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Abstract

Plated structures are used extensively in aerospace structures to reduce mass, while
maintaining a high degree of stiffness. In many cases, such structures exhibit stable
postbuckling behaviour and can carry loads far in excess of their critical buckling load.
However, postbuckling behaviour is often complex and computationally expensive to

determine particularly when anisotropic composite material is utilised.

In aerostructure design, engineers require fast yet reliable software to extend the design
envelope as far as possible into the postbuckling region. The exact finite strip computer
program VICONOPT is a powerful tool for analysis and optimisation of prismatic plate
assemblies but has some limitations particularly in conducting postbuckling analysis. For
example, it gives conservative postbuckling results for structures subject to combined
shear and compression because it assumes the mode shape varies sinusoidally in the
longitudinal direction. Also, it unable to predict correct postbucked stress distribution

patterns. This work is motivated by the need to address these limitations.

A new postbuckling analysis procedure is proposed for analysis of isotropic and
anisotropic plates under combined loading. This approach is based on a geometrical
relationship between the postbuckling axial stiffnesses calculated from the actual mode
shapes and those calculated under the sinusoidal assumption. This enables comparison

studies to be conducted to correct the previous conservative postbuckling analysis.

An ‘Improved’ method is also proposed to obtain an accurate stress distribution during
the postbuckling analysis. Enhanced trigonometric functions are developed to that the in-
plane displacement field can be represented more adequately. The in-plane governing
equilibrium equations are derived and solved analytically for both isotropic and general

anisotropic plates.

This Improved method is further extended to handle more complex problems, including
stiffened panels for which some adjustments to the equilibrium equations are made. Each
proposed method is presented alongside appropriate practical examples and numerical

results, and a commercial finite element package is used to validate the results obtained.
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Chapter 1

Introduction

1.1 General introduction

The aerospace industry is characterised by highly complex design, manufacture and
integration processes, all of which are both scientifically and technically challenging.
International Air Transport Association (IATA) adopted a set of strategic targets to
mitigate CO2 emissions from air transport which include improving aircraft fuel
efficiency by 1.5% per year from 2009 to 2020 and reduce the net aviation CO2 emissions
of 50% by 2050, relative to 2005 levels (International Air Transport Association 2018).
Achieving such goals requires continuous exploration of the possibilities for significant
weight reduction of primary aerostructure components without compromising
performance. A possible step towards minimising structural weight is to utilise
composite materials, such as carbon fibre reinforced plastic (CFRP), which consists of
many unidirectional (UD) plies stacked upon each other allowing advantageous
anisotropic mechanical properties to be achieved. Owing to its high strength-weight ratio
and better resistance to corrosion (Gibson 2011), an increasing number of primary
structures in the wings and fuselage are manufactured from the CFRP (examples shown
in Figure 1.1).

From a structural engineering point of view, high-performance aerospace structures can
be inherently categorised as thin-walled because of their relatively low thickness in

comparison with other dimensions of the structure (Chajes 1974). These thin plate
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components in the primary loading-carrying structures are often subjected to
destabilising loads and therefore are susceptible to instability failures. Hence, the design
of aerospace structures is often driven by the need to prevent or mitigate buckling
phenomena (Megson 2012). On the other hand, it is well known that these thin plate
structures can often carry load in excess of their critical buckling load and have a
considerable postbuckling reserve of strength. Therefore, the prospect of allowing
composite aerostructures to operate in a post-buckled state, between the design limit and
ultimate loads, and thus to extend the safety design envelope, can potentially lead to them
becoming significantly lighter and more efficient (Bisagni 2008).
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Figure 1.1: Photograph showing the use of composite material in primary aeronautical
structures: (a) Airbus A-350 lower wing cover and the largest single composite part in
commercial aviation (Airbus 2012) and (b) Airbus A-350 advanced composite fuselage (Airbus
2016).

In terms of practical design, analytical and numerical analyses of nonlinear composite
plate postbuckling using algebraic expressions are simply too complicated to conduct
manually. Engineers use a range of computer aided engineering (CAE) software to model
the nonlinear postbuckling behaviour of composite plates in aerostructure design
(Jenkinson 1999). The CAE software used can range from bespoke programmes to state-

of-art finite element packages, with different software packages complementing each
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other and suitable for different stages of the design process. Bespoke design software is
most useful at the preliminary stage where design options are fluid and structural
idealisation has been used to represent potentially complex structures as comprised of
relatively simple prismatic beams, plates and shells. Engineers and researchers are
always seeking fast and reliable computational tools to analyse an excessive number of
structural configurations so that the most promising design can be identified. Detailed
finite element analyses (FEA) then focus on either the interactions between structural
members or overall structural performance to gain more accurate numerical information
to arrive at a final design.

The computer program VICONOPT (VIpasa with CONstraints and OPTimization) is a
powerful tool for accurate analysis of buckling and post-buckling of prismatic plate
assemblies in the preliminary design stage. The analysis is based on the exact finite strip
method (exact-FSM) and the Wittrick-Williams (W-W) algorithm, which provide an
alternative numerical approach to the more established traditional one of using the FEA
in the preliminary design stage.

Although FEA is more widely used with the help of cheap computing power and increased
development of computational tools, there remains a need for aerospace designers and
researchers to understand alternative numerical methods like exact-FSM. Such
alternatives not only lead to fast and reliable design solutions but can also be used to
assess the credibility of FEA and other numerical solutions. VICONOPT has been proved
to provide adequate accuracy compared with experimental and finite element analysis
and has been used for analysis and design of the preliminary design phase, in both
industry and academia, for nearly three decades.

However, while VICONOPT can analyse and design prismatic structural components, it

has some limitations particularly in conducting postbuckling analyses. For example,
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VICONOPT gives conservative postbuckling results for structures subject to combined
shear and compression. Also, it unable to predict correct postbuckled stress distribution
patterns. All of these limitations can be used as a starting point for researchers to further
develop this software. In this thesis, new numerical approaches are proposed based on
existing applications of the exact-FSM, and some enhancements have been made to the
current exact-FSM assumptions to further improve the postbuckling analysis capabilities

of VICONOPT.

1.2 Thesis scope

This thesis addresses some of the inaccuracies identified in the VICONOPT software in
relation to its prediction of the postbuckling behaviour. Two types of inaccuracy are
considered in this work:

Firstly, in the simplest VIPASA (vibration and instability of plate assemblies including
shear and anisotropy) form of analysis, some initial buckling results, notably in the
conditions of combined loading or with material anisotropy, have been found to be quite
conservative (Stroud et al. 1984). VIPASA analysis has previously been extended by the
use of Lagrangian multipliers to incorporate a set of constraints to form VICON (VIPASA
with constraints) analysis, which is efficient in overcoming this inaccuracy but this is
currently limited to initial buckling analysis (F. W. Williams and Anderson 1983). A new
approach taking advantage of VICON features while retaining the VIPASA postbuckling
capacity is desirable for further development of VICONOPT and is presented in this thesis.
Secondly, VICONOPT is a highly efficient tool for investigating plate buckling and
postbuckling problems. However, precisely because VICONOPT is both specialised and

efficient, several conservative assumptions have been made. For example, the software
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assumes that the stresses in each strip are longitudinally invariant (Anderson and
Kennedy 2008). Such an assumption is appropriate for initial buckling analysis but
reduces the accuracy of the subsequent post-buckling analysis. An improved assumption
concentrating on improving the postbuckling predictions of stress and strain
distributions is introduced in this thesis, where specialised trigonometric series
functions are introduced to enrich the nodal line to accurately capture the in-plane

displacements along the plate.

1.3 Thesis aims and objectives

The main aim of this study is to investigate the postbuckling behaviours of plate structure
in the context of exact strip analysis so that the postbuckling analysis capabilities of the
computer program VICONOPT can be improved. To begin with, several objectives have
been set for this thesis to fulfil this goal:
1. To study the analysis features of the VICONOPT software and to identify the causes
of the conservative results under shear and anisotropy.
2. To develop a fast, yet reliable approach to allow VICON features to be used in
postbuckling analysis.
3. To propose an improved approach to address the stress invariant issue present in
VIPASA analysis.
4. To develop a finite element model to validate the improved method with special
focus on the stress field developed during the postbuckling analysis.
5. To further modify the improved analysis so as to apply the proposed method to

complex prismatic structures such as stiffened panels.
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1.4 Thesis overview

This section provides an overview of each Chapter and its content, as a reference to help
guide the reader towards areas of specific interest.

Chapter 2: Literature Review

This chapter provides a review of the relevant work conducted in the field of prismatic
plate postbuckling behaviours. Classical Plate Theory (CPT) and its formulation in plate
buckling and postbuckling are briefly covered, intending to explain the difference
between buckling and postbuckling analyses. Research work showing the development
of non-linear structural stability analysis is also summarised. More recent research work
concerning postbuckling behaviour of plate structures is critically reviewed and
evaluated.

Chapter 3: Exact finite strip method and applications

This chapter reviews some related numerical methods including the finite element
method (FEM), the finite strip method (FSM) and the exact finite strip method (exact-
FSM), focusing on comparing the differences between these numerical approaches. This
chapter also describes the main features of VICONOPT with an emphasis on the details of
the Wittrick-Williams algorithm. The analysis packages of VICONOPT, VIPASA and VICON,
are compared in detail to fulfil Objective 1.

Chapter 4: Simulated VICON Analysis

A simulated VICON analysis based on investigating the difference in postbuckling
stiffness between VIPASA and VICON analyses is developed for the first time to carry out
postbuckling analysis of a prismatic plate. The proposed method focuses on tracing the
equilibrium path of a plate under combined shear and compression which intends to fulfil

Objective 2. Finite element models are constructed and used to verify the simulated
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VICON analysis. The Simulated VICON analysis presented in this chapter is programmed
using Matlab 2016.

Chapter 5: Improved VIPASA analysis

An improved exact strip method is proposed for the analysis of the initial postbuckling
behaviour of prismatic plate structures in this chapter. Enhanced trigonometric functions
inspired by Stein’s assumptions (1983; 1985) are developed to represent longitudinal
and transverse in-plane displacements, which help to derive and solve the governing in-
plane equilibrium equation analytically. This improved analysis enables accurate stress
distributions to be found at each stage of the postbuckling analysis, which fulfil Objective
3. The Improved VIPASA analysis proposed in this chapter is implemented in a Maple
programme environment.

Chapter 6: Validation of the Improved VIPASA analysis

This chapter presents the process for validating the Improved VIPASA analysis and
compares the results given by the proposed method with analytical results and finite
element (FE) benchmark results. The main outputs of the Improved VIPASA analysis,
namely, in-plane displacements (u and v), strains (&, and &,) and stress resultants (N,
and N, ), are all compared in this chapter. This chapter offers valuable insight into the
mechanisms of the Improved VIPASA analysis, exploring its advantages as well as the its
weaknesses to fulfil Objective 4. The graphs and curves shown in this chapter are
produced by using Matlab 2016.

Chapter 7: Further development

This chapter attempts to expand the Improved VIPASA analysis to predict the
postbuckling behaviours of stiffened panels to fulfil Objective 5. Two models with
increasingly complex geometry and equilibrium set-ups are analysed using Improved

VIPASA analysis to assess its suitability for more practical situations. Each model is
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presented alongside appropriate results that highlight the important adjustments made
to the Improved VIPASA analysis to enable it to model such structures and their effects
on the postbuckling response of the corresponding model. The examples presented in
this section are also coded in a Maple programme environment.

Chapter 8 Contributions, conclusions and future work

This final chapter concludes the thesis and summarises contributions made to the

research area. It also provides suggestions for future work.
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Chapter 2
Background theory and general literature

review

There have been extensive studies carried out in the field of thin-walled structures and
buckling and postbuckling behaviour. These studies focused on developing predictive
methods to ensure these thin-wall structural components can be utilised safely and
efficiently. The numerous literatures associated with these studies involve complex
structural stability theory and sophisticated numerical theory. This chapter gives a
general literature review of the relevant previous work conducted in this field, which
includes an outline of basic structural stability theory and classical plate theory in order
to aid understanding of the following general literature review. Thus, this chapter is
organised as follow: Section 2.1 reviews earlier buckling analysis conducted by Euler and
outlines some basic concepts in structural stability. Section 2.2 lists some important
formulations used in plate buckling analysis. Section 2.3 introduces the plate
postbuckling features, focusing on explaining the cause of plate stable postbuckling
behaviour. Section 2.4 lists some of the fundamental equations derived for investigating
the isotropic and anisotropic plate postbuckling problems. Section 2.5 gives a general
postbuckling literature survey of some of the important work in the development of plate
postbuckling analysis to set the scene for this research. More literature specifically

related to this project will be reviewed in Chapter 3.
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2.1 Buckling of members under compression

Thin metallic structural components are expected to fail in two distinct ways: one is a
material failure which depends on the tensile, compressive or shear strength, or on von
Mises or an alternative stress failure criteria if they are under multi-axial loading. The
other is a set of more complex failure mechanisms which occur under compression, often
referred to as buckling phenomenon. Buckling is triggered by a specific critical load at
which the structural member suddenly bows out sideways. This geometric instability

gives rise to large deformations, which in turn cause the member to collapse.

7 A e g
‘ord b

] P
]
Figure 2.1 A structural member under axial compression P: (a) An idealized Euler column;

(b) the slightly bent configuration of the Euler column and (c) the free body diagram of the
bent column. (Adapted from (Chajes 1974))

The foremost piece of work in the field of buckling was conducted by Euler (Euler 1759)
who used a new mathematical method at that time, the calculus of variations, to formulate
the mechanics of an axially-loaded pin-ended incompressible thin strut, as represented

in Figure2.1a. Geometrically, buckling is a form of instability which leads to structural
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failure. Mathematically, the buckling of the strut is caused by a bifurcation in the solution
to the equilibrium equations which can be illustrated by Figure 2.2. With an increasing
load P from the unloaded state, the column initially remains straight and undergoes only
axial compression and sustains a stable equilibrium state, shown as the fundamental path.
When the critical value P, is reached, the column loses its stability and switches to a

laterally deformed state shown as the post-buckling path.

N

postbuckling path
P

v

A i;f "g?
fundamental path

xﬁ

bifurcation point

A

"y
Figure 2.2 Simplified equilibrium path of a simply supported strut. The critical load P., is the

bifurcation point; P is the axial load and y is the amplitude of the buckling deflection.
(Adapted from (Thompson and Hunt 1984))

The most straightforward strut equilibrium equation can be expressed as

d’y P (2.1)

where y is the lateral deformation of the strut along the x coordinate in Figure 2.1, EI is
the flexural rigidity of the strut and P is the applied axial load. The general solution of
equation 2.1 can be written in the form:

w(x) = Asinkx + B cos kx (2.2)
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where k is defined as

P (2.3)
2
ke = EI

The coefficients A and B can be determined by making use of the boundary conditions

y=0 atx=0
(2.4)
y=0 atx=1L

Hence, the non-trivial solutions of Equation (2.1) and the corresponding deflection

shapes y can be solved:

_ n’n?El (2.5)
n — LZ
nmx
y=A sinT (2.6)

where n is an integer and A is the amplitude of the deflection. The lowest P, is called the
Euler critical load (Pg) which can be gained by setting n = 1, thus:

m2EIl (2.7)

Short columns may fail inelastically (Engesser 1891; Shanley 1947; Duberg 1950),
whereas the failure load of a slender column is closely associated with the Euler critical
load. Both experience and experiments have shown that the column collapses as soon as
the critical load is reached, and therefore the critical load of the column is also its failure
load. Thus, columns exhibit an unstable postbuckling behaviour and have no reserve of

strength after buckling.
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2.2 Formulation of plate buckling

Thin isotropic plates, which can be regarded as sheets of material whose thickness is
small compared with their other dimensions, but which are capable of resisting bending
as well as in-plane forces, are widely used as engineering structural components.
Buckling of thin plates is another classical structural stability problem, which is
complicated by the fact that the element possesses curvature in both xz and yz planes,

shown in Figure 2.3.

Figure 2.3 p, inthe xz plane and p,, in the yz plane are the radii of curvature of the neutral
plane n, respectively. (Adapted from (Megson 2012))

The investigation of the stability of a simply supported, axially compressed plate can be
dated back to the late 19th century when Bryan (1890) presented the derivation and
solutions to the problem. At the beginning of the twentieth century, more loading cases
and various boundary conditions were considered by Timoshenko (1936) and presented
in his classic textbook on stability. According to the small deflection theory of thin plates
(Timoshenko 1936), an element of a laterally bent plate is acted on by two sets of forces,

in-plane forces (shown in Figure 2.4a) equal to the externally applied loads and moments
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and shear forces (shown in Figure 2.4b) that result from the transverse bending of the

plate. The thin plate buckling governing equation, which can be developed by considering

(N5 w9 (ow)
ay "ax\ay)®F

aw+ d [dw 5
_ox " oay\ax)™

404

] +'m“6
T ox X

Figure 2.4 Free body diagram of an element of a laterally bent plate: (a) in-plane force
(Ny, Ny, N,) on plate element and (b) bending moment (M,,, M,,), twisting moment (M,,,),
and shear (Q,, @,) on a plate element. (Adapted from (Megson 2012; Chajes 1974))

these two sets of forces separately and combining the results through their effect on the

vertical equilibrium of the plate, is of the form.

0 (2.8)

0%M, . 0*M,, N 9*M,, N 0%w N %w N ’’w
0x?2 0xdy  0y? Yoxz Y 0y? Y oxdy

where the bending and twisting moments M,, M,,, M,.,, can be expressed in term of out-

of-plane displacement w. (The detailed derivation of Equations 2.8 and 2.9 can be found
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in Appendix A from Equation A1 to Equation A36) Hence the differential equation of plate

buckling can be expressed as:

(2.9)

D 64W+2 o*w +64W B 62W+N 82W+2N 0w
ox* d0x20y? = dy* Yoxz Y 9y? XV 0x0y

The quantity D = is the flexural rigidity per unit width of a plate which

12(1-v?)

corresponds to the bending stiffness EI of a beam. Compared with beam rigidity, a strip

1
1-v2°

The

of a plate is stiffer than a beam of similar width and depth by a factor of

difference in stiffness exists because the beam is free to deform laterally, whereas the

plate strip is constrained from deforming in this manner by the adjacent material.

Figure 2.5 Axially loaded, simply supported plate undergoing elastic buckling with
displacement w(x, y). Note that all edges have zero lateral deflection. (Adapted from
(Timoshenko and Woinowsky-Krieger 1959)

The out-of-plane displacement function of a simply supported, axially loaded plate

(shown in Figure 2.5) can be represented by a series of trigonometrical functions
SR . mnx _ nmy
w = Z ZAmn sin——sin—= (2.10)

Substituting the first term of Equation 2.10 into Equation 2.9, and combining with

appropriate boundary conditions, the critical stress resultant can be achieved
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kDr? (2.11)
Ny = —
= mb +n2a 2 (2.12)
“\a mb

where k is the plate buckling coefficient, which depends on the aspect ratio a/b and on n
and m, the number of half-waves that the plate buckles into x and y direction,
respectively. In general, n =1 and m = a/b, where m must be an integer, gives the

critical value of N,,.

2.3 Postbuckling phenomenon

Small Deflection Theory should suffice for determining the critical buckling load of a plate;
however, plates can often continue to carry increasing load after reaching the critical load
and Small Deflection Theory can lead to considerable underestimation of the load
carrying capacity. Hence, it is necessary to employ Large Deflection Theory to analyse
postbuckling behaviours. The principal difference between small and large deflection
theory is that small deflection theory assumes loads to be carried by bending action alone,
whereas the Large Deflection Theory takes account of membrane forces that develop as
a result of deflections.

The physical explanation of one plate membrane effect under large deflections can be
represented by the plane grid analogy shown in Figure 2.6. The rigid plane grid is made
up of 6 members (Figure 2.6a), and a point load P is applied at the central point 0. It is
noted that the vertical reactions at the roller-supported corner points 4, B, C and D are

P /4, and the horizontal reactions are zero (Figure 2.6b).

32



Background theory and general literature review

Initially, for small loads, the load is carried by bending of the diagonals. The four edge
members make no significant contribution, and the load is roughly proportional to the
deflection. As the load and deflection increase, the large deflections make the four
diagonal members pull-in at the corners putting themselves into tension and the four

edge members into compression. This represents membrane action but does not require

A B

=0 6

Gx
A A Tension in

diagonals

I v\‘ |
Compression in

edge members
% > o

Figure 2.6 The plane rigid grid model is subjected to a point load P: (a) a plan view of the
grid; (b) an elevation view of the grid; (c) the load carrying mechanism of the plane grid and
(d) the central tensile zone and outer compressive ring. (Adapted from (Reddy 2006))

heavy external supports to achieve because the membrane forces are in self-equilibrium
(Figure 2.6c¢).

The behaviour of a continuous plate, with simply supported edges, is very similar to the
plate grid. At lower loads, the load is carried primarily by plate bending. For higher loads,
large deflections occur, and a central tension zone is formed which is similar to that in
the diagonals with a compressive ring which is similar to the edge members (Figure 2.6d).
By analogy to a point loaded plate, the axial loaded plate also exhibits the stress

redistribution phenomenon in the postbuckling stage. Prior to buckling, the stress
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distribution is uniform across the plate, beyond buckling, the stress distribution across a
simply supported plate varies from a minimum at the centre to a maximum near the edge.
Von Karman (1932) simplified this phenomenon and presented the concept of effective
width which assumed that the majority of the edge stress acts uniformly over two strips

at the edges of the plate, and the central region remained unstressed (as shown in Figure

2.7).

\\T P T T
e 1
b, b,
b 2 2]

plate width b, is effective

width of the

plate
i (I

|

B E

Figure 2.7 Von Karman’s effective width concept: (a) non-uniform distribution of axial stress
in the postbuckling stage and (b) assumed uniform stress distribution over an effective width
be

2.4 Formulation of plate postbuckling

In going from small to large deformations, a significant change occurs in the nature of the
in-plane forces Ny, N, and N, . Comparing Figure 2.4a and Figure 2.8a for large
deflections, there are in-plane forces due to membrane action in addition to the forces
applied along the edges of the plate (marked within the black boxes in Figure 2.8) which

implies that the middle surface becomes stressed under large deflections.
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By considering the components of these in-plane forces in the x and y directions, the two

in-plane equilibrium equations are achieved:

Tow
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Figure 2.8 Free body diagram of an element of a laterally bent plate: (a) in-plane force
(Ny, Ny, Ny,) on plate element and (b) bending moment (M, M,,), twisting moment (M,,,),
and shear (Qy, @,) on a plate element. (Adapted from (Megson 2012; Chajes 1974))

ON, 0Ny,

= 2.13
0x dy 0 ( )
dN, ON.
oy My _ (2.14)
dy 0x
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On the other hand, there are no changes to the bending moments, twisting moments, and
transverse shears under large deflections, and so the out-of-plane equilibrium described
in Appendix A from Equation A1l to Equation A36 can again be used to derive Equation

2.15

— + N, — + 2N
+ oz TN gye t

b 0*w ) o*w +64w N 0w 0w 0w 215
ox* d0x20y2 = dy* x XV 0x0y (2.15)

There is a fundamental difference between the Equation 2.15 and Equation 2.9, however,
they appear to be identical. Equation 2.9 is a linear differential equation as it has only one
dependent variable (w) and constant coefficients Ny, N, and N,, representing the
constant edge forces under buckling. In contrast to Equation 2.9, Equation 2.15 is a
nonlinear differential equation containing four dependent variables, w and the three in-
plane forces Ny, N,, and N,, are now unknown functions of x and y (Chajes 1974). Hence,
the equilibrium equations (Equations 2.13-2.15) must be supplemented by compatibility
equations.

Von Karman (1910) first pointed out that the key difference between small and large
deflection theory lay in the compatibility equations. He introduced the second order
terms of the deflection derivatives into the strain expression which implied that the
middle surface strain under large deflection is comprised of two components-bending
and stretching due to the out-of-plane deflections (Chajes 1974; Jaeger 2013). Thus, the

total strains in the x and y directions for an element on the mid surface is:

du 1 /0w\>
=3+ (= 2.16
=5z t3 (ax) (2.16)
_w 1 (6W>2 (2.17)
& = dy 2\0y

Similarly, the total shear strain for an element on the mid surface is:
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du OJ0v JOwadw

Vxy :@‘l'a_x‘l'a_xa (2.18)

A detailed derivation of the compatibility equations can be found in Appendix B (from
Equation B1 to Equation B13).
For elastic behaviour, the middle surface strain can also be expressed in term of the mid

surface forces:

1

& =T (N, —VN,) (2.19)
1

&y =% (N, —vN,) (2.20)
2(1+v)

Yoy =~ Ny (2.21)

The elasticity relations (Equations 2.19-2.21), the strain displacement relations
(Equations 2.16-2.18), and the equilibrium relations (Equations 2.13-2.15), comprise a
set of nine equations with nine unknowns. These equations describe the postbuckling
behaviour of the plate and can be used to solve for all unknown forces and displacements.

These nine equations can be simplified into two equations by introducing the Airy stress

. R 0%
function @, where N, = t — N, = tﬁ,

0’0 . .
PIvEL and Ny, = —h——, giving,

0xdy

9t ‘e 9% 2w \® 92w d%w
- (2.22)

2 j—
dox* * d0x?0dy? * oy* d0xdy 0x? 0y?

64W+2 0w +04W _, 02¢02W+62¢62W+262¢) 22w 293
dx* ox20y?  dy*) "\ dyZ ox? = 0x2 0y?2 0x0y 0x0y (2.23)

Equations 2.22 and 2.23 are referred as the Von Karman large deflection plate equations.
The von Karman large equations were particularly useful when computers were

unavailable as they reduced the computational cost significantly. These equations
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compactly represent the interaction between in-plane (membrane) effects and out-of-
plane (flexural) effects using only two equations. Instead of solving nine equations, the
von Karman equations can be solved exclusively if both in-plane and out-of-plane
boundary conditions are assumed.

If laminated composite material is considered, the relationships between force and

moment resultants and mid-surface strains and curvature can be expressed in matrix

form:
[ Nx ] [A11 A1z Ae Bin Biz Biep &x
Ny A1z Azp Aze Biz Bz Bag|| &
Ny _|416 Az Aee Bic Bae Bec|| Exy (2.24)
M, Bi1 Biz Bis Dix D1z Digll ¥x '
My Bi; By, Bys Diz Dy Dygl| ®v
M [Bi¢ Bzs Bgs Dis Dys  Dggl'MxyA

where A;;, B;j and D;;are stiffness coefficients arising from integrals of the following

forms:

t t t

2 2 7
Aij :ftcij dz Bij :ftcijZdZ Dij :ftcijZZdZ (225)

with C;; being the stiffness coefficient used in general Hooke’s Law, which change from

layer to layer during the integration.
For orthotropic plates, the postbuckling Equations (2.23) then become

o*w 0*w 0*w
Dyq F + 2(D12 + 2Dge) %2052 + Dy, Iy

(2.26)

0% 02w N 0%® 02w o 0%® 0w
dy? 0x? = 0x? dy? 0x0y dxdy

For symmetric anisotropic plates, the postbuckling equations can be written as
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d*w 0w 0w d*w 0w
Dll a 4 + 4D16 a a + 2(D12 + 2D66) 26 2 + 4‘D26W + D22 6_3]4
(2.27)

B 62<D62W+62<D62w+2 0%d 0%w
"\ 0y? 0x2 © 9x% dy? = " 0xdy 0xdy

For unsymmetric anisotropic plates, the postbuckling equations can be expressed in

matrix form

Ly Lip Ly u 0
Ly Lpy Ly vi=10 (2.28)
L3y Lz (Lzz—F)lItw 0
where the L;; are differential operators given by:
02 02 02

Li1=A11=—+ 241, ——— + At —
11 110x2+ 160x0y+ 66 552

02 02 02
Ly, = Ay, a_yz + ZAzsm + A66W

4 64 4 4

L33 = D11 @ + 4D16 ax ay + 2(D12 + 2D66) Zayz 4D26 axay3

64

+ Dy, 9yt (2.29)
2 2 92
Li; =Ly = Age 322 + (A12 + 2466) oxdy + Azsa_yz
3 63 63 63
Liz =Lz = —B11$ - 3316m — (B12 + 2Bse) Ixdy? —B36 FNE
3 3 63 63
Ly3 =Ls; = _Bwﬁ —(Byz + ZBse)W_3Bze 9x0y2 — B dy3
and F is a differential operator representing the in-plane loading
o 0% 62W+62<D 62W+ 0%d 0w (2.30)
dy? 0x? = 0x? dy? dxdy 0xdy
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2.5 Postbuckling literature survey

Several early approximate solutions to the large deflection equations were proposed by
Cox (1933) and Timoshenko (1936) by using the energy method. They assumed simple
functions for u, v, and w, expressed the total potential energy of the system in terms of
these functions, and then evaluated the arbitrary constants in u, v, and w by minimizing
the energy with respect to them. Marguerre and Trefftz (1937) also applied the energy
method to solve an improved version of the governing equations in which the initial
curvature and imperfection were taken into account. Later, these equations were further
expanded by Marguerre (1938) and were used for analysing simply supported infinitely
long plates loaded in compression and shear. The energy method requires a minimum
amount of numerical work and gives a fairly good prediction of the essential

characteristics of the postbuckling process.

The Fourier series method is another widely used approach to approximate the solution
of the Von Karman equations. Levy (1942) assumed double Fourier trigonometric
functions for w and F to break up the von Karman equations into a set of equations that
can be solved individually, and then recombined to obtain the solution for the simply
supported plate under combined axial and lateral compression. Based on Levy’s solution,
Coan (1951) further adapted the Fourier series method. His approach was validated by
analysing a simply-supported (out-of-plane) and stress-free (in-plane) plate with an
initial imperfection under uniform compression. Yamaki (1960) also improved Levy’s
method and solved the governing equations for rectangular and circular plates subjected
to various boundary conditions under combined loading. The advantage of the Fourier

series approach is that it can achieve a higher order of accuracy if sufficient terms are
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used. On the other hand, it usually involves lengthy computations, and because no explicit
relationship among the variables is obtained, it is difficult to generalize the results.

The non-linear response involved in the elastic stability of conservative systems was first
examined in general terms by Koiter (1945) in his thesis. In his theory, an asymptotic
technique based on a Taylor series expansion around the critical load was used to
approximate the equilibrium curve in the postbuckling range. This investigation of
stability in the neighbourhood of the bifurcation point allowed the postbuckling
behaviour to be classified according to the continuum of the critical load itself. The newly
developed theory was applied to investigate the initial buckling and postbuckling of a
strut, a plate and a shell. The concept of imperfection sensitivity was also introduced to
explain why shell experiments did not act in accordance with Euler’s classical theory.
Koiter’s work showed that shells possess unavoidable small imperfections, deviations
from the desired ideal form which have a dramatic influence on their stability. This
influence could reduce the ideal theoretical results by a factor of ten, invalidating

previous results.

Koiter’s theory drew little attention until the beginning of the sixties. Budiansky and
Hutchinsion (1966) and Budiansky (1966) modified his theory and derived the general
equation needed in order to conduct the asymptotic post-buckling analysis, which was
referred to as the Budiansky-Hutchinson notation in a recent textbook (Byskov 2013).
They also introduced a time dependant load A(t) and presented a general theory of
dynamic buckling of imperfection-sensitive elastic structures. The analytical method
developed by Koiter was subsequently applied to several stiffened plate and shell
buckling problems, and was further extended to multiple buckling modes and buckling

mode interactions; see, for example (Koiter 1976; Van der Neut 1969; Amazigo and
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Hutchinson 1967; Byskov and Hutchinson 1977). A more comprehensive review of the
development of postbucking analysis in the sixties and seventies can be found in the

literature reviews written by Hutchinson and Koiter (1970) and Budiansky (1974).

The exploration of the postbuckling behaviour around a critical point can be regarded as
a perturbation application which is only valid for a small post-buckling range around the
vicinity of the critical point itself. Various numerical methods were proposed by Cochelin
et al. (1994), Vannucci et al (1998) and Steen (1998) to extend the validity of Koiter’s

method and increase the precision of the asymptotic approximation.

The development of a more general non-linear buckling theory was initiated in the UK at
University College London by Chilver (Thompson 1963) in the sixties. Later, Thompson
(1969) developed Koiter’s theory further by applying total potential energy principles to
a discretized system and introducing the static perturbation method for explicit solutions
of the postbuckling problem. This method indicated that an elastic system can be
discretized into so-called generalized coordinates. In this discretized system, n discrete
coordinates @, define the system geometry. The total potential energy V =
V(Q4,Q2,Qs, ... Q,, p) is a function of Q,, and at least one loading parameter p. According
to Thompson and Hunt (1973), the following two fundamental axioms in terms of total
potential energy need to be applied to obtain the governing equilibrium equations and
check the stability of each equilibrium state.

‘Axiom 1: A stationary value of the total potential energy with respect to the generalized
coordinates is necessary and sufficient for the equilibrium of the system.

Axiom 2: A complete relative minimum of the total potential energy with respect to the

generalized coordinates is necessary and sufficient for the stability of an equilibrium
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state.’

These two axioms can be written in mathematical form as follows:

v

. —
0Q;

= 0 for any static system to be in an equilibrium state, where Q; is a
generalized coordinate previously defined.

e Considering the second derivatives of V, the Hessian matrix V;; must be

o
9Q;0Q;
positive-definite for stability. A singular matrix indicates a critical equilibrium
state, with higher order terms needing to be derived in this case, to determine the
stability of the system.
The status of an elastic system was then expressed in the form of the function V which
could be used to determine the equilibrium path of the structure.
At the same time, parallel works by Sewell used similar theory to investigate the elastic
stability of structures. Sewell (1965) illustrated the comprehensive steps of the static
perturbation technique as applied to the investigation of the local shape of the
equilibrium paths bifurcating from an equilibrium point of a general conservative and
holonomic system (or structure) with a finite number of degrees of freedom. He showed
that discretized systems combined with the static perturbation technique can be applied
to structures which exhibit a bifurcation as well as a snap-through buckling. Sewell (1969)
later compared Koiter’s theory with discrete system theory and suggested that the latter
provided a very quick overall view of the relationships between the load factor and the
instability amplitudes (i.e. total displacement of a point in the structure) due to its

starting assumption and convergence techniques.

The discrete coordinate method has since been used extensively in the field of

postbuckling analysis for a variety of structures, for example, Hunt (Hunt et al. 1988) and
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Hunt and Wadee (1998) utilized this approach to investigate the postbuckling behaviours
of a sandwich plate in which two skins were separated by a relatively soft core.
Postbuckling behaviour resulting from the interaction between the global Euler strut
mode and the local buckling mode was investigated. The system was first discretized into
two generalised coordinates known as the ‘sway’ (W) and ‘tilt’ (8) modes. Another four
degrees of freedom accounting for the in-plane displacements (u and v), total end
shortening and total transverse shortening were then introduced to formulate the total
potential energy equation. This six-degree-of-freedom model was used to trace the
equilibrium paths of the system, and an analytical solution based on total potential energy
principles showed that postbuckling was initiated by the overall mode of buckling and
was rapidly followed by secondary bifurcation into an unstable combination of at least
two local modes. The interaction between the first and second modes progressively

destabilized the postbuckling response.

It is the modern use of high strength composite material that has made the problem of
buckling and postbuckling of thin plate members one of practical importance. Since the
von Karman large deflection equations applied to laminate plates are non-linear partial
differential equations which do not have an exact closed-form solution, identification of
an appropriate approximate method which could be used to solve these equations was of
great interest to researchers. Reissner and Stavsky (1961) provided a general non-linear
buckling theory to demonstrate the existence of coupling phenomenon between mid-
plane bending and stretching of an unsymmetrically laminated plate. The constitutive
relationship between force, moment, stress resultants, strains and curvature in the mid-
plane was established and the governing equations for buckling were expressed in terms

of out-of-plane displacement (w) and an Airy stress function (®). Explicit solutions were
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given for specific unsymmetrically laminated plates, for which B;; = By, = By, =
Bge = 0, which leaves the B;4 and B,¢ terms to cause the coupling. Lekhnitskii (1968)
comprehensively established the basic theory of classical buckling for homogeneous
orthotropic and anisotropic plates. Ambartsumian (1970) conducted a more complex

buckling study which included the effect of transverse shear in orthotropic plates.

Whitney and Leissa (1969) further developed the anisotropic laminated plate theory by
modifying the von Karman large deflection equation based on the Kirchhoff hypotheses.
A closed-form solution to the linearised equations of unsymmetric cross-ply and
unsymmetric angle-ply laminates was obtained. Results revealed that the buckling load
decreased as the coupling between bending and stretching increased. The size of this
reduction depended on the degree of anisotropy of the individual layers and the total

number of plies in the laminate.

The extensive study of laminated plate buckling properties paved the way for more
complicated postbuckling problems. The postbuckling of orthotropic plates under edge
compression was firstly studied by Yusuff (1952). Analytical solutions were achieved by
using a three-term deflection series function based on Coan’s work. However, early
analysis was only applied in the solving of buckling or postbuckling problems of a

symmetrical laminate plate.

Prabhakara and Chia (1973) improved Yusuff's work by introducing a double Fourier
series for both the transverse deflection and the stress function in order to solve the von
Karman large deflection equations. Three types of orthotropic plates made of glass, boron,

and graphite fibres was analysed. The study proved that composite plates experience
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greater deflection than isotropic ones following the same increase in axial compressive

stress beyond the buckling stress.

Turvey and Wittrick (1973), however, found that the differences between the
postbuckling stiffness of symmetric and unsymmetric laminate plates is quite trivial
despite the appearance of the in-plane and out-of-plane coupling terms B;;. A further
study by Harris (Harris 1975) observed that the stiffness change in an unsymmetric
laminate plate after buckling is in most cases due to the interactions of different buckling
modes. Prabhakara and Chia (1974) presented an analysis for the postbuckling behaviour
of unsymmetrically layered rectangular anisotropic plates subjected to axial and biaxial
compression under simply supported and clamped boundary conditions. The numerical
results obtained showed that the load-displacement behaviours are no longer
bifurcational due to the appearance of coupling terms B;4 and B,, causing the bending

effect to be present from the beginning of the loading process.

Feng (1983) used an energy approach to study the postbuckling behaviour of a composite
plate subject to combined biaxial compression and shear with mixed boundary
conditions. A Newton-Raphson iteration technique was used for the minimisation of the
total potential energy which was expressed by a system of nonlinear coupled algebraic
equations in terms of the in-plane displacements (u and v ) and out-of-plane
displacement (w). Both an I-beam stiffened panel and a J-beam stiffened panel were
tested in combined compression and shear to compare with the analytical results
obtained. It turned out that these analyses were unable to sufficiently capture the mode

transitions observed in experiments.
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The postbuckling behaviour of thin-walled composite structures such as stiffened panels
is further complicated by the possibility of sudden changes in buckling mode-shape. The
earlier investigation of this secondary instability phenomenon which is commonly
referred to as a mode-jumping or a mode switch can be found in the studies conducted
by Stein (1959b) and Supple (1970). More recent work dealing with the numerical
analysis of mode-jump includes that of Shin (1993) who used an energy method to
investigate the postbuckling of laminate plates under uniaxial compression. A truncated
Fourier sine series associated with single and double half waves was used to represent
the out-of-plane displacement w, so that a buckling mode change was allowed in the
postbuckling range. The governing equation was then transferred to a series of
trigonometric equations and solved using the principle of minimum potential energy.
Several results were obtained to compare with experiments as well as other researchers’
work and good agreement was achieved. Falzon and Cerini (2006; 2007) identified that
standard nonlinear solution schemes such as the Newton-Raphson method and Riks
method are unable to robustly capture mode-jumps. They presented a solution procedure
based on the arc-length method, but which did not require restart schemes to capture the
mode-jump in the vicinity of instabilities. This automated procedure can be as part of the
quasi-static part of the solution or used as a modified explicit dynamic routine

implemented in finite element software to quickly assess the possibility of a mode-jump.

Diaconu and Weaver (2005; 2006) derived an approximate closed-form solution for
postbuckling of both symmetrically and unsymmetrically laminated infinitely long plates
under axial compression. The composite plate postbuckling governing equations were
nondimensionalized by using bounded non-dimensional parameters, which reduce the

complexity of the formulation so that closed form solutions are achievable. The governing
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equations were then solved in conjunction with simply supported boundary conditions
by the use of the Galerkin method. Though the analysis of postbuckling for an infinitely
long plate is closer to the real panels used in aircraft structures, the solutions did not take

into account mode change and mode snap through.

Bisagni (2009) developed analytical formulations for the localised postbuckling
behaviours of isotropic and anisotropic plates. Airy stress functions and out of plane
displacements approximated by trigonometric shape functions were used to derive the
nonlinear governing equation by applying the Ritz method. A creditable solution of the
governing equations was then found by using the Newton-Raphson method. This
approach was developed to investigate the localised postbuckling problems of symmetric
laminate plates and stiffened panels. A fast analysis technique for non-symmetric
composite plates was further developed by Vescovini and Bisagni (2016) who combined
the use of a semi-analytical approach to study the postbuckling response and genetic

algorithms were employed for the optimization of a composite plate.

A modified effective width method was developed by Pevzner and Abramovich (2008) to
investigate the postbuckling and collapse load of laminate stiffened curved panels. In this
study, the calculation of the ultimate load of the stiffened curved panel was replaced by
calculation of the critical load of a column with an equivalent cross-section. The
equivalent cross section of a stiffened curved panel carrying postbuckling load was then
determined by buckling, bending and torsion geometric relationships. The idealised
predictions of collapse load in the postbuckling state compared well with test results and

finite element simulations. These efficient idealisation techniques were used as an

48



Background theory and general literature review

additional validation approach for buckling and postbuckling experiments of complex

gemmetry such as box sections (Abramovich et al. 2008).

Based on the well-established postbuckling analysis techniques, the postbuckling
behaviour of plates made by the novel material or innovative manufacturing approaches,
such as functional gradient material (FGM) plates and variable angle tow (VAT) plates,
can be analysed. Wu et al. (2008) investigated the post-buckling response of FGM
rectangular plate subjected to in-plane edge compressive loading. The governing
equation was derived by using on first-order shear deformation theory and solved by
applying a second-order polynomial shape functions. The postbuckling of FGM plate
including the thermal effect was further studied by Shen et al. (2017) who employed a
Koiter-type perturbation technique to determine the buckling loads and the postbuckling
equilibrium paths. Wu (2013) and Coburn (2016) recently studied the postbuckling
behaviours of variable angle tow (VAT) composite plates and sandwich plate. VAT plates
possessing pointwise variable in-plane stiffness properties allow the fibres to be
arranged in the direction of load paths to efficiently re-distribute the postbuckling
stresses thereby improving the plate structural performance according to design
requirements. The postbuckling behaviours of VAT plates were modelled by a mixed
variational approach containing a single variational formula to express Airy’s stress
function and the transverse deflection function. The Rayleigh-Ritz method was
subsequently applied to solve the postbuckling problem. Comparison with numerical
results showed that the postbuckling stiffness reductions seen in the VAT plates with
linear fibre variations were less obvious compared with that in conventional straight-

fibre composite plates.
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Exact finite strip method and its

applications

This chapter focuses on reviewing related numerical methods and software providing
key ideas and platforms that can be used to determine the postbuckling behaviours of a
thin plate. The chapter is organised as follows: Section 3.1 gives a general review of the
finite element method (FEM) and its applications in plate postbuckling analysis. Sections
3.2-3.4 review the related finite strip method (FSM) work with a focus on the exact strip
modification and the special algorithm used to support the application of the exact strip
approach. Sections 3.5-3.7 summarise the theory of the exact strip software, VIPASA,
VICON and VICONOPT, the platforms which are used in this thesis to generate results and
develop improvement work. Section 3.8 discusses the development and analysis features
of the plate postbuckling function in the VIPASA software, while Section 3.9 concludes the

chapter.

3.1 Finite element method

With the advance of modern computational technology, the finite element method (FEM)
is the most widely used numerical method for solving structural stability problems. FEM
is conducted by discretising a continuous system into a finite number of elements which

are connected at selected node points. Node points are the places where the forces and
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displacements are defined, and then individual element stiffness matrices expressing the
relationship between these nodal forces and nodal displacements can be established
based on the total potential energy principle. The global stiffness matrix showing the
relationships for the entire system is obtained by combining the individual element
stiffness matrices, and then this system of equations is solved. In finite element analysis,
the degrees of freedom the node point possesses, the number of node points within an
element and the mesh size over the whole system have a significant effect on the accuracy
and computational cost of the solving techniques. More details of FEM can be found in
classic textbooks by Przemieniecki (1968), Zienkiewicz and Taylor (2005), and Cook
(2007)

There is a large volume of research work on structural stability problems conducted by
applying FEM with varying degrees of complexity. Earlier FEM studies used one-
dimensional beam-column elements or two-dimensional rectangular elements to solve
buckling problems of thin-walled structural members (Barsoum and Gallagher
1970)(Chin et al. 1993). Although efficient and straightforward, these approaches are
only capable of predicting the overall member buckling load and will not be sufficient to
estimate local buckling modes or postbuckling behaviours. Olsen and Byskov (1982) first
formulated Koiter’s method in terms of finite elements. A unique discretisation technique
was introduced to restructure the standard compatible finite element formulation, which
allowed the combination of asymptotic and finite element methods. Later much more
complicated three-dimensional higher order elements (Shiau and Wu 1995) were
developed and applied to investigate the postbuckling behaviour of a composite
laminated plate subjected to edge shortening or in-plane compressive loading.

The finite element method has been implemented in several powerful commercial

packages, including ABAQUS (1998), ANSYS (2009) and NASTRAN (1970). ABAQUS has
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been used extensively in this thesis to model plate structures and to solve plate buckling
and postbuckling problems. A widely used technique for modelling postbuckling within
ABAQUS includes two separate steps (Hibbit et al. 2012). A linear eigenvalue buckling
analysis is firstly conducted to find and scale the initial buckling modes, and then the
appropriate eigenmodes are imported as initial geometric imperfections into a nonlinear
Riks analysis (Riks 1979) to find the post-buckling response.

The use of finite element software gives the user the flexibility to decide the complexity
of the model according to the physical specimen. However, these flexibilities can lead to
various errors, such as modelling errors, discretisation errors and round-off errors. The
software sometimes gives unrealistic solutions if these errors are left unchecked. For this
reason, whilst there have been a significant number of analyses conducted using FEM, but
caution should be exercised when implementing results into designs, and verification

with experimental data or analytical methods must be conducted (Lynch et al. 2004).

3.2 Finite strip method

Figure 3.1 Diagrams showing the discretisation used in (a) FE methods and (b) finite strip
methods.

An alternative approach to analysing thin-wall structures is the finite strip method (FSM),

developed since the 1960s by Cheung (1976). The FSM only divides the structure into a

52



Exact finite strip method and its applications

number of longitudinal strips (Figure 3.1b), in contrast to the FEM which divides the
structure into a mesh grid (Figure 3.1a). In the FSM, the longitudinal deformed shape is
interpolated by an appropriate series of trigonometric functions or polynomial functions
which must satisfy a priori the geometric boundary conditions at the plate ends, and the
transverse or out-of-plane deformed shape can also be assumed. The equilibrium
equation is then derived by energy methods, and the linear buckling problem can be
subsequently expressed in matrix form as

[K — 2K,][D] = {0} (3.1)

where K and K, are the stiffness and geometric stiffness matrices respectively, and D is
a vector of nodal displacements. A is a load factor which can be extracted using various
eigenvalue algorithms.

Subsequent to linear buckling, different forms of the FSM were developed by other
researchers and applied to various plate buckling and postbuckling analyses. Dawe et al.
(1993) used a FSM based on the Classical Plate Theory (CPT) to predict the postbuckling
response of prismatic composite plates. A trigonometric function was used to adequately
represent the longitudinal displacement so that an enhanced strain-displacement
relationship could be achieved. Wang and Dawe (1996) extended the previous FSM in the
context of First Order Shear Deformation Theory (SDPT) to enable the method to include
the through thickness shear effect during the postbuckling of prismatic plate structures.
Various geometric configurations were analysed and compared with FEM, but the mode
shape was limited to the overall buckling mode.

Instead of using continuous trigonometric functions, a special finite strip model whose
displacement field uses cubic B-splines longitudinally, quadratic crosswise interpolation

of the in-plane displacements and cubic crosswise interpolation of the out-of-plane
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displacements was developed by Dawe and Wang (1998) and used to analyse the
postbuckling behaviour of laminated plates. This spline finite strip more easily satisfies
explicitly the kinematic conditions at the plate ends and achieves good agreement with
buckling and postbuckling results from FEM. It may be noted that all the FSMs mentioned
above can be categorised as semi-analytical FSMs since the longitudinal exact solution of
the governing equations is imposed and only the transverse solution is found.

Ovesy and his co-workers (2005; 2006) developed an alternative FSM where the out-of-
plane displacement within a strip is the only postulated displacement, and the in-plane
displacement is derived based on that. They called this method the semi-energy FSM as
opposed to the full-energy FSM in which all displacement fields (i.e. both the in-plane and
the out-of-plane displacement) are represented by appropriate shape functions. The
developed semi-energy FSM was applied to analyse the initial postbuckling behaviour of
thin flat plates (Ovesy et al. 2005), open channel sections (Ovesy et al. 2006) and box
section struts (Ovesy et al. 2006).

Ghannadpour and his co-workers further improved the above-mentioned method and
developed the so-called full-analytical-FSM. In this theory, each strip was regarded as a
plate, and thus the Von-Karman's equilibrium equation is solved exactly to obtain the out-
of-plane displacements and buckling mode. This shape function is used to obtain a
transcendental stiffness matrix for the corresponding strip based on the principle of
minimum potential energy. The transcendental overall stiffness matrix for the whole
section is then obtained by assembling the individual strip stiffness matrices and solved
by applying various numerical methods. The calculated buckling loads and modes were
claimed to be fully analytical since the usual FSM approximations with respect shape
functions were avoided. Subsequently, Von-Karman's compatibility equation is solved

exactly to obtain the general form of the in-plane displacement fields in the post-buckling
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region. This full-analytical-FSM has been applied to analyse the postbuckling behaviour
of thin isotropic struts (Ghannadpour and Ovesy 2008) and plates (Ovesy and
Ghannadpour 2009), symmetric laminate plates (Ghannadpour and Ovesy 2009) and
moderately thick plates (Ghannadpour et al. 2015).

The above literature demonstrates the versatility of the FSM in analysing the buckling
and postbuckling behaviour of various structural components. Since the order and
bandwidth of the matrix to be solved are considerably reduced compared with the FEM,
the method is particularly attractive with regard to its computational efficiency and
numerical accuracy. However, the finite strip method is not applicable when dealing with

irregular structures which cannot be easily divided into strips.

3.3 Exact finite strip method

Wittrick (1968a; 1968b) proposed the exact strip method for determining the elastic
stability of plate assemblies. In this approach, the plate is divided into a series of strips
which are rigidly connected at their edges. Having assumed a sinusoidal variation of the
buckling mode in the longitudinal direction only, the governing differential equations of
each component strip are transformed to transcendental ordinary differential equations
according to classical plate theory. The assumption of sinusoidal variation not only leads
to a convenient single-term type of analysis, but also satisfies the buckling mode shape
and nodal line conditions which are straight and parallel to the ends in the absence of
shear and anisotropy. By solving the governing differential equations explicitly, a
stiffness matrix containing transcendental coefficients can be assembled.

Wittrick and Curzon (1968) further extended this analysis to account for the presence of
in-plane shear loading. With the appearance of shear load, the nodal lines are skewed and
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hence there are spatial phase differences across the width of the plates. These differences
are addressed by defining the magnitude of displacement and other quantities using
complex quantities. In order to satisfy the single sinusoidal term assumptions, the
structure is assumed to be much longer than the half-wavelength of the buckling mode,
so that the buckling mode can be regarded as local in the context of an infinitely long
structure. The exact approach of Wittrick (1968) was extended to incorporate a certain
level of anisotropic material behaviour by Viswanathan et al. (1973; 1974) where
analyses of flat and curved component plates were conducted.

The exact stiffness method differs from other finite strip methods in the sense that the
strip properties are based on the direct solution of the governing differential equations
of classical plate theory, rather than on the use of energy or work principles. By solving
the governing differential equations for each strip explicitly, a stiffness matrix containing
transcendental coefficients can be assembled. Since the transcendental function is highly
nonlinear, the standard linear eigenvalue routines cannot be used to extract the buckling
load (Williams and Wittrick 1970). To obtain the eigenvalues therefore, the Wittrick-

Williams (W-W) algorithm was developed.

3.4 Wittrick-Williams (W-W) algorithm

It is well known that the eigenvalues represent natural frequencies in free vibration
problems or critical load factors in buckling problems. The Wittrick-Williams (W-W)
algorithm (Wittrick and Williams 1974) is a numerical technique developed to calculate
the number of eigenvalues which lie between zero and any trial value, and convergence
can be achieved on any required natural frequency or critical load factor to any specific
accuracy without determining them explicitly. This algorithm was first introduced by
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Wittrick and Williams for determining the natural frequencies of vibration problems
(1970), followed by finding the critical buckling load for elastic structures (1973). The
procedures of the Wittrick-Williams (W-W) algorithm, though explained and applied by
countless papers, is briefly elaborated here for the sake of completeness.

1. The global stiffness matrix Kof the overall structure is first assembled from the
member stiffness matrices Ky, . The global stiffness K relates a finite set of
displacements D at the nodes of the structure to their corresponding perturbation
forces P, by

KD = P (3.2)

2. The critical buckling load of the structure corresponding to the eigenvalues is found
by solving

KD = 0 (3.3)

3. The determinant of the stiffness matrix should equal to zero (|K| = 0) to obtain the
eigenvalues. Hence, the usual form of Gauss elimination is applied to the global
stiffness matrix K, and it is transformed into its upper triangular K2 form.

4. The number of negative terms on the leading diagonal of K2 is now defined as the sign
count s{K(f)} which forms the fundamental basis of the algorithm. The number of

eigenvalues J of a structure lying below a trial value f* can then be calculated as

J=Jo+s{K(f)} (3.4)

where J, is the summation of the number of eigenvalues of all single elements within
the structure which are still lower than the trial value (f*) when their nodes are fully

clamped and can be expressed as

Jo= ) Jm (3.5)
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where J,,, is the number of eigenvalues of member m exceeded at the trial value f*
when its ends are fully restrained.

5. Once s{K(f*)} and J, are known, standard numerical techniques, for example, the
bisection method or parabolic interpolation, can be used to find any critical load factor

or natural frequency within any desired accuracy.

3.5 VIPASA

VIPASA is a powerful software developed in the 1970s and incorporating the Wittrick-
Williams algorithm to analyse buckling and vibration problems including prismatic plate
assemblies. Allowing for general loading and geometry configurations, VIPASA was a
preferred preliminary design package at NASA and was proved to be faster than
conventional finite element programs, e.g. STAGS (Structural Analysis of General Shells)

(Almroth et al. 1981), whilst retaining acceptable accuracy (Stroud et al. 1984).

Figure 3.2 The VIPASA component plate: (a) a component plate of width b, subject to in-plane
loads per unit width N, N,,, N,,, together with a reference axis system; (b) the skew model
lines resulting from shear or material anisotropy predicted by a VIPASA analysis. Perturbation
forces are given by p; (j = 1,2), displacements u, v, w corresponding to deflections in x,y, z

directions and v is the rotation about the x-axis.
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VIPASA uses the exact stiffness method based on classical thin plate theory while
allowing some degrees of anisotropy. VIPASA analysis is fast and accurate for isotropic
plates or composites plates where layups are balanced and symmetric implying that
coupling between the in-plane shear and extension (A;4 and A,¢ are zero), and coupling
between in-plane membrane and out-of-plane bending (B matrix is zero) is not permitted
(Wittrick and Williams 1974).

In VIPASA analysis, perturbation force and displacement vectors are defined by
P; = {m; p;; py; iPxj} (3.6)
d; = {y; w; v; iu;} (3.7)
These edge forces need to be multiplied by exp(imx /A1), where complex terms are used to

allow for the possible spatial phase differences between edge force and displacement to

be taken into account. The stiffness matrices are defined as

P1 = k11d1 + klZdZ (38)
PZ = k21d1 + k22d2 (39)

which can be combined as
p = kd (3.10)

According to the out-of-plane and in-plane elastic properties of the plate, the stiffness

matrix K can be expressed explicitly in complex Hermitian form as

SumM  —SMmQ 0 0
_| TSme Seqoq 0 0
k{1 = 3.11
u 0 0 SNN  TSNT ( )
0 0 —SNT STT
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Sum  Smq 0 0
SMQ  SQQ 0 0
k,, = 3.12
22 0 0 SNN  SNT ( )
0 0 SNt STT

fum  fuo 0 0

Koo — KE = ~fug —foo 0 0 313
12 2t 0 0 —fun  —far (3-13)
0 0 fnr frr

where a bar denotes the complex conjugate, and superscript t denotes the transpose.
Expressions for the individual stiffness coefficients s, f are derived by solving the out-of-
plane and in-plane governing equations (Wittrick and Williams 1974). The stiffness is
expressed in terms of in-plane displacements u, v and out-of-plane displacement w and
rotation ¥, and the overall system equation is assembled in the form

KD =P (3.14)

The eigenvalues of the stiffness matrix are obtained by using the W-W algorithm
combined with standard numerical methods.

The advantages of the VIPASA software were addressed by Williams et al. (1991), where
the solution time from VIPASA for a composite six-blade stiffened panel under pure
compression was 1000 times faster than that from the finite element program STAGS
while the error was less than 1%. Faster solution times, effective data preparation and
less computer memory usage made VIPASA extremely efficient in the preliminary aircraft
design stage especially in the era in which computers were much less powerful than today.
However, the requirement that shear load and anisotropy are absent for accurate analysis
with simply supported end conditions reduced the versatility and robustness of the

software, and hence further development was required.
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3.6 VICON

VICON (VIPASA with Constraints), an enhanced version of the VIPASA analysis, was
developed in Cardiff University, inheriting all the functionalities and capabilities of
VIPASA while addressing its conservative nature under the influence of shear and
anisotropy (Anderson et al. 1983). The way in which VICON analysis overcomes the
inaccuracy which appeared in VIPASA is to introduce Lagrangian multipliers to
incorporate a set of constraints which can be regarded as regularly repeating point
supports, so that the plate is set to be infinitely long and the skewed mode is local in
nature. The transcendental stiffness matrices can be established by using the total energy
principle and solved by the modified Wittrick-Williams algorithm (F W Williams and
Anderson 1983). The analysis procedure is briefly summarised below.
i.  Since the sinusoidal assumptions can still be valid under shear and anisotropy if
the structures are infinitely long, the deflected shape of the infinitely long panel
can no longer be appropriately represented by a single term analysis. Hence, a
Fourier series which couples the buckling or vibration responses of the panel at
different values of half-wavelength is used to interpolate the deflected shape of

the infinitely long plate assembly:

imx
m=—oo m
P, = Z KnDm exp (ZT—X) (3.16)
m
m=—oo

Equation 3.15 shows that the nodal deflections D, of the infinite plate assemblies
consist of a series of coupling deflection modes D, from the VIPASA analysis. The
deflections are then used to obtain forces at each node as shown in Equation 3.16

where K,, is the VIPASA stiffness matrix for half-wavelength 4,,.
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The infinitely long plate assembly is modelled by allowing the elastic point
support constraints to repeat at intervals of the actual panel length [, so that the
buckling or vibration mode also repeats n times over a length M1, where M and n
are integers. An accurate mode shape is then achieved by coupling different half-

wavelengths A, together using the expression

l
= =0,+1,+2..+ (3.17)
/1m €+2mr(m Or_'_ _CI)

where m and g are integers, and & can be given asé = 2n/M,(0 < & < 1). The
critical load factor can be found by examining all values of ¢ or, more practically,
arepresentative set of values in the range 0 to 1. The length over which the mode

shape repeats can be represented by

L=2?l(0s€s1) (3.18)

The fundamental difference between VICON analysis and VIPASA analysis is the
usage of Lagrangian Multipliers which couple the responses of different half-
wavelengths 4,,. Applying the Lagrangian Multiplier method involves setting up a
target function ¢, which represents the total energy function, expressed in terms
of the nodal deflection D, and the stiffness matrices K,,,, plus the product of the
Lagrangian Multipliers and the constraints. The target function ¢ is given by

[ee] 1 [ee]
o= Z 5 DhKmDy, + P Z E,,D,, (3.19)

m=—oo m=—co
where Py is the vector of Lagrangian Multipliers, E,;, are the constraint matrices,
and superscript T denotes the transpose of a matrix. A graphical explanation of the
use of Lagrangian constraints is presented in Figure 3.3. The Lagrangian

multipliers are used to couple the stiffness matrices of component structures to
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represent connections between the structures, and physically represent the

reaction forces needed to enforce the constraints.

X X X X
X X X X
X X X X
b X X X X b
X X % X
X X X X
X X X X
X X X X

4

A
A4

[v]

Figure 3.3 Graphical explanation of the use of Lagrangian constraints: (a) a panel with a skew
traverse support of a finite length [, and (b) a panel of infinite length which use Lagrangian
constraints to provide point supports with point supports (shown as crosses), so that the
continuous halfwaves A in the longitudinal direction can be enforced.

iv.  In order to minimise the total energy subjected to the constraints, the partial
derivatives of function ¢ with respect to the elements of the stiffness matrices D,,

are equated to zero to find the stationary value of ¢, which gives,

LK, Dy, + EEPL =0 (3.20)
Z E.D,, =0 (3.21)
m=—oo

Then the eigenvalue problem can be written in matrix form by combining

Equation 3.20 and Equation 3.21:

LK, Eo 11 Dy 1
LK, Ef || D,
LK_, Et, ||D_;
LK, Ef | D2|_ (3.22)
LK_, Et,||P-2
| P, |
E, E, E, E E_, 0 .
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where K, E,, and D,, are the corresponding component matrices, and the
negative sign in the subscripts indicates the complex conjugates.

v. To solve the resulting complex transcendental matrices, the Wittrick-Williams
algorithm has been modified to allow Lagrangian Multipliers to be used. In VICON

analysis, the Wittrick-Williams algorithm can be written as,

J = Uom+s{Kn}) + (R}~ 7 (3:23)

The first two terms of Equation 3.23 count the number of eigenvalues for the plate
assembly for each of the half-wavelengths 4,,,, s{R} denotes the sign count of the
constraint matrix R and r is the number of the constraints. Thus, the number of
eigenvalues | between 0 and any trial value can be obtained by summing the
above terms, so that eigenvalues can be found by the same bisection or parabolic
interpolation method used in VIPASA.
In summary, the VICON analysis was developed to overcome the inaccuracies in VIPASA
when shear or anisotropy appeared. VICON analysis uses Lagrangian multipliers to
couple VIPASA stiffness matrices for an appropriate set of half-wavelengths, so that the
compatibility of an infinitely long plate with repeating rigid and elastic point supports
structure is achieved.
VICON analysis has been applied in many other stability problems as well. Wittrick and
Horsington (1984) used VICON-type analysis combined with the Rayleigh-Ritz method to
deal with folded structures which are joined together by several finite length orthotropic
plates under combined shear and compression. Williams and Anderson (1985)
developed a related further procedure which does not require the use of Lagrange
multipliers but which enforces the compatibility of the structure with diaphragm end

supports at a number of discrete points.
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3.7 VICONOPT

VICONOPT (VIpasa with CONstraints and OPTimization) is a 50,000-line Fortran 77
computer program which covers both prismatic plate assembly analysis and optimisation
in the aerospace structure design process (Williams et al. 1990, 1991). In terms of
analysis capability, VICONOPT incorporates the features of both VIPASA and VICON,
enabling the calculation of critical buckling load factors, or undamped natural
frequencies, and correct mode shapes for any prismatic assembly of anisotropic plates
under any combination of compression and shear (Williams et al. 1990). To provide an
optimum design capability to VICONOPT, continuous design procedures were introduced
by Butler and Williams (1992) based on a sizing strategy with the well-established linear
optimiser CONMIN (Vanderplaats 1973) used to converge on a safer design of low mass.
Details of the continuous design optimisation process are illustrated in Figure 3.4 and
summarised below.

An initial analysis (step 1) is performed to determine the most important constraints in
the design, such as critical buckling load. This is followed by an initial stabilisation (step
2) which scales the thickness variables in the initial design configuration to achieve ‘a just
stable status’. The sizing cycle starts at (step 3), which begins by calculating a set of
critical constraints such as critical buckling factors, and their sensitivities. Appropriate
lower and upper design variable limits are determined in (step 4) and these limits are
passed to the CONMIN optimiser. In the CONMIN optimisation (step 5), the design
variables are iteratively changed by applying the method of feasible directions in which
the objective function W ({X}) is minimised under the conditions of G,,({X}) < 0 and
{X.} < {X} < {Xy}. G,,({X}) is a function that contains the design constraints, and {X;},

and {X,} are the upper and lower design limits, respectively. The iteration process is
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performed using an approximate analysis based on a first-order Taylor series expansion.
Having completed the CONMIN optimisation, another stabilization calculation (step 6) is
carried out to verify the feasibility of the new design, which ensures the design is just
stable. More CONMIN cycles are performed with intelligent adjustment of the move limits
so that the convergence can be accelerated. Then the new configuration is used as a
starting point for the next sizing cycle. Once convergence has been obtained for all the
CONMIN and sizing cycles (Steps 7 and 8), a final VICONOPT analysis (Step 9) is carried

out to verify the buckling results.

Initial Analysis (Step 1)
v
Initial Stabilization (Step 2)

>

A

Constraint and Sensitivity Analysis (Step 3)
Je
Move Limit Calculation (Step 4) I
Sizing T CONMIN
Cycis CONMIN Optimisation (Step 5) CVCLE
(Step 8) d T L (Step 7)
Stabilisation (Step 6)
¥
Stop CONMIN Cycling ? (Step 7)
v
Stop Sizing Cycling ? (Step 8)
I
Final Analysis (Step 9)

Figure 3.4 The VICONOPT continuous optimisation process.

Apart from the continuous optimisation discussed above, VICONOPT is able to conduct
other types of optimisation, such as discrete optimisation, discontinuous cost function
optimisation (Kennedy et al. 1999) and vibration constraint optimisation (O’Leary 2000;
O’Leary et al. 2001). Fischer et al. (2002) developed an interface for multilevel

optimisation called VICONOPT MLO (Multi-Level Optimisation), which connected
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VICONOPT with the finite element software MSC/NASTRAN to optimise complex
aerospace structures like wing boxes. More recent research conducted by Qu (2011) took
postbuckling effects into consideration and created the new multilevel optimisation
interface VICONOPT MLOP (VICONOPT MLO with Postbuckling). Although the author has
not used these optimum design features in this thesis, it is important to mention that
VICONOPT is not only an analysis computer program but has capabilites for design and

optimisation purposes.

3.8 VIPASA postbuckling

The exact strip method combined with the Wittrick-Williams algorithm presented in
previous sections provide a solid foundation for the postbuckling analysis of prismatic
structures to be carried out in the VICONOPT software. The postbuckling analysis
capability in VICONOPT was first developed based on the VIPASA type of analysis, which
was extended to cover the geometrically non-linear local postbuckling analysis of a
longitudinally compressed plate (Powell et al. 1998). The postbuckling analysis started
with the VIPASA buckling analysis to efficiently find the critical buckling load and the
initial buckling mode. Then a pre-determined increment of the mode amplitude including
an imperfection, which was conservatively assumed to have the same mode shape, was
added to the buckling mode to calculate the corresponding applied load (P), longitudinal
strain (&, ), and stress resultants (N, ). Next, the Wittrick-Williams algorithm was used to
find the correct postbuckling mode shape and amplitude (w) for that given stress
distribution.

Calculating the above quantities is defined as a postbuckling cycle and convergence
within each cycle is based on finding consistent estimates of P, ¢,, N, before the
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commencement of each new cycle. Once convergence is achieved a new cycle begins with
another increment of mode amplitude followed by a similar calculation to that mentioned
above, with the postbuckling analysis procedures stopping when a pre-defined number
of cycles is reached. Although good agreement has been obtained with previously
published results, some problems with regularly spaced stiffeners exhibit slow
convergence due to the limited numerical accuracy of the mode shapes, interaction
between similar local modes and mode jumping (Watson and Kennedy 2004). This
difficulty can be partially avoided by using an infinitely wide model.

An alternative exact strip postbuckling analysis which relies on Newton iteration was
developed by Anderson and Kennedy (2008) and has been implemented in the VIPASA
analysis option of VICONOPT. In this version of VIPASA postbuckling analysis, each
component plate is modelled as a substructure comprising ng longitudinal strips of equal

width bg shown in Figure 3.5.

Figure 3.5 Plate of width b, divided into n strips of equal width b.

This analysis is again controlled through a number of cycles which are defined by pre-
determined increments of longitudinal or shear strain. Within each cycle, convergence on

several quantities including the total applied load, the variation of stress resultants across
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the structure, and the amplitude and shape of the postbuckling mode is required. In order
to address the inaccurate mode shape problems mentioned above, a recursive Newton
method involving the inverse iteration method is introduced to give accurate
convergence on the critical buckling load and associated mode which solve the
transcendental eigenproblem;

KD =0 (3.24)

where D ={D;;j =1..n} is the mode vector of the structure, which includes
displacements and rotations at the edges of each strip. K = {Ki]-; ,j=1 n} is the
corresponding exact stiffness matrix containing transcendental function of the stress
resultants in each strip. The postbuckling iteration process begins with assuming a trial
mode D* and searching for an adjustment vector d which are added together to update
the buckling mode vector D:

D=D"+d (3.25)

The key feature of this method is that, instead of using the Wittrick-Williams algorithm,

Newton iterations are performed which can be expressed in matrix form as:

= OK*

K" + Z—d,- (D" +d) =0 (3.26)
£, 3D,
]:

where K* = K(D™). Neglecting higher order terms Equation3.26 becomes

n . n
. oKy, cre
' k=1 / j=1

J=1

d; can be obtained by solving Equation 3.27, and a new trial mode vector D can be
expressed by substituting d; into Equation 3.25, passing D* to the next Newton iteration.

Finite difference approximations combined with suitably small perturbations about the
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trial values D; are used to achieve the derivatives needed in Equation 3.27. It should be
noted that when an element D; is perturbed, the only non-zero derivatives in Equation
3.27 are those of the plates (or for some loading conditions, strips) immediately adjacent
to D;, and this is allowed for in the logic of the computer coding. For anisotropic and shear
loaded panels, Equation 3.27 is assembled and solved using complex arithmetic.
Convergence on the amplitude and shape of the mode vector D implies convergence on
the adjustments to the stress resultants due to flexure, and hence the postbuckling stress

distribution and total loads on the structure can be calculated.

3.9 Concluding remarks

This chapter presents an overview of some of the important numerical methods that are
relevant to the subjects covered in this thesis. The early concepts of FEM were first
addressed and then compared with conventional FSM, and some of the most closely
related literature was discussed. The chapter focused on the more specialised branch of
FSM-the exact strip method, first outlined systematically by researchers such as Wittrick
and Williams (1968; 1970), with an important feature of this being the development of
the first special algorithm for the solution of transcendental eigen problems. The theory
behind and features of the exact strip software VIPASA, VICON and VICONOPT were
discussed and summarised. Analysis models and results from exact strip software are
used extensively in the remaining chapters of the thesis. Recent works by Powell (1998)
and Anderson and Kennedy (2008) have made suggestion regarding recommended
directions for further work and this thesis is a development of their research. In the
following chapters, an alternative post-buckling approach will be developed using some
of the analysis principles in exact strip methods that have previously been discussed in

this literature review.
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Simulated VICON analysis

In this chapter, a Simulated VICON analysis based on investigating the difference in
postbuckling stiffness between VIPASA and VICON analyses is developed for the first time
to carry out postbuckling analysis of a prismatic plate with shear load or anisotropy. The
proposed method is applied to focuses on the analysis of a thin plate under combined
shear and compression loading. The hypothesis is that the ratio of postbuckling to
prebuckling axial stiffness given by VIPASA buckling and post-buckling analysis can be
used to work out the corresponding VICON postbuckling stiffness and strain, so that
characteristic plate postbuckling features such as load-strain curves can be achieved by
an iterative process involving successive increases of the longitudinal strain and total
applied load. The chapter is organised as follows: Section 4.1 expands on the differences
between VIPASA and VICON theory. Section 4.2 uses a numerical example to illustrate
this. Section 4.3 clarifies the motivation behind and objectives of this study in terms of
extending VICON capability. Section 4.4 provides the details of the formulation used in
the proposed Simulated VICON analysis and Section 4.5 gives the analysis procedures
involved in conducting the Simulated VICON analysis. Section 4.6 demonstrates the
validation of the Simulated VICON analysis by comparing results with those available in
the literature and by using the commercially available FEA software ABAQUS. Section 4.7

concludes the chapter.
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4.1 Theoretical basis

In VIPASA analysis, the out-of-plane displacement is given by Equation 4.1 based on the
assumption that the initial buckling mode varies sinusoidally in the longitudinal direction

with half-wavelength A.

X

w= fi0)sin (5) + ,0) cos () (4.1)

Similar expressions are assumed for the in-plane displacements u and v to ensure the
connection of the individual plate elements and the continuity of the buckle pattern
across the intersection of neighbouring plate elements. Since specified shape functions
have been assumed for the buckling displacements in one direction, the governing partial
differential equation solution is essentially reduced to a one-dimensional ordinary
differential equation solution. The functions f;(y) and f,(y) satisfy the differential
equations of equilibrium and allow various boundary conditions to be prescribed on the
lateral edges of the panel. However, the boundary conditions cannot be prescribed on the
ends of the panel because of the specific trigonometric function used, which makes the
accuracy of predicting buckling load dependent on the loading conditions (Stroud et al.
1984).

In the absence of applied shear stress and material anisotropy, simply supported end
conditions are perfectly satisfied in VIPASA analysis and the half-wavelength 4 divides
exactly into the plate length, i.e. A =1[,1/2,1/3 ...l/m where m is an integer and [ is the
plate length. In this case, the mode shapes resultin nodal lines of zero displacement which
are straight and parallel to the ends of the panel and perpendicular to its longitudinal axis,
and therefore satisfy simply supported boundary conditions at the ends of a finite,
rectangular plate (W. H. Wittrick and Williams 1974). Under these circumstances
therefore, the VIPASA solution is exact.
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For anisotropic plates or plates with shear loading, the mode shapes result in nodal lines
of zero displacement which are skewed and not straight. As shown in Figure 4.1a, the out-
of-plane displacement contours pass through the boundary indicating that the simply
supported conditions are not satisfied. Therefore, the VIPASA solution for loadings
involving shear may underestimate the buckling load substantially when A approaches |,
because forcing the nodal lines to coincide with the end edges addes constraints and
therefore produces buckling loads that are higher. In summary, VIPASA analysis is
accurate only when many half wavelengths form along the panel length making A
considerably smaller than the [, in which case boundary conditions at the ends are not
important (Dawe 2002).

The fundamental difference between VICON analysis and VIPASA analysis is the use of
Lagrangian Multipliers (F. W. Williams and Anderson 1983). As introduced in the
previous chapter, VICON analysis overcomes the inaccuracy in VIPASA under shear
loading by using Lagrangian multipliers to couple together VIPASA responses for
different half-wavelengths A to simulate an infinitely long panel subject to periodically
repeating rigid or elastic point supports. Thus, VICON analysis matches the simply
supported end conditions more effectively than VIPASA for the shear loaded panels
shown in Figure 4.1b, whose critical buckling loads can then be found with high accuracy.
These repeating rigid supports also account for the continuity over several bays of typical
aerospace construction and match closely with real design situations (Williams et al.

1991).
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Figure 4.1: The out-of-plane displacement contour plot at critical buckling for a plate loaded
in combined shear and compression: (a) VIPASA and (b)VICON

4.2 Numerical Definition

The theoretical differences discussed in the previous section are illustrated by the
following numerical example. An isotropic rectangular plate of length [ = 300 mm, width
b = 250 mm and thickness h = 1mm is modelled using both VIPASA and VICON analyses
with Youngs modulus E = 110 kNmm™2 and Poisson’s ratio v = 0.3. Based on the exact
strip method, the plate is divided into a number of strips, and each strip is subjected to a
combination of a longitudinal compressive force N, and a shearing force N, per unit
width of the strip (i.e. the total forces are bN, and bN,, ). The longitudinal compressive
force is distributed between all the strips assuming a uniform strain ¢,. The compressive
force is constant with a magnitude of 8000 N /m, while the shear force varies from 0 N/m
to 10000 N/m accordingly. Ten sets of loading cases are subsequently generated to
investigate the difference between VIPASA and VICON under the increasing levels of
shear.

Table 4.1 shows the results obtained from VIPASA and VICON in terms of the values of

critical buckling load factor obtained for different load cases, using a range of different
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Table 4.1 Critical buckling load factor comparison for VIPASA and VICON analyses under
different combined loading cases

Combined loading Cases Critical buckling load factor Comparison
Nyy/Nx | Ny (N/m) | Ny, (N/m) VIPASA VICON Difference (%)
0 0 0.8221 0.8221 0
0.125 1000 0.8142 0.8201 0.72
0.25 2000 0.7921 0.8144 2.74
0.375 3000 0.7601 0.8050 5.58
0.5 4000 0.7228 0.7923 8.77
8000

0.625 5000 0.6836 0.7769 12.01
0.75 6000 0.6450 0.7593 15.05
0.875 7000 0.6082 0.7399 17.79
1 8000 0.5739 0.7194 20.23
1.125 9000 0.5422 0.6982 22.34
1.25 10000 0.5132 0.6767 24.16

magnitudes of shear resultant to illustrate the difference between the two programs. For
each load case, the critical buckling mode shape given by VIPASA is associated with 4 = L.
It appears from Table 1 that identical load factors are obtainable from VIPASA and VICON
under pure compression, which implies that coupling between different half wavelengths
A below [ in VICON is unimportant under this circumstance. In terms of the combined
loading cases, agreement between the VIPASA and VICON results is 0.72% with 1000
N/m shear loading and 2.74% with 2000 N/m shear loadings, demonstrating that with
each increment of shear loading, the differences are much more pronounced. Results for
higher compression shear ratios (Ny/N,, = 1) suggest there is more than a 20%
discrepancy between VIPASA analysis and VICON analyses.

These results are plotted in Figure 4.2. The solid curve indicates the VIPASA solution for

A = l. The dashed curves indicate VICON solutions for coupling of A = [,1/2,1/3...1/10.
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Except for the pure compression case, the VICON results are higher than the VIPASA
results, indicating that the VIPASA solution for A = [ under combined loading is unduly
conservative, whereas the results obtained from VICON using Lagrangian multipliers to
couple together different half-wavelengths A are not. This suggests that the 20%
discrepancy between the two sets of results can be attributed to the assumption of single
half-wavelength and inaccurate representation of the simply supported end. Recognising
that practical panels loaded in shear will have adjacent bays that provide a continuity

effect, the VICON results are believed to be applicable to actual construction.
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Figure 4.2 The interaction curve for VIPASA and VICON analysis under combined loading

4.3 Extension to postbuckling

The critical buckling load discrepancy between VIPASA and VICON analyses under shear
loading has been studied and compared with other analysis methods by many authors

including Anderson et al. (1983); Wittrick and Horsington (1984), and Dawe (2002).
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Though it is known that VIPASA initial buckling analysis is conservative under combined
loading and there will be an increase in predicting critical buckling load, by using VICON
analysis under the same circumstances, it is not known how this difference will progress
in the postbuckling stage and what discrepancy between these two programs should be
assumed during postbuckling analysis. Due to this uncertainty, VIPASA postbuckling
analysis cannot be relied upon to give accurate postbuckling predictions with combined
loading since VIPASA postbuckling analysis depends heavily on the initial buckling
results. Therefore, a wiser choice of analysis scheme in postbuckling is the VICON type of
analysis. However, VICON cannot currently be used for conducting postbuckling analysis
due to the complex constraint matrices used to couple the different wavelengths. An
alternative, yet still practically credible, simulated VICON postbuckling analysis scheme
is proposed at the preliminary stage of this postbuckling study and presented in the

following sections.

4.4 Simulated VICON analysis formulation

As shown by the previous example, VIPASA and VICON analyses give identical initial
buckling results in the absence of shear and material anisotropy. Thus, the relationships
between their critical buckling loads, critical strains and pre-buckled stiffnesses K can be

expressed as follows,

cr —_ cr
Pyipasa = Pyicon (4.2)
cr —_ cr
EviPASA = €vicon (4.3)
cr Ccr
K —K _ Pipasa _ Pyicon (4.4)
virasa = Byicon = —&7

- acr
vipasa  €vicon

With the introduction of shear or anisotropy, VIPASA initial buckling results become very
conservative when the buckling mode is an overall shear buckling mode and 4 = [, while
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VICON results are less conservative and close to reality (shown in Figure 4.3a). Based on

this difference, the following relationships can be expressed.

Pyicon > Piipasa (4.5)
EVIcON > EVIPasA (4.6)
AP = Pjicon — PVipasa (4.7)
Ae" = &j1con — EVipasa (4.8)

In the postbuckling stage with the onset of buckling, the growth of out-of-plane
deflections causes radical changes in the stress distributions within the plate, reducing
the stiffness of the plate against further compression. According to Marguerre’s
experiments (Singer et al. 2008), the post-buckled plate stiffness can be expressed as

P - PCT = K‘;IPASA(S - ECT) (4'9)

where K" is the postbucking stiffness (shown in Figure 4.3b). The VIPASA postbuckling

stiffness after n increments in the postbuckling stage can thus be written as

PIT/QIPASA - PI(/:}FPASA (410)

n cr
Evipasa — €virasa

* —
KVIPASA -

where P}ipssa and €pasq are the applied load and strain at n increments into the
postbuckling stage. In order to simulate VICON postbuckling analysis, the corresponding
stress resultants from VIPASA postbuckling analysis are then passed to VICON buckling
analysis to find Py}, y, however, unlike VIPASA, VICON analysis cannot predict the strain
&vicon- Therefore, a strain value in VICON is required to be calculated separately. Since
VICON is less conservative under shear load, it predicts a higher load and strain than
VIPASA in postbuckling resulting in the following relationships:

AP™ = P\rllICON - P\T;IPASA (4.11)
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Ae™ = €yipasa — EVicon (4.12)

The strain &},-oy can be calculated by determining the strain difference between VICON
and VIPASA. To obtain this strain differences (Ae™), it is assumed in Figure 4.3c that the
gradient between point A and point B is same as that between point C and point D. This
assumption is valid because the initial buckling slope (Ky;pasa = Kvicon), and the stress
redistribution after initial buckling in VIPASA and VICON are the same. So once the
gradient (k3) and the vertical difference (AP™) between point C and point D are known,

the strain differences (Ae™) is achieved by using the Pythagorean theorem. Thus,

, , AP (4.13)
K = k1 =Ky = Aecr
and,
Aem = AP™ _ AP™ AT (4.14)
k APcr

Once Ae™ is known, the postbuckling stiffness of the Simulated VICON analysis can be

written as

PIT}ICON B PIS}FCON (415)

n cr
Evicon — €vicon

* —
KVICON -

After m increments,

m cr
K _ Pyrcon — Pyicon (4.16)
VICON — m _ pm cr
em n (PYicon — Pyipasa)Ae
VIPASA

— gcr
PCT — PCT VICON
VICON VIPASA

Once the postbuckling stiffness of VICON analysis is calculated, the equilibrium path can

be captured (shown in Figure 4.3d).
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Figure 4.3 The graphic illustration of the formulation of the Simulated VICON analysis: (a) initial buckling difference; (b) the calculation of
VIPASA postbuckling stiffness K;pas4; (C) the calculation of k = k1 = k; and (d) the postbuckling curve given by Simulated VICON analysis
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4.5 Simulated VICON analysis procedures

The simulated VICON analysis can be implemented based on the calculations outlined
above by following the procedure described below:
i.  Run the VIPASA post-buckling analysis and plot the VIPASA post-buckling curve.
The VIPASA postbuckling analysis comprises m cycles (m is an integer)
until it stops, each cycle is defined by a pre-determined increment of
longitudinal strain or shear strain.
ii.  Extract the stress resultant data from the VIPASA postbuckling analysis.
In a VIPASA posbuckling analysis, each component plate of width b is
divided into ag longitudinal strips of equal width b,. Furthermore, each of
these strips is subdivided into dg sub-strips, so that an accurate
longitudinal stress (N,) and shear stress (N, ) variation across the width
of the plate can be achieved. The total (a,ds X m) stress resultant matrix
{N} can be extracted from VIPASA.

iii. ~ Transform the data from VIPASA to VICON
Matlab scripts are written to separate the total stress resultant matrix {N}
into a number of sub-matrices according to the data formation
requirement in VICON buckling analysis.

iv.  Perform VICON buckling analysis
The comparison model constructed in the VICON analysis is divided into
as X d strips, allowing the stress resultant matrices obtained from VIPASA
to be exactly transferred to the VICON analysis. Then, VICON analysis is
performed so that a meaningful and practical postbuckling comparison

between the two programs can be established.
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v.  Plot the simulated VICON postbuckling load-strain curve

The conservative VIPASA postbuckling results for each cycle are compared
with the corresponding VICON results, respectively. The VICON strain is
calculated based on the trigonometric difference between the VIPASA and
VICON postbuckling stiffnesses, which are mentioned in the previous

section. The percentage difference for a specific cycle in the postbuckling

analysis between these two programmes can then be obtained.

4.6 Postbuckling results and discussions

The analysis procedures described above have been converted into a computer program
which has been tested in a number of applications by comparing with the numerical
results given by FEA, VIPASA analysis and the work of other researchers discussed in this
section. Here, single and stiffened panels are modelled with isotropic and anisotropic
materials. The details of the material properties and thickness (t) used are listed in Table
4.2. The numerical results given by Simulated VICON analysis, VIPASA and FEA are
obtained for a rectangular plate with the aspect ratio 1.5 in Example 1 and Example 2 and
a square stiffened plate in Example 3. Schematic drawings showing the loading and

overall dimensions for each of these examples are shown in Figure 4.4.

Table 4.2 Properties of materials used in examples

Metal Graphite-epoxy 1 Graphite-epoxy 2
E;1(N/m?) | 164.1x10° | E;;(N/m?) 140 x 10°
E(N/m?) | 110 x 10°
E,,(N/m2) | 9.79x10° | E,,(N/m?) 10 x 10°
Gio,(N/m?) | 4799 x 10° | Gy,(N/m?) 5% 10°
V12 0.28
Vi, 0.28 Vi, 0.33
t (mm) 1 t (mm) 5.25 t (mm) 3
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Figure 4.4 The loading and dimension used in examples: (a) single isotropic and anisotropic
plate and (b) isotropic and anisotropic stiffened panel

The aspect ratios used were chosen to show the improvement achieved by using the
proposed method to analyse finite length plate postbuckling responses under combined
loading in which case the VIPASA postbuckling analysis struggles to obtain correct
solutions due to the conservative boundary conditions assumed. All of the models chosen
also have a relatively large width to thickness ratio (b/t > 20), to minimise transverse
shear effects.

A finite element isotropic plate model was also created using the commercial code
ABAQUS and employing the four-node quadratic shell element S4R and a mesh of 3000
elements. Convergence studies on the mesh size were carried out to determine the
suitability of this mesh density. Compressive axial loads were applied to the nodes at the
transverse edge of the plate. In ABAQUS analysis, linear eigenvalue was first conducted
to find the critical buckling loads and associated modes. The mode shapes from the initial
buckling analysis are stored in a displacement results file and are then introduced into a
nonlinear Riks analysis (Riks, 1972) as initial geometric imperfections. To conduct a

postbuckling analysis within ABAQUS, a small perturbation imperfection was imposed on
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the model to find the postbuckling equilibrium path for the model. This perturbation
imperfection should be kept as small as possible to ensures compatibility with the
Simulated VICON perfect plate model, taking a magnitude of 0.1% of the plate thickness
in the following analyses. The Riks arclength technique utilizes the Newton-Raphson
method to track the equilibrium path and the user can choose appropriate increments
manually and automatically for each step to ensure convergence in the software. The
keyword *STEP, NLGEOM was used during the Riks analysis to account for geometric
nonlinearities within the model (Smith et al. 2013).

All plates and stiffened panels examined were subjected to constant axial compression in
the x-direction and therefore it is important to calculate the non-dimensional average
strain €, which is based on the end shortening u,,, in the x-direction. For a finite plate
buckled into a single half-wavelength A which is equal to the length of the plate [, the
average strain &, is the ratio between the end shortening u,,4, and the length of the plate
[, that is:

Uend
Ex,average = % (4.17)

The emphasis in this study is in predicting the general postbuckling response in the form
of the load-strain curves and in comparing such predictions with alternative analytical
predictions. The transverse displacement w,,,, is not considered here since the
procedures described above are based on the load-strain and stiffness relationships.

It is well known that the postbuckling response of a plate is highly reliant on both in-
plane and out-of-plane boundary conditions. In order to compare the results given by
VIPASA, Simulated VICON and ABAQUS, therefore, the boundary conditions in these
models had to be equivalent. In each case all four boundaries of the plate were simply

supported, with the lateral edges of the plate being allowed to have trigonometrically
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varying in-plane displacements, that is, no straightness constraints were imposed on the
edges. It was crucial to understand the influence of the in-plane boundary conditions at
the two loaded ends of the plate when constructing the ABAQUS models because the
VIPASA and Simulated VICON analysis were developed for infinitely long plates and do
not contain information regarding the loaded ends of a long plate. The ABAQUS model
simulates this long plate effect by applying Multi-point constraints (MPC) coupled by
means of the keyword *EQUATION on the loaded edges so that each node in the loaded
edges has equal longitudinal in-plane displacements. It is observed from Figure 4.5 that
a close match in terms of deformation shape has been achieved by following the above
setup of boundary conditions.

the deformed shape
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Figure 4.5 Comparison of deformed shape: (a) VIPASA, Simulated VICON analysis and (b)
ABAQUS analysis
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4.6.1 Example-1: Postbuckling of an isotropic rectangular plate
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Figure 4.6 Normalised loads (P /P.,) versus strain (&, /€,.) for rectangular isotropic plates
with different sets of combined loads.

Normalised load versus end shortening results are presented in Figure 4.6 to show how
the postbuckling response changes with N, /Ny ratio varying from 0 to 0.75 for a single
isotropic plate under combined shear and compression. The curves in Figure 4.6 are
generated using the VIPASA postbuckling analysis and show the normalised axial load
P /P, as a function of the normalised strain ¢, /€,.,. The axial load P and strain the ¢, are
normalised with respect to P., and ¢, respectively, that is, the critical strain and critical
buckling load for the same plate under compression only. It can be observed from Figure
4.6 that the postbuckling behaviour of the plates under different loading combination
predicted by VIPASA is very similar. In particular, the postbuckling stiffness which is
represented by the slope after the bifurcation point is virtually unaffected by an increase
of shear loading due to the same in-plane conditions being used for all of these analyses.
The only significant difference is that the bifurcation position is lowered with an increase

of the shear loading. It should be noted that the largest N,,, /N, ratio is limited to 0.75 due
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to the VIPASA convergence requirement with only 25 increments being able to be
calculated for this ratio using current convergence procedures.

Non-normalised load end shortening curves are also presented in Figure 4.7 to illustrate
the differences between the postbuckling responses at various combination of loading
predicted using different approaches. The results presented in Figure 4.7a are based on
modelling rectangular plates in pure compression using VIPASA analysis, Simulated
VICON analysis and Koiter’s method (1970). In Figure 4.7a, the results predicted by the
VIPASA and Simulated VICON are identical. In this case, little difference between the two
is expected as they give the same prediction of buckling load in the absence of shear
loading. It can be seen that the VIPASA and Simulated VICON results compare very closely
with the lower bound results of Koiter which are denoted by the dashed line.

The postbuckling results for a moderate combination of shear and compression
(Nxy/Ny = 0.5) are presented in Figure 4.7b. The graphs are based on calculations made
using VIPASA analysis, Simulated VICON analysis and ABAQUS. It can be seen from Figure
4.7b that the differences between VIPASA and the proposed Simulated VICON are very
noticeable, with VIPASA predicting a lower burfication point as well as lower
postbuckling stiffness.

Errors in the conservative VIPASA postbuckling predictions are typically of the order of
5% but range up to around 10% compared with the Simulated VICON analysis. Figure
4.7b also shows that ABAQUS finite element results compare closely with the Simulated
VICON results with identical curves up to a strain level of around 0.0001, followed by
small divergence thereafter. Figure 4.7c shows the postbuckling results for the case
where the shear and compression ratio increases to 0.75. It is clear that significant
differences exist between the results of the VIPASA and Simulated VICON analyses. The
postbuckling load versus strain curve given by the Simulated VICON analysis is 20%
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Figure 4.7 Comparison of non-normalised load versus average strain curves for isotropic
rectangular plate with different sets of combined loads for VIPASA, Simulated VICON,
ABAQUS: (@) Ny, /Ny = 0; (b) Ny /N, = 0.5 and (c) Ny, /N, = 0.75
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higher than that from the VIPASA analysis, reflecting the conservative nature of the
VIPASA analysis under shearing action due to the unsatisfied boundary conditions.
However, excellent agreement is observed between the Simulated VICON analysis and
the finite element analysis and hence the validity of the procedures developed in this

study is confirmed.

4.6.2 Example-2: Postbuckling of an anisotropic rectangular plate

Example 2 is derived from Example 1 by changing the material from isotropic to
anisotropic to further validate the proposed method. The laminated graphite/epoxy plate
under consideration here has the same dimensions as Example 1 but is formed from
various layers of plies having the material properties listed in Table 4.2 and referred to
as Graphite-epoxy 1. The Simulated VICON approach is used to analyse two types of
composite laminate plate under combined loading, a symmetric layup [+45/—45/+45/
—45/90/0/+45 /—45/0/90/0/90]5 and an unsymmetric layup [+45/—45/+45/—45/
90/0/+45/—45/0/90/0/90]4. It is well known that symmetric configurations exhibit
membrane and flexural coupling, while unsymmetric layups show the coupling of in-
plane and out-of-plane behaviours. It is important to test the proposed method by using
an unsymmetric layup because they exhibit the most general type of anisotropy for
laminated composites and little study has been found in the literature for such
configurations under combined loading. It is noted that a number of unsymmetric layups
were tested in VIPASA postbuckling analysis and some of them failed to converge.
Discarding unconverged layups, the above chosen unsymmetric layups have a reasonable
amount of anisotropy while maintaining the normal convergence in VIPASA postbuckling
analysis. These layups may be used less often in practice but are nonetheless important

in demonstrating the validity of the proposed method.
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Figure 4.8 Non-normalised load versus average strain curves for symmetric and unsymmetric
composite laminate plates under pure axial compression.

Figure 4.8 shows the nonlinear response of both symmetric and unsymmetric composite
plates to progressive axial compression only. In the context of the symmetric layup, the
comparison between the Simulated VICON, VIPASA and ABAQUS results shows that the
drop in stiffness immediately after buckling is correctly predicted and good agreement
between these analyses is evident. Regarding the postbuckling curve for the unsymmetric
laminate configuration in Figure 4.8, the initial buckling load predicted by VIPASA is 20%
lower than that for the symmetric layup. However, bifurcational buckling does not occur
in the FEA during the progressive loading process. This observation is consistent with the
study made by Lagace et al. (1986); Qatu and Leissa (1993) and is due to the plate’s
susceptibility to bending under a small amount of load due to the presence of in-plane
and out-of-plane coupling (B¢ and B,¢ coefficients). It can also be noted from this study
that, although the VIPASA analysis matches the Simulated VICON analysis very closely,
the discrepancy between the Simulated VICON and the ABAQUS curves is round 5% and

becomes more pronounced at a higher level of material anisotropy.

90



Simulated VICON analysis

A graphical presentation of results for symmetric and unsymetric laminate plate
postbuckling response under different combination of loading is given in Figure 4.9,
wherein P.. and ¢, are the critical buckling load and strain for the corresponding
laminate configuration. Figures 4.9a and 4.9b illustrate the postbuckling response of
composite plates with symmetric layups when the shear to compression ratio (Nyy/Ny)
is equal to 0.5 and 0.75, respectively. Comparison of the postbuckling curves shows good
agreement between the Simulated VICON results and the FEA results. On the other hand,
VIPASA predicts a lower postbuckling stiffness than the other two methods showing that
unsatisfactory boundary conditions in postbuckling analysis lead to conservative results.
Figure 4.9c and 4.9d show the results for the composite plate with an unsymetric layup
under the same shear compression ratio as above. By plotting the normalised axial load
P/P..as a function of the normalised strain &, /&,.,, it can be observed that the bifurcation
buckling reappears under combined shear and compression.

This somewhat surprising result which reveals that an unsymmetrical laminate which
does not exhibit bifurcation buckling under pure compression may exhibit bifurcation
buckling behaviour under combined loading may be understood by examining the
postbuckling mode shape. It is found that the unsymmetric laminate under pure
compression shows a more skewed mode shape than that under combined loading, which
implies that the shear load may reduce the effect of the skewing due to the material
anisotropy. Comparing the results given by different analysis schemes in Figure 4.9c,
good agreement betweenthe Simulated VICON analysis and the FEM analysis is observed
for lower shear and compression ratios. However, the discrepancy between the two
analyses starts to grow at higher shear and compression ratios (Figure 4.9d). This implies
a basic transformation in deformed shape at some stage in the post-buckling regime. This
is useful to know but, of course, it is not possible to investigate such a transformation
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Figure 4.9 Normalised loads P/P,, as a function of the normalised strain ¢, /&, for composite laminates with different sets of combinations of
loads: (a) symmetric layup with N,,,/N, = 0.5; (b) symmetric layup with N,,, /N, = 0.75; (c) unsymmetric layup with Ny, /N, = 0.5 and (d)
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further in a continuous fashion using the present approach since the basis of the approach,
in obtaining any one curve, is that the longitudinal half-wavelength, once selected, does

not change.

4.6.3 Example-3: Postbuckling of a square stiffened panel

Two stiffened panels, one metallic panel and another made from graphite-epoxy
composite material, were analysed with VIPASA, Simulated VICON and the finite element
package ABAQUS. Results of these analyses are presented in this section. A schematic
drawing showing the loading and overall dimensions of these panels is shown in Figure
4.4b. The panel is 600mm square and has four equally spaced stiffeners, which were
carefully chosen to achieve a skin mode in the buckled state. The loads applied were
combinations of longitudinal compression (N, ) and shear (N, ). The out-of-plane
boundary conditions for postbuckling represented simple supports on all four skin edges
and the stiffeners. The in-plane boundary conditions consisted of a uniform strain in the
loading direction with free transverse expansion along the unloaded edges, so that N,
along the longitudinal edge is zero. The values of Young's moduli, shear modulus, and
Poisson's ratio for the composite material used in the calculations for this example are
given in Table 4.2 and are referred to as graphite-epoxy 2. A symmetric layup
[+45/—45/+45/—45/90/0/+45/—45/0/90/0/90]5 was analysed in this example.

Figure 4.10 shows the typical bifurcation postbuckling response of the stiffened panel,
plotting the normalized axial loads P/P.. versus normalized strain &,/¢,.,. for both
isotropic and anisotropic stiffened panels under different shear compression ratios as for
previous examples. As can be seen in this figure, the responses are typical of a post-
buckled plate, and one can see the postbuckling stiffness of the stiffened panel is higher
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than that of a single plate, which implies that the stiffened panel is more capable of
continuing to carrying load after initial buckling than a single plate.

In accordance with the results from former examples, the VIPASA and FE analyses show
relatively large differences in their postbuckling equilibrium paths due to boundary
condition problems for both for the isotropic case (Figure 4.10a and 4.10b) and the
anisotropic case (Figures 4.10c and 4.10d), respectively. Contrary to this, very small
differences regarding the postbuckling curve between the Simulated VICON analysis and
the FEA analyses can be observed. Note in Figure 4.10 that the discrepancies between the
solutions near the buckling loads are due to the imperfection introduced into the FEM

model.
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Figure 4.10 Normalised loads P/P,, as a function of the normalised strain ¢, /¢,., for composite laminates with different combined actions of
loads: (a) isotropic stiffened panel with N,,,/N, = 0.5; (b) isotropic stiffened panel with N,,,/N, = 0.75; (c) anisotropic stiffened panel with
Ny, /N, = 0.5 and (d) anisotropic stiffened panel with N, /N, = 0.75.
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Conclusions

The following conclusions may be drawn based on the results of this study.

The VIPASA postbuckling analysis according to the current analysis scheme for
the conditions of combined loading is found to be relatively conservative
compared with other numerical results. This is due to the assumptions upon
which the longitudinal shape functions are based. This conservatism extends to

both initial buckling and postbuckling calculations under combined loading.

The scope of the VIPASA type of buckling analysis has been extended to VICON
analysis by the use of Lagrangian multipliers to incorporate a set of constraints to
represent regularly repeating interior supports, so that the loaded boundary
conditions can be closely matched. VICON analysis involves the coupling of
different wavelengths which would make it computationally expensive to expand
into full postbuckling analysis since it would requires the postbuckling analysis to

be performed on multiple wavelengths.

A new approach taking advantage of VICON features while maintaining VIPASA
postbuckling capacity has been presented in this chapter to simulate VICON
performing post-buckling analysis. This approach needs the output data from a
VIPASA analysis to be carefully manipulated to satisfy the input prerequisites of a
VICON analysis. The axial stiffness differences between VIPASA and VICON
corresponding to each predetermined increment of longitudinal strain in
postbuckling is calculated and compared. Based on these differences an

equilibrium path for postbuckling using VICON analysis can be achieved.
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Proof of concept work has been conducted for the prediction of the postbuckling
response of isotropic and anisotropic single plates and stiffened panels under
combined loading. Comparisons with standard FEA results has validated the
proposed Simulated VICON analysis and the results given by this new analysis in
most of the cases are in good agreement with those results given by FEA. Because
the Simulated VICON analysis is computationally inexpensive, it can be easily
integrated into the VIPASA postbuckling analysis as a subroutine to allow one to
use it for the preliminary design of laminated plates under combined loading in

the postbuckling regime.

In the current study, the Simulated VICON analysis is developed within the context
of calculation of the postbuckling stiffness difference between the VIPASA and
VICON analyses, which is considered to be reasonable for the sort of applications
considered in this chapter. However, the Simulated VICON analysis still relies on
the initial postbuckling analysis of VIPASA which has undergone no significant
improvement to change its conservative nature, such as the stress invariant issues.
Hence, further research needs to be carried out to improve the VIPASA
postbuckling approach itself. Such a development in improving the VIPASA
postbuckling analysis will be the subject of the following chapters wherein the in-
plane displacement assumptions will be redescribed and a systematic
recalculation of strain and hence stress followed by solving of the governing

equations will be demonstrated.
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Improved VIPASA analysis

This chapter proposes an improved approach to the existing VIPASA postbuckling
analysis scheme. In this new approach, although the VIPASA out-of-plane displacements
are used as before, the in-plane displacements, strains and stress resultants are now
allowed to vary with half-wavelengths A and A/2, and no longer have to have the same
sinusoidal variation as the out-of-plane displacements. The in-plane governing
equilibrium equations are derived and solved analytically for isotropic or anisotropic
plates, allowing in-plane membrane and out-of-plane bending to be coupled. Thus, more
accurate distributions of longitudinal and transverse stress resultants are expected to be
obtained. The chapter is organised as follows: Section 5.1 discusses Stein’s analytical
postbuckling model which gives the general background for the research conducted in
this chapter. Section 5.2 describes the details of the proposed method including the
assumptions of the displacement functions, the formulation of the strain-stress
relationships, the application of the numerical method and the derivation of the
equilibrium equations. Section 5.3 explains the implementation of the proposed method
in the VIPASA postbuckling analysis, where the energy method is used to convert the

stress resultants from node level to strip level. Section 5.4 concludes this chapter.
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5.1 Stein’s postbuckling model

From a mathematical point of view, the solution of a partial differential equation (PDE) is
difficult to obtain because there exist numerous functions that can satisfy the PDE and
the general solution only describes the dependent variable in general terms and does not
give its specific form. For these reasons, it is customary to solve a PDE by assuming some
specific function which satisfies all or part of the PDE and then to transform this to other
forms of differential equations, such as homogeneous differential equations. Stein (1959a;
1985) proposed two methods to convert the postbuckling governing equations which are

essentially PDEs to solvable differential equations.

5.1.1 Power series method
In Stein’s early work (Stein 1959a), both in-plane (u and v) and out-of-plane (w)
displacements were expanded into a power series in terms of a perturbation parameter

€™ ,and thus the displacement function could be written as

oo

u= Z u™en (5.1)

n=0,2

(o]

- Z pmen (5.2)

n=0,2

w= ) wier (5.3)
n=1,3

where u(”), v w™ are functions only with respect to the normal coordinates x, y and
z, and the parameter €" can be regarded as having either a plus or minus sign. The power
series of u and v were expected to start from zero power and have only even powers. In

contrast, the power series of w was expected to begin with a non-zero power and have
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only odd powers. The reasoning behind these assumptions was based on the deformed
shape of the post-buckled plate. A plate subjected to compression only can buckle in
either a positive or a negative direction with the deformed shape w then depending on a
plus or minus sign. Thus, the series for w can contain only odd powers of parameter €
satisfying the requirement that the deformed shape only changes with the sign. The in-
plane displacements u and v on the other hand not are affected by the direction of the
buckling mode and therefore, even powers of € were used.

These assumptions regarding the in-plane and out-of-plane displacement lead to the

power series expressions of the stress resultants Ny, N,,, Ny,,, and enable the von Karman

v
large deflection equations to be transformed into a series of homogeneous differential
equations and solved analytically. The details of this transformation process can be found
in Appendix C. This analysis achieves accurate results and correlates well with
experiments when up to two terms in the displacement function are included. However,
the disadvantages of this type of analytical model are that it usually involves lengthy
computations and becomes incalculable for anisotropic plates, and because no explicit

relationships among the variables are obtained, the analysis results are difficult to

generalise.

5.1.2 Trigonometric function method

A further semi-analytical method was proposed by Stein (1983; 1985) for the
postbuckling of long isotropic or orthotropic plates under compression, shear and
combined loading. In contrast to his previous work, the trigonometric functions
employed to represent the displacement in the presence of shear or a combination of

compression and shear were as follows:

27X

x 1 _ 2mx
u=—uUyy (E - E) + uy(y) + us(y) smT + u.(y) cos — (5.4)

100



Improved VIPASA analysis

2TXx 27X
v=1y) + vs(y) sinT + v.(y) cosT (5.5)

X X
- + w,(y) cos - (5.6)

where u,, is the applied longitudinal compressive displacement and a is the length of the

w = w,(y) sin

plate. The deflection w varies sinusoidally with half-wavelength A at buckling and beyond.
The in-plane displacements u and v vary sinusoidally with half-wavelength A/2.

The use of sinusoidal functions in the longitudinal direction allows the out-of-plane
governing equation to be converted into an ordinary nonlinear differential equation.
Compared with other methods, Stein introduced different sinusoidal functions in the in-
plane equations which are convenient to represent the in-plane displacements so that a
wide range of dimensions and material properties can be analysed by using this method.
Combining proper boundary conditions, such as free or fixed edges for in-plane and
simply supported or clamped for out-of-plane, with solving techniques from Lentini and
Pereyra (1977) which are based on a Newton method, a system of first-order ordinary
differential equations was solved for combined loading postbuckling problems.

The use of trigonometric functions and dimensionless parameters gives a good
representation of the displacement field for postbuckling analysis while reducing the
computational cost, which enables this method to be used in more complicated combined
load cases. However, only postbuckling analysis of isotropic and specially designed
orthotropic plates are considered in Stein’s work, and the theory cannot be used for

analysing postbuckling of a general anisotropic plate.

5.1.3 Combining Stein’s method with VIPASA postbuckling analysis
VIPASA analysis as outlined in Chapter 3 is highly efficient for investigating plate
postbuckling reserves of strength owing to its use of the exact strip method (W. H.

Wittrick and Williams 1974) and Newton iterations (Anderson and Kennedy 2008).
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However, in order to achieve this efficiency, some conservative assumptions must be
made. For example, the present VIPASA analysis assumes that the stresses in each strip
are longitudinally invariant. Such an assumption has been described and proved to be
valid for initial buckling analysis (Wittrick and Williams (1974); (Williams and Anderson
(1983); Williams and Kennedy (1991) ), but it is well known from classical works (von
Karman 1932), that a longitudinal variation of stresses would occur as a results of the
out-of-plane flexure. Therefore, the invariant stress assumption in VIPASA postbuckling
analysis may lead to significant inaccuracy because convergence must be achieved on
consistent mode shapes and stress resultants in each predefined increment of the
postbuckling.

The calculation of stress resultants in the current VIPASA is based on the use of
trigonometric in-plane functions in which the longitudinal and transverse displacements
(u and v) are assumed to vary sinusoidally with the same half-wavelength A as the out-
of-plane deflections. In contrast, Stein’s work postulates that the in-plane trigonometric
functions vary sinusoidally with half-wavelength A/2 only. This difference can be
regarded as an important conceptual supplement to the assumptions used in the VIPASA
postbuckling analysis, because few studies in the field of the exact strip method have been
conducted which take into account the coupling of in-plane displacements varying with
half-wavelengths A and A/2. Additionally, Stein’s approach to transforming partial
differential equations to a system of linear equations is worth applying in VIPASA analysis
to avoid convergence problems. Furthermore, Stein’s method can be expanded to the
analysis of general anisotropic plates thanks to the existence of the B matrix in an
extension to the VIPASA analysis (Anderson and Kennedy 1993). Hence, detailed
procedures are proposed in the next section to improve the accuracy of the current

VIPASA analysis.
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5.2 The Improved VIPASA analysis

5.2.1 Overview of Improved VIPASA analysis

Before discussion of the calculation details, the framework of the analysis procedures for
the Improved VIPASA analysis can be examined as illustrated in Figure 5.1. The solid
outline boxes represent the imported or known quantities from either VIPASA analysis
or assumptions, while the dashed outline boxes represent the unknown quantities which
need to be determined. The analysis starts by combining the out-of-plane displacements
w from VIPASA with unknown in-plane displacements u and v to express the Von
Karman large deflection formula in algebraic form, where the derivative terms appearing
in the equations are calculated by utilising first or higher order finite difference
expressions (step 1-step 6). Then, the in-plane equilibrium equations are written out in
association with appropriate in-plane boundary conditions, so that the unknown in-plane
displacements u and v can be solved (step 7- step 10). Finally, the stress resultants and
their derivatives with respect to each component of w can be calculated (step 11). Once
the stress resultants at node level are obtained, the energy method is used to average out
the stress resultants in each strip to pave the way for mode shape calculation in the next
iteration of the VIPASA analysis (step 12-step 13). The detailed formulation of each stage

of the procedure will be given in the following sections.

5.2.2 Displacement field of the Improved VIPASA analysis
In the Improved VIPASA analysis, the out-of-plane deflections w; and rotations ¥; about
the x axis at each node i are assumed to vary sinusoidally in the longitudinal direction

with half-wavelength 4, taking the form:
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(1) VICONOPT I (4) Unknown in-plane |
Out-of-plane displacements and rotations L displacements I
3 B .
w'(2) I u'(A4,4/2)andu’’(4,4/2) |
(3) Curvatures I (6) In-plane |
Kk(4) | strains |
[— = == == - ! ————
I (7) In-plane stress resultants | (8) In-plane edge
L N(4,1/2) I conditions

I (9) In-plane equilibrium equations
L expressed in terms of variables I

(10) Solve for
u(4,1/2)

(11) Obtain stress resultants
N(A, A/2) using steps (5)-(7)

-

(12) Integrate along length of plate
to find work done by stress

(13) Replace with longitudinally
invariant stress resultants N which do

Figure 5.1 Flow chart of calculations in the improved VIPASA postbuckling analysis.
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X . X
w; = WiCCOST + wig smT (5.7)
X . TX
Y; = l[}iCCOST + Y smT (5.8)

The presence of both sine and cosine terms allows for the skewing of the nodal lines
which occurs for shear-loaded and anisotropic plates. In the absence of shear and
anisotropy, w;. and Y. are zero. Note that the out-of-plane displacements are imported
directly from the current version of the VIPASA analysis.

The in-plane displacements at each node i over the strip middle surface are represented
as a summation of linear and sinusoidal terms. The sinusoidal terms are the products of
in-plane displacement quantities and interpolation shape functions. The interpolation
function G, couples with five trigonometric terms to allow longitudinal displacement
(u) and transverse displacement (v) to vary as the sums of sinusoidally varying
responses with two half-wavelengths A and A/2.

The matrix form of the in-plane displacement can be written as

w; = [d,.] + [d;][G,] (5.9)
Where,
a T

[dilosr = |8 (x=3) 0] (5.10)

_ [Yio Uic Uis Ujc Us
[diloxs = [Vio Vic Vis Vic Vis] (5-11)

nx mX 2mx 2mx]”

[Gulsx1 = [1 cos—- sin—=- cos—— cos—— (5.12)

The sinusoidal part of the displacement field in Equation (5.9) is versatile with regard to

the specification of in-plane boundary conditions on the longitudinal edges which can be
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applied directly and explicitly by setting to zero any of the values of the fundamental in-
plane quantities (u;g, Uic, Uis, Uic» Uis» Vio» Vier Vis» Vic» Vis) at a boundary.

The linear part of the displacement field of Equation (5.9) is introduced to represent a
progressive uniform end shortening strain &, in the x-direction as well as the no lateral

expansion assumption in the y-direction.

5.2.3 Formulation of the strain-stress relationship
The in-plane non-linear strains and curvatures neglecting the transverse effect at node i

can be expressed by von Karman large deflection equations in the matrix form as

aul- 1 an' 2
2
dx 2\ 0x
Ovi 1 an' 2
()
- Exi dy 2\ady
gyi %_{_%_{_awl an'
Yxyi| [0y ox  0x 0dy (5.13)
Kyi | aZWi )
Kyi T 9x2
_nyi_ aZWl
_ ayz
%w;
dxady

On substitution from Equations (5.9-5.12) into Equation (5.13), the neutral surface
strains and curvatures can be expressed in terms of out-of-plane displacement w; and in-

plane displacement u; via the following matrix form:
&1 _ EO(Wi'd)i)] lrg €./
[Ki] B [KO(Wi,l/)i) + b [O] Uit [O] Ui (5.14)

The terms [g,(w;, ;)] and [ky(w;, ;)] are functions of out-of-plane displacement w;

and rotation ;. The calculations are shown in more detail in Appendix D, Equations (D1-

D13).
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After obtaining the above expressions for strain and curvature, the stress resultants N;,

Ny, Nyy; and their derivatives are needed for the equilibrium equations. For a general

anisotropic plate, the in-plane stress-strain relationships at node i can be written as:

in Ai11 Ai12 Ai16 Exi Bi11 Bi12 Bi16 Kyi
Nyi = Ai12 Ai22 Ai26 Eyi | + Bi12 Bi22 Bi26 Kyi] (515)
Nayi Aijg Aigg Aigg Vi Bijg Biys Bige) i
Substitution from Equation (5.14) into Equation (5.15) gives:
Ni] = [So(Wi,l/)i)] = [Ko(Wi»¢i) 1~ [ui] x [u:]
| =A; ’ + B; P + —A;e |+ AjE "
[Ni "leg(w, ¥y) “lig(wi, )l b g 2 (5.16)
where
N;
(5.17)

T
= [inO inc ins inC inS NyiO Nyic Nyis Nin NyiS nyiO nyic nyis nyiC nyis]

!
Ni
. (518)
— ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
- [inO inc xis 1'xiC inS NyiO Nyic yis ‘VyiC NyiS xyi0 nyic nyis nyiC nyiS]
I __ ! ! ! ! ! ! ! ! ! !
;= [ujp Ui Ui U U Vip Vie Vis Vi Vis] (5.19)
no__ n n n n n 14 14 143 n n
w' =[ujp ue Ui U Us Vi Vie Vis Vic Vis] (5.20)

Details of the A; and B; matrices and the derivatives of £,(w;, ¥;), ko (w;, ;) are given in

Appendix D, Equations (D14-D17).

5.2.4 Finite difference approximation in the improved VIPASA analysis

Since the calculation of strain and stress discussed in the previous section involves the
use of first-order and second-order derivatives of in-plane and out-of-plane
displacements u,v and w and rotation ¥, the finite difference method is applied to

convert these quantities into finite difference expressions. The basis of the finite-
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difference technique is that the derivative of an unknown function at a point is
approximated by an expression consisting of the value of the function at that point and at
several neighbouring points. Though the finite difference approach had been proved to
be reliable in reducing the complexity of solving differential equations (Chapra and
Canale 1998) and used extensively in solving buckling and postbuckling problems
(Salvadori 1951; Bushnell et al. 1971; Samir and Al-Rawi 2006), few researchers have

applied it by and combining it with the exact strip method.

Node 1

Strip 1 b ux
Node { __________________________________f’____.
Nadan T T T Tstipn—-1) b ]

v,y

Figure 5.2 Plate of n nodes, divided into n — 1 strips of equal width b in the VIPASA axis
system.

In the exact strip method, the whole plate is divided into a number of strips in the
longitudinal direction. The nodes are then evenly distributed in the transverse direction
with spacing b (shown in Figure 5.2). The finite difference expressions then need to be
derived and modified along the transverse direction, so that the derivatives of in-plane
displacement function u; can be expressed by the difference ratio at node i and several
evenly spaced points to the right and left of node i. Since no neighbouring points can be
addressed for the first and the last nodes, three scenarios are considered when it cames

to deriving the finite difference expressions there. Note that the plots of the in-plane
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Figure 5.3 Graphic representation of finite difference method for calculating the derivatives
at (a) an interior node; (b) an initial node and (c)a final node
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displacement function u; in Figure 5.3 are only for illustration purposes and do not
represent the actual shape function which couples with different half-wavelengths 1. The
details of the finite difference expressions are shown in the following calculations.
Case i. the node is an interior node (Figure 5.3a)
The first derivative of displacement function u at the node i can be expressed by
the central difference expression as:

; Uiy —Uj—q
u =—

! = (5.21)

The second derivative can be obtained by taking the difference of the first

difference. At the point x = i, this can be expressed as:

Uipg — U Ui — Ui (5.22)

_ Ujpp — 2U; H U
= =

Case ii. the node is an initial node (Figure 5.3b)
The first derivative of the displacement function u; atnode i can be expressed by

the backward difference expression as:

_ Uir1 — Wi l(ui+2 —Uiv1 UWigr — ui) (5.23)
b b

_ 3w+ iy Ui
2b
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Similarly, at node i, the second derivative of displacement function u; can be

determined by:

no__ rn _ 144 _ rn
w; = uihq — (Ui — Uil

= 2Ujy1 — Ui (5.24)
2U; — SUjpq + AUy — Ujes
b2

Case iii. the node is a final node (Figure 5.3c)
The first derivative of the displacement function u at node i can be expressed by

the forward difference expression:

Cw =g L —wig o U — U 595
* E( b ) (625)

3ui - 4-ui_1 + Ui_»
2b

Again, the second derivative of the displacement function u can be approximated

by the expression:

"no__ . " "
;' =u;ly — (Ui, —ugly

= 2wy — Ui, (5.26)

_ —U;_3 + 4ui_2 - 5ui_1 + Zui
= b2

It can be observed from the above equations that the convergence of the solution to the
derivatives at a point is closely related to the spacing between that point and several

neighbouring points. Therefore, closer spacing between the nodes point can lead to better
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approximation of the derivatives, and hence a more accurate solution to the differential
equations.

The finite difference method provides a fast, yet reliable approach to calculating the
derivatives of a function. It allows a continuous system to be replaced by a finite number
of discrete variables so that the differential equation is replaced by a finite number of
simultaneous algebraic equations in these variables, and these algebraic equations are
usually easier to solve. Also, once these transformation processes are completed, faster
solution times are achievable if a system of simultaneous algebraic equations is
implemented into a computer program and solved by a special algorithm. The
convergence study shows that consistent results can be achieved with the minimum
number of ten strips. Thus it was determined that a ten-strip model would be used to
generate accurate results with relatively low computational cost for the rest of the
examples in Chapter 5 and Chapter 6.

The main disadvantage of the method is that it gives numerical values of the unknown
functions at discrete points instead of an analytical expression that is valid for the entire
system. This shortcoming has some effect on solving the equilibrium problems as the
finite difference method sometimes requires the finding of fictitious points outside the
domain of a structure, which results in discontinuous expressions for the deflection

functions.

5.2.5 Equilibrium equations

ONy; 0Ny, _ 0 (5.27)
dy 0x

ONyyi N dN,; _ 0 (5.28)
dy 0x
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Having obtained the derivatives of the in-plane displacement function u, the in-plane
equilibrium equations 5.27 and 5.28 can be expressed in component form since the
displacement function u; has ten components for each strip. The details of the
equilibrium equations are shown in Appendix D, Equation D18.

To solve for the in-plane displacements u and v, these expressions for equilibrium at strip
level are rearranged to obtain the equilibrium equations of individual nodes. The overall
equations for the whole plate can then be assembled by using the conventional routines
of matrix structural analysis. The corresponding equilibrium problem can finally be
written in matrix form as

Hu = G(w) (5.29)

where u includes the unknown in-plane displacements u; for all the nodes of the
structure, H is a square matrix with constant coefficients and G(w) is a non-linear
function of the out-of-plane displacements w which are known from the VIPASA analysis.
Equation (5.29) is solved to give the in-plane displacements as

u=H1G(w) (5.30)

Having obtained the in-plane displacement u; for all the nodes, the stress resultants N;

can be calculated by substituting u; into Equations (5.13-5.15).

113



Chapter 5

5.3 Implementation of Improved VIPASA analysis

Improved in-plane
Displacement
Assumptions

I
|
G I '_ —————— '
Finite Difference | | -
Method I Work Done by in- | | ———
—-
|
|
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Step 1: Improved Method Step 2: Data Transformation Step 3: VIPASA Analysis

Figure 5.4 Implementation scheme of the Improved VIPASA analysis.

The Improved VIPASA analysis is designed to address the inaccurate assumptions in
previous analyses and is capable of being implemented as a subroutine in the current
VIPASA software, which will enable the proposed method to work with the existing
iteration scheme to automate the postbuckling process and achieve better accuracy. The
implementation of the Improved VIPASA analysis can be illustrated in Figure 5.4. The
procedures described in Section 5.2 can be regarded as the first step of the
implementation, which yields the stress resultants at each node. However, the stress
resultants calculated at the node level cannot be used directly in the next iteration of
VIPASA, because they include sinusoidal terms varying in the longitudinal direction while
VIPASA iteration is based on uniform stress resultants at strip level. Hence, the

sinusoidally varying stress resultants are transformed to longitudinally equivalent
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uniform stress resultants based on energy considerations at step 2 in Figure 5.4, so as to
pave the way for iteration of the existing VIPASA strategy.

The work done by the applied loading in strip i is given by

V= in + Vyi + nyi (531)
where
ab; (*
Vi = 7‘ Nyi&xidx (5.32)
0
ab; (*
Vyi = 7‘ : Nyieyidx (5.33)
ab; (*
nyi = le nyiyxyidx (5.34)
0

Writing the stress resultants as:

in N i0 lec les inC inS
Nyi = N i0 Nle Nyls Nin N iS [Gu] (5.35)
nyi N nylC nylS nyLC nylS

and substituting Equations (5.14), (5.16) and (5.35) into Equations (5.32)-(5.34), the

components of V are written as:

ab;
Vxl (leonxlo + lecnxlc + lesnxls + lecnxl(: + leSnxLS) (5-36)
( lOr]le +N Lcnyic + Nyisnyis + Ninnin + NyiST]yiS) (5-37)
nyi = TL (nyionxyio + nyicnxyic + nyisnxyis + nyicnxyic + nyisnxyis) (5'38)

where the parameters 7}, 17y;; and 7, listed in Appendix E, are expressed in terms of

the displacement coefficients &, u; and w;.
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Comparing with the corresponding expressions for uniform loading yields the following
expressions for equivalent longitudinally invariant stress resultants, which are then used

by VIPASA to calculate the strip stiffness matrices.

in = Nyjp + 1

] (incnxic + insnxis + inCnxiC + inSnxiS) (5'39)
xi0
Nyi=Nyo+ 1
Yt yio + n (Nyicnyic + Nyisnyis + Ninnin + NyiSTIyiS) (5-40)
yi0

nyi = nyiO + 1

Nevio (nyicnxyic + nyisnxyis + nyiCnxin + nyisnxyis) (5-41)
xyi

5.4 Conclusion

This chapter has presented a detailed description of an improved VIPASA postbuckling
analysis based on the combination of Stein’s method and the current exact strip method.
The former VIPASA analysis uses a single half-wavelength trigonometric function to
represent both the in-plane and out-of-plane displacement functions which results in a
convenient single-term type of analysis over the postbuckling range, but where accurate
in-plane mode shape and stress resultants are needed such an assumption is not
adequate. The Improved VIPASA analysis takes into account the coupling between half-
wavelengths A1 and 1/2 of the in-plane displacement in the postbuckling range in order to
achieve more accurate in-plane displacement results, so that a more accurate stress
distribution can be obtained.

The suggested implementation scheme has been proposed to enable the Improved
analysis to be incorporated into the current VIPASA software. However, it should be
pointed out that the implementation (step 2, step 3 in Figure 5.4) should only be
conducted once the improved analysis has been fully validated. Hence, the validation

processes and results will be presented in the following chapters.
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Validation of the Improved VIPASA

analysis

The Improved VIPASA analysis for the study of isotropic and anisotropic plate
postbuckling behaviours was presented in Chapter 5. Improvements on the previous
version of VIPASA postbuckling analysis are made through using enhanced trigonometric
functions to predict longitudinal and transverse in-plane displacements more accurately.
This chapter continues to discuss the validation process for the Improved VIPASA
analysis and compares the results given by the proposed method with analytical results
and FEA benchmark results. The main outputs of the Improved VIPASA analysis, namely,
in-plane displacements (u and v), strains (&, and €,) and stress resultants (N, and N,,),
are all displayed and checked in this chapter. These results offer valuable insight into the
mechanism of the Improved VIPASA analysis, exploring its advantages as well as its
weaknesses. The chapter is organised as follows: Section 6.1 describes the VIPASA model
and different composite layups used for the validation work. Section 6.2 discusses the
relationship between material anisotropy and in-plane displacement results. Section 6.3
proposes an analytical model to interpolate the strain results from the proposed method.
Section 6.4 gives the details of the finite element model used to verify the proposed
method. Section 6.5 compares the postbuckling results given by the Improved VIPASA

analysis with the FEA results. Section 6.6 concludes the chapter.
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6.1 Introduction

6.1.1 VIPASA model

Loaded edge 2, w=0, u0, v=0
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Figure 6.1 The VIPASA model: (a) in-plane and out-of-plane boundary conditions and (b)
compressive loading.

A square plate of length [ = 300 mm, width b = 300 mm and thickness h = 1mm is
modelled in VIPASA, with-pure axial compression applied. The boundary conditions and
strip layout are shown in Figure 6.1.

The model is utilised to provide the out-of-plane mode shape used to initiate the
proposed Improved analysis scheme. Convergence studies found that a model with 10
strips and 11 nodes is sufficient to obtain good results whilst maintaining the
computational advantages of exact strip analysis. Since for this strip layout, the width to
thickness ratio of each strip is large, that is b/h = 30, thin plate assumptions are
satisfied minimising transverse shear effects. The current version of VIPASA has four
unknown coefficients at each node associated with the displacements (u, v and w) and
rotation (y). The Improved VIPASA analysis discussed in Chapter 5, by contrast, possesss
ten unknown at each node yielding a total of 110 coefficients representing the in-plane

displacement field in the postbuckling range. The numerical results from the VIPASA

118



Validation of the Improved VIPASA analysis

analysis and the Improved VIPASA analysis discussed in the following sections are all

based on this model.

6.1.2 Material properties

The square plate mentioned above is first modelled using an isotropic material with
Young’s modulus E = 110 kNmm™2 and Poisson’s ratio v = 0.3. To demonstrate that the
proposed method is capable of analysing the postbuckling behaviour of more general
anisotropic plates, the same square plate is then modelled using a composite
material E;; = 131kNmm ™2, E;, = 6.41kNmm™2, E,, = 13kNmm™2, G;, = Gy3 = Gy3 =
6.41kNmm~2,v = 0.38. The laminate lay-ups considered consist of 16 plies with a ply
thickness of 0.125mm. Three types of composite laminate are considered, with their
configurations as follows:

a. [0/0/+45/0/—45/0/90/90/90/90/0/—45/0/+45/0/0]7,

b. [0/—45/+45/0/—45/0/90/90/90/90/0/—45/0/+45/—45/0]1

c. [0/—45/+45/0/—45/0/90/90/90/90/0/—45/—45/0/0/+45],
Configuration (a) is, of course, a symmetric and balanced layup where two elements in
the A matrix, A;¢ and A,¢, as well as the B matrix are zero. Configuration (b) is symmetric
and unbalanced and possesses in-plane membrane coupling between its normal and
shear actions which are not present in configuration (a). Configuration (c) has an
unsymmetric, unbalanced stacking sequence and therefore all elements in the
extensional (A), coupling (B) and bending (D) stiffness matrix are non-zero. This general
anisotropic layup allows coupling to exist between in-plane (extension or membrane)
and out-of-plane (bending or flexure) actions as well as in-plane shear and extension
actions (York 2009). The coupling behaviours in different composite layout are shown in

Figure 6.2.
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Figure 6.2 Illustration of the coupling behaviours in different composite layouts where red
dashed lines stand for the possible distortion shape after composite curing: (a) symmetric and
balanced: bending and twisting coupling, (b) symmetric and unbalanced: in-plane shear and
extension coupling and (c) unsymmetric and unbalanced: in-plane and out-of-plane coupling.

6.2 Interpretation of in-plane displacement results

Detailed numerical results from the Improved VIPASA analysis showing the in-plane
displacement (u and v) at an initial postbuckling load level, where the longitudinal strain
in the Improved VIPASA analysis exceeded the critical buckling strain by 0.2% and the
load factor is P/P., = 1.0086 (P/P,, = 1.0086), are given in Tables 6.1, 6.2 and 6.3 for
the isotropic case, the symmetric and balanced composite case and the unsymmetric and
unbalanced composite case, respectively. These values are obtained directly from the
Improved VIPASA analysis step 1 (described in Figure 5.4) and are compared here to
show the relationship between the in-plane trigonometric functions and material
anisotropy so that the fundamental assumptions of the in-plane shape functions can be
proved to be valid.

Since the in-plane displacements are assumed to be a combination of sinusoidal functions
with half-wavelengths A and A/2 (Equations 5.9 to 5.12), the results have five
components in total. In these tables, the in-plane displacement results associated with
the cosine function with half-wavelengths A and A/2 are tabulated in the ‘¢’ and ‘C’
columns, while results corresponding to the sine function with half-wavelengths 1 and
A/2 are listed in the ‘s’ and ‘S’ columns, respectively. The ‘0’ column represents the linear

component of the in-plane displacement field. The purpose of these tables is not to
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demonstrate the increase in the amplitude of the postbuckling in-plane displacements
with changing applied load but rather to show how the sinusoidal functions and the
material anisotropy are related in the Improved VIPASA analysis.

Table 6.1 tabulates the in-plane displacement results for the isotropic square plate. Apart
from the linear term in the transverse displacement v, only the cosine or sine terms with
half-wavelength 1/2 appear in the results showing that the postbuckling in-plane
displacement field is only related to a single term trigonometric function for the isotropic
case. On comparing the results of Table 6.2 with Table 6.1, it can be seen that the in-plane
displacements (u and v ) involve more trigonometric terms, with an additional sine or
cosine term with half-wavelength A1/2 appearing in the table, as the material changes
from metal to a symmetric balanced composite. This confirms the findings of Stein who
suggested that sinusoidal functions with half-wavelength 1/2 are sufficient to capture
the in-plane displacement field of these plates during the postbuckling stage. The results
of Table 6.3 can be compared to those of Table 6.1 and Table 6.2, respectively. The most
direct observation is that for this general anisotropic case all the trigonometric terms
appear. These results reflect the current improvements made to Stein’s work as the
presence of both cosine and sine terms with half-wavelength A in the in-plane
displacement field allows the most general anisotropic material response to be taken into
account.

Since the tabulated numerical data considered in this section reflects only the direct
analysis results of the Improved VIPASA analysis, it is insufficiently robust to compare in-
plane displacements without mentioning other quantities obtained by using the
proposed analysis. Hence, in the next section, an analytical approach is employed to

further validate the middle surface strain predicted by the Improved VIPASA analysis.
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Table 6.1 Tabulation of actual nodal in-plane displacements u(m) and v(m) obtained from the Improved VIPASA analysis for an isotropic

square plate with simply supported out-of-plane boundary conditions.

omponents
Node 0 C S C S
1 0 0 0 0 0
2 0 0 0 0 -7.42845E-10
3 0 0 0 0 -2.29907E-09
4 0 0 0 0 -4.24524E-09
5 0 0 0 0 -5.84617E-09
u 6 0 0 0 0 -6.46281E-09
7 0 0 0 0 -5.84617E-09
8 0 0 0 0 -4.24524E-09
9 0 0 0 0 -2.29907E-09
10 0 0 0 0 -7.42845E-10
11 0 0 0 0 0
1 -1.79927E-06 0 0 -4.64683E-09 0
2 -1.44084E-06 0 0 -9.60501E-10 0
3 -1.08186E-06 0 0 1.48456E-09 0
4 -7.22009E-07 0 0 2.29732E-09 0
5 -3.61276E-07 0 0 1.60004E-09 0
1% 6 7.76220E-15 0 0 -2.04163E-23 0
7 3.61276E-07 0 0 -1.60004E-09 0
8 7.22009E-07 0 0 -2.29732E-09 0
9 1.08186E-06 0 0 -1.48456E-09 0
10 1.44084E-06 0 0 9.60501E-10 0
11 1.79927E-06 0 0 4.64683E-09 0
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Table 6.2 Tabulation of actual nodal in-plane displacements u(m) and v(m) obtained from the Improved VIPASA analysis for a symmetric and

balanced composite square plate with simply supported out-of-plane boundary conditions.

omponents

Node 0 C S C S
1 0 0 0 0 0
2 3.53493E-09 0 0 -4.27515E-09 6.38517E-10
3 4.53753E-09 0 0 -8.72891E-09 -1.21572E-09
4 5.31461E-09 0 0 -1.43595E-08 -5.68422E-09
5 7.43108E-09 0 0 -1.74322E-08 -1.12925E-08
u 6 1.1051E-08 0 0 -1.69716E-08 -1.56109E-08
7 1.48916E-08 0 0 -1.33572E-08 -1.6547E-08
8 1.68666E-08 0 0 -8.21468E-09 -1.35603E-08
9 1.51396E-08 0 0 -3.55726E-09 -8.08329E-09
10 9.11888E-09 0 0 -7.60015E-10 -2.80724E-09
11 0 0 0 0 0
1 -5.38386E-06 0 0 -2.91563E-09 1.33699E-08
2 -4.31193E-06 0 0 -2.24867E-09 7.59206E-10
3 -3.2382E-06 0 0 1.41089E-09 -6.89562E-09
4 -2.16145E-06 0 0 4.76241E-09 -7.91894E-09
5 -1.08167E-06 0 0 5.12347E-09 -3.88157E-09
1% 6 0 0 0 1.79862E-09 1.85278E-09
7 1.08167E-06 0 0 -3.49798E-09 5.62657E-09
8 2.16145E-06 0 0 -7.41655E-09 5.36714E-09
9 3.2382E-06 0 0 -6.60021E-09 1.57347E-09
10 4.31193E-06 0 0 6.00066E-10 -2.99615E-09
11 5.38386E-06 0 0 1.30724E-08 -4.72004E-09
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Table 6.3 Tabulation of actual nodal in-plane displacements u(m) and v(m) obtained from the Improved VIPASA analysis for a square general

anisotropic plate with simply supported out-of-plane boundary conditions.

omponents

Node 0 C S C S
1 0 0 0 0 0
2 -1.04696E-08 4.37350E-09 -5.06391E-09 1.45504E-09 -1.91917E-09
3 -1.67161E-08 6.80338E-09 -5.41639E-09 5.75414E-09 -4.67916E-09
4 -1.77680E-08 7.28463E-09 -3.13963E-09 1.07899E-08 -5.48809E-09
5 -1.49594E-08 5.94348E-09 2.36185E-10 1.54673E-08 -2.87832E-09
u 6 -1.06802E-08 3.14243E-09 3.54349E-09 1.70268E-08 2.05212E-09
7 -6.91629E-09 -4.76003E-10 5.92910E-09 1.44937E-08 6.41599E-09
8 -4.41302E-09 -3.98793E-09 6.85708E-09 9.21080E-09 7.65607E-09
9 -2.79927E-09 -6.19084E-09 6.10711E-09 3.86086E-09 5.43461E-09
10 -1.40277E-09 -5.55042E-09 3.73679E-09 6.46122E-10 1.89948E-09
11 0 0 0 0 0
1 -3.10009E-06 -1.41516E-08 -4.80058E-09 -3.98297E-09 -5.10878E-09
2 -2.48295E-06 -1.79600E-08 -6.00420E-09 3.92884E-09 -1.71995E-09
3 -1.86480E-06 -2.02738E-08 -8.76037E-09 6.09473E-09 4.361230E-09
4 -1.24484E-06 -2.09283E-08 -1.24374E-08 3.03645E-09 7.704880E-09
5 -6.23003E-07 -1.98898E-08 -1.62883E-08 -1.31719E-09 5.596600E-09
1% 6 0 -1.73601E-08 -1.95757E-08 -2.79216E-09 -3.23259E-10
7 6.22885E-07 -1.37939E-08 -2.16943E-08 1.124130E-11 -5.70101E-09
8 1.24460E-06 -9.84642E-09 -2.22650E-08 4.741490E-09 -6.68024E-09
9 1.86445E-06 -6.27401E-09 -2.11756E-08 6.987960E-09 -2.79105E-09
10 2.48248E-06 -3.81420E-09 -1.85489E-08 3.533190E-09 2.462290E-09
11 3.09950E-06 -3.07447E-09 -1.46240E-08 -4.92706E-09 3.828010E-09
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6.3 Analytical validation of strain

6.3.1 Formulation of middle surface strain

In-plane (membrane) strains will be developed in the middle surface of the plate when it
starts to bend. As long as the transverse deflections of the plate are small compared to
the plate thickness, these membrane strains may be safely neglected (small deflection
theory). However, as the transverse deflections increase during the postbuckling stage,
they become of the order of magnitude of the plate thickness. Hence, the membrane strain
is no longer negligible and can be used as an important quantity in measuring the plate
postbuckling behaviour. An analytical derivation of the postbuckling strains ¢, and ¢,, of
an isotropic plate under pure axial compression is presented in this section to verify the
results obtained from the Improved VIPASA analysis.

The formulation begins with defining the plate’s post-buckled in-plane and out-of-plane
mode shapes. These in-plane and out-of-plane expressions are slightly different to
Equations 5.9-5.12 in the sense that they are expressed along both longitudinal and
transverse directions, which, given the coordinates, are the x and y axes. The plate is
assumed to have taken an overall buckling mode with half-wavelength 4 equal to [ in the
x-direction and b in the y-direction. Therefore, the out-of-plane deformed shape can be

expressed as

/s X
W = Wy sin—ysin— (6.1)

b l

where w4, is the maximum out-of-plane displacement. The in-plane displacements
obtained from the Improved VIPASA analysis will have cosine or sine terms with a half-

wavelength A equal to [/2 in the x direction, so that they can be expressed as
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. My . 2mx (6.2)
U = Uy SIN—SIN——
b l
my  2mx (6.3)
V = Unmax cos?cosT

where U4, and vp,,, are the maximum longitudinal displacement and transverse
displacement.

According to large deflection theory, the middle surface strains can be written as:

_du N 1 (6w>2 (6.4)
&= 9x T2 \ox

v N 1 (GW)Z (6.5)
& = dy 2\0y

By substituting Equations 6.1-6.3 into Equations 6.4-6.5, the following expressions are

obtained:
2 2mx T 2 , X s
£x = " Umax COS—— (sin _y) +o5 > Wingx COS? - (sm %) (6.6)
T 2mx wy.  m? , X 5%
gy = 3 — VUpmax €0S—— (sin —) + Wmax sin T(cos 7) (6.7)

Then, based on Equation 6.6 and Equation 6.7, the middle surface strain can be

rearranged and elaborated as:

m? , T 2my
Ex = WWmax - e Wmax COST
21 o myy Tl o T 2mx (68)
+ Tumax (SIHY) +4_12Wmax (sm 7) COST
m? , T 2my
&y = meax +8b Wmax cosT
(6.9)

2
| .y s ) , Y 2mx
[b Vmax (sm 7y ) + 152 Winax (cos 5 )l cos e

The details of the derivation process can be seen in Appendix F. Note that the middle

surface strain expressions consist of a summation of three parts, where the first partis a
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constant term, and the second part and third part represent positive or negative cosine
function variations along the y and the x axes, indicating that the buckled plates possess
a double curvature in both x and y directions.

The analytical expressions derived in Equations 6.1-6.9 are extremely helpful in checking
the variational pattern of the middle surface strain across the plate as they separate the
variation trends in different directions. Hence, contour plots of the middle surface strain
obtained from the Improved VIPASA analysis will be compared with these analytical

solutions in the following sections.

6.3.2 Interpolation of strain results from the Improved VIPASA analysis

Contour plots of middle surface strain (&, and ¢,) for square metal plates at an early
postbuckling stage, i.e. when the longitudinal strain in the Improved VIPASA analysis
exceeded the critical buckling strain by 0.2% and the load factor is P/P.. = 1.0086,
obtained from the Improved VIPASA analysis are shown in Figures 6.3 and 6.4. A
comprehensive approach to interrogating these plots can be achieved by comparing the
variation trends extracted from the contours with those predicted using the analytical
expressions given in Equations 6.8 and 6.9. Therefore, four paths, including lines along
the plate’s boundaries and across its centre, are chosen and marked on the contour plots,
and a series of strain ¢, and ¢, values along these paths are extracted. Figures 6.5 and
6.6 provide the traces of these extracted values for different paths in the strain contour
plots giving information on how these strains vary. At the same time, Tables 6.4 and 6.5
compare simplified analytical expressions of strain ¢, and ¢, with different variations
shown in Figures 6.5 and 6.6. In terms of ¢,, the values taken along path 1 and path 2

descibe a positive sine function shape as shown in Figure 6.5, which corresponds to the
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analytical expressions of the half-wave sine representation for these two paths in Table

6.4.
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Figure 6.3 Contour plot of strain €, and the paths to extract the corresponding values.

Length (x)
0 0.05 0.1 0.15 0.2 0.25 03 =10 @

0.05

0.25

03

vy

Figure 6.4 Contour plot of strain ¢, and the paths to extract the corresponding values.

Similarly, agreements are obtained between the numerical trends and the analytical
expressions along path 3 and path 4. Note that in Table 6.4 the analytical expression for
the longitudinal edge (path 4) is zero, indicating the absence of a sinusoidal variation in

the strain. As a result, a straight line is observed in Figure 6.5 and the value is equal to the
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end-shortening strain at that particular load level. A similar comparison study is done on
strain &, shown in Figure 6.6 and Table 6.5. As is to be expected, the traces of the results
extracted from the contour are in good agreement with the prediction obtained from the

analytical expressions.
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Figure 6.5 Trace of strain ¢, pattern along different paths of the contour plots
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Figure 6.6 Trace of strain ¢, pattern along different paths of the contour plots.

Thus, the shape the contour plot should take can be predicted by the corresponding
analytical expressions. This is particularly useful when programming and debugging the
Improved VIPASA analysis. Further validation of the improved technique can be obtained
by comparing the values of the stress resultants, which are of great interest to aerospace

designers, with benchmark results from the FEA software ABAQUS.
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Table 6.4 Analytical interpolation of the strain contour plot ¢, along different paths

Location Path Descriptions Simplified Strain Expression from Equation 6.8 Variational Trend
Path 1 x=0,x2/nl=0,and _(n? 5 ny_I_Zn 5% Positive sine funct ot
a cos by _1 &x = | 772 Wmax" sin— [ Ymax | SIn— ositive sine function variation
x=0.15,x/1l=1/2,and o Ty
Path 2 2wy Ex = — —Upgy SIN— Positive sine function variation
cos —= = -1 l b
y = 015, y/b = 1/2, and T[Z T[Z 21T 27X
Path 3 cos Zzy Y sin%y 1 £ = 4__lzwmax2 + (4_12 Winax? + Tumax> cosT Positive cosine function variation
y=0,y/b=0,and
Path 4 cos 2my _1 sinﬂ ~0 &, = constant No variational part appears
b b
Table 6.5 Analytical interpolation of the strain contour plot ¢, along different paths
Location Path Descriptions Simplified Strain Expression from Equation 6.9 Variational Trend
Path 1 x=0,x/l=0,and T my Negative sine function variation
cos _27;31 =1 fy = T Vmax Sin?
Path 2 x=0.15,x/1l=1/2,and 2 , T 2 , . my\ . my Negative sine function variation
Coszﬂ -1 y = mwmax - Evmax + meax SIHT SIHT
b
Path 3 y =0.15,y/b =1/2,and - X Negative cosine function variation
21 T = —— -
cos —by = -1, sin?y =1 Ey b Vmax €OS l
Path 4 y=20,y/b=0,and No variational part appears
2y 5% €, = constant
cosT = 1,sm? =0
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6.4 Finite element modelling

6.4.1 General description of the finite element model

The commercial finite element (FE) software Abaqus has been shown in Chapter 4 to be
capable of predicting initial buckling modes and subsequently tracing the nonlinear post-
buckling equilibrium paths of plates. It has also been used in other researchers’ work (Wu
et al. 2012; Raju et al. 2012; Loughlan and Hussain 2014) to predict the strain and stress
fields at different buckling and postbuckling stages. It is therefore used in this section to
validate a series of stress resultant contour plots for an axially compressed plate with the
same section and material properties as the Improved VIPASA model, discussed in
Section 6.1.

Nodes Integration point

Element middle surface

2]

Section points
through thickness at
integration point

Elements undeformed shape Elements deformed shape

4]

Figure 6.7 Element S4R chosen to model the current problem, (a) shows a three-dimensional
sketch of the element, (b) is the plan view of the element showing node and integration point
positions, (c) is the elevation view through the thickness of the element and (d) is the
hourglass mode on a small system of four-noded quadrilateral elements with one integration
point. (Adapted from Smith (2009)and Cook (1994))
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The plate was modelled using four-node reduced-integration S4R shell elements where
each node has three translational and three rotational degrees of freedom to account for
the double curvature effect of the thin shell. Five section points through the thickness are
used as the integration points, so that the stress resultants at the middle surface of the
element can be extracted by using the ABAQUS keyword *ELEMENT OUTPUT. The
features of this element are shown in Figure 6.7a-c. In comparison with full integration
techniques, the advantage of using a reduced number of integration points is that the
computational cost can be minimised without compromising accuracy (Smith etal. 2013).
However, the implications of using reduced integration in first-order, linear elements is
that it may lead to local element instabilities occuring in the model, known as
hourglassing (Belytschko et al. 2013). This is where the elements display deformations
but at the corresponding integration points exhibit zero strain (Figure 6.7d). Though
single point integration is used, the hourglass mode was not observed in these models
and a mesh sensitivity study was conducted to obtain a suitable mesh size to avoid

additional computational cost.
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Figure 6.8 ABAQUS convergence comparison.

132



Validation of the Improved VIPASA analysis

Since no particular geometrical complexity exists in the current plate model, it was found
from Figure 6.8 that a 900-element model (with uniform square elements applied across
the entire plate) achieves the same convergence as a 3600-element model, indicating that
a mesh size where the length of each element was approximately 10 mm provided a
sufficiently high degree of accuracy versus computational costs. Note that the 900-
element S4R model was also checked against a model using STR13 triangular elements,

and no dramatic difference regarding to the postbuckling results had been observed.

6.4.2 In-plane boundary conditions in the FE model

In order to compare the stress resultants calculated by the Improved VIPASA
postbuckling analysis with FE results, two types of free in-plane boundary conditions
were simulated in the FE model. In the first instance the two free unloaded edges had
linear constraints imposed on their longitudinal in-plane displacement u, in order to
represent the VIPASA in-plane boundary conditions. Analyses based on this boundary
conditions are denoted Type-A in the following discussions. These linear constraints
were applied through the use of the ABAQUS *EQUATION constraints on the two
unloaded edges. In the second FE model, the two free unloaded edges had no constraints
imposed on their in-plane displacement, in order to simulate the Improved VIPASA
analysis in-plane boundary conditions. This is referred to as a Type-B analysis. The
difference between Type A and Type B analyses is illustrated in Figure 6.9 where the
longitudinal displacements at each node along the unloaded edge are plotted. Due to the
linear constraints imposed, the longitudinal displacements obtained with the Type-A
analysis are fitted with a straight line, indicating only the linear term in Equation 5.9
appears. In contrast, the numerical results obtained from the Type-B analysis are fitted

with a curve, showing the nonlinear terms in Equation 5.9 are also included. For the
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loaded edges in both Type A and Type B analyses, all nodes were tied together using the
ABAQUS *TIE constraint to ensure that they had uniform longitudinal displacements u
while transverse displacements v were free to vary. Having established reliable FE
models, the numerical FE results are used to validate the improved method in next

section.

Type-B

longitudinal displacement 10°u (m)

0.00 0.05 0.10 0.15 0.20 0.25 0.30
Plate Length (m)

Figure 6.9 Comparison of Type A and Type B analysis for in-plane longitudinal
displacements along the unloaded edge.

6.5 Validation of stress resultant contour plots

6.5.1 Isotropic plate stress resultant contour

This section presents the postbuckling stress contour plots of an isotropic plate, with the
dimensions and material properties defined in section 6.1. Results are presented for a
perfect flat plate under 50kN/m axial compression with the two types of in-plane
boundary conditions described above (Type-A and Type-B) applied and all four edges

simply supported out-of-plane.
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Figure 6.10 Postbuckling behaviours of a square, isotropic plate in compression: (a)
normalised load-strain curves and (b) actual load-strain curves.

Normalised load versus end shortening strain results are presented in Figure 6.10a. The

end shortening strain ¢, resulting from the applied load P is normalised with respect to

the critical buckling strain ¢, and the load P is normalised with respect to the critical
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buckling load P.,. The slope of the load-strain curve is a measure of the overall plate
stiffness. As shown in Figure 6.10a, the curve is a straight line of slope equal to one prior
to buckling while it has a reduced slope after buckling. The postbuckling to prebuckling
stiffness ratio K*/K predicted by the VIPASA analysis is calculated to be 0.333, comparing
well with Koiter’s lower bound solution. The same ratio for ABAQUS is 0.408 which
largely coincides with Koiter’s exact stiffness solutions and other published results. Since
the only difference between Type-A and Type-B analyses is the mathematical
interpolation of free in-plane boundary conditions, it is seen they show only a small
discrepancy in their load-strain curves, however, it is believed that the difference will be
more noticeable when it comes to comparing the stress resultants contour plots.

Non-normalised load end shortening curves are presented in Figure 6.10b. Three strain-
controlled locations shown in Figure 6.10b are chosen to investigate the stress field under
the postbuckling regime. Contour plots of stress resultant (N, ) for square metal plates at
corresponding locations which illustrate the comparison between VIPASA, Improved
VIPASA analysis and ABAQUS Type-A analyses during postbuckling are shown in Figures
6.11, 6.12 and 6.13. The contour plots from VIPASA in Figures 6.11a, 6.12a and 6.13a are
noted to be invariant in the longitudinal direction due to the fact that sinusoidal terms
are absent in the in-plane displacements assumption. Thus, the initial stress resultants
for each strip are given by N, = P/B. The Improved method is shown to overcome this
inaccuracy by allowing stress resultant (N, ) to vary sinusoidally along the length as
shown in Figures 6.11b, 6.12b and 6.13b. The distribution patterns for the stress
resultant (N, ) shown in these figures are referred to as being symmetric in nature for the
reason that the maximum amplitude of stress occurs at the two longitudinal edges while
minimum stress appears at the central region of the plate. With reference to Figures 6.11c,

6.12c and 6.13c in which contours from the ABAQUS Type-A analyses are displayed, it is
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seen that slight differences occur between the Improved method and ABAQUS
predictions of the amplitude of stress resultants at the centre of the plate but that the

differences become negligible at the longitudinal edges.
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Figure 6.11 Contour plots of stress resultants N, (N /m) at postbuckling Location 1 from
different software: (a)VIPASA, (b) Improved VIPASA analysis and (c) ABAQUS Type-A
analysis.
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Figure 6.12 Contour plots of stress resultants N, (N/m) at postbuckling Location 2 from

different software: (a)VIPASA, (b) Improved VIPASA analysis and (c) ABAQUS Type-A
analysis.

138



Validation of the Improved VIPASA analysis

0.3
-3000

0.25
-4000

0.2
-5000

0.15
-6000

01
-7000

0.05
-8000

0

0 01 0.2 0.3 0.1 0.2
Length {x) Length (x)

a b

Width (y)
Width (y)

-3000

4000

5000

Width (y)

-7000

-8000

0.1 0.2 0.3
Length (x)

C

Figure 6.13 Contour plots of stress resultants N, (N /m) at postbuckling Location 3 from
different software: (a)VIPASA, (b) Improved VIPASA analysis and (c) ABAQUS Type-A
analysis.
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The stress resultant contour plots at the three postbuckling locations for the Improved
VIPASA analysis are also compared with the corresponding ABAQUS Type-B analyses in
Figures 6.14-6.16. In contrast with the contours shown in Figures 6.11-6.13, as expected,
the stress resultants from Type-B analysis begin to vary along the plate longitudinal edges
due to the introduction of nonlinear terms in in-plane displacement assumptions. It
appears that the stress tends to be concentrated near the middle of the plate edge but
with lower levels of compression at the two ends of this edge, which is closer to the free
edge in-plane conditions defined by Bulson (1969).

Contour plots for the transverse stress resultant (N, ) from the Improved VIPASA
analyses and the ABAQUS Type-A analyses are also presented in Figures 6.17, 6.18 and
6.19. The presence of a varying amount of transverse stress resultant (N,,) is mainly due
to the tangential restraint (i.e,v = 0) on the loaded edges as shown in Figure 6.1. N,,
however, does not build up near to the unloaded edges as the axial load is applied because
they are free to move in-plane (i.e.,u # 0, v # 0). To avoid repetition, the contour plots of
transverse stress resultant N,, from ABAQUS Type-B analyses are not reported here since
they are very similar to the results from the ABAQUS Type-A analyses.

Although all the above-mentioned plots show good agreement between the Improved
VIPASA analyses and the FE analyses at different postbuckling stages, a preliminary error

evaluation study is needed to explore the limitations of the Improved VIPASA analysis.
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Figure 6.14 Contour plots of stress resultants N, (N/m) at postbuckling location 1 from: (a)
Improved VIPASA analysis and (b) ABAQUS Type-B analysis.
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Figure 6.15 Contour plots of stress resultants N, (N/m) at postbuckling location 2 from: (a)
Improved VIPASA analysis and (b) ABAQUS Type-B analysis.
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Figure 6.16 Contour plots of stress resultants N,. (N/m) at postbuckling location 3 from: (a)
Improved VIPASA analysis and (b) ABAQUS Type-B analysis.
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Figure 6.17 Contour plots of stress resultants N,, (N/m) at postbuckling location 1 from: (a)
Improved VIPASA analysis and (b) ABAQUS Type-A analysis.
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Figure 6.18 Contour plots of stress resultants N,, (N/m) at postbuckling location 2 from: (a)
Improved VIPASA analysis and (b) ABAQUS Type-A analysis.
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Figure 6.19 Contour plots of stress resultants N,, (N/m) at postbuckling location 3 from: (a)
Improved VIPASA analysis and (b) ABAQUS Type-A analysis.
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6.5.2 Error evaluation

Stress distribution plots and stress resultant data along the central line of the plate are
extracted and used to carry out a preliminary error evaluation study at the above
mentioned three postbuckling locations. Axial stress resultants N, are traced along the
vertical central line (shown in Figure 6.1b) while transverse stress resultants N, are
traced along the horizontal central line (shown in Figure 6.1b) to demonstrate the
maximum variational trend across the plate. The traces of the value of N, for the
Improved VIPASA are compared to results for the ABAQUS Type-A and Type-B analyses
in Figures 6.20-6.21 and Tables 6.7-6.8. As indicated in these tables and figures, the
difference between the Improved method and ABAQUS appears to increase with the
postbuckling location. At the very initial stages of postbuckling (postbuckling Location 1),
the differences between the two analyses are very small ranging from 0.03% to 0.1%
across the width. As the applied load increases (postbuckling location 3), there is more
than a 20% discrepancy between stress resultants from the Improved VIPASA analysis
and the ABAQUS analysis at the centre of the plate.

The stress distribution plot of the transverse stress resultant N,, and its corresponding
values at different postbuckling locations are displayed in Figure 6.23 and Table 6.8.
Examination of the correlation between the two shows that the results from the
Improved VIPASA analysis and ABAQUS may predict stress resultants which differ by up
to 40% at the centre of the plate.

These differences are due to the increasing difference in the predicted maximum out-of-
plane displacement between the current VIPASA and ABAQUS results as shown in Figure
6.22. Since the Improved VIPASA analysis depends on the current VIPASA mode shape,
the differences in the amplitudes of the maximum deflections will be inherited in the
subsequent strain and stress calculation. It has also been noticed that ABAQUS predicts a
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higher load under the same strain compared with VIPASA analysis, which means ABAQUS
can display a more nonuniform stress distribution at the further postbuckling location
(postbuckling location 3) shown in Figures 6.20c, 6.21c and 6.22c, so that leads to a more
significant discrepancy compared with VIPASA analysis. Furthermore, the relative
differences calculated in Tables 6.6, 6.7 and 6.8 show the relative error between the
Improved analysis and ABAQUS in each strip. But if the average stress resultants across
the plate are compared, the relative difference is much smaller, i.e. less than 10% at
postbuckling location 3. Nevertheless, it should be noticed that ABAQUS results also
depend on the imperfection which is assumed at the start of each postbuckling analysis,
and it hard to tell which one is more accurate than the other. Having acknowledged this,
comparing with other methods including experimental works in future would be more
helpful to give a more comprehensive indication of the practicality of the Improved
analysis.

Since convergence on transverse stress resultants N, is not required in the current
VIPASA postbuckling analysis, the single term cosine displacement assumption in the
analysis may not be adequate to capture the correct mode shape in the transverse
direction during the postbuckling stage. These less accurate transverse mode shapes and
amplitudes affect the predictions of stress and strain distributions and values. Note that
these results are based on one iteration of the postbuckling calculation process as
explained in Figure 5.4. It is anticipated that more accurate results for transverse stress
resultants will be obtained after full implementation of the Improved method when more

iterations can be conducted.
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Figure 6.20 Comparison of axial stress resultant N, across the vertical centre line of plate for different locations during postbuckling analysis by the Improved
VIPASA analysis and ABAQUS, with Type-A longitudinal edge in-plane condition: (a) Location 1, (b) Location 2 and (c) Location 3.

Table 6.6 Summary of stress resultant N,, values and relative difference for Type-A longitudinal edge at three postbuckling locations.

Location 1 Location 2 Location 3
Width | Improved | ABAQUS Relative Width | Improved | ABAQUS Relative Width | Improved | ABAQUS Relative
(m) Analysis Difference (m) Analysis Difference (m) Analysis Difference
(%) (%) (%)

0 -4430.150 | -4435.730 0.126 0 -6197.610 | -6119.470 -1.277 0 -8406.943 | -7392.420 -13.724
0.03 | -4427.133 | -4432.530 0.122 0.03 | -5703.622 | -5786.320 1.429 0.03 | -7235.813 | -6782.890 -6.677
0.06 | -4423.201 | -4427.340 0.093 0.06 | -5090.788 | -5261.680 3.248 0.06 | -5852.231 | -5850.830 -0.024
0.09 | -4418.526 | -4421.420 0.065 0.09 | -4379.569 | -4688.460 6.588 0.09 | -4291.910 | -4861.120 11.709
0.12 | -4414.753 | -4416.690 0.044 0.12 | -3819.566 | -4244.860 10.019 0.12 | -3101.910 | -4112.460 24.573
0.15 | -4413.311 | -4414.880 0.036 0.15 | -3608.647 | -4078.680 11.524 0.15 | -2663.056 | -3835.670 30.571
0.18 | -4414.753 | -4416.690 0.044 0.18 | -3819.566 | -4244.860 10.019 0.18 | -3101.910 | -4112.460 24.573
0.21 | -4418.526 | -4421.420 0.065 0.21 | -4379.569 | -4688.460 6.588 0.21 | -4291.910 | -4861.120 11.709
0.24 | -4423.201 | -4427.340 0.093 0.24 | -5090.788 | -5261.680 3.248 0.24 | -5852.231 | -5850.840 -0.024
0.27 | -4427.133 | -4432.530 0.122 0.27 | -5703.622 | -5786.320 1.429 0.27 | -7235.813 | -6782.900 -6.677
0.3 -4430.150 | -4435.690 0.125 0.3 -6197.610 | -6119.520 -1.276 0.3 -8406.943 | -7392.350 -13.725
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Figure 6.21 Comparison of axial stress resultant N, across the vertical centre line of plate for different locations during postbuckling analysis by the Improved
VIPASA analysis and ABAQUS, with Type-B longitudinal edge in-plane condition: (a) Location 1, (b) Location 2 and (c) Location 3.

Table 6.7 Summary of stress resultant N, values and relative difference for Type-B longitudinal edge at three postbuckling locations.

Location 1 Location 2 Location 3
Width | Improved ABAQUS Relative Width | Improved ABAQUS Relative Width Improved ABAQUS Relative
(m) Analysis Difference (m) Analysis Difference (m) Analysis Difference
(%) (%) (%)

0 -4438.476 | -4437.636 -0.019 0 -7487.053 -7011.662 -6.780 0 -11298.63 -10152.36 -11.291
0.03 -4430.252 | -4426.104 -0.094 0.03 -6190.796 -6164.927 -0.420 0.03 -8328.34 -8235.46 -1.128
0.06 -4424.227 | -4414.731 -0.215 0.06 -5253.955 -5333.113 1.484 0.06 -6218.15 -6358.64 2.210
0.09 -4418.662 | -4404.623 -0.319 0.09 -4404.457 -4618.427 4.633 0.09 -4347.72 -4802.43 9.468
0.12 -4414.546 | -4397.199 -0.395 0.12 -3790.860 -4112.662 7.825 0.12 -3037.53 -3744.97 18.890
0.15 -4413.016 | -4394.439 -0.423 0.15 -3566.274 -3928.902 9.230 0.15 -2568.03 -3370.43 23.807
0.18 -4414.546 | -4397.199 -0.395 0.18 -3790.860 -4112.662 7.825 0.18 -3037.53 -3744.97 18.890
0.21 -4418.662 | -4404.623 -0.319 0.21 -4404.457 -4618.427 4.633 0.21 -4347.72 -4802.43 9.468
0.24 -4424.227 | -4414.731 -0.215 0.24 -5253.955 -5333.113 1.484 0.24 -6218.15 -6358.65 2.210
0.27 -4430.252 | -4426.104 -0.094 0.27 -6190.796 -6164.927 -0.420 0.27 -8328.34 -8235.46 -1.128

0.3 -4438.476 | -4437.636 -0.019 0.3 -7487.053 -7011.663 -6.780 0.3 -11298.63 -10152.36 -11.291
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Figure 6.23 Comparison of axial stress resultant N,, across the vertical centre line of plate for different locations during postbuckling analysis by the Improved
VIPASA analysis and ABAQUS Type-A, with free in-plane edge condition: (a) Location 1, (b) Location 2 and (c) Location 3.

Table 6.8 Summary of stress resultant N,, values and relative difference for Type-A longitudinal edge at three postbuckling locations.

Location 1 Location 2 Location 3
Width | Improved ABAQUS Relative Width | Improved ABAQUS Relative Width Improved ABAQUS Relative
(m) Analysis Difference (m) Analysis Difference (m) Analysis Difference
(%) (%) (%)

0 -5.732 -7.791 26.421 0 -869.077 -789.359 -10.099 0 -1898.02 -1704.80 -11.334
0.03 -4.558 -6.301 27.672 0.03 -689.228 -630.306 -9.348 0.03 -1500.36 -1341.51 -11.841
0.06 -1.482 -2.405 38.363 0.06 -218.378 -225.533 3.172 0.06 -459.27 -443.48 3.560
0.09 2.319 2.409 -3.700 0.09 363.624 251.9977 44.297 0.09 827.58 563.02 46.989
0.12 5.395 6.300 -14.365 0.12 834.474 620.2121 34.547 0.12 1868.67 1295.90 44.199
0.15 6.570 7.785 -15.617 0.15 1014.323 756.6398 34.056 0.15 2266.34 1557.05 45.553
0.18 5.395 6.300 -14.362 0.18 834.474 620.2119 34.547 0.18 1868.67 1295.90 44,199
0.21 2.319 2.408 -3.700 0.21 363.624 251.9977 44.297 0.21 827.58 563.02 46.989
0.24 -1.482 -2.405 38.362 0.24 -218.379 -225.533 3.172 0.24 -459.27 -443.48 3.560
0.27 -4.558 -6.301 27.669 0.27 -689.228 -630.306 -9.348 0.27 -1500.36 -1341.51 -11.841
0.3 -5.732 -7.790 26.418 0.3 -869.077 -789.358 -10.099 0.3 -1898.02 -1704.80 -11.334
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6.5.3 Anisotropic plate postbuckling results

To demonstrate the Improved method is capable of analysing the postbuckling
behaviours of more general anisotropic plates, three composite laminate plates of the
same length [ = 300 mm, width b = 300 mm, and thickness h = 2 mm are investigated.
All three plates are made from the same composite material described in section 6.1.2.
The laminate lay-ups considered consist of 16 plies and have a ply thickness of 0.125mm.
The three different laminate configurations are summarised in Section 6.1.2.

Both VIPASA and ABAQUS normalised load end shortening results are presented in
Figure 6.24a for the postbuckling of a square plate loaded in longitudinal compression.
Results correspond to the three different laminate cases, with the Type-A in-plane and
simply supported out-of-plane boundary conditions applied as discussed in Section 6.4.2.
The symmetric and balanced laminate (a) has the lowest postbuckling stiffness when
compared with the two unbalanced laminates cases, (b) and (c). The results obtained
from laminate (b) are almost identical to those obtained from laminates (c) because these
two laminates have similar degrees of in-plane extension-shear coupling, i.e. the values
of A;¢ and A,¢ are similar in these two cases. They have, however, quite different levels
of bend-twist coupling which is determined by the coupling (B) stiffness matrix. Non-
normalised load-end-shortening curves are also presented in Figure 6.24b to show the
location where the stress fields are extracted and investigated. Location 1 represents the

point at which longitudinal strain ¢, is equal to 0.0002 for each case.
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Figure 6.25 Contour plots of stress resultants N, (N/m) for postbuckling of symmetric and
balanced laminate: (a) Improved method and (b) ABAQUS Type-A analysis.
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Figure 6.26 Contour plots of stress resultants N, (N/m) for postbuckling of symmetric and
unbalanced laminate: (a) Improved method and (b) ABAQUS Type-A analysis.
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Figure 6.27 Contour plots of stress resultants N, (N/m) for postbuckling of unsymmetric and
unbalanced laminate: (a) Improved method and (b) ABAQUS Type-A analysis.
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Figure 6.28 Contour plots of stress resultants Ny, (N/m) for postbuckling of symmetric and
balanced laminate: (a) Improved method and (b) ABAQUS Type-A analysis.
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Figure 6.29 Contour plots of stress resultants Ny, (N/m) for postbuckling of symmetric and
unbalanced laminate: (a) Improved method and (b) ABAQUS Type-A analysis.
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Contour plots of stress resultant N, for the three laminate configurations mentioned
above at this location are shown in Figures 6.25-6.27, which illustrate the comparison
between the Improved method and ABAQUS postbuckling analysis. The N, contour is
skewed due to anisotropy in Figure 6.25a although this skewing is slight for the case of
the symmetric, balanced laminate plate. The increased distortion of the stress resultant
pattern due to the increasing level of anisotropy is clearly evident in Figure 6.26a which
shows the contour for the symmetric, unbalanced laminate plate. The N, contour is again
seen to be skewed for the unsymmetric, unbalanced laminate shown in Figure 6.27a. With
reference to Figures 6.25b, 6.26b and 6.27b where the ABAQUS contours are displayed, a
good agreement has been achieved between the Improved method results and the
ABAQUS results.

Contour plots for transverse stress resultant N,, from the Improved method and ABAQUS
are also presented in Figures 6.28, 6.29 and 6.30 showing that the results achieved from

these two programs largely agree with each other.

6.6 Conclusion

This chapter has presented a detailed validation of the Improved VIPASA analysis
proposed in Chapter 5. It focuses on using different approaches to demonstrate the
feasibility and limitations of the analysis. Some useful conclusions can be summarised as
follows:

Specialised trigonometric series functions with five sinusoidal terms have been
introduced to enrich the degrees of freedom along nodal lines to accurately capture the
in-plane displacements along a plate. It has been found that the number of sinusoidal

terms which appear in the results is closely related to the material anisotropy. Compared
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with Stein’s work (1983), the current study is capable of solving both isotropic and
general anisotropic plate postbuckling problems.

An analytical model has been derived, which can be used to interpolate the strain results
given by the Improved VIPASA analysis. The strain distributions along four paths have
been checked with analytical solutions, showing that the strains calculated using the
proposed method are reasonable.

The details of numerical FE models constructed using the commercial software ABAQUS
have been discussed and two type of in-plane free boundary conditions have been
analysed to show the improvement made by the proposed method. The postbuckling
stress resultant contours for isotropic and anisotropic plates predicted by the Improved
VIPASA analysis match well with the FE results, particularly in the longitudinal direction
during the initial postbuckling stages.

It has been observed that the VIPASA analysis does not capture the correct amplitude of
the out-of-plane displacement profile along the transverse direction during the
postbuckling, causing the results from the Improved VIPASA analysis and FE models to
diverge in predicting the transverse stress distribution contours.

In this chapter, the improved analysis has been applied to single plates only. For further
study, it would be desirable to extend the proposed method to analyse multiple joined
plates and stiffened panels, so that the flexibility of the Improved VIPASA analysis can be

further explored.
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Further development of the Improved

VIPASA analysis

In Chapter 5, an improved analysis scheme was proposed to address the inaccurate stress
distributions in VIPASA postbuckling analyses. Subsequent to the presentation of the
proposed method, a series of validation analyses focusing on a single plate were
conducted in Chapter 6 to show the method’s applicability for predicting more accurate
stress distribution fields. This chapter explores the possible extension of the method and
adjusts it to make it flexible enough to analyse more realistic structural components such
as stiffened panels. The chapter is organised as follows: Section 7.1 explains the necessity
of further expanding the Improved VIPASA analysis. Section 7.2 introduces a two-plate
model as the first step towards further development. Section 7.3 gives the results for this
two-plate model and compares them with a single plate benchmark. Section 7.4
introduces a stiffened panel model. Section 7.5 presents the stiffened panel results which
are compared with finite element results. Section 7.6 focuses on some of the issues
identified from the analysis of the stiffened panel and suggests possible solutions to these

problems. Section 7.7 concludes this chapter.
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7.1 Introduction

As mentioned in previous chapters, the VICONOPT software has long been known as an
efficient numerical tool for the preliminary stages of aerospace structural designs prior
to the use of FEM for more detailed analysis and design. The versatility and efficiency of
VICONOPT has been illustrated by many published results analysing real-life structural
scenarios, such as folded-plate structures (Wittrick and Horsington 1984), corrugated
panels (Stroud et al. 1984), blade stiffened panels (Anderson and Kennedy 2008), and a
corrugated, ring-stiffened, laminated cylinder fuselage (Williams et al. 1990).

Although the Improved VIPASA analysis was proposed in Chapter 5 and validated in
Chapter 6, the applications in these studies were limited to simple geometries, e.g. single
isotropic and anisotropic plates. A significant gap exists between these analyses and
those which would be required to apply this innovative method to more practical
structural configurations. Hence, the most straightforward step to fill this gap is to
conduct a preliminary numerical investigation to explore the potential of using the

Improved VIPASA analysis to analyse the postbuckling behaviour of a stiffened panel.

L/*///-/%

Single Plate Model Two Plates Joined together Model

Stiffened Plate Model

Figure 7.1 The progression from single plate model to stiffened plate model used in this study.

Stiffened panels have a high stiffness to weight ratio and are used extensively in
aeronautical structures to reduce mass while maintaining a high degree of stiffness
(Megson 2012). A typical configuration of a stiffened panel consists of a plate braced by
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longitudinal stiffeners, which divide a wide plate into a number of narrower but more
stable plates in order to increase the panels overall flexural rigidity and in-plane stiffness
(Falzon et al. 2000). Since the stiffeners can be regarded as panel breakers, it is useful
first to verify the Improved VIPASA analysis on a model where two plates are joined
together without the interaction of the stiffener, and then to further extend it to a

stiffened panel (shown in Figure 7.1).

7.2 Two plates joined together model

The joined plate model was developed by using two single square plates linked along
their common boundary with a rigid connection so that they act as a single plate. Normal
free in-plane and simply supported out-of-plane boundary conditions were applied to

any unconnected boundaries.

Figure 7.2 The comparison between the single and two-plate model.

A conventional single plate model was also constructed for comparison with the two

plates joined together model. It is worth noting that both the two-plate model and the

157



Chapter 7

single plate have the same dimensions with the aspect ratio ({/b) equal to 0.5, the only
difference being that the two-plate model has a double-node connection at the middle of
the plate while the single model treats the middle node as an interior node. The aim of
these set-ups is to conduct a comparative study to demonstrate that the Improved
VIPASA analysis is capable of analysing a geometry in which multiple plates are joined
together, so as to pave the way for analysing more complex stiffened plate cases. Details
of the layouts and dimensions used in Sections 7.2 and 7.3 are given in Figure 7.2.

As described in Equations 5.9-5.12 and 5.27-5.28, five longitudinal and five transverse
degrees of freedom are required for each node to accurately capture in-plane behaviours
in postbuckling, resulting in ten equilibrium equations per node being required to solve
the unknowns. Note that the out-of-displacement in the two-plate model comes from the
VIPASA postbuckling analysis, which is the analytical solution of the governing equations
based on the use of the exact stiffness method. Therefore, the out-of-displacement
continuity is guaranteed for the two-plate model. At the two longitudinal edges of the
single plate, twenty equations derived from relationships u; = 0 and N,; = 0 are used to
describe the free in-plane boundary conditions and these replace the corresponding
twenty equilibrium equations at the initial node and the final node, respectively. Since
the two-plate model involves a connection between the final node in plate 1 and an initial
node in plate 2 at their common edge, alternative boundary conditions and equilibrium
equations are needed at those connecting nodes to obtain a proper joined condition
between the two plates (Aliabadi and Baiz 2008).

The first ten equations can be expressed by considering the continuity along the two
plates. In order to preserve in-plane displacement continuity, the longitudinal and

transverse displacements (u and v) at node i and the adjacent node (i + 1) are assumed

158



Further development of the Improved VIPASA analysis

to be the same, indicating the two nodes are joined and move together. The detailed

relationships between each sinusoidal component are listed below:

Uio = Ugi+1)0 Viyo = V@i+1)0
Uiye = Ugi+1)c Viye = V(i+1)c
Ueiys = Ugi+1)s V(i)s = V(i+1)s (7.1)
Ui = Ug+1)C Viye = V@+1)C
Uys = Ui+1)s Vi)s = V(i+1)S

Another ten equations can be achieved by considering the equilibrium state at the joined
nodes. At the joined node, the total in-plane force is the sum of the force from node i and
the adjacent node i + 1; hence, the in-plane equilibrium equations (Equations 5.27 and
5.28) can be expanded by equating the sum of the edge forces in each plate to zero. The

modified in-plane equilibrium equations at the common node are thus expressed as

follows:
ON, ON, . (i ON,; ON..
y(@) xy (1) y(i+1) xy(i+1)
= 2
(E)y + dx >+< dy + 0x ) 0 (7:2)
ONxy@iy = ON) ONyyiv1) = ONy(ivn)
=0 7.3
< gy ax )T\ Ty T ox (7:3)

The relationships described in Equation 7.1 and the in-plane equilibrium equations
mentioned in Equations 7.2-7.3 are implemented rigorously in the Improved VIPASA
analysis code. A set of results for the two-plate model will be generated and compared

with results for the single plate model in the next section.
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7.3 Two-plate model postbuckling results

Postbuckling results for the single-plate model and the two-plate model are presented in
this section. Both of these modelling techniques are used to represent a plate with an
aspect ratio equal to 0.5 (length [ = 300 mm and width b = 600 mm). All plates are
assumed to be made of titanium with Young’s modulus E = 110kNmm™2 and Poisson’s
ratio v = 0.3. Results are presented for a model under axial compression both with the
unloaded edges free to move in-plane, and all four edges are simply supported.
Normalised and non-normalised load versus end shortening results are shown in Figure
7.3. As is to be expected, the load-strain curve for the single-plate model and the two-
plate model are nearly identical, indicating that there is no loss of axial stiffness when the
whole plate is modelled by the two-plate technique. These findings confirm that a rigid
connection has been established between the two plates, and hence the validity of the
relationships used in Equation 7.1.

The postbuckling load-strain curves of the square plate (/b = 1) example used in the
previous chapter are also included for completeness in Figure 7.3. From these curves, it
can be observed that the square plate buckles at a higher load but at a higher level of end
shortening strain, in comparison with the short rectangular plate, which although
buckling at a lower load, can sustain a higher postbuckling load and therefore has a
greater reserve of strength.

It is also worth noting from Figure 7.3b that the differences in postbuckling stiffness
ratios between VIPASA and ABAQUS analyses are less noticeable in the short rectangular
plate than in the square plate. One possible explanation for this change is that VIPASA
follows the lower bound solution which ignores the transverse constraint effect, but this

effect becomes smaller in the short rectangular plate as it has a shorter longitudinal edges.
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Figure 7.3 Postbuckling behaviours of plates with different aspect ratios in compression: (a)
normalised load-strain curves and (b) actual load-strain curves.
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Figure 7.4 Contour plots of stress resultants N, (N/m) at postbuckling Location 1 from
different models: (a)Improved VIPASA analysis (single plate model), (b) Improved VIPASA
analysis (two-plate model) and (c) ABAQUS Type A.
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Figure 7.5 Contour plots of stress resultant N, (N/m) at postbuckling Location 1 from
different models: (a)lmproved VIPASA analysis (single plate model), (b) Improved VIPASA
analysis (two-plate model) and (c) ABAQUS Type A.
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Figure 7.6 Comparison of axial stress resultant N, along the vertical centre line of the plate for
postbuckling Location 1 predicted by the Improved VIPASA analysis (single-plate model and
two-plate model) and ABAQUS.

To further check the equilibrium and continuity of the two-plate model, one strain
controlled postbuckling location (&, = 1.93 x 10~> marked with ‘Location 1’ in Figure
7.3b) is identified to investigate the stress field during the postbuckling regime. Contour
plots of stress resultants (N, and N, ) at Location 1 for the plate with an aspect ratio equal
to 0.5 are presented in Figures 7.4 and 7.5 to illustrate the comparison between the single
plate model, the two-plate model used in the Improved VIPASA analysis and ABAQUS
during postbuckling analysis. Compared with the square plate contour plots in the
previous chapters, the distribution patterns of the transverse stress resultant (N,) are
very similar but the variation trends of axial stress resultants (N,) are less dramatic in
the longitudinal direction showing an almost constant pattern.

Using the single-plate model contours (Figures 7.4a and 7.5a) as benchmarks, it can be
seen that little discontinuity appears in the two-plate model contour (Figures 7.4b and

7.5c). Furthermore, the axial stress resultant values extracted along the vertical central
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line in the single-plate model and the two-plate model show excellent agreement in
Figure 7.6. These findings suggest that the equilibrium equations expressed in Equation
7.2 and Equation 7.3 are applicable to the two-plate model and the integrity of the plate
has been preserved. With reference to Figures 7.4c and 7.5c in which ABAQUS contours
are displayed, it is seen that both the single-plate model and the two-plate model results
correlate well with those obtained from ABAQUS.

The results presented in this section lead us to try, with some confidence, to start from
the two-plate model and to further develop the Improved VIPASA analysis to apply to a

more complicated geometry - the stiffened panel.

7.4 Stiffened panel modelling

Let us consider three flat plates joined together at position ] where three nodes, node i in
plate 1, node j in plate 2 and node k in plate 3 meet as shown in Figure 7.7. The global
coordinate system is given by x, y and z, corresponding to u, v and w dsiplacements, and
the local coordinate system for each plate is expressed as xO), yO), zO where superscript

() refers to the plate number.

Plate 1

Node 1

zZw

Node m

y@, pi3)

Figure 7.7 Assembly of the stiffened plate model and its global and local coordinate system.
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Based on the coordinate systems shown in Figure 7.7, it can be observed that the three
plates have the same longitudinal orientation (i.e. x -axis); therefore, the continuity

equations along the junction line can be written in terms of longitudinal displacement (u)

as follows:
U0 = U0 = Yo
Ue = Yo = U
Uis = (s = U (7.4)
”Eil))c = ug‘))c = ”%c
”Eil))s = ”8))5 = ”Egs

Along the junction boundary of the three plates, it is anticipated that the skin out-of-plane
displacements ( w® and w® ) should match the stiffener in-plane transverse
displacement (v(®)) and vice versa. Another set of continuity equations which will ensure

the interaction between the skin and stiffener can be expressed as follows:

ion =0 v =0 VDo =0
Ve = Wiie Ve = ~Woe Ve = Wi
Vs = ~Wis Vs = ~Wios Vs = Wik (75)
Vo =0 v =0 v =0

These equations are used to maintain a smooth junction line when plates with different
local coordinate systems are linked together. Since VIPASA out-of-plane displacements
(Equation 5.7) only have two sinusoidal terms while in-plane displacements (Equation
5.9) have five sinusoidal terms, the corresponding absent components are assumed to be
equal to zero, resulting in several ‘0’ terms appearing in Equation 7.5.
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The global equilibrium equations required at the junction can be written in a similar way
to the two-plate model, except for the equilibrium in the x-direction, in which the total in-
plane force along the x-direction is the sum of the force from three nodes (node i, node j
and node k) instead of two. Hence, the equilibrium equations can be modified as

Z aNx(n) " any(n) -0 (76)
0x dy

n=i,j,k

Combining Equations 7.4-7.6, 30 equations need to be implemented into the Improved

VIPASA analysis to generate the postbuckling results for the stiffened plate model.

7.5 Stiffened panel postbuckling results

Postbuckling results for a stiffened panel are presented in this section. The stiffened panel
consists of three square plates joined together along their common boundary using the
techniques described in the previous section. Results are shown here for a panel under
axial compression with the skin constrained in-plane and the stiffeners free in-plane.
Detailed dimensions and boundary conditions for the representative section are
summarised in Figure 7.8. It should be noted that the stiffened panel investigated in this
section is relatively narrow and deep and not therefore representative of aerospace
applications such as wing cover panels, but it is still very useful for validation purposes.
Non-normalised load end shortening curves are plotted in Figure 7.9. In contrast to the
flat plate, the numerical results from the stiffened panel show that the load end
shortening curves are no longer bifurcational due to the change in geometric
configuration. Instead the curves have a smooth transition from the unbuckled to the

buckled
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Figure 7.8 The dimension and boundary conditions of the proposed model.
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state indicating the differences between the unbuckled and initial postbuckled stiffness
of the panel are quite trivial. Having examined the details of the buckling modes, it can be
seen that the absence of a bifurcation point is closely related to the location of the
buckling mode. It is observed that buckling first appears in the stiffener and then begins
to appear in the skin with increasing compressive load. Since buckled stiffeners will have
a less significant effect on overall plate stiffness, the bifurcation point is less obvious.
Buckled skin, by contrast, reduces the overall stiffness and leads to a change in the slope
of the curve in the later stages of the postbuckling process.

Two strain-defined locations, one at the first buckling mode which is a stiffener mode
(g, = 3.24 X 107%) and the other one at the secondary buckling mode which is a skin
mode (g, = 8.47 X 107>) are chosen to investigate the stress field under the postbuckling
regime. Figures 7.10 and 7.11 illustrate the stress resultant (N, ) distribution of the skin
and stiffener in the stiffened panel, respectively. The results obtained using the Improved
VIPASA analysis match well with those from the finite element analysis clearly showing
the robustness of the proposed method. Figures 7.10a and 7.10b show that the contour
plot is invariant in the skin since the skin plate is unbuckled and subjected to constant
compression at Location 1. Figures 7.10c and 7.10d show that the stresses redistribute
away from the central region of each skin plate towards the transverse edges and the
stiffeners at Location 2. Figures 7.11a and 7.11b show that the redistributed stress
appears in the tip of the stiffener at Location 1 thereby confirming that buckling is
initiated in the stiffener. Further into the postbuckling stage, since the stiffener is free
edged, the stress redistribution increases so far that it not only reduces the compression
but leads to tension developing at the two tips of the stiffener edge. On the other hand, it
can be seen that the compression reaches a maximum in the middle of the stiffener edge

as shown in Figures 7.11c and 7.11d.
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Figure 7.10 Contour plots of stress resultants N, (N/m) in the skin at different postbuckling locations using different software: (a) Improved
VIPASA analysis at location 1; (b)ABAQUS at Location 1; (c) Improved VIPASA analysis at Location 2; (d)ABAQUS at Location 2
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Figure 7.11 Contour plots of stress resultants N,, (N/m) in the stiffener at different postbuckling locations using different software analysis: (a)
Improved VIPASA analysis at Location 1; (b)) ABAQUS at Location 1; (c) Improved VIPASA analysis at Location 2; (d)ABAQUS at Location 2.
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7.6 Transverse stress distribution

The contour plots of the transverse stress resultant N, across the skin panel at
postbuckling Location 2 are displayed in Figure 7.12. A discontinuity at the centre of the
contour can be identified in Figure 7.12a, which indicates that the Improved VIPASA
analysis has some difficulties with the coupling of the stress resultants N,, at the junction.
A plausible explanation might be that the two-term out-of-plane function used in VIPASA
analysis when coupled with the five-term in-plane displacement function used in the
proposed method, may have induced some compatibility issues in adding different
wavelength (A and A1/2) together at the junction and influencing the stress continuity
yielding a gap in the contour.

One feasible solution to bridge this discontinuity is to change the finite difference
expressions used in calculating the derivative at the junction of nodes i and j. Instead of
treating node i as a final node in plate 1 and node j as an initial node for plate 2, the
changed model now assumes that they are now connected together as interior nodes in
the skin panel. Hence, the adjustments of finite difference expressions can be summarised
in Table 7.1

Table 7.1 The adjustments made to the finite difference expressions at node i and node j.

Before After
U = 3ui - 4ui_1 + U,
¢ 2b
At node i W =y = Ujrr — Ui
o= 3v; —4v;1 + Vi T 2b
L 2b
U = —3uj + 4‘Uj+1 —Ujy2
] 2b
At node j o —
o = =3V + 441 — Vji vl =v] = g+ et
i~ 2b 2b
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Figure 7.12 Contour plots of stress resultants N, (N/m) at postbuckling Location 2 from
different software: (a) Improved VIPASA analysis results before changing the finite difference
expressions, (b) Improved VIPASA analysis results after changing the finite difference
expressions and (c) ABAQUS.
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Although using a specific finite difference expression at particular nodes is not good in
terms of developing a universally applicable method for the Improved VIPASA analysis,
this approach does address the discontinuity problem. The effect of changing the finite
difference expressions can be observed in Figure 7.12b, in which the transverse stress
resultant N,, contour shows little discontinuity in the centre of the plate.

Comparing the results with ABAQUS (Figure 7.12c), a good correlation of the stress
distribution pattern can be seen to have been achieved. However, by using this approach,
it can also be seen that the Improved VIPASA analysis gives an approximately 40% higher
prediction of the value of the stress resultants in the middle than ABAQUS. This relatively
substantial difference between the Improved VIPASA results and ABAQUS results can be
explained by the over-simplified assumptions made in the out-of-displacement

expression in the VIPASA analysis.

7.7 Conclusion

This chapter began the process of expanding the Improved VIPASA analysis to predict the
postbuckling behaviours of a stiffened panel. Two models with increasingly complicated
geometry and equilibrium set-ups based on using Improved VIPASA analysis have been
presented to account for more practical situations. Each model has been presented
alongside appropriate results that have highlighted the important adjustments made to
the Improved VIPASA analysis and their effect on the postbuckling response of the
corresponding model.

The two-plate model was first constructed in the Improved VIPASA analysis by using two
single square plates joined along their common boundary. The results of the two-plate
model revealed no continuity issues in comparison to the single-plate results obtained by
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using the Improved VIPASA analysis and ABAQUS. Good correlation with the stress
contour plot demonstrates that the Improved VIPASA analysis can solve multi-plate
problems satisfactorily, which provides some confidence in expanding it further to solve
stiffened panel postbuckling problems.

The adjustments which would need to be made to the continuity and equilibrium
equations to model a stiffened panel using the Improved VIPASA analysis were then
examined. Although it was also seen that discontinuous patterns may appear in the
transverse resultant contour plot at the junction area, a possible solution which changes
the finite difference expressions for the junction nodes was shown to remove the
discontinuity.

Preliminary numerical investigation of a stiffened panel with three square plates joined
together revealed an acceptable level of agreement in comparison to finite element
results. Based on the good correlation in the predicted stress contour plots and a good
match on stress resultant value, the Improved VIPASA analysis can, therefore, be seen to
give reasonable results which simulate the postbuckling behaviour of the considered
structure. The proposed method shows excellent computational speed on the stiffened
panel numerical examples. All the stiffened panel results presented in this chapter were
obtained in approximately 0.5 minutes of computer time on a standard Core i7 2.40 GHz
PC by using the proposed method compared with almost 3 minutes by using finite
elements software ABAQUS. This computational cost advantage will be significant when
the problem is scaled up, i.e. analysing a full aircraft wing. In future, the proposed method
can also be compared with experimental test data, which will give a good indication

against real-life situations.
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Chapter 8

Conclusion

This thesis has presented a series of numerical approaches to enhance the postbuckling
analysis function in the VICONOPT software. Based on the current postbuckling analysis
features in VICONOPT, the developments made in this thesis focus on three areas. Firstly,
an updating technique was proposed to resolve the problem of the VIPASA postbuckling
analysis being overly conservative. Secondly, a comprehensive approach with enhanced
in-plane shape functions was used to correct the inaccurate stress distribution predicted
by the VIPASA postbuckling analysis. Finally, this new approach was expanded to analyse
complex structures like stiffened panels. This chapter summarises some of the
contributions made to improving the VICONOPT postbuckling capabilities and concludes
the work presented in this thesis. The chapter is organised as follows: Section 8.1 lists the
main contributions of this research. Section 8.2 provides the conclusions, while directions

for future work are presented in Section 8.3.

8.1 Contribution

i.  The Simulated VICON analysis developed in this thesis provides a useful updated
technique for VIPASA postbuckling analysis of a prismatic plate under combined
loading. This analysis is based on investigating the axial stiffness difference
between the VIPASA and the VICON analyses to address the overly conservative

issues associated with the VIPASA postbuckling analysis of plates under combined
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loading or those with anisotropic lay-ups. The differences in the axial stiffnesses
predicted by VIPASA and VICON analyses under combined loading during
postbuckling analysis are calculated by simple, yet reliable geometric
relationships, which are used to serve as the basis of the Simulated VICON analysis.
The analysis can capture the characteristic plate postbuckling features, such as
load-strain curves, and comparisons between the proposed method and ABAQUS
show good agreement for the postbuckling equilibrium path.

An Improved VIPASA postbuckling analysis based on the combination of Stein’s
method and the exact strip method has been developed for the analysis of the
initial postbuckling behaviour of prismatic plate structures. Enhanced
trigonometric functions are used to represent the longitudinal and transverse in-
plane displacements accurately. This improved analysis enables correct stress
distributions to be found at an early stage of the postbuckling analysis, so that
stress invariant problems in VIPASA postbuckling analysis can be satisfactorily
solved. Additional terms in the in-plane functions allow the Improved VIPASA
analysis to model a general anisotropic plate that has fully populated A, B and D
stiffness matrices. A comparison is made between the results obtained from the
Improved VIPASA analysis and ABAQUS in relation to the stress distributions
during postbuckling, and these are seen to correlate well.

A preliminary approach for extending the Improved VIPASA analysis for
application to more realistic structural components is developed. This work
focuses on making the proposed method flexible enough to analyse multi-plate
models including stiffened panels. By adjusting the continuity and equilibrium
equations along the common boundaries of the joined plates, the Improved

VIPASA analysis is found to be capable of analysing two joined plates and stiffened
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panel postbuckling problems. Preliminary numerical investigations demonstrate
that this extended numerical analysis procedure (model building and solution) is
an appropriate approach to simulate the postbuckling behaviour of the considered

structures.

8.2 General Conclusion

The main aim of this study was to improve the postbuckling analysis capabilities of the
computer program VICONOPT. In this thesis, several numerical approaches building on
the existing exact strip method have been developed to fulfil this goal. The main findings

can be summarised from the following perspectives:

8.2.1 The exact strip method

The literature on the numerical solution of thin-wall structures postbuckling problems is
vast. It can be seen that FEA is the most versatile approach for carrying out postbuckling
analysis due to its robustness and ability to handle complex geometry, load cases and
materials. It should be noted however that computational expensive processes, such as
Newton-Raphson or Riks iterations, have to be adopted to solve the non-linear equations
encountered in these problems to give the required accuracy, which makes the FEM less
suitable for preliminary design purposes. The finite strip method (FSM), which can be
used as an alternative to finite element approach, divides plates into longitudinal strip
elements and interpolates the deformed shape using polynomial functions. With fewer
nodal degrees of freedom and simpler shape functions, computational cost can thus be
reduced. Subsequent to FSM, the exact-FSM developed as a specialised FSM approach

uses the exact solution to the differential equations that describe the behaviour of a plate
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element to formulate the corresponding stiffness matrices. The exact strip method
coupled with the reliable Wittrick-Williams algorithm forms the foundation of the
specialist design and optimisation software VICONOPT with VIPASA and VICON analysis
package.

It has been demonstrated in the literature review that exact-FSM can be very accurate
because it is based on the direct solution of the governing equations, rather than on the
use of approximate energy or work principles associated with standard FSM approaches.
The exact-FSM has been found to be much less computationally expensive than the FEM
for the analysis of prismatic plate structures because the discretisation of the plate can
be avoided. The exact-FSM has potential to provide reduced order computationally
efficient approaches for predicting postbuckling behaviours and to be used to optimise
the design of aircraft structures. Although modern supercomputers enable large-scale
finite element simulations and optimisations to be conducted on complex structures by
sophisticated FEM software, faster, reliable analysis and design software are still needed
when carrying out parametric preliminary design processes where an excessive number
of models and structural configurations are studied before more detailed analysis is
performed on the most promising ones. Based on the existing exact-FSM and its

applications, the following two new analysis schemes have been developed.

8.2.2 The Simulated VICON analysis

It was discovered at the beginning of this research that VIPASA and VICON buckling
analyses show different results if the plate under consideration is subjected to combined
loading. Comparing existing theoretical equations and numerical examples reveals that

the simple sinusoidal mode shape function used in VIPASA analyses results in a
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convenient analytical derivation of the plate stiffness matrix, but that the boundary
conditions are not strictly satisfied when nodal lines are skewed due to shear and
anisotropy. VICON analysis, however, due to its use of Lagrangian multipliers to
incorporate a set of constraints to represent regularly repeating interior supports, allows
boundary conditions in these cases to be closely matched. Therefore, VICON buckling
analysis is more accurate than VIPASA analysis in cases of shear and material anisotropy.
It has also been found that since VICON analysis involves the coupling of different
wavelengths it would be computationally expensive to expand it into a full postbuckling
analysis, and so an alternative approach is worth exploring. The differences between the
gradients of the load-strain behaviours predicted by VIPASA and VICON initial buckling
analysis, for a plate having combined loading, are found to be useful in developing a
simulated VICON postbuckling analysis. A fast and reliable trigonometric calculation
procedure is proposed which uses the VIPASA buckling and post-buckling axial stiffness
to work out the corresponding VICON postbuckling stiffness and strain. Based on these
calculations, the equilibrium path for plate postbuckling using VICON analysis can be
achieved. This new approach takes advantage of the VICON analysis features whilst
maintaining the VIPASA postbuckling capacity.

Proof of concept work has been conducted for the prediction of the postbuckling
response of isotropic and anisotropic single plates and stiffened panels under combined
loading. The postbuckling stiffness predicted by the Simulated VICON analysis is found to
be about 25% higher than that given by the conservative VIPASA postbuckling analysis.
Comparisons with standard finite element method results validate the proposed
Simulated VICON analysis and the results given by this new analysis are in good

agreement with the results given by the FEM in most of the cases examined.
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8.2.3 The Improved VIPASA analysis

The VIPASA analysis assumes that both the in-plane and the out-of-plane displacements
vary with half-wavelength A; however, it has been found that the in-plane displacement
assumptions are not accurate enough to account for the stress redistribution
phenomenon which occurs across the plate in the postbuckling stage. Due to this, VIPASA
analysis loses some accuracy by assuming the stresses in each strip are longitudinally
invariant. The Improved VIPASA analysis is proposed which takes into account the
coupling between half-wavelengths A and 1/2 of the in-plane displacement to work out
the stresses and to solve the in-plane equilibrium equations. The improved analysis is
found to be very efficient in addressing the inaccurate stress distribution issues in the
VIPASA postbuckling analysis.

Validation examples have shown that the Improved VIPASA analysis is capable of
predicting correct stress patterns at the postbuckling stage. Comparison of results from
the improved method and finite element analysis for the variation patterns of stress
resultants N, and N, show a good agreement. The ability of the proposed method to
accurately and efficiently analyse composite plates has been demonstrated on three
examples of layups with increasing anisotropy. Additionally, the skewed mode associated
with different composite layups has been shown to be accurately captured by the
proposed method. It is anticipated that the Improved VIPASA analysis can be
implemented into the VICONOPT software as a subroutine to enhance its postbuckling
analysis function.

Further development of the Improved method reveals that some adjustments are needed
to make it robust enough to analyse more realistic structural components with added
geometric complexity. By changing the continuity and equilibrium equations in the
Improved VIPASA analysis, results based on a two-plate joined model demonstrate the
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same level of continuity as single plate results. By adjusting the finite difference
arrangements, stiffened plate postbuckling problems can be solved. Good correlation
with ABAQUS stress contours demonstrate the Improved VIPASA analysis can solve the

multi-plate joined postbuckling problems and has the potential to be further expanded.

8.3 Future work

The following describes potential work that can be considered in the future:

e The calculation of postbuckling strain and stiffness in the Simulated VICON
analysis still relies on postbuckling results from an initial VIPASA analysis which
is known to be conservative. The VICON out-of-plane displacement is not
considered and therefore the load-deflection curves cannot be generated by using
the Simulated VICON analysis. However, the out-of-plane displacement and mode
shape depend on the coupling of different wavelengths. It is worth extracting all
of the mode shapes corresponding to different wave length and working out a
methodology to allow them to be coupled together to find the most appropriate
out-of-plane displacements so that the postbuckling analysis can be carried out
based fully on the VICON type of analysis.

e It was found that the discrepancy between the Improved VIPASA analysis and
ABAQUS in predicting the stress values starts to grow when it comes to later
postbuckling stages, which is primarily due to the difference in the out-of-plane
displacement values in the two analyses. It is believed that the VIPASA out-of-
plane assumptions are over-simplified. Future work may explore a more
comprehensive assumption of the out-of-plane displacement and solve the in-

plane and out-of-plane governing equations together.
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The discontinuity issues identified in the stiffened panel example are partially
solved by changing the finite difference expressions. This solution is too specific
to be applied to other models. Therefore, more research is needed to find a more
comprehensive solution. It is believed that the general cause of the discontinuity
is related to the different half-wavelength terms used in Equations 5.7 and 5.9,
causing some zero terms to appear in Equation 7.5. One possible direction is to
develop a general junction strip which assumes both the in-plane and out-of-plane
displacements vary with the same number half-wavelengths (i.e. A and 4/2) along

the longitudinal direction.
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Appendix

Appendix A
Derivation of the plate bending and buckling governing

equations.

According to Figure 2.3, the bending strains at a distance z below the neutral plane are

- Al
Ex = —
T P (A1)
z
&y = — A2
¥ =, (A2)
By Hooke’s law
1
& == (0, — voy) (A3)
1
& =% (ay —vay) (A4)

Substituting for &, and ¢, from Equations (A1) and (A2) into Equations (A3) and (A4),

and rearranging gives

_ Ez 1+v AS
Gx_l_vz Px Py ( )

Ez <1 N v) (A6)
o, = —+—
Y 1—-v? Py  Px

The internal direct stress distribution on each vertical surface of the element must be in

equilibrium with the applied bending moment. Thus
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12

M5, = f " o268y dz (A7)

t

M, 6, = fztaychxdz (A8)

Substituting for o, and o,, from Equations (A5) and (A6) into Equations (A7) and (A8),

and integrating gives

M, =D ( LY ) (A9)
¥ Px Py
M —D<1+V> (A10)
Y Py  Px
where
D= EC (A11)
T 12(1—v?)

The curvature of the plate can be expressed in terms of the out-of-plane displacement w.

Hence,
1 92
- __aw (A12)
Px 0x?
1 d*w (A13)
Py dy?
Equations (A9) and (A10) then become
M, =-D 0w + 0w Al4
X axz 14 ayz ( )
M, =-D 0w + 0w A15
y - ayz v 0x2 ( )

More generally, if the bending and twisting effect is taken into consideration, the twisting

moment can be expressed in a similar manner as
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2

My, = D(1 —v) oxdy

(A16)

The in-plane equilibrium equations can be obtained by considering a small element §x&y
of the middle plane of a thin deflected plate which is subjected to the in-plane forces
indicated in Figure A.1. Direct and shear forces per unit length produced by the in-plane

loads are giving the notation Ny, N, and N,,,.

0 @:‘

14
o—6x —_—
N, y !
i i dw d [dw
> ‘ ! —+—|—|éx
?Lv { { dx dx\dx
dox
z | /aN,
v | N, +—6x

dax

Figure 0.1 The elevation and plan of a small element 6x8y of the middle plane of a thin
deflected plate: (a) (b) in-plane force (Ny, Ny, Ny,) on the plate element and (c) component of

shear load Ny, in the z direction. (Adapted from (Megson 2012; Chajes 1974))

The in-plane equilibrium in the x direction can be expressed as

<N +6Nx6 >6 aW+62W6 NS ow
x +—5=0x | 8y cos |+ ——56x <0y cos——

(A17)

N,
+ | Nyy + 3y 8y | 6x — Nyy6x =0

For small deflection, we can assume dw/dx and dw/dx + (0%w)/(0x?) &x are small and
the cosines of these angles are therefore approximately equal to one. The equilibrium

thus simplifies to
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dN, ON,,

6x+ dy =0

Similarly, for equilibrium in the y direction

dN, N
9 9= _

dy 0x

Referring to Figure A.1c. The component of N, in the z direction is

Moy + 225 5 oy (22 22 5} — w9 2
xy T gy 0% )Y dy = 0x0y X it yay

Neglecting higher order terms, this expression can be reduced to

N, Y sy 4 QN OW s
XV 0x0y XY T Tox oy oy

Similarly, the contribution of Ny, is

N 0w S5y + ON,,, Ow
Y* 0x0y X0y dy 0y

From Figure A.1a, the component of N, in the z direction is equal to

<N L O 5)5 aw+az 5x ) — ooy LY
T ox O%) OV \ax T axz ) T M 5%

This expression can be simplified to

d2%w ON, ow

x(,) > 0x6y +—— % —0x6y

Similarly, the component of N,, in the z direction is equal to

N Y sy + OOV s
Y gyz X0 ayayxy

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

The total force in the z direction is obtained by adding these expressions together, thus,

d2%w oON, ow d2%w aN,,
xaz o a6x6y+ y626x6y+a 3y
aNyx6W6 S 4 2N 0w 5 +6 X Ow
xoy Y 0xdy xoy

dy dy dy dy
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Since N, is equal to N, and using Equations (A18-A19), this expression can be reduced

to

0%w 0°w 0%w
Nx axz + Ny ayz + Znym 6X6y (A27)

The equilibrium of the bending moment, twisting moment, and shears should also be
considered. In addition to the in-plane forces shown in Figure A.1, an element of a slightly

bent plate will have acting on it the moments and shears shown in Figure A.2.

1Q,
+ 28

Figure 0.2 Plate element subjected to bending, twisting and transverse loads. (Adapted from
(Megson 2012; Chajes 1974))

All forces and moments are considered positive when acting in the direction indicated.
Components of the shear forces in the x and y direction are negligible, in the z direction,

the component of shear force can be expressed as

00y 9Q
(Qx + o 5x) 8y — Q, 0y + <Qy + a—yydy) dx — Q,6x (A28)

After simplification

00 , 30,

A29
0x dy (A29)

Taking moments about the x axis
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oM, oM,
M,y 6y — | Myy + 0x |6y — My,6x + | M, + —= 6y | 6x

dx dy
(A30)
0Qy 8y? 0Qx . \6y*
— <Qy +W5y> 6x6y + QxT— (Qx +W6‘X>T =0
Simplifying this equation and neglecting small quantities of a higher order gives
oM,, oM,
-— =0 A31
ox dy + 0 (A31)
Similarly taking moment about the y axis gives
oM,, IM,
— = A32
Differentiation of Equations (A31) and (A32) gives
] 9*M, 0*M
Qx _ x xy (A33)
0x d0x? 0x0y
0 0*M, 0*M
Oy oMy My (A34)

dy  0y? dxdy
Substituting Equations (A33), (A34) and (A29), and combining with Equation (A27), a

single equation of equilibrium can be obtained, thus,

%M, 262Mxy 62My+N 62W+N 2w 02w

_—= A35
dx?2 0x0y + 0y? * 9x2 Y 0y? T 2Nay 0x0y 0 (A35)

Substituting Equations (A14), (A15) and (A16) into Equation (A35) the differential

equation of plate buckling can be obtained

2*w 2*w d2*w d2%w 2%w d2%w
D + = XW + N. + 2N

2 — — A36
dx* 0x20y? * oy* Y dy? XY 0xdy (A36)
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Appendix B

Derivation of the psotbuckling compatibility equations

Classical small deflection plate theory can lead to considerable overestimates of
deflections and stresses in thin plates. The principal difference between small and large
deflection theory is that small deflection theory assumes loads to be carried by bending
action alone, whereas large deflection theory takes account of membrane forces that
develop as a result of deflections. This key difference can be expressed in term of the
strain-displacement equations. In large deflection theory, displacement comprise two
components:

(1) The displacement due to bending

(2) Stretching of the middle surface of the plane due to out-of-plane deflections (i.e. the

membrane displacement)

Considering an undeformed linear element AB on the middle surface along the x
direction (shown in Figure A.3a), after bending, the deformed element A'B’ is assumed to
have changed length due to the two components described above. As a result of the in-

plane displacement, the elongation of the element is

d
U 1 (B1)
ox

The change in length of the element due to the w displacement is equal to the difference
in length between the curved element A’B’ and its projection on the horizontal plane.

The curved length is equal to

2

dessz 1+<Z—:) dx (B2)
0 0

202



Appendix

x
dx |

A}‘ "B ut @d\'

ax

“l
o A I
\ m—“‘if
4
B
u
(@)

Figure 0.3 Strain in-plane under larger deflections: (a)axial strain, (b)shear strain due to in-
plane displacement and (c)shear strain due to out-of-plane displacement (Adapted from
(Chajes 1974))
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The change in length of the element due to the out-of-displacement w is equal to

%(g—:)z dx (B3)

Thus, the total strain in the x direction for an element on the middle surface is

ou 10w\’
=3+ (= B4
&= oz 13 (ax) (B4)
Similarly, the total strain in the y direction for an element on the middle surface is
_0v N 1 (GW)Z (B5)
& = dy 2\0y

The shear strain can be represented by the change in angle between the two
perpendicular lines, which is illustrated in Figures A.3b and A.3c. Similar to direct strain,
the shear strain is comprised of components due to in-plane displacement and out-of-
plane displacement, respectively. The shear strain due to the in-plane displacement u
and v is

ou N v (B6)
Jdy O0x

The shear strain due to w is equal to
Yy = £BOA — £B'0'A’ (B7)

Form the geometry, B’A’ can be expressed as

(B/A/)z — (BIOI)Z + (OIAI)Z _ Z(OIA’)(BIOI) cos (g _ V)

Where
(0'AN? = (dx)? + (g_\;v dx) (B8)
(80" = (@) + (5 ) (89

204



Appendix

2

ow ow
"AN2 — 2 2 _ B10
(B'AN? = (dx)? + (dy)? + ( —dy - = dx) (B10)
Neglecting higher order terms gives
(0'A"(B'0") = dxdy (B11)

For small angle cos (g - y) is equal to y, and the above equation can be reduced to

B ow dw B12
V= %% dy (B12)
Thus, the total shear strain is
_0u+0v+awaw B13
Yoy =55 T ax T ox ay (B13)
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Appendix C

Detailed calculations of Stein’s power series method.

The details of transformation of von Karman equation by using power series.

N, = Z N{Ven + Z Z N emn (c1)

n=0,2 m=1,3n=1,3
Ny, = Z N{Vem + Z Z N emn (C2)
n=0,2 m=1,3n=1,3
= (M n (mn) _m+n
Ny, = Ny, €™ + Ny, "€ (C3)
n=0,2 m=1,3n=1,3
where
N __ER ou™ N ov™ ca)
x 1—-v2| o0x H dy |
N __ER ov™ N ou™ (c5)
v 12| oy T HTox |
Eh  (ou™ gv(™
o = + (C6)
Yoo 214+ v)\ ady ox
Ny (m) Eh aw ™ gw ™ +u aw ™ gw ™ €
x x 2(1—v?)\ dx 0x dy 0dy
Nmn _ pm) Eh aw ™ gw ™ tu ow ™ gw ™ (c8)
Y Y 2(1—=v3)\ ay oay ox  Ox
Eh  ow®™ g™
(mm) _ v (C9)

o 2(1+4v) ax dy
Then, the von Karman large deflection equations are transformed to a series of

homogeneous differential equations.

206



Appendix

4 (4 (13) (13) (31)
( ON" 0Ny (2 ON,™ | 0Ny~ | 0Ny )

dx dy 0x dy dy
€] C)] (13) 13) (31)

dN,, N ON,, __( aN,, N ON,, N Ny,

dy 0x dy d0x 0x

¥ 0x? yay2+xy6x dy
3

o*w a2w®
2 11 2 11
(N£)+N,§ ))v+(N§)+N§ ))—a —+

Z(N(Z) N N(ll)) w3 gw®
* x ox 0y
92w 392w @
(4) (13) ) (13)
(N + 2n )—02 (NP + 2N ) ——— 57
aw® gw @
(4) (13) (31)
2(NS +NGD + NG )W %
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(0)
( aN,§°)+any .,
ox oy
(0) (0)
) oN, +6ny _
dy 0x
DViw?! — N(O)M_FN(O)M_{_Z (O)GW_maW(l) —
* o 0x? Yo 0y? Yo o9x 0y
( 6N(2) aN(Z) (11) aN(n)
X
d0x ( )
ON(O) N(O) aN(“) N(n)
y _
®3) @) gy @
9 (0)a w ()aW ow
DV* N, NOZ =
viw ( 0x?2 + y 0y2 + ¥ 9x  dy
92w@
(WP + M) =t
92w aw® gw®
@ (11) @) (11)
N Ny, —— + | N, Ny,
\ ( ¥ )6y2+( i )ax dy

2,,,(5) 2.,,(5) 5) 5)
DV4wS — (N(O) Iw> | yo? wt N oW ow. >=

(C10)

(C11)

(C12)
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Appendix D

Detailed calculations of in-plane displacement, strain and stress

resultants

The neutral surface strains and curvatures given by von Karman's large deflection theory

are
aui 1 (aWi)Z
_+_
dx 2\ 0x
avi 1 aWi 2 B 1
ay "2\3 mx
Exi Yy y Exio Exic Exis Exic Exis COST
[gyi] aui + aVi + aWi aWi [gyio Eyic &yis &yic gyis] . X
|Yxyi| |0y = ox ox 0y | _ | Exyio Exyic Exyis Exyic Exyis | SmT (D1)
Kxi 9%w; Kxio Kxic Kxis Kxic Kxis 27T
leiJ - 9x2 Kyio Kyic Kyis Kyic Kyis COST
Kxyi 2 Kxyio Kxyic Kxyis Kxyic Kxyis
y 0w, yiotayielCoyis Kayicloyisl) - am
3y? R
0%w;
-2 L
dxdy

Substituting from Equation (5.4-5.6) into Equation (D1) gives the following expressions:

1
g = g(wy ¥ + pEuit £,1; (D2)
K; = Ko(w;, ¥;) (D3)
where,
r 4
g = [gxiO Exic €xis Exic Exis gyiO gyic gyis gin gyiS gxyio gxyic gxyis gxin gxyiS] (D )
K;
(D5)

T
= [KxiO Kxic Kxis Kxic Kxis KyiO Kyic Kyis Kin KyiS nyio nyic nyis nyiC nyiS]
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_ 2 .
—& + :? (W2 + w}
0 0
2
0 A_Zwic
LA 2 2
412 is Wic) — Wi
w2 A
- 212 WicWis 8
1
Z (IPLZC + lplzs) 0
0 —ll)fc
go(wy, ¥y) = 0 Ko(Wi, i) = | —yl (D6), (D7)
1
2 (IPLZC - lplzs) 0
1 0
Elpicd’is 0
% (Wislpic - Wiclpis) - 27111,01'5
0 2
0 %gbic
s
o7 Wisic + wichis) 0
i % Wis¥is — wicic) |

J O 00
g =[(0 O], &,=(0 1 (D8), (D9)
0 J I O
[O 0 0 0 O]
0 0 w 0 0 b,
J=|0 —w; 0 0 0], w=— (D10), (D11)
lo 0 0 0 2w A
0 0 0 —2w O
[0 0 0 O 0] [1 0 0 O O]
000 0 0 |o 1.0 00
o={o0 0 0 0 0/, I=]0 0 1 0 O (D12), (D13)
[oooooJ [00010J
0 00 0 0 0 00 0 1

The extensional matrix (A) and coupling matrix (B) is multiplied by 5 X 5 identical matrix

(I) to match the dimension of other terms.

A T Al Ayl Bij, 1 Bij,1 Biggl
A; = A1 Al Ay, B, = [Bi;,] Bzl Byl (D14), (D15)
Aiggl Aipgl  Aigel Bijgl  Biyl Bigel

The derivatives of €,(w;, ¥;), ¥o(w;, ;) are calculated as:
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7'[2

ﬁ (Wiclpic + Wisl/)is)
0
0

7'[2

ﬁ (Wisl/)is + Wicl/)ic)

2
- % (Wicl/)is + Wislpic)
1
E (l/)iclp,ic + l/}isl/),is)
0
86 (WiJ l/)l) = 1 0
E (lpicwlic - wislplis)
1
E (lpiswlic + wiclplis)
T
ﬁ (Wisl/)’ic + W’islpic - Wicl/},is - Wiclpis)

0
0

T
ﬁ (Wisl/)’ic + W’islpic + Wicl/},is + Wiclpis)

i ’ 2 / 2 (D16)’
ﬁ (Wislp is + lpis - Wiclp ic l/}ic )

(D17)

0

77,'2

ﬁlpic

7'[2

?lpis
0
0
0
, _lp,;c
koW ) = | —yt

The equilibrium equations can be further extended in the following expressions by

rewriting the stress resultants in terms of their components.
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Appendix E

Coefficients in equivalent uniform stress resultants calculations

The parameters used to calculated the work done by the stress resultants.

2

_ s

Nxio = _Agx - 2uic + a (WI.ZC + les) (El)
T 8 21

Nxic = Euis - §uiC - ﬁwicwis (EZ)

24 m 4 T, )

Nxis = — ?gx - Euic - §ui5 + 31 (Wic + wis) (E3)
2 n? 5 E4

Mxic = 3 lic + mus + 8l (Wis —wic) (E4)
4 2

Nxis = §uis — MUic — ﬁwicwis (E5)

, 24, A

Nyio = Avyy + ?Uis + Z (lplzc + l/les) (E6)
A, a2 21

Nyic = Evio + gvis + glpiclpis (E7)
21, A, 21 A ) )

Myis = Vio T 5Vis =3 _-Vic + g(lﬁic + 2¢j5) (E8)
24, A A

Nyic — gvis + Evi(: + § (IIJLZC - l/les) (E9)
41, 1, A

Myis = 3-Vie ¥ 5 Vis + leiclpis (E10)
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, 24 T
Nxyio = Aug + 7uis — 2y + P Wisthic — wicis) (E11)
A 4, m 8 2
Mxyic = 5 Uic + 357 s + 5 Vis ~3Vic + 3 Wisthis — wicic) (E12)
2, A, 22, m 4 1
Nxyis = ;uio + Euis - guic - Evic - §vis 3 Wisthic + Twicpis) (E13)
24, A, 2 T
Nxyic = — guis + Euic + § Vic Z Vis + T[(Wislpic + Wic‘/)is) (E14)
41 , 4 T
Mxyis = 3 Uic + 5 Uis T 3Vis = TVic + 7 Wisthis — wicic) (E15)
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Appendix F

Analytical derivation of postbuckling strain &, and ¢,

The in-plane and out-of-plane displacements are assumed as

. my | 2mx (F1)
U = Upgy SIN——SiNn ——
b l
Ty 2mx (F2)
V = VUppgx COS—— COS——
b l
T X
W = Wyax sin?ysinT (F3)

Their corresponding derivatives are

Ju 2w Ty  2mx (F4)
Froial — Uy SIN— p cos 7

dav I8 . my 2mx (F5)
@ = —EUmax sm?cosT

ow m 5% X (F6)
Fle leax sin p cos ;

ow m my | X (F7)
E = Ewmax COSTSIDT

According to large deflection theory, the middle surface strain can be expressed as

2 2mx Ty T? JTX [ Ty
& = ; — Umax €OS—— (sin —) +— 2 Wmax cos? T (sm 7)
_2n 2nx | my. w2 2mx , Y
I — Uy COS—— (Sin b —)+ ﬁwmax (1 + cos T) (Sll’l 7)
w2 o Ty 21 o myy Tl VIS 54 21X (F6)
= 4_l2Wmax (Sll’l 7) + Tumax (sm T) + 4_12Wmax (sm T) COST
2 2y 2m Ty T2 Ty 2mx
_ 2 _ ey < LTy T 2 (2 Y 47X
=3 Winax (1 cos 2 )+[ ; Umax (sm b)+4l2 Winax (sm b) cos ;
n 2nx my m? , TIX Ty
gy = — Evmax cos - (sin 7) +— h? Winax Sin? T (cos2 7) (F9)
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T 2nx | my. w2 2mx Ty
= —Evmax COST(SIHT) +meax2 (1 - ) ( 2 )

— 4-7-[—b22Wmax2 (cOs2 T;_y) — [% Vimax (sin any) + 47T_bzwmax2 (C052 %)l COS?

m? 2my 2

= ) [T ™) T 2 (052 ™) cos 2
_8b2Wmax <1+cos 2 ) [bvmax(sm b)+4bzwmax (cos b) cos ]

Hence, the expression for middle surface strain can be rearranged as:

2 , , 2my
& = WWmax _meax COST
; (F10)
21 .y I8 ., Ty 2nx
+ lT Umax (sm 7) + Ewmaxz (sm 7)] COST
2 w2 2my
Sy = meaxz +@Wmax2COST
(F11)
2
s . my I8 Ty 2nx
- [E Vmax (sm 7) + meaxz (C052 7)] COST
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