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Abstract

The paper describes a new approach to constructing exatiosd of nonlinear
partial differential equations that employs separatiorvariables using special
(nonlinear integral) transformations and the splittinqhpiple. To illustrate its
effectiveness, the method is applied to nonlinear readiinsion type equations
that involve variable coefficients and arbitrary functiongew exact functional
separable solutions as well as generalized traveling wauwéiens are obtained.
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1. Brief introduction

By relying on the methods of generalized and functional s&pan of vari-
ables, the studies [1-12] obtained a large number of exadios to equations
arising in the theory of heat and mass transfer, wave theptics, and fluid dy-
namics as well as to other nonlinear equations of mathealatiysics.

The methods of generalized and functional separation odbvies suggest an
a priori setting of the structural form of the unknown vategh:, so that it de-
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pends on a few free functions; the specific expressions sethenctions are de-
termined in a subsequent analysis of the arising functidifdrential equations.
The present study employs a more general approach thatsatiogto determine,
rather than set a priori, the structural form of the unknownable in the course
of the solution.

2. General description of the method. Some remarks

For definiteness, we will consider nonlinear equations dheaatical physics
in two independent variables, and¢, and one dependent (unknown) variable,
u=u(z,t):

F(.’L‘, t7 Uy Uty Ugay Ugt, Uity - - ) = 0 (1)

To find exact solutions of equation (1), we first apply the noadr transfor-
mation

V= / h(u) du, (2)

with the functions? = ¥(z,t) andh = h(u) to be determined in the subsequent
analysis. Once@ andh are known, the integral relation (2) defines an exact solu-
tion to the original equation in implicit form.

By differentiating (2) with respect to the independent abhes, we get the
partial derivatives

0, ¥, Ope  92R, Oy U040,
0 Utzz, Uy = T uxt:T_ R

We assume that after inserting the expressions of (3) intar(d rearranging, the
resulting equation can be rewritten in a bilinear form wirerms

3)

Uy =

N
> @, =0, 4)
n=1
where
D, = O, (2, 1,05, 0, 0gey ... ), Wo =W, (u,h, bl b, .. .). (5)

Solutions to equation (4) wittk,, and¥,, defined by (5) will be sought using
the splitting principle stated below.



Splitting principle. Consider the sets of elemert$,,} and{¥, } appearing
in (4) that meet two or more linear relations

N N
Y ain®, =0, i=1...1 Y BV, =0, j=1....5  (6)
n=1 n=1

withl1 <! < N —-1andl < s < N — 1. The constantsy, andg;, in (6)
are chosen so that the bilinear equation (4) is satisfiedimly (this can always
be done). Importantly, the linear relations (6) are purddyelraic and they hold
regardless of the specific expressions of the differeriah§ (5).

Once a set of relations (6) is available, the differentiahfe (5) are inserted
into them. This leads to systems of differential equatiossally overdetermined,
for the unknown functions = ¥(z, t) andh = h(u), which appear in (2).

Remark 1. Apart from the linear relations (6), it is also necessaryr¢at the degen-
erate cases where some of the differential fofimsand/or¥,, vanish.

Remark 2. For evenN, the easiest way to satisfy equation (4) is to set
®; — 7@ =0, yVi+¥; =0 (i#)),

where~y;; are arbitrary constants; the subscripénd; do not repeat and together assume
all values froml to V.

For N > 3, equation (4) can also be satisfied identically by using tteo§linear
relations
®, — A,y 1 —B,oy=0, n=1,...,N —2;
Uy g+ A4V +-- -+ Ay oWy 2 =0, (7)
Uy +B1Wy+--+ By 2¥Un_2=0,
where A; and B; are arbitrary constants. In formulas (7), theand ¥ forms can all be

swapped®,, = ¥,,; also the simultaneous transpositichs— ®; and¥; = ¥, can be
used. This results in other suitable sets of linear relat{@). For more formulas, see [6].

Remark 3. The approach outlined above is a generalization of the rdefiiocon-
structing functional separable solutions employed in 1], which is based on preset-
ting the structure of solution in implicit fornfl 2(u) du = &(z)w(t) 4+ n(z). The method
adopted in the present study allows one to find solutionsowitpresetting their structure.

3. Exact solutions to nonlinear reaction-diffusion type egations

We consider the class of nonlinear partial differentialaens with variable
coefficients

up = [a(2) f(u)ui]s + b(2)g(u), (8)
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which includes reaction-diffusion type equations (with= 1) and generalized
porous medium equations with a nonlinear souree ¥ 0). Numerous exact
solutions to various equations of the form (8) with= 1 as well as other related
equations can be found in [3-7, 9, 10, 12—-22]. Also some isoisitwithm # 1
can be found in [6, 23-25].

In what follows, we will only consider nondegenerate casesquation (8)
wherea(x) #Z 0, f(u) £ 0, b(z) # 0, andg(u) # 0.

By employing the approach described in Section 2, we wilaoba few new
simple exact solutions to equations of the form (8) where fiwwtional coeffi-
cients,a(z) and f(u), are set arbitrarily and the others are expressed in terms of
them. For brevity, the arguments of the functions appearirge transformation
(2) and equation (8) will often be omitted.

After making the change of variable (2), we substitute theveaves (3) into
(8) and rearrange the terms to obtain

—0 + (ad™) o fR™ + @ (FRT™), 4+ bgh = 0. (9)

Forh = 1, equation (9) coincides with the original equation (8) veher= .
Therefore, no solution has been lost in this stage.
Equation (9) can be represented in the bilinear form (4) witk- 4 if we set

®1 - _Q9t7 ®2 = (afﬁ;‘n)m7 ®3 - aﬁ;‘—’—m) ®4 = b’
\Ifl = 1, \112 = fhl_m, \113 = (fh_m), \114 = gh

u?

(10)

Example 1. Equation (4) withV = 4 can be satisfied identically by using the
linear relations

O =—-Ad,, Dy=DBP;; V3=0;, V¥y= AV, — By, (11)

where A and B are arbitrary constants. By inserting (10) into (11), wevarat
the equations

9, = Ab, (a¥™), = Bb; (fh™), =0, gh=A—Bfh*™.  (12)

The general solution to the overdetermined system congisfi the first two
equations in (12) withn # 0, 1 is given by

1/m
b(z) = %, 9, t) = kt+/(%82<7z)cl) de+Cy,  (13)
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wherea(z) is an arbitrary function, whil€';, Cy, andk are arbitrary constants.
The solutions to the other two equations of (12) can be wriie

g:Af_l/m_Bv h = fl/ma (14)

wheref = f(u) is an arbitrary function. By setting = £ in (13) and (14), we
get the equation

k

u = [a(z) f(u)uy']s + Fim(a) B, (15)
which admits the exact generalized traveling wave solutamplicit form
/ Y™ () du = kt + / (w)l/md:c + C. (16)
a(x)
Example 2. Equation (4) withV = 4 also holds if we set
Py = —AD,, Dy =—B;; Vy= AV, V=17, (17)

whereA is an arbitrary constant. Substituting (10) into (17) yseld
¥, = A(a9™),, @t = —b; fRYT=A, (fhT™), = gh. (18)

Solutions to the overdetermined system consisting of teetfiro equations in
(18) will be sought in the forn# = kt + r(z). This results in

b(x) = —a(x)(’“f&gl)m?“, Iz, ) = kt+ / (ﬁ;ﬁl)%dm@, (19)

wherea(z) is an arbitrary function, whil€',, C,, andk are arbitrary constants.
The solutions to the last two equations of (18) are given by

1+m 1
=2 (5) T = (5)" .

1—m

By settingC; = 0, A = k = 1, andm # 1in (19) and (20), we arrive at the
equation

ue = [ale) flupul + — (xm ) TS, (21)

m—1\ a(zx)

which admits the exact solution in implicit form

/fﬁ(u)du:t+/(aa))%dx+02. 22)
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4. Some generalizations and modifications

Some other exact solutions to equation (1) can be obtainedtéad of (4)
and (5) we consider equivalent equations reducible to (d)(&hon the set of
functions satisfying relation (2).

Example 3. Let us return to the class of reaction-diffusion equati@)sAfter
making the change of variable (2), we consider instead ofh@®)more complex
equation

—eMe MY, + (a0 R 4 a0 (AT, 4 bgh = 0, (23)

whered = [ hdu and) is an arbitrary constant. Equations (9) and (23) are
equivalent, sincé = H by virtue of the transformation (2).
Equation (23) can be represented in the bilinear form (40 wit= 4 where

O = MYy, By = (aT),, Py =adl™", Dy =1
Uy =M Wy =falTm Wy = (fR™),, Wy = gh.

u?

(24)

Just as previously, equation (4) with = 4 can be satisfied by using relations
(11). Inserting (24) into (11) gives

M9, = Ab,  (a9™), = Bb; (fh™), =0, gh=Ae M —Bfp'=™. (25)
These equations coincide with (12))at= 0. A solution to system (25) is given

by

b(x) = % exp[A\r(x)], Oz, t) = i In(CiAt + Cs) + r(x),

ngf”meXp< /f”mdU)— , h=ftm

wheref = f(u) is an arbitrary function, and the functien= r(z) satisfies the
ordinary differential equation

(26)

(), = 2t @7)

Formulas (26) and equation (27) define the functional caeffts of equation
(8) and its solution (2). Itis noteworthy that fefz) = ax*, equation (27) admits
the exact solution

k—m—1 1 Aapo™(k —
r(z) =oclnz + pu, UZL’ M:Xm aoUB(C1 m).




Example 4. Now we look at the equation
—(H /), + (H/O9)™(a07) fR™ + a0 ™ (fh™™)), +bgh =0 (28)

with H = [ h(u) du, which is equivalent to (9) by virtue of the transformation
(2). Equation (28) can be rewritten in the bilinear form (4)hwV = 4 where
O = -, /0, Oy =0""(aV)),, P3= m‘}i*m, o, =0,
U, = H, Wy = fREH™,  Ws = (fR™), Wy = gh.

u?

(29)

Taking into account that equation (4Y, = 4, can be satisfied with relations
(11). Substituting the expressions (29) into (11), we aratthe system of equa-
tions

V)9 = Ab, 9" (aI™), = Bb; (fh™™), =0, gh=AH — Bfh* ™H™,
It admits the following solution:
b(z) =N, I(z,t) =Ce™r(z), g=AfY"H - BH™ h=f'" (30)

where f = f(u) is an arbitrary function(' and \ are arbitrary constant$/ =
[ hdu, andr = r(x) is a function satisfying the ordinary differential equatio

[a(r])™], = BAr™. (31)

xT

Using (30), we find that the equation

= ) )+ ) [ = oa( [ i )

admits the exact solution in implicit form
/fl/m(u) du = Ce™'r(x),

wherea(z) and f(u) are arbitrary functions and(z) is a function satisfying the
ordinary differential equation (31).

Remark 4. The presented method of functional separation of varidiolesonlinear
partial differential equation on the basis the transfoioma(2) is also applicable to other
classes of PDEs as well as those in three or more independgables. In particular,
these include nonlinear wave equations, nonlinear Kleord@n type equations, nonlin-
ear telegraph type equations, and others; these also @mshute higher-order equations.
The solutions and examples given in this paper can be usesstovarious numerical
methods for nonlinear equations as well as relevant apmigibel analytical methods.
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Remark 5. The proposed method is a generalization of the direct meghfachctional

separation of variables [10, 11]. Hence, in certain casesay be more effective than the

nonclassical method of symmetry reductions based on anam¢asurface condition. For
details, see [26].
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