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Abstract—This study describes a new modification of the method of functional separation of
variables for nonlinear equations of mathematical physics. Solutions are sought in an implicit form
that involves several free functions (specific expressions for these functions are determined by
analyzing the arising functional differential equations). The effectiveness of the method is
illustrated by examples of nonlinear reaction—diffusion equations and Klein—Gordon type
equations with variable coefficients that depend on one or more arbitrary functions. A number of
new exact functional separable solutions and generalized traveling-wave solutions are obtained.

1. PRELIMINARY REMARKS

For definiteness, we consider nonlinear equations of mathematical physics with the unknown
function dependent on two variables, u = u(xt) .

The idea of the method proposed below for finding exact functional separable solutions given in
implicit form is based on a generalization of traveling-wave solutions to nonlinear heat and wave
equations. Before describing the method, we give two simple examples illustrating the existence
of solutions in implicit form.

Example 1. Consider the nonlinear heat equation

U = [FUuds 1)

where f(u) is an arbitrary function. Equation (1) has an exact traveling-wave solution u = u(z),
z =M +kx, where k and A are arbitrary constants and the function u(z) is described by the

equation A, = k’[f ()], . The general solution of this equation can be represented in the implicit
form

kzj%zkﬂrkwrcz, (2)

where C, and C, are arbitrary constants. On the right-hand side of (2), the invariant variable z

has been replaced by the original variables x and t.
Example 2. The nonlinear wave equation

Uy = [FU)uy (3)



where f(u) is an arbitrary function, also has a traveling-wave solution u =u(z), z = At +kx,
which can be represented in implicit form

ﬁmey—ﬁwu=Q@¢+kw+cz (4)

Examples 1 and 2 show that nonlinear equations (1) and (3), which involve an arbitrary function,
have traveling-wave solutions that can be represented in implicit form. This fact will be used in
Sections 2—4 below for finding solutions of more complicated form (see formula (6) and Remark
2).

R)emark 1. Functional separable solutions written in explicit form are given by u =U,(z),
z = ¢(X) + y(t) (or z = ¢(X)w(t) ), where the functions ¢(x), y(t), and U,(z) are determined in the
subsequent analysis [1-9]. Generalized traveling-wave solutions written in explicit form are given

by u =Uyx(z,), z, = LX)t + 6(X), where ¢(x), 6(x), and U,(z,) are undetermined functions [7, 9, 10].
2. SHORT DESCRIPTION OF THE METHOD

We look at the class of nonlinear partial differential equations of sufficiently general form

F(x> uxa ut: uXX> uxt, ut’[: ) = O (5)
Their exact solutions will be sought in the implicit form
[ ndu = g0ty + n0. (6)

Here, the functions h = h(u), & = &(X), 1 =n(x), and o = o(t) are to be determined in the course
of the further analysis, which can be described as follows. First, using (6), we calculate the
derivatives u,, u;, Uy, ..., which are expressed in terms of the functions h, &, n, o, and their

derivatives. Next, the resulting expressions for the derivatives are substituted into Eq. (5) and the
variable t is eliminated with the help of (6). As a result (with a suitable choice of the function o
), we obtain bilinear functional differential equations

N
Z@M%Mz@
j=1

(Dj[x] = ¢j(xv iﬂ n, E_a'xv n,xﬂ éﬂxxv T]"xx )7 lI’J[u] = Wj(u7 ha h'u» h”uuv )
Here, @;[x] and ¥;[u] depend only on x and u, respectively. Finally, the functional differential
equations (7) are solved, for example, by applying differentiation or a splitting method [7, 9]. As
a result, exact solutions of the original equation (5) are found.
Remark 2. The representation of solutions in the form (6) is based on a natural generalization of
solution (2) performed according to the scheme

k2 f (u)
Au+C

)

=>h(u), A=2¢&x), t=>w(), kx+C,=>n).

Remark 3. Looking for a solution in the implicit form (6) with an integral term on the left-hand
side often leads to equations for h that have a lower order than in the case of looking for exact
solutions in an explicit form. Additionally, a solution in implicit form usually leads to simpler
explicit representations of the functions g and f interms of h (when exact solutions are sought

in explicit form, g and f are often expressed in parametric form [9]).

3. REACTION-DIFFUSION EQUATIONS AND THEIR SOLUTIONS

Now we will use the method described in Section 2 to construct exact solutions of nonlinear
reaction—diffusion equations with variable coefficients

U = [a(x) f (Uudx + bO)g(u). (8)



Note that a number of exact solutions to Eq. (8) with polynomial or exponential functions f(u)
and g(u) were obtained in [3, 9-12].

In this paper, primary attention is given to fairly general equations involving one or two arbitrary
functions. Note that exact solutions to nonlinear equations of mathematical physics that contain
arbitrary functions and, hence, have a considerable degree of generality are of particular practical
interest for testing and estimating the accuracy of approximate analytical and numerical methods
for integrating related initial-boundary value problems. In what follows, the arguments of the
functions f = f(u), g = g(u), h=h@u), a=a(x), b=hb(x), and o = o) involved in Eq. (8) and
solution (6) will often be omitted.

Differentiating (6) with respect to t and x, we obtain the partial derivatives u;, u,, and uy,.
Substituting them into (8) yields the functional differential equation

@ = O U)o + Oy(X, U)o + Ox(X, L), 9)

where the functions ®, do not depend explicitly on t and are given by the formulas

ae,)’
g

Ok ) = Ll + a) G, + bgh)

O(xU) = (ﬁ)’u, O,( ) = %[(a&&)'xf " Zaa'xn'x(ﬁ);],

(10)

The functional differential equation (9)—(10) depends on three variables t, x, u, which are
connected by the single relation (6), and involves unknown functions and their derivatives
dependent on different arguments.

An analysis shows that, for n(x) = const, Eqg. (9)—(10) can be reduced to a bilinear functional
differential equation of the form (7) if o(t) = kt, oft) = ke™', or wt) = kInt. In what follows, we

omit the intermediate calculations and present some exact solutions of the form (6) for Eq. (8).
Solution 1. The equation

u; = [aG)u, ], —%g(u), (11)

which contains two arbitrary functions a(x) and g(u), has the following traveling-wave solution
in implicit form:

x dx -1/2
jh(u) du=t+ Fx) +C;, h(uw)= (2 j g) du + Cz) , "
where C, and C, are arbitrary constants.
Solution 2. The equation
U, = O F @ud, + 3%“ (13)

which contains two arbitrary functions a(x) and f(u), has a traveling-wave solution wave in
implicit form:

LIC) Y
fudu 4t 2Im+c. (14)

Solution 3. The equation



U = [0 f U], +m + =<, (15)
f(u)

which contains two arbitrary functions, a(x) and f(u), and two arbitrary constants, k and m, has
a generalized traveling-wave solution in implicit form

jf(u)du:kt—mf%m1 %mz, (16)

where C, and C, are arbitrary constants.
Solution 4. The equation

_ 1
U = [F UL+ XK+ (u)l (17)

which contains an arbitrary function f(u) and an arbitrary constant k , has a generalized traveling-
wave solution in implicit form

,[f(u)du = xt—ékx3+c.

Solution 5. The equation
U = [X"fuuds —u+ (h=2u Imdu,
f(u) u
where f(u) is an arbitrary function and n = 2 is an arbitrary constant, has a generalized separable
solution in implicit form

n

u 2-n’

where k is an arbitrary constant.
4. KLEIN-GORDON TYPE EQUATIONS AND THEIR SOLUTIONS

Consider nonlinear Klein—Gordon type equations with variable coefficients:
Uy = [a(x) f (U)udx + b()g(u). (18)

Several exact solutions to equations of this form were described in [8, 9].

Below, for fairly general equations (18) involving one or two arbitrary functions, we present some
exact solutions obtained by the method described in Section 2 (the intermediate calculations are
omitted).

Solution 6. The equation

_ X
Uy = [a(Xudx + ) gu), (19)

which contains two arbitrary functions a(x) and g(u), admits the following generalized traveling-
wave solutions in implicit form:

I%:ﬁt—ﬂ‘ (20)

dx
—=+C.
Ja)
Solution 7. The equation

_ o f@
Uy = [0 T —m = W’ (21)




which contains two arbitrary functions a(x) and f(u) and an arbitrary constant m, has exact
generalized traveling-wave solutions in implicit form

If(u)du=it+mj@(+cl_[;—§+cz, (22)

where C, and C, are arbitrary constants.
Solution 8. The equation

_ K +
e = [F@ud e+ g (23)

which contains an arbitrary function f(u) and an arbitrary constant k , has a generalized traveling-
wave solution in implicit form

[ fupdu = xt+ Lrc 4 .
12

Solution 9. The equation
U = [A0JU™" U] + b(x), (24)

which depends on two arbitrary functions a(x) and b(x), admits a generalized traveling-wave
solution, which can be written in explicit form

U = Z[Et + T
Here, the function & = &(x) is defined by the formula

o [ax
i - Cl a(X) + CZ5 (25)

where C, and C, are arbitrary constants and the function n = n(x) satisfies the linear ordinary
differential equation

[a(n ]y = %az ~ b(x).

Since its right-hand side is known, n can be found by integration.
Solution 10. The equation
Uy = (€U, — 2—1h T %Ihdu ,
where h = h(u) is an arbitrary function, has a generalized separable solution in implicit form:

[ hau = e —i(t +C)%

where C is an arbitrary constant.
5. BRIEF CONCLUSIONS

A new modification of the method of functional separation of variables for constructing exact
solutions in implicit form was described. The effectiveness of the method was illustrated by
examples of nonlinear reaction—diffusion equations and Klein—-Gordon type equations with
variable coefficients that depend on one or more arbitrary functions. A number of new functional
separable solutions and generalized traveling-wave solutions were obtained. Importantly, the
solutions constructed are not invariant, that is, they cannot be obtained using group analysis of
differential equations.
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