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UNIFORM CONVERGENCE IN VON NEUMANN’S ERGODIC
THEOREM IN THE ABSENCE OF A SPECTRAL GAP
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ABSTRACT. Von Neumann’s original proof of the ergodic theorem is revisited. A uniform
convergence rate is established under the assumption that one can control the density
of the spectrum of the underlying self-adjoint operator when restricted to suitable sub-
spaces. Explicit rates are obtained when the bound is polynomial, with applications
to the linear Schrodinger and wave equations. In particular, decay estimates for time-

averages of solutions are shown.
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1. INTRODUCTION

In this note we obtain uniform rates of convergence in von Neumann’s ergodic theorem
for continuous time dynamical systems lacking a spectral gap. It is well-known that a
spectral gap leads to the rate T—!, however systems that lack a spectral gap are not as well
understood. The key new ingredient is an estimate of the Density of States (DoS) of the
generator near 0. Such estimates are readily available for differential operators, as is shown
in the examples in Section [3]

Our setup is as follows. Let H be a separable Hilbert space and let U; : H — H be a

one-parameter group of unitary transformations. Let H : D(H) C H — H be its self-adjoint
1



2 JONATHAN BEN-ARTZI AND BAPTISTE MORISSE

generator: U; = e, We assume that H has continuous spectrum in a neighborhood of
0 (and 0 itself is often an eigenvalue) and show that a bound on the DoS near 0 leads to
a uniform convergence rate on a suitable subspace X C H. We apply this to the linear
Schrédinger and wave equations, to obtain various decay estimates depending on the space

X (which is taken to either be a weighted-L? space, or the space L'NL?) which consequently

lead to global-in-time results, see (3.5)), (3.8]), (3.12)), (3.14]).

1.1. Von Neumann’s ergodic theorem. Von Neumann’s ergodic theorem [19] is a pillar

of modern mathematics. Defining

T e
P = U, dt
2T o t )
and
P := orthogonal projection of H onto ker H,
it states

Theorem 1.1 (Ergodic theorem [19]). For any f € H, PTf — Pf as T — +oo0.

Sketch of proof. The original proof relies on Stone’s theorem (and the spectral theorem,
by proxy), i.e. the fact that U, has a resolution of the identity {E(X)}aer (for a precise
definition see Definition [1.3| below) for which Uy = [, e**dE(X). This leads to:

i e it
(PT—P)f:ﬁ/_TUtfdt—Pf:ﬁ/_T/Ret dE(\)fdt — Pf

1 /T/ . / sin T\
= N ABN) fdt = dE(\)f. 1.1
T 1 ooy (A) oy TN (A) (1.1)

This last expression tends to 0 as T — +o0. ]

The strong convergence PT — P can be improved to uniform convergence if H has a

spectral gap:

Theorem 1.2 (Ergodic theorem: case of spectral gap). Assume that there exists

~v >0 such that o(H) C (—o0, —y] U {0} U [y, +00). Then
|PT = Py <y 1T71, vT > 1. (1.2)
Proof. See Remark [2.2] below. O

1.2. The spectral theorem. Since the spectral theorem and the resolution of the identity

of self-adjoint operators play a central role in this paper, we recall some basic facts.
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Definition 1.3 (Resolution of the identity). Let H : D(H) C H — H be a self-
adjoint operator. Its associated resolution of the identity {E(X\)}aer is a family of projection
operators in H with the property that, for each A\ € R, the subspace H* = E(\)H is the largest
closed subspace such that

i. H* reduces H, namely, HE(\)g = E(\Hg for every g € D(H). In particular, if
g € D(H) then also E(\)g € D(H).

i, (Hu,u)y < Mu,u)y for every u € HX N D(H).
Now we are able to state the spectral theorem:

Theorem 1.4 (Spectral theorem). Let H: D(H) C H — H be a self-adjoint operator
and let {E(X)}aer be the associated resolution of the identity. Then {E(X\)}xer is unique,
and the identity H = [, NdE(X) holds.

In addition to the above, it is useful to state the definition of the spectral measure:

Definition 1.5 (Spectral measure). Given any f,g € H the resolution of the identity

defines a complex function of bounded variation on the real line, given by

RoA= (EWN)S,9)n-

This function gives rise to a complex measure (depending on f, g) called the spectral measure.

Definition 1.6 (Density of states). Let X C H be some closed subspace. We call the

bilinear form

the density of states of H at A on the subspace X.

1.3. Main results. As mentioned above, we assume the opposite of a spectral gap: we
assume that o(H) contains a neighborhood of 0. However, we do not want to have “too
much” spectrum near 0. We make this precise as follows. Let {F(\)}xcr be the resolution

of the identity of H. Our main assumption is:

Assumption A1l. There exist
1. a Banach subspace X C H which is dense in H in the topology of H, is continuously

embedded in H (and therefore the norm || - ||x is stronger than the norm || - ||%),
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it. a real number r € (0,1) and a function ¢ : [—r, 7] — R that is strictly positive a.e. on

I, = [—r,r] such that the following bound of the DoS of H holds:

d

5 B0 < SO lellale.  ¥F.g € Xo¥aE 1\ (), (13)

iii. a real number ¢ > 0 such that [A\|~%(\) € L1(1,.).
Our main result, to be proved in Section [2] is:

Theorem 1.7. Under Assumption letting ¢ = min{q, 2}, the following uniform rate

in von Neumann’s ergodic theorem holds:
T C
where C is an explicit constant that does not depend on T .
When () is a power of A we immediately have:

Corollary 1.8. If 1) has the form ¢ (\) = c|\P~1 for some ¢,p > 0, then (1.4) holds with

£ =min{p — ¢,2} for any e > 0.

Proof of Corollary[1.8 Considering Assumption if (A) = ¢|A[P7L, in order for [A|799(N)
to be integrable in a neighborhood of 0, we need g < p. The assertion follows from applying
Theorem [ O

Remark 1.9. We note that the best rate that one could expect is 77!, as in the case of
a spectral gap (see [4, Remark 3] for a detailed proof). Hence, in Corollary the rate

cannot be improved beyond T~! even if p > 2.

Remark 1.10. As we show in the examples in Section [3] there is a delicate interplay
between the choice of subspace X C H and the bound ¥(A) one can obtain for the DoS,
both appearing in :
e In the case of the linear Schrédinger equation in RY, taking X = L?* (a weighted
L? space) leads to ¥(\) ~ A71/2 (cf. (3:4)), while taking X = L' N L? leads to
Y(A) ~ AE (et BT)
e In the case of the linear wave equation in R, taking X = L?* leads to ¥)(\) ~ 1 (cf.
(3:10)), while taking X = L* N L? leads to ¢(A) ~ [A|*~* (cf. (3.13)).

Remark 1.11. In view of [4] (see discussion of previous results and Theorem below)
these results are nearly optimal, and might in fact be optimal. Establishing whether or not

this is the case is the subject of ongoing research.
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1.4. Previous results. The idea that the spectrum encodes information about the dynam-
ical system goes all the way back to von Neumann and his original proof of the mean ergodic
theorem [19]. Soon after, Riesz [16] provided an alternative proof which does not rely on
the spectral theorem and is considered simpler. As a result, in most textbooks the spectral
approach appears to have been lost.

Kachurovskii and coauthors have published extensively over the last 20 years on the
topic of rates of convergence in ergodic theorems, by revisiting von Neumann’s original
ideas, relying on the spectral theorem [41/6,(7,/12H14]. We also mention |1] where some of
the techniques of [6] were simplified. The survey [10] provides a detailed overview of this

sequence of results. Closest in spirit to our result is [4], where the authors show:

Theorem 1.12 ( [4]). For any function f € H and p € [0,2), the two following conditions
are equivalent:

i. (E(A)—=E(=X)—E{0})) [, f)y < AN, for all X >0,

ii. |(PT = P)fll < 77| fll, for all T >0,
where given A > 0 one can compute B = B(A,p) > 0 explicitly, and, conversely, given
B > 0 one can compute A = A(B,p) > 0 explicitly (and these dependencies do not involve
the function f).

Another important direction of research relates to the appearance of the Fejér kernel

sinc?TA = “7‘33 L2 in the expression for the square of P — P (see (L.I))). This is addressed
in [8|9L|11], for example.
Finally, it is natural to compare our result to the well-known RAGE theorem (see e.g. [3]).

It states that for any compact operator K and any f € H,

17
JJim / | KU Pa ]| dt = 0,

where P, is the orthogonal projection onto the absolutely continuous subspace of H. Where
Theorem proves uniform convergence to the projection onto the kernel of the generator,
the RAGE theorem proves a weak convergence to 0 of the time average of the evolution of

the continuous part of the spectrum.

Organization of the paper. Section [2] is devoted to the proof of the main theorem,
Theorem In Section [3| we apply this to the linear Schrodinger and wave equations and

obtain decay estimates for averages of solutions.
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2. PROOF OF THE MAIN RESULT

Proof of Theorem[I.7. Our starting point is the observation [15, V-§2.1] that if the bilinear
form & (E(A)-, ")y : X x X — C is bounded at a given A € R, then there exists a bounded

operator A(\) : X — X* satisfying

(ANS.9) = S (EN L)y, VgeX,

where (-,-) is the (X*, X) dual space pairing. Moreover, the operator norm of A(\) shares

the same bound as the bilinear form. Now, recalling von Neumann’s proof as sketched in

above, we have
(PT —P)f = / sinc(TA) dE(\) f
R\{0}
where sinc z := sinz/z. We split this integral as follows:

/IR\{O} sinc(TA)dE\) f = </1,,\{0} —|—/$> sinc(TA) dE(\) f

where I, = [—r,7]. We start by estimating the second integral (“high frequency” part),
using the fact that sinc’z < |#|~2 and that projections onto different spectral parameters

are mutually orthogonal:

Now we turn to the first integral (“low frequency” part). We use the estimate (1.3]) of the

/ sinc(TA)AEN) f|| = / sinc®(TA) A(E(A) f, f)x
Ic H -

1 1 . 1
< a3 | ABWLPn = gz e < gz e

DoS, as well as the boundedness of |z|‘sinc?x for £ € [0, 2]:

2

/ sinc(TA)dE(\) f|| = / sinc®(TA) d(E(N) f, f)u
I,\{0} I\{0}

H

_ /I sinc2(TA) (AN S, f) dX

T

< ([ smemnenan) i1

L.

< sup (]Asinc(TA) ( PR dA) TS

AeL,

Letting £ = min{g, 2}, and using the fact that |A\| ¢ < |\|77 for |\| < r < 1, there holds

2

/ sine(TA)dE(\) f
I\{0}

< sup (]Asinc(TA) ( ALY dA) 1%
H eI, I,

1 . 1
= e 5w (ol‘sinc?y) W71 < W) 11
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where we have denoted W (r) := [, [A|7%()) dX. Altogether, both estimates lead to

1 1
P = oI < s (9a00) + s ) 191 (2.)
which completes the proof. O

Remark 2.1 (The constant in (2.1)). The constant in (2.1)) is indeed uniformly bounded
independent of T"

1

1
Ttz < Ya(r) + 5

C=T,(r)+ 2 vT > 1.

In fact, it even decreases slowly with 7' and one could attempt to optimize it by letting r
tend to 0 at an appropriate rate. However, there is nothing to be gained by doing this. This
is simply an artefact due to the condition |A\|~9()\) € L*(I,) in Assumption |1} this is an
open condition, in the sense that one could always increase ¢ slightly and this condition will

still hold. Doing this will cause C to converge to a constant independent of T

Remark 2.2 (Spectral gap). In the case of a spectral gap (1.2)) immediately follows.

Indeed, with gap of size v in the above proof v is trivial and one has

I(PT = P)fll <y~ 'T7 flln-
Note that in this case the subspace X is no longer needed.

3. EXAMPLES

3.1. The Laplace operator. Let ¢ : [0,+00) — [0,400) be some continuous and strictly
increasing function and define H = ¢(—A) as a function of the Laplace operator acting in
H = L?(R?) with an appropriate domain for self-adjointness. Note that if ¢(z) = z is the

identity, then —iH is the generator of the Schrodinger equation:
Oif(t,x) = iAf(t,x), tER, ze€RY,
f(0,2) = fo(x), r € R

Let {E(X)}xer be the resolution of the identity of H. We use the fact that the Fourier

transform is a unitary map relating —A to multiplication by |¢|? in order to get:

P —

(EO)frg)y = / 7@ Ao (3.1)

e(I€1?)<A

Let us show how different choices of subspaces X' in the DoS estimate (1.3]) can give rise to

different results.
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3.1.1. Hilbertian subspace. Differentiating (3.1)) in A we get

o, EORD= [ FOTO Y ()] 52)

where do is the Lebesgue (uniform) surface measure on the d — 1-dimensional sphere of

radius ~1(Xo). The term |V (p(|¢[%) )|71 comes from the coarea formula [5|

_ 1

T 20gle’(1€1%)
Appendix CS}. An evaluation of the L2 functions f and § on the hypersurface {I¢l =
V¢~ 1(\o)} only makes sense if they belong to any Sobolev space H*(R?) C L%*(R%) with
s > 1/2 by the trace lemm The functions fand g belong to H*(RY) if and only if f and

g belong to L**(R?), defined as

L (RY) = {feB(Rd) 1125 ) = /|f 1+|w|)dx<+oo}.

We therefore conclude that we can bound (3.2)) using the L?**-norms of f and g, which are

stronger than their H-norms:

1
S ‘ 2o O (o o) 1

where we denote L?* rather than L?#*(R?) for brevity. Hence, using the notation of (T.3),

F ollie, (53)

we have that
X = L>*(RY)

(A =

1
2o A (7!
In the case of the Schrédinger equation (¢ = id) we get

1
2V/A

and from Corollary we get a convergence rate of T¢/2 for all £ < % Moreover, since

P(A) = (3.4)

—A has no eigenvalues in this setting (and, in particular, a trivial kernel), we conclude that

1M A
—it

— e fodt

QT[T

This also implies that

_ 1
= |PT foll> < CT42|| fol| g2, Vi < 3
L2

1P foll£g.z2 (0,00 xRy < C(@)l foll 2= (ray Vg > 4. (3.5)

Restricting to any bounded domain 2 C R? we may take L? norms rather than weighted

norms (the weight is uniformly bounded away from 0 and +oo in Q) so we have

1P follLg.z2 (j0,.00)x2) < Cla: Dl foll 2@ Vg > 4.

1This is not entirely optimal, since we are not making use of the fact that this hypersurface is in fact a

sphere.
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3.1.2. Non-Hilbertian subspace. Considering (3.2)) again, we may change variables so that
the integration takes place on the unit sphere in R%:

d
. A =
L w0 /m_ —

F©FE |V (P

_ F(rv/e )3 (rvem )

st 297 (Ao)@ (97 (Ao))

— d—2 -
B J(;()l\(()i\o))/gdlf(T ‘P_l(/\O))ﬁ(T cp—l(/\o)) dr

where dr is the uniform measure on the unit sphere in R?. Another way to make sense of

the restriction of L? functions to a hypersurface is if they are bounded, i.e. one can bound:

]« BT

,1(}\0)) ||fHL°°(]Rd)||g||L°°(Rd)

’d)\x Ao

20" (e
d—2
S v/ T (o)
< | |
S o) M@l e (3.6)
Thus we obtain
X =LY RN L2(Rd) with norm ||« [l o= | - | oy + || - 122
Sd /o1
2¢' (so ()\))

We again consider the Schrédinger case (¢ = id) where we obtain

W) = %|sd—1|ﬁ—1. (3.7)

/2

From Corollary we get a convergence rate of T~*“ where ¢ = min{g —¢,2} for any

e > 0. In particular, for dimensions d > 5 we obtain the optimal rate of convergence of T~ !.

For any f, € L> N L', there holds

1/T 77JtAf dt
or | ¢ 0

This leads to the global-in-time estimate for any fy € L? N L*':

_ . [d
— 1P folis £ CTlfolle, ¢ =min{§ - 2.2},
L2
4
1P ol 22 ooy < C@lfolle a > max{d, 1} . (3.5

Remark 3.1. It is natural to compare the estimates and (| with:

1) The well-known Strichartz estimates

O(d q, )||f0||L§(Rd)

A2 g ‘

LILT (RxR4)
where 2 < ¢, < oo, E + ; = 5 and (q,r,d) # (2,00,2), see [17].

2) Smoothing estimates, such as

D22

L2 L2 (xR <Ol follz2 ®ay
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where s > 1/2, see |2]. A detailed comparison between these estimates is elusive at the

present time, and is the subject of ongoing research.

3.2. The wave operator. We now consider the linear, homogeneous wave equation
OFf(t,x) — Af(t,z) =0, teR, z € RY,
f(0,2) = fo(x), e f(0,2) = go(x), z € R%

We let H = L?(RY) and consider the self-adjoint operator (with an appropriate domain)

H = —A. We first need to convert the above problem into a first order system. We follow

a well-known procedure: define
1 ,
fei=3 (\/ﬁf + z@tf) . (3.9)

Then we compute

Orfx = % (matfiiatzf) - (\/ﬁatquin) = %\/ﬁ(—iatf$\/ﬁf) = FivVHf+.

T2

It follows that the vector

t,x
I A
f-(t, )
satisfies the equation
) VH 0
F'(t) = —iKF where K=
0 —-VH

Denoting {E /7(A\)}rer and {Ex(A)}aer the resolutions of the identity of VH and K,

respectively, we first observe that E_ ,7(\) = I — E 77(—A) so that
Ex(\)=E 5N @ (I —E/gz(-X), VAER
As in the case of the Schrodinger equation, we may consider two cases:

3.2.1. Hilbertian subspace. Inserting ¢(H) = VH into the bound appearing in (3.3) one
finds that ¢(\) = 1 so that for s > 1/2,

d
5 (B/mOV.0), | <l

gllrzs,  VAER. (3.10)

This implies that

d
5 (BROF. O] < 1Pl

G||L2yS@L2,s ) V)\ S R

A bound on the DoS of the form )(\) = 1 leads to a convergence rate of T~%? with £ < 1

from Corollary [I.8] Therefore, noting that the kernel is empty:

1 [T
/ e UK dt

— < CT™* 2| Fyllposgras, VO <1. (3.11)
2T —T

HOH
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To obtain direct bounds for the average of the solution f(t) of the wave equation, we use

the identity f = H=Y/2 (f, + f,) to write
/ Fydr= H—W(f ) ()

1 [T ) .
_ 7T/_TH71/2< (eﬂtKFo)l T (e*”KFO)2> dt.

Estimate (3.11]) leads then to

1 T
—T[Tf(t)dt )

o (fr-m

R

2 LQvS>

< CT2 (| foll oe + | H/2g0)

9o L2’S) ;

with £ < 1 and where in the second inequality we have used ([3.9)):

2|12 fat = 0)

< Wollzes +||H/2g0

L2:s L2:s :

Denoting PT (fy, g0) := 2T f f(t) dt for brevity, we deduce the global-in-time estimate

LQYS(}@)) , Vg > 2.

(3.12)

HPT (f07g0>HLg~Li([0,oo)><Rd) S C(q) (HfOlL?«S(Rd) + HH—l/QgO‘

3.2.2. Non-Hilbertian subspace. As before, taking the functional space to be X = L' n L?

(with norm || - |x = | - |lz2 + || - ||Lz), with p(H) = vH leads to
_ s 1|\/ d—1[y|d—1

which then gives the bound

d _ _
35 (BaNLa), < BN Il Ve (313)

Consequently, we have

d _ _
5 (BROF. O] < 1SN IFlsgss G grn s VAR

This bound leads to a convergence rate of T~/ where ¢ = min{d — ¢, 2} for any £ > 0 from
Corollary [I.8] For d > 3 we obtain the optimal rate. Therefore, noting that the kernel is

empty:

<CT™*2?|Follxex, £ =min{d —¢,2}.

1 T
— / e UK dt
-T HOH

2T

Following the steps from the previous subsection, this leads to the global-in-time estimate

2
||PT (f()’gO)HL%‘Li([O,oo)XRd) < C(Q) (”fO”X + HHﬁl/QQOHX) ) VQ > max{d,l} .

(3.14)
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Remark 3.2. Here we compare our estimates to Strichartz estimates for the wave equation

(see [18]):

Il e @xray < C(d,q,p,8) (Il foll s ray + llgoll =1 (re))

for triplets satisfying 2 < p,q < oo and

1 d d 2 d—-1 d-1
—f =55 S+ —<—.
q p 2 q P 2

In particular, we can compare (3.12)) with the Strichartz estimate for (g, p, s) = (00,2,0):
11 z2e 3 iy < C(D) (folzzqmey + 9ol sz gy )
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