GARDY ORCA - Online Research @
CARDY® Cardiff

This is an Open Access document downloaded from ORCA, Cardiff University's institutional
repository:https://orca.cardiff.ac.uk/id/eprint/125263/

This is the author’s version of a work that was submitted to / accepted for publication.
Citation for final published version:

Bogli, Sabine and Marletta, Marco 2020. Essential numerical ranges for linear operator pencils. IMA Journal
of Numerical Analysis 40 (4) , pp. 2256-2308. 10.1093/imanum/drz049

Publishers page: http://dx.doi.org/10.1093/imanum/drz049

Please note:
Changes made as a result of publishing processes such as copy-editing, formatting and page numbers may
not be reflected in this version. For the definitive version of this publication, please refer to the published
source. You are advised to consult the publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for publications made
available in ORCA are retained by the copyright holders.




ESSENTIAL NUMERICAL RANGES FOR
LINEAR OPERATOR PENCILS

SABINE BOGLI AND MARCO MARLETTA

ABSTRACT. We introduce concepts of essential numerical range for the linear
operator pencil A — A — AB. In contrast to the operator essential numerical
range, the pencil essential numerical ranges are, in general, neither convex nor
even connected. The new concepts allow us to describe the set of spectral
pollution when approximating the operator pencil by projection and trunca-
tion methods. Moreover, by transforming the operator eigenvalue problem
Tz = Az into the pencil problem BTz = ABz for suitable choices of B, we
can obtain non-convex spectral enclosures for 7' and, in the study of trunca-
tion and projection methods, confine spectral pollution to smaller sets than
with hitherto known concepts. We apply the results to various block opera-
tor matrices. In particular, Theorem 4.12 presents substantial improvements
over previously known results for Dirac operators while Theorem 4.5 excludes
spectral pollution for a class of non-selfadjoint Schrédinger operators which it
has not been possible to treat with existing methods.

1. INTRODUCTION

One of the simplest concepts which can be used to obtain an enclosure of the
spectrum of a linear operator 7" in a Hilbert space H is the numerical range:

W(T)={(Tz,z): z € dom(T), ||z|| =1}.

Many simple estimates of eigenvalues of differential operators, for instance, involve
calculating estimates of the inner products (T'z, x), using partial integration. The
main disadvantage of W (T) is its convexity, which means that W (T') cannot reveal
the existence of spectral gaps.

If T is bounded and if one wishes to enclose only the essential spectrum of T,
then the concept of essential numerical range W, (T') introduced by Stampfli and
Williams [25] gives a useful refinement; see also [12] for a review. The latter gives
five equivalent characterisations of the essential numerical range for a bounded
operator. For closed, unbounded operators, we showed [4] that these concepts are
no longer equivalent; we settled on the singular-sequence definition as the most
useful one:

W.(T) = { ILm (Txp,n) 0 1, € dom(T), ||z, =1, z, — O}, (1.1)
and proved that also in the unbounded case

We(T)= [\ W(T+K) (1.2)

K compact

From (1.2) it is evident that W, (7)) is a closed and convex set, and we proved that it
consists precisely of the essential spectrum of T' together with all possible spectral
pollution which may arise by applying projection methods to find the spectrum
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2 SABINE BOGLI AND MARCO MARLETTA

of T numerically. This generalises a result of Levitin and Shargorodsky [17] for
the selfadjoint case, because then our essential numerical range coincides with the
convex hull of their extended essential spectrum.

In this paper we turn to linear pencils A — A—AB, where A and B are operators
in H and dom(A4) C dom(B). There are obvious motivations for studying pencils
directly since they arise naturally in so many application areas. However there can
also be advantages in considering the reformulation of operator problems as pencil
problems. Given an operator T', one may consider a pencil A — BT — AB, in which
B is a suitably chosen bounded operator. This can be regarded as an abstract gen-
eralisation of several different tricks: the multiplier trick developed by Morawetz
for scattering problems [21]; the techniques used in the derivation of many virial
theorems (see, e.g., [9]); or the method of Descloux [8] which takes scalar products
with respect to different bilinear forms. The success of our approach depends on
being able to replace the numerical range and essential numerical range W (T') and
We(T), whose convexity may be inconvenient, by suitable concepts of numerical
range and essential numerical range for a pencil, whose properties should be sys-
tematically studied. Section 2 is devoted to these topics; the reward is reaped in
Sections 3 and 4. We particularly draw the reader’s attention to Theorem 4.1, which
shows that the abstract Morawetz trick can, in principle, locate the approximate
point spectrum exactly; Theorem 4.5, which establishes lack of spectral pollution
for a wide class of non-selfadjoint Schrédinger operators; and Theorem 4.12; which
substantially improves existing results for Dirac operators.

For the operator pencil A — A — AB a numerical range concept, called root
domain, was defined in [19, Section 26] as the set of all A € C such that 0 belongs
to the usual operator numerical range W (A — AB): we expand this slightly to allow
all A such that 0 € W(A — AB) and denote this set by W (A, B). We also introduce
a second concept of pencil numerical range, denoted w(A, B): see Definition 2.1
below. There are two corresponding concepts of essential numerical range of the
pencil, denoted by W, (A4, B) and w.(A4, B). Our slight modification of the definition
of the pencil numerical range in [19, Section 26] ensures that W, (4, B) C W (A, B).

In Section 2 we study properties of, and relations between, the numerical ranges
W (A, B), w(A, B) and the essential numerical ranges W, (A4, B), we(A, B). In the
special case that B is uniformly positive, we have w(A,B) = W(B*%AB’%),
we(A, B) = W.(B~2AB~2) and hence the sets are convex. In general, however,
the pencil notions are not convex (not even connected). We establish perturba-
tion results for W.(A, B), w.(A, B) in which we add an operator K to either A or
B. Section 3 contains spectral convergence results. We approximate both A and
B by projection or domain truncation methods and confine the possible spurious
eigenvalues to w.(A, B) or W.(A, B). We apply our results to an indefinite Sturm-
Liouville operator in L?(R), previously studied in [16, 2]. In the final Section 4
we transform the operator eigenvalue problem Tz = Ax into the pencil eigenvalue
problem BTz = ABz for an arbitrary bounded operator B, i.e. we study the linear
pencil A — BT — AB. Whereas the operator numerical range W (T) is convex, the
pencil analogue W (BT, B) need not be convex or even connected. It is this fact
which is responsible for allowing us to get tighter spectral enclosures by taking the
intersection of W (BT, B) over suitable B, see Theorem 4.1. Analogously, the set of
possible spectral pollution is reduced to W, (BT, B) if we approximate BT and B
instead of T'. The latter is particularly effective if T is a differential operator and B
is (the operator of multiplication with) a bounded and boundedly invertible func-
tion; then the multiplication with B commutes with domain truncation. Another
important application is to 2 x 2 block operator matrices T' that we multiply by
2 x 2 matrices B. We compare the resulting spectral enclosures with the quadratic
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numerical range (see [26]). The theoretical results of this section are applied to
Schrédinger, Dirac, Stokes-type and Hain-List-type operators.

We use the following notion and conventions. The notations ||-|| and (-, -) refer to
the norm and scalar product of the Hilbert space H. Strong and weak convergence
of elements in H is denoted by x,, — = and x,, — =, respectively. The space L(H)
contains all bounded linear operators in H, and C'(H) denotes the space of all closed
linear operators in H. Norm and strong operator convergence in L(H) is denoted
by T, — T and T, > T, respectively. An identity operator is denoted by I; scalar
multiples A\l are written as A. Analogously, the operator of multiplication with
a function V is again V. For two operators T, S in H we say that S is T-form
bounded if the respective quadratic forms are relatively bounded, i.e. if there exist
o, " > 0 such that

Vo edom(T): |[(Sz,z)| < |z||?+ BTz, z)|. (1.3)

The infimum S of all 8/ > 0 such that there exists o/ > 0 satisfying (1.3) is
called the relative form bound. The domain, range, spectrum, point spectrum,
approximate point spectrum and resolvent set of an operator T are denoted by
dom(T), ran(T), o(T), 0p(T), oapp(T) and o(T'), respectively, and the Hilbert
space adjoint operator of T is T*. For non-selfadjoint operators there exist (at
least) five different definitions for the essential spectrum which all coincide in the
selfadjoint case; for a discussion see [10, Chapter IX]. Here we use

oo(T) = {X € C: F(@p)nen € dom(T) with [l = 1, 20 5 0, (T = Nanl| 0},

which corresponds to k = 2 in [10]. For an introduction to (polynomial) operator
pencils we refer to the monograph [19]. For the linear pencil A — A — AB the
spectrum is 0(A,B) := {A € C: 0 € o(A — AB)}, and 0,(A, B), 0app(4, B),
o.(A, B) and g(A, B) are defined analogously. Following Kato (see [14, Section
V.3.10]), we call a linear operator T' in H sectorial if W(T) C {\ € C : |arg(A —
v)| < 0} with sectoriality semi-angle 6 € [0,7/2) and sectoriality vertex v € R. A
subspace ® C dom(T) is called a core of a closable operator T if T|s is closable
with closure T. For a subset  C C we denote its interior by int €, its convex hull
by conv , its complex conjugated set by Q* := {Z : z € Q}, and the distance of
z € C to N is dist(z,Q) := infeq |z — w|. Finally, B,(A):={z€C: [z = A <r}
is the open disk of radius r around A € C.

2. DEFINITIONS AND PROPERTIES

In this section we define numerical ranges and essential numerical ranges of the
pencil A — A — AB in two ways that turn out to be non-equivalent in general. We
establish sufficient conditions under which they coincide and study further equiv-
alent characterisations. The section finishes with perturbation results for pencil
essential numerical ranges.

2.1. Basic properties. Let A, B be linear operators in H with dom(A) C dom(B).
We define two (generally different) numerical ranges of the pencil A — A — AB.

Definition 2.1 (Numerical ranges for a pencil). We define the sets
W(A,B):={AeC:0€W(A-AB)},

w(A B) = {22 i

: ¢ € dom(A), (Bz,xz) # 0} .
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Remark 2.2. i) It follows immediately that
W(zA,B) =2W(A,B), w(zA,B)=z2w(A,B), z€C,
1 1
W(A,zB) = ;W(A7 B), w(A,zB)= ;w(A,B)7 z € C\{0},
and that, for any A # 0,
AEW(A,B) <= A" e W(Blgoma) A

New(A,B) <= A ew(BlaomayA)-

Note that 0 € W (A, B) if and only if 0 € W(A), and 0 € w(A, B) implies
0 W(A).

ii) Clearly, we have the spectral enclosure o,pp(A, B) C W(A,B). For an
example with oapp(A, B) € w(A, B), let A = B = 0; then o,,,(A4,B) =
op(A, B) = C but w(A, B) = 0.

iii) If B is bounded, then W (A, B) is closed. This is not true in the unbounded
case (see Example 2.4). The set w(A, B) need not be closed even if B is
bounded; as an example, let B = I, then w(A, B) = W(A) which is not
closed in general.

Proposition 2.3. i) We have
w(A, B) CW(A, B).

Moreover, if, in addition,

0¢W(A)NW(B) or W(A,B) #C,

then W (A, B) C w(A, B).
it) If B is uniformly positive, then

w(A,B) =W (B 3AB™%),
W(A,B) = w(A,B) = W(B~3AB™3),
and all sets are convex.

Proof. i) Let A € w(A, B). By definition, there exists z € dom(A) with A =
(Az,x)/(Bx,x); without loss of generality ||z|]] = 1. Then 0 = ((A — AB)z,z) €
W (A — AB) and hence A\ € W(A, B).

Now assume that there exists A € W (A, B)\w(A, B). Then there is a sequence
(n)nen C dom(A) with ||z,]| =1 and (A — AB)zy,, z,) — 0. If there exist ng € N
and ¢ > 0 such that |(Bx,,z,)| > ¢ for all n > ng, then

Mn In) & T, B),

A= nh—>n<;lo (Bxy, Tp)

a contradiction. Hence, at least on a subsequence, we have (Bx,,, z,) — 0 and thus
also (Ax,,x,) — 0. This implies

0e WA NW(B), W(A,B)=C.
ii) The first identity is a direct consequence of

(Az,x) (B 32AB 3y,y)

(Bw,x) lyl?

with the one-to-one correspondence x = B_%y for z € dom(A) and y € dom (AB_ 3 )

By the assumed uniform positivity of B, we conclude 0 ¢ W(B). Now claim i) im-
plies W (A, B) = w(A, B). The convexity of all sets follows from the convexity of

W(B~3AB"z). O
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Example 2.4. In [?(N) consider the selfadjoint operators whose representations
with respect to the standard orthonormal basis of [?(N) are diagonal:

A:=diag(n®* +n: ne€N), B:=diag(n®: neN).
Evidently B > I. Using
B 2AB % = diag(l + % ' n € N),
Proposition 2.3 ii) yields
w(A,B) = W(B~2AB~%) = (1,2].

Since 0 ¢ W(A — B), we have 1 ¢ W(A, B) and hence Proposition 2.3 i) implies
W (A, B) = w(A, B). Note that the numerical ranges are not closed.

The following result generalises [19, Theorems 26.6, 26.7] for bounded pencils
and also [14, Theorem V.3.2] for operators (i.e. for B = I).

Theorem 2.5. Let B € L(H) satisfy 0 ¢ W(B). Let Q C C\W(A,B) be a
connected set with QN (A, B) # 0. Then Q C o(A, B), W(A, B) = w(A, B) and
1

< dist(0, W (B)) dist(\, W (A, B))’

I(A— AB) Ae Q. (2.1)

Proof. The assumptions on B imply, by Remark 2.2 iii) and Proposition 2.3 i), that
W (A, B) = w(A, B). Since B is assumed to be bounded, by [14, Theorem IV.5.17],
we conclude that A — ind(A — AB) is constant on every connected component
of C\oapp(A, B). Since o,pp(A, B) € W(A, B) and QN o(A4, B) # 0, we obtain

0 C (A, B). Now let A € Q. Then, for all z € dom(A) with ||z| = 1,
(Azx, x)
(Bx,z) ‘
> dist(0, W(B))dist (A, w(4, B)),

(A= AB)z| = [{(A = AB)z, )| = (B, )| ‘

which, together with w(A, B) = W(A, B), proves (2.1). O

As for the numerical ranges of the pencil A — A — AB, we can also define two
concepts of essential numerical range. The first of these, W, (A, B) below, involves
the operator essential numerical range from equation (1.1); the second, w.(A, B),
is generally not equivalent to the first. We shall study the relationship between the
two in several propositions and examples.

Definition 2.6 (Essential numerical ranges for a pencil). We define the sets

We(A,B) :={AeC:0eW.(A-AB)},

w(A, B) = { )

n—oc By, &) . x, € dom(A), (Bxp,2,) #0, ||za]| =1, 2, > 0}'

Remark 2.7. i) It follows immediately that
We(zA,B) = 2W.(A,B), we(zA,B) = zw.(A,B), z¢cC,
Wo(4,2B) = TW.(A, B), w.(4,2B) = ~u.(4,B), zeC\{0},
and that, for any A # 0,
NEWe(A,B) <= X' e We(Blgomay 4
ANewe(A,B) = A €we(Blaomay:A)-
Note that 0 € W, (A, B) if and only if 0 € W,(A).
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ii) Clearly, we have the spectral enclosure o.(4, B) C W.(A, B). For an ex-
ample with o.(4, B) € w.(4, B), let A = B = 0; then o.(4, B) = C but
we(A, B) = 0.

iii) By a standard diagonal sequence argument, the set w.(A, B) is closed. If
B is bounded, then W, (A, B) is closed as well. This is not true in the
unbounded case (see Example 2.10).

iv) For the operator essential numerical range (B = I) it was shown in [4,
Corollary 2.5 iv)] that W.(A) = C if and only if W(A) = C. This is no
longer true for general B. As a first counterexample, consider in [?(Np) the
diagonal operators

A:=diag(n: n € Ny), B :=diag(b,: n € Ny)

with by = 0 and (bn)nen C C a bounded sequence. Then W(A, B) =
C; however W.(A,B) = () by Proposition 2.11 below and the fact that
W.(A) =0, see Theorem 2.13.

As a second counterexample, consider in [2(N) the diagonal operators

Ayq:=diag(n: ne€N), Bj;:=diag(i": n eN).

Using the uniform positivity of A; 1 we see that A € w(A;1,B1,1) if and
only if \7! € w(BLl'dOIH(Al,l)’Al’l)’ and

_1 _1 o
w(BL1|dom(A1,1)a Ar1) = w(A; f B1aA, 1) = conv ({i"/n|n eN}).

In particular, w(A; 1, B1,1) is of the form C\ N where N is a bounded neigh-
bourhood of zero. Now choose a 2 x 2 matrix Ag 5 such that w(Az 2, Iax2) =
W (A3 ) contains N, and define

Ay 0 By 0
A = ’ B = ’ .
< 0  Aap ) ’ ( 0 Ioxeo
Then w(A, B) = C. However w.(A, B) = we(A1,1,B1,1) by a direct calcu-
lation from the definitions. Furthermore, Theorem 2.13 below implies that
We(A1,1) = 0; then since By is bounded, Proposition 2.11 implies that
we(ALl,BLl) = @ Hence ’U)e(A, B) = @

Proposition 2.8. i) If
0¢ W (A)NWe(B) or W.(A,B)+#C, (2.2)

then W.(A, B) C w.(A, B).
i) If B is bounded, then

we(A, B) C W.(A, B). (2.3)

If, in addition, (2.2) holds, then equality prevails in (2.3) and the sets are
closed.

Proof. 1) Assume that (2.2) is violated. Then the proof of W(A, B) C w.(A4, B) is
analogous to the proof of the second part of Proposition 2.3 i); the only difference
is that here we take the weak convergence x, — 0 into account. Now the claim
follows from the closedness of w.(A4, B), see Remark 2.7 iii).

ii) Let A € we(A, B). By definition, there exists a sequence (z,)neny C dom(A)
with ||z,| = 1, 2, — 0 and

<A$na xn>

B 1y PN bl T\
< L, L >7£O <an;xn>

— A, n — oo.
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Since B is bounded, we obtain

(Azxy,, x,

|<<AAB>xn,xn>|s‘ iA‘IIBH—)O, n s .

(B, Ty,
Therefore, 0 € W.(A — AB) and hence A € W.(A, B).

The rest of the claim follows from claim i). O

Remark 2.9. The inequality (2.3) may be strict (in which case (2.2) is violated).
As an example, let A = B be compact. Then we(A, B) C {1} whereas W.(A, B) =
C.

Next we illustrate Proposition 2.8 i) when W, (A, B) is not closed.
Example 2.10. In [?(N) consider the operators
A= diag{(—1)"n* +in: n €N}, B:=diag{n®+i(-1)"n?: n € N}.

Let A € R\{0}. Then it may be shown that 0 € W.(A — AB) = C (see Re-
mark 2.7 iv)) and hence A\ € W,.(A,B). However, 0 ¢ W.(A,B) since 0 ¢
W.(A) = 0. One may check that w.(4,B) = R. By Proposition 2.8 i), we ob-
tain W.(A, B) C w.(A, B) and thus W,.(A, B) = R\{0}. Therefore, W.(A, B) is

neither closed nor convex; it is not even connected.

In the latter example the operator B was A-bounded but not A-form bounded.
In the next result we consider form bounded operators.

Proposition 2.11. Assume that W.(A) = 0 and B is A-form bounded with relative
form bound B. Then

Wo(A,B) Cw.(A,B)C{ e C: |\>5"1}

if 6 =0, then
We(A, B) = w.(A, B) = (.

Proof. The assumption W,(A) = @ and Proposition 2.8 i) imply W.(4,B) C
we(A, B). Let (zn)neny C dom(A) satisfy ||z,| = 1 and 2, = 0. Fix ¢ > 0.
The relative form boundedness implies the existence of a. > 0 such that

[(Bxy, zn)| < ac + (B +€)|[(Azy, 2,)|, neN.
The assumption W, (A) = 0 yields |(Azpz,)| — co. Therefore,

<an7 xn>
(Azy, xp)

lim sup < B +e.

n—roo

Since € > 0 was arbitrary, we arrive at w.(A, B) C{\ € C: |[\| > B71}. O

2.2. Equivalent characterisations and perturbation results for operators.
Before proceeding to the study of equivalent characterisations and perturbation
result for pencils, for the convenience of the reader we review the corresponding
properties for operators (the case B = I'). The material in this section is a summary
of results from [4].
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Theorem 2.12. [4, Theorem 3.1] Let V be the set of all finite-dimensional subspaces
V C H. Define

Wei1(4) = m W(A‘vLmdom(A))’
vey
Wald)i= () WATE),

KeL(H)
rank K <oo

Wes(A) := (| W(A+K),

KeL(H)
K compact

Wes(A) := {)\ € C: F(en)nen C dom(A) orthonormal with (Aey,, e,) nse )\}.

Then, in general,

Wei(A) C Wea(A) C Wea(A) = Wes(A) = We(A). (2.4)

If dom(A) = H, then

Wel(A) c We4(A) = WeZ(A) = WeS(A) = VV(’(A) (25)

If dom(A) Ndom(A*) = H or if W(A) #C, then
We(A) =Wei(A), i=1,2,3,4. (2.6)

We remark in particular the equivalence Wea(A) = We3(A) = W, (A) in all cases.
The fact that the other inclusions may be strict is shown by examples in [4].

For the case of selfadjoint operators, W, can be found from the extended essential
spectrum of Levitin and Shargorodsky.

Theorem 2.13. [4, Theorem 3.8] If A = A* is bounded define .(A) = o.(A);
otherwise if A = A* is unbounded let 0.(A) be 0.(A) with +00 and/or —oco added
if A is unbounded from above and/or from below. Then

We(A) = conv(d.(A)) \ {—o0, +o0}.

The final part of our review consists of perturbation results which we shall need
later. In general, the essential numerical range is not invariant under perturbations
which are only relatively compact, but not compact. The following results give
additional hypotheses under which relative compactness is sufficient for invariance.

Theorem 2.14. [4, Theorem 4.5] Let T = A+1iB and S = U +1iV with symmetric
operators A, B and U, V in H such that one of the following holds:
(i) A is selfadjoint and semibounded, U, V are A-compact, or
(ii) B is selfadjoint and semibounded, U, V are B-compact, or
(iil) A, B are selfadjoint and semibounded, U is A-compact and V' is B-compact.

Then W,(T) = W.(T + S).

Theorem 2.15. [4, Theorem 4.7] Let T = A + iB with uniformly positive A and
symmetric B and let A=1/2S be AY/2-compact, i.e. A=Y/2SA=Y/2 is compact. Then
W(T) = W(T + S). In particular, if S is A-compact and dom(A) C dom(S) N
dom(S*), then W.(T) = W (T + S).

2.3. Equivalent characterisations for pencils.

Theorem 2.16. Let V be the set of all finite-dimensional subspaces V. .C H. As-
sume that A is densely defined and, for every \ € C,

dom(A —AB)Ndom((A—-AB)*)=H or W(A-AB)#C.
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Then
We(A,B) = ﬂ W(Alemdom(A)’B|VLmd0m(A))'
Vey
Proof. Let A € C. By Theorem 2.12 for operators we have, under the hypothesis
dom(A — AB) Ndom((A — AB)*) = H or W(A — AB) # C,

We(A=AB) = Wer(A=AB) = [\ W((A =By ndoma))-
Vvey

Therefore,

We(A, B) = {)‘ €eC:0¢ n W((A - AB)|Vimdom(A))}

vey
=N {)\ €C:0eW((A- )‘B)|VLmd0m(A))}
Vey
= ﬂ W(A\vmdom(A)vB|vLmdom(A))' -
Vey

Theorem 2.17. We have
We(A,B)= (] W(A+K,B)= (] WA+K,B).

K compact KeL(H)
rank K < oo

Proof. Let A € C. By Theorem 2.12 we obtain
We(A—AB)=Wu(A-AB)= (] W(A-AB+K).

K compact

The latter implies

W.(A,B) = {AG(C: oe W(A+K—)\B)} = () W(A+K,B).
K compact K compact
The claim for finite rank operators is obtained analogously using
Wes(A—AB) =We(A—AB)= (]| W(A-AB+K). 0
KeL(H)
rank K <oo
Remark 2.18. i) From Theorem 2.17 it follows immediately that for every

compact or finite rank K € L(H), we have W.(A + K, B) = W.(A, B).

ii) In general, w.(A, B) is not even contained in the intersection of w(A + K, B)
over all compact or finite rank operators K € L(H). As an example, let
A = B be compact but not of finite rank. Then

we(A,B)={1}, (| w(A+K,B)=0.
K compact

Note that in this example we (A, B) is not invariant under compact pertur-
bations. In fact, for K = aA with o € C\{0}, we have

we(A+ K,B) = (14 a)w.(A,B) = {1+ a} # w.(A, B).

Theorem 2.19. i) Let 0 ¢ W(B). Then
we(A,B)C () wA+K,B) < ()| w(A+K,B)
K compact KEL(H)

c (| WATK.DB) = 'ﬂ W(A+ K, B) &

KeL(H) K compact
rank K <oo
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and
W.(A,B) Cw.(A,B). (2.8)
ii) Assume that B is uniformly positive. Then
we(A, B) = W.(B 2 AB %), (2.9)
the sets are closed and convex and they coincide with the four intersections
in (2.7).

Proof. 1) To prove the first inclusion in (2.7), let A € w.(4, B). Then there exists
a sequence (,)neny C dom(A) with (Bx,,z,) # 0, ||z,.] =1, z, 20 and
(Axy, )

T A .
<an’xn>—> , N — 00

Let K be compact. Then |lz,|| = 1 and x,, = 0 imply (Kz,,z,) — 0. By the
assumption 0 ¢ W, (B), there exist ¢ > 0 and ng € N such that [(Bx,,z,)| > ¢ for
all n > ng. Hence

(KZp,xn) (A+ K)xp, )
(Bxp, Tn) (BZn, xy)

and therefore A € w.(A+ K,B) Cw(A+ K, B).

The second inclusion is evident since every bounded finite rank operator is com-
pact.

Proposition 2.3 i) implies the third inclusion.

The equality in (2.7) follow since every bounded finite rank operator is compact,
and every compact operator is the norm limit of bounded finite rank operators.

The inclusion in (2.8) follows from the assumption 0 ¢ W,.(B) and Proposi-
tion 2.8 1).

ii) First we prove

— 0, — A, N — o0,

(| W(B 3(A+K)B™3) =W, (B 2AB™%); (2.10)

K compact

then the closed and convex set W, (B_ 3 AB~ %) coincides with the four intersections
in (2.7) since Proposition 2.3 ii) implies

W(A+K,B)=w(A+K,B) =W (B 3(A+ K)B~3).
In view of (2.7) this establishes the inclusion
we(A,B) C W, (B 2AB™?). (2.11)
To prove (2.10), note first that by Theorem 2.12,

Wo(B 3AB™%) = Wep(B 2AB™%) = (| W(B :AB 3 +M). (212)
MEL(H)
rank M <oo
Take some
xe [ W(B :(A+K)B %) (2.13)

K compact

and let M € L(H) have finite rank. Recall that then also M* € L(H) has finite
rank. We show that, for an arbitrary € > 0, there exists xz. € dom(AB’%) with
|z<|l = 1 such that

{((B"2AB™* + M)a.,z.) — \| <& (2.14)
then it is easy to see that A belongs to the set in (2.12).

Since B is selfadjoint, it is densely defined, and hence so is the operator Bx.
Therefore there exists a sequence (Pp)neny C L(H) of orthogonal projections of
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finite rank with ran(P,) C dom(B%) and P, > I. Since strong and uniform

convergence coincide on a finite-dimensional space, there exists n. € N such that
€

ey

€
H(Png - I)|ran(M)H < M> H(Pna - I)|ran(M*)H < (2.15)

Define
K. := B:P, MP, B%, dom(K.):= dom(B?).

The operator is bounded since rank P, < oo implies that B %Pni and P,_B z C
(B %Pns)* are bounded. Since K, is densely defined and of finite rank, it is closable
and K. € L(H) is compact. By (2.13), there exists z. € dom(AB*%) with ||z =1
such that

[((B"2AB~% + P,_MP, )ac,z.) = \| = [(B 3 (A + K.)B %ac,z.) — M| < -.
Now (2.14) follows from the latter and because (2.15) implies

’<Pn5MPnsx€7xs> - <Mx6a $6>|

< [((Po, = )M + Py, M(P,, — D))z, we)| < [|(Po, — DM]| + (M (P, = I))"|

. €
< ||(Pn. = I)|ran(M)H||M|| + H(Pns — Dlran || [1M*]] < 3
The reverse inclusion (and thus equality in (2.10)) follows since, by Theorem 2.12,
W.(B 5AB™%) =W(B 2AB %)= (| W(B 2AB %+ M)
M compact

and B2 KB~ % is compact for every compact K.

We have already seen the inclusion w, (A4, B) C W,(B~2AB~z) in (2.11). The
reverse inclusion (and thus equality in (2.9)) is shown in two steps.

In the first step we assume int W, (B’%AB’%) = C, so for every compact op-
erator K we have W.(B~2(A+ K)B~2) = C. Hence W(B~2(A+ K)B~2) = C,
so by Proposition 2.3 ii) it follows that w(A + K, B) = C. Thus, by convexity of
w(A + K, B), which is a consequence of the uniform positivity of B, we also have
w(A+ K, B) = C. Proposition 2.3 i) yields W(A + K, B) = C for all compact K,
and hence

(1 W(A+K,B)=C.
K compact
By Theorem 2.17, it follows that W, (A4, B) = C and by (2.8), we have w.(A, B) = C.
In the second step we assume that W, (B_%AB_%) is not equal to C, and hence
by Remark 2.7 iv), W(B_%AB_%) = C. This allows us to invoke the last part of
Theorem 2.12 to assert that W, coincides with W,;. Thus, letting V denote the set
of all finite-dimensional subspaces V C H,

W.(B"2AB~2) =W, (B~ 2AB" %)

-N W(B—%AB—%| (2.16)

Vevy
Let A € WS(B_%AB_%). Let ey € dom(A) be arbitrary with [jeg]] = 1. We
inductively construct an orthonormal sequence (ey)neny C dom(A) such that, for
alln € N,

VJ-ﬁdOIn(AB’%) )

’ (Aen, en) : (2.17)

(Ben, en) - /\’ =

1
n
then A € w.(A4, B).
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Let ng € N. Assume that we have constructed orthonormal elements eg, ..., ep,—1 €
dom(A) such that (2.17) is satisfied for n =1,...,n9 — 1. Let
Vi 1= span{B*%en: n=0,...,ng— 1}. (2.18)

Since A belongs to the set on the right hand side of (2.16), there exists x,, €
Vibn dom(AB*%) with ||zp, || = 1 such that
1

(B ¥ AB %, 20,) — N < — (2.19)
no’

Define )

B 2y,

eno = f.

1B~ %l

Obviously we have |le,, || = 1. Moreover, since
(Aeng, eny)

_EAB xn yTng) = )
< 0 0> <B€no,€n0>
the inequality (2.19) immediately implies (2.17) for n = ng. Finally, z,, € V,
yields

B’%:rn Tng, B~ %en
<67L07€TL> = <707 n> < 0 >

=0 =0,... -1 0O
1B 50, Bten

In the following example the characterisations coincide and are closed but not
necessarily convex sets.

Example 2.20. Let Hy, H> be infinite-dimensional Hilbert spaces. For ¢ € C
define
A:=diag(I,I), B:=diag(l,c¢) in H; @ Hs.
The operator B is normal; it is selfadjoint if and only if ¢ € R.
Let ¢ € C\(—0,0], then 0 ¢ W.(B). It is easy to see that 0 ¢ W.(A, B) U
we(A, B) and W, (B, A) = we(B, A) = conv {1, c}. Then Remark 2.7 i) implies

={A' ANeW(B,A)}={A"": Aeconv{l,c}} = w.(A, B).
Clearly these sets are convex if and only if ¢ > 0, in which case B is selfadjoint.

Corollary 2.21. Let A be selfadjoint and B be uniformly positive. Then at least
one of the following holds:

(i) The different concepts of essential numerical range coincide,
We(A, B) = we(A, B) = W.(B~2 AB"?);
(ii) the operator B~2 AB™% is bounded and
we(A,B) = W, (B 2AB~%) = 0, (B~ 3AB"3%)
consists of exactly one point.

Proof. The identity we(A, B) = W, (B_%AB_%) follows from Theorem 2.19 ii).
If int w. (A, B) # () (the interior with respect to the topology in R), then we use
the inclusion

we(A, B) =we(A+ K,B) Cw(A+ K, B) = W(A+ K, B),

for every compact operator K, together with the convexity of all the sets appearing,
to deduce that int w.(A, B) C W(A+ K, B) for all compact K, whence

intwe(A,B)C (| W(A+K,B)=W.A,DB).

K compact

It follows, again by convexity, that w.(A, B) = W, (A4, B).
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Now assume that int w, (A4, B) = 0. If even we(A, B) = ), then W,.(4, B) = () by
Theorem 2.19 i), so (i) is satisfied. The remaining possibility is that w.(A, B) # 0
but int we(A, B) = (). Then there exists A € R such that

W.(B 2AB~2) = w.(A, B) = {\}.
By Theorem 2.13, we have
W (B_%AB_%) = conv(&e(B_%AB_%))\{ioo}.

The latter can consist of exactly one point A only if o, (B’%AB*%) = {\} and
B~2AB™2 is a bounded operator; hence (ii) is satisfied. O

The following example illustrates case (ii) in Corollary 2.21.
Example 2.22. Consider the operators A and B of Example 2.4. The operator
B 2AB % = diag(l + % tn € N)
is bounded and selfadjoint with
we(A,B) =W, (B 2AB"%) =0, (B 2AB™%) = {1}.
Therefore we are in case (ii) of Corollary 2.21. One may verify that W, (A, B) = 0
and hence (i) is not satisfied.

Now we construct a non-selfadjoint example (but still with a uniformly positive B
in order that Theorem 2.19 ii) is applicable) for which we have

We(A, B) G w.(A,B) = W.(B 2 AB™?).

Example 2.23. In [?(N) consider the diagonal operators

A= diag((-1)"n® +in: n €N), B:=diag(n®: n € N);
again we identify the operators with their matrix representations. We have B > I.
Consider '

B 3 AB™% = diag((—l)”n +iine N) =T+K
with ! )
T :=diag((-1)"n: n€N), K:= diag(i NS N).

We obtain by Theorem 2.19 ii) and using that K is compact,

we(A, B) = W, (B 2AB™2) = W (T + K) = W.(T) = R.
However, one may check that W (A, B) = 0.
2.4. Perturbation results. In the first result we assume that one of the operators
A, B has empty essential spectrum.
Theorem 2.24. Assume that one of the following holds:

(a) We(A) =0 and K is A-form bounded with relative form bound 0;
(b) We(B) =0 and K is B-form bounded with relative form bound 0.

Then
we(A+ K,B) = we(A,B), w.(A, B+ K)=w.(A, B).

Proof. Throughout this proof we use the fact that if T' is a linear operator with
We(T) = 0 and K is T-form bounded with relative form bound 0, then every
sequence (7, )nen C dom(T) with ||z, = 1 and z,, = 0 satisfies |(Tx,, v,)| — oo
and |(Kzp, xn)|/|{(T Ty, xn)| — 0; the latter follows from Proposition 2.11 and its
proof. In particular, we obtain W, (T + K) = (). Further note that —K is (T + K)-
form bounded with relative form bound 0.
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We show
we(A,B) Cw.(A+ K,B), we(A,B) Cw.(A,B+K); (2.20)

then the reverse inclusions follow from applying (2.20) to A’ = A+ K, K/ = - K
and B’ = B+ K, K/ = —K, respectively.

Let A € we(A, B). There exists (z,,)nen C dom(A) with ||z,| =1 and z,, = 0
such that
(A, xp)
(BZp, )
Note that the assumption (a) implies [(Kxp, Zn)/{AZy, Ty)| — 0, and the assump-
tion (b) yields (K xy,, zp)/(Bn, xs)| — 0. Hence, in both cases the difference

‘(Amn,xn> (A+ K)xp, zn) _ ’(Kxn,xn) :‘<Axn,xn> ’(mexn>

(Bp,2n) (B, ) (Bxp,xp) (Bxp,xn) || (Azp, xp)

converges to 0, 80 ((A+ K)xp, Tn)/(BTn, Tn) = A € w.(A+ K, B). In addition, in
both cases the difference

<B$na $n> # 0, — A, n — oo.

(Azy,zn)
(Bxn,xn)

- (BZn,Tn) (AZyn,Tn)
‘1 + (Azp,Tn) (KTn,Tn)

‘ (Azp, xp) (Azp, 1)
(Bap,xn) (B4 K)xn,xy,)

<Kxn 71571,)
(BT, Tn)

(Ax'n 1xn>
(BT, Tn)

(KT, Zn)
I+ (BZy,Tn)

converges to 0. This yields A € w.(A, B+ K). O

Remark 2.25. Under the assumptions of Theorem 2.24, we cannot conclude

W.(A+ K,B) = W,(A,B), W.(A,B+K)=W.(ADB). (2.21)

As a counterexample, consider the operators A and B from Example 2.23 and
define K := diag(in : n € N). Note that W.(B) = () and K is B-form bounded
with relative form bound 0. One may verify that 1 € W.(A, B+ K) = R. However,
as pointed out in Example 2.23, we have W, (A, B) = ), hence the second identity
in (2.21) is not satisfied. In addition, the first identity is not satisfied since

1€ Wel(B+K)lgomeay A We(Blaomay A) = 0.

Note that this example also illustrates that W,(A4, B) is not invariant under the
relative compactness assumptions of the following Theorem 2.26.

In the next result we do not assume that W.(A) = 0 or W.(B) = 0 but use a
relative compactness argument instead.

Theorem 2.26. Let T and S be linear operators in H with 0 ¢ W.(T) and such
that one of the following holds:

(a) T =T, +iTy and S = Sy + 1Sy with symmetric operators Ty, Ty and St,
Sy such that
(i) Ty is selfadjoint and semibounded, Sy, So are Ty-compact, or
(ii) T3 is selfadjoint and semibounded, Sy, Sa are Ty-compact, or
(iii) Th, Ty are selfadjoint and semibounded, Sy is Ty-compact and Ss is
T5-compact;
(b) T =Ty +iTs with uniformly positive Ty and symmetric Ty such that Tl_l/zS

is T11/2-compact, i.e. Tfl/QSTfl/2 is compact.
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Then, for any B with dom(T) C dom(B),

we(T + S, B) = w.(T, B), (2.22)
and, for any A with dom(A) C dom(T),
we(A, T+ S) =w.(A,T). (2.23)

Proof. First we claim that, in both cases (a) and (b), S is T-form bounded with
relative form bound 0 and whenever (x,)neny C dom(T) is such that ||z,] = 1,
2, 5 0 and (|(T2n, 2n)|)nen is bounded, then (Sx,,x,) — 0. In (a), this follows
from the proof of Theorem 2.14, see [4, Theorem 4.5], and in (b) from the proof of
Theorem 2.15, see [4, Theorem 4.7].

We prove the identity (2.22); the proof of (2.23) is analogous. Note that, in
both cases (a) and (b), we have 0 ¢ W (T) = W(T + S) by Theorems 2.14 and
2.15, and —S is (T + S)-form bounded with relative form bound 0 and whenever
(2n)nen € dom(T) = dom(T + S) is such that ||z,|| = 1, z, — 0 and (|((T +
S)Tn, Tn)|)nen is bounded, then (—Sz,,z,) — 0. Hence it suffices to show the
inclusion w, (T, B) C w.(T + S, B); the reverse inclusion follows from repeating the
proof for T/ =T+ S, S’ = —S.

Let A € we(T, B). There exists (2,,)neny C dom(T) with ||z,|| = 1 and 2, = 0

such that ( >
TTpn, T
Bz, x,) #0, 5—t

If there exists an infinite subset I C N such that ((T'zp, 2, ))ner is bounded, then
the above argument implies (Sz,,x,) — 0 as n € I, n — oo. Moreover, by
0 ¢ W(T), we have liminf,, o (T, z,)| > 0, and hence
(Sxp,xn) _ (STp,an) (TTn, Tn)
= — 0, el, — 0.
(Bxp,xn) (Txn,x,) (Bry, ) " oo
So we arrive at A € w.(T + S, B).
If |(Tx,,x,)| — oo, then, similarly as in the proof of Proposition 2.11 for § =
0, we obtain |[{(Sz,,x.)|/|[{(TZn,xn)| — 0. Now XA € w.(T + S, B) follows in an
analogous way as in the proof of Theorem 2.24. O

— A\, n— oo

3. SPECTRAL APPROXIMATION AND APPLICATION TO INDEFINITE
STURM-LIOUVILLE OPERATOR

In this section we study spectral convergence of the approximation of the pencil
A — A — AB by projection or domain truncation methods. The aim is to prove
spectral exactness of the approximation by A — A, — AB,, n € N: every A €
(A, B) is the limit of some A, € o(4,,By), n € N, (spectral inclusion) and no
spectral pollution occurs, i.e. there is no spurious eigenvalue A ¢ o(A, B) which is
an accumulation point of some A, € o(A,,B,), n € N. We prove that spectral
pollution is confined to one of the essential numerical ranges. For selfadjoint A, B
with one of them uniformly positive, we prove that all elements of the approzimate
point spectrum are spectrally included. We apply these results to indefinite Sturm-
Liouville operators.

3.1. Spectral approximation. First we study the projection method. We use
the following conventions. For any closed subspace V' C H we denote by Py the
orthogonal projection in H onto V. For a linear operator T, if V' C dom(7") then
Ty := PyT|y denotes the compression of T to V.

Theorem 3.1. Assume that dom(A) = H. Let H, C dom(A), n € N, be finite-
dimensional subspaces with Py, = I asn — co. Consider the following conditions:
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(1) The subspaces are such that
Ve €dom(A): Ap, Py, — Az, Bpg, Py, v — Bz, n— 0. (3.1)

(2) We have dom(A*) Ndom(B*) = H and the subspaces satisfy H, C dom(A*)N
dom(B*) with
V€ dom(A*)Ndom(B*): Ay Pp,v — A*x, By Pg,v — B*r, n — oco.
(3.2)

Depending on which condition holds, we conclude the following:

i) Assume that 0 ¢ W.(A)NW.(B) or W.(A, B) # C. If condition (1) or (2)
is satisfied, then every spurious eigenvalue belongs to w.(A, B) 2 W.(A, B).
If both (1) and (2) are satisfied, then for every isolated \ € o(A, B) outside
we(A, B) there exist A, € 0(Agn, ,Bm, ), n €N, such that A, = A.

i) Assume that B is bounded. If condition (1) or (2) is satisfied, then every
spurious eigenvalue belongs to We(A, B) 2 we(A, B). If both (1) and (2)
are satisfied, then for every isolated A € o(A, B) outside W.(A, B) there
exist \p, € 0(Am,, Bm,), n € N, such that A\, — .

iii) Assume that A, B are selfadjoint and (at least) one of them is uniformly
positive. If (1) is satisfied, then for every X\ € capp(A, B) there exist A\, €
o(Amn,,Bm,), n € N, such that A, — .

Proof. We abbreviate P, := Py, Ay, := A, and B, := By, forn € N.

i) First assume that (1) holds. Assume that there exist A € C, an infinite subset
ICNand A\, € 0(4,,B,) =0(A},B:)*, xy € Hy, n € I, with ||z,|| = 1, Al x, =
M Bz, and A, — X ¢ 0(A, B). First assume that there exists a subsequence on
which z, =% x # 0. Let y € dom(A) be arbitrary. Then the assumption (3.1) and
the convergences \, — A and x, — x imply

0=((4;, — EBZ)Jin, y) = (@n, (A= AB)y) + (zn, (An — A Bn) Py — (A — AB)y)
—{z, (A — AB)y).

Therefore y — ((A — AB)y, z) = 0 defines a bounded linear functional on dom(A).
This implies € dom((A — AB)*) and (A — AB)*z = 0. Since we assumed that
x # 0, we have 0 € o((A — AB)*) = 0(A — AB)* and hence A € o(4,B), a
contradiction. Therefore, it follows that z,, — 0. Since Arxy, = EB;‘Lmn, we obtain

(Azy, ) — Mo (B, 1) = (T, (A = X\, Bi)w,) =0, nel.

If (Bzy,x,) = 0 for infinitely many n, then (Ax,,z,) = 0 for these n and hence
We(A,B) = C and 0 € W.(A) N W,(B), a contradiction. Hence, without loss of
generality, (Bx,,x,) # 0 for all n € I. Then

(Azp, xp)
<B$na xn>

Now we assume that (2) holds. The proof is very similar but one has to pay
attention to the domains of the involved operators.

Assume that there exist A € C, an infinite subset I C N and A, € o(A,, By),
Zp € Hy, n € I, with ||z,|| = 1, Apzp, = \yBra, and A, — X\ ¢ o(A, B). First
assume that there exists a subsequence on which z,, — 2 # 0. Let y € dom(A*) N
dom(B*) be arbitrary. We use that A* — AB* C (A — AB)* and A} — A\, B} =
(A, — A\yBn)*. Then the assumption (3.2) and the convergences A, — A and
T, = z imply
0 =((An — M\ Bn)ZTn,¥) = (Tn, (A = AB)*y) + (zp, (An — A\ Bn) " Pry — (A — AB)™y)
—(z, (A= AB)"y).

=X\, — A€w(A,B), nel, n— .
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Therefore y — ((A — AB)*y,z) = 0 defines a (trivial) bounded linear functional on
dom(A*)Ndom(B*) and hence on the whole Hilbert space since dom(A*) N dom(B*)
H. Since 0 ¢ o(A — AB), the operator A — AB is closed. This implies 2 € dom(A —
AB) and (A — AB)x = 0. Since we assumed that x # 0, we have A € (A4, B), a
contradiction. Therefore, it follows that z,, — 0. Since ApZ, = AnBpy, we obtain

(Azy, xp) — A\p(Bxp,xz,) =0, nel.

In completely the same way as in the previous case we arrive at A € w.(A, B).
This proves the claim about spectral pollution. Note that w.(A, B) 2 W,(A4, B) by
Proposition 2.8 i).

Now we turn to spectral inclusion. Assume that both (1) and (2) hold and
take an isolated A € o(A, B) outside w.(A, B). Then there exists € > 0 such that
B.(A\)No(A,B) ={\} and B:(A\) Nwe(A, B) = 0. Choose § € (0,¢). Assume that
there exists an infinite subset I C N with dist(\, 0(A4,, By)) > 6, n € I. Define
I' := 0Bs/2()). Then the corresponding Riesz projections are

1 _ 1 B
Pr :% (A*ZB) 1dZ, Ppm :i (An*ZBn) 1(1,2’:07 nel.
L t z € H be arbltrary For every n € I deﬁne the function f, : I’ — [0,00) by
fu(2) == (A= 2B)"'x — (A, — 2B,) ' Pyz||. Then

1
| Pra — Pop Po]) < — / fu(2)dlzl, nel.
27T T

Next we prove

sup sup ||(A,, — 2B,) || < cc. (3.3)
zell nel

Assume that the latter is false. Then there exists an infinite subset I C I such that
for every n € I, there are z, € I' and z,, € H,, with |z,]| = 1, [[(A, — 2, Bpn)xs| <
1/n. Since T is compact and H is weakly compact, we can extract another infinite
subset I3 C Iy so that (z,)ner, converges to some z € I' and (x,)ner, converges
weakly in H to some z € H. Let y € dom(A*) Ndom(B*). Since A* —zB* C (A —
zB)*, the assumption (3.2) and z, — z imply ||[(A—2zB)*y—(A,—2,Bn)*Pyy|| — 0.
Now we estimate

|<x7 (A - ZB)*y>| < |<mnv (A - ZB)*y>| + |<IE — In, (A - ZB)*va

[(zn, (A= 2B)"y)| < [((An = 20Bn)xn, Pay)| + lzallll(A = 2B)"y — (An — 20 Bn)" P,

< [(An = zoBr)za|lllyll + [[(A = 2B)*y — (An — 2. Bn) " Payll,

which implies (z, (A — 2B)*y) = 0 using the convergences above. Analogously as
above for spurious eigenvalues, we arrive at z € (A4, B) if z # 0 or, if x = 0, then

we(A, B),

which are both contradictions. This proves (3.3).

Now we show that f,(z) = 0, n — oo, for every z € I'. To this end, let z € T.
Define y := (A — 2zB) "'z € dom(A). Then the assumptions imply ||(4 — 2B)y —
(A, — 2B,)P,y|| — 0 as n — co. Hence

fu(2) = lly — (An — ZBn)_lpn(A —zB)yl|
<lly = Payl + [I(An — ZBn)71||H(A —2B)y — (An — 2By) Ppyll.
With (3.3) we obtain f,(z) — 0 as n — oo.
Note that, by (3.3), fn(z) is unformly bounded in n € N and z € T'. Lebesgue’s
dominated convergence theorem implies |Pra — Pr P,z — 0 as n — oco. Hence
Pr P, 2 Pr, n — 00, and so we obtain Pr = 0, a contradiction to \ € B(;/g()\) N

ol
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(A, B) # 0. Therefore, there exists ng € N such that dist(\,0(A,, By)) <6, n >
ng. Since d can be chosen arbitrarily small, we finally obtain dist(\, 0(A,,, By)) — 0,
n — oo.

ii) We proceed as in i). The only difference occurs at the point where we have

(Azp, xp) — My (BZp,xn) =0, nel, X\, — )\ n—oc.
Since now B is assumed to be bounded, we have
(A= AB)zp,xn) — 0€ W (A—AB), necl, n— .

Hence A € W.(A, B). Note that W.(A, B) 2 w.(A, B) by Proposition 2.8 ii).

iii) Let A € oapp(A, B) and let € > 0 be arbitrary. Then there exists 2. € dom(A)
with [Jz.]| =1 and

J(A - AB)a.|| < e.

If X € 0(A,, By,) for all sufficiently large n € N, the claim follows immediately.
Now assume that there exist infinitely many n € N such that A € o(A,,, By)-

First assume that B is uniformly positive, B > ¢ for some ¢ > 0. Then A4,

1 _1

is selfadjoint and B,, > ¢ for all n € N. Note that o(4,, B,) = O'(Bn 2A,Bn 2).
Since

| Pl > HP"IEH
G = MBI B )P (B2 A ® =)
> ¢|| Puze | dist(A, U(Bg%AnB;%))
= ¢||Ppzc|| dist(\, (A, Br)),

(A — ABy) Poze|| >

we obtain, using the assumption (3.1) and P, > I,

A, — ABy)P,
lim sup dist(\, 0(A,,, B,)) < limsup It ) Pae|| <€

n— 00 n— 00 CHPTLJ;EH o c

Since £ > 0 can be chosen arbitrarily small, we obtain dist(\,o(4,,B,)) — 0 as
n — oo.

Now assume that A is uniformly positive, A > ¢ for some ¢ > 0. Then B,
is selfadjoint and A, > c¢ for all n € N. Since A\ = 0 is not possible, we obtain
(B — A"tA)z.|| < e|A|~!. We proceed analogously as in the previous case, with
the role of A and B being interchanged and X replaced by A~!, to arrive at
1 ||(Ap — ABp) Ppa.|] < £

lim sup dist )\_170 B,,A,)) <limsup — < —.
meup dist(A ™, 0(Bn, An)) < limsup o = e

Hence there exist y,, € 0(B,, Ay), n € N, with g, — A~1. In particular p,, # 0 for
all sufficiently large n, and therefore A\, := u ' € 0(A,, B,) satisfy A\, — \. O

Remark 3.2. i) Assume that there exists A\g € o(A, B) with A\g € o(Apn, , Bm,, ),
n € N, and sup, ¢y ||[(An, — AoBm, ) || < co. Then the assumption (3.1)
implies (Ag, — XoBm,) 'Pu, > (A — X B)™! as n — oo, see [3, Theo-
rem 3.1].

ii) If, in addition to the assumptions of claim iii), B is A-bounded with relative
bound 0, then ¢(A,B) = 0a.pp(A,B). The latter follows since, by [13,
Corollary 1], (A — AB)* = A — B for all \ € C.

iii) In claim iii) it is not enough to assume that A or B is strictly positive.
As a counterexample, let A = B := diag(n™! : n € N} in 2(N). It is
easy to see that oapp(A4,B) = C. However, if we truncate the pencil to
H, :=span{e; : j =1,...,n}, then o(Ap,,Bpy,) = {1} for all n € N. So
every A € C\{1} is not approximated.
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Example 3.3. In H := [>(N) @ [?>(N) define T := diag(S, S) and J := diag(l, —1)
with S := diag(n : n € N), identified with its matrix representation with respect
to the standard orthonormal basis of I2(N). Note that we have the equivalence
A€ o(T,J) if and only if 1/\ € of T); here we use that A = 0 need not
be considered since T > 1.

Since W, (T') = 0, Proposition 2.11 implies W.(T,J) = 0. Therefore, by The-
orem 3.1 ii) applied to A = T, B = J, no spurious eigenvalues occur if we use a
projection method of the pencil L(\) := T — AJ. Together with Theorem 3.1 iii)
we conclude spectral exactness of the projection method.

Note that J=! = J, and JT is selfadjoint with o(JT) = o(T,J) = Z\{0}.
However, by [4, Theorem 4.5], if we apply the projection method to JT', spectral
pollution can be arranged to occur at any point in R\o(JT') since, by Theorem 2.13,

We(JT) = conv (6. (JT))\{£oc} =R.

J|d0m(T) )

The following theorem shows that arbitrary compact subsets of W.(A, B) can
be filled with spurious eigenvalues.

Theorem 3.4. Assume that the following holds:

(a) A is densely defined, and 0 ¢ W(A)NW(B) or W(A, B) # C;

(b) for every A € C, dom(A — AB) Ndom((A — AB)*) = H or W(A—AB) # C.
Let V,, C dom(A), n € N, be finite-dimensional subspaces such that Py, > I. Then,

for any compact subset Q@ C W, (A, B), there exist finite-dimensional subspaces
H, C dom(A), n € N, with V,, C H,, satisfying the following properties:

i) every A € Q\o (A4, B) is a spurious eigenvalue,

sup dist(\,0(An, ,Bm,)) — 0, n— oo.
AEQ

il) If Q Cint W,(A4, B) is a finite set, then
O-(AanBHn):O'(AVnaBVn)UQ> n € N.

Proof. First we derive a general argument for an arbitrary A € Q C W,(A, B); it
is the generalisation of [4, Lemma 6.6] from operators to pencils. Let V' C dom(A)
be a finite-dimensional subspace and let € > 0. Define

U :=span(V Uran(A|y) Uran(B|y)).
Then rank Py < co. By assumption (b) and Theorem 2.16, we obtain
Ae W(A|Ui-ﬂdom(A)’ Blyndom(a))-

By the assumption (a) and Proposition 2.3 i), we conclude

A € w(Aly L ndom(ay Blondom(a)):

under the assumptions of claim ii) we can omit the closure. Hence there exists
p € B-(\) (p = Xin claim ii)) and a normalised z € UL Ndom(A4) C V+Ndom(A)
such that 0 = ((A— pB)z, z); it follows that if V,, := V @span{x} then (A — uB)y,
admits the triangular representation

(A—pB)y, = < (A_SLB)V g )

and therefore p € o(Ay,, By,).

Let n € N. There exists a finite open covering {Dy., : kK = 1,...,N,} of Q
by open disks Dy, := By/n(crm) With centres cp, and equal radius 1/n. By
applying the above argument inductively N,, times with ¢ = 1/n, we construct
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orthonormal elements 1.y, ..., 2N, n € V,;-Ndom(A) and points pux., € B jn(Ckin)s
k=1,...,N,, such that
Hy =V, @ span{z1;n} & - - & span{zn,n}
satisfies
s s,y € o(Am,, Bu,), k=1,...,Np.
By construction of the disks Dy, £ =1,..., N,, we have

2
sup dist(A,0(Apy,,Bm,)) <sup min |\ — pgn]) < i 0, n— oo

AEQ AeQ k=1,...,N,

In ii), with @ = {u1,...,un}, we apply the general argument inductively N
times to construct orthonormal elements 1., ...,ZN., € V5 N dom(A) such that
H, =V, ®span{z1,,}&- - -®span{zn,, } satisfies 0(An,, , Bu, ) = 0(Av,, By, )USL.

O

Now we approximate a differential operator pencil via domain truncation. To
this end, let Q C R¢ be a domain and let , C Q, n € N, be bounded, nested
subdomains that exhaust €. We consider two differential expressions 71 and 75 and
associated operators whose actions on appropriate domains are determined always
by these same expressions. The following spectral convergence results are similar
to the ones in [23, Theorems VIII.23-25] for selfadjoint operators, where also a
common core assumption as in (a) is used.

Theorem 3.5. Let A, B be realisations of 71, T2, respectively, in L*(Q) such that B
is A-bounded and B* is A*-bounded. For n € N let A,,, By, be realisations of 71, T2,
respectively, in L*(Qy,) such that dom(A,) C dom(B,,) and dom(A}) C dom(B}).
Assume that

(a) there exists a core ® C dom(A*) of A* such that for all f € ® there exists
ny € N for which the restriction fl|q, les in dom(A%), n > ny;

(b) the quadratic forms a and b associated with A and B are closable with
dom(@) C dom(b) and, for each n € N and any f, in dom(A,,), the exten-
sion by zero of fr, to L*>(Q) lies in dom(a) C dom(b); denoting this extension
also by fn, assume further that (A, fn, fn) = @[fn] and (Bpfn, fu) = b[fn].

(¢) The spectra o(An, By), o(AL, BY) consist entirely of eigenvalues.

Then the following holds:
i) Assume that 0 ¢ W.(A) N W.(B) or We(A, B) # C. Then every spurious
eigenvalue belongs to we(A,B) 2 W.(A, B). If, in addition, there exists
a core ® C dom(A) of A such that for all f € ® there ewists ny € N for
which the restriction fl|q, lies in dom(A,), n > ny, then for every isolated
X € o(A, B) outside w.(A, B) there exist A, € 0(An, Bn), n €N, such that
An — Al

ii) Assume that B is bounded. Then every spurious eigenvalue belongs to
We(A, B) D w.(A, B). If, in addition, there exists a core ® as in i), then for
every isolated A € o(A, B) outside W.(A, B) there exist A\, € 0(Ap, By),
n € N, such that A\, — .

iii) Assume that A, B are selfadjoint, (at least) one of them is uniformly positive
and A,, B, are selfadjoint as well. If there exists a core ® as in i), then
for every X € oapp(A, B) there exist A\,, € 0(Amn,, Bn, ), n € N, such that
An — Al

Remark 3.6. Typically, 7 will be an elliptic differential operator and 75 will be
either a multiplication operator or an elliptic operator whose order is less than that
of 7. The hypotheses concerning cores and extensions will usually be satisfied if
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the domains of the A,, and B,, are equipped with suitable boundary conditions.
For instance, if 74 is an operator of order 2v, v € N, then the traces of functions in
dom(A,,) on the boundary of Q,, should vanish from order 0 up to order v — 1.

Proof of Theorem 3.5. The proof is similar to the one of Theorem 3.1, with (1) and
(2) replaced by the assumptions on the cores ® and ®.

i) and ii) Assume that there exist A € C and an infinite index set I C N and
An € C, n € I, such that 0 is an eigenvalue of each (A4, — A\, B,). Let f, be
the normalised eigenfunctions in L?(f2,). Since the ), are supposed to form a
polluting sequence we assume that A\, — X\ where A € o(A, B). Suppose that on
some subsequence, f, — f # 0. Let g € ®. We have, for n > ng, by assumption (a),

0= ((An = AaBn) fn, 9) = (fn, (45, = \uBj)gla,)
= (fn, (11 = Aa73)9) = (fn, (A" = XuB")g)
= <fm (A* - XB*)g> + ()‘ - )‘N)<fna B*g>
—5 (£, (A" = XB")g) = {1, (A~ AB)"g),
in which we have abused notation to use the symbol f, to mean the extension by
zero of f,, to L*(Q2) in the second and third lines, and we used A*—AB* C (A—\B)*.
Thus g — ((A — AB)*g, f) = 0 is a (trivial) bounded linear functional on ® and

hence on the whole Hilbert space. Since 0 ¢ o(A — AB), the operator A — AB is
closed. Hence f € dom(A — AB) and

(A—AB)f = 0.

This contradicts the assumption that A ¢ o(A, B), and so f,, = 0.
We now know that

By definition of the closed forms @ and b there exist functions h,, € dom(A), with
|hnll = 1, |hn — fall — 0, implying h,, = 0, such that
0= lim (@lhyn] — Anblhn]) = lim {(Ah,, hp) — Ao (Bhy, ha)}
n— 00

n— oo

If, on any subsequence, (Bh,,, h,,) tends to zero, then so must (Ah,,, h,), and hence
0 lies both in W.(A) and in W,(B), and W.(A, B) = C. Therefore (Bhy,hy) is
bounded away from zero. We can therefore divide by (Bh,, h,,) and obtain

o ((Ahh)
0= lim {<mahn> An

and, since A, — A, deduce A € w.(A, B). This proves the claim about spurious
eigenvalues in i).

If B is bounded then (Bhy, h,) is bounded, and so
lim {(Ahn,h,) — M Bhy,, hp)} =0,
n— oo

giving A € W, (A, B), which proves the claim about spurious eigenvalues in ii).

Given that the assumption on the core ® holds, we claim that every isolated
A € o(A,B) outside w.(A, B) (in i)) or W.(A, B) (in ii)) is the limit of some
An € 0(An, By), n € N. This is proved analogously as in Theorem 3.1; instead of
(3.1) and (3.2) we apply the assumptions on the cores ® and ®, in the same way
as above.

Finally, if B is uniformly positive, the proof follows that of part iii) of Theo-
rem 3.1 provided we make the important observation that, because of the hypothe-
ses on our domain truncation, the operators B,, have a lower bound which is not
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less than the lower bound for B (‘domain monotonicity’). The same applies to the

case that A is uniformly positive.
O

3.2. Application to indefinite Sturm-Liouville operator. Indefinite Sturm-
Liouville operators were studied both as pencil problem and as selfadjoint operators
in Krein spaces, see e.g. [16, 2] and the references therein. We establish spectrally
exact approximations of the operator pencil, both for projection and interval trun-
cation methods. For uniformly positve T" and interval trunction, spectral exactness
was proved in [20]. Here we give a short and elegant proof using essential numerical
ranges, and we extend the result to the projection method (see Theorem 3.8). In
addition, we can prove, for the first time, spectral exactness for interval truncation
even if the potential V tends to zero at infinity (see Theorem 3.9).
Let —oo < a <b < oo and let J € L*°(R) be real-valued with

J|(,m7a) = —17 J|(b,oo) =1.

In particular, if a = b = 0, then J is the sign function. If however a < b, then J may
have more than one sign change. With another real-valued potential V' € L>°(R),
consider the differential expression

(Tf)(@) == =f"(2) + V(2)f(2).
In L?(R) define the selfadjoint operator
(Tf)(x) = (f)(x), dom(T):=W>*(R),
and J is selfadjoint and bounded as multiplication operator in L?(R).

Proposition 3.7. i) If limg oo V(2) = 0, then W (T,J) = W(T,J) = C
and o.(T,J) =R.
it) If there exist m_,my > 0 such that lim, 4o V(x) = my, then

We(T,J) = we(T,J) = (=00, —m_]U[my,00) = c.(T, J).

Proof. First we calculate o.(T, J); the essential numerical ranges require separate
proofs for i) and ii).

Let
m_, x <0, -1, =<0,
Vo(l‘) = JQ(,T) =
my, x>0, 1, x>0,

and define K := V — Vy, Ty := T — K. Then Ty is selfadjoint with Ty >
min{m_,m}, the operators K, J — Jy are To-compact and T' = Ty + K. Hence

0(T,J)={N€C:0€0.(T—AN)=0.(To — Ao} = 0e(Tp, Jo) = Ue(J(;lTO).

Note that JO_1 = Jp. Let Sy denote the direct sum of two Schrédinger operators,
one on (—o0, 0] with expression d?/dz? —Vy(z) and Dirichlet condition at 0 (leading
to essential spectrum (—oo, —m_]), the other with expression —d?/dz? + Vy(z) on
[0,00) and Dirichlet condition at 0 (leading to essential spectrum [m.,00)). We
observe that for any A € o(JoTp) the difference (Sg — X) ™! — (JoTp — A)~! has rank
at most 2 (by a variation-of-parameters calculation). Therefore o.(JoTo) = 0¢(So).
Since the essential spectrum of a direct sum is the union of essential spectra of both
operators, we obtain o.(Sp) = (—oo, —m_] U [m, 00).

This concludes the proof for the essential spectrum and we turn to the (essential)
numerical ranges.

i) It suffices to find a sequence (f,)neny C dom(T) such that ||f,|| = 1, fn — 0,
(Jfn, fn) =0and (Tfy, fn) — 0; then W.(T,J) = C and hence W(T,J) = C.
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The assumption (Jf,, f) = 0 is satisfied if f,, € dom(T) is symmetric around

“TH’ with suppf, N (a,b) = 0, so we restrict our attention to such functions. Using

integration by parts, we obtain

(Tfn, fn) = ||f7/zH2 +(V fas fn)-
Let ¢ € C§°(R) be an even function that satisfies

(b(ﬂf) € [Oa 1]7 supp ¢ C (727 *1) U (L 2)7 ||¢|| =1
Define, for n € N such that n? > b*?“,

Then f, € Cg°(R) C dom(T') is symmetric around %2 and satisfies

b b b b
suppfnC<aJr Y s —n2>u(a+ +n2, 2 +2n2>

2 2 2 9
¢ (oo m) U (b:c0), (3.0
5 =1 =120

Note that [|f}|| — 0. In addition, lim|,|_,o V'(x) = 0 together with the first claim
in (3.4) imply (V fu, fn) — 0; hence (T'f,, fn) — 0. Moreover, the first claim
in (3.4) yields f,, = 0.

ii) Theorem 2.19 ii) implies

1 1
wg(J'dOHl(Tg)’TO) = WE(TO 2J|dom(TO)To 2).

_1
Since the set on the right hand side is closed, and the closure of T, 2 J| dom(ry)To °

is the selfadjoint bounded operator TJ% J Toié, we obtain using [24, Corollary 5.1],
% 73 ~3 P31 11
el ldomn(ny To) = We(Tg JT5 #) = convo, (T; *JT; #) = [ - —, m—J
1 1
The last equality follows from o (Tj, 2JT;, 2) = 06(J|dom(T0)7T0) = o.(Ty, J)7 L.
Now we make use of the equivalence in Remark 2.7 i),

1
)\G’we(To,J) <~ X G’we(J|dom(T0),T0);
note that A = 0 need not be considered since Ty > min{m_,m;}. We apply the
perturbation result in Theorem 2.26 (a) to obtain
we(T, J) = we(Ty, J) = (—o0, —m_] U [m4, 00).
Now we obtain we (T, J) = W(T, J) by Proposition 2.8 ii) and using 0 ¢ W,(Ty) =
W, (T') by Theorem 2.14. O

Under the assumptions of Proposition 3.7 ii), spectral exactness prevails if we
approximate the pencil using projection or domain truncation methods.

Theorem 3.8. Assume that there exist m_,my > 0 such that lim, 4. V(z) =
m4.
i) Let H, C W?2(R), n € N, be finite-dimensional subspaces with Py, > I

as n — 0o0. Assume that

VfeW?**R): Ty, Py, f—Tf, n— oco.
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Then the approximation of the pencil A\+— T —AJ by A\ — T, —AJpg, , n €
N, is free of spectral pollution; it is even spectrally exact if T is uniformly
positive.

ii) Define
(T f)(x)

= (rf)(z), dom(T},):= {f € W2(—n,n): f(4n) = 0},
(Jnf)(z) = J(z

()f(z), dom(J,):= L*(=n,n).
Then the approximation of the pencil \+— T —AXJ by A\ — T,, — AJp, n € N,

1s free of spectral pollution; it is even spectrally exact if T is uniformly
positive.

Proof. By Proposition 3.7 ii), we have
W (T,J) = (—o0,—m_]U[my,00) = 0.(T,J) C o(T,J).

Now claim i) follows from Theorem 3.1 ii), iii) and Remark 3.2 ii). Analogously,
claim ii) is obtained with Theorem 3.5 using that ® = C5°(R) is a core of T' = T*
and dom(T;,) € W2(R) (by extending every function by zero outside [—n,n]) for
all n € N. ]

In the next result we make use of the fact that the domain truncation process
commutes with multiplication with a bounded and boundedly invertible function.

Theorem 3.9. Let a < b and let B, be the bounded and continuous function

¥, 1€ (~0,a,
By(z) = Qe ze(ab), t = =2,
1, x € [b, 00).
Then

(1 We(B,I.B,J)CR.
pe(—m,0)u(0,m)

If im0 V(z) = 0, then the above sets coincide and equal o.(T,J); in this case
interval truncation as in Theorem 3.8 ii) is spectrally exact.

Proof. The assumption V' € L (R) implies the existence of v > 0 such that V(x) >
—v for almost every z € R. We prove

{AeC:Im A <v|sing|}, (pe(_ﬂ-’_z?ﬁ]’

W.(B,T, B,J) C { _ .
{AeC:Im A > —vsing}, ¢e[ZF, ).
Let ¢ € (=m,0)U (0,7), A € C and f € dom(T'). Then, using integration by parts,

<(B<pT - )\B@J)f, f> = <_B«0f” + Bw(v - )\J)f, f>
= (Bof', f') + (BLf', [) + BV, f) = MByJ f. f)-

The quadratic form f s e~ 1%/ (B, f', f') is sectorial with sectoriality vertex 0 and
semi-angle |¢|/2 < 7/2. Note that

BV, F) = MBod £, ) < (Ve + AT ) 12 meN. (3.5)
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Moreover, since supp By, = [a, b], we have, for any ¢ > 0,

b b % b %
/ BLFFde| < B ( / |f’|2dw> ( / |f2dx>

’ 1
< 1B llse (s/ |2 dw + 46|f||2> (3.6)

e

. 1
< ||B’ - R —ip/2 B f - 2 ]
< 1B (romogy R (/2B 1) + 1)
Choosing € > 0 sufficiently small, the estimates (3.5), (3.6) and [14, Theorem VI.1.33]
imply that f — e 1¢/2((B,T — AB,J)f, f) is sectorial.
Now let (fn)nen C dom(T) with [|f,|| =1, f,, = 0 and ((B,T —AByJ) fn, fn) —
0. The above considerations imply that the sequences ({(By fy,, f5,) Jnen, ((BL f7,s fn))nen,

((ByV fr, fn))nen and ((BydJ frn, fn))nen are bounded. By passing to a subsequence,
there exist ¢, ¢g, ¢3,c4 € C with ¢1 +co+c3—Aeqg = 0 such that, in the limit n — oo,

<Btpf'r/17f7/7,> — C1, <B;;f7/w fn> — C2, <B¢’an7fn> — C3, <B<,0an7fn> — C4.

The boundedness of ((Byf,,, f1))nen together with the (quasi-)sectoriality of B,
implies that (||} ||)nen is a bounded sequence. By the Rellich-Kondrachov theorem
and f, — 0, we obtain | fulja,8ll22(ap) — 0. Now the first line in (3.6) implies that
cs = 0. In addition, we obtain

(BLf' f) =

)\_61—1—03 _cl—i—z
Cq w

z:= lim <ei‘P/ V|fn|2dz+/ V|fn|2d:1:>,
n—oo b

with

— 00

w:= lim <—ei“"/ \fn|2dx—|-/ |fn2dx).

Note that ¢; € conv ([0, 00) Ue!'?[0,00)), z € conv([—v,00) Ue'¥ [~v,00)) and w €
conv{—e!¥ 1}. Thus there exist s, € [0,1] and u; = —e'Pv+ay € (—e!?v+]0, 00)),
uy = —v + e Pag € (—v +e'¥[0,00)) such that

c14z=su; + (1 —8)ug, w=—tel?+(1—1).
First we assume that ¢ € [%’T,W). Then sinp > 0. We estimate, using a1, as > 0
and s,t € [0,1],
Im A = Tm (c1 4+ 2)w _ —Re(c1 + 2) Im w + Im(cq + 2) Re w
|w]? |w|?
(—t+ 2t —=1)s)v+star + (1 —s)(1 —t)ag .
= sin
1—2t(1— t)(1 + cos ) 7
—t+ (2t —1)s
1—2t(1 —t)(1+ cosy)

1t :
S ) T T (e VSine, tE[0
B ! vsing, te€ ]|

vsin @

1
3k
,1].
For a fixed ¢ € [%ﬂ, ﬂ'), the latter bound is a function of ¢; note that it is symmetric

with respect to the point ¢ = 1/2, so we consider ¢ € [1/2,1]. An easy calculation
using 1+cos ¢ < % reveals that the minimum of the function is attained for ¢t = 1; we

N|—

T 1—2t(1—t)(14cos p)

arrive at Im A\ > —vsing. The bound for ¢ € (—7r7 —%”] is obtained analogously.
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Now the intersection of all W,(B,T, B,J) is contained in R because vsing — 0 as
p — £

If lim;| 00 V(z) = 0, then 0.(T,J) = R by Proposition 3.7 i). Hence domain
truncation is free of spectral pollution by Theorem 3.5 ii) and since o(T,J) =
o(B,T,B,J) and o(T}y, J,) = 0(Byn/Th, Boindn), n € N, where By, := By|(—pn.n
and J,, := J[[—p,. In addition, for every non-real A € o(T,J) there exists ¢ €
(—m,0)U(0, 00) so that A ¢ W(B,T, B,J). Hence Theorem 3.5 ii) implies that A is
the limit of some A,, € 0(T},, Jn) = 0(By:nTn, BonJn), n € N. Forreal A € o(T, J),
ie. for A € 0.(T,J) =R, we prove spectral inclusion as follows.

Let A € (0,00); the proof is analogous for A € (—00,0), and the case A = 0
follows from either of the previous two using a diagonal sequence argument. Define
the differential expression

d2
=——4V,
T 122 +V,
which is in limit point case at +oo. Because J|_, , = —1 and V(z) — 0 as

x — —00, for each > 0 there exists a unique (up to scalar multiplication) solution
of
(1 —pJ)u"(p,-) =0

with u=(u,+) € L?(—o0,c) for some (and hence all) ¢ € R. Since V(z) — 0 as
& — —oo, this solution has only finitely many zeros in each interval (—oo,¢) and
so, in particular, it is the principal solution (see [20]) of the differential equation on
(—00,b]. We may assume without loss of generality that w™(\,b) # 0; if this were
not true then we could simply increase the value of b, and still have J |[b7 o) = 1
but with u~ (A, b) # 0, and hence v~ (p, b) # 0 for all p in a neighbourhood of .

Consider now the finite-interval approximations w,, to v~ defined as solutions of
the boundary value problems

(1= pd)u, (1,-) =0 in (=n,0); u, (g, —n) =0; uy, (1, 0) = u™ (1, 0).
By [20] these exist and

lm (u,, (1, 0), (uy, ) (b)) = (w™ (1, b), (u™)" (1, b)),

n—o0

the limit being locally uniform in u.
Now consider the unique solution ! (u, -) of the initial value problem
(7 = sl yugy (o) = 05 gy (o) = 05 (ugy)'(pym) = 15

here ’ denotes differentiation with respect to the second variable. Denote by S the
realisation of 7 in L?(b, oo) with Dirichlet boundary condition f(b) = 0. Then S is
selfadjoint with o.(ST) = [0, 00). If we denote by S, the realisation of 7 in L?(b,n)
with the boundary conditions f(b) = 0, f(n) = 0, this operator is selfadjoint as
well. Since A € o.(ST) and since the spectral approximation of ST by S, is well
known to be spectrally exact [1], for each € > 0 there exists n. € N such that,
for all n > n., there are two Dirichlet eigenvalues in [\ — g, A + ¢], i.e. there are

)\—sguﬁ}) < ug) < X+ ¢ with
wh (D, 0) =0, wf(pd ) =0, wi(ub) #0, pe () pl).
Thus the Titchmarsh-Weyl function
(uzy) (1, b)
(ur ) (1, b)”
1 (2

being Nevanlinna [11], is continuous and strictly increasing on (s, ’, iy ) with
singularities at the endpoints, and

fr moy (p) =

lim () = =00, lim m;y () = +o0.
AT e
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Correspondingly, the function

(uz ) (1, b)
(un ) (1, b)

L @

is continuous on [y, tn '] € [A—¢, A+¢] for all sufficiently small €, since u;, (u,b) =
u” (u,b) and u~ (u, b) # 0 for p in a neighbourhood of A\. Hence by the intermediate

s (1) =

value theorem applied to m;F (1) —m;, (u), there exists A, € (MEP, ,ugf)) with
(u)' (An ) ()" (Ans b)

@D (@) s) G0
The function
Uy, (An, ), x < b,
T LTI,
is therefore an eigenfunction of T,, — \,,J,, with eigenvalue 0. Since \,, is e-close to
A and € can be arbitrarily small, we have proved the spectral inclusion. O

4. OPERATOR SPECTRAL PROBLEM TRANSFORMED INTO PENCIL PROBLEM

As seen in Example 3.3, the set of spectral pollution might be smaller (even
empty) when the operator eigenvalue problem Tax = Az is transformed into the
pencil eigenvalue problem Ax = ABxz with A := BT. In this section we explore
this idea further. In the same way we establish tight enclosures of the spectrum of
T by taking the intersection of numerical ranges W (BT, B) for suitable B.

4.1. Abstract results for operators and diagonal 2 x 2 block operator ma-
trices. The following result gives a (not necessarily connected) spectral enclosure
in terms of numerical ranges. Note that the sets in (4.1) coincide if 6(T') = oapp(T).
Theorem 4.1. Let T € C(H).

i) The approximate point spectrum and spectrum are related to numerical

ranges by
oapp(T) S (| W(BT,B)C ()| W(BT,B)Ca(T), (4.1)
peL()
and
o.(T)= () We(BT,B). (4.2)
BEL(H)

ii) For A C L(H)\{0} let
QCC\ (| W(BT,B)

BeA
be a connected set. If QN o(T) # B, then Q C o(T) and

e 1B
I =" = I G @ W (BY) dist O W (BT, )

Proof. 1) To prove the first inclusion in (4.1), let A\ € 0app(T). Then there exists a
normalised sequence (2, )neny C dom(7T) such that ||(T—A)z,| — 0. Let B € L(H).
Then |((BT — AB)xy, zn)| < [|BI||(T — A)x,|| — 0 and hence A € W (BT, B).

The second inclusion in (4.1) is trivial.

Now take A € C such that A\ € W(BT, B) for all B € L(H) with 0 € o(B). We
use the following well-known equivalence, which is a consequence of von Neumann’s
theorem [14, Theorem V.3.24]:

Neo() <= 0€a((T-N(T - uo((T— (T -N)"?). (4.3)

A e Q.
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With [T—\| := (T=\)*(T—\))/? let T—\ = U|T— )| be the polar decomposition
of T—A. By [14, Section V1.2.7], the operator |T'— | is selfadjoint and non-negative,
and U : ran(|T — A|) — ran(T — \) is isometric. By continuity, it can be extended
to an isometric operator on ran(|7" — Al), and then further extended to a bounded
operator U € L(H) by setting Uz := 0, z € ran(|T — A|)*+. Then U* € L(H) with
U*Uz = x for all z € ran(|T — A|). We set B :=U* € L(H). Then

BT —AB=U*T —\) =U*U|T — A = |T -\l (4.4)
Assume that A € o(T'). Then the equivalence (4.3) yields 0 € o(|T — A|). Therefore
ran(|T — A|) = H = ran(T — ) and hence U € L(H) is unitary. Thus 0 € o(B).
Since A € W(BT, B) by the choice of A, (4.4) implies that

0 W(T — A|) =convo(|T — A|) C[0,00).

Therefore 0 € o(|T — A|) and hence (4.3) implies A € o(T).
The inclusion 0.(T) € (| W.(BT, B) is shown analogously as the first in-
BeL(H)
clusion in (4.1); we use in addition that the sequence (z,)nen converges weakly
to 0.

To prove the reverse inclusion (and thus equality in (4.2)), we choose A € C such
that A € W (BT, B) for all B € L(H). We proceed analogously as above (i.e. we
use the polar decomposition of T'— X and set B := U* € L(H)) to arrive at (4.4).
Since A € W, (BT, B) by the choice of A\, and using Theorem 2.13, we obtain

0€ W .(|T — A|) = conv o (|T — A)\{oo} C [0, c0).
Therefore 0 € o.(|T — A|) and hence 0 € o.(|T — A\|?) € W.(|T — A|?). This implies
the existence of a sequence (x,,)neny C dom(|T —A|?) € dom(|T — A|) = dom(T — \)
with ||z,|| = 1, z, = 0 and

T = N)zp||? = (IT — M2xp, ) — 0, 10— oo.
Therefore, A € o.(T).

ii) The claim follows from the first inclusion in (4.1) and Theorem 2.5 and its
proof; note that ||[(T' — A)x|| > ||(BT — AB)z|||B|]|~! and hence ||[(T" — \)7!|| <
|BI(BT — AB)~t|| for A € Q and B € A. O

The following result can be used for approximations of selfadjoint operators to
remove spurious eigenvalues in gaps of the (essential) spectrum. Note that if P is
the spectral projection X (_uc,4(T") for some v € R, then 7" admits a diagonal block
operator representation as in Theorem 4.3 below; however, in general x(_o 1 (T)
is unknown.

Proposition 4.2. Let T € C(H) be selfadjoint. Let P be an orthogonal projection
in H with ran(P) C dom(T') and define B := 1 —2P = —P + (I — P). Assume that

a = sup W(T|ranp)) < 00, b:=inf W(T|ran(P)imdom(T)) > —o0. (4.5)
i) If a < b, then
w. (BT, B) = W.(BT, B) C w(BT, B) = W (BT, B)

C{AeC:Re)e(—o00,alU[b,00)}.

ii) If We(T|rancp)) = 0, then

we(BT, B) = W,.(BT, B)
C {/\ €C: Re A\ > min We(T|ran(P)Lmdom(T))};
if, in addition, We(T | .an(py ndom(r)) = 0, then

we(BT, B) = W.(BT, B) = 0.
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iii) If We(T'|ran(p)) # 0 and We(T'I‘aH(P)J-ﬁdOHl(T)) # (0, define
ac := max We(T|rancpy) < @, be := min We(Tlran(P)Lmdom(T)) >b.
If a. < b, then
we(BT,B) = W.(BT,B) C {A € C: Re X € (00, a.]U[be,0)}.
Proof. 1) Let A € W(BT, B). There exists a normalised sequence (,)nen C
dom(T') such that (BT — AB)xy,zy,) — 0. Define u,, := Px,,, v, := (I — P)z,, for
all n € N. Note that
((BT — AB)Zpn, xy)
= —{(T — Re Nun,un) — (T — Re N)vn, un) + (T — Re Ny, vy,)
+ {(T — Re Nv,,v,) —iIm A (Bzy, x,)
= —((T — Re Ny, upn) + 21 Im{(T' — Re N)up,vn) + (T — Re X)vp, vy,)
—1iIm A (Bxp,zy,).
Taking the real part on both sides of the latter equation, and using that B is

selfadjoint, yields —((T—Re A)un, un)+{(T—Re N)vy,,v,) — 0. Define the diagonal
block operator matrix

A:=diag (—P(T —Re \),(I - P)(T —Re \)) in ran(P) @ (ran(P)* Ndom(T)).
Then ||(un,v,)!|| =1 and (A(un,vn)?, (Un, va)t) — 0. Therefore

0€ W(A) = conv ( — (W(T|ran(p)) — Re A\) U W(T | an(py- ndom(r)) — Re A).
Then it is easy to see that Re A € (—o0,a]U[b,00). In particular, W (BT, B) # C.
The equalities w. (BT, B) = W.(BT, B) and w(BT,B) = W (BT, B) follow from
Propositions 2.8 ii), 2.3 i) and Remark 2.2 iii).

ii) If W.(BT,B) # 0, let A\ € W.(BT, B) and proceed as in i). Note that, in
addition, we have xz, 2 0 and hence u,, = 0 and v,, — 0. We obtain

— (Tt un) — Re M|un||?) + (Twn, vn) — Re Ajv,|> — 0. (4.6)
Since (— ((Tun, u,) — Re )\||unH2))n€N and ((T'vp,v,) — Re )\||vn||2)nEN are both

bounded from below by (4.5), the convergence in (4.6) implies that both sequences
are bounded. Therefore there exist an infinite subset 7 € N and ¢ € R such that

(T, un) — Re Mun|l> — ¢, (Twp,vn) —Re Mon||> — ¢, nel, n— oo
The assumption W,(T'|ran(p)) = 0 implies that u,, — 0 and hence |[v,[ — 1 as
n € I, n — co. Then vy, := v, /| v, || satisfies

Up =0, (T, 0p) —ReX—>¢, nel, n—oc.
Thus Re A+c € We(T'ran(P)Lmdom(T))? in particular, We(Tlran(P)Lmdom(T)) #£ (.
Assume that ¢ # 0. Then there exists an infinite subset I C I such that u, # 0 for
all n € I. Moreover, we have

TUp,u 00 c>0 ~
(Tin, tin) ”>—> ' ’ nel, n—oo.
—o0, ¢<0,

By the assumption (4.5), we conclude ¢ < 0. Hence Re A > min We(Tlran(P)Lmdom(T))'
So we proved in particular that W, (BT, B) # C. Now Proposition 2.8 ii) implies
that W.(BT, B) = w.(BT, B).

iii) Let A € W (BT, B) and proceed as in ii). There exist an infinite subset J C I
and « € [0,1] such that

lunl> — a, |oa)? —1—a, nelJ, n— .
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If & = 0, the arguments in ii) imply Re A > b.. Analogously oo = 1 yields Re A < a,.
It is left to consider the case « € (0,1). Then, for n € J sufficiently large, u, # 0
and v, # 0 and hence, in the limit n — 00, Uy 1= Up/||Un]], Vn := vn/||vn|| satisfy
c

Gy =50, Ty =50, (Tl i) —Re A —> =, (IT,,3,) —Re A —
o
Then

& C
Re A e <_a + We(T|I‘an(P))) N (_1& + We(Tran(P)Lmdom(T))> .

By the hypothesis a. < b, this is not possible if ¢ = 0. If however ¢ # 0, then
¢/a and ¢/(1 — «) have the same sign, and so we obtain Re A < a, (if ¢ > 0) or
Re A > b, (if ¢ < 0).

The equality W (BT, B) = w.(BT, B) follows analogously as in ii). O

In the next result 7' may be non-selfadjoint, but we assume that it admits a
diagonal block operator representation.

Theorem 4.3. Let Hy, Hy be two infinite-dimensional Hilbert spaces, and let T =
diag(Ty,Ty) in Hy & Hy. Assume that

a:=sup Re W(T1) < 0o, b:=inf Re W(T3) > —oc.
Define B := diag(—1,1I) in H; & Hs.
i) If a < b, then
we(BT,B) = W.(BT,B) Cw(BT,B) =W(BT,B)
C{AeC: Re e (—oo,alU[b,00)}.
If, in addition, T is selfadjoint, then
we(BT,B) = W.(BT, B)
= conv (0. (T1))\{—00} Uconv(c.(Ts))\{oo},
w(BT,B) = W(BT,B) = conv o(T}) Uconv o (Ts).

i) Assume that at least one of —T1, Ty is sectorial. If W.(T1) = We(Tz) = 0,
then
we(BT,B) = W.(BT,B) = 0.
IFW(Ty) =0 and Wo(Tz) # 0, let v € C and —7/2 < 0_ <0, < 7/2 be
such that

W(-T; —7) C {Ae C: arg(h) € [0, 0.]}.

Then
we(BT,B) = We(BT, B)
C{M + X arg(Ay) €[0-,04], Ao € W (T2)}.
If We(Th) # 0 and W.(Ty) # 0, define
a. := max Re W.(T1) <a, b, :=min Re W,(T3) > b.

If ae < b, then
we(BT,B) = We(BT,B) C{Ae€ C: Re A € (—00,a.]U[be,0)}.

iii) Assume that T = U+1V with a selfadjoint U = diag(Uy, Us) and symmetric
V = diag(V1, V2) such that Uy < a <0< b < Us,. Let K be a block operator
matriz in Hy & Hy with dom(T) € dom(K) such that (BU)~2 BK(BU) =
is compact. Then

Wo(B(T +K), B) = we(B(T + K), B) = wo(BT, B) = W.(BT, B).
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Proof. i) Note that for z,, = (uy,v,)" € dom(T) we have
Re((BT = AB)y, 2n) = —(Re(T1tn, un) — Re A|jun||?) +Re(Tov,, v,) — Re Ajv, %

Now the first claim follows in a similar way as in Proposition 4.2 i).
For a selfadjoint 7 we have w(B7,B) C R. Let A € R. Then the assertion
follows immediately from

ANeW(BT,B) < 0eW(BT —\B)=conva(BT —\B),
ANEWL(BT,B) < 0e€W. (BT —AB) = conv(c.(BT — A\B))\{o0},

where we used Theorem 2.13 in the last equality.

ii) If W.(T1) = W.(Ty) = 0, we use that the sectoriality assumptions imply
We(BT) = conv(W(—=T1) UW,(T2)) = 0; then the claim follows from Proposi-
tion 2.11.

If W.(T1) = 0 and W,(T3) # 0, we proceed as in the proof of Proposition 4.2,
part ii), see (4.6). Since the numerical ranges of both —T;,T5 have real parts
bounded from below, and one of the operators is sectorial, we obtain that both
sequences ( — ((Tun, un) — Re Alun|?)), g and ((Ton,vn) — Re Al|vp|?),  are
bounded and hence admit a convergence subsequence. Now the claim follows from

lunll €1, wp =20, —(Tiup,u,) —c€C = u, —0, arg(c)ecf_,04]
If W.(T1) # 0 and W, (Ts) # 0, we proceed as in Proposition 4.2, part iii), using
again the sectoriality assumption to prove that ( — ((Tuy,un) — Re Alju,[?))
and ((T'v,,vn) — Re )\||vnH2)n€N are bounded.
iii) The operator BU is selfadjoint with BU > min{|al, b} > 0. Theorem 2.26 (b)
implies we(BT,B) = we(B(T + K),B). Since 0 ¢ W.(BT) = W.(B(T + K)) by
Theorem 2.15, the remaining identities follow from Proposition 2.8 ii). t

neN

4.2. Application to Schrédinger operators. As an application of Theorem 4.3 iii),
we study perturbed periodic Schrodinger operators.

Let T = —A + Vyep be a selfadjoint Schrédinger operator in L?(R?) with a real-
valued periodic potential Vpe,. Let W be another function. In [18, Theorem 2.3,
conditions on Ve and W were established that guarantee that for a spectral gap
(a,b) C (0,00) with centre v = %t and spectral projection Py := X(_co](T), no
spectral pollution occurs in (a, b) for a projection method (A, )neny Where A, is the
compression of T'4+ W to a subspace

M, @ M, C ran(P,) @ (ran(P,)* N dom(T + W)). (4.7)
Now we consider W that may be complex-valued.

Theorem 4.4. Define B :==1—-2P, = -P,+ (I —P,) and T, :=T —~. We
assume that W is such that dom(T) C dom(W) = {f € L*(R?) : Wf € L*(R?%)}
and (BTV)_%BW(BTW)_% is compact. Then

We(B(Ty +W),B) = W.(BTy, B) = (—00,a — ] U[b — v, 00). (4.8)

Hence no spectral pollution occurs in (a,b)UC\R if we compress T+ W to subspaces
satisfying (4.7).

Proof. The identities in (4.8) follow from Theorem 4.3, claims iii) and i). By The-
orem 3.1 ii), a projection method of the pencil A — B(T'+ W — \) does not pollute
in (a,b) UC\R. Note that the eigenvalues of the truncated pencil coincide with
those of the operator T'+ W compressed to a subspace in (4.7). O

Next we consider Schrodinger operators with diverging potentials.
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Theorem 4.5. Consider the differential expression 7 := —d?/da? + V with a
potential V : R — C satisfying V € L% (R) and
|[V(x)] — 00, |z| — 0.
For some 0 € [0,7/2) define the sector Sp := {A € C: |arg(\)| < 0}. Assume that
there exist —oo < a < b < 0o and ¢y € (—7/2,7/2), r > 0 such that, for almost
all x € R,
e¥-Sy, € (—o0,al,
V(z) € { B;(0), x € (a,b),
e ¥+Sp, x € [b,00).
Let T be the closure of the operator Ty, the minimal realisation of T with dom(Tp) :=
C§°(R). Let B be the bounded and continuous function

e ie—, x € (—00,al,
B(a) = { e +0000) e (ah), 1= 52,
e e+, x € [b,0).

Then W.(BT) =0 and thus w.(BT, B) = W.(BT, B) = (.

Proof. First note that |B| = 1 and |arg(B)| < max{|p_|,|¢+|} < 7/2. Let f €
dom(7Tp) = C§°(R). Then, using integration by parts, we obtain

6
(BT, f) = (=Bf"+ BV, f) = (Bf',f') + (B'f', f) + (BVf, f) = >_ silf]
i=1
with
slfmete [P slf= [ eteviPa,

—0o0

sslf] ::e—iw/b F'2dz,  salf] ;:/b IOV f[2 da,

b b
1] :/ BV|f|*da, self] ::/ B|f'|*+ B'f'f da.

Notice that |arg(s;[f])| < max{|o_|,|o+|,0} < 7/2 fori=1,...,4, and |s5[f]| <
|| £]|?. Moreover, for an arbitrary ¢ > 0,

’/Bffd’ || /||oo</|f|2d +||f||2>

By choosing € > 0 sufficiently small, we see that sg is sectorial as well.

Now let (fn)nen C dom(Tp) with || f,|| = 1 and such that ([(BT fn, fn)|)nen
is bounded. Since s;, i = 1,...,6, are sectorial, we conclude that (s;[fn])nen,
i=1,...,6, are bounded, and hence (|| f.||*)nen and ({|V|fn, fn))nen are bounded;
to prove the latter, we use

VI fs fu) <7+ /

oo COSO

Re (e~ V) | fn|* da
N————

>0

+/ Re (e7'+V) | f,|* dz
b COSH ——

>0

1
=T —|— @ (Re SQ[fn] + Re 54[fn])
By Rellich’s criterion [22, Theorem XIII.65], there exists a subsequence of (fy;)nen

that is convergent in L?(R). Hence, if f, — f, then f, — f. Since the f,
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are normalised, we obtain f # 0. Therefore W,(BTp) = 0, and using that T'
is the closure of Ty, we arrive at W.(BT) = (. Then Proposition 2.11 yields
we(BT, B) = W.(BT, B) = 0. O

Example 4.6. One may verify that the assumptions of Theorem 4.5 are satisfied
for instance

i) for a PT-symmetric Schrodinger operator with non-real potential
m
V(z) = Z (akx% + iﬁkx%"’l) , = €R,
k=0

where oy, S € R for all k, and «ay,, > 0 or 3, # 0.
ii) for a Schrédinger operator with potential V(z) := €'V~ |z| on (—oc0,0] and
V(z) :=e'%+x on [0,00) for angles ¥+ € (—m,7).

Remark 4.7. Using the proof of Theorem 4.5, one can show that B(T — \) has
compact resolvent and hence its spectrum is discrete. By W.(BT,B) = () and
Theorem 3.5 ii), interval truncation of the pencil A — B(T — A) with Dirichlet
boundary conditions at the endpoints is spectrally exact. Note that the eigenvalues
of the approximations are the same as of the truncations of T (since B is bounded
and boundedly invertible). In this way one can prove spectral exactness for the
interval truncation process of some Schrodinger operators that are not covered
by [5]; for instance in Example 4.6 ii), [5] can only be applied for angles ¥ €
(—3m/4,3mw/4) since the negative real part of the potential needs to be bounded by
the imaginary part, with relative bound < 1.

4.3. Abstract results for non-diagonal 2 x 2 block operator matrices. In
the following we study a block operator matrix in Hy & Ho,

T = (é g) . dom(T) := (dom(A) N dom(C)) & (dom(B) N dom(D)).

Throughout this subsection, A, B, C, D refers to the above entries of 7.
If T is closable, then Theorem 4.1 i) yields

O—aPP(T—) = Japp (T) g m W(dla‘g(aa d)Tv diag(a7 d))7
a,deC

oe(T) € () Weldiag(a,d)T, diag(a, d)).
a,deC

(4.9)

oe(T)

We compare this (in general non-convex) spectral enclosures for 7 with the qua-
dratic numerical range which was introduced in [15] (see also [26]). We use the
notation

_ ((Az,z) (By,z) ¢
Tay = <<C’x,y) (Ty,y))’ (z,y)" € dom(T).

Theorem 4.8. i) The quadratic numerical range [15] is contained in the above
spectral enclosure,
W2(T) = U 0(Tzy) C ﬂ W (diag(a, d)T,diag(a, d)).
S et
zl=|lyll=1

ii) For A C C? let

QCC\ () W(diag(a,d)T,diag(a,d))
(a,d)teA
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be a connected set with QN o(T) # 0. Then Q C o(T) and, for any X € L,

TR, st ) '
(@d)*€A igt (0, conv{a, d}) dist (A, W (diag(a, d) T, diag(a, d)))

Proof. i) Let (z,y)! € dom(T) with ||z|| = |ly]| = 1. Then, by Theorem 4.1 i),

(T = ) W((i Z) Toun (Z Z))g M W (diag(a, )T, diag(a, ).

a,b,c,deC a,deC
Using that the numerical range of a finite matrix is closed and with
W (diag(a, d)(Te,y — A)) = W (diag(a, d)(T — A))z,y) € W(diag(a, d)(T — X)),
we obtain

U o(Tey) C ﬂ U W (diag(a, d) Ty, diag(a, d))

(z,y)t edom(T) a,deC (z,y)tedom(T)
lzll=llyll=1 lzll=llyll=1

N U  {reC:o0ew((diagla,d)(T = )y}

a,deC (z,y)t €dom(T)

lel=llyll=1
C () {reC:0eW(diag(a,d)(T — )},
a,deC
which implies the claim.
ii) The claim follows from Theorem 4.1 ii). O
Remark 4.9. i) The inclusion in claim i) may be strict. As in [26, Exam-

ple 2.5.14], let A = C = D = 0 and let B be bijective (and hence closed)
with dense domain dom(B) & H. Then T is off-diagonally dominant of
order 0, it is closed and o,p,(7) = C. Hence (4.9) implies

([ W (diag(a,d)T,diag(a, d)) = C.
a,deC

However, we have W2(T) = {0}; in particular, W2(T) does not contain
Oapp(T). Hence (4.9) can be used to enclose the approximate point spec-
trum also for 2 x 2 operator matrices that are not diagonally dominant of
order 0 or off-diagonally dominant of order 0 with B, C' boundedly invert-
ible as assumed in [26, Theorems 2.5.10, 2.5.12]. An application to Dirac
operators is given in Theorem 4.12.

ii) Assume that dim H; > 2 and dim Hy > 2. Then [26, Theorem 2.5.4] and
claim i) yield

W(A) UW(D) C WX(T) C () W(diag(a,d)T,diag(a,d)).
a,deC

In the following result we assume that A controls the off-diagonal entries but 7
need not be diagonally dominant. The motivation is to establish spectral enclosures
for the Stokes-type operator in Theorem 4.15 below. In contrast to the previous
result, here the multiplier is not a constant diagonal matrix, hence Remark 4.9 ii)
does not apply and the enclosure need not contain W (D).

Theorem 4.10. Assume that dom(A)Ndom(C) C dom(B*) and that T is closable.
Let A C C x [—m,m) contain all (A, p)" with A € o(D)\W (A) and ¢ € [—m,m) such
that

ae = inf Re (eYW(A — X)) >0, (4.10)
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and suppose there exist ax g, bx p,Cx 0, dxre > 0 satisfying, for all x € dom(A) N
dom(C),

IC2]* < axpllz]? + bap Re (e (A = Nz, ),

) : (4.11)
IB*all? < enollal? + vy Re (((A - A)a, ).
For (\, )t € A define the bounded multiplier
B . (I 0 ) o 1
L W R D—)\N"1) A T . B :
19,0 (D - ) (bt 22) 1D = N2

Then

Tapp(T) S () W(BroT,Bry)
(Mp)teA

177 AN . a) C) 1
CC\¢ A D)\W(A): f b —P d L)
= \ S Q( )\ ( ) ‘(Pf%l_::*e’;\) ( A + T/\)SD) < A + r)\7(p> ||(D _ )\)—1”2
P

Proof. Let (A, ) € A. We show that if

ax C\ 1
by, + =2 dy , + ’“’) < 4.12
(*WrM)<*Wrw (D — N1 (4.12)

then A\ ¢ W(Bx,,T,Ba,); then the claim follows using Theorem 4.1 i).

Since A and ¢ are fixed, in the following we drop the indices and simply write
r,a,b,c,d, e, B. First we carefully choose two constants «, 8 and derive some pre-
liminary estimates that will be used later on. Define

1
ﬁ.—m>o.

Then, using the inequality (4.12), we obtain

r—B@rb+a) 1-B(b+2) 1 1 1

rd+c d+<  2(d+9) >2*5—4€_52|\<D?>—1”2-

Choose « strictly in between the left hand side and the right hand side; note that
a > 0. Then we arrive at

s:=71(1 —ad— pb) — (ac+ Pa)
=r—B(rb+a) —alrd+c) >0,

2 192 2 12
1IN 1, @R 1y
4o 45 4 B «Q

(4.13)

ti=¢—

Note that, in particular, 1 — ad — 8b > 0.
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Now let (z,y)" € dom(T). The relative boundedness assumption (4.11) and the
numerical range estimate (4.10) yield

Re (e (B(T = \)(2,9)", (z,9)"))

= Re ( (A= Nz, x) +e’“"<B*x y) +e((D—=N)"Cx,y) + <yl )
> Re (e((A = Nz, z)) — | B*z||lyll — ell(D = ) IC|ly]l + ellyl|®
> Re (

e¥((A~Nz,z)) — || B*z|* — 8[| Cx||?
e T
> Re (e((A = Nz, z)) (1 — ad — Bb) — (ac + Ba)||z|?
200D — =12
(- Lo EUDNTEY

2 _ —1/2
> (r(1 -~ ad = )~ (ac+ Bo)aff + (= - 70 - EZAT e

= slla|® + tlyll*.

Since s > 0 and ¢ > 0 by (4.13), we arrive at 0 ¢ W(B(T — A)) and hence \ ¢
W(BT,B). O

In the next result we assume that B is bounded and W,.(A) = §) and we take the
intersection of the essential numerical ranges. The motivation is to study 7 where
D is (the operator of multiplication with) a function and its resolvent therefore
easily computable, and multiplication with the operator By below commutes with
a domain truncation process of 7 as in Theorem 3.5. For an application to Hain-
Liist-type operators see Theorem 4.17 below.

Theorem 4.11. Let A be sectorial with sectoriality vertex 0 and with W.(A) = 0.
Assume that B is bounded and there exist a,b > 0 such that

ICFI? < allfl?+bRe(Af, f), fedom(A)Ndom(C).

For X € o(D) define the bounded operator

By — I 0 o 1
AN =N TR0 =N
Then

0e(T) S () WelBAT,By) C o(D).

A€o(D)

Proof. The first inclusion is immediate from (4.2). Now let A € o(D). Take (f, g)! €
dom(7) with || f]|* + [|g]|* = 1. We calculate

Re (BA(T=A)(f,9)", (f,9)") = Re ((A=N)f, f)+Re (Bg, f)+e Re (D) "' Cf, g)+¢g|>.
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Note that if f = 0, then [|g|| = 1 and Re (BA(T — A)(f,9)%, (f,9)!) = . If f #0,
then, for any «, 8 > 0,

Re <B)\(T_ )‘)(fv g)ta (fa g)t>
> Re(Af, f) = NI = IBIlgN 1 = ll(D =) 7HIC gl + llgll?

1
> Re(Af, f) — [AlIfI1? = «l|BIIP(lgll* — EII}”H2 - BlICfII?
(D= NP lgll? +ellgl?

Re(Af, f)
II£1I>

2
+(eWBwjﬁMDA>wﬁnm?

By setting 8 = 1/(2b) and a = ¢/(4|| B||?) (if B # 0 and « > 0 arbitrary otherwise)
and using ||(D — X\)71||? = 1/(be), we obtain
Re <BA(T - )‘)(fmg)ta (fa g)t>
1 Re(Af, f) 1 a 2, &2
Y (il e A A Y Zlglf-
(3250502 - - - 5 ) 1A + Sl

Now assume that there exist (f,,, g,)" € dom(T), n € N, with || f,[|*+|ga|l® = 1,
fn 20, gn =0 and

(BA(T =N (frns 90)", (frrgn)") — 0, n — oo. (4.15)

The above estimates and Re W(A) > 0 by the sectoriality of A imply that there
exist § > 0 and ng € N such that || f.|| > J, n > ng; otherwise there would exist a
subsequence on which || f,.|| — 0 and thus

limsup Re <B)\(T - A)(fn7gn)t7 (f'rngn)t) > 5/47

n—oo

_ i”
4p

1
> (a-s) A= 4o = ) 12

(4.14)

a contradiction to (4.15). Since || f,|| > d, n > ng, the normalised elements f,, /|| f»|]
satisfy f,/||fnll = 0. The assumptions on A imply that Re(Af,, fu)/|lfall? = oo.
But then, using the estimate (4.14), we arrive at the contradiction Re (Ba(T —
A (frs 9n)t, (Frs gn)t) — oo. Hence no such singular sequence ((fn,gn))nen C
dom(7) exists, which proves A ¢ W (B, T, By). O

4.4. Application to Dirac operators, Stokes-type operators and Hain-
Liist-type operators. First we study Dirac operators in upper/lower spinor basis
(compare [18, Section 2.3.2]). In L?(R?,C?) & L*(R3, C?) consider
T I+V o (-iV)
T <0’ (=iV) —-I4V
where o = (01,09,03)" and o; € C?>*2 i = 1,2,3, are the Pauli matrices and
V : R3 — C is a (scalar) potential (real-valued in [18]). If we set V = 0, the
operator 7 is the free Dirac operator Ty. It is well known that 7j is selfadjoint
with (7o) = 0¢(To) = (=00, —1] U [1,00). For a bounded potential V', a Neumann
series argument yields

a(T)=0c(To+V)C{AeC: dist(N, (7)) < ||V}

We want to improve this bound by taking into account the shape of essran(V). To
this end, we study the pencil A — By(7 — A) where 6 € (—7/2,7/2) and

By := diag(e™?,e'?) in L*(R® C? @ L*(R3, C?).

> , dom(T) := WH%(R?,C?) @ WH?(R3,C?),
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For z € C and —7 < 61 < 63 < 7 denote the open sector Sg, 9,(2) :=={z+w: we
(C\{O}a arg(w) € (01v92)}'
Theorem 4.12. Let V € L*(R3). Define
Y7 = (—00,—1] + conv(essran(V)), X7 :=[1,00) + conv(essran(V)),
Y= uUxt.
i) Let z € C be such that there exists ¢ € [0,%5) for which either the sector
S:=8pr-p(2) or S =8 11, _»(2) satisfies the following:
S C C\ X, with left boundary tangential to 0%~ and right bound-
ary tangential to OXT;
let B := B, or B := B_,, respectively. Then S C (C\W (BT, B)No(T) and
1
N7 < AeS.
I =27 < cos(yp) dist(\, 8S)’
ii) Let F be the set of all sectors S having the properties in part i). Let

Then the spectrum satisfies o(T) C 3.

Remark 4.13. If esssupRe V' — essinf Re V' < 2, then X7 and YT are disjoint.
For a better understanding of the set ¥ see Figure 1.

14w

FIGURE 1. The set & D £~ U (yellow) and sector Sy n—y (grey)
containing A. The dashed line is perpendicular to the sector’s left
boundary and measures | Im (ei*”(—l +v_— )\)) } used in the proof.

Proof of Theorem 4.12. i) We prove the claim for S = S, x—,(2); the proof is
analogous for S = S_r1, _,(2). First let A\ € C be arbitrary. Let (f,g)" €
dom(B,T) = dom(T) with || f]|* + ||g||* = 1. Define

u:=(0-(=iV)g, f) = {g,0 - (=iV)f), t:=|f]>€[0,1].

Then there exist v_, v, € W (V) = conv(essran(V)) such that (Vf, f) = v_|| ||
and (Vg,g) = vy |lg||*>. This implies
(Bo(T = N(f,9)"(f,9)")
=te P(1+vy —N+1=t)e?(=1+v_ =N +e Pute?u
and hence
Im (B, (T = M)(f.9)", (£,9)")
=tIm(e 7?1 +vs —A)+ (1 —¢)Im (e"?(—1 +v_ — X)).
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Note that —1+v_ € ¥~ and 1 + v, € ¥T. For A € S, one may show that the
assumptions on S and the convexity of X7, ¥T imply (see Figure 1)

max { Im (¢!?(—=1+v_ — X)), Im (e 7" #(1 + vy — \)) } < —dist(), dS) < 0.

Hence 0 ¢ W(B,(T — \)), i.e. A ¢ W(B,T,B,). As V € L*(R?), a Neumann
series argument yields that S N g(7) # 0. Now the rest of the claim follows from
Theorem 4.8 ii); note that dist(0, W(B,,)) = cos(¢).

ii) For all A € C\X there exists S € F such that A € S. Now the claim follows
from 1i). O

Remark 4.14. i) In [18, Theorem 2.4] it has been shown for real-valued V'
decaying at infinity that if we approximate 7 by a projection method that
respects the decomposition in upper/lower spinor basis, then spectral pol-
lution is confined to X, i.e. every eigenvalue accumulation point outside the
latter set is a true eigenvalue of 7. However, we have just proved that the
eigenvalues of 7 are all contained in X.

ii) We have set the dimension d = 3 in order to compare our results to the
ones in [18] (see Remark i)). However, one may apply the multiplier trick to
Dirac operators in other dimensions. In addition, it is possible to allow for
unbounded potentials V' although the results are only non-trivial if Re V' is
bounded and Im V' is semibounded. If for instance Im V' is unbounded from
above but bounded from below, then the imaginary part of ¥ is unbounded
from above and it is impossible to find a ¢ € [0, g) and z € C such that
Spm—p(2) C C\X. However, for every A € C\X (which is a connected set)
there exist z € C\Y and ¢ € [0, %) such that A € Sty —o(2) C C\Z.
This proves 0,(7) C ¥. If, in addition, we know that (C\X) N o(T) # 0,
we can conclude ¢(7) € % and the resolvent norm estimates in claim i) of
Theorem 4.12 hold.

iii) Spectral enclosures for non-selfadjoint Dirac operators were proved in [6]
and in [7, Section 5.1]. However, the enclosures are given in terms of L!-
norms of V and do not take into account the shape of essran(V).

We illustrate Theorem 4.10 for Stokes-type operators.
Theorem 4.15. For U € L2 (R) and 7,6 € C with |y| = |5| = 1 define

loc
T = (5%2 753) , dom(T) :=W*2(R)® {f € WH(R): Uf € L*(R)}.
dz

The operator matriz T is not closed but closable, with cap,(T) contained in

{AeC: Re <0, dist(\ essran(U)) < 1} U [0, o0)

4.16
U{)\G(C: Re A >0, Im X # 0, dist(), essran(U)) < |In)1\|/\} (4.16)

The set in particular contains the 1-neighbourhood of essran(U).

Proof. We apply Theorem 4.10 to 7 with operator entries A, B, C, D. Note
that W(A) = [0,00) and o(D) = essran(U). Let A € o(D)\W(A) and choose
¢ € (—m/2,7/2) such that

Txe = inf Re (e¥TW (A — X)) = Re (—e'#A) > 0. (4.17)
Then the relative boundedness assumptions (4.11) are satisfied with
1

ane =Crp =0, brp=dyr,= cos g’
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So the inequality (4.12) holds if

1
cosp’
For A € C with Re A < 0, the condition (4.17) holds for ¢ = 0 and correspond-
ingly (4.18) is satisfied if dist()\, essran(U)) > 1. Now let Re A > 0. If Im A > 0,
we restrict our attention to angles ¢ € (7/2—arg A, 7/2) to guarantee (4.17). Then
the condition (4.18) is satisfies for all sufficiently small such ¢ provided that

1 1 A
dist(A, essran(U)) > inf = — = Al .
pe(F—argA,5) COS®  cos (5 —arg )\) Im A\

dist(\, essran(U)) = |[(D — A) 7|7t > (4.18)

In the case Re A > 0, Im A < 0 we arrive at the condition dist()\, essran(U)) >
[Al/]Im A O

Example 4.16. For a first example let U be constant. Then the spectrum of T is
easy to calculate using Fourier transforms; it is given by

2 2 _ 2
o(T)=0.(T) = i ;Ui\/<k QU) —0k?: keR

In Figure 2 the spectrum is plotted for U = —1 + i and different values of v§ = e!¢
(different colours) inside the enclosure (white) given by (4.16). We see that the
enclosure is sharp in the sense that for all point z in it there exists a ¢ such that

z€o(T).

FIGURE 2. Enclosure (white) in (4.16) for U = —1+i and spectrum
(different colours) for different 8 = ei?.

As a second example let essran(U) = {z € C : |z| = R} be the circle of some
radius R > 0. Figure 3 illustrates the enclosure (4.16) for three different values of
R. For small R > 0 the enclosure is simply connected and for increasing R a hole
opens up near the origin (with origin on the boundary). Note that [R, 0c0)+i[—1,1]
is contained in the enclosure.

Finally we apply Theorems 4.11, 3.5 to Hain-Liist-type operators on the whole
real line.

Theorem 4.17. Let Q,V,U € L2 (R), W € L*(R) with

loc

30 €[0,7/2): essran(Q) C {A € C: |arg\| < 6}, lim |Q(z)| = oo,

|z|—00

36 >0: [V (z)]> <b|Q(x)] for ae. x €R.



ESSENTIAL NUMERICAL RANGES FOR LINEAR OPERATOR PENCILS 41

10p 10 10
5 5 5
E 0 E o0 E o
-5 -5 -5
—-10r -10| -10|
-10 -5 0 5 10 15 20 25 -10 -5 0 5 10 15 20 25 -10 -5 0 5 10 15 20 25
Re Re Re

FIGURE 3. Enclosure (white) in (4.16) for essran(U) = {z € C :
|z| = R} and R =1 (left), R = 3 (middle) and R = 10 (right).

Define the operator

L QW
— dz2
T ( ALY

dom(T) :={f e W2 (R): Qf ¢ L’(R)} & {f € L*(R): Uf € L*(R)}.
i) If By, A ¢ essran(U), are defined as in Theorem 4.11, then
oo(T)= [ WelBAT,By) = esstan(U). (4.19)
Agessran(U)
il) If we truncate T to T,, n € N, with
dom(T,) := {f € W??(—n,n) : f(£n) =0} P L*(—n,n), n €N,

then no spectral pollution occurs and all discrete eigenvalues are approxi-
mated.

Proof. i) Define A := —d?/dz* 4+ Q with dom(A) := {f € W?2(R) : Qf € L*(R)}.
By [10, Corollary VIL.2.7], A is closed and C§°(R) is a core of A, and W(A) =0
by Rellich’s criterion [22, Theorem XIII.65]. The operator V is A-bounded with
relative bound 0. This follows since, for every f € dom(A),

b
VA <lQF, NI < BKAS, ) < BIASIIAN < SN AFIP + 7 1I%)

for any € > 0. Together with W € L*(R%) we conclude that the operator ma-
trix 7 is diagonally dominant of order 0; it is closed by [26, Corollary 2.2.9 i)].
Theorem 4.11 yields the sequence of inclusions

0.(T) C ﬂ We(BAT, By) C essran(U).
Adessran(U)

Then the equality (4.19) follows from essran(U) = o.(U) = o.(T) by [26, Theo-
rem 2.4.8]; note that a different definition of the essential spectrum was used in [26]
but for this example it coincides with the definition used here.

ii) First note that 0 is an eigenvalue of 7, — u if and only if it is an eigenvalue of
BA(T — 1) truncated to dom(7,). Now Theorem 3.5 implies that spectral pollution
is confined to the set in (4.19) and each isolated point of o(7) outside this set is
approximated; note that ® := C§°(R) @ C§°(R) is a core of B)\T and of its adjoint
operator, and, for every n € N,

dom(7,) C {f e WH2(R) : QIfI* € L'(R)} & {f € L*(R) : U|f|* € L'(R)}.

Since 0.(7T) C o(T), no spectral pollution can occur. O
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