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ASYMPTOTIC ESTIMATES FOR THE WILLMORE FLOW
WITH SMALL ENERGY

ERNST KUWERT AND JULIAN SCHEUER

ABSTRACT. Kuwert and Schétzle showed in 2001 that the Willmore flow converges
to a standard round sphere, if the initial energy is small. In this situation, we prove
stability estimates for the barycenter and the quadratic moment of the surface. More-
over, in codimension one we obtain stability bounds for the enclosed volume and av-
eraged mean curvature. As direct applications, we recover a quasi-rigidity estimate
due to De Lellis and Miiller (2006) and an estimate for the isoperimetric deficit by

Roger and Schétzle (2012), whose original proofs used different methods.

1. INTRODUCTION

The Willmore flow was introduced in [4, 5] by Schétzle and the first author, and also
by Simonett [15]. This paper continues the study of the flow in the class of immersions

f:S? — R"™ with small initial energy, that is
(1) E(f) = / |A°|? du, < g9 for some constant gy = go(n).
S2

Here g = f*(-,-) and A = D?f* are the first and second fundamental forms; the latter
is decomposed as A = A° + %ﬁ ® g where A° is tracefree and H = tryA is the mean
curvature vector. The Willmore energy of any closed surface f: ¥ — R" as introduced

in [16] is

) W) =1 [ 1,
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2 E. KUWERT AND J. SCHEUER
For such f the functionals £(f) and W(f) differ only by a topological constant. In fact

the Gaufl equation and the Gaul-Bonnet theorem yield

Q JHP = AP 4 K,
and
() W) = 5 E(F) + 2mx(2).

We have W(f) > 4r for any closed surface, see [8, 16]. Thus if £(f) < 4m then X has

automatically the type of S?, in fact

X(5) = o= (W() — 5 (1) > 5= (dr —2m) = 1.

This is why we restrict to ¥ = S? from the beginning. We also note that £(f) < 87
implies W(f) < 8w, and f is an embedding [8], but this plays no role in the sequel.

The first variation formula for W(f) is derived for instance in [5], it reads

5) W)= [(F().6)duy  where W(7) = A + QLA

by

Here A+ is the Laplacian of the normal connection, and Q(A°) = g*? g™ (A2, -) A3,

The Willmore flow is then given by the equation
0 -
8_]; =-—-W(f) onXx(0,7).

Schatzle and the first author obtained the following existence and convergence result.

Theorem 1.1 ([4]). There exists a constant €y = €o(n) > 0 such that if f: S* — R

18 smoothly immersed with

©) 1A iy <
S2
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then the Willmore flow with wnitial surface f exists for all times and converges to a

standard round 2-sphere.

The constant in the theorem stems from L? estimates for the curvature, and from
applications of the Michael-Simon Sobolev inequality (Theorem 18.6 in [13]). For
n € {3,4} the optimal constant in Theorem 1.1 is known to be €y = 8, see [6, 11] and

1, 9].

The idea of our paper is to study the stability of certain geometric quantities under
the flow. In particular we consider the area, the barycenter and the quadratic moment

given by
7 A = | dw,

(8) clf) = ]£2fdug where ﬁQ...dugzm/SQ...dug,
) o) = 1=l duy

In the case n = 3 the surface has a well-defined interior unit normal v: ¥ — S?, and

we can further define the enclosed volume and total mean curvature, putting H=H v,

(10) V) = =3 [ U,
(1) ) = [ Huy

In the following statement the long-time existence and also the area estimate were

already obtained in [4], they are included just for completeness.

Theorem 1.2 (stability). There ezist constants g = €o(n) > 0, C = C(n) < oo with

the following property. Let fo: S* — R™ be a smoothly immersed surface, normalized
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to area A(fo) = 4m. If
& = A°|2d
(12) () = [ 1A duy < 2o
then the Willmore flow of fo exists for all times and satisfies
(13) JA(f) = Alfo) |+ 1C(f) = C(fo)| +1Q(F) — (o)l < CE(fo).

For n = 3 one has furthermore the inequalities

(14) ‘V(f) —V(fo)| + |7{(f) —H(fo)l < CE(fo)-

Combining this result with the convergence result in [4], we obtain the following con-

sequence.

Corollary 1 (limit sphere). For appropriate g = go(n) > 0, the flow as in Theorem
1.2 converges smoothly to a standard round sphere, having some center x € R" and

radius R > 0. Assuming A(fo) = 47 as above, we have the following inequalities:

(15) |R— 1]+ |z = C(fo)l + |R* — Q(fo)| < CE(fo),

(16) TR~ V)| + [87R ~ H(fo)| < CE(e)  Jorn =3

Remark 1.1. For n = 3 the limit sphere is determined by its center and radius. For
n > 4 the sphere lies in some 3-dimensional affine subspace passing through the center.

It remains open whether that subspace has an estimate similar to the above.

Remark 1.2. The upper bound for the volume as in (16) follows from the isoperimetric

inequality and the radius bound, namely

V() € <o AU = 5 < 7R+ CE(f).
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For the mean curvature integral, the Gaufl equation and the radius bound yield

H(fo) < (/S H? dung(fo)é = (167 + 2E(f,))2 (4)2 < 87R + CE(fy).

Therefore we only need to prove the lower bounds in (16).

By Codazzi-Mainardi, a connected immersed surface f: ¥ — R" with A° = 0 para-
metrizes some standard round 2-sphere. In an important paper [2], De Lellis and Miiller
proved stability for this rigidity type statement in codimension one, assuming that A°
is small in the sense of condition (1). In particular they obtained that the curvature is

close to a constant in an averaged sense:

S°|*dp,  where H = 2 H dp,.
s

H
(17) |5 — S 1d[*dpy < c/
s? 52
Here S denotes the Weingarten operator of the surface. We show that (17) follows
directly from Corollary 1. We further deduce a bound for the isoperimetric deficit due

to Roger and Schétzle [12], saying that

< (36m)5 + CE(f)  for E(f) < <o

Both [2] and [12] employ the estimates by Miiller-Sverak and Hélein [3, 10] as a key tool.
In addition to the bound (17), De Lellis and Miiller show that a suitable conformal

reparametrization 1: S? — R? satisfies
(18) Hw —(c+ idSQ)HWQ’Q(S% < C||A°|z2  for some ¢ € R,

In higher codimension, the same result (18) is established by Lamm and Schétzle in
[7]. These estimates cannot be obtained using the Willmore flow, since it does not
give any control on the parametrization. We note that (18) allows for an a priori

translation of the surface, therefore our estimate of the center in (1) appears to be an
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extra information. We should also note that Lamm and Schatzle prove a version of

(17) in higher codimension, for which we have no Willmore flow equivalent.

The outline of the paper is as follows. In the next section we recall estimates from
[4]. The proof of Theorem 1.2 is given in Section 3. In the final section we deduce the

estimates by DeLellis-Miiller [2] and Roger-Schétzle [12] from Corollary 1.

2. KNOWN ESTIMATES

The proof of the long-term existence under assumption (12) in [4] comes with certain
estimates which we now briefly collect. As usual the norms involved are with respect to
the metric g and the volume measure p, is induced by the time-dependent immersion

f- In the present situation, Proposition 3.4 in [4] yields the following.

Theorem 2.1. ([4, Prop. 3.4]) There exist constants eg(n) > 0 and C(n) < oo with

the following property. If f: S* x [0,00) — R" is a Willmore flow satisfying
(19) £:= /S2 |A°)?du, < g9 at timet =0,

then the following estimates hold:

(20) /Ooo /S (IV2AP + |APIVAP + [AP|A°2) dugdt < Ce,

(21) /OOO |A°|[ Gy dt < Ce.

A second result estimates the area along the flow.

Theorem 2.2. (|4, Thm. 5.2]) Under the assumptions of Theorem 2.1 one has the

further inequalities

(22) JA(f) = Alfo)l < CA(fo)e,

(23) /0 /S (IVAP + [APIAP) duy dt < CA(fo)e.
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Finally we will use the following curvature estimate, which implies an energy gap for

Willmore surfaces which are not round spheres.

Theorem 2.3. ([4, Thm. 2.9]) There exists an g = €o(n) > 0, such that for any

immersed sphere f: S* — R™ with E(f) < &g one has

(24) 14° e sy < C AU IW ()1 F2(s2)-

Proof. This is immediate from Theorem 2.9 in [5], in fact
AN o2y < C W ()2 1A% 2s2) < C A% Lo s2) AL 2 W () 2(s2).-

The claim follows. 0

3. PROOF OF THEOREM 1.2

Let f: ¥ % [0,7) — ©Q C R" be the Willmore flow of a compact surface. We start by

testing the equation with conformal Killing fields X : 2 — R", that is
L, ..

(25) DX = —(divX)Id on Q.
n

This means that the local flow of X is by conformal transformations. By conformal
invariance of the Willmore energy for closed Y, we then have

(26) 0=—5W(f)Xof:—/

2

(W(f), X o f) dpty = /E (Ouf. X o f) dp,.

Lemma 3.1. Let X = gradu be a conformal Killing field on ). Then

d

(27) G [uetn = [wo s () du,
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Proof. We compute by the above and the first variation formula

o [wotdu, = [(Duyof-asdu,+ [uofoldu)
— [@rXofdu+ [ wo f ET() du,
> >
The claim follows from (26). O

Lemma 3.2. Let f: ¥ — Q C R"” be a closed immersed surface. Then for any gradient

vector field X = gradu on Q we have the identity, for & = (-, X),

(28) /u0f<ﬁ,ALF[)dug = —/u0f]Vﬁ\zdug—l—2/(f*§®Vﬁ,A°>dug
2 2 2

+2 /E (V(f*€) ® H, A°) dp,.

Proof. By Codazzi we have VH = -2 V*A°, and hence ALYH = 2V*V*A4°. For any

function ¢: ¥ — R, we compute

[ ol A Ty g = 2 [ (V)T d
= —/E¢|Vﬁ|2dug+2/z<dcp®ﬁ, V*A°) dps,
= —/Eg0|Vﬁ|2d,ug+2/E<dg0®VI:7,A°>dug
+2/Z<V(d<p)®fl,A°>dug.
For ¢ =uo f = f*u we have dp = f*(du) = f*¢, which proves the claim. O
In equation (28) the first two integrals on the right are quadratic in A°. Due to a

cancellation this is also true for the third integral, in the case when X is a conformal

Killing field. This is used for example in our estimate for the barycenter.
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Lemma 3.3. Let f: X — Q C R" be an immersed surface, and let ¢: > — R™ be

normal along f. Then for any conformal Killing field X : 2 — R™ we have

(29) (V(f7E) ® ¢, A) = (Q(A°)p, X o f)  where £ = (-, X).

Proof. For p € ¥ we chose a local frame e, e; which is orthonormal for the induced
metric g, and such that V.,e;(p) = 0. At p we then have V2f(e;, ;)T = Df V,e; =0
by Levi-Civita, and hence V2 f(e;, e;) = A;;. Using this we compute
Ve ([ E)(es) = 0e(f7E(es))
= 861<Df . €j,X o) f)
= (Vf(eiej), X o f)+(Df ¢, (DX)o fDf - €;)

1
= <Aij7 X o f> —+ —(leX) le) f(;zj
n
We conclude, observing A;; = A7; + %ﬁ&-j where 0;;A7; = tryA° = 0,

V()@ 0, A) = (VeI O)e)o Alewcy)
(A1, X o f) (9, AZ) + (div X) o £ 806, 45)

= (Q(A%)¢, X o f).

Here we recall from [4] that Q(A®)¢ = A7,(Aj;, 8). O

(5]

Combining Lemma 3.1, Lemma 3.2 and Lemma 3.3, we arrive at the following.
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Lemma 3.4. Let f: X x (0,T) — Q C R™ be the Willmore flow of a closed surface.

Then for any conformal Killing field X = gradu on Q we have, putting £ = (-, X),

d - -
— ofd = A°YH, X o * A% d
g0 G [uordn = 2 [ QUIEXop w2 [ (rew VLAY dy,

- e s VAP, + [ o @OV, du,
> >

In particular we have the estimate

d
‘%/Zuofdug

<c / (JA°2|H| + [VH||14°])|X o f] dp,
>

(31)
e / (VHP + AP o £l duy.
>

We now turn to the proof of Theorem 1.2, in particular we assume from now on that

Y is just the standard sphere S?.

Area estimate: 'We refer to Theorem 5.2 in [4].

Barycenter estimate: Put C(t) = C(f(-,t)) and assume without loss of generality that

C(0) = 0. By Simon’s diameter bound, see Lemma 1.2 in [14], we know that
(32) 1f(p,t) —C(t)| < C forall (p,t) €S* x [0,0).

As A(fy) = 4m by assumption, the area is bounded from above and below. Taking

u(x) = x', hence X (z) = e;, we now obtain in vector notation

t g
- L fa d’
‘/0d8S2flugS

t
< o [ [ QA+ v A d

i< | [ rau

t
e / / (VP + | AP || dysg ds
0 S2

IN

C <b(t) + /Ota(s)|C(s)| ds).
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Here we used that |f(p,t)] < |C(t)| + C by (32), and «(t), b(t) are defined by
at) = [ (VHP+ 2PIEP) du
t t
b(t) = / / (IVH|* + |A°*|H[?) dpg dt+/ / (JA°P[H| + [VH||A) dpg dt.
0 Js? 0 Js2

The Gronwall inequality yields

(33) IC(t)] < CeDp(t)  where a(t) = /Ot a(s)ds.

From (23) we know that a(t) < CE(fy) for all t € [0,00). Furthermore, by applying

Cauchy-Schwarz twice we can estimate

| [ < [ ([ apR ) ([ 2P du) d
0 S2 0 S2 S2

</0OO 2 |A°|2|ﬁ|2dﬂgdt>é</ooo . |Ao|2dugdt>é

CE(fo).

IN

IN

In the last step we used (23) for the first integral, the second integral is estimated by
combining (24), the area bound and the energy identity. The remaining integral in b(t)

is estimated similarly by

| Lwanaiana < [ SQ\vﬁPdug)é(/SQ A dn,)” de
(/OOO S2|v1§r|2dugdz)5(/Ooo ; |A°|2dugdt>%

< CE(fo)

IN

The estimate for the barycenter now follows from (33).
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The quadratic moment estimate: We continue assuming C(fy) = 0, in particular the

barycenter estimate and (32) imply

[, Ol < [f(p,t) = CH[ +[C(H)] < C.

1

We now apply (31) for u(z) = 3|x|*, whose gradient X (x) = x generates the dilations.

Combining with our previous estimates we see easily

2 o=t /t d 2
d = — du, d
[ / ] " = [ [ R

t
< 0 [ [ QAP+ IV LA 7|y s
0 2
t
s [ (VHP & A PLAR) [ dy s
0 Js?
< C&(fo).

We conclude, putting Z(t) = [ | f|* duy,

o0 - o0l = | (G - lewr) - (55 - cop)|
T() -~ T(0)] | JA©) — A)
T3 A(DA(0)
< CE&(fo).

Z(0) + (IC(®)] +1€O)]) [c(#) — €(0)]

From now on we assume n = 3, in other words codimension one.

Volume estimate: Let f: 3 — R3 be a closed surface with orientation induced by the

interior unit normal v. According to our definition of the volume,
1
V(f) = —/ ffw  where w = g(xldx2 Ada? + 2?dx® A dxt + 2Pdat A da?).
b

For any flow we have, using dw = dz' A dz? A da3,

d * - i px B
E/Efw:/zizlatf / (eil_dw)—/z(atf,wdug.



ASYMPTOTIC ESTIMATES FOR THE WILLMORE FLOW 13
Now the Willmore flow is given by 9,f = —W(f) = —(AH + |A°|*H)v. Putting
V(t) =V(f(-,t)) we see

(34) V) = (S A P gy = [ AR
b)) b

We note that the term AH cancels. Under the assumption of the theorem, we get

t
VO -VOI< [ [ 14 1 diy < CER).
0
Integral mean curvature estimate: Writing W = Wv we have

(35) Oldpg) = HW dpy,

(36) OH = —(AW + |APW).

Using W = AH + |A°|*H we compute, again with a cancellation,

d

— | Hdy, = —/(AW+|A[2W)dug+/ H>*W du,
dt S2 S2 S2

o 1 o
= [AR = GEAH AR d,

Under the assumptions of Theorem 1.2, the space-time integrals of the right hand side

are estimated as follows, using Theorem 2.1 and Theorem 2.2.

[ [ramana < [T aran) ([ anea)a
0 S2 0 S2 S2
(/000 3 |A°|4dugdt>2</ooo SZ|AH|2dugdt>2

CE(fo)-

IN

IN
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Integrating by parts, we get

/ ( H2AH dyp,|dt < 0/ /|H||VH|2dugdt
0 S2 0 S2

/0°° (/S |H|2’VH|2dug>é</SQ |VH|2d/uLg)5 dt
(/OOO Sz.H?|V]‘I|2dugdt>%(/OOO/S2 |VH|2d/Lgdt>é

CE(fo).

IN

IN

IA

Finally we have

| Lriapduar < [ ([ 1epiapan)’ ([ 14l de)” i

0 S2 0 S2 S2

([ [ ariapama)' ([ ] iapiarna)’
0 S2 0 S2

CE(fo).

IA

IN

This gives the bound for H(f), which completes the proof of Theorem 1.2.

4. APPLICATIONS

For nearly umbilical immersions f: S? — R3, in the sense of small energy E(f), we
recover a well-known rigidity estimate due to S. Miiller and C. DeLellis [2]. We also
show an estimate for the isoperimetric deficit due to M. Roger and R. Schétzle [12].
For both results, the original proofs were based on nontrivial estimates for conformal
parametrisations from [3, 10]. Our proof relies instead on the geometric estimates for

the Willmore flow.

Theorem 4.1 (DelLellis & Miiller [2]). There is a universal constant C' < oo, such

that for any immersed sphere f: S* — R? with Weingarten operator S we have

H _
S — —Id‘Qdug <C / |S°|>dp,  where H =4 H dp,.
§2 2 §2 s2
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Proof. We assume by scaling that A(f) = 47. Using orthogonality we see that
. )
|S—51dy dug < [ |S—NId|*dp, for all A € R.
s2 s?

Let 0 < g9 < 4w be the constant of Theorem 1.2. If [, |A°|2 du, > €o, then we obtain

trivially from the Gaufl equations and Gaufl-Bonnet, see (3),

8
1P =2 [ (45 + Kauy < (242 [ 15
s2 S2 €0 S?
For [o, |A°|? duy < €9 we expand
H _
S — 2 1d|* du, = / |S1? dpy — 27 .
S2 2 S2
By the GauBl equations and Gauf}-Bonnet, see above, we have

/|S\2dug:2/ 15°[2 dys, + 8.
S2 S2

Now the Willmore flow with initial surface f converges to a round sphere with radius

R > 0, where by Corollary 1
‘H - QR‘ <CE(f) and |R— 1< CE(S).
We conclude
orH? > 21 (2R — CE(f))* > 8nR* — C E(f) > 81 — CE(f).

The desired inequality follows. O

Remark 4.1. Theorem /.1 holds also for closed surfaces ¥ of type other than the

sphere, with a simple proof. Namely we have by (3) and the Willmore inequality

1
/\Solzd,ug:—/Hdeg—Q/Kgdug2877—47rx(2) > 4,
s 2 /s 2
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since x(X) < 1. Therefore

[ 18Py =2 [ 15 diy - ame(2) <3 [ 157 dy,
> > >

We finally come to the bound for the isoperimetric deficit, recalling again that an
immersed closed surface with £(f) < 4x is embedded and has the type of the sphere.
Our definition (10) of the volume implies that V(f) > 0 for f embedded.

Theorem 4.2 (Roger & Schétzle [12]). There exist universal constants g > 0 and

C < oo, such that for any immersed surface f :S* — R® with E(f) < &o, one has

ol

(37) < (36m)% + CE(f).

Proof. By scaling we can assume that A(f) = 47. Then Corollary 1 implies

V()2 TR -CE) 2 T - CE).

The desired estimate follows. O

FuNDING

JS is supported by the ”Deutsche Forschungsgemeinschaft” (DFG, German research
foundation), research grant ” Quermassintegral preserving local curvature flows”, [num-

ber SCHE 1879/3-1].

REFERENCES

1. Simon Blatt, A singular example for the Willmore flow, Analysis 29 (2009), 407-430.

2. Camillo De Lellis and Stefan Miiller, Optimal rigidity estimates for nearly umbilical surfaces, J.
Differ. Geom. 69 (2005), 75-110.

3. Frédéric Hélein, Harmonic maps, conservation laws and moving frames, 2. ed., Cambridge Tracts

in mathematics, vol. 150, Cambridge University Press, 2002.



10.

11.
12.

13.

14.

15.
16.

ASYMPTOTIC ESTIMATES FOR THE WILLMORE FLOW 17

Ernst Kuwert and Reiner Schétzle, The Willmore flow with small initial energy, J. Differ. Geom.
57 (2001), no. 3, 409-441.

, Gradient flow for the Willmore functional, Commun. Anal. Geom. 10 (2002), no. 2,

307-339.

, Removability of point singularities of Willmore surfaces, Ann. Math. 160 (2004), no. 1,

315-357.

Tobias Lamm and Reiner Schétzle, Optimal rigidity estimates for nearly umbilical surfaces in
arbitrary codimension, Geom. Funct. Anal. 24 (2014), no. 6, 2029-2062.

Peter Li and Shing-Tung Yau, A new conformal invariant and its applications to the Willmore
conjecture and the first eigenvalue of compact surfaces, Invent. Math. 69 (1982), no. 2, 269-291.
Uwe Mayer and Gieri Simonett, Self-intersections for Willmore flow, Evolution Equations: Ap-
plications to Physics, Industry, Life Sciences and Economics, Progress in Nonlinear Differential
Equations and Their Applications, vol. 55, Birkhauser, 2003, pp. 341-348.

Stefan Miiller and Vladimir Sverdk, On surfaces of finite total curvature, J. Differ. Geom. 42
(1995), no. 2, 229-258.

Tristan Riviere, Analysis aspects of Willmore surfaces, Invent. Math. 174 (2008), no. 1, 1-45.
Matthias Roger and Reiner Schéatzle, Control of the isoperimetric deficit by the Willmore deficit,
Analysis 32 (2012), 1-7.

Leon Simon, Lectures on geometric measure theory, Proceedings of the center for mathematical

analysis, Australian National University, 1983.

, Existence of surfaces minimizing the Willmore functional, Commun. Anal. Geom. 1
(1993), no. 2, 281-326.

Gieri Simonett, The Willmore flow near spheres, Differ. Integr. Equ. 14 (2001), no. 8, 1005-1014.
Thomas Willmore, A note on embedded surfaces, An. Sti. Univ. " Al. 1. Cuza” Iasi Sect. I a Mat.
(N.S.) 11B (1965), 493-496.

ALBERT-LUDWIGS-UNIVERSITAT, MATHEMATISCHES INSTITUT, ABTEILUNG REINE MATHEMATIK,

ERNST-ZERMELO-STR. 1, 79104 FREIBURG, GERMANY

E-mail address: ernst.kuwert@math.uni-freiburg.de; julian.scheuer@math.uni-freiburg.de



	1. introduction
	2. Known estimates
	3. Proof of Theorem 1.2
	4. Applications
	Funding
	References

