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Abstract

Several high-resolution numerical schemes based on the Constrained Interpolation Pro-
file Conservative Semi-Lagrangian (CIP-CSL), Essentially Non-Oscillatory (ENO),
Weighted ENO (WENO), Boundary Variation Diminishing (BVD), and Tangent of
Hyperbola for INterface Capturing (THINC) schemes have been proposed for com-

pressible flows and compressible two-phase flows.

In the first part of the thesis, three high-resolution CIP-CSL schemes are proposed.
(1) A fully conservative and less oscillatory multi-moment scheme (CIP-CSL3-ENO)
is proposed based on two CIP-CSL3 schemes and the ENO scheme. An ENO indic-
ator is designed to intentionally select non-smooth stencil but can efficiently minimise
numerical oscillations. (ii) Motivated by the observation that combining two differ-
ent types of reconstruction functions can effectively reduce numerical diffusion and
oscillations, a better-suited scheme CIP-CSL-ENOS is proposed based on hybrid-type
CIP-CSL reconstruction functions and a newly designed ENO indicator. (iii) To fur-
ther reduce the numerical diffusion in vicinity of discontinuities, the BVD and THINC
schemes are implemented in the CIP-CSL framework. The resulting scheme accur-
ately capture both smooth and discontinuous solutions simultaneously by selecting an

appropriate reconstruction function.

In the second part of the thesis, the TWENO (Target WENO) scheme is proposed to
improve the accuracy of the fifth-order WENO scheme. Unlike conventional WENO

schemes, the TWENO scheme is designed to restore the highest possible order inter-
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polation when three sub-stencils or two adjacent sub-stencils are smooth. To further
minimise the numerical diffusion across discontinuities, the TWENO scheme is im-
plemented with the THINC scheme and the Total Boundary Variation Diminishing
(TBVD) algorithm. The resulting scheme TBVD-TWENO-THINC is also applied to

solve the five-equation model for compressible two-phase flows.

Verified through a wide range of benchmark tests, the proposed numerical schemes are
able to obtain accurate and high-resolution numerical solutions for compressible flows

and compressible two-phase flows.



Acknowledgements

I am very grateful to those who supported and helped me for this Ph.D. project during
the past three and a half years. Firstly, I would like to express my gratitude to my
supervisor, Dr Kensuke Yokoi, for his invaluable help, his technical expertise, his en-
thusiasm, his great sense of humor and his constant encouragements. I also extend my
sincere gratitude to my second supervisor, Dr Hanxing Zhu, for his instructive advice,

useful suggestions, and constant supports. I am deeply grateful of his help.

I will express my gratitude to all my colleagues of the laboratory for the pleasant work-
ing atmosphere. Particularly, I am thankful to Syazana Omar for the great discussion
with her. We have learned a lot together. I also thank Dr Atheel Shuker Jameel and
Dr Mohammed Al-Mosallam for our discussions on the programming, math, physics,
and OpenFOAM. The great support received from Cardiff University is also gratefully
acknowledged. In addition, I gratefully appreciate the financial support of Chinese

Government Scholarships and Cardiff University.

I would like to express my special thanks to Prof Feng Xiao (Tokyo Institute of Techno-
logy) for welcoming me in Japan and for our very enlightening and interesting discus-
sions. His integrity research attitude, profound knowledge, and kindness personality
have a great influence on me. I would also like to show my special thanks to Dr Xi
Deng for his welcoming, great help and support during my visit. The great discussion

with him always very useful and enlightening.

I want to show my special gratitude and thanks to my family, along with the family



Acknowledgements vi

that made me who I am. They are always there for me. My parents and my old sister
are very concerned about my life and care about my health. I have received more than
I can imagine from them. Moreover, thank my lovely nephew keep on cheering for me

(born in the period of my Ph.D.).

My final thanks go to my girlfriend from the deep of my heart. Thank for her deep
love, painstaking care, instructive advice, constant encouragement and support. I am
always getting enough motivations from her to push myself forward, to keep healthy,

and to be a better man. Thank my love and my family again for their constant supports.

Finally, I would like to express my gratitude to my friends and those who ever helped

me.



vil

Contents

[Abstractl iii
[Acknowledgements| v
Contents vii
ist of Publication xiii
[List of Figures| Xiv
[List of Tables| xxii
[List of Acronyms| XXiv
menclatur xxviii
(1__Introduction| 1
(1.1 Background| . . ... ... ... .. ... ... ... ... 1
1.2 Purposeoftheresearch| . . . . .. ... ... ... ... ....... 3

I Ip




Contents viii
2__Literature review| 6
2.1 Governing equations| . . . . . . ... ... .o 6
[2.2 Numerical methods for Euler equations| . . . ... ... ... .... 7
2.3 Godunov-type high-resolution shock capturing methods|. . . . . . . . 9
[2.3.1 High-order reconstruction schemes| . . ... ... ... ... 10

232 WENO-JSschemel . ... ... ... ... .......... 12
........................ 13

2.3.4 Numerical difficulties for WENO schemes| . . . .. ... .. 14

2.4 CIP-CSL schemes|. . . . ... ... ... ... .. ... ... 15
241 CIP-CSI2scheme| . . ... .. ... ... ... ....... 15

- schemes and CSL3H)| . ... ... .. 18

20

20

22

25

[2.5 Boundary variation diminishing reconstruction| . . . . . ... .. .. 26
............................. 27

252 BVDselectionecriterial . . . . . ... ... 28

[2.6  Numerical methods for moving interface in two-phase flows| . . . . . 30
[2.7  Numerical difficulties for compressible two-phase flows with moving [

[ mterface| . . . ... Lo 32
[2.8° Summary and the way forward| . . . . . .. ... ... ... 32




Contents ix
3 Fourth-order essentially non-oscillatory CIP-CSL3 scheme 35
3.1  Numernicalmethod . ... ... ... ... ... ... ... . ... 36
B.1.1  CIP-CSI.3D scheme| . . . ... ... ... ... ....... 36

BI2 CIP-CSI3Uscheme] . . . . . o v v oo oo e oo 38

[3.1.3  Fourier analysis of the CIP-CSL3D and CIP-CSL3U schemes| 39

B14 CIP-CSI3-ENOschemel. . . . .. ... ........... 44

[3.1.5 Implementation of boundary conditions| . . . . . .. ... .. 45

B2 Numericalresults]. . . . . . . . . ... 45
[3.2.1 Sine wave propagation|. . . . .. .. ... ... ... .. 45

[3.2.2  Square wave propagation| . . . . .. .. .. ... ... ... 47

[3.2.3  Complex wave propagation| . . . .. ... ... ....... 50

[3.2.4  Extrema of the various smoothness problem| . . . .. .. .. 54

[3.2.5 Burgers equation|. . . . . ... ... ... 56

[3.2.6  Sod’sproblem| . ... ... ..., .. ... ... .. ... 58

[3.2.7 Lax’sproblem| . ... ... .................. 59

[3.2.8 Shock-turbulence interactionl . . . . . . ... ... 62

3.3 Summary| . . ... .. ... 64

4 Fifth-order essentially non-oscillatory hybrid CIP-CSL scheme] 65
M1 Numericalmethod . . . ... ... ... .. ... . ... ..... 66
4.1.1 CIP-CSL4Q scheme| . . . . . ... ... ... ... ..... 66

4.12 CIP-CSIL-ENOS schemel. . . . ... ... .. ... ... .. 67



Contents X

M2 Numericalresults]. . . . . . . ... ... .. L 72
4.2.1 Sine wave propagation|. . . . . . ... ... 72
4.2.2  Complex wave propagation|. . . . . .. ... ......... 74
423 Lax’sproblem| . ... ... .................. 78
4.2.4  Shock turbulence problem| . . . . .. ... ... ... ... 79
4.2.5 'Two blast waves interaction problem|. . . . . . ... ... .. 81
4.2.6 2D lid-driven cavity flow problem| . . . . . . . ... ... .. 82

M43 Summary| . . ... ... .. 83

[ Implementation of Boundary Variation Diminishing (BVD) algorithm in |

84
85
85
86
87
88
[5.3.1 Sine wave propagation|. . . . . ... .. ... ... ..... 88
[5.3.2  Complex wave propagation problem| . . . . ... .. .. .. 89
[5.3.3 Lax’sproblem| . ... ... ... ... ............ 91
[5.3.4  Two blast waves interaction problem|. . . . . . . ... .. .. 93
[5.3.5 2D circular explosion problem| . . . . . ... ... ... ... 93

5.4 Summary| . . . . .. .. 96




Contents xi

[6  Implementation of Total Boundary Variation Diminishing (TBVD) algorithm |

| with the TWENO and THINC schemes| 97
98

[6.1.1 Target WENO (IT'WENO) scheme| . . . . . ... ... .. .. 98

[6.1.2  THINC with adaptive 37| . . . . . . ... . ... ....... 101
............... 102

[6.1.4 Time evolutionmethod]| . . ... ... ... .. ... ... 104

63 Numericalresults] . . . . . . .. ... ... . .. 105
[6.3.1 1D advectionequation| . . . . ... ... ... .. ...... 105
[6.3.2 1D Eulerequations| . . . . . ... ... ... ... ... 111
[6.3.3 2D square profile propagation in diagonal direction test| . . . . 114
634 2D Zelasak’stestl . . . . . ... ... 116
[6.3.5 2D double-Mach reflection problem| . . . . . . ... ... .. 117

6.4 Summary| . . ... ... ... 122

(7 Numerical simulation of compressible two-phase flows| 123

(/.1 Computationalmodel| . . . . . ... ... ... .. ......... 124

(.2 Numericalmethod . .. ... ... ... ... ... ... .. ... 125

73 Numericalresults] . . . . . . .. .. ... . ... 128
[7.3.1 Passive advection of a square liquid column| . . . . . . . . .. 128
[7.3.2  Two-material impact problem| . . . . . ... ... ... ... 129

[7.3.3 2D shock-bubble interaction problem| . . . . ... ... ... 130




Contents xii

(/.4 Summary| . ... ... .. ... 137
(8  Summary and future work| 138
(8.1 Summary| . . ... ... ... 138
82 Futureworkl . . . ... ... ... ... 141
A Fourier analysis of the CIP-CSL3U and CIP-CSL3D schemes| 142

|A.1 Mathematical formulations of Fourier analysis of the CIP-CSL3U and [
[ CIP-CSIL3D schemes|. . . . . . .. ... .. .. . 142

(B Roe’s Riemann solver for Euler equations| 145

Bibliograp 152



Xiii

List of Publications

The work introduced in this thesis is based on the following publications.

e Q.J.Liand K. Yokoi. A fifth-order weighted essentially non-oscillatory (WENO)
shock capturing scheme for compressible flow. The 10th Gregynog Conference,

Cardiff University, UK, June 26-28, 2018. [Best presentation]

e Q.J.Li, S. Omar, X. Deng, and K. Yokoi. Constrained Interpolation Profile Con-
servative Semi-Lagrangian Scheme Based on Third-Order Polynomial Functions
and Essentially Non-Oscillatory (CIP-CSL3-ENO) Scheme. Communications in
Computational Physics, Volume 22(3):765-788, 2017.

e Q.J. Li and K. Yokoi. Numerical simulations of multiphase flows using the CIP-
CSL3-ENO scheme. The 3rd International Conference on Numerical Methods
in Multiphase Flows, Tokyo, Japan, June 26-29, 2017.

e Q,J.Liand K. Yokoi. A fourth-order essentially non-oscillatory CIP-CSL scheme,
UK Fluid conference 2016, Imperial College, London, UK, 2016.

e Q.J. Li and K. Yokoi. An efficient implementation of the CIP-CSL scheme.
Toyo University-Cardiff University Workshop, Cardiff University, UK, February
2016.



Xiv

List of Figures

| cils include three sub-stencils Sy, S;and Sof . . . . .. .. ... ... 12
[2.2  Schematic figures of the CIP-CSL2 scheme. The moments which are [
| indicated by grey colour are used as constraints to construct interpol- [
| ation function ®¢°%?(z). The wave propagation speed u; /o < 0 is |
[ assumed| . . ... 15
[2.3  Schematic figures of the CIP-CSL3 scheme. The moments which are [
| indicated by grey colour are used as constraints to construct interpol- [
| ation function ®¢°%3(x). The wave propagation speed u; 1o < 0 is |
[ assumed| . . ... Lo 18
[2.4  Reconstruction stencils for the weighted essentially non-oscillatory lim- [
L el o 21
[2.5 The simulation of the advection of a square wave by the CSL2 scheme [
[ onal0O-cellmeshl . .. ... ... ... ... ... ... ... 26
2.6 Ilustration of one possible situation corresponding to |®; "' (z;1/2)— |
| 1 7% (2;11/2)| when calculating boundary variation at ;19| . . . . 29
2.7 lustration of one possible situation corresponding to | ;" 7V (z;_10)— |
| ;"N (x;_15)| when calculating boundary variation at x; 19| . .. 29




List of Figures XV

(3.1  Schematic figures of the CIP-CSL3D scheme. wu;_;/» < 0 18 assumed. |

| The moments which are indicated by grey colour are used as con- [

| straints to construct interpolation function @32 (). . . . ... L. 36

(3.2 Schematic figures of the CIP-CSL3U scheme. wu;_;/o» < 0 18 assumed. |

| The moments which are indicated by grey colour are used as con- [

| straints to construct interpolation function ®¢° Y () . . . . ... .. 38

[3.3  Spatial derivatives of the CIP-CSL3D and CIP-CSL3U schemes at a [

| cell boundary x;_;,o. The results of imaginary parts of (a) first deriv- |

[ atives, (b) second derivatives, (c) third derivatives| . . . . . . . . . .. 41

[3.4  Spatial derivatives of the CIP-CSL3D and CIP-CSL3U schemes at a [

| cell boundary ;.4 /,. The results of 1imaginary parts of (a) first deriv- |

[ atives, (b) second derivatives, (c) third derivatives| . . . . . . . . . .. 42

[3.5 Spatial derivatives of the CIP-CSL3D and CIP-CSL3U schemes at the [

[ cell centre ;. The results of imaginary parts of (a) first derivatives, (b) |

[ second derivatives, (c) third derivatives|. . . . . . . . ... .. .. .. 43

[3.6  Numerical results of square wave propagation test at t=16 (8,000 time [
[ steps). N=200 and CFL=0.2 are used. (a) CIP-CSL3D, (b) CIP-CSL3U, |
c - -ENOJ . oo 48

[3.7  Numerical results of square wave propagation test at t=16 (2,000 time [
[ steps). N=200 and CFL=0.8 are used. (a) CIP-CSL3D, (b) CIP-CSL3U, |
C - -ENO| . o 49

[3.8  Numerical results of complex wave propagation test at t=16 (4,000 [

| time steps, 8 pertod). CFL=0.4 and N=200 are used. (a) CIP-CSL2, [




List of Figures XVvi

[3.9  Numerical results of complex wave propagation test at t=160 (40,000 [
| time steps, 80 period). CFL=0.4 and N=200 are used. (a) CIP-CSL2, [

[3.10 Numerical results of capturing extrema of various smoothness test at [

[ t=3. N=100 and CFL=0.4 are used. (a) CIP-CSL2, (b) CIP-CSL3CW, |

[ () CIP-CSL3H, (d) CIP-CSL3D, (¢) CIP-CSL3U, () CIP-CSL3-ENO| 55

[3.11 Numerical results of Burgers’ equation at t=1. N=200 and CFL=0.2 |
are used. (a - , - (¢ - . .

, (e - , - -ENO| . . .. ......... 57

[3.12 Initial condition of shock tube problem|. . . . . . . .. .. ... ... 58

[3.13 Numerical results of Sod’s shock tube problem at t = 0.2 (N=200 and [
FL=0.2). (a) CIP-CSL2, IP-CSL3CW, (c) CIP-CSL3H, 1P-
, (e - , - -ENO| . . . ... oL 60

[3.14 Numerical results of Lax’s shock tube problem at t=0.12 (N=200 and [
FL=0.2). (a) CIP-CSL2, IP-CSL3CW, (c) CIP-CSL3H, 1P-

, (e - ) - -ENO| . ..o 61

[3.15 Numerical results of shock-turbulence interaction problem at t=1.8 (CFL=0.2 |
[ and N=400). (a) CIP-CSL2, (b) CIP-CSL3CW, (c) CIP-CSL3H, (d) [
- , (e - , - -ENOJ. . . ... ... .. 63

#.1  Schematic figure of the CIP-CSL4Q scheme. u;_1/» < 01s assumed. |

| The moments which are indicated by grey colour are used as con- [

| straints to construct the interpolation function ®5°""“(z)| . . . . . . . 66




List of Figures

Xvil

[ construction stencil 1s continuous, CSL4Q) 1s used as the reconstruction

| scheme|l . . . . . . . . e

4.7 Numerical results of complex wave propagation test at time t=2 (1

period). N=200 and CFL=0.4 are used. (a) CIP-CSLR, (b) CIP-CSL4Q,

C - - , - -ENO5| . .. ... .. .......

4.8  Numerical results of complex wave propagation test at time t=100 (50

periods). N=200 and CFL=0.4 are used. (a) CIP-CSLR, (b) CIP-

, (c - - , - -ENO5|. . .. ... .. ..

4.9 A comparison of numerical results by the WENO-Roe5 scheme [[1]] and

the CIP-CSL-ENOS scheme 1n complex wave propagation test at =8

(4 periods: 2,000 time steps). N=200 and CFL=0.4 are used| . . . . .

4.10 A comparison of numerical results by the multi-moment WENO scheme,

the MCV-WENO scheme, and the CIP-CSL-ENOS scheme 1in complex

wave propagation test at t=2 (1 period: 500 time steps). N=200 and




List of Figures XVviii

/.11 Numerical results of Lax’s shock tube problem at t=0.12. N=200 and

[ CFL=0.2 are used. (a) CIP-CSLR, (b) CIP-CSL4Q, (c) CIP-CSL3-

, - -ENOS| . . o oo 78
.12 Numerical results of shock-turbulence interaction problem at time t=0.18. |
[ N=400 and CFL=0.2 are used. (a) CIP-CSLR, (b) CIP-CSL4Q, (c) |
- - , - -ENOS| .o o oo 79
4.13 Zoomed-in view of Fig. 4.12} . . . . . .. ... ..o 80
.14 Numerical results of two interacting blast waves problem at t=0.038. [
=400. - eft) an - - right) . . .. ... .. 81
.15 The horizontal velocity component v along the x = 0.5 axis and the [
| vertical velocity component v along the y = 0.5 axis. Displayed are [
[ the results of the CIP-CSL-ENOS scheme on 100 x 100 meshes with |
| the Reynolds number being 1000 (top) and 3200 (bottom) respectively| 82
[5.1 Numerical results of complex wave propagation test at time t=2 (1 [
[ period). N=200 and CFL=0.4 are used. (a) CIP-CSL3-ENO, (b) CIP- |
- , (c - - , - - - 90
[5.2 Numerical results of Lax’s shock tube problem at t=0.16 and N=100. [
a - - ) - ~ , (C - - >

| CIP-CSLI-WENO4-BVDI|. . . . . .. ... .o oo . 92
[5.3  Numerical results of two interacting blast waves problem at t=0.038 [

and N=400. (a - - , - - ,(c - -
[ WENOZBVDL. . . o o o oo e e 93
[5.4 2D circular explosion results of the CIP-CSLT-WENO4-BVD scheme [
| at t=0.25. The density profile, side view (top) and the density profile [
| along the cross-section of x = y with 200 x 200 meshes (bottom left) [
| and 400 x 400 meshes (bottom right). . . . . . .. .. ... ... .. 95




List of Figures Xix
[6.1  Sketch of the TWENO scheme with three sub-stencils Sy, S7, and Sof . 98
[6.2  Discontinuity exists in sub-stencil 5;, while adjacent sub-stencils .5 [

| and So aresmooth|. . . . . . . . ... L 99
[6.3  Discontinuity exists in sub-stencil So, while adjacent sub-stencils Sy [

| and Sy aresmooth|. . . . . . . . ... 100
(6.4 The relationship between the parameter 3’ and the mesh number in |

| the jump transition zone. [2] . . . . . ... ... ... .. ... ... 101
6.5 Tllustration of one possible situation corresponding to |®; "} *"* 7" (z; 1 /9)— |

| O, (i) [ 41RO (i) — By (wigay)| when |

| calculating TBV,M7INC| L 103
[6.6 Numerical results of square wave propagation test at t=2. N=200 and [

[ CFL=0.4 are used. (a) WENO-Z, (b) TWENO, (c) BVD-WENOZ- |

THINC, (d) TBVD-TWENO-THINC| . . .. ... ... .. ..... 107
[6.7  Numerical results of complex wave propagation test at t=2. N=200 and [

[ CFL=0.4 are used. (a) WENO-Z, (b) TWENO, (c) BVD-WENOZ- |

| THINGC, (d) TBVD-TWENO-THINC| . . . ... ........... 109
[6.8  Numerical results of capturing the extrema of the various smoothness [

[ test at t=2. N=100 and CFL=0.4 are used. (a) WENO-Z, (b) TWENO, |

c - - , - -THINC| . . .. ... 110

[6.9  Numerical results for Sod’s shock tube problem at t = 0.2 with dens- [

| ity output (CFL=0.2 and N=100). (a) WENO-Z, (b) BVD-WENOZ- [
, (c - -THINC - oo 000 o oo 112

[6.10 Numerical results of Lax’s shock tube problem at t=0.16 (CFL=0.2

| and N=100). (a) WENO-Z, (b) BVD-WENOZ-THINC, (c) TBVD-




List of Figures

XX

[6.11 Numerical results of shock-turbulence interaction problem at time t=0.18

[ (CFL=0.2 and N=200). (a) WENO-Z, (b) BVD-WENOZ-THINC, (c)

[6.12 Numerical results of two interacting blast waves problem at t=0.038

[ and N=400. (a) WENO-Z, (b) BVD-WENOZ-THINC, (c) TBVD-

[6.13 Numerical results of 2D square wave propagation test at t=2 from top

[ views. (a) Intial profile, (b) WENO-Z, (c) BVD-WENOZ-THINC, (d)

| TBVD-TWENO-THINC| . . . .. ... ... . o ...

[6.14 2D Zelasak test. (a) Initial profile, (b) WENO-Z, (c) BVD-WENOZ-

s \U) LD VLIJmL VVLANUTLILILINC] o .« ¢ « ¢ o« ¢ o ¢ o o o o« o o &

[6.15 Sketch of double-Mach reflection problem [3]].|. . . . . .. ... ...

118

[6.16 Experiment results of double-Mach reflection problem performed by

[ L.G.Smuth [4]f. . ... ... ... ... .. . 0 .

[6.17 Zoomed-in view of double-Mach reflection test with a qualitative com-

| parison: density contours by (a) WENO-Z, (b) BVD-WENOZ-THINC,

C - - , - , (e an

| optatt=0.2, with a 512 x 128 mesh. This figure 1s drawn with density

ntour ween 1.887and 209/ . . . . . . ... ... ..

[6.18 Zoomed-1n view of double-Mach reflection test with a qualitative com-

| parison: density contours by (a) WENO-Z, (b) BVD-WENOZ-THINC,

¢) TBVD-TWENO-THINC, (d) WENO-CU®6, (¢) TENOS an TENOS-

| optat t=0.2, with a 1024 x 256 mesh. This figure 1s drawn with density




List of Figures XXi

[/.1 Numerical results of a passive advection of a square liquid column. [

| N=200, ¢ = 10 ms. Left: volume fraction (a1), right: mass fraction [

| QIOD . o o o e e e 129

[7.2  Numerical results of the two-material impact test. N=200, t = 85us. [

| left: volume fraction (1), right: mass fraction (alpl). . . . . . . .. 130

[/.3 A schematic of the computational domain| . . . . . .. .. ... ... 131

[7.4 Results for a planar Mach 1.22 shock wave in air interacting with a

| circular R22 gas bubble at t = 55 us. (a) experiment, (b) VOEF, (¢) VOF

| with interface-sharpening, and (d) TBVD-TWENO-THINC|. . . . . . 132
(7.5 Sameas Fig.[/. 4, butatt=115pus| . .. ... ... ... ... .... 133
[/.6 Same as Fig.[/. 4 butatt=135pus| . . . .. .. ... ... ... ... 133
[77 Same as Fig. [/ 4 butatt=187us| . . . . . . . ... ... ... ... 134
[/.8 Same as Fig.[/. 4 butatt=247pus| . . . ... ... ... ... ... 134
[7.9 Sameas Fig. [/ 4 butatt=342 us| . . . . .. ... ... ... ... 135

[/.10 Same as Fig. [/ 4 butatt=417pus| . . . .. ... .. ... ... ... 135




Xxil

List of Tables

(3.1 L, and L., errors 1n sine wave propagationatt=1.|. . . . . . . . ... 46

[3.2 L, and L., errors in complex wave propagation test of the CIP-CSL?2, [
[P-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-

| ENO schemes at t=16 (4000 time steps, 8 periods) and t=160 (40,000 [
| time steps, 80 periods). N=200 and CFL=0.4 areused| . . . . . . . .. 53

[3.3  Errors in capturing extrema of various smoothness test of the CIP- [

> - ) - > - > - , an -
| CSL3-ENO schemes. t=8 (4 periods), N=100 and CFL=0.4 . . . . . . 56
3.4 L, and L, errors in Burgers’ equation at t=0.25.| . . ... ... ... 58
4.1 L, and L., errors in sine wave propagationatt=1.|. . . . . ... . .. 73

4.2 L, and L., errors in complex wave propagation test at t=2 (1 period) [

| and at t=100 (50 periods). N=200 and CFL=0.4 are used| . . . . . . . 76

[5.1 Computational efficiency for solving square wave propagation problem [

| by using CIP-CSL schemes. t=2 and CFL=04,. . . . . ... ... .. 87

[5.2 L, and L errors 1n sine wave propagation att=1.[. . . . . . . .. .. 89

[5.3  Numerical errors in complex wave propagation test at t=2 (1 period). [

=2 nd CEFI =04 areused|. . . . ... ... ... ... ..... 91



List of Tables

xxiii

[6.1 Computational efficiency for solving square wave propagation problem [

| by using WENO-JS, WENO-Z, TWENO, BVD-WENOZ-THINC, and [
- - .t=2 an =04 .. ... ... ... 105

[6.2  Errors and convergence rates for sine wave propagation test, at t=2.|. . 106
[6.3  Errors in capturing square wave advection test at t=2. N=200 and [

[ CEFL=04areused . . .. ... ... ... ... ... ... ... 108
[6.4  Errors in capturing complex wave propagation test at t=2. N=200 and [

[ CEL=04areused . . .. ... ... ... ... ... ... ... 109
[6.5 Numerical errors 1n capturing extrema of the various smoothness test [

=2. N= =04areused . . . ... ... ... ... .. 111

[6.6  Errors in capturing 2D square wave propagation test, mesh: 100¥100] 116
(6.7  Errors in capturing 2D Zelasak test, mesh: 200*200., . . . ... ... 117

[6.8  Errors and convergence rates for Zelesak test problem by TBVD-TWENO-

| THINC . . . . e e 117
[7.1 Material quantities for liquid (k=1) and gas (k=2) 1n the stiffened gas [
| equationof state|. . . . . . . . .. ... 129
[/.2  Material quantities for copper (k=1) and explosive (k=2) in Cochran- [
| Chan equationof state| . . . . .. ... ... ... .......... 130
[/.3  The nitial state quantities of 2D shock-bubble interaction problem. In- |
| side the gas bubble (k=1), pre-shock regions outside the bubble (k=2), [
| and post-shock regions outside the bubble (k=3) . . . . . ... .. .. 132



XXiv

List of Acronyms

BEM Boundary Element Method

BV Boundary Variation

BVD Boundary Variation Diminishing

BVD-WENOZ-THINC BVD with WENO-Z and THINC reconstructions
CFD Computational Fluid Dynamics

CFL Courant-Friedrich-Lewy

CIP Constrained Interpolation Profile

CSL Conservative Semi-Lagrangian

CIP-CSL Constrained Interpolation Profile Conservative Semi-Lagrangian
CIP-CSL2 CIP-CSL scheme with a second-order polynomial function
CIP-CSL3 CIP-CSL scheme with a third-order polynomial
CIP-CSL3CW CIP-CSL3 scheme with Collela and Woodward’s approximation
CIP-CSL3H CIP-CSL3 scheme with Hymann’s approximation

CIP-CSL3U variant of the CIP-CSL3 scheme with constraints in upwind cells



List of Acronyms XXV

CIP-CSL3D variant of the CIP-CSL3 scheme with constraints in downwind cells
CIP-CSLR CIP-CSL scheme with a Rational function

CIP-CSLT CIP-CSL scheme with a Tangent hyperbolic function
CIP-CSL-WENO4 CIP-CSL scheme with a fourth-order WENO limiter
CIP-CSL3-ENO CIP-CSL3 scheme with ENO

CIP-CSL4Q CIP-CSL scheme with a fourth-order Quartic polynomial function
CIP-CSL-ENOS fifth-order CIP-CSL scheme with ENO
CIP-CSLT-WENO4-BVD BVD with CIP-CSLT and CIP-CSL-WENO4
CLSVOF Coupled Level-Set Volume of Fluid method

DOF Degree of Freedom

ENO Essentially Non-Oscillatory

FDM Finite Difference Method

FEM Finite Element Method

FVM Finite Volume Method

EOS Equations-of-State

HLL Harten, Lax, Van Leer Riemann solver

HLLC Contact HLL Riemann solver

HWENO Hermite-type WENO

IVP Initial Value Problem

IC Initial Condition



List of Acronyms

XXVi

LS Level Set

MAC Marker-and-Cell

MCV Multi-moment Constrained finite Volume
MUSCL Monotonic Upwind Scheme for Conservation Laws
MCV-WENO MCYV with a WENO limiter

NS Navier-Stokes

ODE Ordinary Differential Equation

PDE Partial Differential Equation

RK Runge-Kutta

SEM Spectral Element Method

SSP Strong Stability-Preserving

SSPRK Strong Stability-Preserving Runge-Kutta

DG Discontinuous Galerkin

TVD Total Variation Diminishing

TENO Targeted Essentially Non-oscillatory

TENOS8 8th order TENO

THINC Tangent of Hyperbola for INterface Capturing
TBV Total Boundary Variation

TBVD Total Boundary Variation Diminishing

TBVD-TWENO-THINC TBVD with TWENO and THINC reconstructions



List of Acronyms XXVii

TWENO Target WENO

Volume of Fluid VOF

VSIAMB3 Volume/Surface Integrated Average-based Multi-moment
WENO Weighted Essentially Non-Oscillatory

WENO-JS WENO with Jiang and Shu’s smoothness indicator

WENO-CU Central-Upwind Weighted Essentially Non-Oscillatory



XXVviii

Nomenclature

nonlinear parameters of WENO, j = 0, 1,2

@;
aff coefficients of a rational function
Oi cell average value for scalar conservation law

U,  cell average values for Euler equations
BESET prescribed parameter of the tangent hyperbolic function for CIP-CSL
BT prescribed parameter of the tangent hyperbolic function for THINC
BT BT component in the x-direction

BT BT component in the y-direction

53 smoothness indicator of WENO, j =0,1,2

BE coefficients of a rational function

Ax  mesh increment

€ a small value to prevent division by zero
y¢SET control parameter of the tangent hyperbolic function for CIP-CSL
T control parameter of the tangent hyperbolic function for THINC

I'v(px) Griineisen coefficient



Nomenclature XXiX

~

Oi interpolated value at the cell center

Ak characteristic speed, £ = 1,2, 3

A the diagonal matrix of eigenvalues
A Jacobian matrix

F numerical flux for Euler equations
L the matrices of left eigenvectors
R the matrices of right eigenvectors

U(z,t) solution function of Euler equations
Uk left-side values of solution function U(x, t) for cell boundaries x;1 /2

i+1/2

UfH /2 right-side values of solution function U(z, t) for cell boundaries z; /2
W primitive variables of the linearised Euler equation
Cy. characteristic curve, k = 1,2, 3

w!/  nonlinear weight of WENO, j = 0, 1,2

o, first gradient at the cell center

®,(x) reconstruction function

®;(z) derivative of the reconstruction function

¢it1/2 scalar values for cell boundaries ;1 /2

¢i—1/2 scalar values for cell boundaries ;_1 /2

p density

global smoothness indicator of WENO, j =0,1,2

7j



Nomenclature

XXX

m momentum vector with three components denoted by m,, m,, m.
u velocity vector with three components denoted by u, v, w

0 correlation coefficient

a characteristic speed in a hyperbolic equation

c sound speed

C coefficients of a polynomial

! linear parameters of WENO, j = 0, 1, 2

E total energy

Epispersion. dispersion error

Epissipation dissipation error

Erpoia total error

f numerical flux for scalar conservation law

Fi 1/ numerical flux at cell boundaries ;. /, for Euler equations

fi+1/2 numerical flux at cell boundaries x; /o for scalar conservation law
F;_1/2 numerical flux at cell boundaries x;_, , for Euler equations

Ji—1/2 numerical flux at cell boundaries x;_; , for scalar conservation law
P control parameter of WENO smoothness indicator

P pressure

Ti+1/2 ratios of successive gradients for cell boundaries ;12

ri—1/2 ratios of successive gradients for cell boundaries x;_; /7



Nomenclature XXX1

t time
X (Cx) point solutions on each characteristic curve, k = 1,2,3

x,1y, z component of three dimensional local coordinate



1

Chapter 1

Introduction

1.1 Background

Compressible flow is a kind of fluid where the compressibility effect cannot be ignored
and may even dominate the flow phenomena. For compressible flow, Mach number is
significantly bigger than zero and the flow velocity approaches or larger than the local
speed of sound. Most of the real-case compressible flow problems involve complex
flow structures including shock waves and vortices, such as those found in aerody-
namics regarding the design of high-speed vehicles [S]], gas turbines [6, [7, 8, 9, [10],
reciprocating engines [11} [12], combustion engines [13], jet engines [14]. When com-
pressible flow problems contain a mixing region of two materials with a moving in-
terface, the material interface of compressible two-phase flows make the physics more
complicate. For example, shock/interface interactions are thought to be crucial to the
instability and evolution of material interfaces that separate different fluids. Compress-
ible two-phase flows are widely found in a wide spectrum of phenomena, e.g. cavit-
ation [15} 116, [17, [18]. Driven by the great demand of these engineering applications,
it is essentially important to study and understand the physics of compressible fluid

dynamics.

To study compressible flows and compressible two-phase flows, traditionally, either
theoretical or experimental approaches are used. Theoretical analysis can promote a

deep understanding of the mechanisms for the study of compressible flows. However,
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theoretical approaches are quite limited only for a few simple fundamental cases in
one dimension and cannot be applied to general multi-dimensional engineering prob-
lems. Moreover, it is impossible to mathematically analyse the problems associated
with compressible, including both supersonic and subsonic flows due to the change
in the mathematical behaviour of governing equations [19]. As a consequence of the
challenge to theoretical analysis, a large number of experimental studies have been con-
ducted to study compressible flow problems. However, for some practical applications
with both high Mach number and high temperature in a trans-atmospheric vehicle, it is
difficult to conduct the measurements. In addition, the material interfaces of compress-
ible multi-phase fluids greatly complicate the physics and it is formidably difficult to
carry out experimental measurements near interfaces where the length and time scales

are small [20]].

Due to the above reasons, computational fluid dynamics (CFD) [[19, 21} 22} 23| 24, 25]]
is needed as a practical tool for the analysis of compressible flows in engineering and
science. CFD is growing with the advancement of computer technology over the past
decades. Nowadays, CFD is widely used in the study of compressible flow and has
become an indispensable tool in engineering applications. The development of high-
fidelity and high-accuracy numerical methods for compressible flows is one of the most
active research areas in CFD. In past decades, tremendous efforts have been made and
a great number of numerical methods have been developed to discretise the governing
equations (i.e. Navier-Stokes or Euler equations) for the simulation of compressible

fluid problems.

To resolve the vast range of spatial and temporal length-scales in compressible flow
problems, high-order and high-resolution numerical schemes gain more and more at-
tentions [26, 27]. Some typical high-resolution numerical schemes include the Es-
sentially Non-Oscillatory (ENO) [28]], Weighted Essentially Non-Oscillatory (WENO)
[29,11,130, 131,132, 133]], and Constrained Interpolation Profile Conservative Semi-Lagrangian
(CIP-CSL) [34] 135, 136, 137]] schemes. It should be noted that traditional low-order



1.3 Outline of the thesis 3

schemes e.g. the first-order Godunov scheme [38] is able to resolve the discontinuities
monotonically, while the vortical structures and acoustic waves are also smeared by
the large numerical dissipation. To achieve the same accuracy, high-resolution meth-
ods consume lower computational costs than low-order schemes [39]. Meanwhile,
high-resolution schemes are more efficient in solving physical problems with small-
scale and complex compressible flow structures [19]. Thus, the development of high-
order, high-resolution numerical schemes for compressible flows has become one of

the trends in current CFD research.

1.2 Purpose of the research

In this thesis, we aim to develop high-fidelity and high-resolution numerical schemes,
which can more accurately capture both smooth and discontinuous solutions compared
to existing (WENO and CIP-CSL) schemes, and which can be used for compressible

flows and compressible two-phase flows.

1.3 Outline of the thesis

The remainder of thesis is organised as follows.

Chapter 2 primarily reviews the governing equations and the relevant literature with
regard to current studies of numerical methods for computational fluid dynamics. De-
tails of representative high-order reconstruction schemes including the conventional
Weighted Essentially Non-Oscillatory (WENO) schemes and the Constrained Inter-
polation Profile Conservative Semi-Lagrangian (CIP-CSL) schemes are given. The
unresolved problems of WENO and CIP-CSL schemes are highlighted and summar-

ised at the end of this chapter.

In chapter 3, we propose the fourth-order CIP-CSL3-ENO scheme based on two CIP-
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CSL3 schemes and the Essentially Non-Oscillatory (ENO) [28] scheme. The CIP-

CSL3-ENO scheme is validated through various benchmark problems.

In chapter 4, we present a fifth-order CIP-CSL-ENOS scheme to eliminate numerical
oscillations and reduce numerical errors based on the CIP-CSL3-ENO scheme. The
CIP-CSL-ENOS scheme selects the most appropriate reconstruction candidate by using
the proposed smoothness indicator which can detect the smoothness and the potential
discontinuity of the reconstruction stencils. The numerical results of several widely-

used benchmark tests are presented to verify the CIP-CSL-ENOS scheme.

In chapter 5, we extend the Boundary Variation Diminishing (BVD) algorithm to the
CIP-CSL framework. Firstly, we propose the CIP-CSLT (CIP-CSL with a tangent hy-
perbolic function) scheme as one candidate for discontinuity solutions. Secondly, a
fourth-order CIP-CSL-WENO4 [37]] (CIP-CSL with a WENO limiter) scheme is in-
troduced as another candidate for smooth solutions. Based on the CIP-CSLT and CIP-
CSL-WENO#4 schemes, we propose the CIP-CSLT-WENO4-BVD scheme by using a
modified version of the BVD algorithm. The CIP-CSLT-WENO4-BVD scheme is veri-
fied through various numerical benchmark tests in comparison with other high-order

CIP-CSL schemes.

In chapter 6, firstly, we propose the TWENO (target WENO) scheme based on the
fifth-order WENO scheme [32]. A target weighting strategy is designed for TWENO to
restore the highest possible order interpolation when three target adjacent sub-stencils
or two target adjacent sub-stencils are smooth. Secondly, the TBVD-TWENO-THINC
scheme is proposed based on the newly proposed TWENO and Tangent of Hyper-
bola for INterface Capturing (THINC) [40, 2] schemes. The TBVD-TWENO-THINC
scheme can effectively reduce numerical errors by implementing the Total Boundary
Variation Diminishing (TBVD) [41] algorithm. Various numerical benchmark tests are

conducted to validate the TBVD-TWENO-THINC scheme.

In chapter 7, the TBVD-TWENO-THINC scheme is applied to compressible two-

phase flow problems. The five-equation model [42] is illustrated and solved. Towards
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the end, the numerical results of benchmark tests are presented to demonstrate the
solution quality of the present scheme compared to the analytical solutions and the

experiment results.

Chapter 8 summarises the current study and provides suggestions for future research.
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Chapter 2

Literature review

In this chapter, the development of compressible fluid solvers is reviewed with em-
phasis on the spatial discretisation methods and interface capturing techniques. High-
order numerical schemes based on Godunov-type finite volume method including the
Weighted Essentially Non-Oscillatory (WENO) schemes, the Boundary Variation Di-
minishing (BVD) algorithm, and the Constrained Interpolation Profile Conservative
Semi-Lagrangian (CIP-CSL) schemes are highlighted and the methodology details
of these methods are explained. From the review, it is expected to identify the un-
solved problems of developing high-resolution schemes based on WENO and CIP-CSL
schemes and numerical difficulties for compressible two-phase flows with moving in-
terface. The chapter ends by summarising the current review and suggesting new ideas

for the current study.

2.1 Governing equations

The features of compressible fluid dynamics can be mathematically described by gov-
erning equations (i.e. Navier-Stokes or Euler equations). For viscous compressible

flow, the governing equations can be expressed by the Navier-Stokes equations as

dp B
om
—+V-m®u+pf)=V- 7, (2.2)
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oF
E%—V-(uE%—up):V-(u-T—q'), (2.3)

where p is density, u = (u,v) is velocity, m = (pu, pv) is momentum, p is pressure
and £ = pe + % pu - u is total energy. To close the system of equations, the ideal-gas
equations of state (EOS) p = (7 — 1)pe is employed. + is the ratio of the specific heats.
The heat flux is computed by ¢ = —k£V7T'. For a Newtonian fluid, according to Stokes’
hypothesis, the viscous stress tensor 7 can be evaluated as

T =2uS — ;M(V -u)d (2.4)

where 11 is the coefficient of dynamic viscosity and S = 1(Vu + (Vu)7T) is the strain

1
2

rate sensor.

For inviscid compressible flow, the governing equations can be expressed by the Euler

equations as

dp B
Om
E+V~(m®u+p6)=0, (2.6)
oF
E + V. (llE + up) =0, 2.7

where p is density, u = (u, v, w) is velocity, m = (m,, m,, m.) is momentum, p is
pressure, and E is total energy. Euler equations are the system of nonlinear hyperbolic

conservation laws [43] 44| 45! 46], which will be our major concern in this work.

2.2 Numerical methods for Euler equations

Various numerical methods have been proposed for solving the Euler equations of in-

viscid compressible flow. In spite of different variants, the most common methods are
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designed based on the Finite Difference Method (FDM), the Finite Element Method
(FEM), and the Finite Volume Method (FVM).

In the FDM [47, 48, 149], the computational domain is usually divided into a network
of locally structed grid (i.e. the grids are equally). The points of intersection of these
lines are called grid points or mess points. At each grid point, the differential equation
is approximated by replacing the partial derivatives by their corresponding difference
approximations. Taylor series expansion, polynomial fitting, spline fitting, integral
method, and control volume approach [25, 50, 51] can be used to obtain various type
of finite difference approximations. The FDM is able to be applied to both structured
and unstructured grids. In practice, the FDM is best suitable for structured grids to
obtain higher order schemes. In FDMs, special care needs to be taken in order to
guarantee the conservation property. Moreover, the restriction to simple geometries is

a significant disadvantage for FDMs in the simulation of complex flows.

In the FEM, the computational domain is divided into a set of discrete volumes or finite
number of subregions called elements that are generally unstructured and for each ele-
ment the variational formulation is constructed for the given differential equations us-
ing simple functions for approximations. Then the individual elements are assembled
and the algebraic systems of equations are formed by a piecewise application of the
variational method. Compared to the FDM and the FVM, the distinguishing feature
of the FEM is that the equations are multiplied by a weight function [52] before they
are integrated over the entire domain. The concept is achieved by expressing the solu-
tion variables by a trail solution using a set of trail piecewise functions with constants
which are chosen to give the best solution to the governing equations. An important
advantage of the FEM is the ability to deal with arbitrary geometries. Moreover, the
FEM is relatively easy to analyse mathematically and have optimality properties for
certain types of equations. The main drawback for the FEM is that, for unstructured
grids, the matrices of the linearized equations are not as well structured as those for

regular grids making it more difficult to find efficient solution methods.



2.3 Godunov-type high-resolution shock capturing methods 9

In the FVM, the integral form of the conservation equations is used to guarantee the
conservative property. The solution domain is subdivided into a finite number of small
control volumes instead of the computational grid points in finite difference method.
The computational variables are represented at the control volume centres. One of the
advantages of the FVM is that local and global conservation is built into the method.
This conservativeness of the numerical method is of great significance from physical
viewpoint and can be accomplished by expressing fluxes of the conserved quantity
through the cell faces of neighbouring computational cells. The direct connection
between the physical conservation concepts and the numerical strategy constitutes one
of the desirable features of finite volume method. Writing a balance equation for a
physical quantity within a control volume makes the FVM easier to grasp than other
numerical strategies. The method also offers the flexibility of application to various
mesh structures and geometries. The formulation of the method fits natural execution
of boundary conditions, even where the boundaries and related boundary conditions
are complicated. The FVM works proficiently with both structured and unstructured
grids. FVMs [53, 150, 154, 155, 156, I57] have got the overwhelming popularity in the re-
lated fields due to its rigorous numerical conservation and the flexibility to complex
flow structures. In this work, the study of high-resolution numerical schemes for com-

pressible flow problems will be proposed on the basis of FVM approach.

2.3 Godunov-type high-resolution shock capturing meth-

ods

The development of high-resolution shock capturing schemes to solve Euler equations
for compressible fluid dynamics can back to Godunov’s scheme [38]], which is a conser-

vative FVM with piece-wise constant reconstruction. Considering 1D Euler equations

U, + F(U), =0, (2.8)
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where
P pu
U= P ) F(U) = p'Uz + P ) (29)
E v(E +p)

Using an FVM framework, the cell average value of the solution function U(z, t) are

defined as

_ 1 Tit1/2
i—1/2
U; is updated by -
dU; 1
dt = _A_x(Fi—i-l/Q - Fi—1/2): (2.11)

where the numerical fluxes F;; /2 and F,;_;/, at cell boundaries are computed by
a Riemann solver. There are several types of Riemann solvers, including the exact
Riemann solver [58], 159, 160], Roe’s Riemann solver [61, 62, 63, 164], Harten, Lax, Van
Leer (HLL) Riemann solver [65, 166, 67, 68, 169], and Contact HLL (HLLC) Riemann
solver [70, [71, [72}, [73) 174} [72} [75] and Osher’s Riemann solver [76} [7/7]. In spite of

different variants, the canonical form of the Riemann flux can be written as

iemann 1 :
Fij1)0= Fil/Q (UZ‘L+1/27 Uﬁ1/2) = 2 <f(Uz‘L+1/2)+f(U£&-1/2)_|a|(Uﬁ—l/Q_Usz‘;—f—l/Q))7
(2.12)
where a is the characteristic speed in a hyperbolic equation [44, 45, 46]. UZALJrl /2 and

Uk

i1/ are the left- and right-side values for cell boundaries x; /2,7 = 1,2,..., N.

To obtain solutions of the Riemann solver, a core problem is how to reconstruct the
left- and right-side values for cell boundaries, which can fundamentally influence the
numerical solution. In the following sections, a review of the conventional high-order

reconstruction schemes is given.

2.3.1 High-order reconstruction schemes

Essentially Non-oscillatory (ENO)[28] scheme is a representative high-order recon-

struction scheme proposed by Harten et al. The ENO scheme is an essentially non-
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oscillatory piecewise polynomial reconstruction, which is an extension of the Mono-
tonic Upwind Scheme for Conservation Laws (MUSCL) [78]] scheme to an arbitrary
order of accuracy. Such a reconstruction algorithm implements an adaptive stencil
with piecewise data. Thus, high-order accuracy wherever the region is smooth can be

achieved and numerical oscillations at discontinuities can be avoided as well.

Following the ENO [28, (79, 80] idea, the WENO (weighted ENO) [29, l1}, 30, 31} 32,
33, 181} 182} 183] 184, 85, 186, I87] scheme was developed. Instead of using only one of
the candidates to build the reconstruction, the WENO scheme uses a combination of
all candidate stencils. In 1994, Liu et al. [29] proposed the first version of WENO
schemes to solve the one-dimensional conservation law. Subsequently, an efficient im-
plementation of the WENO scheme was proposed by Jiang and Shu (WENO-JS) [1].
Although the WENO-JS scheme achieves high-order accuracy in the smooth region,
it still has excessive numerical diffusion in vicinity of discontinuities. To reduce the
numerical diffusion near discontinuities of the WENO-JS scheme, the WENO-Z [32]]
scheme was proposed. In the WENO-Z scheme, a high-order smoothness indicator is
devised as a linear combination of the lower-order local smoothness indicators. New
non-oscillatory weights are built to achieve optimal order near discontinuities. Numer-
ical diffusion can be reduced by assigning large weights to non-smooth stencils. In
order to achieve both high-order and nonlinear adaption, an adaptive central-upwind
sixth-order WENO-CU scheme was proposed by Hu et al. [33]]. Recently, a family of
targeted ENO (TENO) schemes [88,[89]] was proposed to achieve low numerical dissip-
ation by introducing a cutoff function to renormalize the optimal weights. The TENO
scheme eliminates a candidate stencil entirely when it contains a genuine discontinuity

with a certain strength.

The WENO concept provides a general framework to develop high-resolution schemes
to achieve the highest possible order of accuracy for the smooth region and to effect-

ively eliminate numerical oscillation in vicinity of the discontinuity region. In the next

subsections Sec. and Sec. [2.3.3] we provide a methodology review of two fifth-
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order WENO schemes, the WENO-JS and WENO-Z schemes.

2.3.2 WENO-JS scheme

For simplicity, we consider the one-dimensional hyperbolic conservation law

¢ O(ug)
EjL ox

=0, (2.13)

where ¢ is the scalar and u is the velocity. The cell average value for the scalar ¢ is

defined as

_ 1 Tit1/2

L= t)dx. 2.14
ey S (2.14)
®; is updated by ~
do; 1
dt = _E(fi+l/2 - fi—1/2)- (2.15)

The numerical flux f; /o is calculated by a Riemann solver [54] using the left-side
value ¢f /o and the right-side value o, /o obtained from the reconstructions over

left- and right-biased stencils.
fivry2 = ﬁ-ile;gam (¢£+1/27 ¢£1/2)7 (2.16)

S1

So
¢1' ¢1’+l ¢1’+2
= —e

Xi-5/2 Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2 Xi+s/2

Figure 2.1: Sketch of the fifth-order WENO-JS reconstruction. The candidate

stencils include three sub-stencils Sj, S; and S,.

In the WENO-JS [1]] scheme, three polynomials constructed over stencils Sy, S, and

S5 (shown in Fig. are used to compute qbl.LH /2 using the following formula,

‘biLH/Q = w?¢?+1/2 + Wil¢zl+1/2 + Wz'2¢?+1/27 (2.17)
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where ¢}, /29 briy /20 b7, /o are calculated by

1. 5. 1.
orije = —6¢z‘—1 + ééf% + §¢z’+17

1- 7- 11 -
¢}+1/z = §¢i—2 - 6¢i—1 + E@, (2.18)
1- 5 1-
¢?+1/2 = gﬁbz + 6¢z‘+1 - 6¢i+2,
and the nonlinear weights wf are defined as
A 5 > d3 ~
L S P — ) (2.19)

ool a2 (ﬁg+€)P

In Eq. (2.19), the linear parameters d) = 0.6, d} = 0.1, and d? = 0.3 are the ideal
weights since they generate the central upstream fifth-order scheme. ¢ = 1072 is
a small value to prevent division by zero. In general, P = 1 is used to accelerate the
nonlinear adaptation towards the essentially non-oscillatory property and to control the
excessive numerical diffusion in non-smooth regions. The smoothness indicator ,Bf (1]
measure the smoothness of the jth polynomial approximation ¢Z (x;) at the stencil S5

and are defined by
5 2 Tit1/2 o gl - 2
8 =3 Ac?! / (@q&g(z)) dz. (2.20)
=1 Ti—1/2

In FVM, based on cell-averaged values ¢;, the explicit form of the smoothness indicator

ﬂf can be expressed as follows

13 - _ - -

B = E(@—l —2¢; + Git1)* + Z(¢i—1 — ¢i+1)?,

P T ST Y M3 R F)
13 - - - I~ - n

B = 15 (0 = 20i1 + 6i2)” + (361 — i1 + biga)”.

2.3.3 WENO-Z scheme

On the basis of the WENO-JS scheme, Borges et al. proposed the WENO-Z [32]]

scheme, which is an improved version of the classical fifth-order WENO scheme. In
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the WENO-Z scheme, a new smoothness indicator is devised as

0= |87 — B (2.22)

Based on 7, the unnormalized weights af in Eq. li are redesigned as

o =d (1 v (/B;i €>P), (2.23)

where df and Bf are the same as those in the WENO-JS scheme.

2.3.4 Numerical difficulties for WENO schemes

For conventional high-order shock-capturing schemes e.g. WENO-JS [1]] and WENO-
Z [32]], the excessive numerical diffusion across discontinuities is still a significant
problem. Those numerical diffusion will smear the discontinuities in the numerical
solutions. One of the reasons is that they tend to under-use all adjacent smooth sub-
stencils thus fail to realise optimal interpolation. In conventional WENO schemes,
nonlinear weights are one of the main sources of numerical dissipation. In the smooth
region, the value of nonlinear weights should recover their optimal linear weights. In
the discontinuous region, the weights for stencils containing discontinuities are as-
signed with small values. However, in this case, the weights for other smooth stencils

are not guaranteed to recover their optimal ones.

Moreover, the conventional WENO scheme based on Finite Volume Method (FVM)
approach assumes a jump at the cell boundary during the reconstruction procedure.
The development of high-resolution WENO (FVM) scheme aims to minimise the re-
construction difference at cell interfaces for smooth solutions by using high-order poly-
nomial reconstruction. However, when the solutions include discontinuities, the high-
order polynomial cannot reduce the reconstruction difference with the increase in the
polynomial order. In this case, it may not be suitable to reconstruct the discontinuous

solutions by only using high-order polynomials.
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2.4 CIP-CSL schemes

In the past decades, there is another trend to develop high-order, high-resolution FVMs
by making use of the multi-moment concept such as Constrained Interpolation Profile
Conservative Semi-Lagrangian (CIP-CSL) schemes [93),194, 195/ 134,135/ 136,196, 197, 98],
which uses cell average and boundary values as moments (variables) to solve conser-
vation laws. CIP-CSL schemes have been applied to various types of fluid problems
(99, 100} 101}, 102, 103}, [104] including inviscid compressible flows [[101, [103]], free-
interface fluids [102] and interfacial flows such as droplet splashing [[105}106]. There
are several variants of the CIP-CSL scheme, such as the CIP-CSL2 (CIP-CSL with
a second-order polynomial function) [93]], CIP-CSL3 (CIP-CSL with a third-order
polynomial function) [94]], and CIP-CSLR (CIP-CSL with a rational function) [95]]
schemes. The order of CIP-CSL schemes depends on the size of reconstruction stencil
and the number of the constraints. In the following subsections, details of the CIP-

CSL2, CIP-CSL3, and CIP-CSLR schemes are explained.

2.4.1 CIP-CSL2 scheme

¢ 172 b
/2
¢ 32

¢ i+3/2

Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2

Figure 2.2: Schematic figures of the CIP-CSL2 scheme. The moments which are
indicated by grey colour are used as constraints to construct interpolation func-

tion ®¢5L2(z). The wave propagation speed u;_; /2 < 0 is assumed.
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For simplicity, we consider the one-dimensional hyperbolic conservation law in Eq.
(2.13). In the CIP-CSL2 scheme, three moments (i.e. a cell average gEZ and two
boundary values ¢;_1/2 and ¢;,/2) within the upwind cell are used for the interpol-
ation function as shown in Fig. 2.2] The CIP-CSL2 scheme is based on the following

second-order polynomial interpolation function

OS2 (1) = O (2 — iy j0)? + OTP2 (@ — iy o) + CSF12, (2.24)

The interpolation function ®¢51%(

straints (¢;—1/2, ¢, and ®i+1/2), which are indicated in Fig.

x) is constructed using the following three con-

¢z‘—1/2 = (I)?SL2($¢—1/2)7
- e @)de
b; = 1/2 — : (2.25)

Git1/2 = (I)?SL2(372‘+1/2>~

Using the constraints in Eq. lb these three coefficients (C§7"2, C{/P?, and C§71?)

are obtained as follows

CeP" = ¢isapo, (2.26)
1 —
CLit? = - (60: — 40112 — 26i4112), (227)
1 —
Czc,ism = E(—&?i + 3¢i—1/2 + 3bit1/2)- (2.28)

By using the interpolation function ®¢32(z), the cell average value ¢; and the cell
boundary value ¢;_; /, are updated by a third-order Total Variation Diminishing (TVD)
Runge-Kutta formulation [107, [108]].

In the third-order TVD Runge-Kutta formulation, we solve the following initial value

problem:

0X
T = —u(X.1), (2.29)
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Xo = Ti-1/2,
as follows,

X1 = X() - U(X(), to)At, (230)

3 1 1
X2 == —XQ -+ —X1 - —U(Xl, tl)At, (231)

4 4 4

1 2 2
X3 = gX() + §X2 - gU(XQ, tg)At (232)

The temporary cell boundary value gb< 1/ at each Runge-Kutta time step can be ob-

tained as follows

CSL :
s ) O 2(Xk) if Xp — X <0, (2.33)
i—1/2 = . :
q)iCSLQ(Xk) if X, — Xy > 0,

where k is the Runge-Kutta time step. The cell boundary value ¢;_;, is updated by
solving the conservation equation in differential form

0 00 _

5 UG, = —¢— (2.34)

and the solution is evolved as

<0> <1l> <2>
it e 40T Ou
qb?j_ll/g - z<—31>/2 - 2 é/Q L2 or (XO)A (2.35)

The cell average value ¢; is updated by a finite volume formulation as follows

i Fi_
¢n+1 _ qﬁ” - +1/2 1/2, (2.36)
Ax
here <0> <1> <2>
e T Oy A0
Fiyjp= L 12 Y2 0(X0). (2.37)

6
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2.4.2 CIP-CSL3 schemes (CSL3CW and CSL3H)

Xi-3/2 Xi-172 Xi+l2 Xi+3/2

Figure 2.3: Schematic figures of the CIP-CSL3 scheme. The moments which are
indicated by grey colour are used as constraints to construct interpolation func-

tion ®¢5L3(z). The wave propagation speed u;_; /2 < 0 is assumed.

In the CIP-CSL3 scheme, a derivative at the cell centre (gb;) is used as an additional
constraint as shown in Fig. [2.3] The derivative is a control parameter and mainly
used as a limiter. The CIP-CSL3 scheme [94] is based on the following third-order

polynomial interpolation function

CI)?SL3(J]) = OSZSL?)(I —$i_1/2)3+026:z'-5L3(ZE —xi_1/2)2 +Olc:lSL3(l’ _Ii_l/Q) +COC:Z-SL3.

(2.38)

The interpolation function ®923() is constructed using the following four constraints

(Pi—1/25 bi, ®it1/2, and gb;), which are indicated in Fig.

.
—_ HCSL3
¢171/2 = ‘bi (%‘4/2)7
_ fzizjll//; CDZ.CSL?’(I)dz
¢i = Az )

¢z’+1/2 = ‘biCSLg(xiH/z)-

¢/ AP (gy)
\ i dx :

Using the constraints in Eq. (2.39), these four coefficients (C§?%3, C{713, {13 and

CSL3
&Y

(2.39)

) are determined as

CSP = ¢i_1 )0, (2.40)
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1 -
CP* = (6112 + 661 — 20]Ax), (2.41)
! .
O3 = 5 (912 = 661 = 3isja + 60[A), (2.42)
1
CP = S5 (A2 + 40112 — 40[A). (2.43)

There are several approximation formulas proposed to compute the derivative ¢, such
as the CIP-CSL3H (CIP-CSL3 with the Hyman approximation) [109] and CIP-CSL3CW
(CIP-CSL3 with the Collela and Woodward approximation) [[110] schemes. In the CIP-
CSL3H scheme, ¢, is estimated as

¢ = <13i+2 + 895#1 - 8<ZA5¢71 — QgifQ
! 12Azx '

(2.44)

Although the CIP-CSL3H scheme has fourth-order accuracy for the smooth solution,

it has spurious numerical oscillation in the presence of discontinuities [94].

In the CIP-CSL3CW scheme, ¢/ is estimated as

MN(|¢i 1 —Gi—1]20¢i41—il.2ldi—Pi1)SEN(bi1— i e (] N4 2
g (Ipit1—bi—1],2[¢i+1 ¢A|z|¢ Pi—1])SEN(Pi+1—¢i—1) if (dis1 — )i — di1) > 0
0 otherwise,

(2.45)

where
n 3- 1
¢ =50 — Z(¢i+l/2 + di-1/2)- (2.46)

The CIP-CSL3CW scheme has third-order-accurate in smooth regions; however, it
tends to create excessive numerical diffusion in the area where the ¢, changes sign

[941].
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2.4.3 CIP-CSLR scheme

The CIP-CSLR [95] scheme is based on the following piecewise rational interpolation

function

ol Bz — Ti—1/2)? + 20 (x — Ti_1/2) + Gi1)2

(I).CSLR —
[ ($) [1 + BlR(LC . xi_l/z)]Q

(2.47)

The interpolation function ®Xf(z) is constructed using the following three con-

straints
¢z‘—1/2 = (I)ZCSLR(%—UQ);
_ ff;jl//Q ESLE (1) dg
b; = 1/2 ~ : (2.48)
Giy1/2 = (I)zCSLR(:Ci—H/Q)'

Using the constraints in Eq. (2.48)), the coefficients (o and 57) can be obtained as

below

aff = BRbi + (¢ — i_rj2) /A, (2.49)

B = (2.50)

b |(¢i71/2_§5i)|+6 _
A$<’(¢i_¢i+l/2>’+€ 1>7

where ¢ = 107!2 is an infinitesimal number to avoid zero division.

2.4.4 CIP-CSL-WENO4 scheme

Recently, a WENO-limiter devised for the CIP-CSL scheme (CIP-CSL-WENO4) was
proposed by Sun et al. [37]. The proposed WENO limiter is based on the idea of
WENO scheme [1,32]] in Sec. and Sec. This scheme manifests the fourth-
order accuracy and oscillation-suppressing property. The methodology of the CIP-

CSL-WENO4 scheme is reviewed in this subsection.

The CIP-CSL-WENO4 scheme employs the same interpolation function as that in the
CIP-CSL3 scheme Eq. (2.38). The difference between the CIP-CSL3 scheme and
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So
S1 S2
= ° = ® n
Xi-1 Xi-1/2 Xi Xi+1/2 Xis1

Figure 2.4: Reconstruction stencils for the weighted essentially non-oscillatory

limiter.

the CIP-CSL-WENO4 scheme is how to reconstruct the derivative at the cell centre in
the upwind cell (gb;). In the CIP-CSL-WENO4 scheme, a fourth-order WENO-limiter
is designed to reconstruct the derivative ¢;. The computation is built on the three
sub-stencils Sy, Sp, So, as shown in Fig. [2.4] For each stencil, we can construct a
second-degree polynomial derivative (;5;3 .7 = 0,1,2. The explicit form of gb? are

b — Pit1/2 — @-_1/2’ (2.51)
Ax

o 3+ G — A
o = ¢i + ¢i1 — 4o 1/2’ (2.52)
Az
82 = _3€5i + ¢§i+1 —4Piy1/2
E Az '

In the CIP-CSL-WENO4 scheme, the derivative ¢ is calculated by using a nonlinear

(2.53)

s
combination of ¢, as

2 S
g=> wie]. (2.54)
j=0

In the literature, there are several variants proposed to compute the WENO nonlinear
weights, such as WENO-JS scheme [1] in Sec. [2.3.2] and WENO-Z scheme [32] in
Sec. The classical WENO-JS has accuracy loss in the smooth area near the dis-
continuity. The WENO-Z scheme is able to improve the accuracy of the WENO-JS by
using different nonlinear weights and smoothness measurements in the reconstruction.

In addition, WENO-Z scheme shows a good balance between numerical accuracy and
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algorithmic simplicity. Thus, the WENO-Z reconstruction formula is used to calculate

the nonlinear weights wf as follows

o a ~ “ 7— P
wl = =l (1+ (), (2.55)
; +a; + o B+ e
where the linear parameters are 70 = %, 7 = %, and 77 = ¢. ¢ = 107'? is a small

value to prevent division by zero. 7y is defined in Eq. (2.22). The value of P can be
selected flexibly to optimise the numerical property of the scheme. P = 1 is suggested
to control the excessive numerical diffusion in the non-smooth region. In the CIP-CSL-

WENO4 scheme, the smoothness indicator is defined as

ZH/S 221 8®f(x) 2
Z / o) da (2.56)

Ti—1/8
The smoothness indicator measures the smoothness of the reconstructed polynomials
in the target cell. In the conventional WENO scheme, the upper and lower bound of
integration is x;_; > and x;1;/2. In order to match the compact WENO reconstruction
stencil of the CIP-CSL scheme, the upper and lower bound of integration in Eq.

are adjusted to ;s and x; /5 respectively.

The explicit form of ﬁf can be expressed as follows

By = 193(¢z 1/2 — 2¢z + ¢z+1/2) %l(<25z+1/2 — Qi 1/2) ;
Bl = 193(¢ 1= 2¢i-12 + )2 + %1( 1= 4¢i1p + 3¢,)?, (2.57)
B2 =15(4; — 20410 + $i+1)? + L(30; — ddir1jo + Dir1)?.

2.4.5 CIP-CSL schemes for the Euler conservation law

The implementation of CIP-CSL schemes for the one-dimensional Euler conservation
laws is described in [108]. Considering the 1D conservative form of Euler equations in
Eq. (2.8), the linearised Euler equation about the primitive variables can be obtained
as

IOW oW

o PAS =0, (2.58)
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by freezing the Jacobian matrix A, where

P voop 0
W= |[v], A=]10 v 1/p |, (2.59)
P 0 pct v

here the sound speed ¢ = /~p/p. Considering the hyperbolicity, the Jacobian matrix
A can be diagonalised by
A = RAL, (2.60)

where A is the diagonal matrix of eigenvalues, . and R are the matrices of left and right

eigenvectors, respectively ( R = L™1). Eq. (2.58) can be recast into the characteristic

form
Laa—‘iv + AL%—Y =0, (2.61)
where
v 0 0 10 —C%
A=10 v+e 0 |, =101 - |. (2.62)
0 0 wv-c 01 —+

pc

For each characteristic direction fi—”t” = Ak, and the characteristic speeds A\ = v, \y =
v+ cand \3 = v — c are the non-zero diagonal values of A. From Eq. (2.61), a

decoupled system for the characteristic variables can be obtained as

1 d
dp——dp=0 along Ci:—=X\=v, a(t=0)=X,, (263
c dt
1 dx
dv+—dp=0 along Co:—=X=v+¢, z(t=0)= X, (2.64)
pc dt
1 dx
dv——dp=0 along C3:—=X3=v—c¢, z(t=0)= Xy, (2.65)
pc dt

where Ci, k = 1,2, 3 represents each characteristic curve. Then, the primitive vari-

ables at t = t""! can be found by the relations below,

P = p(X(C)) — 560 —p(X(C)} =0, .66)
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o(Xo)™ — 0(X(Ca)) + i{poco)"“ Cp(X(Ca)} =0, (2.67)

1
v(Xo)" —v(X(C3)) — E{p(Xo)m’l —p(X(C3)} =0, (2.68)
where X (Cy), k = 1,2, 3 indicates the point solutions on each characteristic curve.

The departure point of cell boundary x = x;_,/ is computed by solving the following
trajectory equations along the characteristic curves

dx
— = = \(X, 1),
dt k=1,23. (2.69)

X(t=0)=Xo =1,

We solve Eq. (2.69) by using the third-order TVD Runge-Kutta method, which reads

(

Xl(Ck) = XO - )\k(X[), to)At,
3 1 1

Xa(Ce) = 2K + 1 Xa(C) — Pl Xo, 1A, (2.70)
1 2 2

X3(Cr) = gXo + §X2<Ck) - gkk(Xo,tz)At,

Consequently, by solving the linear system Eq. (2.66), Eq. (2.67), and Eq. (2.68)) for

primitive variables along characteristic curves, we have

o0, = 5 (PG + 00X + o) (X)) — w(Xi(C))

o), = 2 [ v0X(€)) + 0(Xi(C0)) + g ((XUC) — p(X(C))) |
i+3 i3

pfﬁ% = p(Xi(Cy)) + ﬁ (pﬁ% - p(Xz(Cs))) :

1
+3

(2.71)
where p(z), v(x), and p(z) represent the interpolation functions for the primitive vari-
ables p, v, and p, respectively. Thus p(X;(Cy)), v(X;(Ck)), and p(X;(Cx)) denote the
semi-Lagrangian solutions of the primitive variables along characteristic curve Cj, at

the [-th Runge-Kutta substep (I = 1, 2, 3).
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Subsequently, the primitive variables at cell boundary x = T 1 of step n+1 can be

updated directly by
pzl_—i_ll = pf>l’
2 2
vt =0, (2.72)
2 2
P:L_Jrll = Pij
2 2

Analogous to the case of the scalar conservation law, the cell average value of the
conservative variables ¢ are simply updated using a finite volume formulation as

—n—+1 —_n At
T = (F. . —F.
& ¢ A:c( 3 =

2

) (2.73)

where the numerical flux F,, 1 can be computed by the numerical integration of the
boundary values of the primitive variables at the substeps of the Runge-Kutta integra-

tion scheme, i.e.

F(W%)+F(W!,) +4F(W ™))
- z - z” (2.74)

F,,

N

2.4.6 Numerical difficulties for CIP-CSL schemes

Despite the superiority of high-order multi-moments CIP-CSL schemes in resolving
complex structures of smoothness, numerical oscillation associated with discontinuity
turns out to be an important problem. When the flux profile includes the jump dis-
continuity, the large gradient will cause numerical oscillations cross discontinuities.
Those numerical oscillation will cause unphysical values and can be disastrous in the
computation of Euler equations since the density or pressure can be as low as almost
zero [111]. The tiny oscillations may result in the negative value for physical quantity,
which can blow up the numerical computation. How to reconstruct the discontinuities
with high accuracy and less numerical oscillation is still a difficult challenge in the

development of high-resolution CIP-CSL schemes.

To demonstrate the numerical oscillations, we compute the advection equation ¢, +

¢, = 0 with the square wave as an initial profile for one period by the CIP-CSL2
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scheme. The numerical results along with the exact solution are depicted in Fig.

It can be observed that there are significant overshoots and undershoots near the jump

discontinuities.
. CcSL2 - | |
1.2 Exact
1 fwwwwww -
0.8 | I f
0.4 | f
0.2 | ! 1
0 wwwwwwwwmwwwﬁ%: +ﬁmwwwwwwwwww
-0.2 : : ‘
-1 -0.5 0 0.5 1

Figure 2.5: The simulation of the advection of a square wave by the CSL2 scheme

on a 100-cell mesh.

2.5 Boundary variation diminishing reconstruction

The Boundary Variation Diminishing (BVD) [90, 41] algorithm was originally pro-
posed to improve Godunov-type schemes. This reconstruction approach effectively
reduces the numerical diffusion by minimising the variations at cell boundaries. In the
BVD reconstruction algorithm, two candidate schemes are used to construct the inter-
polation functions. In order to enable the resulting scheme to accurately solve both
smooth and discontinuous solutions, a high-order polynomial function (e.g. WENO-Z
[32]]) is used for the smooth solution and a sigmoid function (e.g. THINC [40, 2]]) is

used for the discontinuous solution. The details of the WENO-Z scheme have been
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given in Sec. The next subsections Sec. and Sec. provide a review

of the alternative reconstruction candidate (THINC scheme) and the BVD selection

criteria, respectively.

2.5.1 THINC

The Tangent of Hyperbola for Interface Capturing (THINC) [40, 2, 91, 92] scheme
was devised to compute moving interfaces in multiphase flow simulations based on the
piecewise hyperbolic tangent function. The piecewise hyperbolic tangent function of

THINC can be defined as

OF () = Gyin + gb’;‘“’” [1 +~Ttanh <5T( e VL B x))] .75

Tit1/2 — Li-1/2
where ¢in = min(@i—1, Git1)s Gmax = Max(di—1, diy1) , ¥1 = 1for g1 < P
and v = —1 for ¢;,_; > ¢;11. BT is a parameter to control the jump thickness of the
tangential hyperbolic function. In the original BVD algorithm, 37 = 1.6.  represents

the location of the jump centre, which can be determined by the following constraint

condition.
L 8 (@)de = 6 2.76
E/x-l i (¥)dr = ¢, (2.76)
i—1/2
as
_ 1 expBT — A,
i = 1 ( ), 2.77
! 2p" " A; — exp(—5T) ( :
here _
pT(2C; — 1) Pi — Omin
A = exp(—) and C; = 21— Pmin_ (2.78)
’YT ¢maz - ¢mm
The explicit formulation of the THINC scheme for the left-side value gbiLH /2 is
tanh(37) + A
L T () = Gy 4 O <1 T ) 2.79

where A = %, B =exp(y787(2C — 1)) , €' = £-fminte and ¢ = 1072,
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BVD algorithm prefers the THINC reconstruction when a discontinuity is detected.
In practice, a cell where a discontinuity may exist can be identified by the following

conditions
e<(C<1—k¢,

_ - _ (2.80)
(Gix1 — ¢3)(ds — ¢i1) > 0.

2.5.2 BYVD selection criteria

In the BVD algorithm [90], an adaptive selection criterion was proposed to minim-
ise the jump between the left- and right-side values at cell boundaries. We define
PWENO> (1) and &7 THINC> (1) to represent the WENO and THINC reconstruction,
respectively. The selection criteria of the BVD reconstruction can be described as fol-
lows.

Selection criteria:

1. Calculating the boundary variation (BV) at ;12 as
Bv(q))iJrl/Z = |¢i<p>($i+1/2) - q)fff(:vm/z)l, (2.81)

where ;77 (z;41/2) and @54 (2;41/2) with p and ¢ being either WENO or
THINC. Fig. illustrates one possible situation of calculating the BV (®), /2
for the target cell. Find the ®;77 (z;41/2) and @57 (241/2), so that the BV (®);1 /o

is minimised.
2. Calculating the boundary variation (BV) at z;_1 /2 as

BV (®);_13 = |77 (2i1/2) — @707 (25-1)0)], (2.82)

(2

where (I>i<f’1>(xi,1/2) and @1 >(xi,1/2) with p" and ¢ being either WENO or
THINC. Fig. illustrates one possible situation of calculating BV (®);_1 o
for the target cell. Find the @, (2;_1/) and ®; 7 ~(x;_1,2), so that the BV (®);_1 2

1s minimised.
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THINC
(OF (xi+1/2) ;

WENO .
i+1 . (Kig1/2)

._________________________ Titeit

® - ® - - ®
i-1 i i+1
Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2

Figure 2.6: Illustration of one possible situation corresponding to

|(I)ZTHINC( _ (I)WEN

Tit1)2) WENO(2,11/5)| when calculating boundary variation at

Lit1/2e

4)?[51}\’0 (Xi—uz)i

F T HNC (o _1/2)

[ ; ® ®
Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2

.______________

Figure 2.7: Ilustration of one possible situation corresponding to

|PVENO (2;_1/9) — ®IHINC(z, ;)| when calculating boundary variation at

Ti—1/2¢

3. Determine the reconstruction function as follows

®<BVD> (I) —

OEVENO> () if (077 (2,4y) = O (214y) ) (O (wimy) = @77 (2,

) <o,

QFTHINC> (1) otherwise.

(2.83)
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4. Compute the left-side value ngZ.L , and the right-side value gbﬁ , for each cell by

of = 0PVP>(2,1) and ¢f = O7PVP> (1, 1), (2.84)
1+ 5 7 Z-l— 3 7 5 7 7 B)
The BVD algorithm provides practical and effective selection criteria to construct high-

resolution schemes for resolving smooth and discontinuous solutions simultaneously.

2.6 Numerical methods for moving interface in two-phase

flows

The simulation of two-phase flows requires numerical technique to identify and com-
pute moving interfaces. In the past decades, various of interface capturing techniques
have been developed for two-phase flows. In general, there are two distinct categories,
Lagrangian methods on moving mesh, Eulerian methods on fixed mesh [[112}113}114,

115, 1116].

In Lagrangian approach, the computational mesh moves with the fluids to track the
interface motion. For example, in the Boundary Element Method (BEM) [117, [118]],
the mesh is advected with the fluid and calculations are performed on the deforming
mesh. Despite the promising accuracy in tracking of the interface motion, the non-
automatic handling of topological change and large deformations in the free surface
make problems formidably difficult and requires extensive remeshing and substantial

computational effort.

In Eulerian approach, the interface motion is tracked on a fixed grid to treat large in-
terfacial deformations with relatively simple interface description. It is more straight-
forward to implement in multi-dimension and more applicable to simulate complex
interfacial flows. The representative methods can be categrised into volume tracking

methods and surface tracking methods.
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In volume tracking methods, a volume fraction (or color function) is assigned to each
of the grid cells and advected at each time step. The representative method is the
Volume of Fluid (VOF) method [119]. The VOF method is able to deal with large
topological deformations and changes without extra efforts. Moreover, it can be ex-
tended to multidimensional problems directly. On the other hand, the VOF may cause
numerical diffusion errors and non-physical behaviour in the interface motion, because

the interface representation is discrete.

In surface tracking methods, the surface is described by using a set of marker points or
height function. Examples of surface tracking methods are the front tracking method
[120], the Level Set (LS) method [121]], and the Marker-and-Cell (MAC) method [122].
For front tracking method, it is difficult to be applied for topological changes problem
such as breakup [[123]. For Level-Set method, it suffers from poor mass conservation,
with mass being spuriously created or destroyed, especially under significant topolo-
gical changes. To address this issue, Sussman and Puckett proposed Coupled Level-Set
Volume of Fluid method (CLSVOF) [124], which guarantee the mass conservation of
the VOF method and maintain the sharp interface of the LS method. For the MAC
method, it is difficult to maintain a sharp interface. Popinet and Zaleski [1235] success-
fully improved the original MAC method with a well-defined surface by using cubic
splines to interpolate surface marker particles. In order to improve the accuracy and
robust in the simulation of two-phase flows undergoing arbitrary topology changes,
Lind and Phillips combined the MAC method with Spectral Element Method (SEM)
[126]. The governing equations are solved by using the SEM with high-order accuracy
and the two phases are modelled using the MAC with minimal numerical diffusion and
robustness. This scheme has been successfully applied to simulate bubble collapse in

compressible fluids for both Newtonian fluids and viscoelastic fluids [[126, [127]].



2.8 Summary and the way forward 32

2.7 Numerical difficulties for compressible two-phase

flows with moving interface

For incompressible two-phase flows, the density and other physical properties are con-
stant in each fluid; therefore, the Single-Equivalent-Fluid model [[128, 42] can be dir-
ectly implemented with an assumption that the physical fields change monotonically
across the interface region. However, for compressible two-phase flows, the moving
interface between two different fluids usually associate with strong discontinuities and
phase changes. When implementing the one-fluid model to compressible two-phase
flows with moving interface, there are two substantial difficulties. Firstly, density and
energy are calculated separately in addition to the indication function, hence special
formulations are required to reach a balanced state among all variables for the inter-
face cell. Secondly, the numerical dissipation in high-resolution schemes designed
for solving single phase compressible flow involving shock waves tends to smear out

discontinuities, including the material interfaces.

2.8 Summary and the way forward

This chapter presents a review of the main approaches (FDM, FEM, and FVM) of spa-
tial discretisation for Euler equations as well as the comparison of the advantages and
drawbacks among these spatial discretisation methods. Moreover, this chapter reviews
the methodologies of developing high-resolution spatial discretisation methods (partic-
ularly the CIP-CSL, WENO schemes, and the BVD algorithm) and interface capturing
techniques. Based on this knowledge, we aim to propose several high-fidelity and
high-resolution numerical schemes, which can more accurately capture both smooth
and discontinuous solutions compared to existing (CIP-CSL and WENO) schemes us-

ing the following ideas.

1. By combining two CIP-CSL3 schemes using the idea of the ENO scheme, a less
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oscillatory scheme will be proposed to efficiently minimise numerical oscillation

in the vicinity of discontinuity and to sharply capture smooth solutions.

2. Motivated by the observation that combining two different types (one oscillatory
and one diffusive) of reconstruction functions has a great potential to effect-
ively reduce numerical diffusion and oscillations, a high-order hybrid CIP-CSL
scheme will be designed based on polynomial functions, rational function, and
ENO idea. The proposed scheme should be able to effectively minimise numer-

ical oscillations and diffusion.

3. Based on the observation that diminishing the jump at the cell boundary can ef-
fectively reduce the numerical diffusion near discontinuities, we propose a novel
CIP-CSL scheme by employing the modified version of the BVD algorithm. The
proposed scheme is expected to further reduce the numerical errors and the nu-
merical diffusion in the vicinity of discontinuities compared to other CIP-CSL

schemes.

4. To improve the reconstruction strategy of the WENO scheme, a target WENO
scheme will be designed to restore the highest possible order interpolation when
three target sub-stencils or two target adjacent sub-stencils are smooth. The pro-
posed scheme will be formulated under the original smoothness indicators of the
conventional WENO scheme to reduce numerical diffusion near discontinuous

regions.

5. To further minimise the numerical diffusion across discontinuities of the newly
proposed target WENO scheme, a high-resolution scheme will be proposed based
on the target WENO and THINC schemes. The reconstruction criterion will be
designed by the modified version of the BVD algorithm. The proposed scheme
is expected to capture both smooth and discontinuous solutions simultaneously

with less numerical diffusion.

6. To reach a balanced state among all variables for the interface cell, the five-
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equation model [42] is used as the partial differential equation (PDE) to simu-
late compressible two-phase flows. To reduce the numerical dissipation, which
smears out discontinuities, including the material interfaces, the proposed high-
resolution reconstruction scheme is used to minimize the total variations (jumps)
of the reconstructed variables at cell boundaries, which in turn effectively elim-

inates the numerical dissipations in numerical solutions.
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Chapter 3

Fourth-order essentially

non-oscillatory CIP-CSL3 scheme

In this chapter, firstly, we propose the CIP-CSL3U (U of CIP-CSL3U stands for Up-
wind) scheme on the basis of the CIP-CSL3D (D of CIP-CSL3D stands for Downwind)
[35] scheme. In the CIP-CSL3D scheme, a moment in the downwind cell is used as a
constraint instead of the derivative used in the CIP-CSL3 scheme. While in the CIP-
CSL3U scheme, an additional moment in the upwind side is used as a constraint instead

of a moment in the downwind cell of the CIP-CSL3D scheme.

Secondly, we present a less oscillatory CIP-CSL3-ENO scheme by combining the CIP-
CSL3U and CIP-CSL3D schemes using the idea of the ENO scheme. In the CIP-CSL3-
ENO scheme, an ENO indicator is proposed to design the selection criteria (either
CIP-CSL3D or CIP-CSL3U). The CIP-CSL3-ENO scheme minimises numerical os-
cillations in CIP-CSL3D and CIP-CSL3U by taking advantage of the complementary
nature of these two schemes. The CIP-CSL3-ENO scheme captures discontinuities and
smooth solutions simultaneously with less numerical oscillations for solutions which

include discontinuities.
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3.1 Numerical method
In this section, firstly, two variants of CIP-CSL3 scheme (CIP-CSL3D and CIP-CSL3U)

are explained. Subsequently, we present the CIP-CSL3-ENO scheme, which is based
on the CIP-CSL3D and CIP-CSL3U schemes and the newly proposed ENO indicator.

3.1.1 CIP-CSL3D scheme

A ¢ 12 R

Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2

Figure 3.1: Schematic figures of the CIP-CSL3D scheme. u;_,/> < 0 is assumed.
The moments which are indicated by grey colour are used as constraints to con-

struct interpolation function ®{53P (1),

The CIP-CSL3D scheme is a variant of the CIP-CSL3 scheme, which is based on a
third-order polynomial interpolation function. For the case of u;_;,, < 0, the interpol-

ation function of the CIP-CSL3D scheme is

(I)iCSLBD(x) — CgZSLBD($—$i71/2)3+026:§L3D(l’—$i71/2)2+0167;~5]43[)(l’—-Tifl/Q)‘i‘COCJZSLgD-
(3.1)
This interpolation function ®¢%3P(z) is constructed using the following four con-

straints (three constraints ¢;_ 2, bi, ®i+1/2 in the upwind cell and a constraint gEi_l in
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the downwind cell, as shown in Fig. [3.1]

p
Gi—1/2 = CI)Z-CSLSD(%—UQ),
f$i+1/2 CI)CSL3D (:I))dx

7o J%Ticu2 v

’ Az ’ (3.2)
q)CSL3D(

¢i+1/2 = 90i+1/2),

<Zgz‘—1 = (I)z'CSLsD(JJz‘—O-

\

The coefficients are obtained as follows

C§omP = 3A1x3 (15¢—1/0 — 184; + Tiy1/2 — 4 1), (3.3)
CgPtP = 2A1x2 (9 1/2 — 66; + diy1ja — 46 1), (3.4)
CromP = —@(9@1/2 — 186; + 5ir1/2 + 40i1), (3.5
ng'SL?)D = Pi—1/2- (3.6)

Analogously, for the case of u;_;/2 > 0, the cubic interpolation function is

BESEP 0) = CEPR ot )+ OGN 0t OSP4 O,

(3.7)
The coefficients are
1 _ R
C??iS—ngD = - 3 (15¢p;—1/2 — 18¢p;—1 + Ti_3/2 — 4¢;), (3.8)
3Ax

1 - .
C5P8P = =535 (9012 — 6inr + disyn — 46%), (3.9)

1 _ .
CLERY = (90112 — 18611 + 50,572 + 40y), (3.10)

CPEP = iy o G.11)
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3.1.2 CIP-CSL3U scheme

¢ a2 ¢ 12

Xi-32 Xi-1/2 Xi+l/2 Xi+3/2

Figure 3.2: Schematic figures of the CIP-CSL3U scheme. u;_;/> < 0 is assumed.
The moments which are indicated by grey colour are used as constraints to con-
struct interpolation function ®¢513V (7).

On the basis of the CIP-CSL3D scheme, we proposed another variant of the CIP-CSL3
scheme called CIP-CSL3U, which uses an additional moment in the upwind side. For

the case of u;_, /2 < 0, the interpolation function of the CIP-CSL3U scheme is

BOSLIY (1) = CCSI (3, )+ OSE (g, )2+ COSIY (5 )+ CESLV.
(3.12)
This interpolation function ®¢°%3Y () is constructed using the following four con-

straints (¢;—1 /2, b, Git1 /2, and qgiﬂ) in the upwind cell, as shown in Fig.

’

¢¢71/2 = ®$SL3U($171/2),
qg B fézj-ll//; q)iCSLZ’»U(x)dx
e Az ’ (3.13)

¢i+1/2 = q)iCSL3U($i+1/2),

$i+1 = (I)?SLSU(%’H)-

\

The coefficients are obtained as follows

1 _ N

C§PM = g (=Tdi-1/2 + 18; — 15G1s1/2 + 4i11), (3.14)
1 _ N

CePmY = (13¢s_1/2 — 300 + 219 11/2 — 4iy1), (3.15)

- 2Az2
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1 — R
CfismU = @(—31@71/2 + 54¢; — 27¢i41/2 + 4div1), (3.16)

CsoPY = ¢isy o (3.17)
Analogously, for the case of u;_;/2 > 0, the cubic interpolation function is

B (a) = P (2 )+ O (o CERY (0O

(3.18)
The coefficients are

1 _ .

C:ins_ﬁw = T3AL (=T¢i—1/2 + 18¢i—1 — 15¢;_3/2 + 4 _2), (3.19)
‘ 1 - .

CEPRY = Si5 (18012 = 3001 + 21030 —40i0),  (3.20)

1 _ .
CIERY = = (53162 + 54610 — 200132 +46i0),  (3:21)
CSERY = diypo. (3.22)

3.1.3 Fourier analysis of the CIP-CSL3D and CIP-CSL3U schemes

In this section, we conduct Fourier analysis [[129] of the newly proposed CIP-CSL3U
scheme and the CIP-CSL3D scheme. In this analysis, we consider the case of u;_;/» <
0. Fourier analysis shows resolution of spatial derivatives in the wavenumber space.
The spatial profile of ® () is defined over the domain [0, L] with a uniform grid spacing

Az, and is decomposed into the following Fourier series

O(x) =Y O(k) /A7, (3.23)
k



3.1 Numerical method 40

where w = 2wkAz/L is the scaled wavenumber, and j = /—1. At z; 4 /2, the point

value is decomposed as
D1y = (k) eIl Ae, (3.24)
k
Using Eq.(3.24)), the value at ; /2+m 18 decomposed as
cI)i—l/Q—i—m = (I’i—l/2 el (3.25)
The cell average ®; is decomposed as
1 Az YA |

P = A_$ . @(Zvifl/g + .T) dr = (I)ifl/g jw . (326)

Eq. (3.26)) represents the relationship between the point value and the cell average. The
accuracy of the CIP-CSL3U and CIP-CSL3D schemes at ;_;/, can be examined by
using Eq. and Eq. (3.26). Analogously, we conduct Fourier analysis at z; and
T;+1/2. The mathematical formulations are given in Appendix Figs. and
[3.5] depict the results of Fourier analysis of the CIP-CSL3U scheme with those of the

CIP-CSL3D scheme at w;_; /5, x;41/2 and x;, respectively.

Fig. @ shows that at x;_; /o, CIP-CSL3D is consistently superior to CIP-CSL3U. This
is because the additional moment of CIP-CSL3D (&i,l) is closer to z;_1 /o than that of
CIP-CSL3U (§Z§¢+1)- Analogously, at ;1 /2, CIP-CSL3U is superior to CIP-CSL3D, as
shown in Fig. The results at z;_; /2 and x;,/, are symmetrical due to the nature
of discretizations. At the cell centre x;, the results of CIP-CSL3U and CIP-CSL3D are

identical, as shown in Fig. [3.5] This is because both schemes are symmetrical at x;.
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3.1.4 CIP-CSL3-ENO scheme

Based on the CIP-CSL3D and CIP-CSL3U schemes, we propose the CIP-CSL3-ENO
scheme in this section. In the CIP-CSL3D and CIP-CSL3U schemes, three different
types of moments (i.e. ¢;_1/2, ¢;, and quSZ-) are used. Although many possible select-
ors/indicators are tested, in this section, we propose a simple and efficient selector

based on a type of ratios of successive gradients.

Considering the case as shown in Fig. [3.T|and Fig. [3.2](i.e. u;_1/2 < 0), the smoothness
indicator of the CIP-CSL3D and CIP-CSL3U stencils are designed by using ratios of

successive gradients, ;41 /2 and r;_; 2, respectively. r; /2 and r;_; /; are defined as

~ ~

pp—— bi — ¢i+}/2 Jmax( |ps — (bz’—}—}/Q‘ ’ |¢iA+1/2 - ¢i+1’)' (3.27)
Gir1/2 — Gin1 Giv1s2 — Qiva| i — Digay2l
ap—— Gi — ¢i71/2 Jmax( |ps — Pi1y2| |Pic1y2 — ¢i—1|)7 (3.28)

Gi—172 — Gi1 [Gic1/2 — Gia|  |di — di1y2]
Using r;41/2 and r;_1 /2, we select a stencil by the following selection criteria.

Selection criteria:

1. If both r;,,/» and r;_; /> are negative, the larger one is selected.
2. If one of 7;41/2 and 7;_1 /5 is negative, the negative one is selected.

3. If both 7;,1/2 and r;_1 /5 are positive, the larger one is selected.

When 7412 (or r;_1 /2) is negative, it represents opposite slopes. It has been considered
that such a stencil should be avoided. However, as shown in Sec. (for instance,
sharp edges around x = —0.7 and x = 0.1 in Fig. (d) and (e), and Fig.
(d) and (e)), both CIP-CSL3D and CIP-CSL3U deal with pre-existing opposite slopes
very well. Therefore, we considered that we do not have to avoid such stencils which
have negative successive gradients and designed a selector which intentionally selects

such a non-smooth stencil. We found this selection criteria after numerous numerical
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experiments and this selector worked well in our numerical experiments, as shown in
Sec. For the case of u;_1/, > 0, the smoothness indicator of the CIP-CSL3D and

CIP-CSL3U schemes are designed by r;_; /> and r;_3 /2, respectively.

3.1.5 Implementation of boundary conditions

CFD problems are defined in terms of initial and boundary conditions. It is important to
specify boundary conditions correctly. In constructing the grid arrangement, we set up
additional nodes surrounding the physical boundaries. The calculations are performed
at internal nodes only. Two notable features of the arrangement are (i) the physical
boundaries coincide with the control volume boundaries and (ii) the node just outside

the inlet of the domain are available to store the inlet conditions.

3.2 Numerical results

In this section, various benchmark tests are conducted to validate the proposed schemes.

3.2.1 Sine wave propagation

This sine wave propagation is used to check the convergence rate of the proposed
schemes. The conservation Eq. is solved with the initial condition ¢(z,0) =
sin(27z). Periodic boundary conditions are used. u(x) = 1 and the domain is [0, 1].
Four different grid sizes (N = 100, 200, 400 and 800) are used with Az = 1/N and
At = 0.4Ax. L, and L, errors are defined as follows

1 N
Ly = NZ — Pezactil, (3.29)

Loo = max(’¢i - ¢exact,i|>‘ (330)
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Table 3.1: L, and L, errors in sine wave propagation at t=1.

Method N L, error L4 order L, error L, order
CIP-CSL2 100 6.28 x 107° - 9.86 x 107 -
200 7.85x 1077 3.00 1.23 x 1076 3.00
400 9.82 x 1078 3.00 1.54 x 1077 3.00
800 1.23 x 1078 3.00 1.93 x 1078 3.00
CIP-CSL3CW 100 5.85 x 10~* - 5.04 x 1073 -
200 1.18x10™* 231  1.80x 1073 1.49
400 229 x 107° 2.36 6.27 x 1074 1.52
800 4.57 x 107° 2.33 2.14 x 1074 1.55
CIP-CSL3H 100 8.33 x 1078 - 1.23 x 1077 -
200 4.56 x 107° 4.19 6.94 x 107 4.15
400 2.72 x 10710 4.07 4.21 x 10710 4.04
800 1.61 x 10~ 4.02 2.61 x 1071 4.01
CIP-CSL3D 100 1.07 x 1077 - 1.68 x 1077 -
200 6.68 x 107° 4.00 1.05 x 1078 4.00
400 4.18 x 10710 4.00 6.56 x 10710 4.00
800 2.61 x 10~ 4.00 4.10 x 10711 4.00
CIP-CSL3U 100 9.13 x 1078 - 1.43 x 1077 -
200 5.71 x 107° 4.00 8.97 x 107 3.99
400 3.57 x 10719 4.00 5.60 x 10710 4.00
800 2.23 x 107! 4.00 3.50 x 10711 4.00
CIP-CSL3-ENO 100 2.26 x 1077 - 2.47 x 107 -
200 1.54 x 1078 3.88 2.89 x 1077 3.10
400 1.01 x 107° 3.93 3.33 x 1078 3.13
800 6.70 x 10~ 3.91 3.80 x 107 3.13
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Tablepresents the numerical results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H,
CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes. It is observed that CIP-
CSL3CW is less accurate than all others due to the slope limiter. CIP-CSL3H is the
most accurate scheme in this test because CIP-CSL3H uses a wider stencil than other
compared CIP-CSL schemes. CIP-CSL3-ENO approximately has fourth-order accur-
acy for L, and third-order accuracy for L.,. CIP-CSL2 has third-order accuracy and
CIP-CSL3H, CIP-CSL3D and CIP-CSL3U have fourth-order accuracy.

3.2.2 Square wave propagation

In this section, the square wave propagation test is conducted to verify the proposed
schemes of capturing discontinuity. In this test, u(z) = 1, the domain [—1,1], N =
200, Az = 2/N, t=16, and periodic boundary conditions are used. The initial condition

is given as

1 if —0.3<x<0.3
o(x,0) = 3.3
0 otherwise.

We tested different CFL numbers (CFL=0.2 and 0.8) due to the reason that CIP-CSL3D
and CIP-CSL3U show different behaviours depending on the CFL number. Fig.
shows numerical results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D,
CIP-CSL3U, and CIP-CSL3-ENO schemes with CFL=0.2. It is observed that CIP-
CSL3U has larger numerical oscillation than that of CIP-CSL3D when the CFL number
is 0.2 (less than 0.5) as shown in Fig. [3.6] (b). This is because when CFL< 0.5, the

departure point is closer to the additional moment of CIP-CSL3D (i.e. qgl-,l in Fig.

3.1).
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Figure 3.6: Numerical results of square wave propagation test at t=16 (8,000 time
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On the other hand, Fig. shows numerical results of the CIP-CSL2, CIP-CSL3CW,
CIP-CSL3H, CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes with CFL=0.8.
It is observed that CIP-CSL3D has larger numerical oscillation when the CFL number
is 0.8 (larger than 0.5) as shown in Fig. (a). This is due to the reason that when
CFL> 0.5, the departure point is closer to the additional moment of CIP-CSL3U (i.e.
$i+1 in Fig. . This trend is consistent with the results of Fourier analysis, as shown
in Sec. 3.1.3] In addition, CIP-CSL3-ENO can deal with different CFL numbers, as

shown in Fig. (c) and Fig. ().

3.2.3 Complex wave propagation

In this test, the Jiang-Shu complex wave propagation problem [1]] is conducted to val-
idate the proposed CIP-CSL schemes of capturing complex profiles, including discon-
tinuities. The domain [—1,1], u(x) = 1, N = 200, Az = 2/N, CFL = 0.4, and
periodic boundary conditions are used in this test. The initial condition is given as

/

1
B (G(x,B,2=0)+ G(x,B,24+06) + 4G (z, B, 2)), —08<x< —0.6,
| 04<r< 02,
é(z,0) = { 1 [10(z — 0.1)], 0.0< <02,
1
6 (F(z,o,a —0) + F(x,a,a +0) + 4F (x, o, a)) 0.4 <z <0.6,
0, otherwise,
\
(3.32)
where
G(z,pB,2) = e”g(x_z)Q, (3.33)
F(z,a,a) = v/max(1 — a?(z — a)2,0), (3.34)

here a = 0.5, z = —0.7, § = 0.005, o = 10 and 3 = log(2)/(3642).
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Figure 3.8: Numerical results of complex wave propagation test at t=16 (4,000
time steps, 8 period). CFL=0.4 and N=200 are used. (a) CIP-CSL2, (b) CIP-
CSL3CW, (¢) CIP-CSL3H, (d) CIP-CSL3D, (e) CIP-CSL3U, (f) CIP-CSL3-ENO.
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Fig. illustrates the results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-
CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes at t=16 (8 periods). It is observed
that CIP-CSL2, CIP-CSL3H, CIP-CSL3D, and CIP-CSL3U are oscillatory around dis-
continuities. CIP-CSL3CW has no numerical oscillations, however, the results of CIP-
CSL3CW are diffusive. CIP-CSL3D has larger numerical oscillations around discon-
tinuities when discontinuities appear in the downwind side. The trend is opposite to
CIP-CSL3U due to the nature of CIP-CSL3D and CIP-CSL3U (i.e. CIP-CSL3D and
CIP-CSL3U use an additional moment in downwind and upwind sides, respectively).

CIP-CSL3-ENO minimises numerical oscillations with minimum numerical diffusion.

Fig. @] illustrates the results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-
CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes at t=160 (80 periods). The results
show that CIP-CSL3-ENO still captures discontinuities and cusps well without numer-
ical oscillation after 80 periods. However, CIP-CSL2, CIP-CSL3H, CIP-CSL3D and
CIP-CSL3U have significant numerical oscillations, and CIP-CSL3CW has excessive

numerical diffusion.

Table 3.2: [, and L., errors in complex wave propagation test of the CIP-
CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-
ENO schemes at t=16 (4000 time steps, 8 periods) and t=160 (40,000 time steps,
80 periods). N=200 and CFL=0.4 are used.

4000 time steps 40,000 time steps
L error L, error L error L, error
CIP-CSL2 4.32x 1072 4.22x 1071 928 x 1072 4.70 x 107!
CIP-CSL3CW  6.49 x 1072 4.94 x 107! 149 x107* 6.97 x 107!
CIP-CSL3H 3.39 x 1072 397 x 1071 5.63x 1072 4.35 x 107!
CIP-CSL3D 3.34x 1072 4.60 x 107t 6.62 x 1072 5.50 x 10~*
CIP-CSL3U 3.68 x 1072 4.66 x 1071 6.56 x 1072 5.45 x 107!
CIP-CSL3-ENO  2.30 x 1072 3.86 x 107! 4.43 x 1072 4.31 x 107!




3.2 Numerical results 54

Table[3.2]shows L and L errors of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-
CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes. The results show that CIP-CSL3-

ENO is consistently superior to other CIP-CSL schemes in this test.

3.2.4 Extrema of the various smoothness problem

In this section, we verify the proposed scheme by conducting the extrema of the various
smoothness test. The domain [—1.5,0.5], u(z) = 1, N = 100, CFL=0.4, t=8 (4

periods) and periodic boundary conditions are used. The initial condition is given as

—xsin(1.5mz?) if -1<zx<-1/3
¢(x +0.5,0) = § |sin(27z)| if lz] <1/3 (3.35)

20 — 1 —sin(37x)/6 otherwise,

Fig. shows the numerical results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H,
CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes. It is observed that CIP-
CSL2, CIP-CSL3H, CIP-CSL3D, and CIP-CSL3U have numerical oscillations in vi-
cinity of discontinuities. CIP-CSL3CW has excessive numerical diffusion not only
around discontinuities but also smooth regions. CIP-CSL3ENO captures discontinuit-
ies and smooth profiles well without numerical oscillations. Table 3.3 presents L; and
L, errors of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-CSL3U,
and CIP-CSL3-ENO schemes. The results show that CIP-CSL3ENO has the least nu-

merical errors.
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Table 3.3: Errors in capturing extrema of various smoothness test of the CIP-
CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-
ENO schemes. t=8 (4 periods), N=100 and CFL=0.4.

L, error L error

CIP-CSL2 6.29 x 1072 7.85 x 1071
CIP-CSL3CW  1.12x 107! 8.84 x 107!
CIP-CSL3H 6.00 x 1072 753 x 107!
CIP-CSL3D 5.73 x 1072 8.41 x 107!
CIP-CSL3U 6.34 x 1072 8.52 x 107!
CIP-CSL3-ENO 4.13 x 1072 7.24 x 107!

3.2.5 Burgers’ equation

In this section, the proposed scheme is validated by solving the nonlinear inviscid
Burgers’ equation in its conservative formulation

@ N O(u?/2)
ot Ox

In this test, the domain [0, 1], N = 200, CFL = 0.2 and periodic boundary conditions

=0, (3.36)

are used. The initial condition u(z,0) = 0.5 + 0.4cos(27z). The reference solution
is created by using CIP-CSL3CW with N = 10,000. Fig. illustrates the results
of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-CSL3U, and CIP-
CSL3-ENO schemes at t=1. It is observed that CIP-CSL2, CIP-CSL3H, CIP-CSL3D,
and CIP-CSL3U have numerical oscillation around the discontinuities. Although both
CIP-CSL3CW and CIP-CSL3-ENO have no numerical oscillation in vicinity of the dis-
continuities, CIP-CSL3CW is more diffusive than CIP-CSL3-ENO. Table [3.4] shows
errors of the CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes at t=0.25 (be-
fore the shock is fully formed). CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-ENO have

approximately fourth-order accuracy.
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Figure 3.11: Numerical results of Burgers’ equation at t=1. N=200 and CFL=0.2
are used. (a) CIP-CSL2, (b) CIP-CSL3CW, (c) CIP-CSL3H, (d) CIP-CSL3D, (e)
CIP-CSL3U, (f) CIP-CSL3-ENO.
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Table 3.4: L, and L, errors in Burgers’ equation at t=0.25.

Method N L, error L4 order L, error L, order

CIP-CSL3D 100 6.61 x 1078 - 3.97 x 1077 -
200 4.52x107° 387  2.84x1078 3.81
400 297 x107'° 393  2.00x 107° 3.83
800 2.32x 107" 368 1.76x 107  35]
CIP-CSL3U 100 3.88x 107% . 2.35 x 1077 -
200 248 x107° 397  1.50 x 1078 3.97
400 159 x 1071 396 920 x 1070  4.03
800 1.11x 107"  3.84 574x 107"  4.00
CIP-CSL3-ENO 100 5.16 x 1078 - 2.78 x 1077 -
200 3.56x107°  3.86 201 x 1078 3.79
400 2.32x107'° 394  1.39x107° 3.85
800 1.39x 107" 406 808x 107"  4.10

3.2.6 Sod’s problem

In this section, we test the proposed schemes using Sod’s problem [130], which is a
one-dimensional shock tube with a thin diaphragm placed in the middle to separate a

high-pressure region and a lower-pressure region as shown in Fig. [3.12]

Low Pressure

Figure 3.12: Initial condition of shock tube problem
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The initial condition is given as

p(x,0) =1, uw(z,0)=0; p(z,0)=1; ifzx<05
p(x,0) =0.125; wu(z,0) =0; p(x,0) =0.1; otherwise,

(3.37)

where p is density and p is pressure. In this test, the domain [0, 1], N = 200 and CFL
= 0.2. Fig. shows the numerical results of the CIP-CSL2, CIP-CSL3CW, CIP-
CSL3H, CIP-CSL3D, CIP-CSL3U, and CIP-CSL3-ENO schemes at t=0.2. It is ob-
served that CIP-CSL2, CIP-CSL3H, CIP-CSL3D, and CIP-CSL3U have numerical os-
cillations in the vicinity of the discontinuities. Although both CIP-CSL3CW and CIP-
CSL3-ENO have no numerical oscillation around the discontinuities, CIP-CSL3CW is
more diffusive than CIP-CSL3-ENO.

3.2.7 Lax’s problem
In this section, the proposed schemes are validated using Lax’s problem, which in-
cludes a discontinuity in the velocity initial condition. The initial condition is

p(x,0) = 0.445; wu(x,0) =0.698; p(x,0)=3.528; ifx <0
p(x,0)=0.5;  u(z,0) =0; p(z,0) = 0.571; otherwise,

(3.38)

In this test, the domain [—0.5,0.5], N = 200 and CFL = 0.2. Fig. [3.14]illustrates the
numerical results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-
CSL3U, and CIP-CSL3-ENO schemes at t=0.12. It is observed that CIP-CSL2, CIP-
CSL3H, CIP-CSL3D, and CIP-CSL3U have significant numerical oscillations in the
vicinity of the discontinuities. CIP-CSL3CW is diffusive, particularly near the contact
discontinuity. CIP-CSL3ENO captures the smooth solutions well along with a good

solution around the contact discontinuity and the shock.
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Figure 3.13: Numerical results of Sod’s shock tube problem at t = 0.2 (N=200 and

CFL=0.2). (a) CIP-CSL2, (b) CIP-CSL3CW, (¢) CIP-CSL3H, (d) CIP-CSL3D, (e)
CIP-CSL3U, (f) CIP-CSL3-ENO.
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Figure 3.14: Numerical results of Lax’s shock tube problem at t=0.12 (N=200 and
CFL=0.2). (a) CIP-CSL2, (b) CIP-CSL3CW, (¢) CIP-CSL3H, (d) CIP-CSL3D, (e)
CIP-CSL3U, (f) CIP-CSL3-ENO.
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3.2.8 Shock-turbulence interaction

We also test the proposed schemes through the shock-turbulence interaction problem
[79]. Interactions between a shock wave and perturbations are simulated with the fol-

lowing initial condition:

p(x,0) = 3.857148; u(e,0) = 2.620369; p(z,0) = 10.333333; 0 <z <1
p(x,0) =14 0.2sin(5z — 5); u(z,0) = 0; p(z,0) = 1; otherwise.
(3.39)

N = 400 and CFL = 0.2 are used in this test. The reference solution is generated
by using the CIP-CSL3CW scheme with N = 10,000. Fig. .12 shows the numerical
results of the CIP-CSL2, CIP-CSL3CW, CIP-CSL3H, CIP-CSL3D, CIP-CSL3U, and
CIP-CSL3-ENO schemes at t=1.8. Results show that CIP-CSL3ENO captures discon-
tinuities as well as high- and low-frequency wave profiles well with less numerical
oscillation and diffusion. CIP-CSL2, CIP-CSL3H, CIP-CSL3D, and CIP-CSL3U have
numerical oscillations around the discontinuities and CIP-CSL3CW is diffusive at dis-

continuities and for the high-frequency wave.
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Figure 3.15: Numerical results of shock-turbulence interaction problem at t=1.8
(CFL=0.2 and N=400). (a) CIP-CSL2, (b) CIP-CSL3CW, (c¢) CIP-CSL3H, (d)
CIP-CSL3D, (e) CIP-CSL3U, (f) CIP-CSL3-ENO.
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3.3 Summary

In this chapter, the CIP-CSL3-ENO scheme was proposed based on two variants of the
CIP-CSL3 scheme (CIP-CSL3D and CIP-CSL3U). An ENO indicator was designed
for the CIP-CSL3ENO scheme based on the ratios of successive gradients which min-
imises numerical oscillations and diffusion simultaneously. Various numerical bench-
mark tests are studied, including linear and nonlinear scalar wave transport problems,
and compressible flows problems. Results show that the CIP-CSL3-ENO scheme has
approximately fourth-order accuracy for the sine wave propagation test and captures
discontinuities and smooth solutions well in various test problems. The CIP-CSL3-
ENO scheme minimises numerical oscillation and diffusion more efficiently than the

CIP-CSL3D scheme and the CIP-CSL3U scheme individually.
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Chapter 4

Fifth-order essentially non-oscillatory

hybrid CIP-CSL scheme

In chapter 3, a fourth-order CIP-CSL3-ENO scheme was proposed, and various numer-
ical benchmark tests show the superiority of the CIP-CSL3-ENO scheme. However,
when strong shocks exist, for example, two blast wave interaction problem, it was ob-
served that the CIP-CSL3-ENO scheme cannot obtain the numerical solution. To ad-
dress this problem, we propose the fifth-order CIP-CSL-ENOS scheme in this chapter.
Unlike the CIP-CSL3-ENO scheme, the CIP-CSL-ENOS5 uses not only polynomial
functions but also a monotone rational function, which can be used to suppress the
potential oscillation for the discontinuity region. This is motivated by the observation
that combining two different types (one oscillatory and one diffusive) of reconstruction

functions has great potential to effectively reduce numerical diffusion and oscillations.

The CIP-CSL-ENOS scheme is based on two cubic polynomial functions (CIP-CSL3D
and CIP-CSL3U), a newly proposed quartic polynomial function (CIP-CSL4Q), and a
rational function (CIP-CSLR). In the CIP-CSL-ENOS5 scheme, an ENO indicator is
designed based on the modified smoothness indicator in the WENO scheme. This
ENO indicator can detect the smoothness and the potential discontinuity of the recon-
struction stencil. The CIP-CSL-ENOS scheme can accurately capture both smooth
and discontinuous solutions simultaneously by selecting an appropriate reconstruction

function.
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4.1 Numerical method

Firstly, the newly proposed CIP-CSL4Q scheme is explained. Subsequently, we present
the CIP-CSL-ENO5 scheme, which is based on the CIP-CSL3D (Sec. [3.1.1), CIP-
CSL3U (Sec. [3.1.2), CIP-CSLR (Sec. [2.4.3)), and CIP-CSL4Q schemes.

4.1.1 CIP-CSL4Q scheme

X i-3/2 Xi1/2 X i+1/2 Xi3/2

Figure 4.1: Schematic figure of the CIP-CSL4Q scheme. u;_;,, < 0 is assumed.
The moments which are indicated by grey colour are used as constraints to con-

struct the interpolation function @Z—CS e (x).

The CIP-CSL4Q scheme is based on the following fourth-order quartic polynomial

interpolation function

) ZinSMQ(x — 2 1p2)t + ngMQ(ﬁ — Zi—1)2)° @1
+ CQC:ZSLZlQ(.T — $i_1/2>2 —+ CffL4Q<$ - xi_l/g) -+ CgfL4Q.

The interpolation function @iCSMQ(x) is constructed using the following five con-
straints (¢;—1 /2, bi, Dit1/25 gﬁi,l, and ¢A5¢+1) which are indicated in Fig.

( CSLAQ
¢z‘—1/2 = ‘I)Z- (%‘-1/2)7
Y ijll//; CSAR (1) g
Gi = Az )

CSL4
;7

<Z5z'+1/2 = 36i+1/2)7 (4.2)

ng‘—1 = (I),CSMQ(%‘A%

f cs
[ Pit1=0; L4Q(5Ez’+1)-
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By using the constraints in Eq. 1} , the coefficients (Cg ZS L4Q,C’f f L4Q,C’2(’: ZS e, C’g ZS e
and Cff 149y in Eq. 1' are obtained as follows

Cocjz'SMQ = Qi-1/2, (4.3)

1 _ - R
C’fme = m(—79¢i—1/2 — 107¢i41/2 + 198¢; — 20¢; 1 + 8pit1), 4.4)

1 _ n .
CQC:@SLﬁlQ — 7A;L'2 (—26@51,1/2 + 2¢i+1/2 + 12@52 + 13¢i—1 — ¢i+1)7 (45)

1 _ - "
CSLAQ
C3,i = m(193¢z‘—1/2 + 13704172 — 2700; — 44¢;_1 — 16¢i11), (4.6)

5 - N .
CEZ-SLZlQ - m(—22¢1_1/2 - 22@51'4_1/2 + 36@51 + 4¢i—1 + 4@251‘4_1). (47)

4.1.2 CIP-CSL-ENOS scheme

Based on the CIP-CSL3D, CIP-CSL3U, CIP-CSLR, CIP-CSL4Q, we propose the CIP-
CSL-ENOS scheme. Reconstruction stencils of the CIP-CSL-ENOS5 scheme can be
explained using Fig. The stencils S9, S3, 53, S}, S7, and S5 are defined as

(
Ti-1/2, Ti, 931'+1/2L

Ti—1,Ti-1/2, xi]a

(4.8)

S5 =1
St =
S?? = [xz‘a$i+1/2;$z‘+1]>
Si = [zia, Ti-1/2, Ti, $i+1/2],
S2 =

Ti—1/2,Ti, Tit1/2, $i+1],

Ss = [371717172‘—1/2,1%7 Tit1/2, Tit1).
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S5, 10
5%.%5
Si,T1
53,87
51,1 | S3,B¢
= ® u ® ]
Xi-1 Xi-1/2 Xi Xi+1/2 Xi+1

Figure 4.2: Sketch of the reconstruction stencils of the CIP-CSL-ENOS scheme.

In the CIP-CSL-ENOS scheme, the reconstruction selection criterion is proposed based
on the smoothness indicators 53 (G = 0,1,2) in Eq. (2.56) and 7y in Eq. (2.22).
70 = |87 — B}| is indeed calculated using the stencil S5 (S5 U Si U S?) (shown in Fig.
. Firstly, we list the two relationships between 7y and Bf introduced by Borges et
al. [32] as follows:

1. If the stencil S5 does not contain discontinuities, then 75 < ﬁf for j = 0,1,2
[32]. This is because that on smooth parts of the solution, the smoothness indic-

ators 3/ are all small and about the same size. Therefore, 7 = |52 — 1] < (.

2. If the solution is continuous at some stencils Sj , but discontinuous in the stencil
S, then ﬁf < 19, for thosej' where the solution is continuous [32]]. For example,
if the solution is continuous at the stencils S§ and S} (37 and 3! are small and
about the same size), but discontinuous in the whole stencil S5, which means
the discontinuity exists in the stencil S? (8?7 is relatively bigger than /3 and
B1). Then B2 > BY and B2 > B Therefore, 7y = |32 — 8}| > /? and
= |62 - 8] > Bl.

Based on the above two listed relationships between 7y and B‘z , we design the indicators

to check if the stencil S5 contains discontinuities as follows:
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e If the stencil S5 does not contain discontinuities, the indicator is designed as
. 00 gl 2
0 < min(8;, B;, B;)- 4.9)

This is due to the reason that if the stencil S5 contains discontinuities, as men-
tioned above (the second relationship between 7y and 55 ), we have Bf < 71, for
those j where the solution is continuous. Thus 75 > min(3?, 8!, 5?), which is
not consistent with 7o < min(/3?, 8}, 5?). Therefore, when 7y < min(3?, 3}, 52)

is satisfied, the stencil S5 does not contain discontinuities.
e If the stencil S5 contains discontinuities, the indicator is designed as
a0 Al 2

This is due to the reason that if S5 does not contain discontinuities, as mentioned
above (the first relationship between 7 and BZJ ), we have 1) < BZ] forj' =0,1,2.
Thus 79 < min(3Y, 8}, 57), which is not consistent with 7o > min(}, 8}, 82).
Therefore, when 79 > min(3?, 3}, 5?) is satisfied, the stencil S5 contains discon-

tinuities.

Based on 7y = |37 — 3}

, we define 7 and 7 [131]] as

= |/879_/611’7
Ty = W?_Biz"

7, and T, are calculated using the stencils S} (S9 U S3) and 57 (S U S2), respectively

(4.11)

(shown in Fig. 4.2). Analogously, we can design the indicators to check if the stencils
S j and SZ contain discontinuities by using 7, 72, and Bij as follows:

e If the stencil S} does not contain discontinuities, the indicator is designed as

1 < min(3?, B). (4.12)

1) 1
o If the stencil Si contains discontinuities, the indicator is designed as

71 > min(3Y, B}). (4.13)

17
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e [f the stencil Sf does not contain discontinuities, the indicator is designed as

5 < min(3Y, B2). (4.14)

e [f the stencil SZ contains discontinuities, the indicator is designed as

5 > min(3Y, 52). (4.15)

117

Based on the indicators Eqs. #.9), @.12), @.13), @#.14), and @.15)), the selection
criteria of the CIP-CSL-ENOS5 scheme are devised as follows:

Selection criteria:

e Case 1. If the entire reconstruction stencil S5 does not contain discontinuities,
the CSL4Q reconstruction is selected as shown in Fig. In this case, Eq. (4.9)

is used to indicate the stencil S5 does not contain discontinuities.

CsLaAQ(Ss, )

Xi-1 Xi-1/2 Xi Xis1/2 Xi+1

Figure 4.3: Reconstruction stencils for the CIP-CSL-ENOS scheme. The entire

reconstruction stencil is continuous, CSL4Q is used as the reconstruction scheme.

e Case 2. If the discontinuity exists in the region of downwind-side between x;_;
and z;_1 /2 as shown in Fig. the CSL3U reconstruction is selected to elimin-

ate the numerical oscillation.
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CSL3U (SZ, 1)

(Si, )

Xi-1 Xi-1/2 Xi Xi+1/2 Xi+1

Figure 4.4: Reconstruction stencils for the CIP-CSL-ENOS scheme. The discon-
tinuity exists in the region of downwind-side between z;_; and x;_,,, CSL3U is

used as the reconstruction scheme.

In this case, the solution is continuous on stencil S2, but discontinuous on stencil

S;. The indicator is designed by using Eq. (4.13)) and Eq. (4.14).

e Case 3. Analogously, if the discontinuity appears in the upwind-side region
between ;12 and w;,; as shown in Fig. the CSL3D reconstruction is
selected to eliminate the numerical oscillation. In this case, the solution is con-

tinuous on stencil S}, but discontinuous on stencil S%. The indicator is designed

by using Eq. and Eq. @.13).

CSL3D (S3, 1)

(54%/ TZ)

] ® = ® ]
Xi-1 Xi-1/2 Xi Xi+1/2 Xi+1

Figure 4.5: Reconstruction stencils for the CIP-CSL-ENOS scheme. The discon-
tinuity exists in the region of upwind-side between ;. , and ;,, CSL3D is used

as the reconstruction scheme.

e Case 4. In addition, the discontinuity may appear in the region between ;_;
and ;11,7 as shown in Fig. In this case, we select the monotone and non-

oscillatory CSLR scheme, which can suppress the potential numerical oscillation
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for the discontinuity region.

CSLR /

[ © ' ] T 3 u
Xi-1 Xi-1/2 Xi Xi+1/2 Xi+1

Figure 4.6: Reconstruction stencils for the CIP-CSL-ENOS scheme. The discon-
tinuity may appear in the region between z;_;/, and z;, /5, CSLR is used as the

reconstruction scheme.

The reconstruction criterion of the CIP-CSL-ENOS5 scheme can be summarised as fol-

lows

q)iC'SL‘lQ l’) To S mln( ,LQ, 217/812>7

(),
QESL3D () 1 > min(BY, A1) and 7 < min(BY, 5?),
(I)iCSLfENOE)(x) _ i ( ) 1 ( i Bz) 2 = ( ) /61) (416)
(z),

71 < min(B?, 8}) and T > min(3?, 5?),

PESLE(x).  otherwise

(I)ZCSL?)U .I')

\

(I)iCSL—ENO5 (ZL‘)

By using the interpolation function , the cell average ¢; and bound-

ary value ¢;_;/, are updated by a third-order TVD Runge-Kutta formulation [46] as
explained in Sec. [2.4.1]

4.2 Numerical results

We validate the proposed methods through various benchmark tests and compare the

results with those of the CIP-CSLR and CIP-CSL3-ENO schemes.

4.2.1 Sine wave propagation

In this test, we solve the conservation equation Eq.(2.13]) with the same initial condi-
tions, as described in Sec The computation domain is [0, 1], u(x) = 1 and the
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periodic boundary conditions are used. Four different grid sizes (N = 20, 40, 80, 160,
and 320) are used with At = 0.1Az and Az = 1/N.

Table 4.1: L, and L, errors in sine wave propagation at t=1.

Method N Ly error L order L error L, order

CIP-CSLR 20 1.53 x 1072 - 4.11 x 1072 -
40 3.63x107% 208  1.68 x 1072 1.30
80 880x107* 204  6.58x 1073 1.35
160 1.94x107* 218 251 x 1073 1.39
320 4.35x107° 216 941 x107* 1.42
CIP-CSL4Q 20 6.08x 107 - 9.55 x 1076 .
40 1.93x1077 498 3.04 x 1077 4.97
80 6.08x107" 499 954 x 107 4.98
160 1.90 x 107 500 299 x107'°  5.00
320 595 %1072 500 9.34x107'2 500
CIP-CSL-ENO5 20 6.08 x 10~ - 9.55 x 1076 -
40 1.93x1077 498  3.04x 1077 4.97
80 6.08x107° 499 954 x 107 4.98
160 1.90 x 107 500 299 x 107  5.00
320 595 %1072 500 9.34x107'2 500

Table . 1] presents the numerical results of the CIP-CSLR, CIP-CSL4Q and CIP-CSL-
ENOS schemes. It is evident that CIP-CSLR has about second-order accuracy for L
and less than second-order accuracy for L.,. Both CIP-CSL4Q and CIP-CSL-ENOS5
have fifth-order accuracy for L; and L, respectively. This indicates that the CIP-CSL-
ENOS scheme automatically selects the highest possible polynomial interpolation for

the smooth solution.
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4.2.2 Complex wave propagation

In this test, the Jiang-Shu complex wave propagation problem [1] is investigated. The

initial conditions are the same as those in Sec. 3.2.3
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Figure 4.7: Numerical results of complex wave propagation test at time t=2 (1

period). N=200 and CFL=0.4 are used. (a) CIP-CSLR, (b) CIP-CSL4Q, (c) CIP-

CSL3-ENO, (d) CIP-CSL-ENOS.
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Figure 4.8: Numerical results of complex wave propagation test at time t=100

(50 periods). N=200 and CFL=0.4 are used. (a) CIP-CSLR, (b) CIP-CSL4Q, (¢)

CIP-CSL3-ENO, (d) CIP-CSL-ENOS.

Fig. illustrates the results of the CIP-CSLR, CIP-CSL4Q, CIP-CSL3-ENO, and
CIP-CSL-ENOS schemes at time t=2 (1 period). It is observed that CIP-CSL4Q cap-

tures smooth profiles well; however, it has significant oscillations around the discon-

tinuities. Although CIP-CSLR has no numerical oscillation around discontinuities,

it is diffusive in both smooth profiles and discontinuities. Both CIP-CSL3-ENO and

CIP-CSL-ENOS accurately capture smooth profiles and discontinuities simultaneously
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with minimised numerical oscillations and diffusion. Fig. illustrates the results
the CIP-CSLR, CIP-CSL4Q, CIP-CSL3-ENO, and CIP-CSL-ENO5 schemes at time
t=100 (50 periods). It is observed that CIP-CSLR has obvious numerical diffusion,
while CIP-CSL4Q has significant numerical oscillations. Both CIP-CSL3-ENO and
CIP-CSL-ENOS capture the complex waves well. CIP-CSL3-ENO obtains sharper
solutions around x = 0.5 and CIP-CSL-ENOS captures sharper solutions for the cusps
around x = —0.7 and x = 0.1. Table #.2] shows L, and L., errors the CIP-CSLR,
CIP-CSL4Q, CIP-CSL3-ENO, and CIP-CSL-ENO5 schemes at time t=2 and t=100,
respectively. The results indicate that CIP-CSL-ENOS is superior to CIP-CSLR and
CIP-CSL3-ENO. Although CIP-CSL4Q has the least numerical errors, it has signific-

ant numerical oscillation.

Table 4.2: [, and L, errors in complex wave propagation test at t=2 (1 period)

and at t=100 (50 periods). N=200 and CFL=0.4 are used.

t=2 t=100

Ly error L error Ly error L error

CIP-CSLR 224 x107% 333 x 1071 1.03x 107* 5.97 x 107!
CIP-CSLA4Q 755 x 1073 1.93x 107t 225 x 1072 3.29 x 107!
CIP-CSL3-ENO 9.39 x 10™® 2.65 x 1071 3.56 x 1072 3.97 x 107!
CIP-CSL-ENO5 8.44 x 1072 231 x 107! 245 x 1072 3.51 x 107!

In addition, we compare numerical results by the CIP-CSL-ENOS scheme with nu-
merical results by a standard WENO scheme (WENO-Roe5) [[1], the fifth-order multi-
moment WENO scheme [132]], and the MCV-WENO scheme [133]. Fig. @.9)illustrates
a comparison of numerical results by the WENO-Roe5 and CIP-CSL-ENOS5 schemes
in complex wave propagation test at t=8. The CIP-CSL-ENOS5 scheme is less diffusive
than the WENO-Roe5 scheme. Fig. [.10] shows a comparison of numerical results
by the multi-moment WENO scheme [132], the MCV-WENO scheme [[133], and the
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CIP-CSL-ENOS scheme, in the complex wave propagation test at t=2. The result re-

veals that the CIP-CSL-ENOS5 scheme is less diffusive than the multi-moment WENO
scheme and the MCV-WENO scheme.
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Figure 4.9: A comparison of numerical results by the WENO-RoeS5 scheme [1] and

the CIP-CSL-ENOS scheme in complex wave propagation test at t=8 (4 periods:
2,000 time steps). N=200 and CFL=0.4 are used.
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Figure 4.10: A comparison of numerical results by the multi-moment WENO

scheme, the MCV-WENO scheme, and the CIP-CSL-ENOS scheme in complex

wave propagation test at t=2 (1 period: 500 time steps). N=200 and CFL=0.4 are

used.
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4.2.3 Lax’s problem
In this section, the numerical test of Lax’s problem with strong shock and contact
discontinuity is conducted. The initial condition is

p(x,0) = 0.445; u(z,0) = 0.698; p(x,0)=3.528; ifx < 0.5
p(#,0) =05 u(z,0)=0;

4.17)
p(z,0) = 0.571; otherwise,

In this test, the domain [0, 1.0], N = 200 and CFL = 0.2. Fig. illustrates the nu-
merical result of the CIP-CSLR, CIP-CSL4Q, CIP-CSL3-ENO, and CIP-CSL-ENO5

schemes at time t=0.12.
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Figure 4.11: Numerical results of Lax’s shock tube problem at t=0.12. N=200
and CFL=0.2 are used. (a) CIP-CSLR, (b) CIP-CSL4Q, (¢) CIP-CSL3-ENO, (d)
CIP-CSL-ENOS.
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It is observed that CIP-CSL4Q has numerical oscillations and CIP-CSLR is diffusive
at discontinuities (particularly the contact discontinuity). Both CIP-CSL3-ENO and
CIP-CSL-ENOS5 minimise numerical oscillations and numerical diffusion in vicinity

of discontinuities.

4.2.4 Shock turbulence problem

In this section, the numerical test of a shock-turbulence problem [79] is conducted.

The initial condition is

p(x,0) = 3.857148; u(z,0) = 2.629369; p(z,0) =10.333333; 0<z < 0.1
p(x,0) =1+ 0.2sin(5z — 5); u(z,0) = 0; p(z,0) = 1; otherwise.
(4.18)
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Figure 4.12: Numerical results of shock-turbulence interaction problem at time
t=0.18. N=400 and CFL=0.2 are used. (a) CIP-CSLR, (b) CIP-CSL4Q, (c) CIP-
CSL3-ENO, (d) CIP-CSL-ENOS.
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In this test, N = 400 and CFL = 0.2. Fig. shows the numerical results of the CIP-
CSLR, CIP-CSL4Q, CIP-CSL3-ENO, and CIP-CSL-ENOS schemes at t=0.18. Fig.
4.13|shows the zoomed-in view of Fig. [4.12] It is evident that CIP-CSL4Q has numer-
ical oscillations around the discontinuities, and CIP-CSLR is diffusive for capturing
discontinuities and high-frequency waves. CIP-CSL3-ENO captures discontinuities
and low-frequency wave profiles well. However, CIP-CSL3-ENO has small numerical
oscillation for high-frequency wave profiles as shown in Fig. {.13] CIP-CSL-ENOS5
captures discontinuities, high-frequency and low-frequency wave profiles well without

numerical oscillations.

CIP-CSLR - CIP-CSL4Q -

03 04 05 06 07 08 03 04 05 06 07 08
X X
® [GpCSlBEND | ® (&P CSLENOS |
Exact - (C) Exact - (d)

Figure 4.13: Zoomed-in view of Fig. 4.12]
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4.2.5 Two blast waves interaction problem

In this section, the CIP-CSL-ENOS scheme is validated through a simulation of two

interacting blast waves [134]] with the following initial condition

(1,0,1000) for 0<x<0.1
(o, o, po) = ¢ (1,0,0.01) for 0.1<z<0.9 (4.19)
(1,0,100) otherwise,
The numerical mesh size N = 400, CFL = 0.2 and the reflecting boundary condition
is used. In this test, two blast waves are formed by the initial jumps. Expansion
fans, contact discontinuities, and strong shocks are generated and interacted with each
other. Due to the violent interactions of shocks, the existence of numerical oscillation
will cause the breakup of the simulation. CIP-CSL4Q and CIP-CSL3-ENO could not
obtain the solution. The numerical results of CIP-CSLR and CIP-CSL-ENOS at time

t = 0.038 are shown in Fig. {.14]
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Figure 4.14: Numerical results of two interacting blast waves problem at t=0.038.

N=400. CIP-CSLR (left) and CIP-CSL-ENOS (right).

It is observed that both CIP-CSLR and CIP-CSL-ENOS capture the contact discon-

tinuity and shock without numerical oscillations, however, CIP-CSL-ENOS5 performs

better than CIP-CSLR around x = 0.78.
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4.2.6 2D lid-driven cavity flow problem

In this section, we conduct a widely used benchmark test, which is called 2D lid-driven
cavity flow test. In this tests, numerical simulations with Reynolds numbers 1000 and
3200 respectively are conducted on a Cartesian grids (100 x 100). The computation

domain is [0, 1][0, 1] with a driving velocity of the upper lid u = 1.
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Figure 4.15: The horizontal velocity component « along the x = (.5 axis and the
vertical velocity component v along the y = 0.5 axis. Displayed are the results of
the CIP-CSL-ENOS scheme on 100 x 100 meshes with the Reynolds number being
1000 (top) and 3200 (bottom) respectively.
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We compare the results between the numerical simulation and the experiment conduc-
ted by Ghia [138]. The results of horizontal velocity component « along the x = 0.5
axis and the vertical velocity component v along the y = 0.5 axis with two different
Reynolds numbers are shown in Fig. It is evident that the velocity components

are accurately simulated by using the CIP-CSL-ENOS scheme.

4.3 Summary

In this chapter, the CIP-CSL-ENOS5 scheme was proposed based on the CIP-CSL3D,
CIP-CSL3U, CIP-CSLR, and CIP-CSL4Q schemes. An ENO indicator was designed
for the CIP-CSL-ENOS scheme by using the total variations of the derivative. In the
CIP-CSL-ENOS5 scheme, the reconstruction criterion is designed by selecting either
high-order polynomial functions or rational function on the basis of the smoothness
of the reconstruction stencils. The CIP-CSL-ENOS5 scheme has fifth-order accur-
acy for the sine wave propagation test and captures both discontinuities and smooth
solutions well in various test problems. The CIP-CSL-ENOS5 scheme is less dif-
fusive than WENO-Roe5 scheme, multi-moment WENO scheme, and MCV-WENO
scheme. Compared to the CIP-CSLR and CIP-CSL3-ENO schemes, the CIP-CSL-
ENOS scheme has smaller numerical errors in various test problems. In addition, it
was observed that the CIP-CSL3-ENO scheme cannot resolve the numerical solution
for the two blast waves interaction test. The CIP-CSL-ENOS5 scheme addressed this
issue. Moreover, the CIP-CSL-ENOS scheme is robust for solving 2D lid-driven cavity

flow problem and is able to accurately simulate the velocity components.
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Chapter 5

Implementation of Boundary
Variation Diminishing (BVD)
algorithm in the CIP-CSL scheme

To further minimise the numerical diffusion across discontinuities of the CIP-CSL
scheme, in this chapter, we implement the Boundary Variation Diminishing (BVD)
[90] algorithm in the CIP-CSL scheme. The proposed high-resolution scheme (CIP-
CSLT-WENO4-BVD) is designed based on the CIP-CSLT (CIP-CSL scheme with the
tangent hyperbolic function) and CIP-CSL-WENO4 schemes, as well as the modified

version of the BVD algorithm.

In the CIP-CSLT-WENO4-BVD scheme, the CIP-CSL-WENO4 scheme is used as one
reconstruction candidate, which maintains the fourth-order accuracy and oscillation-
suppressing property for both scalar and Euler conservation laws. Details of the CIP-
CSL-WENO4 scheme have been explained in Sec. In addition, we propose
another reconstruction candidate CIP-CSLT based on the CIP-CSL scheme and the
THINC [40] scheme, which is able to represent the jump-like discontinuity sharply
without numerical oscillations. The proposed CIP-CSLT-WENO4-BVD scheme is
able to effectively reduce numerical errors and the numerical diffusion in vicinity of

discontinuities.
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5.1 Numerical method

For simplicity, we consider a one-dimensional conservation law to explain the numer-
ical method. Herein, we recast the one-dimensional conservation law as follows

¢  O(uo)
EjL ox

=0, (5.1)

where ¢ is the scalar and u is the velocity.

5.1.1 CIP-CSLT scheme

The CIP-CSLT scheme is based on the piece-wise tangent hyperbolic function [40],

which can be expressed as

OOSIT (1) — ¢mm+w 1+708LTtanh<5CSLT<W_@>)]7 (5.2)
2 Az
i (T iy _ iy Y CSLT _ 7 7
where ¢, = mln(@fl, ¢i+1)7 Omaz = max(@eh ¢i+1)~ Y = 1for ¢;_1 < Pip1

CSLT _

and —1for ¢j_1 > pip1. BT is a prescribed parameter to control the slope

and the thickness of the jump. Based on our numerical experiments, when 39517 is

ﬁCSLT CSLT
b

from 1.4 to 2.4, we can obtain acceptable numerical results. Given and y
the only unknown parameter left is the jump centre z;, which can be determined by the

following constraint condition.

L[5 o -
N /IH/2 O (z)dx = ¢y, (5.3)
. osLT
Ty = 9 BSSLTI ( Aiex_pfxp(_ 50?LZT>>’ (54)
here -
A = exp(ﬂcsféig; — 1)) and C; = —¢i;—¢gﬁn (5.5)

After obtaining the reconstructed function from Eq.(5.2)), the cell average value ¢; and
the boundary value ¢;_, /» can be updated by a third-order TVD Runge-Kutta formula-
tion [107, [108] in Sec. 2.4.1]
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5.1.2 CIP-CSLT-WENO4-BVD scheme

Based on the CIP-CSLT and CIP-CSL-WENOA4 [136]] schemes, we propose the CIP-
CSLT-WENO4-BVD scheme in this section. For the smooth region, as explained in
Sec. 7o < min(Sy, 1, o) is used in the CIP-CSL-ENOS scheme to indicate
the smooth condition. Analogously, in the CIP-CSLT-WENO4-BVD scheme, we use
7o < min(fy, 51, f2) to indicate the smooth condition. In this case, the fourth-order

CIP-CSL-WENO4 reconstruction scheme is selected.

In non-smooth region, the reconstruction stencil may contain a genuine discontinuity
with a certain strength. To reduce the numerical diffusion near the discontinuous re-
gion, we implement the Boundary Variation Diminishing (BVD) [90] algorithm in the
CIP-CSL framework. Details of the BVD algorithm is given in Sec. 2.5.2] Firstly, we

modify the definition of boundary variation (BV) at x;_1/; and ;1 as

/

B‘/xifl/Q = |(I);'—1(Ii*1/2) - (I)Z(JTZ,1/2)| (5.6)
BV, s = |0 (Tir1y2) — ®i(@igry)l. (5.7)

where, ®;(z) represents the derivative of the reconstruction function ®;(x). Based on

Egs. (5.6) and (5.7)), we define the total boundary variation of the derivative as

TBV =BV, ., + BV,

i—1/2 Tit1/2°

(5.8)

Here, we use T BV ¢SLT and T BV ¢5L-WENO4 (¢ represent the TBV of CSL-WENO4
and CSLT, respectively. T BV “SLT and T BV ¢SL-WENO4 are calculated by using Eq.
(5.8). If TBVCSIT < TRV CSL-WENO4 the CIP-CSLT reconstruction is selected.
Otherwise, the high-order reconstruction scheme CIP-CSL-WENO4 is selected.

The reconstruction criterion of the CIP-CSLT-WENO4-BVD scheme can be expressed
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as follows

®?SL_WENO4(x) if 70 S min(ﬁm 617 52)7
Di(r) = ¢ BFILT () else if TBVCSLT < TRYCSL-WENO4

@?SL—WENO4<I_) else .

(5.9)

5.2 Analysis of the computational efficiency for CIP-
CSL schemes

In this section, we measure the computational efficiency of CIP-CSL schemes by cal-
culating the computational time of the advection of a square wave after one period.

The initial conditions are the same as those in Sec. [3.2.2] t=2 and CFL=0.4.

Table 5.1: Computational efficiency for solving square wave propagation problem

by using CIP-CSL schemes. t=2 and CFL=0.4.

Method Ly error Meshnumber CPU time
CIP-CSL3-ENO 1.0 x 1073 3100 628.5s
CIP-CSL-ENOS5 1.0 x 1073 2350 396.7s

CIP-CSL-WENO4 1.0 x 1073 2300 208.8s
CIP-CSLT-WENO4-BVD 1.0 x 1073 1730 112.2s

In this quantitative measurement, table[S.I|presents the mesh number and CPU time for
different CIP-CSL schemes to obtain a given level of accuracy (L; error = 1.0 x 1073).
It is observed that both CIP-CSL-ENOS5 and CIP-CSL-WENO4 use less mesh numbers
and CUP time than CIP-CSL3-ENO. CIP-CSL-WENO4 costs less CPU time than CIP-
CSL-ENOS. Moreover, we can see that CIP-CSLT-WENO4-BVD uses the least mesh

number and CPU time among all the compared CIP-CSL schemes.
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5.3 Numerical results

We validate the proposed methods through various benchmark problems and compare
the results with those of the CIP-CSL3-ENO, CIP-CSL-ENOS, and CIP-CSL-WENO4
schemes. Several types of numerical errors are calculated. The definitions of L, error
and L., error have been provided in Eqs. (6.17) and (3.30). The total error [137] is
defined as

1 oo
Erowa = 5 (¢ = 6)*, (5.10)
=0

where ¢f is the exact solution and ¢; is the numerical solution of the cell 7, and N
is the mesh number. The total error includes two parts: the dissipation error and the

dispersion error. It can be expressed as

ETotal - EDissipation + EDispersion~ (511)

The dissipation error and the dispersion error can be calculated by

EDissipation = (U(¢2) - J(gbf))z + (ggl - &5)27 (512)

EDispersion = 2(]— - Q)O-(Q_Sz)o-(¢f)7 (513)
where o(¢;) is the standard deviation of numerical solution ¢;, and o (¢¢) is the stand-

ard deviation of analytical solution ¢¢. Further, ¢;, ¢¢ are the mean values of ¢; and

¢, respectively. o is the correlation coefficient of ¢; and ¢¢, and it is defined as

_ cov(di, 9) (5.14)

CT (0o (6)
where cov(¢;, ¢¢) is the covariance of ¢; and ¢5.
5.3.1 Sine wave propagation

In this section, we solve the conservation equation Eq.(5.1)) with the same initial con-

dition as described in Sec. [3.2.1]to calculate L; errors and L, errors and convergence
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rates of the CIP-CSL-WENO4 and CIP-CSLT-WENO4-BVD schemes. The computa-
tion domain is [0, 1], u(z) = 1 and periodic boundary conditions are used. Moreover,

five different grid sizes (N = 20, 40, 80, 160, and 320) are used.

Table 5.2: ., and L., errors in sine wave propagation at t=1.

Method N L, error L4 order L, error L. order

CIP-CSL-WENO4 20 4.39x10°° - 6.65 x 107° -
40 274 x 1077 4.00 4.29 x 1077 3.95
80 1.72x 1078 4.00 2.69 x 1078 3.99
160 1.07 x 107 4.00 1.69 x 107° 4.00
320 6.73 x 1071 4.00 1.06 x 10710 4.00

CIP-CSLT-WENO4-BVD 20  4.39 x 107© - 6.65 x 1076 -
40 2.74x10°7 400  429x 1077 3.95
80 1.72x107% 400 269 x 1078 3.99
160 1.07x107° 400  1.69 x 107* 4.00
320 6.73x 107" 400  1.06 x 107 4.00

Table [5.2| presents the L, errors and L, errors and convergence rates of the CIP-CSL-
WENO4 and CIP-CSLT-WENO4-BVD schemes. It is evident that both CIP-CSL-
WENO4 and CIP-CSLT-WENO4-BVD have fourth-order accuracy for L; and L.
This indicates that the implementation of the BVD algorithm automatically selects the

highest possible polynomial interpolation for a smooth profile.

5.3.2 Complex wave propagation problem

In this test, the Jiang-Shu complex wave propagation problem [1] is conducted. The

initial conditions are the same as those in Sec. [3.2.3] Fig. [5.1]illustrates the results
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of the CIP-CSL3-ENO, CIP-CSL-ENOS5, CIP-CSLWENO4, and CIP-CSLT-WENO4-
BVD schemes at time t=2 (1 period).

CIP-CSL3-ENO- ‘ | | CIP-CSL-ENO5 - ‘ |
12 Exact (a) 1.2 Exact — (b)
B Lo H H i . # i
o8 L L 08 LD
A I T S S T B |
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Figure 5.1: Numerical results of complex wave propagation test at time t=2 (1
period). N=200 and CFL=0.4 are used. (a) CIP-CSL3-ENO, (b) CIP-CSL-ENOS,
(c) CIP-CSL-WENO4, (d) CIP-CSLT-WENO4-BVD.

It is observed that CIP-CSLT-WENO4-BVD has sharper solutions for discontinuities
compared to other high-order CIP-CSL schemes (CIP-CSL3-ENO, CIP-CSL-ENOS,
and CIP-CSL-WENO4). In addition, Table [5.3] shows that CIP-CSLT-WENO4-BVD

has the least numerical errors.



5.3 Numerical results

91

Table 5.3: Numerical errors in complex wave propagation test at t=2 (1 period).

N=200 and CFL=0.4 are used.

Total error |Dissipation error|Dispersion error| L error | Lg error
CIP-CSL3-ENO 1.40 x 1073 5.14 x 1075 | 1.35 x 1072 (9.39 x 1073|2.65 x 107!
CIP-CSL-ENOS5 1.10 x 1073 3.53 x 1075 | 1.06 x 1073 [8.44 x 1073|2.31 x 107!
CIP-CSL-WENO4  [1.21 x 1073 4.13x107° | 1.17 x 1073 [8.77 x 1073|2.54 x 10!
CIP-CSLT-WENO4-BVD|3.57 x 10™%| 2.68 x 1075 | 3.54 x 10™* {5.26 x 1073|1.23 x 107!

5.3.3 Lax’s problem

In this section, the numerical test of Lax’s problem with strong shock and contact

discontinuity is conducted. The initial condition is set as the same as that in Sec.
Fig. [5.2]illustrates the numerical results of the CIP-CSL3-ENO, CIP-CSL-ENOS, CIP-
CSLWENO4, and CIP-CSLT-WENO4-BVD schemes at time t=0.16.
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Figure 5.2: Numerical results of Lax’s shock tube problem at t=0.16 and N=100.
(a) CIP-CSL3-ENO, (b) CIP-CSL-ENOS, (c¢) CIP-CSL-WENO4, (d) CIP-CSLT-

WENO4-BVD.

It is observed that CIP-CSL3-ENO has small numerical oscillations and CIP-CSL-
WENO4 is diffusive in the discontinuous region. Both CIP-CSL-ENOS5 and CIP-

CSLT-WENO4-BVD capture discontinuities and shocks well without numerical os-

cillations.
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5.3.4 Two blast waves interaction problem

In this section, the two interacting blast waves test is conducted. The initial condition
is set as the same as that in Sec. CIP-CSL3-ENO could not obtain the solution.
The numerical solutions of density computed by CIP-CSLENOS, CIP-CSL-WENO4,
and CIP-CSLT-WENO4-BVD are shown in Fig. It 1s observed that both CIP-

CIP-CSL-ENO5 - ‘ (a)

CIP-CSL-WENO4 - ‘
Exact - L (b)
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Figure 5.3: Numerical results of two interacting blast waves problem at t=0.038
and N=400. (a) CIP-CSL-ENOS, (b) CIP-CSL-WENO4, (¢) CIP-CSLT-WENO4-
BVD.

CSLENOS and CIP-CSL-WENO4 are diffusive around z = 0.6 in the numerical solu-
tions. However, CIP-CSLT-WENO4-BVD effectively reduce the numerical diffusion
in the vicinity of discontinuities. The resolution of the left-most density discontinuity

around = = 0.6 by CIP-CSLT-WENO4-BVD is superior to other CIP-CSL schemes.

5.3.5 2D circular explosion problem

In this section, the numerical simulation of a circular two-dimensional explosion of
inviscid compressible flows is conducted to verify the proposed method as a solver for
compressible flows that contains shock waves. An axis-symmetric explosion, which is

reported in [[139]], is generated from the following initial condition

(1,0,0,1) if <05
(p,u,v,p) = _ (5.15)
(0.125,0,0,0.1) otherwise,
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where the radius r = /22 + y? and the computation domain is [—1, 1][—1,1]. This
axis-symmetric explosion configuration contains rarefaction wave, contact discontinu-

ity and shock waves expanding inward.

Fig. (top) shows the side view of the density profile at time ¢ = 0.25 on a 200 x 200
Cartesian grid. Fig. (bottom-left) and Fig. (bottom-right) show the density
along the cross-section of x = y by using different mesh numbers (200 x 200 and
400 x 400), against the reference solution created by the VSIAM3 (Volume/Surface
Integrated Average-based Multi-moment) scheme [103] with a high numerical resol-
ution (10,000 cells). It is observed that shock, contact discontinuity, and rarefaction
wave are well simulated by using the CIP-CSLT-WENO4-BVD scheme. In addition,
the quality of the numerical solution improved by refining the mesh grid. The numer-
ical solutions of the CIP-CSLT-WENO4-BVD scheme with 400 x 400 mesh grid agree
well with the reference solutions. This indicates that the CIP-CSLT-WENO4-BVD

scheme is capable of simulating compressible flows faithfully.
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Figure 5.4: 2D circular explosion results of the CIP-CSLT-WENO4-BVD scheme

at t=0.25. The density profile, side view (top) and the density profile along the

cross-section of © = y with 200 x 200 meshes (bottom left) and 400 x 400 meshes

(bottom right).
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5.4 Summary

In this chapter, the CIP-CSLT-WENO4-BVD scheme was proposed based on the CIP-
CSL-WENO4 scheme and a newly proposed CIP-CSLT scheme. Firstly, we proposed
the CIP-CSLT scheme based on the piecewise tangent hyperbolic function, which can
represent the discontinuity with less numerical errors. Subsequently, we implemented
a modified version of BVD algorithm in the CIP-CSL schemes. For the smooth re-
gion, the fourth-order CIP-CSL-WENO4 scheme is used to maintain high-order accur-
acy. For discontinuous regions, the reconstruction criterion of the CIP-CSLT-WENO4-
BVD scheme was designed based on the proposed BVD algorithm, which can minim-

ise the total boundary variations of the derivative.

The CIP-CSLT-WENO4-BVD scheme has been verified through various numerical
benchmark tests. The numerical results reveal that the CIP-CSLT-WENO4-BVD scheme
has the least numerical errors for advection tests compared to the CIP-CSL3-ENO,
CIP-CSL-ENOS5, and CIP-CSL-WENO4 schemes. The CIP-CSL-WENO4-BVD scheme
uses the least mesh number and CPU time to achieve the given level of accuracy com-
pare to WENO-JS, WENO-Z, and other CIP-CSL schemes for solving advection prob-
lems. It is also observed that the CIP-CSLT-WENO4-BVD scheme reduces the nu-
merical diffusion in vicinity of discontinuities effectively. In addition, the numerical
results of 2D explosion test have shown that the CIP-CSLT-WENO4-BVD scheme can

be applied to compressible flows problem that contains shocks.
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Chapter 6

Implementation of Total Boundary
Variation Diminishing (TBVD)
algorithm with the TWENO and
THINC schemes

It has been noticed that conventional weighted essentially non-oscillatory (WENO)
schemes still suffer from excessive numerical diffusion. One of the reasons is that they
tend to under-use adjacent smooth sub-stencils thus fail to obtain optimal interpolation.
In this chapter, a novel reconstruction strategy is proposed for the fifth-order WENO
scheme. Unlike the conventional fifth-order WENO scheme, we proposed a target
WENO (TWENO) scheme to restore the highest possible order interpolation when

three target sub-stencils or two adjacent target sub-stencils are smooth.

Based on the TWENO scheme and the THINC [40, 2] scheme, we propose the TBVD-
TWENO-THINC scheme by implementing the Total Boundary Variation Diminish-
ing (TBVD) [41]] algorithm. The TBVD algorithm selects a reconstruction function
between TWENO and THINC to minimise the total variations (jumps) of the recon-
structed variables at cell boundaries. Consequently, the TBVD-TWENO-THINC scheme
effectively reduces the numerical errors and the numerical diffusion near discontinuit-

ies.
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6.1 Numerical method

6.1.1 Target WENO (TWENO) scheme

We consider the following hyperbolic conservation law

o9 0f(9)
E—{— ox

=0, (6.1)

where ¢ is the solution function and f(¢) is the flux function. In the finite volume
method, the cell average value ¢; defined in Eq. (2.14)) is updated by

do; 1
dﬁz = _M(fi-&-l/Q — fic1/2)- (6.2)

The numerical flux f;;1/2 and f;_;/» at cell boundaries are computed by a Riemann
solver. To obtain the solution of the Riemann solver, the main task is to reconstruct the

left- and right-side values ¢* i1/2 and ¢t | . for cell boundaries ;. 2,0t =1,2,..,N.

i+1/2

Xi-5/2 Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2 Xits/2

Figure 6.1: Sketch of the TWENO scheme with three sub-stencils 5, S;, and .5,

In the TWENO scheme, sub-stencils Sy, S; and S are used, as shown in Fig. [6.1] For
those stencils, we can construct the interpolation functions gzﬁ i1/ ¢i1 /2> and gzﬁl 1/
using the following formulas.

1 5. 1.
¢;94?1/2 —¢i—1 + —Cbi + _¢i+17

11—

1- —
b1 = 302 gbz 1 5 0 (63)

1
¢z+1/2 ¢z + ¢z+1 ¢i+2-

The reconstruction criteria of the TWENO scheme is designed by using the combina-

tion of 5] and T ( =0, 1,2) in Egs. (2.20), (2.22), and (4.11)), which can indicate the




6.1 Numerical method 99

smoothness and the potential location of the discontinuity. Details of the relationship

between ﬁf and 7; have been explained in Sec. 4.1.2, Based on the indicators in Sec.

M.1.2] we design the reconstruction scheme by the following criteria.

Selection criteria:

e Case 1. If the entire reconstruction region between w;_5, and z;,5/2 is con-
tinuous, three smooth sub-stencils Sy, S, and S, in Fig. [6.1] are targeted and

selected. In this case, the indicator is designed as 7o < min(5?, 3}, 5%). The

S1

reconstruction is based on ¢fﬁ1 P o; /20 and qﬁfjl /2 which are assigned with

the optimal linear weights as
6 1 3
L S 5 5
¢z‘+1/2 = Eﬁbiﬁl/g + E@ilﬂ + 1_O¢ij1/2’ (6.4)

e Case 2. If the discontinuity exists in the region between z;_5/2 and x;_3/2, as

Discontinuity S,
\ So
¢j—2 ¢1’—1 ¢ 7 ¢j+l ¢1’+2
*—=n ® » © n ® ] ® —e
Xi-s/2 Xi-3/2 Xi-1/2 Xi+1/2 Xit3/2 Xits/2

Figure 6.2: Discontinuity exists in sub-stencil S, while adjacent sub-stencils S,

and S, are smooth.

shown in Fig. [6.2] it suggests that the reconstruction solution is continuous in
stencils Sy and Ss, but discontinuous in stencil S;. In this case, two smooth
adjacent sub-stencils Sy and S are targeted and selected, and the indicator is
designed as 7; > min(3?, 3}) and 75 < min(3?, 3?). The reconstruction is based

on gbfil /o and gzﬁfjl /o which are assigned with the optimal linear weights as

1

1
L S, 5
i1y = §¢'il/2 + §¢,i1/2' (6.5)

e Case 3. Analogously, if the discontinuity appears in the region between x;, 3/,

and x;,5/2, as shown in Fig. @ it suggests that the reconstruction solution is
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continuous in stencils Sy and S, but discontinuous in stencil S,. In this case, two
smooth adjacent sub-stencils Sy and S; are targeted and selected, and the indic-
ator is designed as 7; < min(8?, 8}) and 7, > min(3?, 32). The reconstruction

is based on qﬁl 12 and qﬁ which are assigned with the optimal linear weights

i+1/2°
as
L 3 6.6
i+1/2 — 4¢1+1/2 + ¢z+1/2 ( . )
S Discontinuity
So /
¢[—? ¢171 ¢ i ¢1+l ¢1+2
[ — ® ] ° ] ® °
Xi-5/2 Xi-3/2 Xi-1/2 Xi+1/2 Xi+3/2 Xirs/2

Figure 6.3: Discontinuity exists in sub-stencil S, while adjacent sub-stencils S,

and S, are smooth.

e Case 4. In addition to the above situations, all three sub-stencils Sy, S;, and

Sy are targeted and selected. The reconstruction is based on gzﬁl 12 ¢i1 /2 and
¢fj1 /o> Which are assigned with the non-linear weights as
¢1‘L+1/2 = W?@SO ($i+1/2) + wi1¢f1 (%H/z) + w?¢§qz($i+1/2)- (6.7)

The non-linear weights wf are calculated by using Egs. (2.19) and (2.23)) of the
WENO-Z scheme, as described in Sec. [2.3.3]

Summary of the reconstruction criteria of the TWENO scheme can be expressed as

follows
(
10¢1+1/2 + 10¢1+1/2 + 10¢1+1/2 7o < min(3), 8}, 57)
L _ 2¢z+1/2 + 2¢z+1/2 71 > min(f; Bi) and 15 < min(5, 57),
i+1/2 = '
¢Z+1/2 4¢5l+1/2 71 <min(BY, B}) and T, > min(3?, 8?),
¢z+1/2 + wlgbzﬂ/? - w2¢z+1/2 otherwise .

(6.8)
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6.1.2 THINC with adaptive 37
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Figure 6.4: The relationship between the parameter 37 and the mesh number in

the jump transition zone. [2].

THINC [40, 2] scheme is a jump-like reconstruction with a differentiable and mono-
tone function, which is explained in Sec. In the THINC scheme, 37 is a para-
meter to control the jump thickness of the tangential hyperbolic function and a constant
BT = 1.6 is used in BVD-WENOZ-THINC [90] scheme. To improve the numer-
ical solutions of THINC, we propose the adaptive 37 based on a theoretical relation
between the parameter 37 and the jump thickness as shown in Fig. [2]. Tt is ob-
served that the thickness of the jump transition in the THINC reconstruction can be

modified by adjusting the value of parameter 57 .

The adaptive 57 in one dimension is designed as follows

min(]g;ii — @'_1\, |Q§i+1 - Cg_z’)
max(|¢; — di—1l,|dir1 — ¢il)

(6.9)

BT: 7,17;m+( Zr;a:c_ Zmn)
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Analogously, we can obtain the two-dimensional adaptive 37 for each direction as
min(|¢i; — Gi-1,4l, 915 — disl)
max (|di; — di—1l, [Piv1; — Gigl)’

/85 - Z);zn + ( rj;Lax - /8717—;211)

(6.10)

5 = . M=
max(|¢i; — i1l |9ijr1 — di)

With regards to the decision of the two ad hoc parameters 32, and 3% in Eq. ,

(6.10), and (6.11)), from our numerical experiments, if 57 is from 1.6 to 2.0, the THINC

(6.11)

scheme can accurately resolve the solutions for discontinuities. The numerical diffu-
sion will decrease as 37 increase from 1.6 to 2.0. If 57 goes beyond 2.0, the numerical
results become sharp but may cause numerical oscillation. If 37 goes below 1.6, the

numerical results become more diffusive. Therefore, 3%, = 1.6 and 3L, = 2.0 are

ax
used to design the adaptive 37 and guarantee 37 is in a suitable range between 1.6 to

2.0.

6.1.3 TBVD-TWENO-THINC scheme

In this section, we propose a high-resolution numerical scheme by implementing the
total boundary variation diminishing (TBVD) [41] algorithm with the TWENO and
THINC schemes. Firstly, the minimum value of total boundary variations (TBV) for

the TWENO and THINC reconstructions at the boundaries of each cell are defined as

TBVIWENO _ min( |®£V¥'ENO,L(%71/2) -~ CI)E‘WENO,R(IFUZ)‘ i ‘(I)Z‘JIII/ENOR(IZ#UQ _ (I)iTWENO,L(ziJrl/z)L

THINC,L TWENO,R THINC,R TWENO,L

[P, 50 " (@icay2) — & (@ic1y2)| + P41 (Tir172) — @ (Tiv12)l,
TWENO,L TWENO,R THINC,R TWENO,L

[; 3 (Tiz1y2) — @ @i H 100 T (@i e) — @ (ziy12)],
THINC,L TWENO,R TWENO,R/ . TWENO,L -

|®; (1‘1‘71/2) -9 (357171/2” + |<I)i+1 (1i+1/2) — @ (M+1/2)D7

(6.12)

TBVHING = min( [0 (w1 /o) — TN (i o) + LTV (i o) — TV (@i ),

‘q)zj/’i/ENO,L(J;iilﬂ) _ (I)iTHINC,R(J;Fl/Z)l 4 |q>iT+wleNo,R(wiH/2) _ (I)?HI]\’C,L(IiJrl/Q)'?
THINC,L THINC,R TWENO,R THINC,L

|®; 3 (wi—l/Q) - @; (Ii—1/2)| + |(1)¢+1 (I17+1/2) - &; (wi+1/2)|:
TWENO,L THINC,R THINC,R THINC,L, .

| ) (1’2‘71/2) - &; ' ($i71/2)| + |(I>i+1 (le/?) -, i (li+l/2)|)7

(6.13)
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where &7V PN (1, /2) and QIHINGE (g, /2) represent the reconstructed left-side

values at the cell boundary x;_;/, by the TWENO scheme and the THINC scheme,

(I)ZTWENO,R< (I)z’HINC,R (

respectively. Ti 1 /2) represent the reconstructed

right-side values at the cell boundary x;_/, by the TWENO scheme and the THINC

TWENO,L

scheme, respectively. Analogously, @,

.I'i_l/g) and

(Tit1/2) and q’iTHINC’L($i+1/2) rep-
resent the reconstructed left-side values at the cell boundary ;. /> by the TWENO
scheme and the THINC scheme, respectively. ®.,} " OB (i1 /2) and @?ﬁl NOR (i /2)
represent the reconstructed right-side values at the cell boundary ;12 by the TWENO
scheme and the THINC scheme, respectively. Fig. [6.5]illustrates one possible situation

of calculating T BV,THINC,

THINC,L
i (Xit172) !

0

TWENO,R
¢i+1 (xi+1/2)

TWENO,L 5
img O (icy2)!

i 1 THINC,R i i
T (Xim1y2) | |

i-1 i i+1
Xi-372 Xi-1/2 Xi+1/2 Xi+3/2

Figure 6.5: Illustration of one possible situation corresponding to

TWENO,L THINC,R TWENO,R
|3 ( — 9 ( ®;

xi—1/2)| + | i+l ($i+1/2) - @?HINC’L(

Ii—1/2) l‘z‘+1/2)|

when calculating 7BV HINC,

Using TBV,TWENO and T BVTHINC "we design the TBVD selection criterion for the

left-side value gbiLH /2 @S follows.

5 (I)ZTHINCL('Tl-Fl/Q) if TB‘/iTHINC’ < TBV;TWENO,

+1/2 TWENO,L
P,

(6.14)
(#141/2) otherwise.

Analogously, we can obtain the right-side value gbe /2
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6.1.4 Time evolution method

Given the spatial discretization, we employ three-stage third-order Strong Stability-

Preserving Runge-Kutta (SSPRK) scheme

o) = @7 + ALF (1),
o = 3¢n + Lo\ + LAtF(61Y), (6.15)
¢ = 55 + fol + IAF(6]7),

to solve the time evolution Ordinary Differential Equations (ODEs), where gbg.l) and

¢§2) denote the intermediate values at the sub-steps.

6.2 Analysis of the computational efficiency for TBVD-
TWENO-THINC

In this section, we measure the computational efficiency of the proposed schemes by
calculating the computational time of the advection of a square wave after one period.
The results of the TWENO and TBVD-TWENO-THINC schemes are compared with
that of the WENO-JS [1], WENOZ [32], BVD-WENOZ-THINC [90]] schemes. The
initial conditions are the same as those in Sec. t=2 and CFL=0.4.

In this quantitative measurement, table[6. | presents the mesh number and CPU time for
different schemes to obtain a given level of accuracy (L, error = 1.0x 10~2). The results
show that the TWENO scheme uses less mesh number and CPU time than WENO-JS
and WENO-Z schemes. In addition, it is observed that the TBVD-TWENO-THINC
scheme performs better than the BVD-WENOZ-THINC scheme and other WENO-
type schemes. To achieve the given level of accuracy, the TBVD-TWENO-THINC
scheme uses the least mesh number and costs the least CPU time compared to WENO-

JS, WENO-Z, TWENO, and BVD-WENOZ-THINC schemes.
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Table 6.1: Computational efficiency for solving square wave propagation problem
by using WENO-JS, WENO-Z, TWENO, BYD-WENOZ-THINC, and TBVD-
TWENO-THINC. t=2 and CFL=0.4.

Method L, error Meshnumber CPU time
WENO-JS 1.0 x 1073 8550 213.2s
WENO-Z 1.0 x 1073 5150 63.9s
TWENO 1.0 x 1073 4850 62.8s

BVD-WENOZ-THINC 1.0 x 1073 2120 27.5s
TBVD-TWENO-THINC 1.0 x 1073 1770 18.4s

6.3 Numerical results

We validate the proposed methods through various benchmark problems.

6.3.1 1D advection equation

In this section, we present the numerical results by solving the 1D scalar conservation
law in Eq. (2.13) with periodic boundary conditions. The numerical results of the
TWENO and TBVD-TWENO-THINC schemes are compared with the results of the
WENO-Z[32]] and BVD-WENOZ-THINC [90] schemes.

6.3.1.1 Sine wave propagation test

This test is used to check the convergence rate of the proposed TWENO and TBVD-
TWENO-THINC schemes. The smooth initial condition is the same as that in Sec.
The computation domain is [—1, 1], and velocity u(x) = 1 and periodic bound-
ary conditions are used. Four different grid sizes (N = 40, 80, 160 and 320) are used
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with At = 0.4Az and Az = 1/N. The definitions of L; error and L., error have been
provided in Eq. (6.17) and Eq. (3.30), respectively.

Table 6.2: Errors and convergence rates for sine wave propagation test, at t=2.

Method N L, error L, order L, error L, order

TWENO 40  9.50 x 1076 - 1.49 x 107° -
80 299 x 1077 4.99 4.70 x 1077 4.99
160  9.40 x 107° 4.99 1.48 x 1078 4.99
320 2.97 x 10719 4.98 4.68 x 10719 4.98

TBVD-TWENO-THINC 40 9.50 x 10°° - 1.49 x 107° -
80 2.99 x 1077 4.99 4.70 x 1077 4.99
160 9.40 x 1079 4.99 1.48 x 1078 4.99
320 2.97 x 10710 4.98 4.68 x 10719 4.98

Table shows the numerical results of the TWENO and TBVD-TWENO-THINC
schemes. It is observed that both TWENO and TBVD-TWENO-THINC have fifth-
order accuracy for the smooth solution. It indicates that TBVD-TWENO-THINC auto-

matically selects the highest possible polynomial interpolation for a smooth profile.

6.3.1.2 Square wave propagation test

In this section, the square wave propagation test is conducted to verify the proposed
schemes of capturing discontinuity. In this test, u(z) = 1, the domain [—1,1], N =
200, Az = 2/N, and periodic boundary conditions are used. The initial condition is

given as

1 if —-04<2x<04
¢(z,0) = (6.16)
0 otherwise.
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Fig. [6.6] shows the numerical results of the WENO-Z, TWENO, BVD-WENOZ-

THINC, and TBVD-TWENO-THINC schemes at t=2 (1 period).
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Figure 6.6: Numerical results of square wave propagation test at t=2. N=200 and
CFL=0.4 are used. (a) WENO-Z, (b) TWENO, (c) BVD-WENOZ-THINC, (d)
TBVD-TWENO-THINC.

Itis observed that BVD-WENOZ-THINC and TBVD-TWENO-THINC perform better

than WENO-Z and TWENO of capturing discontinuities. Table [6.3| presents the total

errors, numerical dissipation errors, numerical dispersion errors, L errors, and L, er-

rors of the WENO-Z, TWENO, BVD-WENOZ-THINC, and TBVD-TWENO-THINC

schemes. The results reveal that TWENO has less numerical errors than WENO-Z.

Both BVD-WENOZ-THINC and TBVD-TWENO-THINC reduce numerical errors ef-
fectively compared to WENOZ and TWENO. In addition, TBVD-TWENO-THINC

has the least numerical errors.
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Table 6.3: Errors in capturing square wave advection test at t=2. N=200 and

CFL=0.4 are used.

’ ‘ Total error Dissipation error | Dispersion error Ly error ‘ L error ‘
WENO-Z 3.81 x 10~3 9.72 x 10~° 3.71 x 10~3 1.34 x 1072 | 3.87 x 10!
TWENO 3.50 x 103 7.54 x 10~° 3.43 x 1073 1.20 x 10~2 | 3.81 x 10—t

BVD-WENOZ-THINC | 1.40 x 10—3 2.55 x 10~° 1.37 x 103 6.33 x 1073 | 2.85 x 10~!
TBVD-TWENO-THINC | 9.67 x 10~ 1.55 x 10—° 9.51 x 10~4 4.81 x 1073 | 2.19 x 101

6.3.1.3 Complex wave propagation test

In this section, the Jiang-Shu complex wave propagation test [[1] is conducted with the
same initial conditions in Sec. 3.2.3] Fig. illustrates the numerical results of the
WENO-Z, TWENO, BVD-WENOZ-THINC, and TBVD-TWENO-THINC schemes
at t=2 (1 period). It is observed that both BVD-WENOZ-THINC and TBVD-TWENO-
THINC perform better than WENO-Z and TWENO for discontinuities. In addition,
TBVD-TWENO-THINC obtains sharper solutions for the cusps and the square profile
than BVD-WENOZ-THINC. Table presents the results of numerical errors of the
WENO-Z, TWENO, BVD-WENOZ-THINC, and TBVD-TWENO-THINC schemes.
The results reveal that TWENO has less numerical errors than WENO-Z. Both BVD-
WENOZ-THINC and TBVD-TWENO-THINC have smaller numerical errors com-
pared to WENOZ and TWENO, respectively. Moreover, TBVD-TWENO-THINC has

the least numerical errors.
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Figure 6.7: Numerical results of complex wave propagation test at t=2. N=200
and CFL=0.4 are used. (a) WENO-Z, (b) TWENO, (¢c) BVD-WENOZ-THINC,
(d) TBYVD-TWENO-THINC.

Table 6.4: Errors in capturing complex wave propagation test at t=2. N=200 and

CFL=0.4 are used.

’ ‘ Total error Dissipation error | Dispersion error Ly error ‘ L error ‘

WENO-Z 4.28 x 1073 2.47 x 104 4.03 x 1073 2.23x 1072 | 3.87 x 1071
TWENO 3.92 x 1073 1.70 x 107* 3.75 x 1073 2.05 x 1072 | 3.80 x 107!
BVD-WENOZ-THINC | 2.05 x 1073 1.01 x 10~4 1.95 x 1073 1.59 x 1072 | 3.01 x 10~!
TBVD-TWENO-THINC | 1.44 x 1073 6.70 x 1075 1.37 x 1073 1.38 x 1072 | 2.19 x 10~1
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6.3.1.4 Extrema of the various smoothness problem

In this section, we verify the proposed scheme by performing the extrema of the various
smoothness test. The initial conditions are the same as those in Sec. [3.2.4l The domain
[—1.0,1.0], u(z) = 1, N = 100. Numerical results at ¢ = 2 (1 period) are shown in
Fig. It is evident that BVD-WENOZ-THINC performs better than WENO-Z and
TWENO for discontinuities. In addition, TBVD-TWENO-THINC obtains a sharper
solution for discontinuities than BVD-WENOZ-THINC. Table shows the results
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Figure 6.8: Numerical results of capturing the extrema of the various smoothness
test at t=2. N=100 and CFL=0.4 are used. (a) WENO-Z, (b) TWENO, (c) BVD-
WENOZ-THINC, (d) TBVD-TWENO-THINC.
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Table 6.5: Numerical errors in capturing extrema of the various smoothness test

at t=2. N=100 and CFL=0.4 are used.

’ ‘ Total error ‘ Dissipation error ‘ Dispersion error ‘ Ly error L error
WENO-Z 2.02 x 1072 2.70 x 1073 1.75 x 102 5.08 x 1072 | 7.66 x 10~ !
TWENO 2.00 x 10~2 2.55 x 1073 1.74 x 102 5.07 x 1072 | 7.56 x 10~!

BVD-WENOZ-THINC | 1.42 x 10—2 1.52 x 103 1.27 x 10—2 4.07 x 1072 | 7.36 x 10~!
TBVD-TWENO-THINC | 7.62 x 10~3 7.16 x 10~4 6.91 x 10~3 2.78 x 1072 | 5.29 x 107!

of numerical errors of the WENO-Z, TWENO, BVD-WENOZ-THINC, and TBVD-
TWENO-THINC schemes. Results show that TWENO has less numerical errors than
WENO-Z. BVD-WENOZ-THINC and TBVD-TWENO-THINC have smaller numer-
ical errors compared to WENOZ and TWENO. Overall, TBVD-TWENO-THINC has
the least numerical errors. These results are consistent with the results of the complex

wave propagation test.

6.3.2 1D Euler equations

In this section, we validate the proposed schemes by solving the Euler equations. Roe’s
approximate Riemann solver [61, (140, [70] (in Appendix B) is used. The numerical
results of the proposed TBVD-TWENO-THINC scheme are compared to the results of
the WENO-Z[32]] and BVD-WENOZ-THINC [90] schemes.

6.3.2.1 Sod’s problem

This test is used to solve the Sod’s problem with shock and contact discontinuity. The
initial condition is set as the same as that in Sec. Fig. shows the numerical
results of density. It is observed that WENO-Z, BVD-WENOZ-THINC, and TBVD-
TWENO-THINC capture contact discontinuity and shock well without numerical os-
cillation. For the discontinuity region, BVD-WENOZ-THINC and TBVD-TWENO-

THINC resolve the discontinuity with less numerical diffusion compared to WENO-Z.
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Figure 6.9: Numerical results for Sod’s shock tube problem at t = 0.2 with dens-
ity output (CFL=0.2 and N=100). (a) WENO-Z, (b) BVYD-WENOZ-THINC, (¢)
TBVD-TWENO-THINC.

6.3.2.2 Lax’s problem

This test is used to solve the Lax’s problem with strong shock and contact discontinuity.

The initial condition is set as the same as that in Sec. Fig. shows the

numerical results at time t=0.16 with mesh size N = 100.
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Figure 6.10: Numerical results of Lax’s shock tube problem at t=0.16 (CFL=0.2

and N=100).
THINC.

(a) WENO-Z, (b) BYD-WENOZ-THINC, (¢) TBVD-TWENO-

It is observed that WENO-Z, BVD-WENOZ-THINC, and TBVD-TWENO-THINC

capture shocks well without numerical oscillation. BVD-WENOZ-THINC performs

better than WENO-Z for capturing discontinuity. In addition, TBVD-TWENO-THINC
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resolves the discontinuity with less numerical diffusion compared to BVD-WENOZ-

THINC.

6.3.2.3 The shock turbulence problem

This test is used to solve the shock-turbulence problem [79]] with discontinuity, low-
frequency and high-frequency wave profiles. The initial condition is set as the same
as that in Sec. Fig. shows the numerical results of WENO-Z, BVD-
WENOZ-THINC and TBVD-TWENO-THINC at t=0.18. It is observed that there is

6 y ; : ; 6 ; : : ; 6 : : : .
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Figure 6.11: Numerical results of shock-turbulence interaction problem at time
t=0.18 (CFL=0.2 and N=200). (a) WENO-Z, (b) BVD-WENOZ-THINC, (c¢)
TBVD-TWENO-THINC.

no significant difference for capturing low-frequency wave profiles among all the com-
pared schemes. However, for high-frequency wave profiles, TBVD-TWENO-THINC
performs better than WENO-Z and BVD-WENOZ-THINC.

6.3.2.4 Two blast waves interaction problem

This test is used to solve the two interacting blast waves problem. The initial condition
of this test is set as the same as that in Sec. [4.2.5] Due to the violent interaction, the

existence of oscillation may cause the break up of the simulation. Another difficulty for
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existing shock-capturing schemes is the overly smeared density discontinuities in the
numerical solution [90]]. The numerical results of WENO-Z, BVD-WENOZ-THINC,
and TBVD-TWENO-THINC at time ¢ = 0.038 are shown in Fig. [6.12]
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Figure 6.12: Numerical results of two interacting blast waves problem at t=0.038
and N=400. (a) WENO-Z, (b) BYD-WENOZ-THINC, (¢c) TBVD-TWENO-
THINC.

It is observed that WENO-Z is diffusive near the left-most density discontinuity around
x = 0.6. However, both BVD-WENOZ-THINC and TBVD-TWENO-THINC reduce
the numerical diffusion in vicinity of the density discontinuity effectively. For the
region around z = 0.78, TBVD-TWENO-THINC performs better than WENOZ and
BVD-WENOZ-TINC. The resolution of the left-most density discontinuity around z =
0.6 by TBVD-TWENO-THINC is also superior to other compared schemes.

6.3.3 2D square profile propagation in diagonal direction test

In this section, we conduct the simulation of transporting a square profile with a con-
stant diagonal velocity. The initial condition of the square profile is given in Fig.
(a). The numerical calculation domain is [—1, 1] with the grid of 100 x 100 and the

time is one revolution. Error is defined as

1
Error = WEQM” — gzﬁfj-m , (6.17)
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Here, (2 represents the domain, NV is the mesh number in each direction. ¢; ; is the

numerical solution and ¢§%** is the exact solution.

\
-1 05 0 0.5 1

-0.5 0 0.5 1
X X

Figure 6.13: Numerical results of 2D square wave propagation test at t=2 from
top views. (a) Initial profile, (b) WENO-Z, (c) BVD-WENOZ-THINC, (d) TBVD-
TWENO-THINC.

From the results shown in Fig. it can be observed that WENO-Z is more dif-
fusive than BVD-WENOZ-THINC and TBVD-TWENO-THINC. Table shows the
numerical errors. BVD-WENOZ-THINC has a smaller numerical error than WENO-
Z. In addition, TBVD-TWENO-THINC has the least numerical error.
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Table 6.6: Errors in capturing 2D square wave propagation test, mesh: 100%100.

Method Error

WENO-Z 1.27 x 10—2
BVD-WENOZ-THINC 7.05 x 1073
TBVD-TWENO-THINC 5.73 x 10~3

6.3.4 2D Zelasak’s test

In this section, one revolution of Zelasak’s test [[141]] is conducted on a Cartesian grid
(200 x 200). In the Zelasak’s test, a slotted disk is rotated with a constant angular
velocity. The initial profile is given in Fig. (a).

1

0.5

-0.5

0.5

-0.5

-1 -0.5 0 0.5 1
X

Figure 6.14: 2D Zelasak test. (a) Initial profile, (b) WENO-Z, (¢) BYD-WENOZ-
THINC, (d) TBYVD-TWENO-THINC.
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Table 6.7: Errors in capturing 2D Zelasak test, mesh: 200%200.

Method Error

WENO-Z 9.04 x 10~3
BVD-WENOZ-THINC 4.38 x 1073
TBVD-TWENO-THINC 3.69 x 10~3

It can be observed in Fig. [6.14] that BVD-WENOZ-THINC and TBVD-TWENO-
THINC resolve the shape of the rotation notched cylinder sharper than WENO-Z. Table
shows the numerical errors of the WENO-Z, TWENO, BVD-WENOZ-THINC,
and TBVD-TWENO-THINC schemes. It can be found that TBVD-TWENO-THINC
has the least numerical error. We also calculate the convergence study of the TBVD-
TWENO-THINC scheme for this model problem in Table The convergence is

approximately linear.

Table 6.8: Errors and convergence rates for Zelesak test problem by TBVD-
TWENO-THINC.

Grid spacing 1/50 Rate 1/100 Rate 1/200

TBVD-TWENO-THINC 1.88 x 1072 123 8.03 x 1073 1.12 3.69 x 10~3

6.3.5 2D double-Mach reflection problem

To verify the proposed method in capturing strong shocks and vortices, the double-
Mach reflection test [134] is conducted as a qualitative comparison in this section.
This benchmark test involves a Mach 10 shock hitting a ramp which is inclined by
30 degrees. The coordinate system is aligned with the ramp for the numerical tests.
Reflecting boundary condition is used on the bottom and an isolated moving oblique
Mach 10 shock is imposed on the top. Inflow and outflow boundary conditions are used
on the left and right sides. The domain is [0, 4] x [0, 1], t= 0.2. Fig. shows the
sketch of double-Mach reflection problem and Fig. shows the experiment results
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performed by Smith [4].

primary triple point

secondary triple point

primary slip line

Figure 6.15: Sketch of double-Mach reflection problem [3].

Figure 6.16: Experiment results of double-Mach reflection problem performed by

L.G. Smith [4].
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In the double-Mach reflection problem, when the shock runs up the ramp, a self-similar
shock structure with two triple points evolves, as shown in Fig. At the primary
triple point, the Mach stem (m), the incident shock (z), and the reflected shock (r) are
joined. The reflected wave emanates from the triple point and travels transversely be-
hind the incident shock. When the reflected shock r breaks up, a secondary triple point
is formed. At the secondary triple point, the secondary Mach stem (m'), the secondary
reflected shock (1), and the reflected shock r meet. From the primary triple point,
a slip line (s) (sometimes called contact surface) emanates. The secondary reflected
shock 7 hits this slip line s and causes a curled flow structure, the resolution of which

may serve as an indicator for the resolution of a numerical scheme [3]].

Fig. illustrates the numerical results of the WENO-Z, BVD-WENOZ-THINC,
TBVD-TWENO-THINC, WENOCU-6 [33,142]], eighth-order TENOS [89], and TENOS8-
opt [89] schemes in the region [2, 3] x [0, 1] with a 512 x 128 mesh. It is observed that
the numerical results of WENO-Z, BVD-WENOZ-THINC, WENO-CU6, TENOS,
and TENOS-opt are more diffusive compared to TBVD-TWENO-THINC. Specific-
ally, TBVD-TWENO-THINC captures more small-scale structures along the slip line
compared to that from other schemes. On the fine mesh 1024 x 256 (shown in Fig.
[6.18), BVD-WENOZ-THINC, TBVD-TWENO-THINC, WENO-CU6, TENOS, and
TENOS-opt are able to adequately resolve the small-scale vortex structures along the
slip line. BVD-WENOZ-THINC is slightly more diffusive than TBVD-TWENO-
THINC along the slip line.
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Figure 6.17: Zoomed-in view of double-Mach reflection test with a qualitative
comparison: density contours by (a) WENO-Z, (b) BVD-WENOZ-THINC, (c)
TBVD-TWENO-THINC, (d) WENO-CU6, (¢) TENOS and (f) TENOS8-opt at t =

0.2, with a 512 x 128 mesh. This figure is drawn with density contours between

1.887 and 20.9.
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Figure 6.18: Zoomed-in view of double-Mach reflection test with a qualitative
comparison: density contours by (a) WENO-Z, (b) BVD-WENOZ-THINC, (c¢)
TBVD-TWENO-THINC, (d) WENO-CU6, (¢) TENOS and (f) TENOS8-opt at t =

0.2, with a 1024 x 256 mesh. This figure is drawn with density contours between

1.887 and 20.9.
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6.4 Summary

In this chapter, firstly, we proposed the TWENO scheme based on the fifth-order
WENO scheme. Instead of using all adjacent smooth sub-stencils, the possible highest
order interpolation was built on two target adjacent sub-stencils or three target sub-
stencils. Secondly, an adaptive parameter was designed to control the jump thickness
of the THINC scheme. Based on the TWENO and THINC schemes, a high-resolution
TBVD-TWENO-THINC scheme was proposed by implementing the TBVD algorithm.

A variety of numerical tests were conducted to validate the TBVD-TWENO-THINC
scheme. The results reveal that the TBVD-TWENO-THINC scheme has fifth-order ac-
curacy for smooth solutions. For discontinuities, the TBVD-TWENO-THINC scheme
has less numerical diffusion compared to the WENO-Z and BVD-WENOZ-THINC
schemes. In addition, the numerical results of the double-Mach reflection tests have
shown that the TBVD-TWENO-THINC scheme is able to better resolve the small-
scale vortex structures along the slip line than the WENO-Z, BVD-WENOZ-THINC,
WENO-CU6, TENOS and TENOS-opt schemes with the same mesh of 512 x 128. This
suggests that the TBVD-TWENO-THINC scheme can be an effective high-resolution

numerical scheme to simulate compressible flow problems.
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Chapter 7

Numerical simulation of compressible

two-phase flows

Compressible two-phase flows contain a mixing region of two materials. The material
interface of compressible two-phase flows makes the physics more complicate. When
implementing the one-fluid model to compressible multiphase flow with moving in-
terface, there are two substantial problems. Firstly, density and energy are calculated
separately in addition to the indication function, hence special formulations are re-
quired to reach a balanced state among all variables for the interface cell. Secondly,
the numerical dissipation in high-resolution schemes designed for solving single phase
compressible flow involving shock waves tends to smear out discontinuities, including

the material interfaces.

To resolve the first issue, in this chapter, the five-equation model [42] is used as the
partial differential equation (PDE) that needs to be solved. This model combines Euler
equations with interface indication function equations for each of fluid components,
which is used as an efficient approximation to the state of the interface cell. To resolve
the second issue, the proposed spatial reconstruction scheme in last chapter (TBVD-
TWENO-THINC) is used to reduce numerical dissipation so as to maintain the sharp-

ness of the jumps in volume fraction that identify the moving interfaces.
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7.1 Computational model

For inviscid compressible two-phase flows, the five-equation model [42] is used as
the computational model. By assuming that the material interface is in equilibrium
of mixed pressure and velocity, the five-equation model comprises the following two
continuity phasic mass equations, a momentum equation, an energy equation, and an

advection equation of volume fraction:

aip1) + V- (agpu) =0,
azp2) + V- (azpou) =0,
pu)+ V- (pu®u)+ Vp =0,
98 + V- (Eu+pu) =0,

%—I—u-Voq:O,

t

o gl o
— ~~ ~—~

(7.1)

where py and ay € [0, 1] denote the k-th phasic density and volume fraction for k =
1, 2. Further, u is the vector velocity, p is the pressure, and E is the total energy. The

mixed volume fraction, density, and internal energy satisfy the following conditions.

aq + Qg = 1,
aip1 + qape = p, (7.2)

aipie1 + Qigpaey = pe.

To close the system, the following Mie-Griineisen equation of state is used for each

phase as follows

Pk(Pks €k) = ook (Pr) + prl'k(pPr) (€1 — €co (k) (7.3)

where 'y (py.) is the Griineisen coefficient and poo 1 (pk ), €0k (Px) are the appropriately
chosen states of the pressure and internal energy along some reference curves. This
equation of state can be used for a wide variety of materials, including some gaseous

or solid explosives and solid metals under high pressure. Based on the derivation in
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[143]], the mixture Griineisen coefficient and p k(P ), €00k (pr) can be expressed as

a e} 1

N TG T T

1 p1€s01 (1) + Q2p2esc2(p2) = peco, (7.4)
Poc,1(p1) Po2(P2) __ poo(p)

a1 T1(p1) T T2(p2) L(p) -

The mixture pressure can be expressed as

p—<,0€—zakpk€ook (Px) +Z kpwkpk>

(7.5)
L (pr)

Eqgs. (7.4) and (7.5) guarantee the mixed pressure to be free of spurious oscillations.
This is important to prevent the spurious pressure oscillation across the material inter-

faces [143, 144/ (145].

7.2 Numerical method

For the sake of simplicity, the numerical method is explained in one dimension. It can
be directly extended to the multi-dimensions on structured grids in dimension-wise

reconstruction fashion. One dimensional quasi-conservative five-equation model Eq.

(7.1)) can be written as

% + % + B(@q)g—g =0, (7.6)
where the vectors of physical variables q is
101
Q09
q=| pu ) (7.7)
E

651



7.2 Numerical method 126

and the vectors of flux functions f(q) is

a1p1u
Qo P21
flg =] pu®+p |, (7.8)

Eu+pu

The matrix B is defined as
B = diag(0,0,0,0,u), (7.9)

where u is the x component velocity. In finite volume method, the volume-integrated

average value q;(t) is defined as
L[ d 7.10
q,(t) = — t)dx. .
a0=5; [ e 1.10)

The semi-discrete version of the finite volume formulation can be expressed as a system
of ordinary differential equations (ODEs). Denoting the spatial discretization terms by
L(q;(t)), in the wave-propagation method, the spatial discretization is computed by

09q;(t)
ot

_ 1
= L(q;(t)) = _M(ARA‘L’AQ + ALqu'+1/2 + Aqu')a (7.11)

where A%Aq;_, /o and AlAq, /2 are the right-moving and left-moving fluctuations,
which can be calculated by

3

ARA‘L’—UQ = Z[Sk<qiL—l/2> q£1/2)]RWk<qiL—l/27 qﬁl/?)? (7.12)
k=1
3
APAG )y = Z[Sk(qiLH/m Q) WAL Al ), (7.13)
k=1

and AAq, is the total fluctuation, which can be calculated by

3
AAq; = Z[Sk(qﬁl/% qz‘L+1/2)]Wk<‘I£1/27 qiL+1/2)7 (7.14)

k=1
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where g’ /2 and q | Jo are the key point values to obtain the Riemann numerical
flux. In this work, q/}, ,, and q[%., ,, are reconstructed by the TBVD-TWENO-THINC
scheme proposed in Chapter 6. Given the reconstructed values q” | /o and q?, /o> the
moving speed s* and the jumps W* of three propagating discontinuities can be solved

by the HLLC Riemann solver [54] as described below.

Firstly, the minimum and maximum moving speeds s'(q}" , 5,4}, ;,) and s*(q}" 5, 4} , )
can be estimated as

st = min(uf_l/Q - ciL—1/27 qu—1/2 - CzR—1/2)u (7.15)

2

s = min(uiL—l/Q + CiL—1/27 Uiuz + 021/2)7 (7.16)

where ¢/ | , and ¢[* | , are sound speeds calculated by reconstructed values q;" , , and
q?, /2> Tespectively. Using s and s, the speed of the middle wave can be estimated

by

3 pZR—1/2 - piL—l/Q + pf—1/2“iL—1/2(51 - uf—1/2> - pﬁ1/2u£1/2<53 - uﬁ1/2)

S =
piL—l/2(81 - uf—1/2) - pf—1/2(33 - u£1/2)
(7.17)
The intermediate state variables qfl /2 and q;.*fl /o are computed as
«R (uﬁl/Q - 33)‘151/2 + (pil/Qnil/Q - p:—l/zn:—l/Q)
di-1/2 = 7 3 , (7.18)
5§ —5
L (uiLfl/Z - Sl)qiLfl/Q + (piLfl/QniLfl/Z - p;ll/Qn:flﬂ)
qi71/2 = 2 _ ol ) (719)

where the vector niL_l/2 = (0,0, 1, ul.L_l/Q, 0)andn; , , = (0,0,1, s2,0). The interme-
diate pressure can be estimated as

Pi—1j2 = piL—l/Q(uz’L—l/Q - 31)(“5—1/2 —s7) +piL—1/2 (7.20)

= pﬁ—l/Q(qu—l/Q - Sl)(“f—ln - 5%) +sz—1/2'
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Then, the jumps W* can be computed as
W = qr£1/2 - qiL—l/27
W? = q;ﬂfil/Q - q?£1/27 (7.21)
W? = qil/Q - q;ﬁzl/Q'

Given the spatial discretization, the following three-stage third-order Strong Stability-

Preserving (SSP) Runge-Kutta scheme [[146] is employed to solve the time evolution

of ODEs.
qi* = qzn + AtL(qin),

3 1 1

17 = 2q." + —q.F + ~ALL(q.* .

q; PR L (q;"), (7.22)
1 2 2

T — a4 Lat + SAL(G

qz 3q’L + Sql + 3 (q’L )7

where q,* and q,** denote the intermediate values at the sub-steps.

7.3 Numerical results

7.3.1 Passive advection of a square liquid column

To validate the ability of the proposed scheme for simulating compressible two-phase
problems, we first consider an interface-only problem in one dimension. The problem
consists of a square liquid column in gas transported with a uniform velocity v =
10%*m/s under equilibrium pressure p = 10° Pa in a shock tube of one meter. The
stiffened gas equation of state is used to model the thermodynamic behaviour of liquid

and gas. The material-dependent functions are

Ii=%—1, Dook(pr) =7%DBr, eoorlpr)=0. (7.23)

A typical set of the initial physical material-dependent quantities are presented in the
Table The numerical results in Fig. show that the TBVD-TWENO-THINC
scheme can solve the sharp interface without numerical oscillations across the inter-
faces. The reconstruction is implemented in all state variables, which preserves the

thermo-dynamical consistency among the physical fields.
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Table 7.1: Material quantities for liquid (k=1) and gas (k=2) in the stiffened gas

equation of state.

kK pp(kg/m®) v By (Pa)

1 10° 4.4 6x 108
2 1 1.4 0
12 | TBVD-TWENO-THINC ~ - ] 1200 | TBVD-TWENO-THING -
’ Exact -~ Exact -~
Tr 1000 |
08 | ] ] 800 |
= I 2 I 3
s 06 | 3 S 600
0.4 { ] 400 f {
02 f ! ; 200 f ; ;
O H . O i
0 02 04 06 08 1 0 02 04 06 08 1
X X

Figure 7.1: Numerical results of a passive advection of a square liquid column.

N=200, t = 10 ms. Left: volume fraction («1), right: mass fraction (a1p1).

7.3.2 Two-material impact problem

In this section, we consider the two-phase impact problem [143] [147]. In this test, a
right-moving copper (phase 1) plate interacts with a solid explosive (phase 2) with the
speed u = 1500 km/s, the uniform atmospheric condition has pressure py = 10° and
temperature 7, = 300 K throughout the domain. The Cochran-Chan equation of state

is used to model material properties. The material-dependent functions are

Fk =Yk — 1,
B oo ) T (p_) —e€ag
Poo,k(pr) = %1k< po:) Bor | O )

1—e€yp 1—eap
—B1 B
Coo(pr) = pOk(ljeklk) [(ﬁ:) B 1] + POk(lika) [(ppo:) B 1] ~ Curlo.
(7.24)
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A typical set of the initial physical material-dependent quantities for this test are shown

in the Table

Table 7.2: Material quantities for copper (k=1) and explosive (k=2) in Cochran-

Chan equation of state.

k pk(k’g/m?’) Yk %lk (GPa) %gk (GPa) €1k €2k Cvk (J/kgK)

1 8900 3 145.67 147.75 299 1.99 393
2 1840 1.93 12.87 13.42 41 3.1 1087

The numerical results in Fig. show the copper volume fraction and mass fraction.
It is observed that there is a good agreement of solution behaviours in the proposed

TBVD-TWENO-THINC scheme.

12000

12 | TBUD-TWENO-THINC - ] TBVD-TWENO-THINC -
’ Exact -~ Exact -
10000 |
08 | : 8000 |
. 06} = 6000 |
° E
0.4 1 4000 |
021 ] 2000 |
0 e
-0.2 ‘ ‘
0 02 04 06 08 1 0 02 04 06 08 1
X X

Figure 7.2: Numerical results of the two-material impact test. N=200, { = 85us.

left: volume fraction (1), right: mass fraction (a1p1).

7.3.3 2D shock-bubble interaction problem

In this section, we conduct the shock-bubble interaction test, which is a compressible

two-phase flow with moving interfaces problem. In this test, we investigate the inter-
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actions between a shock and a bubble, which involves the collision of a shock wave of
Mach 1.22 in the air impacting a circular bubble gas. In the experiments performed by
Haas et al. [148]) and James et al. [149], a stationary cylindrical gas bubble is impacted
by a leftward-moving Mach 1.22 planar shock wave in air. The bubbles were produced
by inflating a cylindrical former whose walls were made from a very thin membrane
of nitrocellulose. Good control was exercised over the shape of the bubble and the
resultant flows were almost two-dimensional, thus the two-dimensional computational

set-up can be expected to mimic the experiments fairly [149].

Cylindrical bubble

89 mm

Incident shock

445 mm

A
\

Figure 7.3: A schematic of the computational domain

The schematic of the computational set-up is shown in Fig. The computation
domain is [0,445] x [0,89]mm?. The radius of the bubble is ry = 25 mm, and the
location of the shock is z = 275 mm. The domain is discretized by Cartesian grids
with the mesh size Az = Ay = 4—11 mm, which represents a grid resolution of 400 cells
across the bubble diameter. The symmetric-plane boundary conditions are used on the
top and bottom, and the zero-gradient boundary conditions are used on the left and
right. In the numerical test, both air and bubble are modelled as perfect gases. The

initial state variables of 2D shock-bubble interaction test are shown in Table[7.3]
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Table 7.3: The initial state quantities of 2D shock-bubble interaction problem.
Inside the gas bubble (k=1), pre-shock regions outside the bubble (k=2), and post-
shock regions outside the bubble (k=3).

k pi(kg/m®)  pa(kg/m?) u(m/s) v (m/s) p (Pa) a

1 3.863 1.225 0 0 1.01325 x 10° 1—1078
2 3.863 1.225 0 0 1.01325 x 10° 1078

3 3.863 1.686 113.5 0 1.59 x 10° 1—-10"8

()

Figure 7.4: Results for a planar Mach 1.22 shock wave in air interacting with
a circular R22 gas bubble at t = 55 us. (a) experiment, (b)) VOF, (¢) VOF with
interface-sharpening, and (d) TBYD-TWENO-THINC.
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(©

Figure 7.6: Same as Fig. [7.4, but at t = 135 us
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(b)

Figure 7.8: Same as Fig. [7.4} but at t = 247 us
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Figure 7.10: Same as Fig. [7.4] but at t = 417 us
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Figs. and[7.10]illustrate the results of the density at different
times t = 55 us, 115 ps, 135 us, 187 us, 247 us, 342 ups, 417 us by the TBVD-
TWENO-THINC scheme compared to the experimental results and previous numerical
simulations by volume-of-fluid (VOF) methods (including the results with and without
the application of anti-diffusion interface-sharpening) [150] on same grids. The circle
in the experimental results represent the initial bubble frame, and the dash line circle

in the numerical results represent the initial bubble profile.

In the early stage at t = 55 us, the bubble experiences only large-scale deformations,
so that no non-resolved scales are generated. The interface profile captured by numer-
ical methods at this time agrees well with the experimental results. As time moves on,
due to the vorticity induced by incident shock impact, the instability develops along
with the interface, which begins to roll up and produces small filaments, as shown in
Figs. and These fine structures tend to be smeared out by
numerical schemes with large numerical dissipation unless high-resolution computa-
tional meshes are used [[150]. It is observed that the TBVD-TWENO-THINC scheme
maintains the compact thickness of the material interfaces and gives large-scale flow
structures similar with the results computed from the VOF method with the application

of anti-diffusion interface-sharpening technique on the same grid resolution.

It should be noted that numerical simulation captures more small-scale vortical struc-
tures compared to experimental results. It is probably due to the absence of physical
viscosity in the flow model. In the numerical simulation, which is inviscid, the vortices
will be continuously enforced when refined grid resolution is used [151]. The signific-
ance of the TBVD-TWENO-THINC scheme with reduced numerical dissipation lies
in the real-case applications. For instance, in molecular or turbulent mixing problems,
physical dissipation plays an important role. The flow structures can be more faith-
fully reproduced by using high-resolution numerical scheme with reduced numerical

dissipation.
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7.4 Summary

In this chapter, the TBVD-TWENO-THINC scheme was applied to solve the five-
equation model for compressible two-phase flow problems. The proposed scheme was
validated through the numerical benchmark tests in comparison to the analytical solu-
tions and experiment results. The numerical results of the sharp-interface test reveal
that the TBVD-TWENO-THINC scheme accurately captures the sharp interface. In
addition, the numerical results of 2D Shock-bubble interaction problem have shown
that the TBVD-TWENO-THINC scheme reproduces the complex flow features with
less numerical dissipation. This suggests that the TBVD-TWENO-THINC scheme can
be an effective and practical approach to be applied in the simulation of compressible

two-phase flow problems where the physical dissipation plays an important role.
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Chapter 8

Summary and future work

8.1 Summary

In this study, several high-resolution numerical schemes on the basis of the CIP-CSL,
ENO, WENO, THINC, and BVD methods were proposed for compressible flows and

compressible two-phase flows. The main achievements can be summarised as below:

1. Two ENO-type of indicators were designed for the CIP-CSL framework. The
first ENO indicator was designed for the CIP-CSL3-ENO scheme, which is re-
constructed based on the CIP-CSL3D scheme and a newly proposed CIP-CSL3U
scheme. This ENO indicator was devised on the basis of a type of ratios of
successive gradients, which intentionally selects non-smooth stencils but can
efficiently minimise numerical oscillations. The CIP-CSL3-ENO scheme ap-
proximately has fourth-order accuracy for the sine wave propagation test and
captures discontinuities and smooth solutions well in various test problems. The
CIP-CSL3-ENO scheme minimises numerical oscillation and diffusion more ef-

ficiently than the CIP-CSL3D scheme and the CIP-CSL3U scheme individually.

The second ENO indicator was designed for the CIP-CSL-ENOS scheme, which
is reconstructed based on the CIP-CSL3D, CIP-CSL3U, and CIP-CSLR schemes
and the newly proposed CIP-CSL4Q scheme. This ENO indicator was de-

vised on the basis of the total variation of the derivatives. The CIP-CSL-ENO5
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scheme accurately capture both smooth and discontinuous solutions simultan-
eously by selecting an appropriate reconstruction function. The CIP-CSL-ENO5
scheme has fifth-order accuracy for smooth solutions. Meanwhile, the CIP-CSL-
ENOS scheme has smaller numerical errors than the CIP-CSLR and CIP-CSL3-
ENO schemes in various test problems. In addition, it was observed that the
CIP-CSL3-ENO scheme cannot resolve the numerical solution for the two blast
waves interaction test. The CIP-CSL-ENOS scheme addressed this issue based
on a combination of high-order polynomials and a monotone reconstruction with

rational function.

2. To reduce the numerical diffusion in vicinity of discontinuities for the CIP-
CSL scheme, we firstly proposed the CIP-CSLT (CIP-CSL with a piecewise
tangent hyperbolic function) scheme. The CIP-CSLT scheme is able to rep-
resent the jump-like discontinuity with less numerical diffusion. Subsequently,
a high-resolution scheme CIP-CSLT-WENO4 was proposed on the basis of the
CIP-CSLT scheme and the CIP-CSL-WENO4 (CIP-CSL with a WENO limiter)
scheme. The reconstruction criteria of the CIP-CSLT-WENO4 scheme was de-
signed based on a modified version of the boundary variation diminishing (BVD)

algorithm, which can minimise the total boundary variations of the derivative.

The superiority of the CIP-CSLT-WENO4 scheme has been verified through
various numerical benchmark tests in comparison to other high-order CIP-CSL
schemes. Numerical results have shown that the CIP-CSLT-WENO4 scheme has
the least numerical errors and minimises numerical diffusion with minimum nu-
merical oscillations. The numerical results of 2D explosion have shown that the
CIP-CSLT-WENO4-BVD scheme can be applied to compressible flows problem

that contains shocks.

3. To reduce the numerical errors for the conventional fifth-order WENO scheme,
we proposed the target WENO (TWENO) scheme. Unlike the conventional fifth-

order WENO scheme, which assigns non-linear weights to all three sub-stencils,
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the TWENO scheme was designed to restore the highest possible order inter-
polation when three target sub-stencils or two target adjacent sub-stencils are
smooth. Numerical results of the advection tests have shown that the TWENO

scheme has smaller numerical errors than the WENO-Z scheme.

To further improve the accuracy of the TWENO scheme, we proposed a high-
resolution scheme TBVD-TWENO-THINC based on the TWENO scheme and
the THINC scheme. The reconstruction criterion of the TBVD-TWENO-THINC
scheme was designed based on the total boundary variation diminishing (TBVD)
algorithm, which can minimise the total boundary variations to effectively reduce

numerical diffusion in the vicinity of discontinuities.

A variety of numerical benchmark tests were conducted to validate the capabil-
ity of the TBVD-TWENO-THINC scheme. Numerical results have shown that,
for smooth solutions, the TBVD-TWENO-THINC scheme has fifth-order ac-
curacy by automatically selecting the high-order polynomial interpolation. For
discontinuities, the TBYVD-TWENO-THINC scheme effectively reduce the nu-
merical diffusion by minimising the total boundary variations at the cell boundar-
ies. In addition, the TBVD-TWENO-THINC scheme uses the least mesh num-
ber to achieve the given level of accuracy compare to WENO-JS, WENO-Z,
BVD-WENOZ-THINC, and other CIP-CSL schemes for solving advection prob-
lems. Moreover, the numerical results of the 2D double-Mach reflection tests
have shown that the TBVD-TWENO-THINC scheme is able to better resolve
the small-scale vortex structures along the slip line compared to the WENO-Z,
BVD-WENOZ-THINC, WENO-CU6, TENOS and TENOS8-opt schemes using
the same coarse mesh. This suggests that the TBVD-TWENO-THINC scheme
can be an effective high-resolution numerical scheme to simulate compressible

flow problems.

4. Finally, the TBVD-TWENO-THINC scheme was successfully implemented in

the five-equation model for compressible two-phase flow problems. Numerical
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8.2

results show that TBVD-TWENO-THINC scheme is able to accurately capture
the sharp interface and reproduces the complex flow features of compressible
two-phase flows problems with less numerical dissipation. This suggests that
the TBVD-TWENO-THINC scheme can be an effective and practical method to

simulate compressible two-phase flow problems.

Future work

. Whereas tremendous efforts have been made in the study of compressible flows,

turbulence is still regarded as one of the unresolved problems of classical phys-
ics. Moreover, the interaction between shocks and turbulence can make the
compressible fluid system even more complicated. The coexistence of shocks,
discontinuities, and turbulent features brings challenges to the high-resolution
scheme. Thus, the proposed high-resolution schemes in this thesis are expected

to be applied to simulate turbulence problems.

. High-resolution schemes on unstructured grids should be further explored. An

extension of the proposed scheme on unstructured grids is preferable for prac-
tical simulations. For compressible multi-phase flow, the limiter-free schemes
to unstructured grids are expected to be an efficient means to control numerical

oscillations.

. The numerical model should be further explored to simulate more complex phe-

nomena of compressible flow problems. Advanced numerical models with extra
terms in governing equations can be constructed to describe more phenomenon
in high-speed compressible flow problems in practical engineering applications
e.g. cavitation. Therefore, the proposed high-resolution schemes are expected to

solve these advanced numerical models for more phase-change phenomenon.
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Appendix A

Fourier analysis of the CIP-CSL3U
and CIP-CSL3D schemes

A.1 Mathematical formulations of Fourier analysis of

the CIP-CSL3U and CIP-CSL3D schemes

The following equations are mathematical formulations of Fourier analysis which are
given in Chapter 3. ®,, ¢, and ®,,, represent the first derivative of ®, second deriv-
ative and third derivative, respectively.

The spatial derivatives of CSL3U at z;_; /; in Fourier space:

O, (w) = ( - % — % cos(w) + %sin(w) + % sin(2w) — écos(2w)) (A.1)

14 8 9 1 1
+< -y sin(w) — o cos(w) + W cos(2w) — 8 sin(2w))j,

Q. (w) = (13 + 22 cos(w) — % sin(w) — gsin(Qw) + cos(Qw)) (A.2)

30 24 6
22 si - — 4+ — — 2 in(2 '
—1—( sin(w) ” + " cos(w) + " cos(2w) + sin( w))j,

Dpr(w) = < — 14 — 32 cos(w) + 30—4 sin(w) + 12 sin(2w) — 200s(2w)) (A.3)

w

36 24 12
— 32s1 — = — - — 2w) — 2sin(2 B
—i—( sin(w) + T cos(w) ” cos(2w) — 2sin( w))y
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The spatial derivatives of CSL3D at z;_, ; in Fourier space:
2 2 4
O, (w) = (_§ cos(w) + o sin(w) — §) (A4)
. 4 4 .
+ <— sin(w) + s cos(w)) 7,
12 .
O, (w) = —2cos(w) + — sin(w) — 10, (A.5)
w
48 .
D, (w) = | 16 cos(w) — — sin(w) + 32 (A.6)
w
24 24
+ <12 sin(w) + — cos(w) — —) J-
w w
The spatial derivatives of CSL3U at x> in Fourier space:
2 2 4
O, (w) =— (—— cos(w) + — sin(w) — —> (A7)
w 3
) 4
+ (— sin(w) + — — — cos(w)) Js
w
12 |
O, (w) = —2cos(w) + — sin(w) — 10, (A.8)
w
48 .
D, (W) = — (16 cos(w) — — sin(w) + 32) (A.9)
w
24 24
+ (12 sin(w) + — cos(w) — —) 7
w w
The spatial derivatives of CSL3D at z,,/, in Fourier space:
31 14 8 1 1
O, (w) = —( N cos(w) + P sin(w) + - sin(2w) — A cos(2w)) (A.10)

14 8 9 1 1
—1—( ey sin(w) — — cos(w) + — — — cos(2w) — & sin(2w)

w w w
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O, (w) = (13 + 22 cos(w) — 1—4 sin(w) — gsin(Qw) + cos(2w)) (A.11)

24
- <22 sin(w) — ?;U—O + cos(w) + gcos(?w) + sin(2w))j,

D (w) = —( — 14 — 32 cos(w) + 1—4 sin(w) + % sin(2w) — 2 cos(2w)) (A.12)

36 24 12
— 32si —_ - — - — 2w) — 2sin(2 B
+< sin(w) + i cos(w) ” cos(2w) — 2 sin( w))j

The spatial derivatives of CSL3U at x; in Fourier space:

D, (w) ! <cos(3—w) +23 COS(%) - % sin(—) — — sin(—)

. (A.13)

| 8
Sl
o &
~——

+ (sin(:%w) +33 sin(%) + 6 cos(—w) - — COS(%)) Js

b, (w) = (12 cos(%) - % Sin(%)) : (A.14)

Bypu(w) = (— cos(37w) 23 cos(%) 420 sin(%) ;5 sin(g—w)> (A.15)

w w 2

. ow LW 6 3w 6 w,\ .
- (sm(?) + 98111(5) + P COS(T) - COS(§)) J-

The spatial derivatives of CSL3D at z; in Fourier space:

O, (w) = % <— cos(%w) ~ 23 cos(%) + 1—0 Sin(%) + g Sin(37w)> (A.16)
3 6 3 6
+ (sin(7w) +33 sin(%) + . cos(7w) o cos(%)) J
w 24 . w
O, (w) = (12 COS(E) — sm(E)) : (A.17)

D, (w) = (COS(%LU) +23 COS(%) _ sin(%) _ 6 sin(37w)> (A.18)

. Bw . w, 6 3w, 6 w.\ .
- (SIH(T) + 981n(§) + - 008(7) o COS(5)> J.
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Appendix B

Roe’s Riemann solver for Euler

equations

For 1D Euler equations

U, + F(U), =0, (B.1)
where
p pu
U= pu | F(U) = pvQ +p . (BZ)
E v(E +p)

Here, p is the density,v is the velocity, p is the pressure, and E is the total energy. For

the ideal gas, the total energy is given by

p IR
E=-Y 1 - B.3
po— 5P (B.3)
where + is heat capacity ratio. Equations can also be written in quasi-linear form

U;+A(U)U, =0, (B.4)

where A (U) is the Jacobian Matrix defined by

A(U) = —(y = 3)v? B—ypv y—1], (B.5)
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Here, H is the total specific enthalpy defined by

Hz(E:p). (B.6)

The eigenvalues of Jacobian matrix A (U) are given by,
AM=v—a, Ay =v, \3=v+a, (B.7)

0
where a is the sound speed, a = (6_p) . By using the the EOS of ideal gases, the
P/ s

a= /2L (B.8)
P

The corresponding right eigenvectors of Jacobian matrix A (U) are

sound speed a can be given by

1 1 1
R = v—a v v+a , (B.9)
H—-—va V H+4+wa

where each eigenvector is the column of the matrix R. The left eigenvectors of Jac-

obian matrix A (U) are

— % (V(Wa; 1) v) _% (v(va; 1) 2) (72;21) _
L= 1_‘/(7_2—1) v(v_;l) _7—21 : (B.10)
_ 1 (V(Wa; ) s) _% (v(va; ) é) (72;21) |

. . 1
where each row of matrix L corresponds to each left eigenvector. Here, V' = 51;2.

For Roe’s Riemann solver, initially we have a jump in the conservative variable

AU = U — UL, (B.11)
(£ +p)
p

The Roe average[70] for velocity v, total enthalpy H = , and sound speed a
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is given by

\/PLVL + \/PRVUR
NRANT

= VP + /prHR

VPL T /PR

az(w—nm>§ﬁ03

V=

(B.12)

where the v, H , and a is the Roe-averaged value of v, H and a. vy, Hy, and py, is given
from the left-side conservative variables U” and vg, Hr and ppr are given from right
side conservative variables U, The Roe-averaged Jacobian matrix A (U) of is
given by

0 1 0

_ 1
A(U) = 5 (v =3)7° B-vo y—-11, (B.13)

%(7 —1D*—0H H—(y—1)* v
with the eigenvalues are defined by

M=0—a, \g =0, \g =0+ a, (B.14)
The Roe-averaged right eigenvectors are defined by

1 1 1
R=| o—-a o o+4+a |, (B.15)

1 .
H — va 5172 H +va

and the left eigenvectors are given by

L(Va=1 o) _1(oG=1 1} =1
A a) 2\ & Ta&a) o
L= ACER) i(y = 1) =11,  ®B.16)
a2 3 a2

N | —
VR
<
—~
=2
1
—
S~—

|
Q|
~_—

|
N | =
VR
=4}
—~
@2\2
0|
—
S~—

|

=Y
~_
—~
[\3\2
|

Do
—
SN—
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~ 1
where V = 5272. We can see that with only the Roe-averaged variable v, H and a, the

whole Roe-averaged eigenstructures of 1D Euler equations can be recovered.

For the 2D Euler equations

U, + F(U), + G(U), =0, (B.17)
where,
P pu pu
pU pu2 +p puv
U= . F(U) == , G(U) = . (B.18)
pU puv pv2 +p
E u(E + p) v(E + p)

where p is the density, p the pressure, (u, v) the velocity component in x and y direc-
tion, and E is the total energy. Equations (B.17) can also be written in a quasi-linear
form as

U, + A(U)U, + B(U)U, =0. (B.19)

The Jacobian matrix A (U) corresponding to flux F(U) is defined by

0 1 0 0
—u?+(y-)V. —(y=3)u  —(y-1v (y—-1)
A(U) = , (B.20)
—Uv v Uu 0

where ]
V= §(U2 + ’U2),
B.21)
P+E (
H= + .
p

The eigenvalues of Jacobian matrix A(U) are

AM=u—a, \g=1u, \g =u, \y =u+ a, (B.22)
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where a is the sound speed. For ideal gases EOS, the sound speed a and total enthalpy

[
a = )
" (B.23)
a

H= +V.

H can be calculated by

v—1
The corresponding right eigenvectors are given by

R” , (B.24)
v 1 v v

H—wua v V H+4+ua

where each column of the matrix R” is corresponding to each right eigenvector. And

the left eigenvectors are given by

1 V u 1 fu(y—1) 1 v(y—1) (y—1)
Sy —1)— e — ()
2(7 )a2 * 2 2 ( a? * a) 2a? 2a?
—v 0 1 0
L° = ,
\% u v (v—=1)
1-(r=-1)= (r=1)— e
1( 1>V u 1 fu(y—1) 1 v(y—1) (y—1)
| 2 7 a’> 2a 2 a? a 2a? 202 ]
(B.25)
where each row of the matrix L is corresponding to each left eigenvector.
The Jacobian matrix of B(U) corresponding to flux G(U) is defined by
0 0 1 0
—uv v u 0
B(U) = . (B.26)
—+(y-DV  —(y=Du  —(y=3  (v—1)
v(Viy=1)—H) —(y-Dw H-v*(y-1)

The eigenvalues of Jacobian matrix B(U) are

Al=v—a, g =v, \3=v, \y =v +a, (B.27)
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The corresponding right eigenvectors are given by

1 0 1 1
U 1 wu U
RY = . (B.28)
v—a 0 v wv—+a

H—-—va v V H-4va

Here, the column of the matrix RY corresponds to each eigenvector of B(U). The left

eigenvectors of B(U) are given by

i Vo v u(y=1) 1 u(y-1) 1\ (-1 |
(o )a2 + 2a 2a? 2 ( a? + a 2a?
—u 1 0 0
LY = 7
\'% U v v—1
A Y ) S
= _1)X_ﬂ cu(y—-1) 1/ v(y-1) 1\ (v-1)
| 2 7 a’>  2a 2a? 2 a? a 2a?

(B.29)

where each row of the matrix LY corresponds to each left eigenvector.

The Roe averaged velocity (u, v), total enthalpy H, and sound speed a is given by,

VPLUL + \/PRUR

U =
VPL + /PR
5 A/ PLVL + \/PRVR

NN "
5 V/PLHL+ Pt (B-30)
NN

a= (- v - %V%)é,

for the initial jump
AU = U - UF, (B.31)

- 1
where V = 5(62 + @*). Then, we can obtain the Roe averaged Jacobian matrix and
its eigenvalues and eigenvectors by replacing the variable u, v, H, and a by the Roe

averaged value u, 0, H , and a. For example, the Roe average of Jacobian matrix A (U)



Appendix B. Roe’s Riemann solver for Euler equations

151

in (B.20) can be deduced by

0 1 0 0
_ @+ (y-1)V  —(y=3)a  —(y-1D1 (y—1)
AU) = . (B.32)
—uv v U 0
11(\7(7—1)—}?) H-@(y-1) —(y—1as ~a
The eigenvalues of A(U) are given by
M=0—ad \g=1@, \g =1, \y = @i + @, (B.33)
and the right eigenvectors are given by
1 0 1 1
_ u—a 0 uw u+a
R — , (B.34)
v 1 v v
H—aa o V H+ai
while the left eigenvectors are defined by
[ 1 Vooa 1 a(y-1) 1 iy—1) (y=1) ]
(v —1)— +1— —= -] -
2Pz Tl 3 ( PR a) 242 242
_ —3 0 1 0
L = -
L v (-1
l-(v-1) (v=1= (7—1)5 o
1( _1)\7_11 1fa(y-1) 1 (y—1) (y-1)
L 27 Va2 T 2\ @ a 242 2a%
(B.35)

Similarly, we can obtain the Roe averaged Jacobian matrix B(U) in and its

eigenvectors and eigenvalues in a similar manner.
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