p
in Theorem 12.3 to deduce that for each i, € I(r, d),

* — 7_2 3(t+B
P*(lge — G| > 70) < exp (—_ ° TO) < 5,
Qo+ 3
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Since the number of possible choices of multi-indices i, is J, %, summing the above estimate
over all i, yields
3 _
P (TE,) < 6
Choosing B > 4d/3 ensures that the last quantity is summable in r and ¢ for all £ > r + 1.
This completes the proof of (12.9) and hence the proof of the lemma. 0

A careful analysis of the proof of Lemma 12.1 yields a lower bound on ¢, as well.

Lemma 12.2. Assume that the summability condition (12.6). Then for P*-a.e. w € Q and
every x € E = E(w), the following property holds:

There exists a constant C' = Cy, > 0 such that for all indices r < ¢ and all multi-indices i,
and i, such that

(12.14) z € Qi) € Q(i),
we have

5\
(12.15) @li,] > C™* (5—) ml:[ﬂpm.

Proof. We proceed exactly as in Lemma 12.1, leading up to the relation (12.13). The hypoth-
esis (12.14) implies that g, is nonzero for all the relevant choices of i, and i,; in particular,
none of the factors 1 + (,,, can be zero, for r +1 < m < £. On the other hand, the estimate
(12.12) and the summability hypothesis (12.6) imply that the tail product of [], (1 + (»)
converges to a nonzero quantity, i.e., there are large absolute constants R, C' > 0 such that

y4
inf{ I1 (1+Cm):€>r2R}zC_1.

m=r+1

This leaves at most R factors unaccounted for, but since each factor is nonzero, we can reach
(12.15) simply by enlarging C' by a constant factor depending only on R,z and w. O
12.3. Large deviation inequalities.
Theorem 12.3. (Bernstein’s inequality) Let Zy, ..., Z,, be independent random variables
with

Z,| <M, EZ.=0 and E|Z|*=02
Let > 0% < 0. Then for all t > 0,

Theorem 12.4. (Azuma’s inequality) Suppose that {U, : r = 0,1,2,...} is a martingale
and {c, : v > 0} is a sequence of positive numbers such that |U,y1 — U,| < ¢, almost surely.
Then for all integers m > 1 and all t € R,

(12.17) P (U — Up| > 1) < 2exp[—t2/(2§:cz)}

r=1
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