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CONCAVITY OF SOLUTIONS TO DEGENERATE ELLIPTIC
EQUATIONS ON THE SPHERE

MAT LANGFORD
Department of Mathematics, University of Tennessee Knoxville, TN 37996, USA

School of Mathematical and Physical Sciences, The University of Newcastle,
Newcastle, NSW, Australia, 25308

JULIAN SCHEUER

Cardiff University, School of Mathematics, Cardiff, Wales

ABSTRACT. We prove the concavity of classical solutions to a wide class of
degenerate elliptic differential equations on strictly convex domains of the
unit sphere. The proof employs a suitable two-point maximum principle, a
technique which originates in works of Korevaar, Kawohl and Kennington for
equations on Euclidean domains. We emphasize that no differentiability of
the differential operator is needed, but only some monotonicity and concavity
properties.

1. INTRODUCTION

This paper is about classical solutions to fully nonlinear degenerate equations of
the form

(1.1) F(IVul, =V?u) = b(-,u, | Vul)

on a domain © C S", n > 2, of the unit sphere whose closure € is geodesically
convex. (We recall that a subset C' of S" is geodesically convex if no two points
of C are antipodal and the unique minimizing geodesic segment between any two
points of C lies entirely in C.) Here

Vu = (Du)* and V?u = (D*u)?,
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2 M. LANGFORD AND J. SCHEUER

where D is the Levi-Civita connection of the round metric ¢ on S™ and the f-
operator is the usual index raising operator with respect to o, so that Vu is the
gradient vector field and V2u the Hessian endomorphism field on .

We want to prove concavity of solutions u € C2(2) N C(Q) to (1.1) satisfying
suitable boundary conditions. The question of concavity of solutions to elliptic
equations on Fuclidean domains is widely studied, in particular in connection with
Laplacian eigenvalues. For example, Brascamp and Lieb [4] proved that the first
Dirichlet eigenfunction of the Laplacian over a convex domain is log-concave. A
recent highlight in this area was, with many partial results preceding it, the proof
of the fundamental gap conjecture by Andrews and Clutterbuck [2]. Using a refined
log-concavity estimate for the first eigenfunction, they obtained a sharp estimate for
the difference between the first and second Dirichlet eigenvalues (the “fundamental
gap”). An analogous result on the sphere was obtained by Seto, Wang and Wei
[12].

Our main tool will be the “two-point maximum principle” approach introduced
by Korevaar [9]. The idea is to estimate the function

(1.2) Z\z,y) =udz+ (1= Ny) — Qu(z) + (1= Nu(y), 0<A<1,

using a first and second derivative test from below by zero, where « is the solution
to a certain quasilinear equation with some structure properties. Refinements of
this approach for C2-solutions are due to Kennington [8] and Kawohl [7]. Using
regularization, Sakaguchi [11] has transferred this method to solutions of certain
p-Laplace equations, the solutions of which may be non-smooth. Similar extensions
to viscosity solutions are the content of [1] and [6]. The argument was used to
obtain proofs of differential Harnack inequalities for hypersurface flows in [3].

To our knowledge, there is no such concavity maximum principle for non-Euclid-
ean domains. The reason for this seems to arise from a major technical obstruction:
in order to make the application of the maximum principle to (1.2) work, it is
necessary to differentiate a family of geodesics with respect to their end-points.
This leads to the consideration of a family of Jacobi fields and their variations. In
order to exploit the first order conditions, one needs detailed knowledge about the
nonlinear Jacobi fields along the Z-minimizing geodesic. Even worse, the second
order condition contains a further space derivative of the Jacobi equation and in
general it seems impossible to extract the correct sign, which is required to apply
the maximum principle, from these conditions.

The purpose of this paper is to initiate the study of concavity maximum princi-
ples for degenerate elliptic equations on a Riemannian manifold and we start this
journey on the unit sphere. Here we have managed to deal with the pretty well
known Jacobi fields and their maybe not so well known derivatives. One first key
observation is that, for technical reasons, the full three-parameter function Z is no
longer suitable. The concavity of a solution is equivalent to the concavity of

t = u(y(t))

for every geodesic ~

v: [-1,1] = Q,
cf. [13]. By a well known result due to Jensen [5], for continuous functions this is
equivalent to asking this function to be midpoint-concave, i.e.

u(1(0)) > 3 (u(y(~1)) + u(3(1)
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Hence it will suffice to prove that the function
Z:OxQ—=R
(1.3) 1
(@,9) = u (12,4(0)) = 5 (u(r2y(=1)) + w72,y (1))
is non-negative, where v, , is the unique minimizing geodesic from = to y. The
mid-point approach has also been taken for equations on Euclidean domains in
[6, 7].

Before we state our main theorem, we need to introduce some more objects.
We denote by (V, L) the category of n-dimensional real vector spaces with linear
transformations as its objects. A function f on that category is called isotropic if
it acts on the subclass £ of endomorphisms in a GL,-invariant way:

(1.4) YW EEVV € Liny: fOV) = fF(VEoWo V),

where L;,, denotes the class of all invertible linear maps, understood to map to the
correct space such that (1.4) makes sense. From this property it is clear that the
action of f on real diagonalizable endomorphism is only determined through the
action on the ordered set of eigenvalues (K1, ..., kn),

(1.5) fOW) = F(EVOWV)) = f(k1, .., kn).

The properties we will require from f will in general only be satisfied if f is restricted
to a subclass of & and the best way to describe the domain of definition of f is via
f. Therefore we suppose the domain of definition for f, I' C R", is a symmetric,
open and convex cone which contains the positive cone

Iy ={keR": k; >0V1<i<n}.
Denote by Sym™*™(R) the vector space of symmetric (n x n)-matrices. Then there
exists an open domain of definition Dr C Sym"™*"(R) for f consisting of matrices
with eigenvalues in T, such that (1.5) holds for all W € Dr.
Abusing notation, the orthogonal invariance of f allows us to understand Dr

to be a subset of any other space of g-self-adjoint endomorphisms of an arbitrary
n-dimensional inner product space (E, ). Here is our main theorem:

1.1. Theorem. Letn > 2, Q C S™ and suppose € to be geodesically convex. Let I'C
R™ be a symmetric, open and convez cone containing I'y and let u € C*(Q)NCH(Q)
be a solution to
F(IVu|, =V2u) = b(-,u, |[Vu|) in Q.

Suppose the function f: [0,00) X Dp — R has the following properties:

(i) For every p € [0,00), f(p,-) is an isotropic function on Dg,

(ii) f is increasing in the first variable,

p<q = [flp.) < flag)
(#i) increasing in the second variable,
K; S)\, Vi<i<n = f(~,diag(n1,...,nn)) < f(,dlag(/\l,,)\n)),

(iv) convez in the second variable,
Suppose the function b: Q& x R x [0,00) = R is
(a) decreasing in the third variable,
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(b) jointly concave in the first two variables:

b (Y24(0), 3 (u(z) +u(y)),p) = 3b(x, u(z),p) + 5b(y, u(y), p),
(c) strictly decreasing in the second variable.

If furthermore for all (x,y) € O x Q there holds
Dug(Ya,y(—1)) = Duy(Ya,4(1)) > 0,

then u s concave.

1.2. Remark. The boundary condition is slightly stronger than the ones in [8, 9].
This stems from our technical restriction that due to the nonlinear ambient ge-
ometry we have to use the notion of mid-point concavity. Hence we can not vary
a boundary point without varying another point too. Geometrically it says that
at every point x € 0f, the totally geodesic hypersurface tangent to graph(u) at
(z,u(z)) must lie above graph(u) and at every point y € Q the totally geodesic
hypersurface tangent to graph(u) at (y,u(y)) must lie above graph(u|sq), and one
of these relations must be strict.

1.3. Example. Let us give a large class of examples of operators to which this
theorem applies. Given a convex and increasing function ¥ : R — R, define

f("ila"'7/<'n) = Z’(/)(lil)

Then the operator function
fOW) =tx(¥(W))

associated to f is convex and increasing. Here 1 is also understood to be the
operator function. Explicit examples are

f(=V2u) = —Au, f(=V?u) = tr(exp(—V?u)),
where the latter is the matrix exponential.

For the proof of Theorem 1.1 we need an easy result from linear algebra and
some tedious calculations of Jacobi fields and their derivatives. We address these
issues in the next two sections, before we can proceed to the proof of the theorem.

2. A RESULT FROM LINEAR ALGEBRA

The nonlinear ambient space will introduce an algebraic problem. In order deal
with it, we need the following lemma from linear algebra. It should be standard,
but we did not find a proper reference, so let us give the proof for the reader’s
convenience.

2.1. Lemma. Letn > 1 and W and V be symmetric (n x n)-matrices, such that
W is non-negative definite and V' defines a bijective contraction map, i.e.
V()] < [z
Then the spectra of the matrices W and V oW oV are ordered in the sense
Ai < Ki,

where \; < --- <\, are the eigenvalues of VoWoV and k1 < --- < Kk, are those
of W. The reverse inequality holds if V is an expansion.
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Proof. Let R4 denote the Rayleigh quotient of a matrix,

Ra(z) = <A§|’2x>
Then
Ryowor (&) = <(W°|Z|)f Vo (W TVV;;’V@ = Ryy(Va),

where we used the assumptions on W and V. From the Courant min-max principle
we get

Ai = mUin {max{RVoWoV(m): zeU}: dim(U) = z}
< mln {maX{RW Vz): z € U}: dim(U) = z}
- {maX{RW Va): z € VHU)}: dim(U) = 2}
{

maX{RW cyeUt:dim(U) = z}

To prove the expansion case, just reverse all inequalities. ([l

3. JACOBI FIELDS

We have to differentiate (1.3) twice and in this section we collect the geomet-
ric ingredients of this process. The derivatives of 7., will be Jacobi fields and
variations of them and we will make extensive use of the Jacobi equation. Define

r:OxQx[-1,1]—Q
(T,9,t) = Yy (1)
For the moment choose arbitrary coordinates (z¢,y%) in Q x Q. The vector fields

or or
Ja:"'(xay7 ) o 1( ' Ys )a Jy7(xay7) = aiyi(x’y’ )
are, for given z,y, Jacobi fields along v, , with
Jpi(@,y, =1) = Opi, Jpi(w,y,1) =0, Jyi(x,y,—1) =0, Jyi(z,y,1) =0y,

where we identify d,: with its pushforward under the identity map T'(-,y,—1) and
likewise for d,:. We will have to deal with the second derivatives of I' which are
given by (neglecting the distinction between Dy ; and D or , since later we will

oxd

work in Riemannian normal coordinates)
ar or or or
Kyizi = Doy i O Rl K DByJ 8 YR Kwiy7 DﬁJ Oz ) K Dazj 6 a0
Those satisfy a differentiated Jacobi equation, which we derive in the following. We
use the following convention for the Riemannian curvature tensor.

Rm(X,Y)Z = DxDyZ — DyDxZ — Dix yZ,
i.e. on Q C S™ we have
Rm(X,Y)Z =0(Y,2)X — o(X, 2)Y,
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where we recall that ¢ denotes the round metric. With this convention the Jacobi
equation, which for example J,: satisfies for fixed z,y, is

(3.1) 0= D2J, + Rm(J,:, )T = D2J,i + |12, — o(T, J,)T,
see e.g. [10, Ch. 10]. The same holds for .J,; and now we have to differentiate this
equation with respect to =7 and y/. We consider it to be easier to follow those

calculations if we do not explicitly put in the specific form of the Riemann tensor
just yet. However we will already use D Rm = 0. For K.,; we calculate:

3.1. Lemma. There holds

(3.2) 0= D?K,iy + Rm(Kip, ) 4+ 2Rm(J,i, 1) Dy, + 2Rm(J,5, ) Dy,
Kgiyi and Kyig;.

and similarly for Kyiyi,

Proof. We only prove this for K :,; since the other identities are obtained in a
similar manner. Differentiating the Jacobi equation and applying the first Bianchi
identity (in the final step) yields

0=Dy, (Dmei + Rm(Jmi,F)F)

= DyDy_, DyJyi + Rm(Jy5, T) Dy + Rm(K iy, DT + Rm(Jyi, Dy, )T
+ Rm(J,:, 1) Dy J,;

= Dy (DiDa, Jus + Rin( s, D)y ) + Rin( s, T) Dy + Rin(K s, DT
+ Rm(J,:, Dy Jyi )T + Rm(J,:, ) Dy,

= D?K iy + Rm(DyJy;, 1) + 2Rm(J,,, 1) Dy Jy: + Rm(K iy, )T
+ Rm(Jyi, Dy Jy )T + Rm(J,i, 0) Dy J,,

= D?K iy + Rm(K iy, D) 4+ 2Rm(J,:, 1) Dy Jys + 2Rm(J,5, D) Dy,

as claimed. 0

In order to get more information about these quantities, first we note that at
t = 41 all K are zero. This is due to the fact that

F('a'a_l) = pry, F(,,l) :pry
and the second covariant derivative of an isometry is always zero. Also it is in order
to pick the right coordinates. In the following, latin indices range from 0 to n — 1

and greek indices range from 1 to n — 1. At a given point xy pick Riemannian
normal coordinates, where with a rotation we arrange

i
|")/|( O)a

while at yo we do the same. Since we have Riemannian normal coordinates at xg
and yo, the 2n vectors (9,:,0,:) form an orthonormal basis at (xo,yo), while J0
is the parallel transport of d,0. Furthermore, the Christoffel symbols vanish at
(20, yo) in the product space. After a possible orthogonal transformation at yo and
reordering of basis vectors, there exists a set of vector fields (E;(t))e[—1,1) parallel
along 7vz,,y,, such that

6350 (1‘0) =

Ei(=1) = 0y, Ei(1) =0,
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3.2. Lemma. In the above constructed coordinates there hold:
(i) Kgoz0 = Kyoyo = Koo = 0.

(11) Kyopo + Kyoyo + Kyoya + Kyoge = 0.

(iii) The quantities

Ko = (Kpous + Kyoys + Kpays + Kyags) €67
and
Ks = (Kyous + Kyoys — Kpoys — Kyogs) £°¢°
where & is any parallel vector field, satisfy
(33) 0= D}Ks +Rm(Ko, I)I' + 4Rm(Jyo + Jyo,T)(De s + Dy J,s)EER,
respectively

(34) 0= D}K3+Rm(K3,I)I' + 4Rm(Jpo — Jyo,T)(DeJps — DyJ,s)EER.

Proof. (i) Since zy and yo are not conjugate points, the Jacobi fields are uniquely
determined by their boundary values. Hence, suppressing (xo, yo),

1 1
= 5(1 —t)Eo(t), Jy(t) = 5(1 +1)Eo(t).
However, Ej itself is the tangent to the normalized geodesic. Plugging this into (3.2)
yields that those K are Jacobi fields themselves, though with vanishing boundary

values. Hence they are identically zero.

Jpo(t)

(ii) For any 1 < a < n — 1 define
K1 = Kpogo + Kyoya + Kzoyo + Kyogo.
Then Ky solves
0 = D2K; + Rm(Ky, )T + 2 (Rm(Jw YDy Jyo + Rm(Jye, 1) Dy J 0
+Rm(Jyo, T)DyJyo + Rm(Jpe, I“)DtJyo)
= D?K; + Rm(K, )T,
where we have used
Joo +Jyo = By, DyJyo = —%EO = —DyJypo.

Hence K; is, as a Jacobi field with vanishing boundary values, identically zero.

(iii) We add up all four equations of the form (3.2) with the appropriate sign.
We treat Ko and K3 simultaneously by using 4 in the appropriate places. We get

0= D?Kays + Rm (K ays, D) 4+ 2Rm(Jpa, 1) Dy Jys + 2Rm(J,s, 1) Dy J e
+ D} K yoys +Rm(Kays, )0+ 2Rm(Jye, I) Dy Jys + 2Rm(Jys, D) Dy Jye
+ D?Kpays £ Rm(Kyays, D) £ 2Rm(Jpe, 1) Dy J,s £ 2Rm(J,s, 1) Dy Jpe
+ D} K yops = Rm(Kyays, D)I' £ 2Rm(Jyo, 1) Dy J,ps £ 2Rm (s, D) Dy Jyo.
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Applying this to £*¢P gives
0 = D?Ky/3 + Rm(Ky/3, )T + 4 Rm(Jpo, 1) Dy J,s €67
+4Rm(Jyo, 1) Dy s €2€° £ ARm(Jpo, T) Dy J s £2€°
+ 4Rm(Jyo,T) Dy J s 6468
= DiKy3 + Rm(Ko/3, I)T + 4Rm(Jpe £ Jya, 1) Dy J,s£2€°
+4Rm(Jye £ Jpa, 1) Dy J s €€

A quick check of both cases reveals that Ko and K3 satisfy the desired equations.
O

3.3. Lemma. The quantities KCo and KC3 from Lemma 3.2 both vanish at t = 0.

Proof. From (3.1) we obtain

Jzo (t) = va (1 —t)Eq(t), Jya(t) =va(1+t)En(t)
with a function v, that satisfies
(3.5) o = =200, va(0) =0, v4(2)=1.

Hence, from multiplying (3.3) and (3.4) with some Ejg, we see that <IC2/3,Eg> Eg
is a Jacobi field with vanishing boundary values and hence zero. Thus Kg and K3
are both multiples of I" and again from (3.3) and (3.4) we get

0= 0?2 <IC2/3,F> — AR (Jpe & Jya, I\ T, DyJys + DyJo )P
= —4(vo (1 — t) £ va (1 4+ 1))0:(vs(1 — t) £ vs(1 +t)) Rm(E,, T, T, Eg)e*e?
+ 02 <IC2,F> .

In this sum, the contribution of terms involving o # (3 is zero, because in this case
the curvature term is zero. So we get

0= — 2120, (va(l — £) £+ va (1 + £))26%€" + 02 </c2,f>

=: —g(t) + h(t).

We solve this equation by integration with respect to the boundary values h(—1) =
h(1) = 0 and evaluate h at t = 0. In general we get with some constants a and b,

h(t)z/_lg+a=g<t>—g<—1>+a

and

and hence we have
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Due to the symmetry of the function g around 0 we get h(0) = 0 and the proof is
complete. ([

4. PROOF OF THEOREM 1.1

To prove Theorem 1.1, we need to prove that the two-point function

1

Z(@,y) = ul124(0)) = 5 (u(@) +u(y))

defined in Q x € is non-negative at minimal points. Therefore we may assume that
x # y. If one of the minimizing points, say x, is at the boundary, then we prove
that by moving  and y towards each other at the same speed (i.e. while fixing the
mid-point z), we could decrease the value of Z. To see this, consider the function

co(t) = u(z) — %(U(%,y(t = 1)) + u(Va,y (1 = 1))).
There holds
—2¢(0) = Dug(Ya,y(—1)) + Dty (Ya,y(1)) > 0.

Hence ¢(0) is strictly negative and Z must achieve its minimum at interior points.
Let z = 7;,4(0). The first order conditions on Z are (suppressing the spatial
arguments for J)

0 = Du,(J,:(0)) — %@-uz =v;(1)0u, — 1az-uz

2
and
0= Dus(Jy (0)) — g0ty = vi()diu- — 50y,
with
w(1) =5, vall) = (1),
and the latter solves (3.5) and hence
B sin(|T)t)
sin(2|T])

We use the bases

Ei(=1) =0y, E;(0), E;(1) =0,
which are orthonormal at the respective points x, z,y, to identify all of the three
tangent spaces canonically with one single Euclidean R™. In these coordinates,

define an endomorphism V' through its matrix representation,

v =ding (L g oy )

Then
[Vuz| = [V(Vuy)| = [V (Vug)| < [Vue| = [Vuy|,

since
1) = 1 -
2 cos|T|

1
> —.
-2
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The second order condition implies that for all £ € R™ and all a,b € GL,,(R)
0< figj(afar” + bfay”)(agax‘l + b?ay")Z
= &' (aF a0, 020 Z + alb10,0 0y Z + VY al0yp Opa Z + bIb10,0ya Z)

- 1
— Slé.ja?ag <D2U2(JIP’ qu) + DUZ(KIPIQ) B 2D§QU$)

+ §ifja?b?(D2“2(fo’v Jya) + Du.(Kapya))
+ 0 al(D*u (Jyp, Jpa) + Du(Kypga))

- 1
€O (D ) + Do) — 3 D)

1 . .
= 8¢ VT ol (VT oI Djus — 5(afa Digus + b7 Dyuy)

+ giijuz(afa;]‘szIq —+ a/fb?Kmpyq —+ bfagKypmq + bfbgKypyq),

where
c:=a-+b.

We test this relation twice with suitable a and b to deduce a concavity relation.
First let id = a = —b. Then we obtain in the sense of bilinear forms on R",

2 2
Diuy + Djjuy, <0,

since in this case ¢ = 0 and the term involving K also vanishes in view of the
K3(0) = 0 case in Lemmata 3.2 and 3.3. Due to the same reasoning using K2(0) = 0,
from setting a = b = V/2 we obtain

1
~DRju. <~ (D + D) (Vi, V).

As we are working in Euclidean coordinates, we may view both sides to lie in Dg.
Hence we may apply f(|Vu,|,-) after raising an index with respect to the Euclidean
scalar product and use the naturality of f to obtain

1
bt [V]) = F(F0.] =20 < f (V] =5 (D0 + D%, ).

where we have used the monotonicity of f in the second variable and Lemma 2.1.
Using the convexity and the other monotonicity properties, we get

1 1
b(zau27 ‘VUZD < §f(|vua:|a _VQUJC) - if(lvu’v‘v _v2uy)

1 1

1 1
< ib(x7u$7 ‘VUZD + ib(yauya |vuz|)

1
<b (27 5(% + uy), |v“z|) :
Hence, due to the strict monotonicity in the second variable,
1
Uy > g(ux + Uy)

and the proof is complete.
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Remark. The method to introduce different variational directions in the z and

y variables was already used in [7, Thm. 3.13], although in a simplified (quasilinear
Euclidean) setting, where it gave a lot more information.
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