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Yang-Baxter endomorphisms

Roberto Conti and Gandalf Lechner

ABSTRACT

Every unitary solution of the Yang-Baxter equation (R-matrix) in dimension d can be viewed
as a unitary element of the Cuntz algebra O4 and as such defines an endomorphism of O,.
These Yang-Baxter endomorphisms restrict and extend to several other C*- and von Neumann
algebras, and furthermore define a I1; factor associated with an extremal character of the infinite
braid group. This paper is devoted to a detailed study of such Yang—Baxter endomorphisms.
We discuss the relative commutants of the subfactors induced by Yang—Baxter endomor-
phisms, a new perspective on algebraic operations on R-matrices such as tensor products and
cabling powers, the characters of the infinite braid group defined by R-matrices, and ergodicity
properties. This also yields new concrete information on partial traces and spectra of R-matrices.

1. Introduction

This article is motivated by two circles of questions, one pertaining to the Yang—Baxter equation
(YBE) and one to endomorphisms of the Cuntz algebras and related operator algebras, which
are brought into contact by so-called Yang—Baxter endomorphisms. As the name suggests, these
are endomorphisms of various C*- and von Neumann algebras, as explained below, defined by
unitary solutions of the YBE.

To introduce the subject, recall that the YBE is a cubic equation for an endomorphism
R € End(V ® V) of the tensor square of a vector space V', namely

(R®idy)(idy ®R)(R®idy) = (idy ®@R)(R ® idy)(idy ®R). (1.1)

This equation and its solutions play a prominent role in many different areas of physics and
mathematics. It has its origins in statistical mechanics and quantum mechanics [4, 65], but is
long since known to also be closely connected to braid group representations and knot theory
[41, 61], von Neumann algebras and subfactors [40], and braided categories [24, 29, 49, 60].
Representations of quantum groups [21, 39] are a rich source of solutions for the YBE.

In many of these fields, one is mostly interested in the case that V is a finite-dimensional
Hilbert space and R is a unitary solution of (1.1). Also in the present article, we will only
be concerned with such R-matrices, henceforth always assumed to be unitary, and refer to
d := dimV as the dimension of R. The set of all R-matrices of dimension d is denoted by R(d).

Unitary R-matrices are of great interest in several applications to quantum physics. For
example, in topological quantum computation, they may serve as quantum gates [6, 43, 56],
and in the context of integrable quantum field theories on two-dimensional Minkowski space,
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unitary solutions of a more involved YBE involving a spectral parameter play the role of two-
particle collision operators [1]. Unitary solutions of (1.1), without spectral parameter, then
describe the structure of short-distance scaling limits of such theories [46].

Furthermore, as will be explained further below, R-matrices give rise to certain endomor-
phisms of von Neumann algebras that share many structural properties with endomorphisms
appearing in quantum field theories [19] with braid group statistics [26, 27, 49].

Despite this widespread interest in the YBE, only relatively little is known about its solutions,
and in particular about its unitary solutions, which are very difficult to find in general. In
dimension d = 2, all solutions are known [35] but already for d = 3, this is no longer the case.
For special classes of solutions, see, for example, [7, 31].

The only general class of R-matrices that seems to be under good control are the involutive
R-matrices (that is, R? = 1) which have recently been completely classified by one of us [45] up
to an equivalence relation originating from algebraic quantum field theory [3]. This classification
relied crucially on the fact that involutive R-matrices define extremal characters of the infinite
symmetric group, a classification of which is known [59].

This situation provides one of our motivations for the present article: To develop tools
that help to understand the set of R-matrices in the vastly more general non-involutive
case. Although often times the braid group representations associated with an R-matrix are
emphasized, these are by no means the only interesting structure attached to an R-matrix, and
in this article, our focus is on certain endomorphisms and subfactors defined by R.

In order to introduce these endomorphisms, we recall some facts about the Cuntz algebras,
see Section 2 for precise definitions and details. The Cuntz algebras Oy [16] are a family of
C*-algebras that play a prominent role in various fields — for example, in superselection
theory and duality for compact groups [20], wavelets [5], and twisted cyclic cocycles in non-
commutative geometry [8], to name just a very few samples from different areas.

There are two fundamental features of O, that underlie the main concept of this article:
First, its unitary elements u € U(Oy) are in bijection with its (unital, *-) endomorphisms
Ay € End(Oy) [17]. As Oy is a simple C*-algebra, these are automatically injective. Second,
the Cuntz algebra Q4 can be thought of as being generated by a d-dimensional Hilbert space V,
namely it contains all linear maps V" — V™ n m € Ny. In particular, there is a uniformly
hyperfinite (UHF) subalgebra JF, isomorphic to the infinite C*-tensor product of End V.

In view of these facts, we may view an R-matrix R, which is in particular a unitary
element of End(V ® V), as a unitary in Og (with d = dim V') and consider the corresponding
endomorphism Ar € End Q4. They will be called Yang—Baxter endomorphisms, and their
analysis is the main subject of this paper.

The Cuntz algebra Oy can be completed in a natural way to a type III; /4 factor M, and its
subalgebra Fy completes to a type II; factor ' C M. Any endomorphism of the form A, with
u € U(Fy) leaves the subalgebra F; C Oy invariant, extends to endomorphisms of their weak
closures M and A (all denoted A,), and thus provides us with the subfactors

(M) C M, A WN)CN. (1.2)

These and related subfactors have been studied by several researchers, often times with the
aim of determining their (Jones and related) indices [2, 13, 38].

Endomorphisms of Cuntz algebras have a very rich structure with many different facets [14,
15], and Yang—Baxter endomorphisms (that is, u = R € R(d)) and their subfactors have further
more special properties. For instance, as an additional structure present in the Yang—Baxter
case, there is a von Neumann algebra £z C N generated by the braid group representation
associated with R, and Ap restricts to the canonical endomorphism ¢ on Lr. We will show
that Lg is a factor, so that any R-matrix R provides us with yet another subfactor

(p(ﬁR) C ER. (13)
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We are thus in a situation where to any R-matrix we may associate various operator-algebraic
structures, derived from their endomorphisms. On the one hand, these data provide interesting
invariants of R-matrices (such as Jones indices, commuting squares, fixed point algebras,
etc.) that go beyond the trivial spectral and dimension data of the R-matrix itself. On the
other hand, the analysis of Yang—Baxter endomorphisms contributes to the understanding of
endomorphisms of Oy in general, which is an area in full swing on its own.

We now give an overview of the content of the paper and the main results.

Section 2 introduces R-matrices, Cuntz algebras, and the associated von Neumann algebras
Lr C N C M in detail. We recall in particular that if one takes R to be one of the most basic R-
matrices, namely the tensor flip F', one obtains the canonical endomorphism ¢ = Ap € End Oy,
acting as a shift on the UHF subalgebra. Drawing on the interplay of Ap and ¢, we give three
different characterizations of Yang—Baxter endomorphisms (Proposition 2.3), two of which are
due to Cuntz [18] and one of us [12], respectively. A notable feature is that a Yang-Baxter
endomorphism is an automorphism if and only if R is a multiple of the identity (Corollary 2.4).

With the framework setup in this manner, we consider in Section 3 the three towers of
relative commutants of the subfactors (1.2) (for u = R € R(d)) and (1.3). We give explicit
characterizations of all three relative commutants. The characterizations of the relative
commutants of (1.2) rely strongly on results from [2, 13, 50], but the characterization of
the relative commutant Lg, := ¢"(Lr) N Lr (Proposition 3.4) is new: We characterize it

as an intersection of Lp with a matrix algebra, and as the fixed point algebra of ﬁ;\{’n(m,
reminiscent of work of Gohm and Késtler in non-commutative probability [30].
The section concludes with a structural result about Lg ,,: For any n € N, the diagrams

FlrcN P"N) C N
U u U u (1.4)
Lrn CLR ©"(Lr) C Lr

are commuting squares (Theorem 3.5), where FJ is the subalgebra of F; isomorphic to
End V®", This implies in particular that the left inverses of Ar and ¢ coincide on Lz, and is
later used as a basic tool for computing braid group characters and invariants for R.

Section 4 discusses three algebraic operations on the set of all R-matrices: A tensor product,
Wenzl’s cabling powers [63], and a kind of direct sum. We relate these operations on R-matrices
R to operations on the endomorphisms A\ . In particular, the tensor product of R-matrices turns
out to correspond to the tensor product of endomorphisms (on the level of the II; factor N)
and the cabling power R(™ turns out to correspond to the n-fold power A% (on N).

In Section 5, we introduce three equivalence relations on R-matrices R, S € R(d), each of
which formalizes that one of their subfactors in (1.2) or (1.3) are equivalent. The equivalence
relation relating to the Lg-subfactor (1.3), denoted by ~, is taken from [45] and shown to
exactly capture the braid group character defined by R. We compare with the classification of
involutive R-matrices in Section 5.1 and prove that equivalent R-matrices R ~ S have similar
partial traces. In this context, we also show that the left and right partial traces of an R-
matrix always coincide and are normal (Theorem 5.8), which provides direct information on
the R-matrices themselves.

Section 6: As a unital normal endomorphism of the type III factor M with finite-dimensional
relative commutant, a Yang-Baxter endomorphism can be decomposed into finitely many
irreducible endomorphisms of M, unique up to inner automorphisms (that is, as sectors in
quantum field theory language) [47, 48]. The main difficulty is that the decomposition of a
Yang-Baxter endomorphism does not respect the YBE, that is, its irreducible components
are no longer of Yang-Baxter form. Nonetheless, such a decomposition provides information
on the underlying R-matrix; for example, we find upper and lower bounds on the minimal
and Jones indices of the subfactors (1.2) in terms of spectral data of R and its partial trace
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(Corollary 6.2). Another corollary is that an R-matrix whose eigenvalues are concentrated in
a sufficiently small disk around 1 is necessarily the identity (Corollary 6.4). We also sketch a
reduction scheme of involutive R-matrices into irreducible components.

Section 7 is about fixed points of Yang—Baxter endomorphisms. Our first result in this
direction is that on the level of the type II factor N, the relative commutant £ NN
coincides with the fixed point algebra N*% (Proposition 7.1). Moreover, A is ergodic as
an endomorphism of M if and only if it is ergodic in restriction to N (Proposition 7.3).
This structure enables us to obtain a clear picture of ergodicity and fixed point algebras for
Yang—Baxter endomorphisms which is not known for general elements of End Oy or End M.
In particular, we give a complete characterization of ergodic Yang—Baxter endomorphisms in
Theorem 7.5 in terms of a condition that only involves the adjoint action of R on End V.

The article concludes in Section 8, devoted to an analysis of the family of all R-matrices of
dimension d = 2. Strengthening a theorem of Dye [22] (building on Hietarinta’s classical [36]),
we show that R(2) is the disjoint union of four families that could be called trivial R-matrices,
diagonal R-matrices, off-diagonal R-matrices, and a special case (see Theorem 8.1 for details).
We use our previous results to analyze the properties of the corresponding endomorphisms in
detail. In particular, we discuss the special case, an R-matrix that has appeared in various places
in the literature (see, for example, [11, 25, 54]), explain why it is also special from the point
of view of endomorphisms, and compute its (infinite dimensional) fixed-point algebra N*%.

2. R-matrices and Cuntz algebras

The algebraic structures investigated in this article are all derived from unitary solutions of
the YBE, which we will refer to as R-matrices.

DEFINITION 2.1. Let V be a finite dimensional Hilbert space. An R-matrix on V is a unitary
R:V®V —V ®V such that

(R®idy)(idy @R)(R®idy) = (idy ®R)(R ® idy)(idy ®R). (2.1)

The dimension of R is defined as dim R := dim V. The set of all R-matrices on Hilbert spaces
of dimension d € N is denoted by R(d), and the set of all R-matrices (of any dimension) is
denoted by R.

Many examples of R-matrices exist, but the general structure of R is not known. Very simple
R-matrices that can be produced in any dimension are multiples of the identity, R = ¢ - 1 (such
R-matrices will be called trivial), and multiples of the tensor flip, that is, R = ¢ - F', where
Flvw)=w®uv, v,w € V. Here, ¢ lies in T, the unit circle in the complex plane.

As is well known and will be recalled later, any R € R defines representations of the braid
groups. However, this is by no means the only interesting algebraic structure attached to an
R-matrix, and in this article, we emphasize certain endomorphisms and subfactors defined by
R. To introduce these, we have to recall some well-known facts about Cuntz algebras.

The Cuntz algebra Oy is the unital C*-algebra generated by d > 2 isometries Si,...,Sy
such that S;S; =4;;1 and Zle S;S¥ =1 [16]. Using standard notation for multi indices
p=(p1,...,pn), we set S, :=S8,, ---S,, and refer to |u| :=n as the length of p.

The subalgebra FJ :=span{S,S; : |u| =|v| =n} is naturally isomorphic to the n-fold
tensor power M f " of the full matrix algebra M, and we will suppress this isomorphism in
our notation. In particular, we may view R-matrices R € R(d) as elements of 7 C O,4. The
norm closure of the increasing family 7} C ]-'(?H C ... is a UHF algebra of type d*>° which we
denote by Fy.
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An important feature of Oy that we will rely on throughout is that its unitary elements
u € U(Oy) are in bijection with its (unital) endomorphisms A, € End O, [17]. On generators,
the endomorphism A, corresponding to uw € U(Oy4) is defined by A, (S;) :=uS; and every
endomorphism of Oy is of this form.

DEFINITION 2.2. A Yang—Baxter endomorphism of Qg4 is an endomorphism of the form Ag,
R e R(d).

An 1mportant example is the so-called canonical endomorphism ¢ := Ar given by the
flip F = Z” 1 SiS;57S%, which takes the explicit form ¢(z) = E?:l SixS), v € O4. This
endomorphism satisfies S;z = p(x)S; for all x € Oy and i = 1,...,d, and restricts to the one-
sided shift = — idj;, ®2z on the infinite tensor product UHF algebra Fy >~ My ® My ® ...,
which indicates its relevance for R-matrices in view of (2.1). In fact, the YBE takes the form
Ro(R)R = ¢(R)Rp(R) when R is viewed as an element of F7 C Og.

Without further mentioning, we will often use two basic consequences of the definition of A,
(for general unitary u € U(Oy)) and p: The composition law

AuAy = )\)\, (vyu, U,V E Z/[(Od), (22)

and an explicit formula for the action of A, on FJ: Given arbitrary unitary u € U(O4) and an
integer n > 1, we define two elements of F ’f“

= up(u) - " (W), = G ) = (u)” (2)
and see that
Ao(z) = (adwy,)(z) forz € Fy, n>k, (2.4)
Au(z) = lim (aduy)(z) for x € Fy. (2.5)
n—oo

The latter limit exists in the norm topology of Oy [18], and we note that for u € Fy, the
endomorphism ), leaves F; invariant, \,(F4) C Fq.

Yang-Baxter endomorphisms can be characterized as follows. The easy proof of (i) < (iv)
is omitted.

PROPOSITION 2.3. Let R € U(F3). The following conditions are equivalent:

(i) R G R(d), namely Rp(R)R = o(R)Rp(R),

(i) Ar(R) = ¢(R) [18],
(iii) R commutes with every element x € \%(0y) [12], and
(iv) A R =X, (R)R-

It is a natural question to ask whether Yang—Baxter endomorphisms can be automorphisms,
that is, surjective. While it is well known that for u € F}, the associated endomorphism A,
is an automorphism (called quasi-free [23]), with inverse A\, ! = A+, the problem to recognize
which endomorphisms A, are automorphisms is delicate in general [15]. For Yang-Baxter
endomorphisms, the answer is, however, a straightforward consequence of Proposition 2.3(iii)
[12] because the Cuntz algebra has trivial centre.

COROLLARY 2.4. For R € R, Ar is an automorphism if and only if R € C is trivial.
With the help of the canonical endomorphism ¢, we may also conveniently intro-

duce the previously mentioned braid group representations associated with R € R(d). Let
B, = (b1,...,b,—1) denote the braid group on n strands with its standard Artin generators b;,
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and let B, denote the infinite braid group, namely the inductive limit of the family B, C
B,y1 C ... Given R € R(d), the multiplicative extension of

pr(b) =" N(R) € Fyt' C Fa, keEN, (2.6)

is a group homomorphism pg : Boo — U(Fy). We will frequently consider the C*-algebra
generated by pg, namely

Bgr:=C*{¢"(R) : n € Ng} C Fy, (2.7)
and the closely related C*-algebras
Ap = {2z € 04 : Ag(z) = ()}, AW :=ArnFy (2.8)

LEMMA 2.5. Let R € R(d) and Ag its corresponding Yang—Baxter endomorphism.
(i) Br c AV, that is,

Ar(z) = ¢(x), =€ Bg. (2.9)
(i) Ag restricts to an endomorphism of F4, Ag, «4((10), and Bg.
(iii) For any n € N, one has

A=A r= )\pR(bn"'b1)7 n € N. (2.10)

Proof. We first prove that Agr restricts to Ag, and to this end, recall that for general
u € U(Oy), one has A\, o ¢ = adu o @ o \,. This implies that if x € Oy satisfies Ag(x) = p(x),
then

Ar(Ar(z)) = Ar(p(2)) = Rp(Ar(2))R" = Re(p(2)) R" = ¢(p(2)) = ¢(Ar(2)), (2.11)

where the next to last step follows from the general fact that F)} commutes with ¢"(Oy).
This argument yields Ar(Agr) C Ar. As R € F,4, we also have Ar(Fy) C Fy and therefore
AR(AQ)) C Aﬁg) as well.
Regarding Bp, the argument (2.11) can be used to prove A%L(R) = ¢™(R) by induction in
n € N, the case n = 1 being settled by Proposition 2.3(ii). This implies, n € Ny,

Ar("(R) = AETH(R) = ¢"TH(R) = w(¢" (R)).
As Bp is generated by ¢"(R), n € Ny, we have shown both (i) and (ii).
For (iii), we note that ,R = ¢" " 1(R)--- R = pg(by,---b1) by definition of ,R and pr, and
carry out another induction in n to show A% = A, @, ...5,)- In fact, At = ARApp(by-by) =
Ar(en=1(R)R)R = Apn(R)-R = Apr(bpi1-br)-

Any R-matrix defines several C*-algebra inclusions, namely Ar(O4) C O4, Ar(Fa) C Fa,
Ar(Br) = ¢(Br) C Bg, etc. We now recall further structure that will allow us to promote
these inclusions to subfactors of von Neumann algebras.

Trivial R-matrices R = d~%1, t € R, define a %—periodic one-parameter group of automor-
phisms oy := Ag-itq of Oy, and we define the spectral subspaces

O ={ze0,: oi(x) =d "z}, nel (2.12)

Sometimes, it will be more convenient to work with a rescaled version of o, namely the (27)-

periodic gauge action o := 0_;/ 1554 = Acit. One has Oc(lo) = Fq,and E° : Oy — Fy, E°(2) :=
% 027r oy (z)dt is a conditional expectation onto the UHF subalgebra.

Viewing F, as an infinite tensor product, we have the canonical normal normalized trace
state 7 : F; — C, and define w := 7 0 E°. This is a KMS state on O with modular group o;

and we denote the von Neumann algebras generated by its GNS representation (m,,, He,, )

M :=7,(04)", N :i=m,(Fa)" C M. (2.13)
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It is well known that M is a III; /4-factor and N is a II;-factor. We will use the same symbols
w, 7, and B : M — N [33] for the extensions of these maps to the weak closures M and .
For our purposes, it is important to note that for any u € F; (and in particular, for any
R-matrix), the corresponding endomorphism A, extends to a normal endomorphism of M
leaving w invariant [50]. Also here, we will use the same symbol for the extension.
To complete the picture, we also introduce the von Neumann algebra Lp generated by the
C*-algebra B corresponding to some R-matrix R € R, that is,

Lgr:= WN(BR)N cCNcM. (2.14)

As an immediate consequence of (2.9), we observe Ar|z, = ¢|zy-

Further structural elements relevant for our analysis are conditional expectations and left
inverses. As Ag commutes with o;, Takesaki’s theorem provides us with a unique w-preserving
conditional expectation Er : M — Ar(M), which is faithful and normal and has the form

ER = Ap o ég (2.15)

with ¢r the corresponding w-preserving left inverse of Ag. Recall that ¢p: M — M is a
completely positive normal linear map that satisfies

PrR(AR(T)YAR(2)) = 2dr(Y)z, z,y,2 € M. (2.16)
These properties of ¢ and the limit formula (2.5) imply
or(z) = W—_l)imRn*a:Rn, reN. (2.17)

As R, € Lr C N, this yields in particular
orN) =N, ¢r(LR) = Lk (2.18)
The left inverse ¢ is usually difficult to evaluate explicitly. However, in the case of the flip

R =F, one finds ¢p(z) = 52221 SixSk, * € M, which restricts to the normalized partial
trace on the first tensor factor on N = My ® My ® ..., namely

dr(a1 ®az®asz...)=7(a1) a2 ®az ..., a; € My. (2.19)

We summarize these structures in terms of commuting squares of von Neumann algebras
[32].

PROPOSITION 2.6. Let R € R(d) and consider the diagram

Ar(M) C M
U U

ARWN) € N (2.20)
U U

©(LRr) C Lrg.

(i) All von Neumann algebras in the diagram are hyperfinite factors.
(ii) Both squares in the diagram are commuting squares.

Proof. (i) All we need to show is that Lp is a factor. So let € Lz N L. Then = commutes
with R,, € L for all n € N, and we have Ag(z) = lim, (ad R,,)(x) = z. But since Ag restricts
to ¢ on Lg, we get p(x) = Ar(z) = x. The canonical endomorphism ¢ is well known to have
only trivial fixed points, hence x € C1.

(ii) By Takesaki’s theorem, the conditional expectation Er : M — Ar(M) commutes with
the modular group. This implies that Fr(N) C N NAr(M) = Ag(N), that is, the upper
square in the diagram is a commuting square.
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Recall that for z € N, we have ¢r(z) = w-lim,(ad R,,*)(z). As R,, € L, this directly gives
invariance of Lp under ¢r, and therefore Er(Lr) C Ar(Lr) = ¢(Lr). This shows that the
lower square in (2.20) is a commuting square. (I

REMARK 2.7. As just demonstrated, any R-matrix provides us with (at least) three
subfactors. Let us point out that the M- and A -subfactors contain only partial information
about R. For example, let R = F be the flip, u € U(F}) non-trivial, and « := A, € Aut M.
Then Aga = Ag with S = p(u)F. Diagonalizing u, it is easy to see that S is a diagonal
R-matrix (cf. Def. 2.8(ii)). Moreover, Ap and « commute, and therefore A% (M) = A(M),
ANE(N) = A%(N) for all n € N. But despite R and S defining identical M- and N-subfactors,
they are different from each other as R-matrices, for instance, R?> = 1 and S? # 1.

On the other hand, the subfactors generated by the braid group representations, o(Lr) C Lgr
and ¢(Ls) C Lg, differ in this example. For instance, we will see later that the first one is
irreducible but the second one is not.

It is a natural question to ask what the indices of the subfactors in (2.20) are. Adopting
standard notation, we will write Indg, (Ar) for the index of Ag(M) C M taken with respect
to the w-invariant conditional expectation, Ind(Ag) for the minimal index of Agr(M) C M [34,
44, 47], and [N : Ag(N)], [Lr : ¢(LR)] for the Jones indices [40] of the type II; subfactors
Ar(N) C N, o(LR) C Lg, respectively.

Independently of the YBE, it is known that Ind g, (Ar) = [N : Ag(N)] < d? [13, 47], and the
preceding commuting squares result implies [Lg : o(Lr)] < [N : Ag(N)] by a Pimsner—Popa
inequality [53]. We thus have

[Lr:@(Lr)] < [./\/ : )\R(N)] = IndER(M) < d? < 0. (2.21)

New results on indices will be presented in Section 6.
We close this section by presenting a large family of simple R-matrices.

DEFINITION 2.8. (i) Let {p;}Y, be a partition of unity in F3, that is, the p; are orthogonal
projections in F such that p;p; = &;;p; and Zfil pi =1 Lete¢; €T, i,je{l,...,N}. Then

N N
R:=) cupippi) + Y, cijpio(p)F (2.22)
=1 e
is an R-matrix. Such R-matrices will be referred to as simple.
(ii) If R € R(d) is a simple R-matrix with only one-dimensional projections, that is,
7(p;) = 1/d for all i, then there exists a unitary u € U(F,) such that p; = uS;S;u*, and

d
R=\,(DF), D= ¢;;S85;S;S;. (2.23)

4,J=1

Such R-matrices will be referred to as diagonal.

The straightforward verification of the claims made in this definition is omitted.

We will frequently use simple R-matrices as examples. Note that trivial R-matrices are simple
and the flip is diagonal (choose N = d, p; = 5,57, ¢;; = 1 for all 4, j). The term ‘simple’ should
not be understood in a mathematical sense — in fact, all non-trivial simple R-matrices define
reducible endomorphisms and can be decomposed into smaller R-matrices, as we shall explain
later. There exist (more interesting) R-matrices that are not simple.
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3. Towers of algebras associated with R-matrices

Having established the basic subfactors associated with R-matrices, we now turn to their
analysis, in particular of their relative commutants. As the basis of our following arguments,
we recall some known facts about relative commutants of localized endomorphisms (that is,
endomorphisms of the form \,, u € F4) of Cuntz algebras.

For any two endomorphisms A, u of M, we write

M) ={T eM: TXx)=ulx)T Ve M}

for the space of intertwiners from A to p. In particular, (A, ) = A\(M)' N M is the relative
commutant of A(M) C M.
For an arbitrary unitary u € U(Q,), one has [50, Proposition 2.5]

M o) = {z €M @ @(z) = uzu} = M%), (3.1)
If, more specifically, u € U(F]) for some n € N, one furthermore has [13, Proposition 4.2]
n—2
k=—n+2
nfl, n—1+k k 2 0
G d)® ¢ § @) . (3.3)
(" 1R ") k<0
From this we see in particular
Aus M) @ = Au(M) NN C (9" ") = Fy (3.4)
(A Au) C Fy, uweU(FY), (3.5)

and note that (3.5) occurs in particular for R-matrices u = R € U(F3).
Having recalled these facts, we now turn to study the subfactors given by Ar and introduce
their relative commutants, n € Ny,

Mp .y = )\%(M)/ nM, NR,n = )\}%(N), NN, Lpp = cp"(ﬁR)' NLER.

Thus, Mg, = (A%, A}%), but we prefer the notation Mg, in order to distinguish the three
different levels of relative commutants Mg ,,, Ng n, and Lg .
We clearly have three ascending towers of algebras:
C=MproCMp1C---CMpn CMpgrpt1 C--CM,
C=Ngo CNr1 C--CNgrn CNpny1 C--CN, (3.6)
C= ER,O - £R71 Cc---C ER,n - LR,n-&-l C---C Lpg.

In the following, we will derive various relations/inclusions between these algebras, and
realize them as fixed point algebras for certain endomorphisms. In particular, it is not clear
from the outset if there are inclusions one way or the other between Mg .., Ng ., and Lg .

We begin with the relative commutants at the highest level, that is, the Mg ;.

PROPOSITION 3.1. Let R € R(d) and n € N. Then

n—1
MR,n _ Mad nRop _ @ (M(k))adﬂRo‘P7 (37)
k=—n+1
M), = Xa(M) ON = (F3)™ ¢ = {w € Fj + p(w) = e (2)}, (3.8)

and in particular for n =1,

Mpa = M) = {z € Fj : ¢(x) = R"zR}. (3.9)
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Proof. Recall that A}, = A g (2.10) and ,R = ¢" Y (R)---p(R)R € F;*'. Then the two
equalities in the first line immediately follow from (3.1) and (3.2).

In the second line, the first equality is the definition of Mg}n and the second equality follows
by combining (3.1) with (3.4) and ,R € F . To get the last equality, note that for x € F7,

Ar+(x) = ad(R"),(z) = ad(,R)" (z),

and therefore, x € (F7)2dnE°% is equivalent to € F} with ¢(z) = ad(,R)*(z) = A« (z). The
special case n = 1 now follows from the previous statements. ([l

As an example, we consider the structure of Mp ; for a class of simple R-matrices. Namely, if
R is a simple R-matrix (Definition 2.8(i)) with projections p1,...,py € F, and parameters c;;,
i,j € {1,...,N}, such that ¢;; =1 for ¢ # j, then one finds by a straightforward but tedious
calculation that

Mpr1=2Cao ... CHM,, (3.10)
—_———
N—m terms
where m=|{ie{1,...,N} : 7(p;) =1/d, ¢;; = 1}|. In particular, these R-matrices are
reducible in the sense that Mp; # C unless R € C (N = 1).

The relative commutants N, r,n of the type II; factors have been characterized before. Trans-
ferred to our setting, the following result can be extracted from [2] and [14, Proposition 2.3].

PROPOSITION 3.2. Let R € R(d) and n € N. Then
Nin = ((ad,Ro @) (F}) (3.11)
k>0

is the largest subalgebra of F} that is globally stable under ad, R o ¢. In particular,
Mg) CNR’n, n €N, MRJ C./\/RJ CJ:;. (3.12)

n

REMARK 3.3. Let us give an example showing that in general, Mp 1 # Ng 1. For later use,
we actually give two similar examples, both based on the flip ' and a unitary u € F}, namely

R:=uF, S§:=uFu" =up(u)F.

Both R and S are R-matrices, as can be checked by direct verification of the YBE, or by
realizing that they are diagonal (Definition 2.8). For = € F, we have

(ad Rop)(z) = RFxFR* = uzu”,
(ad S o p)(x) = SFxFS* = up(u”)zp(w)u™ = uru®.

Thus, ]-'(} is globally invariant under ad R o ¢ and ad S o ¢, and therefore NRJ = /\/'5,1 = ]-'[}.
But for u ¢ C, the above formula shows that not every z € F} is a fixed point of ad Ro ¢ or
ad S o ¢, that is, Mp1 = Mg is a proper subalgebra of F,.

We now move on to the relative commutants Lp , on the level of the von Neumann algebra
L generated by the B.,-representation pgr. In this representation, R represents the first
generator by € B; in particular, Lr = Lp~.

The following result contains a fixed point characterization Lp , = E}\{’n(m which is similar
to the work of Gohm and Késtler [30], where analogues of A,n(p) are called ‘partial shifts.’
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PROPOSITION 3.4. Let R € R(d) and n € Ng. Then

(i) Lpn=F}NLr= L’;“MR) = Mp,NLp, and all these algebras are invariant under
exchanging R and R*.
(11) C*(pR(Bn)) C ‘CR,n: n = 1.

Proof. (i) We will demonstrate the inclusions

Lanl 0@ MuenLn & Fr oL & L
Note the appearance of R* instead of R in the third algebra. Nonetheless, this chain of inclusions
implies the claimed equalities because we have L = Lp+ and may thus run through the chain
of inclusions once more with R and R* interchanged, realizing that all algebras are invariant
under replacing R with R*.
To begin with, we note that A,n(g)(z), x € N, can be written as

Apr(ry(@) = lim @™ (R) - " T (R)ap" H(R) -+ " (R”)

=" H(R") - R Ap(2)R-- 0" (R) = o (R)Ar(2)n(R")".
The first line shows that any x € ¢"(Lg)" is fixed by A n(g), that is, we have inclusion (i).
Any x € Lp satisfies Ag(x) = ¢(x), and thus, the above calculation yields
£2*"7L(R) C{zeLlr:z=(ad,(R")op)(x)} = Mg+, NLg,
where we have used Proposition 3.1. This shows the inclusion (ii).
As Lr C N, we also have Mg+, N L = Mgg*) » N Lr C F} N LRk by Proposition 3.1, showing

inclusion (iii). Inclusion (iv) is evident because F7 and ¢"(Lg) commute in N
(ii) By definition of pg, we have C*(pr(B,)) C Fy NLr = Lin. O

We have seen that the relative commutants satisfy

Lpn C M%’fn CNgn CF}, neN. (3.13)
We furthermore note that A and ¢r act on these three towers according to
Ar(Mprn) C Mrug1, ArRWrn) CNent1:, Ar(Lrn) C LrRnt1, (3.14)
OrR(MRnt+1) =Mrn, O0rWNRnt1) =Nrn, Or(LrRn+1) = LR, (3.15)
and that R fits into these algebras via
ReLraC Mﬁgfg C Mp2NNgp2, (3.16)
¢R(R) c ,CRJ C MR,l C NR,1~ (3.17)

This also implies that the inclusion C*(pr(By)) C Lr,, in Proposition 3.4(ii) is proper in
general. For example, for n = 1, the group B, is trivial, that is, C*(pr(B1)) = C, but Lp
contains ¢r(R) which is non-trivial in general.

Our main results concerning the relative positions of ¢"(Lg) and Lg,, in N are stated in the
following theorem. The 7-preserving conditional expectation N — F} will be denoted by E,,.

THEOREM 3.5. Let R € R and n € N. Then the squares

Fr < N e"N) Cc N
U U U U (3.18)
Lrn C Lr ©"(Lr) C Lg

commute, that is, E,(Lr) = Lr,n, and ¢r(x) = ¢p(z), x € L.
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The proof splits naturally into two parts, one for each diagram. The proof for the left diagram
is given below. The proof for the right diagram requires more work and is best done after more
structure has been introduced. It is therefore postponed to Section 5 (p. 21).

Proof (first half). Let Hg, denote the T-preserving conditional expectation of N ¢" (0 C
N. As L CN is invariant under \,»z) by Proposition 3.4, the map Hpg,, restricts to the
T-preserving conditional expectation from Lz onto L ¢" (7)) = Lrn=FyNLR.

Given z € L, we want to show that Hg,(x) coincides with E, (z). Indeed, both Hp ,(z)
and E,(z) lie in F, so we only have to show 7(yHg ,(z)) = 7(yE,(z)) for all y € F. But

7 is clearly contained in the fixed point algebra N em) Thus, for ¢ € Lg, y € Fy,

T(YHrn (1)) = T(Hrn(yz)) = 7(yx) = 7(En(yz)) = 7(yEn(2)).
This shows E,(z) = Hgn(z) € Lg,,, which is equivalent to the left square commuting. O

So far, we have concentrated on the ‘horizontal inclusions’ in (3.6). The ‘vertical inclusions’
Lr CN, Lr C M, are closely connected to fixed points of A and will be discussed in Section 7.

4. Algebraic operations on R

Although the structure of the set R(d) of all R-matrices of dimension d is not known, a number
of symmetries of R(d) are known. For example, R+— R*, R—c¢-R,c€ T, R~ (u®u)R(u ®
u)*, u € U(F}), and R+~ FRF with the flip F' € R(d), are bijections of R(d).

However, it is often more interesting to consider algebraic operations that exist only on
R =J,R(d) and do not preserve the spaces R(d) of R-matrices of fixed dimension d. In this
section, we will discuss three such structures: A tensor product RX S (with dim(RKX S) =
dim R - dim S), Wenzl’s cabling powers R (with dim(R(™)) = (dim R)"), and a sum operation
RHS (with dim(RH S) = dim R + dim S).

On the level of R-matrices, all these operations are known. What is new in our approach is
that we relate them to natural operations on the corresponding Yang—Baxter endomorphisms.

In the following, the dimension d will be explicitly indicated in our notation, that is, we
write Ny for the infinite tensor product of matrix algebras My, and 74, ¢4 for its canonical
trace and shift, F,; € U(F7) for the flip in dimension d, etc.

4.1. Tensor products of R-matrices

Let R € R(d) C End(C? ® C?), ReR(d) C End((CJ ® (CJ) be R-matrices. The tensor product
of R, R is defined as

RR R := Fy3(R® R)Fy3 € End((C? @ C%) & (C¢ © C4)), (4.1)

where Fh3 1 C{@Cl®C!eC? - C!@C?®C?® CY is the flip unitary exchanging the two
middle factors. Evidently R X R is a unitary R-matrix of dimension dd, that is, RK R € R(dcf).
We will refer to R X R as the tensor product of R and R (although it slightly differs from the
actual tensor product R ® R). It is also clear that (RX R)* = R* X R*, and that if both R
and R are involutive, then so is R X R.

From the point of view of the Cuntz algebras, we may consider R € F7, S € FZ, and RX Re
]-'3 7 The following discussion will give us a precise relation between the associated subfactors.

Let 04 and O; be Cuntz algebras with canonical generators S;, 1 <7 <d and S’j, 1<

Jj < d, respectively. Namely, all the S; and Sj are isometries such that Zle S8 =1,

fThe maps R~ (u ® u)R(u ® u)* and R+ FRF will be discussed in more detail in Section 5.
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2521 Sjs;‘zl, and Oy = C*(5y,...,54), OCZ:C*(SH,...,SJ). The tensor product C*-

algebra Oy ® O; is generated by the elements S; ® 1 and 1® gj, 1<i<d, 1<j<dl In
general, Oy ® Oy is not a Cuntz algebral.
C0n51der also the Cuntz algebra O, ;, with canonical generating isometries U”7 <i<d, 1<

< d such that > UisU; = 1. Since, forevery 1 <i < dand 1 < j < <d,S; ® Sjisan 1somctry
in (’)d ® O; and, moreover, 2i;58i® S;(S;i®8;)* = (33, 8i8F) ® (225 SjS}‘) =1®1, there is
an injective *-homomorphism

Lad: Odd — 04 ® O[j (4.2)

such that ¢ ;(Us;) = S; ® S;.

In order to sunphfy the notation, in the sequel, we will often drop the symbol ¢, ; and identify
accordingly U;; with §; ® S’j. All in all, we have thus identified a copy of O,; inside Og ® Oy,
as the C*-subalgebra of the tensor product generated by the isometries S; ® Sj. Moreover, it is
not difficult to see that O,; = (04 ® O;)?, where 3 denotes the 2r-periodic ‘twisted’ R-action
Bti=al,® aszt = Aeit1, ® /\eﬂ'tld_[g, 52|, and there exists a faithful conditional expectation
04 ® O; = O,; obtained by averaging /3.

Under the identification of O,; with (Oq ® O;)”, there are coherent identifications of Fls
with F} ® .7-"5, n € N, such that

Ui1j1U112j2 ULanU ce U*

141

= (Si, ®8;,)(Si, ® 5j2> (85, @ 55,)(Su, @ 85,)" -+ (Siy, ® 55,)"(Siy @ 55;)°
= (83, Siy - 53,85 -+ 85,85) © (85,55, -+ 9,95, -+ 55,5%),

tn™, 72 ]1

and thus of F,; = (’)35”’ with Fy @ F; = 05" ® (935.
For the following lemma, the YBE is not needed.

LEMMA 4.1. (i) Let R € U(O4) and R € U(O;). Then A\g ® A, € End(Oy ® Oj) restricts to
an endomorphism of O ; if and only if R € F; and Re Fj.
(i) Let R € U(F3), R € U(F2). Then 1, j(RR R) = R® R, and
(ke ® A0, = A (4.3
Proof. (i) On generators, the endomorphism Ar ® A € End(O4 ® Q) acts according to
(Ar®A3)(S; ®S;) = (R® R)(S; ® S;) for all 4, j. Thus AR ® \j restricts to O,;, that is
(Ar®A3)(0,;) C O,;, precisely when R ® Re O, that is, precisely when o} (R) ® o (R) =
R ® R for all t € R. This latter condition is satisfied if and only if both R and R are elgenvectors
for ag and o, respectively, that is, R € (’)Eln), Re (’)én) for some n € Z. But this is easily seen

to be in conflict with the KMS condition for w if n # 0. Thus, R € (’)(0) =Fs. Re O(O) = Fy;
(ii) Note that the matrix elem?nts of RK R are (RX R) Ei;))(g{)) R“ﬁRZJl, where a, 8,7,0 €
{1,...,d} and 4,4, k,l € {1,...,d}. Thus,
RRR =Y RYRIULUsUZUL, =5 > R RSaS3555% © 5:5,87S; = R® R,

and the calculation in (i) shows (Ar ® A\z)|o,. = Agmp- O

tSince Oy is nuclear, there is no ambiguity on the choice of the cross-norm on the algebraic tensor product.

tHowever, it is well known that Q2 ® Qg ~ Oa, for all d > 2, although none of these isomorphisms has been
concretely exhibited.
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Let us look at two special cases, the identity 15 € O4 and the flip F; € O4. Then 1; K
1;=1,; and FyX F; = F,;. For the canonical 27-periodic actions of R, this implies that
Acitly @ Aty € Aut(Og ® O) restricts to Aeziey g on 0,4, and for the canonical shifts, this
implies that <pd ® @ restricts to ¢, ;. Indeed, for all i and 7,

0aa(Si © 85) =D (Sir ® 5;1)(Si ® 8,)(Si ® S;)*

il
]

i/ j/

Notice that the index of pga(Ny) C Ny is d?, so that in this example, we see immediately that
the index of the endomorphism associated to the tensor product F,; X F; is the product of the
indices of the endomorphisms given by F,; and Fj.

This is an instance of a general fact. Since F,; is identified with F; ® F;, the same holds on
the level of the weak closures, and

ArraWNVad) = AR @ Ag)(Na @ Ng) = Ar(Na) @ Az (Ny). (4.4)

From here we readily get the multiplicativity of the Jones index under the tensor product.

THEOREM 4.2. Let R € U(F3), R € U(F?). Then the Jones indices of the type II, subfactors
associated to R, ]:2, and R® R are related by

Vit Arsa Ny = Vgt Ar(V)] - NGt Ap(N)] (4.5)

Since this result applies in particular to R-matrices, we see that the subset of the positive
real line R of all Jones indices arising from unitary solutions of the YBE (in any dimension)
is closed under taking ordinary products.

The next result is about the relative commutants given by the tensor product.

PROPOSITION 4.3. Let R € R(d), R € R(d). Then
Mp1® Mé,l - MR&R,I - NR&R,I = NRJ ®NR,1~ (4.6)

Proof. On the one hand,
Mpi@Mp, ={ze€F) : () =pa(x)} @{y € F} : M. (v) = 05(v)}
C{T e Fj®F; : (Ar- @A )(T) = (pa @ ) (T)}
={T e ]'—;g : /\(RIZIR)*(T) = ¢44(T)} = Mprii-
On the other hand,

Mpxii1 € NRIXR,l ={T e ]:;d" T Agmp(@)] =0, x € Fup }
={TeFi@F; : [T,Ar@Ap)(2)] =0, v € Fa® Fz}
= (r(Fo) @ Aa(FD) N (Fi & Fy)
= (AW @ AzNY)') N(Fy ® Fp) = Nra @ N ;.-
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FIGURE 1. Illustration of 3Rz = p*(R)p(R)R - p*(R)p*(R)p(R) - *(R)p*(R)p*(R).
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4.2. Cabling powers of R-matrices

The second algebraic operations on R that we want to discuss are cabling powers [55, 63].
Given d,n € N, we define ‘cabling maps’ between type II;-factors, ¢, : Ny — Ng», such that
en (@M My) = @ Myn for all m >1, by linear and weakly continuous extension from
algebraic tensor products,

Cn <§xl> = <®x1> ® ( é x1> R...Q % x|, x; € My. (4.7)
i=1 i=1 i=n+1 i=(m—1)n+1
It follows that ¢,, is an isomorphism with the properties
cn(1) =1, Tgnoc, =74 Qanocy=cpo@h, co(Fi")=Fk, keN.
To define the nth cabling power of R € R(d), we also introduce
nBo = (R)n =uR 9" (nR)
=@"HR) R (R) - p(R) -+ ¢*" 2(R) - 9" N (R) = u(Rn).

Note that ,, R, is a unitary in ]-'3" which satisfies (, R;,)* = (R"),. For low n, we have 1R} = R
and 2Ry = p(R)R¢*(R)p(R). A graphical illustration of 3R3 is given in Figure 1.
Wenzl’s cabling powers of an R-matrix take in our setting the following form.

DEFINITION 4.4. Let R € R(d) and n € N. The nth cabling power of R is
R™ = ¢, (nR,) € U(F2.) (4.8)
R™ is an R-matrix in R(d"), and (R(™)* = (R*)(").

The proof that R € R(d"™) can be found in [63].
We now show that at least on the level of the type II factor N, cabling powers of R-matrices
correspond to ordinary powers of their corresponding Yang—Baxter endomorphisms.

PROPOSITION 4.5. Let R € R(d) and n € N. Then
(' Apmen) (@) = Nh(x), =€ Ny (4.9)
In particular,
Nan 2 Ao (Nan)] = [Nt Ar(Ng)]™. (4.10)
Proof. We calculate, k € N,
e (R)) = 6, (R @l (R™) = nRo - @l (nRa) - 0" (1 Ra)

=R ‘Pn_l(nR) " (nR) - Wzn_l(nR) Tt ‘Pn(k_l)(nR) o ‘Pnk_l(nR)~ = (nR)kn-
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Hence, for any = € Ny,

(c,jl)\Rm)cn)(x) = lim ad cgl((R(”))k)(x) = lim ad((n,R)nk)(x) = A, r(x) = Ni(x).

k—o0 k—o0 "

As all the subfactors /\’f{rl(/\/) C A% (N), k € Ny, are isomorphic, this implies (4.10). O

REMARK 4.6. Let R ¢ C be non-trivial, and recall that A% is reducible for n > 2 in the
sense that Mg, # C; namely R € Mp o C Ng 2. Thus, Proposition 4.5 immediately implies
that Ap) is reducible as an endomorphism of Nyn. This remains true on the level of the
II1; /gn-factor because ¢, (R) € Mg 1.

The identity and the flip reproduce themselves under taking cabling powers, that is,
1&") = 14» and chn) = F;n. For later reference, we note that this implies in particular

@ar = Apey € EndNgn,  ¢poy =cpodhoc, . (4.11)

4.3. Sums of R-matrices

The third operation on R that we want to discuss is additive on dimension. Given R € R(d),
R € R(d), we define RB R € End((C? @ C?) @ (C @ C%)) by [45]

RER:=R®R®F on (4.12)
Cach)eCac)=C'eCh s CleC)s(CeCh s C?eCh).

In other words, RE R acts as R on C? ® C¢, as R on C%® C%, and as the flip on the mixed
tensors involving factors from both, C¢ and C?.

If R, R are R-matrices, then so is RE R [45]. We also mention that we clearly have (R B
R)* = R*B R*, and F,; B Fj =F, ; The identity is, however, not preserved under this sum.
For example, we have 11 H1; = F5.

Given R € R(d), R € R(d), we get an endomorphism Apmp € End(Oy, 7). We currently have
no detailed picture of A 5. However, it is clear that A g is always reducible, as follows from
the following result.

PROPOSITION 4.7. Let R € R(d), R € R(d). Then
Mpa@®Mp, CMpmpi s (4.13)

in particular, Apgmp is always reducible. The inclusion (4.13) is proper in general. We also
have

Srmr(RBR) = 25 0r(R) @ 75 ¢5(R). (4.14)

il

Proof. Letx € Mg, C Fjand i € Mp, C .7-"(%, that is, R*zR = ¢g(z) and R*ZR = 0i(Z).
We may view }—;ﬂi as End(C? @ (C‘Z), and define p:=140, pr:=1—p=0&1 to be the
orthogonal projections onto the two summands. Then

(RFBR)(z@2)(RER) = (R*BR")(prp+ p-ip o, qp+p ) (RAR)
= ppa(p)R*zRppa(p) + po ()R ERpp;(p™)

+ pa(prp)pt + pi(ptap)p
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= ppa(pap) +preg(ptiph) + a(pzp)pt + @i(p-ipt)p

= @a(prp) + ¢ i(p Ept) = ¢4, 4z @ ).
This proves © ®© & € Mpgmp ;-

The second statement follows from Theorem 3.5: For each R-matrix R € R(d), we have
¢r(R) = ¢p(R) with F € R(d) the flip, that is, ¢r(R) coincides with the normalized left
partial trace of R. The claim then follows from the fact that the non-normalized partial trace
maps H sums to direct sums [45, Lemma 4.2(iv)]. O

REMARK 4.8. The sum operation B allows us to write down many examples of R-matrices
and is the concept behind the definition of simple R-matrices (Definition 2.8). Namely, we can
start from trivial R-matrices R = ¢- 14 € R(d), ¢ € T, and build non-trivial ones by summation,
that is,

R:clldlEB021d2EE~--EEchdN ER(d1+---+dN), cl,...,cy €T.

Note that we may describe such R-matrices equivalently as follows: There is a partition of unity
in ]-"é, that is, pairwise orthogonal projections p,...,py € Fj such that p; + -+ +py = 1.
To each projection p;, we have associated a phase factor ¢; € T. Then

N N
R=> c(pi®p)+F > (pi®p)), (4.15)
i=1 ig=1
i#i

which we realize to be a special form of simple R-matrix (Definition 2.8). The more general
form (2.22) is obtained by a slightly more general form of sum H, involving the parameters ¢;;,

i # 5.

5. Equivalences of R-matrices

In the last section, we related natural operations on R-matrices to operations on their
endomorphisms. Conversely, one can start from a natural operation/relation on endomorphisms
and relate it to structure on the level of the underlying R-matrices. The most obvious
operation, namely composition of endomorphisms, does, however, not preserve the YBE, that
is, the product of two Yang—Baxter endomorphisms is usually not Yang-Baxter. Instead,
we will consider equivalence relations given by conjugation with automorphisms, and define
corresponding equivalence relations on R(d).

DEFINITION 5.1. Let R,S € R(d).

(i) R,S are M-equivalent if and only if there exists an automorphism « € Aut M such
that Ap = @ o Agoa™!, and we write R & S in this case.

(i) R,S are N-equivalent if and only if there exists an automorphism 8 € Aut N such that
Arlxv = BoAs|ny 0B, and we write R ~ S in this case.

(iii) R, S are equivalent if and only if there exists an isomorphism vr g : Lr — Lg such that
Yr.s(R) = S and ¢(yr,s(x)) = vr.s(p(z)) for all x € Lg, and we write R ~ S in this case.

(iv) R, S have equivalent representations if and only if for each n € N, the representations

pg;?) and pgm of the braid group B, on n strands are unitarily equivalent.

It is clear that the subfactors Ag(M) C M, Ag(N) C N, and ¢(Lg) C Li are equivalent
to Ag(M) C M, As(N) CN, and ¢(Ls) C Lg) if RS, R~ S and R ~ S, respectively. It
is also clear that the relations &, ~, ~ are different from each other.
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The last equivalence relation (equivalence of representations) was originally introduced
in [3] and played a prominent role in the classification of involutive R-matrices [45]. It
essentially captures the character of an R-matrix, defined as the positive definite normalized
class function

TR : Boo = C, 7Tp:=7o0pg. (5.1)

Equivalence of representations turns out to be the same as equivalence (~):

PROPOSITION 5.2. Let R, S € R(d). The following are equivalent.

(i) R and S have equivalent representations.
(ii) R~ S.

(iii) R and S have the same character Tp = Ts.

Proof. (i) = (ii) If R and S have equivalent representations, there exist unitaries Y,, € U(F})
such that Y, " (R)Y,* = p*(S), k € {0,1,...,n — 2}. This implies that for any z € pr(CB),

Yr.s(x) == 711220 Y, xY)r (5.2)

exists, and the so-defined map 7grs is an isomorphism pr(CBs) — ps(CBs) with
Yr.s(¢*(R)) = ¢*(S), k € Ng. Obviously vr s preserves 7 and extends to an isomorphism
Lr — Lg (denoted by the same symbol).

It remains to show p(vr.s(x)) = vr.s(p(x)) for all z € L. Indeed,

T 5(p(2)) = 75 (M) = wlim oy s((ad Ry (2))

= w-lim(ad S,,)(Vr,s(x)) = As(Vr,s(z)) = (yr,s(x)).

n— oo

Hence R~ S.

(ii) = (iii) Let R~ S. From the definition of this equivalence relation, we have an
isomorphism vg s : Lr — Lg such that vg s © pr = pg, and the uniqueness of the trace implies
that vr s preserves 7. Hence, for any b € B,

75(b) = 7(ps(b)) = T(vr,5(pr(D))) = T(pr(b)) = TR(D).

(iii) = (i) Let R, S have coinciding characters 7r = 7g, and pick n € N, € CB,,. Then
7(pfi (@)l () = Tr(e"2) = Ts(a"w) = T(p§" ()" " (),

and the faithfulness of 7 yields ker pg) = ker pg"). So a: pg) (CB,) — p(sn) (CB,), pg) (x) —

pgn)(x)7 is an isomorphism of finite-dimensional C*-algebras. Furthermore, equality of

characters Tg = 7 implies Toa = 7 on pg)((CBn).

But a trace-preserving isomorphism of finite-dimensional C*-algebras represented on Hilbert
spaces of the same dimension is always implemented by a unitary between these Hilbert spaces,
that is, there exists a unitary Y,, € F7 such that Y,,pr(z)Y, ! = ps(z), x € CB,,. This shows
that R and S have equivalent representations. ([l

We mention as an aside that we may view 7 as a state on CB,, and that the von Neumann
algebra generated by the GNS construction of (CBy,, Tr) is naturally isomorphic to the factor
Lr. Thus, we see that 7 is an extremal (or indecomposable) character, that is, an extreme
point in the convex set of positive normalized class functions, generalizing a result from [45]
to non-involutive R-matrices.
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In general, the character equivalence relation ~ does not imply the ‘higher’ equivalences ~,
&, but sometimes vg s : Lp — Lg extends to appropriate automorphisms of ' or M. In the
following, we discuss three example scenarios that we will subsequently refer to as ‘type 1-3.

Type 1. Let R € R(d) and u € U(F}). Then S :=up(u)Rp(u)*u* = \,(R) € R(d) and
R~ S. One can choose the intertwiners as Y, :=wu,, and easily verifies that A, is an
automorphism satisfying A\g = A\, o Ag o A, 1. Since )\, leaves A invariant, we have R & S and
R ~ S in this case, with the isomorphisms «, 5,vr s from the various equivalence relations all
being given by (restrictions of) \,.

Type 2. Let R € R(d) and u € U(F}) such that A\, (R) = R (that is, R commutes with
up(u)). Then S := p(u)Rp(u)* € R(d) and R~ S. One can choose the intertwiners as
Y, = up(u?) - "' (u"). Hence in this case, v, s is given by

Ay = lim ad(ug(u?) "~ (u"), (5:3)

which trivially exists as an automorphism of | J,, F C N and extends to V. Clearly A,, restricts
to an isomorphism £r — Lg matching the representations pr and ps = A, o pr. For x € F},
we therefore have

Ay(Ar(2)) = Ay(RpxRy™) = Splhy(2)S," = As(Au(2)).

Hence, in this case, we also have R = S. Note that since p(u)Ro(u)* = u* Ru, so exchanging
u with ©* we also have the AV-equivalence R ~ uRu*, with isomorphism A,«.

We give an example to show that A, does in general not extend to M, that is, to an
M-equivalence R & S.

EXAMPLE 5.3. Let u € F} and R := uFu*. Since the flip F' commutes with up(u), we have
R ~ F, and now show R & F. In fact, if we had R & F, then the type III subfactors given by

R and F' would be equivalent, and in particular their relative commutants Mpr 1 and Mp;
would have the same dimension. Recalling Mp 1 = {x € F} : p(z) = R*zR} (3.9), we have

Mg, = Fj. But as shown in Remark 3.3, Mp1 = Mg, # F; if u g C. Hence R F.

Type 3. The third type of equivalence is given by an R-matrix R and its ‘flipped’ version
FRF, where F is the flip [45]. The corresponding intertwiners are best described in terms of
the so-called fundamental braids A,, € B, [28], defined recursively by

Ali=e, Agi=by, Apiri=br-bn- A (5.4)
The fundamental braids satisfy [42]
Anby = by B, ke {l,...,n—1). (5.5)
Moreover, A2 generates the center of B,,. In particular, A,bA 1 = A-bA,, for b € B,,.

LEMMA 5.4. Let R € R(d). Then FRF € R(d) and R ~ FRF, and the intertwiners can be
chosen as

Y, = PFRF(An)PF(An), n € N. (56)

Proof. We skip the straightforward proof of FRF € R(d).

The representative pr(A,,) € End((C?)®") of the fundamental braid given by the involutive
R-matrix F' acts by total inversion permutation of the n tensor factors. In view of the tensor
product structure of the representation pg,

pr(A) " H(R)pr(A,) =" Y (FRF), ke{l,...,n—1}. (5.7)
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Using (5.5), this implies
Youpr(be)Y, = prrr(An)pr(A0)¢" H(R)pr(An) prrr(An)
= prrr(An)prrE (bnok)prrr(An) "
= prrr(br).
As by,...,b,_1 generate B, this establishes the intertwiner property of Y,,. O

We add a lemma that concerns the isomorphism vr rrr : Lr = Lrrr, which extends to an
algebra closely related to the C*-algebra .Agg) introduced in (2.8).

LEMMA 5.5. Let R € R(d), n € N, and x € F} such that ¢(x) = Ag(x) (this is satisfied in
particular by any x € Lr,,). Then
Yz =Y,zY,, m>=n, (5.8)
where Y,, is the intertwiner (5.6). In particular, yg prr = lim,, adY,, extends to such elements
x, and yp prr(x) = YooY, for allx € L.
Proof. To prove this lemma, we first establish a recursion relation for the intertwiners Y,,,.
We claim
Y1 = Yo - pp(by b)) tpr(by - by), meEN. (5.9)
To show this, recall that we already know the identity
PF (Am)pR(b)pF(Anz,) - pFRF(Am bAm )’ b S Bm;

this was shown in the proof of Lemma 5.4. Thus, we may rewrite the intertwiners as

Yo, = pFRF(Am)pF(Am) = pF(Am)pR(Am)
We furthermore note that pr(A,,) € Lg,m, and therefore

ad pr(b1 -+ bm)[pr(Am)] = Ar(pr(Am)) = ¢(pr(Am))
= ad(pr (b1 bm))[(pr(AR))]-

Moreover, since F? =1, we have pr(A,,) = pr(A;,}). Together with the recursion relation
A1 = by by Ay, this gives

Vi1 = pr(A4 ) pr(Ami)

pr(AL)pE (b1 bi) T pr(br - b )pr(A)
pr(AL) (b1 bm) T o(pr(Am))pr(br - - bin)
pr(A ) pR(AR)pr(by - b)) pr(br - b))

Yoo - (b1 b)) pr(by - b)),

proving (5.9).

Now let x € F] such that ¢(z) = Ar(z). Then ad(pr(bi---bm))x] = Ar(z) = ¢(z) =
ad(pp(by - -by))[x] for any m >n, and therefore ad(Y,1)(z) = ad(Y,)(x). Clearly, this
implies ad Y, (z) = (ad¥,,)(z) for all m > n.

The isomorphism g prp is defined by the limit formula lim,, ad Y, on pr(CB ) and showed
that it uniquely extends to an isomorphism Lp — Lg. Thus, as lim,,(adY;,)(x) exists and
equals Y,,2Y,* for z € F as in the statement of the lemma, we find v rrr(z) = Y,2Y, as
claimed. [l
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Let us emphasize that in general, it is not known whether the ~ equivalence class of an R-
matrix is exhausted by the three cases listed above. Furthermore, in general, the equivalences
Ra S or R~ S donot imply R ~ S (for example, R ~ —R for all R, but usually R % —R.)

Making use of the type 3 intertwiners, we can now also give the postponed second part of
the proof of Theorem 3.5.

Proof of Theorem 3.5 (second half). Let R € R and S := FRF. We want to show that Lp
is invariant under ¢ . As a preparation, we first show, n € N,

ad pF(An)(»CR,n) = £S,n~ (510)

In fact, we know from Lemma 5.5 that the intertwiner isomorphism vz g coincides with ad Y,
on Lg.n, with the intertwiners Y, = ps(A,)pr(Ay,) (5.6). Thus,

adpF(An)(‘CR,n) = ad pS(An)_l(adYn(ﬁR,n)) = adpS(An)_l(CS,n) = ‘CS',nu

where the last step follows from ad ps(A,,)~! being an inner automorphism of Lsn.
Now let © € Lrn+1, n € Ng. As ¢p(x) acts by tracing out the first tensor factor of z
(see (2.19)), and E,(z) acts by tracing out the (n + 1)st tensor factor of z, we have

¢F($) = En(Fn*l‘Fn) = En(pF(bl e bn)_lxpp(bl s bn)) (5.11)

Using the recursion relation A, 1 =by---b, - A, for the fundamental braids and pr(A,) €
F1, we have

¢r(z) = Bn(ad pr(AnArL)(@)) = ad pp (An) [En(ad pr (A7) ()]

In this formula, adpF(A;}rl)(x) € Lsn+1 by (5.10) (note pF(A;j_l) = pr(Ant1)), and thus
E,(adpp(A;},)(z)) € Ls,, by the first part of Theorem 3.5. If we now apply (5.10) once more,
with the roles of R and S exchanged, we arrive at ¢p(x) € Lg .
Proceeding to general z € Ly, we have E,(z) € L, and E,(z) — = weakly as n — oo. As
we have just shown ¢p(E,(z)) € L for all n € N and ¢ is normal, it follows that ¢r(z) € L.
The uniqueness of the 7-preserving conditional expectation Er = Ag o ¢ of o(Lr) C Lgr
now implies that for any x € Ly,

¢(or(7)) = Er(r) = Er(z) = ¢(¢r (7)),

and thus, ¢r(z) = ¢r(x). This shows that the right diagram in (3.18) is a commuting square
for n = 1, and the case n > 1 follows by composing several isomorphic commuting squares. [J

Applications of Theorem 3.5 will appear in the next section.
We now describe a situation in which R & S does imply R ~ S.

PROPOSITION 5.6. (i) Let R,w € U(Oy4) such that o~ := \,, € Aut M. Then
aodpoa !l = Aa(R) &= W E (’)2“"”. (5.12)
(ii) In the same situation as in (i), assume in addition that R € R(d) and S := a(R) € F3.
Then S € R(d) and S ~ R.
Proof. (i) We write o = A, and compute

a)\Ra_l = A ARAY = )\v)\)\R(w)R = A)\,,()\]Q(U})R)?H

which coincides with A, gy = Ay, (r) if and only if A\, (Ar(w)R)v = A, (R). Applying A, to
both sides of this equation and observing that A,\, = id implies A, (v) = w*, we see that
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aodlpoa ! = Aa(Rr) is equivalent to

w = (ad R* o Ar)(w) = Ay (w), (5.13)

that is, w € O;v(R).
(ii) We now assume that R € R(d) is an R-matrix, and set S := a(R). Then, n € Ny,

a(¢"(R)) = (aXja™')(S) = N5(S).

In particular, (a(R)) = a(p(R)), which immediately implies ¢ (S)S¢(S) = S¢(S)S. Since S €
F3 as well, S is also an R-matrix. Thus, A%(S) = ¢"(S), that is, we have a(p"(R)) = ¢"(9),
which shows that « restricts to an isomorphism L — Lg such that p(a(z)) = a(e(x)) for all
x € L. This verifies the definition of R ~ S. O

We thus see that the enhanced form of & equivalence spelled out in (5.12) is parameterized

by the fixed points of A, (). The appearance of fixed points warrants a more systematic look
at fixed points and ergodicity of Yang—Baxter endomorphisms. This is done in Section 7.

5.1. Equivalent R-matrices and braid group characters

While a classification of all R-matrices seems out of reach, a more accessible (though still
challenging) question is to classify all Yang—Baxter characters, that is, all traces 7, R € R,
on B.,. This amounts to classifying R-matrices up to the equivalence relation ~.

In order to explain how our results can contribute to this problem, it is instructive to compare
this situation with the special case of involutive R-matrices (that is, R?> = 1, equivalently
R = R*) which has been studied before. Note that for involutive R-matrices, 7g can be viewed
as a character of the infinite symmetric group S, rather than the infinite braid group.

In preparation for the following, we define R-matrices of normal form to be special simple
R-matrices (Definition 2.8) with parameters ¢;; = 1 for i # j and ¢; := ¢;; € {+1,—1} for all 4.
That is, normal form R-matrices are given by a partition of unity pi,...,py in ]-'(} and signs
€1,...,&n such that

N N N
R=Y eipip(pi)+ Y pip(p))F = [Heila, (5.14)
=1 i,j=1 =1
i#i

where d; = d7(p;) are the dimensions of the projections p;. These normal forms can be described
by a pair of Young diagrams with d boxes in total.

THEOREM 5.7 [45].

(i) Let R,S € R(d) be involutive. Then R ~ S if and only if ¢r(R) = ¢5(S) are similar,
that is, pr(R) = uds(S)u* for some u € U(F}).
(ii) Each involutive R is equivalent to a unique R-matrix of normal form.
(iii) Let R be an R-matrix of normal form, with projections p,...,py and signsei,...,en.
Define the rational numbers

o =71(pi), € =+1, (5.15)

Bj=1(p;), & =-L (5.16)
Then the character Tr(0), 0 € S, takes the following form: If the disjoint cycle decomposition
of ¢ is given by m,, cycles of length n, n € N, then

mre) =[] D e+ (0" > 8] . (5.17)
n 7 7

Furthermore, the signed parameters «;, —f3; are exactly the eigenvalues of ¢r(R).
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The proofs of these facts rely crucially on the fact that pp factors through the infinite
symmetric group. In particular, (i) a parameterization of all extremal characters of S, is known
from the work of Thoma [59] (in terms of the Thoma parameters «;, B; (5.15)), (ii) Soc allows
for a disjoint cycle decomposition, and (iii) for involutive R-matrices, ¢r(R) is selfadjoint.

The results of Theorem 5.7 do not carry over to general (not necessarily involutive) R-
matrices. However, certain aspects can be generalized, which is the content of the following
theorem.

THEOREM 5.8. Let R, S € R(d).

(i) ¢r(R) = ¢p(R) = ¢r(FRF) is a normal element of F) with norm ||¢r(R)|| < 1. In
particular, R has identical left and right partial traces'.
(ii) 7(Rp(R)---¢" " (R)) = 7(¢r(R)"), n € No.
(iii) If R ~ S, then ¢r(R) = ¢s(S) (unitary similarity).

Proof. (i) By Theorem 3.5, we know ¢p(x) = ¢pr(x) for all x € Lg, so in particular ¢p(R) =
dr(R). We also know that By (R) = ¢p(FRF) € Lg,1. Given arbitrary y € F, we compute

T(yor(FRF)) = 7(o(y) FRF) = 7(yR) = 7(Ar(y)R) = 7(yor(R)),
which shows ¢r(FRF) = ¢r(R).

In general, left inverses/partial traces do not preserve normality, but in our situation, we can
show that ¢r(R) is always normal, that is, ¢r(R)¢r(R)* = ¢r(R)*¢r(R). Since ¢r(R) € Fi,
it is enough to compare traces against arbitrary elements z € Fj.

In the following computation, we use the property (2.16) of ¢ and 7 o0 ¢z = 7, the fact that
Ar =ad R on F}, and Ag(R*) = ¢(R*). This yields

T(2or(R)or(R)") = T(Ar(z¢r(R))R") = 7(x¢r(R)R") = T(Ar(z) Re(R"))
= 7(Rrp(R")) = T(zRp(R")).

On the other hand, using ¢r(R) = ¢pp(FRF) and ¢r(R) = ¢r(R) = ¢r~(R) (this follows
because R € L = Lg+), we find

T(2or(R) ¢r(R)) = T(x¢r (FR'F)¢r(R)) = 7(p(z) FR*Fo(¢r(R))) = (xR ¢r(R))

= 7(xR¢r+(R)) = T(Ar+ () 0(R")R) = T(zRp(R")),

which coincides with the previous result. This proves that ¢r(R) is normal. The norm estimate
is a standard property of the conditional expectation Er = Aror.

(ii) For k,m € Ny, define

toom =T (R)" H(R)-- R - pr(R)™). (5.18)

We will prove ti , = ti+1,m—1, which implies the claim as ¢, 0 = to .
As before, we use the four facts (i) zdr(y) = dr(Ar(2)y), (i) Ar(a) = ¢(a) for a € Lg, (iii)
To¢r =7, (iv) Ag(ér(R)) = Rpr(R)R*, and compute

thm = T(P"(R) - Ror(R)" " - ¢r(R)) = 7(dr(Ar(£"(R) - R- ¢r(R)™')R))
=7(¢"Y(R)--- o(R) - Rop(R)™ 'R*R) = tii1.m1.

(iii) Let R ~ S, that is, 7r = 7s. Then part (ii) implies that ¢r(R)"™ and ¢s(S)™ have the
same trace for any n € Ny. Thus ¢r(R) and ¢s(S) have the same characteristic polynomial,
and as they are normal by part (i), it follows that ¢r(R) and ¢g(S) are unitarily equivalent. [

TIn matrix notation, ¢ (R) = d—'(Tr ® id)(R) and ¢ (FRF) = d—'(id ® Tr)(R) are the normalized left and
right partial traces of R.
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REMARK 5.9. (i) This theorem states in particular that the spectrum of the (left or right)
partial trace of an R-matrix is an invariant for ~. Since any normal matrix can be diagonalized
by conjugation with a unitary, we also see that given R € R(d), there exists u € U(F}) such
that A, (R) ~ R (‘type 1,” see p. 18) and A, (R) has diagonal partial traces.

(ii) While it is known in the setting of involutive R-matrices that R ~ S is equivalent to
or(R) = ¢g(S), the implication <= does not hold in general. In fact, it is not difficult to
construct unitary R-matrices R, S such that ¢r(R) = ¢s(5) (and R = S), but, for example,
7(R*p(R)) # 7(S%p(9)), that is, R # S.

(iii) In the involutive case, it is furthermore known that ¢r(R) is always invertible. We
currently do not know whether this remains true in the general case.

(iv) Specializing to an involutive R, Theorem 5.8 recovers Thoma’s formula (5.17) for cycles.

6. Irreducibility, reduction, and index

In the following, we will call an R-matrix R irreducible if and only if A is irreducible as an
endomorphism of M, that is, if and only if Mg 1 = Ag(M)’ N M = C. This does not necessarily
mean that Ag is irreducible as an endomorphism of N: In view of (3.13),

Lpr1 CMpi CNr1CFi, ReR(), (6.1)

and in general, the relative commutants Lz 1, Mg 1, and N, r,1 are all different from each other.
It is therefore conceivable that there exist R-matrices such that, for instance, Ag is irreducible
but Ag|x is not, or that Ag|., is irreducible but Ag is not’. Our notion of irreducibility
always refers to Ag € End M, and we will explicitly indicate whenever we consider A\g as an
endomorphism of A" or L by restriction.

A Yang—Baxter endomorphism A is a unital normal endomorphism of the type III factor M
with finite-dimensional relative commutant Mz ; C F, (6.1). We may therefore decompose it
into finitely many irreducible endomorphisms of M, unique up to inner automorphisms (that
is, as sectors). In the following, we will rely on results of R. Longo, see [47, 48] for the
original articles and [37] for a summary, to obtain information about Ag and the minimal
index Ind(\R).

By a partition of unity in Mg, (for some n € N), we will mean a family {p;}*, C Mg,
of orthogonal projections such that p;p; = d;;p; and Z?;lpi = 1. Note that since Mg, is
finite-dimensional, there always exist finite partitions of unity by minimal projections.

Square brackets [A] denote the sector of A, that is, [\] ={aduoX : uelU(M)}. The
following statement is a consequence of well-known facts, adapted to our context.

PROPOSITION 6.1. Let R€ R, n €N, and {p,;}I", a partition of unity in Mg,,. Then

there exist isometries v, ; € M such that as sectors

dn

[AR] = @ (Wnls  pni(0) = U:,i/\%(')vn,i- (6.2)

i=1
The minimal index of \g is bounded below by
d?/™ < Tnd Ag. (6.3)

In case v, ; € O4, we have i, ; = \y, , With u,; = v}, ;- R ©(Vn ).

These estimates give concrete index bounds when applied to spectral decompositions.

TAn example for the latter situation is given by R = F.
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COROLLARY 6.2. Let R € R(d) and consider the spectra o(R) of R and o(¢r(R)) of pr(R).
Denoting cardinality by | - |, we have

l0(R)| < IndAg, |o(¢r(R))|* < Ind Ag. (6.4)

Proof. The R-matrix R is a unitary in Mpo (Proposition 2.3(iii)); hence, its spectral
projections define a partition of unity of do = |o(R)| many projections in Mg . For the second
bound, we recall that ¢r(R) is a normal element in Mp 1 (Theorem 5.8(i)), hence its spectral
projections define a partition of unity of di = |o(¢r(R))| many projections in Mg 1. O

As an example, we describe the decomposition of Ar for diagonal R-matrices.

LEMMA 6.3. Let R = DF € R(d) be a diagonal R-matrix, D =}, ,¢;;5;5;S;S;. Then

d
AR =Xo D> St (DS oA, chs S; € U(F)) (6.5)

i=1
decomposes into a sum of d quasifree automorphisms. In parmcular,
N : Ar(N)] = Indg, (M) = d°. (6.6)

Proof. Let 4,5 €{1,...,d}. It is clear that \,, is an automorphism, with \,,(S;) =
Ciij and )\u,(S]*) = WSJ* One computes /\R(SJ)SY e CT;]'SZ‘S]' and )\R(S]*)S7 = @575]* Hence
Sidu; (¥) = Ap(x)S; whenever x = S; or x = S7. This implies (6.5).

Since each automorphism has dimension 1, it follows that the minimal index is Ind(Ar) = d?.
Since Ind(Ag) < Indg, (Agr) = [N : Ar(N)] < d?, (6.6) follows. O

Similar to diagonal ones, also general simple nontrivial R-matrices are reducible. Irreducible
R-matrices do exist (and are, in fact, likely to be the most interesting ones), but a general
overview over irreducible R-matrices is currently not known. In Section 8, we will see
an example.

Regarding upper bounds on the index, we have the completely general bound [N : Ar(N)] <
d? on the Jones index [13] (and hence on the minimal index). In the special case that ¢r(R) =
7(R)1 # 0, then it was also shown in [13] that [N : Ag(N)] < |7(R)|~2. More generally, if
#r(R) is invertiblel but not necessarily scalar, then

W ArW)] < llor(R) I (6.7)

This bound is not necessarily sharper than the general bound d?, but has an interesting
consequence for R-matrices that we record here, following [13, Corollary 5.5]. It states that
the spectrum of a non-trivial R-matrix cannot be concentrated in a disc of radius less than the
universal bound 1 — 271/4 ~ 0.159 (this value is probably not optimal).

COROLLARY 6.4. Let R € R and pu € T such that |R — p|| < 1— 274 Then R is trivial.

Proof. Passing from R to p~'R € R we may assume u = 1 without loss of generality.

By assumption, ||¢pr(R) — 1| <||[R—1|| <1—-2""% < 1. Hence ¢r(R) is invertible, and
the inverse satisfies ||¢r(R) || < (1 — ||[R — 1])~' < 2%/%. Thus (6.7) implies [N : Ag(N)] < 2,
that is, [N : Ag(N)] =1 and A is an automorphism. This is only possible for trivial R
(Corollary 2.4). O

TFor involutive R-matrices, ¢ (R) is known to be invertible [45]. We currently have no proof (but also no
counterexample) that this property remains true for general R € R.
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REMARK 6.5. Akemann showed in [2] that if the inclusion diagram

Fi C F2
U U (6.8)
)\R(N) ﬁ}—é C )\R(N) 0.7:3

is a commuting square, then the index [N : Az(N)] is an integer.
We remark here that one can show that for arbitrary R € R,

Fi NAr(N) = (Fg)e.

With the results of the next section, it is then easy to check that if Ag is ergodic (that is,
NA% = C), then (6.8) commutes and hence [N : Ag(N)] € N. However, the square does not
commute for general R-matrices. Any simple R-matrix containing a projection of dimension
greater than 1 is a counterexample.

Presently, it is unknown whether [N : Ag(N)] is integer’ for any R € R, and whether
{IN: AgV)]: ReR} =N.

Our considerations so far show that the decomposition of a Yang-Baxter endomorphism into
irreducible endomorphisms does not preserve the YBE. This can for example be seen from
the decomposition of the endomorphism of a diagonal R-matrix (6.5) which yields non-trivial
automorphisms Ay, .

In the context of Yang—Baxter endomorphisms, one rather wants to consider a different
reduction scheme that does preserve the YBE and works directly on the level of the R-matrix.
While the general form of such a reduction is the subject of ongoing research, we sketch here
how it works for the special class of involutive R-matrices.

So let R € R(d) be involutive (that is, R = R*) and reducible, namely there exist non-trivial
projections p € Mp1 C Fi. Then R*(p®@ 1)R = (1 ®p) (cf. (3.9)). Taking into account that
involutive R-matrices are selfadjoint and unitary, it is then easy to see that R commutes with
the projections p ® p and p* ® p*, whereas R(p ® p*)R = p* ® p. Denoting the base space of
R by V, it follows that R can be restricted to two involutive R-matrices S : pV ® pV — pV ®
pV and T :ptV @ptV — ptV @ ptV, and restricts to a unitary U : pV @ ptV — ptV ®
pV. By adapting the arguments in [45, Proposition 4.4], one can show that as far as the
character of R is concerned, one may replace U by the flip F'. Namely, one has the equivalence
R~ SHT.

As S and T are also involutive R-matrices, this scheme can be applied repeatedly, yielding
R~ R'E---B R", where the R" € R(d;) are involutive irreducible R-matrices (the superscript
is just a label, not a power). Involutive irreducible R-matrices are of the form R’ = 41,4, or
R ~ +F,, [45]. Decomposing also the flip parts according to Fy, = 1; 8 ---B1; (d; terms)
then yields

N N
R~Help,, &€ {£1}, ZDkzd.
k=1 k=1

This is the normal form found in [45], on which we now have a new perspective from the

endomorphism picture. The above argument also identifies two simplifying features of the

involutive case: On the one hand, every involutive R is completely reducible in the sense

explained, and on the other hand, there exist only very few irreducible involutive R-matrices.
An investigation of these properties for general R-matrices is left to a future work.

Tt is known, however, that [Lg : @(LR)] is typically not integer [58, 64].
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7. Ergodicity and fixed points

Fixed point subalgebras of automorphisms and endomorphisms of 04 have not been inves-
tigated systematically but in few cases. For instance, OF = C, but there exists an order
two quasi-free automorphism Ay of O, f = 5155 + 5257, such that O ~ O, [10]. More
interestingly, (’)2/\’1 ~ Oy, as it is the C*-subalgebra of O, generated by S;5;, 1 < 7,5 < 2. This
example is the fixed point algebra of the R-matrix R = —1 € R(2).

In this section, we discuss fixed point algebras of Yang-Baxter endomorphisms Ap at the
level of the C*-algebras @4, F4 and the von Neumann algebras M, N. What is special in
the Yang—Baxter context is that fixed point algebras of A are closely related to the relative
commutants Lr C N, Lr C M, as we demonstrate now.

PROPOSITION 7.1. Let R € R(d).
(i) M = C N AR(M) C LN M.

n=1

(ii) N2 = N ALN) =L NN.
n=1
(iii) Leti,j € {1,...,d}. Then S; M 2S; C M** and S;NA=S; C N =,

Proof. (i) The first inclusion is trivial. For the second one, let x € (1,5, AR(M) and m € Ny.

Then z = )\’]{Jrz(y) for some y € M, and taking into account that R € Mp o = (A%, %), we
find

P (R)z = NG (RN (y) = N§ (RAL(y) = NE (VR (Y)R) = 2¢™ (R).

Since m was arbitrary, this implies = € £, N M.
(ii) Exactly as in part (i) we have the two ‘C’ inclusions, and it remains to show L NN C
NAE Let v € L5 NN, that is, [z, " (R)] = 0 for all n € Ny. Then

Ar(z) = lim R---o"(R)ze"(R)"--- R" =z,

that is, € N2,
(iii) Let z € M*%. Taking into account that z commutes with R by part (i), we have

Ar(SixS;) = SfR*Ar(x)RS; = SfR*zRS; = S;xS;. U

REMARK 7.2. (i) In standard terminology, an endomorphism A of a von Neumann algebra
N is called ergodic if N* = C and a shift if 1,5, A" (N) = C. We have thus shown that that
Ar|n is ergodic if and only if Ag|xs is a shift. Furthermore, Proposition 7.1(ii) shows that Ag |
is ergodic if and only if Lz C N is irreducible.

(ii) We will later discuss an example with dim N*® = oo, that is, in particular [N : Lg] =
0.

(iii) All statements of this proposition hold without changes on the level of the C*-algebras,
that is,

0;" € () Ai(Oa) € BN Og and Fi* = () Ni(Fa) = By 0 Fa.
n=1 n>1

It is currently not clear if one has equalities in Proposition 7.1(i), or if M*® C N® for all
non-trivial R. We next show that at least ergodicity of Ar can be decided on the level of N.

For this and following results, we will make use of a (von Neumann version of) family of
linear maps E™ : M — N, n € Z, introduced in [16], namely (n > 0)

E"z) = /T 0. (2S5, E"(z) = /T 0. ("), (7.1)
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where a, = \,.1 are the gauge automorphisms, integration is over the circle z € T with respect

to %7 and the choice of S; as a reference generator is by convention. We also introduce the

closely related spectral components (™ € M of z as

n n >
™ = /ozz(x)z'*" = E _(f)Sl "z 0. (7.2)
SiT"E™"(x) n<0

Recall that = = 0 is equivalent to z(™ =0 for all n € Z [33, 57]. Moreover, we clearly have
(")) = (x(=™)* for all z € M and all n € Z.

For any unitary U € U(F,), the endomorphism Ay commutes with the gauge action, so that
the fixed point algebra MV is globally T-invariant and for any = € MV, also all its spectral
components (™) are fixed points of A;. This applies in particular to R-matrices R € U (F3).

PROPOSITION 7.3. Let U € U(F,). If F}V = C then O = C; if N*v = C then MV =C.

Proof. If x € (92” was nontrivial, it would not lie in F4 and would have a nonzero spectral
component. Without loss of generality, we may then assume that () # 0 for some n > 0, and
as remarked above, (") € O Now, both 2™ (z(™)* and (2(™)*2z(") are fixed points in F
and thus positive scalars, say p and v. It follows immediately that ¥ must be equal to u, and
thus (™ is a multiple of a unitary. However, it is easy to see that this is in conflict with the
KMS condition (recall that Ag—; is the modular group with respect to the state w = 7 o EY).

The proof for the von Neumann algebras M, A is identical. O

Proposition 7.3 implies that g is ergodic if and only if Ag|xs is ergodic. In this case, we will
simply say that R € R is ergodic.

REMARK 7.4. (i) It is clear that the equivalence relations R & S and R ~ S (Definition 5.1)
provide automorphisms of M and N that identify the fixed point algebras of Az and Ag. In
particular, the ‘type 1’ and ‘type 2’ cases of ~ equivalences (see p. 5) preserve ergodicity.

(ii) R is ergodic if and only if R* is ergodic because

N e =L AN =L NN = N2, (7.3)

We now turn to an explicit characterization of ergodicity. Let Hg : N' — N2 denote the
unique 7-preserving conditional expectation onto the fixed point algebra. As Ag preserves 7,
the ergodic theorem allows us to write Hp as

n—1
1

Z)\]j’%(x), z eN. (7.4)
k=0

Hp(z) = s-lim —
n—oo N 4
Also recall that F,, denotes the T-preserving conditional expectation N'— F, which acts by
tracing out all tensor factors except the first n (in particular, Ey = 7). We will refer to the
condition in part (i) of the next theorem as ‘the ergodicity condition’ in the following.

THEOREM 7.5. Let R € R(d). The following are equivalent.

(i) E1(RzR*) =7(x) for all z € F.

(ii) En(e" Y (R)zp" Y (R*)) = E,—1(x) for alln € N,z € FJ.
(iii) Hp(z) =7(z) for all x € F.
(iv) R is ergodic.

If R is ergodic, then so are all its cabling powers R", n € N.
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R*

FIGURE 2. The ergodicity condition in graphical notation. Note that this is trivially satisfied for
R = F, and trivially violated for R = 1.

REMARK 7.6. (i) In matrix notation, the ergodicity condition reads as follows: Let (ex){_,

be the standard basis of C?, and let R}, := (e; @ e;, R(ex @ €;)). Then the ergodicity condition
is equivalent to

d
S RIRT =006 i kle{l,...,d}, (7.5)
nm=1

as can be seen by choosing x as the matrix unit ex; € My. In the special case of involutive
R-matrices equivalent to the flip, Wassermann gave a proof of an analogue of Theorem 7.5
already in [62], also based on the condition (7.5).

(ii) The ergodicity condition is best understood in graphical notation Noting that E; acts as
a normalized right partial trace on F7, we have a diagrammatic representation as in Figure 2.

(iii) The ergodicity condition also appears in [13], where it was shown to imply that the
left inverse ¢r is localized in the sense that for any n € N, there exists a £ € N such that
or(Fr) C Fk.

Proof. (i)=(ii) We give a proof by induction in n, the case n = 1 being equivalent to (i).
For the induction step, note that the definition of E,, implies S} E,,(-)S; = E,_1(S} - S;) for
any i, 5. Thus, we have, i,5 € {1,...,d}, z € F;

S; Ens1(¢" (R)z9" (R"))S; = En(S7¢" (R)aw" (R")S;) = En(0" ™ (R)S; 289" 1 (R")).

As SfxS; € F}, this simplifies by induction assumption to E,_1(S;zS;) = S} E,(z)S;. Since
i, j were arbitrary, this finishes the proof.

(ii)=(iii) Let € F}, n € N, and y € F7. Noting that ¢*~1(R) commutes with y for k — 1 >
n, we calculate

m—1 m—1
T(yHr(r) = lim — ; T(yAj(2)) = lim — kZO Ty ' (R)--- RaR" - " (R))

= 1im 1{Zr<ykm<km*>+ )3 T(W”_l(R)---ROJR*“'w”_l(R*))}

k=0 k=n+1
=7(ye" " (R) -+ RaR" - " {(R")). (7.6)
We now insert E,, into the trace and use (ii) iteratively to arrive at

T(yHr()) = 7(yEn(¢" " (R) -+ ReR" - 9" (R)"))

=7(yBu-1(p" *(R) - RzR" - " *(R)")) = 7(yEo(x)) = 7(y)7(x).
As n was arbitrary and 7 is faithful, this implies Hg(xz) = 7(x), that is, we have shown (iii).
(iii)=(iv) To amplify (iii) to ergodicity, we will use the cabling maps ¢,, and cabling powers
R™_ n € N. The first step is to realize that if R satisfies the ergodicity condition, then so does
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R that is,
Egn 1 (R™e, (2)(R™)) = 7(z), =z € F}.
Applying c;; !, this condition is seen to be equivalent to
E,(WRyn -2 n(RY)y) =71(x), =€F],

which can be proven by induction in n with the help of the ergodicity condition for R, expressed
as in (ii) (and is obvious in graphical notation).

Let n € N and 2 € F}. Then ¢, (z) € Fj., and since R satisfies (i) and thus also (iii), we
have Hpm (en(x)) = 7(en(x)) = 7(x) and therefore

7(x) = (¢;' o Hpwy 0 ¢,)(2), € FF. (7.7

We now recall that ¢, ' o Apwm) oc, = A% as endomorphisms of N (4.9). Expressing H pen
as an ergodic mean as in (7.4), we then see that Hg, := ¢, ' o Hpm) o ¢, is the T-preserving
conditional expectation from Ny onto its fixed point subalgebra N |

Equation (7.7) states that Hp,, acts as the trace on FJ. As clearly N - J\f R, also the
conditional expectation Hg acts as the trace on . In other words, T(yHR( ) = T(y) (x) for
all y € Ny and all z in the algebraic infinite tensor product J,, 7. By continuity, this extends
to T(yHg(x)) = 7(y)7(z) for all =,y € Ny, which is equivalent to ergodicity, Hr = 7, by the
faithfulness of 7.

(iv)=(i) Let z € F]. According to the calculation (7.6) in the proof of (ii)=-(iii), specialized
ton =1, we have for all y € F}

T(yHr(z)) = 7(yReR") = 7(yE1 (R RY)).

If \g is ergodic, we have Hr(z) = 7(z). As E1(RzR*) is an element of Fj, and y € F) was
arbitrary, we see that F(RzR*) = 7(x), that is, (i) holds. O

As an application of Theorem 7.5, we show that diagonal R-matrices (Def. 2.8) are ergodic.
COROLLARY 7.7. Diagonal R-matrices are ergodic.

Proof. A diagonal R-matrix is of the form R = A, (S) with u € U(Dj) and S € R(d) of the
form S}) = ¢,0,67, i, 4, k,1 € {1,...,d} with parameters ¢y, € T. It is straightforward to verify
the ergodicity condition (7.5) for S. Since R & S (type 1), R is ergodic as well. O

REMARK 7.8. Any non-trivial fixed point z = A\g(z) = RzR* € F satisfies B4 (RzR*) = x
and therefore violates the ergodicity condition. Conversely, if some z € F violates the
ergodicity condition, then the argument in the proof (iv)=-(i) of Theorem 7.5 shows that
Hp(x) # 7(x). That is, we have a non-trivial fixed point Hgz(x) € N % in this case. However,
typically Hg(x) will not lie in F or even F,, but only in its weak closure N.

Thus, one might expect that the condition that Az has no non-trivial fixed points in F},

C= (FY)'% = {z € F! : ReR* =2}, (7.8)

is strictly weaker than the ergodicity condition. We will prove this later by an example.

So far, we have not ruled out completely the possibility that O;‘R ¢ Fq. The next result
shows that at least there are no algebraic fixed points outside F; if R is non-trivial. It also
shows that (7.8) captures precisely the absence of non-trivial algebraic fixed points.

Here and in the following, we write °0O; C Q4 for the algebraic part of O, that is,
the unital *-algebra of polynomials in the generators Si,...,S5; and their adjoints, and
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OF;:=0,NF,; = UneN = O\ for the algebraic part of F;. We also use the shorthand
notations 0(9)‘R =90,nN O:\R and (]]'—:t\R =9F,N ]-'(}\R.

PROPOSITION 7.9. Let R € R(d).

(i) If R ¢ C, then all algebraic fixed points of Ar are contained in Fy, that is, ‘)OQR = 0]—‘(;\1%_
(ii) 0.7:(}\1?‘ = C if and only if (F})*# = C.

Proof. (i) Let x € °O,4 be an algebraic fixed point of Ag that is not contained in F,, without
loss of generality assumed to be selfadjoint. As = ¢ Fy = (9&0), it has a non-zero spectral
component 2™ n > 0, which also lies in OOQR. We may therefore express it as z(") = E"(z)S}
with E"(z) € F¥ for some k € Ny. Then, for all multi indices a, 3 of length |a| = |B| = k, we
have to g := SLE"(x)Ss € C.

Now define T := S*x(") S5 = S* E"(2)S} S5 where we have chosen a, 3 such that T # 0; this
is possible because z(™ # 0. By virtue of Proposition 7.1(iii), T is a fixed point. Furthermore,
T can be expressed as

T =S,E"2)SPSs= Y SiE"(x)SySiSPSs= Y ta~SiS7Ss.

yilvl=k yilvl=k

As the multi-indices 8 and « have the same length %k for all terms in the sum, we see that T’
is a linear combination of products of n generators S;, - --.S; . In particular, T' is a (non-zero)
multiple of an isometry.

To conclude the proof, note that as a consequence of R being an element of ]-'3, and in view
of the form of T, we have (T*)?RT? € C. But as a fixed point, T commutes with R (cf.
Proposition 7.1(i)). Therefore,

C > (T*)?RT? = (T*)*T°R,
and as (T%)?T? is a non-zero scalar, the triviality of R follows.

(ii) The implication = is trivial. For the reverse implication, let z € (F%)*# for some k € N.
Then, by Proposition 7.1(iii), S7, ---S;,_ «S;,_, -+ S;, € (Fj)* = C for all i, j;. Thus,

E

-1

Ed: Sir e Su (S Sh L Si 85, )85, e Sy, € AT

Jk—1
l lll,l 1

and inductively it follows that z € (F1)*¢ = C. O

We now compare the ergodicity condition and the condition (f(})AR = C in more detail. It
turns out that they have quite different behavior with respect to taking box sums.

LEMMA 7.10. Let R,S € R.

(i) RHE S satisfies the ergodicity condition if and only if both R and S do.
(ii) Arms has no non-trivial algebraic fixed points.

Proof. (i) LetusviewR € R(d) CEnd(V®V),S € R(d) C End(W @ W) withdimV = d,
dim W = d’, and pick orthonormal bases {e; : i =1,...,d} of Vand {f; : j=1,...,d'} of W.
We denote the orthogonal projection from V @ W onto V and W by p and p*, respectively.
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Recall that E; acts as the normalized right partial trace on End((V & W) ® (V & W)). Writing
U := RHS as a shorthand, we have, x € End(V @& W),

l d’
(e: @ ex, UsU"(e; @ ex)) + Y (e ® f1,UzU*(e; ® f1))
=1

(d + d/)<€i, El(UxU*)ej> =

d/
(e; ® e, RprpR*(e; @ ex)) + 65 Y (fr.ptapt f1).
=1

M- IM-

=

—

The ergodicity condition demands that for every x, this equals
- d o

(d+d) (e, (x)e;) = 60> (en prpex) + 85 Y _(fr.p ap™ fi).
k=1 1=1

Comparing the expressions, we see that the ergodicity condition for R B S implies the ergodicity
condition for R. Analogously, one shows that ergodicity of .S is necessary for ergodicity of RH S.
To check that this is sufficient, we also have to consider the ‘mixed’ expectation values of
E,(UzU*) between vectors in V' and W, namely (e;, E1 (UzU*) f;). But since RH S acts as the
flip on mixed tensors, it follows that these necessarily vanish, in agreement with the ergodicity
condition. Hence ergodicity of R and S is also sufficient for ergodicity of RH S.

(ii) We need to show that the only x € End(V & W) commuting with U =RHBS are
multiples of the identity (cf. Proposition 7.9). We have

UzU*(p®p) =U(pep @ p+pap @ p)R* = R(pzp ® p)R* + (p @ p-ap)FR",

z(p@p) =prp@p+p PP

As R commutes with p ® p, this implies p~2p = 0, and analogously pzp* = 0.
Similarly,

UzU*(p@p~) =U(ep @p)F =U(prap @p)F =p@prap”,
a(p@p) =prp@p.
Taking partial traces, we find pxp = c-p, prapt =c-p*t with ¢ € C. Thus = = c € C, and
(7.8) is satisfied. O

This result gives us many R-matrices that are not ergodic but do not have any non-trivial
algebraic fixed points either. Consider an involutive R-matrix N of normal form, that is,

N ==, (7.9)
1=1

for some n € N, with signs ¢; € {1} and dimensions d; € N, >_"" | d; = d (see Theorem 5.7(ii)).
Then Lemma 7.10(ii) shows that N has non-trivial fixed points if and only if it is trivial, namely
n=1and N = £+1. We also know if d; = --- =d,, = 1, then N is diagonal and hence ergodic
(Corollary 7.7). But all other normal forms N, and, in fact, all R-matrices R equivalent to
them, are not ergodic, as we show next.

PRrROPOSITION 7.11. Let R be ergodic. Then
1

l6r(R)5 = 7(B*¢(R)) = .

If R is ergodic and involutive, it is of diagonal type, that is, R ~ N for a normal form (7.9)
withd, =---=d, = 1.

(7.10)
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Proof. 'We consider the ergodicity condition (7.5) with ¢ = k and j = . Summing over i, j
gives

d d
d2=d? Y si=d? Y RINR)L =1(6r(R)ér(R")).
i,j=1 i,7,mym=1

Recalling that ¢r(R) = ¢r(R), this gives ||¢pr(R)||3 = d~? as claimed. Furthermore,
T(Or(R)or(R")). = T(RAR(¢r(R"))) = T(Ror(R")) = T(p(R)R").

We now specialize to the case that R = R* is involutive. Then we may express 7r(bibs) =
T(p(R)R), the value of a three-cycle in the character 7g, in terms of the Thoma parameters
ag, f; of R. Recall that day,dp; € N are the dimensions d; of the normal form of R, summing
to d. Thus, by (5.17),

d=dr(pR)R) = S (dax)* + 3 (@) =3 2 > S d; = d.
1 1=1 =1

k
It follows that d; = 1 for all i. O

We now want to demonstrate the fact hinted at earlier — there exist R-matrices R such that
AR is ergodic on the C*-algebra O, but not on the von Neumann algebra M (or, analogously,
ergodic on Fy but not on ). For this, we need a result that improves the absence of non-trivial
algebraic fixed points (Proposition 7.9) to absence of non-trivial fixed points in O,.

The arguments in the following proof are generalizations of arguments given in [51]. Note
that the YBE is not used here.

PROPOSITION 7.12. Let U € U(F,) and v € U(F}) such that there existsi € {1,...,d} with
vS; =z S, for some z € T. If S; € (A, A\v), then (’)2‘” =C.

Proof. In view of Proposition 7.3, it is enough to show that }";‘U =C. Let z € .7-';‘” be a
fixed point. Writing T := S; for the intertwiner, the assumption T' € (A, Ay) implies

Th(x) = \y(2)T = 2T = o=\, (T*2T). (7.11)

Since A;Y(T) =v~'S; = 1T, we see that A\;' commutes with adT*. We therefore have
x =T*\;!(x)T, which we may iterate to

x=(T)"A\,"(x)T", mneN. (7.12)

We now show that this implies « € C. Indeed, if z lies in F* for some m € N, then so does

A, "(x), and thus T*" A" (z)T™ € C for all n > m. This already shows that Ay admits no

v
non-trivial algebraic fixed points.

If z € F; is a non-algebraic fixed point of Ay, we consider a sequence (zx)ren C °Fy
converging in norm to z. For any k, there exists n(k) € N such that for all n > n(k), we have
T*" N\, " (x)T™ = pg, - 1 for an n-independent complex number py. Given k, ! € N, we then have
for n > max{n(k),n(l)}

e — | = TN " (@ — )T < [|zg — 24,

and it follows that pj converges to a limit p as k — oo.
To show that x = u - 1, let n, k € N be arbitrary. We have

e = ull = IT*"A; " @)T" — ul
< TN (@ — )T+ TN, @)™ = | + i —

< lz = 2l + 17N " (@) T — el + [k — -
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Given € > 0, we can choose k large enough such that ||z — x| < € and |u — pi| < €. Choosing
n > n(k), we also have T*" A\ " (x)T™ — i, = 0 and conclude ||z — || < 2e. O

As an aside, we mention that this proposition still holds when U is an arbitrary unitary in
Oy Since we will not need this stronger version, we refrain from giving the proof. Let us now
look at an explicit example.

EXAMPLE 7.13. Consider the normal form R-matrix N := 15 B 1; € R(3). We claim that
O3 =C, N #£C. (7.13)

The non-ergodicity of Ay on N, that is, N*¥ # C, follows from Proposition 7.11 because N
is an involutive normal form with dimensions d; = 2,ds = 1.

To demonstrate ergodicity of Ay on Os, we will verify the conditions of Proposition 7.12
with v = 1 and ¢ = 3, that is, show that S5 is an intertwiner from id to Ay. We have to show
S3S; = NS;S3 and 5352* = S:NS;), fori=1,2,3 (note that N = N*)

The R-matrix is here N:Z?,klmzl NlszSjSkS;Sl* and its matrix elements satisfy

N:Zj = 5§<5lk = Nﬂf by definition of N (note that N = FNF). Thus, for i =1,2,3, the
conclusion follows by a routine calculation.

In Section 8, we discuss another example in which the algebraic part of the fixed point
algebra is infinite-dimensional and can be described explicitly (Proposition 8.2).

8. Two-dimensional R-matrices

As a concrete family of examples, we consider in this section R-matrices in dimension d = 2. In
[35], all solutions to the YBE have been computed, including non-unitary and non-involutive
ones. In [22], the unitary solutions have been singled out: R(2) consists precisely of all those
matrices R which are of the form R = (Q ® Q)R;(Q ® Q)~!, where R;, i = 1,...,4, is one of
the following R-matrices and Q € End C? is invertible and satisfies certain restrictions, ensuring
that R is unitary'.

p
Rlz(I'la QET, R2: r ¢ 3 p,q,T,SET, (81)
S
P 11
Re=| Y reT, Ry=-L|711 €T (8.2)
3 q ) Q7p ) 4 \/§ 1 _1 ) q * *
r 1 1

Note that Rz is not always unitary because only |pr| =1 is required, and also @ is not
necessarily unitary. For our purposes, it is better to present the elements of R(2) in the form
Ao(Ry) = (u®@u)Ri(u®u)~t, where both u € Fj and R; € F2 are unitary.

THEOREM 8.1. A matrix R € Fj lies in R(2) if and only if there exists u € U(F3) and
i €{1,...,4} such that R = \,(R;), where all parameters p, q,r, s appearing in the represen-
tatives Ry, ..., R4 have modulus 1.

fIn this section (only), the notation R; refers to the specific R-matrices listed here, and not to (2.3).
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Proof. The ‘if’ part of the statement follows by noting that when the parameters p,q,r, s
have modulus 1, then Ri,..., R4y € R(2). For the ‘only if’ statement, we first note that for
Q= (é 2) with @ = /[p], the transformed matrix (Q ® Q)R3(Q ® Q)" is of the same form as
R3, but with all parameters having unit modulus. We may therefore without loss of generality
take all parameters to have unit modulus, that is, all representatives Ry, ..., R4 to be unitary.

Let now R = (Q ® Q)R;(Q ® Q)~! for some invertible Q € EndC? and R; unitary. Then
R* = R~ is equivalent to R; commuting with |Q|?> ® |Q|?, where |Q|*> = Q*Q. Thus, R; also
commutes with |Q| ® |Q|. Proceeding to the polar decomposition Q = U|Q|, U € U(F3), we
then have

R=(QeQR(Q®Q) " =UaU)(Qe|QNR(Q|' QI U 'eU™ ")
=UU)RU U ) =\/(R).

This establishes that R is of the claimed form. (]
In Cuntz algebra notation, the representatives Ry, ..., R, take the form

Ri=gq-1, (8.3)

Ry = pS1515757 + q 51525755 + 152515557 + 552525555, (8.4)

R3 = pS1515555 + q 51525557 + q 52515755 + 1825257 57, (8.5)

Ry = (14 (5,5} — S253)p(—5155 + S257)). (8.6)

V2
By explicit calculations, one verifies that if R = A, (R;), then also its adjoint R* and its flipped
version FRF are of this form, that is, R* = A/ (R;) and FRF = A\, (R;) for suitable v, u” €
U(FJ), and the same' 4. In particular, equivalences of type 1 and type 3 (see p. 18) leave the
families {\,(R;) : w € U(F})} invariant.

However, type 2 equivalences can change the representative R;. Indeed, \,(R3) = R3 for
u= () with a = \/p/q, but ¢(u)Rsp(u)* equals the second representative Ry after suitable
identification of parameters.

Below we give a table summarizing key features of the endomorphisms corresponding to
the R-matrices R = A, (R;), ¢ =1,...,4. Note that irreducibility and ergodicity of R do not
depend on u as both properties are invariant under type 1 equivalences. The index in the third
column is [N : Ag(N)] = Indg, (Ar)-

# Representative Mp 1 Ind. Fixed point algebras
1 q-1 C (automorphism) 1 O;‘R >~ Fy ord(q) = o0
AR ~
037 = Ogoraa)
p
q My p=rq=s AR —
2 r CoC else 4 NAR=C
s
? CeC ¢
q 2 q~ =pr A
3 4 N AR =C
q C ¢ #pr
r
1 1 \
4 g [ -1 1 C 9 dim F5 8 =0
V2 1 -1 see Proposition 8.2
1 1

tThe only non-trivial thing to do is to find u € U(F}) such that FR4F = Ay (R4); here u = % (:Zl 1Z) works.
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Proof of the claims in the table. We go through families 1-4. The R-matrices in family
1 define automorphisms (hence Ind Ag = 1), and the form of the fixed point algebra is easy
to deduce.

For the diagonal R-matrices in family 2, Lemma 6.3 shows that Ar decomposes into two
quasi-free automorphisms which are either equivalent (if p = r and g = s) or inequivalent (if
p # ror g # s). This implies the claimed form of the relative commutant and shows Ind A = 4
in both cases. Since R is diagonal, its ergodicity follows from Corollary 7.7.

For the ‘anti-diagonal’ R-matrices in family 2, one computes

C q* # pr

Mp,1={z € F) : RizRs = = :
Ry1 = {7 2 37R3 = ¢(x)} {(CEB(C ¢ = pr

In the second case, Ar is equivalent to the direct sum of two inequivalent automorphisms,
and Ind A = 4. In the first case, Ap is irreducible and R has the three distinct eigenvalues
q,/PT, —+/Dr. As the cardinality of the spectrum is a lower bound for Ind Ar (6.4), and in d = 2,
the index of Ag may only take the values 1,2, or 4 [13, Proposition 9.9], we see Ind Az = 4 also
in this case.

Each member of family 3 is type 2 equivalent to a member of family 2, that is, R3 ~ Ra,
and the equivalence relation &~ preserves ergodicity (Remark 7.4). Hence family 3 is ergodic
as well.

Due to the block form of the representative Ry for the last family, S1.S7 € F is seen to be
a fixed point of Ag,. Its fixed point algebra will be described in more detail below. It is easy
to see that Ap, is irreducible.

The R-matrix R, (8.2) is special from various points of view: Up to applying quasi-free
automorphisms, Ry is the unique non-trivial R-matrix in R(2) for which Ag is not ergodic, and
the unique R-matrix in R(2) with index 2. We also mention that R4 generates a representation
of the Temperley—Lieb algebra at loop parameter § = %, and satisfies R} € C. Furthermore,
AR, (02) is the fixed point algebra of an explicit order two automorphism o € Aut Oy [11]. The
images of the braid group representations pr(B,,) are described in [25] in terms of extraspecial
2-groups, and its relevance for topological quantum computing is discussed in [43]. A variation
of R, also appears in the exchange algebra of light-cone fields in the Ising model [54].

In view of this interest in Ry, it might be useful to indicate how it can be obtained
systematically from the results of this article. We look for a non-trivial matrix R € My ® My =
M, that is a unitary solution of the YBE such that Ap is irreducible and has non-trivial
fixed points in F,. Then we know that (a) R has trivial left and right partial traces ¢p(R) =
¢r(FRF) = 7(R), and (b) there is a one-dimensional projection p € F} that commutes with R.
Choose a basis of C? such that p = ((1) 8) (this amounts to applying a quasi-free automorphism
to R). Then (a) and (b) imply that R is of the form

a b
¢ d (8.7)

with a,b,c,d € C. At this stage, it is not difficult to implement the requirements that R is
unitary and solves the YBE. One finds that non-triviality requires b, ¢ # 0, and the YBE then
implies d = a and ¢ = —a?/b. Implementing unitarity yields the form (8.2).

To conclude this discussion, we now describe the fixed points of A, in F3 in more detail. To
this end, we use the standard Pauli matrices oo, ..., 03 as a basis for My = F3, with oo = 1.

PROPOSITION 8.2. An element xz € F3, n € N, is a fixed point of Ar, if and only if it is a
linear combination of elements of the form o;, p(0i,) -+ " (0;, ), where the following three
conditions are satisfied.
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(i) i, € {0,3}.
(i) Ifi € 40,2} for some k € {2,...,n}, then i, € {0,3}.
(iii) Ifiy € {1,3} for some k € {2,...,n}, then iy_1 € {1,2}.

We have dim(F5) 7 = 2" and N = = (OFpR)".

Proof. The first step is to realize that the R-matrix R4 has the form Ry = % (14 io3p(02)).

Thus, x € F» is a fixed point of Ag, if and only if it commutes with ¢™(S), m € Ny, where
S := 03(02) (cf. Proposition 7.1(ii)). Recall that the Pauli matrices satisfy o; = o} = o; '
and

+o; j€{0,4}

(8.8)
—o; else

0,040 =

Let o be a linear combination of elements of the form oy, ¢(04,) -+ ¢ (0, ). In view of the
action (8.8), it follows that x is a fixed point if and only if each term in its expansion into this
basis is a fixed point, that is, we may take z = oy, ¢(0:,) - - - " (0, ) without loss of generality.

Since 03 = 1, we have ad "~ (S)(z) = 04, p(04,) - - - "1 (030;, 03), which coincides with x
if and only if 030, 05 = 0;,,, that is, if and only if 4,, € {0,3} as claimed in (i). Similarly,

n—l(

ad Sok_l(s)(x) = 0iy 90(0—%'2) T on_l(U3Jik:03)(pk(020ik+102) P Uin)7

which coincides with z if and only if either 020y, , 02 = 0y, ., and 030,03 = 0, or 0204, 02 =
—04,., and 0305, 03 = —0;, . By (8.8) this gives the listed conditions (ii) and (iii).

A dimension count gives dim(F2)*® = 2". In view of the product form of o3¢ (02), it is easy
to see that AN*% is invariant under the 7-preserving conditional expectations E, : N — Fj.

This invariance implies that any z € N AR can be approximated weakly by the sequence of fixed
points { By (¢)}ner, and hence, A = (O )", o

This result implies in particular that [N : Lg,] = cc.
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