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A recently derived axisymmetric lattice Boltzmann model is evaluated numerically. The model incorporates
a spatially and temporally varying source term into the evolution equation for the momentum distribution
function on a two-dimensional Cartesian lattice. The precise form of the source term is derived through a
Chapman-Enskog analysis so that the additional axisymmetric contributions in the Navier-Stokes equations are
furnished when written in the cylindrical polar coordinate system. The validity of the model is confirmed by
simulating Hagen-Poiseuille flow. Numerical predictions for the drag coefficient in Stokes’ flow over a sphere
are presented and shown to be in excellent agreement with analytical results. At larger Reynolds numbers the
numerical predictions are shown to approach an empirically derived formula for the drag coefficient.
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I. INTRODUCTION

The formulation of the standard lattice Boltzmann model
for predicting the flow of incompressible fluids is based on
the Cartesian coordinate system. However, numerous impor-
tant flow problems exist for which there is axial symmetry,
e.g., flow past a sphere. The computational demand required
for three-dimensional lattice Boltzmann models �LBM� is
considerably greater than for the two-dimensional �2D� case.
Therefore an axisymmetric LBM, which will only depend on
two coordinates, is highly desirable since it makes sense
computationally to take advantage of any reduction in di-
mension that can be accrued from geometrical consider-
ations. Note that a reduction in dimensionality also allows
for greater spatial refinement through the availability of ad-
ditional degrees of freedom that would have been required
for the third dimension.

In a recent article �1�, the authors developed a modified
lattice Boltzmann equation for axisymmetric flows by fol-
lowing the general philosophy embodied in the paper of Hal-
liday et al. �2� but departing from it in the way that the
second-order contribution to the source term is chosen in the
recovery of the lattice momentum equation. Halliday et al.
�2� demonstrated how the evolution equation for the momen-
tum distribution function within a 2D Cartesian framework
may be adjusted by adding suitable source terms in order to
recover the axisymmetric Navier-Stokes equations in the
macroscopic limit. The first- and second-order terms in an
expansion of the source term are chosen so that the terms in
the lattice continuity and momentum equations, respectively,
arising from the cylindrical polar coordinate system are re-
covered. In the article of Reis and Phillips �1�, the first- and
second-order contributions to the source term are derived
through a Chapman-Enskog analysis. The analysis is per-
formed consistently within the Chapman-Enskog formalism,
unlike previously adopted approaches. Furthermore, the form
of the source terms that are derived here allows for a more
efficient implementation of the LBM for axisymmetric flow
problems due to the reduction in the number of terms that
require numerical differentiation.

The aim of the present paper is to perform a numerical
evaluation of the modified axisymmetric LBM derived in �1�

using a number of benchmark problems to demonstrate the
accuracy of the axisymmetric LBM calculations. The nu-
merical predictions are shown to be in excellent agreement
with available analytical and empirical results, thus confirm-
ing the validity of the proposed model.

II. GOVERNING EQUATIONS IN AXISYMMETRIC
GEOMETRIES

Consider the flow of an incompressible, isotropic fluid
through a three-dimensional pipe. Let er, e�, and ez be the
standard orthonormal unit vectors defining a cylindrical co-
ordinate system:
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r
,
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r
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r
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where r=�x2+y2, x=r cos � and y=r sin �. If the solution to
the Navier-Stokes equation is of the form

u = ur�r,z�er + uz�r,z�ez, �2�

that is the velocity field does not depend on �, then the flow
is said to be axisymmetric �without swirl�. The continuity
equation in cylindrical coordinates is
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�ur

�t
+ ur

�ur

�r
+ uz

�ur

�z
= −

1

�

�P

�r

+ �� �2ur

�r2 +
1

r

�ur

�r
−

ur

r2 +
�2ur

�z2 � , �4�

�uz

�t
+ ur

�uz

�r
+ uz

�uz

�z
= −

1

�

�P

�z
+ �� �2uz

�r2 +
1

r

�uz

�r
+

�2uz

�z2 � ,

�5�

where � is the kinematic viscosity.
By performing the following coordinate transformation:
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�r,z� � �y,x� , �6�

�ur,uz� � �uy,ux� , �7�

Eqs. �3�–�5� can be written in Cartesian-type coordinates:

��u� = −
uy

y
, �8�

D� u�

Dt
+ ��P − ���2u� =

��

y
�yu� −

��u�

y2 ��y , �9�

where D /Dt is the material derivative, ��� is the Kronecker
delta function, and �=x ,y. The terms on the right-hand side
of the momentum Eq. �9� are the additional axisymmetric
contributions that the source terms need to recover.

III. AXISYMMETRIC LBE

The lattice Boltzmann equation can be classified as an
explicit, Lagrangian, finite-hyperbolic approximation to the
Navier-Stokes equation that has been derived within the
framework of statistical mechanics. The LBE is character-
ized by a lattice and some rule describing the manner in
which particles move along lattice directions from one node
to another. A simple yet sufficiently symmetric and multi-
speed lattice is the D2Q9 lattice. It is a nine velocity model
�including a rest particle at the center� for which an equilib-
rium solution with all the properties needed to recover the
macroscopic hydrodynamic equations can be derived. The
nine discrete velocities are given by

ci = � �0,0� , i = 0,

�cos��� − 1��/2�,sin��� − 1��/2�� , i = 1, . . . ,4,

�2�cos��2� − 9��/4�,sin��2� − 9��/4�� , i = 5, . . . ,8,

�10�

where we have assumed that the unit of velocity is unity. Let
Ni�x , t� be the single particle distribution function at node x
and time t with momentum in the direction ci. The lattice
Boltzmann evolution equation in rectilinear coordinates is

Ni�x + ci,t + 1� = Ni�x,t� − 	�Ni�x,t� − Ni
�e��x,t�� ,

i = 0, . . . ,8, �11�

where Ni
�e� is an equilibrium function and 	 is the relaxation

parameter of the fluid. The particular form of the equilibrium
function for the D2Q9 lattice is due to Qian et al. �3�

Ni
�e� = �wi	1 + 3ci · u −

3

2
u2 +

9

2
�ci · u�2
 , �12�

where w0=4 /9, wi=1 /9 �i=1, . . . ,4�, and wi=1 /36
�i=5, . . . ,8�. Mass and momentum are defined to be the first
two moments of the distribution function respectively, and
conservation of these quantities require

� = �
i

Ni = �
i

Ni
�e�, �13�

�u = �
i

Nici = �
i

Ni
�e�ci. �14�

To apply the lattice Boltzmann equation to a range of flow
problems, an internal or external force term may need to be
added to Eq. �11�, the exact form of which depends on the
mechanics in question. A general representation of forcing
terms within the LBE framework that considers discrete lat-
tice effects has been proposed by Guo et al. �4�. With the
intention of deriving Eqs. �8� and �9�, a spatial and temporal
microscopic term, Si�x , t�, is introduced into the D2Q9 lattice
Boltzmann equation �2,5�:

Ni�x + ci,t + 1� = Ni�x,t� + 	�Ni
�e��x,t� − Ni�x,t�� + Si�x,t� ,

�15�

and we take this source term to be at least O�
�:

Si = 
Si
�1� + 
2Si

�2� + ¯ , �16�

that is, there is no equilibrium term, Si
�0�.

The first- and second-order source terms that ensure that
the axisymmetric Navier Stokes Eqs. �8� and �9� are recov-
ered in the macroscopic limit are �1�
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, �17�

Si
�2� =

3wi

y
	 ciy

2

2
��ux�xuy −

3uy	

2
Qxx − 3uy	Qyy −

�uy
2

y
��

− cix� 6�

6� + 1
Qxy +

�

6
�xuy − �uxuy� +	ciy�1 − 12��

�� 1

2�1 + 6��
Qyy +

�uy

y
− �uy

2�
 , �18�

where

Q�� = �
i

�Ni − Ni
�e��ci�ci�. �19�

We note that along the axis of symmetry, i.e., y=0, singular
source terms of type 1 /y are evaluated using L’Hôpital’s
rule. After applying this formula, we are only left with terms
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FIG. 1. Analytical and numerical solutions for Hagen-Poiseuille
flow.
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containing a factor �y�·� or uy. Since uy�0�=0 and all result-
ing derivatives evaluated at y=0 are zero, we have Si�0�=0
and therefore we only need to compute Si from y=1 to y
=H.

IV. NUMERICAL RESULTS

A. Hagen-Poiseuille flow

We validate the model by simulating flows for which
there are known exact solutions. The exact solution, U�r�, of
the axisymmetric Navier-Stokes equations �3�–�5� to the
steady, laminar flow of a viscous fluid through a pipe of
radius a is found to be

U�r� = U0�1 −
r2

a2� , �20�

where

U0 =
Ga2

4��
�21�

is the maximum velocity in the pipe and G is the pressure
gradient.

We construct a 256�64 D2Q9 lattice domain with a line
of symmetry at y=0 and a solid wall at y=64. The no-slip
boundary condition is applied at the wall using the interpo-
lation scheme, as described in �6�. We impose an inflow and
outflow condition as detailed in �7� with maximum velocity
U0=0.05.

Figure 1 plots the analytical solution �solid line� and the
numerical predictions for Hagen-Poiseuille flow. The graph
shows very good agreement between the analytical and nu-
merical solutions, thus confirming the validity of the axisym-
metric lattice Boltzmann equation proposed in �1�.

To demonstrate mesh convergence we construct three ad-
ditional meshes, one coarser and two finer than the one men-
tioned above. The coarse grid has dimensions 128�32 lat-
tice units and the finer meshes have dimensions 512�128

and 1024�256. Note that the mesh refinement factor is 2.
Table I shows the error in the computed centerline velocity,
u�0�. The decrease in the error as the mesh is refined dem-
onstrates that the method is second order.

B. Stokes’ flow over a sphere

Consider the flow of an incompressible, viscous fluid
around a sphere. The Reynolds number for this problem is
defined to be

Re =
2UR

�
, �22�

where R is the radius of the sphere and U is the free-stream
velocity. If Re is small �typically Re�1� then Stokes’ law is
valid for the drag force, FD, on the sphere in an infinite
expanse of fluid �8�:

FD = 6�
RU , �23�

where 
 is the shear viscosity of the fluid. The drag coeffi-
cient, CD, is defined as

TABLE I. Dependence of the error in the centerline velocity on
lattice size.

Lattice Error in centerline velocity

128�32 0.000 41

256�64 0.000 10

512�128 0.000 03

1024�256 0.000 01

TABLE II. Comparison of drag coefficient for axisymmetric
flow over a sphere using a second-order interpolation boundary
scheme.

Re D C̄D CD=24 /Re Difference �%�

0.01 40 2402.1 2400 0.08

0.01 60 2405.5 2400 0.2

0.03 40 800.7 800 0.08

0.03 60 801.6 800 0.2

0.05 40 480.3 480 0.08

0.05 60 481 480 0.2

0.07 40 343.1 342.86 0.08

0.07 60 343.5 342.86 0.2

0.09 40 266.9 266.67 0.08

0.09 60 267.2 266.67 0.2

0.1 40 240.2 240 0.08

0.1 60 240.5 240 0.2

0.2 40 120.1 120 0.08

0.2 60 120.2 120 0.2

0.3 40 80.1 80 0.1

0.3 60 80.2 80 0.3

0.5 40 48.1 48 0.2

0.5 60 48.2 48 0.4

0.7 40 34.4 34.286 0.3

0.7 60 34.46 34.286 0.5

1 40 24.2 24 0.8

1 60 24.2 24 0.8

2 40 12.3 12 2.5

2 60 12.3 12 2.5

3 40 8.4 8 5

3 60 8.4 8 5

U

r

H

L

FIG. 2. Computational domain for axisymmetric flow over a
sphere.
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CD =
FD

0.5�U2A
, �24�

where A is the projected area of the obstacle in the plane
perpendicular to the flow. For Stokes’ flow over a sphere,
A=�R2, so the drag coefficient is

CD =
24

Re
. �25�

We compute the drag coefficient using the axisymmetric
LBM given by Eqs. �11�, �17�, and �18�, and compare the
results with the approximation given by Eq. �25�.

We construct a L�H D2Q9 lattice domain with a line of
symmetry at y=0 and place a sphere of radius R at
�x=L /2,y=0�, as shown in Fig. 2. The second-order inter-
polation scheme, as described in the article by Yu et al. �6�, is
used to apply the boundary conditions on the cylinder. As
Eq. �25� is valid in an infinite domain we apply symmetry
conditions at the north and south boundaries and specify a
uniform velocity, U, at the inlet.

Table II shows the computed drag coefficient �C̄D�, the
Stokes approximation for the drag and the relative difference
between the two for different Reynolds numbers. To deter-
mine whether or not different flow parameters affect the
computation we calculated the drag coefficient twice for each

Reynolds number, changing the radius of the sphere and the
fluid viscosity while keeping the velocity U=Re /100. In all
simulations we kept L /H=5 and R /H=0.3. Excellent agree-
ment is obtained with the difference between the analytical
formula for the drag coefficient and the lattice Boltzmann
predictions below 0.2% for Re�0.5. Figures 3 and 4 plot the
streamwise and normal velocity contours, respectively, for
the axisymmetric flow over a sphere at Re=0.01. The con-
tour heights are displayed in these figures. The plots show
the expected characteristics associated with this flow, includ-
ing almost symmetry of the velocity field fore and aft of the
sphere, decaying axial velocity approaching the sphere, and a
positive radial velocity in front of the sphere and a negative
one behind. Figures 5 and 6 plot the streamwise and normal
velocity contours, respectively, for the axisymmetric flow
over a sphere at Re=100. These show the development of a
boundary layer on the upstream portion of the sphere and a
large toroidal vortex in the near wake.

From Table II we see that as the Reynolds number in-
creases beyond 0.5 the relative difference between the ap-
proximations gradually increases. This is to be expected,
since Stokes’ formula �25� is only valid when the inertia
terms in the Navier-Stokes equations can be neglected, i.e.,
when the Reynolds number is small. When Re is large the
following empirical formula for the drag coefficient on a
sphere has been suggested �9�:
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FIG. 3. Streamwise velocity contours for axisymmetric flow over a sphere at Re=0.01.
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CD = ��24

Re
+ 0.5407�2

. �26�

Table III shows the drag coefficient found by Eq. �26� and
the numerical approximations for larger Reynolds numbers.
In all cases U=0.05 and D=40. We clearly see that the lattice
Boltzmann predictions approach the value given by the em-
pirical formula as Re is increased. Figure 7 plots the drag
coefficient as a function of Reynolds number and clearly
shows the excellent agreement between the analytic formula
for CD in axisymmetric Stokes’ flow and the lattice Boltz-
mann predictions. The graph also highlights the departure of
the numerical approximation of the drag coefficient from
Stokes’ formula at Re�1 and its subsequent approach to the
empirical formula �26� as Re is increased further.

V. CONCLUSIONS

In this paper we have evaluated a modified axisymmetric
lattice Boltzmann equation which has been shown to be a

second-order approximation to the axisymmetric Navier-
Stokes equations �1�. Unlike previous models, this one cor-
rectly applies the Chapman-Enskog analysis to the LBE and
fully exposes the coupling between the two additional source
terms through the nonequilibrium contribution to the D2Q9
distribution function. Therefore, it recovers the correct spa-
tial derivatives in the macroscopic limit. These source terms
are geometric forces which are consistent with the general
form for additional LBE forces as found by Guo et al. �4�.
Moreover, these source terms are more local than those de-
rived by Halliday et al. �2� since they are given mainly in
terms of moments of the nonequilibrium distribution func-
tion. This has the practical advantage of reducing the amount
of numerical differentiation which is not only more sympa-
thetic to the general lattice Boltzmann philosophy, but is also
likely to improve computational efficiency and stability. This
last point is as yet unproven but a local stability analysis
could be conducted using a Fourier-space formulation �as
described in Ref. �10��. We first validated the model by simu-
lating Hagen-Poiseuille flow. This flow has a well-known
analytical solution, with which our numerical predictions are
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shown to agree very well. We then applied our equation to
Stokes’ flow over a sphere and found excellent agreement
between the analytical and numerical approximations for the
drag coefficient for all Re�1 �i.e., when Stokes’ law is
valid�. At higher Reynolds numbers our results agree with an
empirical formula for the drag based on experimental
evidence.

This modified axisymmetric LBE can also be easily com-
bined with existing Rothmann-Keller-type multiphase lattice
Boltzmann models �11�. From a micro or mesoscopic view
point the segregation of two fluids is due to interparticle
forces. LBE methods are therefore in a strong position com-
pared to traditional macroscopic techniques based on con-
tinuum mechanics since these particle interactions can be
incorporated into the evolution of the distribution function.
As a result, a multiphase LBE model should not track inter-
faces but rather let them emerge spontaneously from the un-
derlying dynamics.

Although LBE methods for fluid-fluid multiphase flows
are able to reproduce basic interfacial phenomena such as
spinoidal decomposition in binary fluids, the Rayleigh-
Taylor instability, etc. �12�, many existing methods do not
fully utilize the origins of the method in kinetic theory. A
review of existing LBE methods for fluid-fluid multiphase
and their capabilities and limitations may be found in Nour-
galiev et al. �12�.

Gunstensen et al. �13� proposed a LBM for multiphase
flows that combined the single-phase LBM of McNamara
and Zanetti �14� with the multiphase lattice gas algorithm of
Keller and Rothman �15�. An important contribution in this
LBE model is the introduction of a perturbation step in order
to recover Laplace’s formula at an interface in which a bi-
nary fluid collision operator is added to the post collision
state at sites near the interface. Reis and Phillips �16� pro-
posed a modification of the model of Gunstensen et al. �13�
for binary fluids in which the two-phase operator is adjusted
and shown to recover the single phase Navier-Stokes equa-
tions, with an appropriate source term to model surface ten-
sion, in the macroscopic limit. Extensive numerical experi-
ments for planar flows showed that the model was capable of
predicting flows with large density ratios.
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