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A B S T R A C T   

The paper presents a new healing system that uses pre-tensioned hybrid tendons to close cracks in cementitious 
structural elements. The tendons comprise an inner core, formed from aramid fibre ropes, and an outer sleeve 
made from a shape memory PET. During the manufacturing process, the inner core of a tendon is put into tension 
and the outer sleeve into compression, such that the tendon is in equilibrium. A set of tendons are then cast in a 
cementitious structural element and heat activated once cracking occurs. This triggers the shrinkage potential of 
the PET sleeve, which in turn releases the stored strain energy in the inner core. The tensile force thereby 
released applies a compressive force to the cementitious element, in which the tendons are embedded, that acts 
to close any cracks that have formed perpendicular to the axis of the tendons. Details of the component materials 
used to form the tendon are given along with the tendon manufacturing process. A set of experiments are then 
reported that explore the performance of three different tendon configurations in prismatic mortar beams. The 
results from these experiments show that the tendons can completely close 0.3 mm cracks in the mortar beams 
and act as effective reinforcement both before and after activation. A nonlinear hinge-based numerical model is 
also described, which is shown to be able to reproduce the experimental behaviour with reasonable accuracy. 
The model is used to help interpret the results of the experiments and, in particular, to explore the effects of slip 
at the tendon anchorages and the amount of prestress force that remains after activation. It is shown that, with 
two of the tendon configurations tested, over 75% of the prestress potential of the tendon remains after crack 
closure.   

1. Introduction 

It has long been known that cracking can reduce the service life of 
concrete structures and such cracking remains a problem, even in new 
structures [19]. A potential solution to this problem is to introduce 
engineered (autonomic) self-repair mechanisms into structural ele-
ments, which are able to heal cracks as they form [31]. Several ap-
proaches have been developed for endowing concrete with this self- 
repairing ability, including technologies that use embedded bacterial 
spores [12,27,61,38], micro- and macro- encapsulation of healing 
agents [42,20,62,52,2,55,59], and embedded vascular networks for 
supplying healing agents to damage zones [15,28]. A much fuller ac-
count of previous work on self-healing cementitious materials may be 
found in several literature review articles [60,11,18,51,65]. 

A very different approach to crack ‘healing’ is to embed shape 
memory bars or tendons into structural elements that, when activated, 
release a shrinkage potential that provides a crack-closure mechanism. 
Some investigators [48,30] have used shape memory alloy (SMA) bars 
for this purpose, sometimes in combination with fibre-reinforced poly-
mers [3,33,64,66], whilst others have employed shape memory polymer 
(SMP) tendons [26,16,25,21,56,57]. 

SMA bars were shown to be highly effective as a combined crack- 
closure/post-tensioning system but these are generally more suited to 
specialist applications due to the relatively high cost of these bars. The 
latter (SMP), which used pre-oriented polyethylene terephthalate (PET), 
is more economic and was shown able to close cracks in plain concrete 
elements but the relatively small crack closure force proved inadequate 
to significantly reduce crack openings in reinforced concrete elements. 

* Corresponding author. 
E-mail addresses: Balzanob@cardiff.ac.uk (B. Balzano), J.Sweeney@bradford.ac.uk (J. Sweeney), G.P.Thompson@bradford.ac.uk (G. Thompson), JeffersonAD@ 

cardiff.ac.uk (A. Jefferson).  

Contents lists available at ScienceDirect 

Engineering Structures 
journal homepage: www.elsevier.com/locate/engstruct 

https://doi.org/10.1016/j.engstruct.2020.111330 
Received 6 November 2019; Received in revised form 4 August 2020; Accepted 9 September 2020   

mailto:Balzanob@cardiff.ac.uk
mailto:J.Sweeney@bradford.ac.uk
mailto:G.P.Thompson@bradford.ac.uk
mailto:JeffersonAD@cardiff.ac.uk
mailto:JeffersonAD@cardiff.ac.uk
www.sciencedirect.com/science/journal/01410296
https://www.elsevier.com/locate/engstruct
https://doi.org/10.1016/j.engstruct.2020.111330
https://doi.org/10.1016/j.engstruct.2020.111330


Engineering Structures 226 (2021) 111330

2

In addition, the shape memory polymer tendons used by Teall et al. 
[56–57] tend to reduce in strength and stiffness when activated, which 
makes them less effective as reinforcement after activation. In response 
to these deficiencies, a research programme has been undertaken aimed 
at developing a new type of hybrid SMP tendon. Specifically, the aim of 
the work was to develop tendons that generate larger crack closure 
forces than the SMP tendons of Teall et al. [56–57] and which provide a 
much higher level of post-activation reinforcement. An added benefit of 
this type of crack closure system is that it enhances autogenous healing. 
This is because when crack openings are 0.1 mm or less, the potential for 
autogenous healing increases greatly [47,25]. 

The new hybrid tendons comprise an inner core of aramid fibre (in 
this case Kevlar®) and an outer SMP sleeve formed from orientated PET. 
Aramid fibres are chemically stable and are characterised by their 
relatively high strength, light weight and thermal stability [45]. The use 
of aramid fibre tendons for prestressed concrete is well-established 
[8,9,10,5] and a number of structures have been built using this type 
of prestressing system [14]. Shape memory properties of orientated PET 
have been reviewed recently [6,22,23,53]. The particular case of PET 
has been studied by a number of investigators [24,39,41,44,50,63], who 
have shown that it is possible to create a variety of shapes of drawn PET 
with a shrinkage potential that can be activated by heating. 

This paper gives details of research programme on the new hybrid 
tendons and also presents a numerical model that is used to help inter-
pret the experimental results from tests on centrally-notched mortar 
beams. The model employs the concept of a nonlinear ‘hinge’, which 
represents the behaviour of the beam at the location of the notch [58,1]. 
In the present case, the hinge model was combined with layered beam 
theory [37]. 

The layout of the remainder of the paper is as follows. Section 2 
presents the overall concept of the hybrid tendon and their action in a 
structural element, i.e. a beam. Section 3 gives details of the component 
materials of the tendon and the mortar mix and describes the tendon 
manufacturing process. Section 4 describes the test specimens and gives 
the experimental procedures. Section 5 presents the nonlinear hinge 
model. Section 6 gives the experimental results along with some dis-
cussion. Section 7 presents the main conclusions from the study. 

2. General concept 

The new hybrid tendon comprises two elements: the first is an outer 
cylinder (or sleeve) made of pre-drawn PET; the second consists of a 
prestressed core formed from Kevlar® rope. This pre-stressed core is 
restrained by the outer PET cylinder until the latter is activated, at which 
point the tensile pre-load in the core and the shrinkage potential of the 
cylinder are released. When the tendon is embedded and anchored in a 
concrete or mortar structural element, the release of this shrinkage po-
tential results in a compressive force being applied to the structural 
element and this action tends to close any cracks that have formed 
perpendicular to the axis of the tendon. The concept underlying the 
tendon design is illustrated in Figs. 1 and 2. 

Ideally, the tendon core should be a relatively high-strength low- 
modulus material. The high strength is required for prestressing and 
reinforcement and the low modulus minimises prestress losses due to 
creep and shrinkage in the mortar (or concrete). It is also important that 
the modulus is not so low as to compromise the post-activation rein-
forcement function of the tendons. The authors investigated various 
materials using mechanical beam idealisations and found that Kevlar® 
had the right combination of strength and stiffness. 

The first manufacturing stage is the pre-tensioning of the inner cable, 
which is initially stressed elastically. Once the inner cable reaches the 
desired pre-stress, the whole system is locked using specific cable-grips 
tailored for the application (See Figs. 1 & 2). 

At this point, the external force is released onto the inner core and 
the system is then in a self-equilibrated state, with the PET sleeve in 
compression and the core in tension, as previously illustrated in Fig. 1. 

The system is embedded in the cementitious structural element 
during casting, as explained in the next section. Once cracking has 
occurred, the hybrid tendon is activated via heating. This triggers the 
sleeve’s shrinkage potential, thereby releasing the tensile force stored in 
the inner cable, which then applies a compressive force to the cemen-
titious beam via the tendon’s anchorages. In addition to post-tensioning 
the beam, the Kevlar® inner (core) cable also provides unbonded rein-
forcement both before and after activation. This gives the system the 
potential to entirely replace conventional reinforcement, which is 
contrast to a previous SMP-based system that did not provide reliable 
post-activation reinforcement [56]. 

It is emphasised that the tendons are designed to be unbonded be-
tween anchorages since this avoids high local tendon strains from 
developing in the vicinity of a crack [26], which could damage the 
tendon. Furthermore, this arrangement allows the full restrained 
shrinkage potential of the tendon to be available for closing cracks. 

It is worth clarifying that the degree of autogenous healing effect was 
not explicitly measured in the experiments. Previous work has proven 
that this healing effect increases as crack widths decrease, with little 
healing occurring in cracks greater than 0.2 mm in width [47,25,17]. 
Since the present system closes serviceability-sized cracks, (e.g. from 
0.2 mm to 0.01 mm), it may be stated with confidence that the system 
provides the crack opening conditions necessary for significant natural 
healing to take place. 

Fig. 1. Hybrid tendon schematic and photograph.  

Fig. 2. a) Hybrid tendons embedded in a structural element. b) Hybrid tendon 
activation and compression release. 
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3. Materials and tendon manufacture 

3.1. Mortar mix 

The cement mortar for the beam specimens was prepared using 
Portland cement CEM II A/L 32.5 R (CAS number 65997–15-1), standard 
quartz sand (CAS number 14808–100 60–7) as fine aggregate and tap 
water. Cement (c) and sand (s) were mixed in a c/s ratio of 1:3 by mass, 
and water (w) was added at a w/c ratio of 0.55 by mass. The mix pro-
portions of cement, water and sand were 527.5 kg/m3: 1582.4 kg/m3: 
290.1 kg/m3 respectively. The sand was passed through a 2 mm sieve. 

Three 100x100x100mm cubes and three 100x200mm cylinders were 
produced in order to perform compression and splitting tests in accor-
dance with BS EN 12350–1:2000 and BS EN 12390–6:2009 respectively, 
with the aim of determining the compressive cube strength (fcu) and 
tensile splitting strength (fcyl) of the mortar paste. All the specimens 
were cured for 7 days prior to being tested. The compressive and split-
ting test results are given below in Table 1, noting that CV denotes the 
coefficient of variation. 

It is noted that the true tensile strength (ft) is approximately 0.85 fcyl, 
(i.e. ft = 0.85 fcyl) and the true uniaxial strength (fc) is approximately 0.8 
fcu (i.e. fc = 0.8 fcu) [34]. 

3.2. PET “sleeve” 

The PET tubes were manufactured using a commercial grade of PET 
(Dow Lighter C93). This grade has been used to manufacture shape 
memory fibres [56] using a die-drawing process. This process has been 
adapted and developed for the production of tubes. 

Firstly, tubes were extruded using the same Killion extruder as 
specified previously [56] in fibre manufacture. Operating conditions 
were set at a screw speed of 70 rpm, pressure of 200 bar, maximum 
extruder temperature 280 ◦C and die head temperature of 260 ◦C. 
Extrusion was through a circular section die of diameter 14 mm, with an 
internal pin of diameter 4 mm to create the central circular hole. The 
haul-off speed was 500 mm min−1 and final dimensions were outer 
diameter 13 mm and inner diameter 6 mm. 

Then, the extruded tubes were die-drawn in 1 m lengths through a set 
of two dies: a converging die of 12 mm final diameter contacting the 
outside of the tube, inducing a small level of axial orientation; and a 30◦

conical diverging mandrel of final diameter 10 mm inside the tube. The 
purpose of the mandrel is to induce tangential or hoop orientation of the 
polymer. It was found that the balance between axial and hoop orien-
tation produced by this process gave a higher compressive strength than 
that produced by axial orientation alone. Both the die and oven air 
temperatures were set at 90 ◦C. The initial haul-off speed was 40 mm 
min−1, increasing during the die-drawing process to achieve steady 
conditions at 300 mm min−1. The tube’s final outer diameter was on 
average 8.7 mm, corresponding to a draw ratio of 4.0. 

Adopting this manufacturing technique resulted in an improvement 
of the mechanical properties of the PET tubes. In particular, the 
compression strength, originally around 50 MPa, is now 90–100 MPa, 
which is enough to prevent the tube from crushing under the load of the 
inner cable. It should be noted that buckling is not an issue as a result of 
the design of the tendon, since the Kevlar® inner cable in tension pre-
vents buckling of the outer cylinder. 

The hybrid tendons used in this study had a length of 255 mm and 
the cross section shown in Fig. 3. The length was dictated by the size of 

the mortar beams in which the tendons were embedded. 
The shape memory response (or shrinkage potential) of PET sleeves 

is activated when they are exposed to a temperature of approximately 
100 ◦C, and this shrinkage potential reaches a maximum at a tempera-
ture of between 120 and 130 ◦C. The free shrinkage response of six 50 
mm long PET tubes are shown in Fig. 4. The tubes were activated by 
placing them in an oven at 130 ◦C for 30 min. As illustrated in the figure, 
the shrinkage strain varies between 8 and 15%. 

The mechanical properties of the PET sleeve are reported in Table 2. 

3.3. Kevlar® inner cable 

Kevlar® is an organic fibre belonging to the family of the aramid 
fibres and is characterised by a relatively high tensile strength. The 
mechanical properties of the Kevlar material employed in this study are 
given in Table 3. 

For this study, 4 mm and 2.3 mm diameter Parafil® Type F ropes 
made with DuPont™ Kevlar® brand fibre by the company Linear 
Composites were used. 

4. Laboratory experiments 

The performance of the hybrid tendons as a crack-closure system was 
tested by embedding them in 75x75x255mm mortar beams. The beams 
contained a central notch and were loaded in three-point bending, as 
shown in Fig. 5. 

As a point of reference, the Eurocode 2 singly reinforced bending 
moment limit for a section of this size, with reinforcement placed at the 
average effective depth employed for this test, is 1.25kNm, which as-
sumes that the mortar has the average strength given in Table 1 and that 
no partial factors are included. For the present beam configuration 
(Fig. 5), this equates to an applied load of 2.5kN, which is significantly 
higher than the load applied to any of the test specimens. 

4.1. Tendon configurations 

Three tendon configurations (series) were considered, as outlined 
below and illustrated in Fig. 6. 

Series 1: Two hybrid tendons were embedded in the mortar beams. 

Table 1 
Cube and cylinder strengths.   

fcu (7 days) fcyl (7 days)  
MPa MPa 

Mean 26.0 2.0 
CV (%) 6.0 16.2  

Fig. 3. Hybrid tendon cross section.  

Fig. 4. Shrinkage potential of six 50 mm PET segments. The bar chart shows 
the lengths before and after the activation. 
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The inner core of each tendon was made by combining 4 Parafil® ropes 
of 2.3 mm nominal diameter, which gives a relative core area (Acore/ 
(b⋅h)) of 0.15%. The tension force stored in each tendon after manu-
facture was approximately 600 N, giving a total initial pre-stressing 
force (Pr0) of 1200 N for the Series 1 configuration. 

Series 2: Three hybrid tendons were embedded in the mortar beams. 
The inner core of each tendon was made by combining 2 Parafil® ropes 
of 4 mm nominal diameter, which gives a relative core area (Acore/(b⋅h)) 

of 0.45%. The tension force stored in each tendon after manufacture was 
approximately 750 N, giving a total initial pre-stressing force (Pr0) of 
2250 N for the Series 2 configuration. 

Series 3: Four hybrid tendons were embedded in the mortar beams. 
The inner core of each tendon was made by combining 2 Parafil® ropes 
of 2.3 mm nominal diameter and 2 ropes of 4 mm nominal diameter, 
which gives a relative core area (Acore/(b⋅h)) of 0.6%. The tension force 
stored in each tendon after manufacture was approximately 900 N, 
giving a total initial pre-stressing force (Pr0) of 3600 N for the Series 2 
configuration. 

The initial configuration of the hybrid tendons (Series 1) was ob-
tained using the classical flexural design approach for concrete beams. 
The required tendon area was calculated from the criterion that the 
activated tendons should induce an axial stress of approximately 0.5 
MPa in the mortar at the lower surface level. This value was based on 
previous work [25,56]and was considered sufficient to achieve crack 
closure. 

Once complete, the first test series was considered with the numer-
ical model in a series of analyses. The results from these computations 
highlighted that tendon slippage was significant and detrimental to the 
performance of the system. A close inspection of the beams after the tests 
also confirmed that some slippage (~0.8 mm) had occurred at the an-
chorages. In addition, the results from the first series of tests suggested 
that a higher level of post-compression and a greater post-activation 
reinforcement (tendon) area would be beneficial. Hence, a series of 
simulations were undertaken to determine two further tendon 

Table 2 
PET mechanical properties.    

Average Value CV   
MPa % 

Tensile Strength MPa 117.7 1.75 
Compression Strength MPa 84.07 9.78 
Young Modulus MPa 6472 1.45 
Density kg/m3 1380 1.52  

Table 3 
Kevlar® mechanical properties.    

Average Value CV   
MPa % 

Tensile Strength MPa 740 11.4 
Young Modulus MPa 7023 0.96  

Fig. 5. Mortar beam testing configuration.  

Fig. 6. Tendon configurations.  
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configurations (See Fig. 6), which aimed to limit the amount of post- 
peak softening, increase the crack-closure and achieve a higher final 
load. The positions of the tendons in these configurations were based on 
the spacing requirements of the anchorages and mix compaction con-
siderations. In addition, a minor -but effective- amendment was made to 
the anchorage fixing procedure, which involved additional anchorage 
clamps and ensuring that the clamping screw secured all of the strands 
adequately. 

4.2. Common procedures 

4.2.1. Specimen preparation 
For each experiment, the hybrid tendons were positioned in wooden 

moulds designed specifically for this study (Fig. 7). A number of holes (2, 
3 or 4) were drilled in the stop-ends in order to accommodate the ten-
dons and anchorages, as illustrated in Fig. 7. The mortar paste was then 
poured into the mould in three layers, with each layer being compacted 
using a vibrating table. 

Fig. 7 shows the preparation of the Series 1 to 3 specimens. For each 
case, one control beam was also prepared, which consisted of a plain 
mortar beam with no embedded elements. Beams with tendons are 
denoted SH beams (i.e. Self-Healing beams) in the remainder of this 
paper. 

After 24 h, the mortar beams were removed from the wooden 
moulds, covered in wet hessian and wrapped in cling film as shown in 
Fig. 8 a-b. 

All the beam specimens were notched prior to testing, as illustrated 
in Figs. 5 and 9. Knife edge plates were then glued to the underside of the 
beam, as shown in Fig. 9a, to accommodate a lightweight clip gauge, 
which was used to measure the Crack Mouth Opening Displacement 
(CMOD) during the experiment (Fig. 9b). 

4.2.2. Testing stages 
The testing procedure comprised the following three stages, as 

illustrated in Fig. 10: 
Stage 1. The specimen was subjected to three-point loading in order 

to induce a central crack. Once the crack opening reached the pre-
determined value, the specimen was then unloaded and removed from 
the loading machine. The aim of this initial stage was to induce a flexural 
crack in the mortar specimen. 

Stage 2. The crack width was measured immediately after unloading 
and then the hybrid tendons were heat activated (See Section 4.2.4). The 
crack width was re-measured after activation, once the specimens had 
cooled to the ambient temperature. The crack width measurements are 
essential for proving the effective action of the hybrid tendons. 

Stage 3. The mortar beam was then re-loaded in three-point bending 
to the maximum value the CMOD gauge could record prior failure. This 
stage aims to explore the post-compression effect on the crack-reopening 
behaviour. 

4.2.3. Stage 1: Three - point bending Test. 
The specimens were mounted in a Servicon Systems testing machine 

with a 100kN load cell and loaded in three-point bending, as illustrated 
in Fig. 11c. During the first stage of the test, the load was controlled via 
feedback from the CMOD clip gauge transducer, which allowed any 
softening behaviour to be captured. The initial CMOD rate was 0.0001 
mm/s up to the first peak and then the rate was increased to 0.0003 mm/ 
s until the end of the softening phase, at which point the rate was 
increased again to 0.0005 mm/s. The specimens were unloaded once the 
CMOD reached the designated value (i.e. 0.30, 0.35 and 0.40 mm for 
Series 1 specimens 1 to 3 respectively; and 0.3 mm for all Series 2 and 3 
specimens) and then removed from the loading rig. The unloading rate 
was 0.0002 mm/s. 

4.2.4. Stage 2: Crack aperture measurement and tendon’s activation 
Once a specimen had been removed from the loading rig, the crack 

width was measured in multiple locations using a magnifying camera, 
which was linked to an imaging software package. The beams were then 
placed in the oven at a temperature of 130◦ C for 45 mins in order to 
activate the tendons. Following activation, the crack width was 
remeasured in a number of locations. 

4.2.5. Stage 3: Specimen reloading to failure and Kevlar® reinforcement 
The specimens were then remounted in the same loading rig and 

retested in three-point bending until the CMOD reading reached the 
maximum value the sensor could record prior the failure of the mortar 
beam. This time, the initial CMOD rate was set to 0.0003 mm/s, which 
was increased to 0.0005 mm/s once the crack had visibly reopened. 

5. Numerical model 

A nonlinear beam-hinge model [58,1] was used to simulate the 
mechanical behaviour of the singly notched beams. The theory for the 
model is based on the assumption that inelastic deformations are 
confined to a narrow central zone of the beam, as illustrated in Fig. 11. 
The assumption is justified because cracking is generally confined to a 
narrow band of material above the notch and the stiffness of the cracking 
zone rapidly becomes significantly less than that of the surrounding 
material. This zone is termed a ‘hinge’ and may be associated with the Fig. 7. Specimen preparation. a) Series 1; b) Series 2; c) Series 3.  
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fracture process zone [29] of the central crack. In this model, linear 
behaviour is assumed prior cracking and then, when the tensile stress in 
any layer within the hinge reaches the tensile strength of the material, 
cracking is initiated. The stress–strain response of each layer is then 
based on a damage model that simulates the characteristic strain soft-
ening behaviour of concrete, mortar and other quasi-brittle materials 

[54,4]. This non-linear hinge theory has been used by a number of in-
vestigators to simulate the behaviour of beams formed of quasi-brittle 
materials [35,36,43]. 

Furthermore, it is assumed that the hinge zone may be simulated as a 
layered beam [37], which is under constant curvature and subjected to a 
uniform bending moment and normal force. The beam elements either 

Fig. 8. Specimens during curing: a) specimen covered in wet hessian and b) wrapped in cling film.  

Fig. 9. Three-point bending testing arrangement. a) notch and knife edges b) clip gauge attached to the knife edges. c) beam mounted in the testing rig.  

Fig. 10. a) Idealised load stages considered in the simulations: b) characteristic experimental response showing key experimental parameters.  
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side of the hinge zone are modelled using linear elastic beam elements. 
The layers within the hinge are assumed to be sufficiently narrow for the 
variation of axial strain within the depth of the layer (Δz) to be negli-
gible, such that each beam layer can be represented with a uniaxial 
stress–strain constitutive relationship. The layered hinge zone is illus-
trated in Fig. 12. 

The nonlinear stress–strain behaviour of each layer is represented 
using a one-dimensional version of the basic damage model presented by 
Alnaas and Jefferson [4], which may be expressed as equation (1). 
σ = (1 − ω(ζ))Eε (1) 

in which σ and ε are the uniaxial stress and strain in a layer 
respectively, E is Young’s modulus of the mortar, ω ∈ [0,1] is the scalar 
damage variable, which is a function of the effective strain (ζ), as 
follows; 

(2) 

where c1 is a softening parameter (set to 5, as in Alnaas and Jefferson 
[4]); ε0 is the strain at the end of the softening curve, may be expressed 
as ε0 = u0

w ; u0 is the displacement at the end of the softening curve (set to 
0.3 mm in this work); and εt = ft/E, where ft is the tensile strength of the 
mortar. 

The effective strain (ζi) for a layer i is defined as the maximum axial 
strain (εi) experienced in the layer up to the time being considered. εi is 
obtained using the following relationship: 

εi = ε + Ψczi = ε −
2θ2

w
zi (3) 

whereε is the axial strain at z = 0 in the hinge; Ψc is the hinge cur-
vature, θ2 is the rotation at one edge of the hinge zone; wis the width of 
the hinge band and zi is the vertical coordinate for layer i, as illustrated 
in Figs. 11 and 12. 

The resultant axial force and moment associated with the hinge are 
obtained by integrating the stress, and the product of the stress and lever 
arm, respectively, over the hinge cross-section. In the present layered 
model, this is accomplished by summing the contributions from each 
layer, as follows; 

N =

∫ h
2

−h
2

σcbdz =

(

∑

i

EcibiΔzi

)

εi = −Pr (4a)  

M =

∫ h
2

−h
2

σcbzdz =
PL

4
− Pre (4b) 

where N and M are the axial force and moment resultants respec-
tively; P is the applied load in three-point bending; Pr is the applied 
tendon force; b is the width of the mortar beam; L is the beam span; e is 
the eccentricity of the hybrid tendons system with respect to the 
centroid of the beam section. 

The axial force and moment resultants are in equilibrium with the 
applied tendon force (Pr) and the applied external moment respectively, 
as shown in equations (4a) and (4b). 

The tendon load is given by the following equation, which accounts 
for the pre-strain (εp0) and the horizontal displacement at the anchorage 
(u1p), as illustrated in Fig. 13. 

Pr = ApEp

(

εp0 −
2u1p

L

)

(5)  

It is noted that εp0is zero prior to activation. 
Introducing the elastic beam segments between the supports and the 

hinges, applying compatibility at the interface between these two 
components, employing equations (1) and (3), and applying symmetry 
leads to the following coupled nonlinear equations, in which the pri-
mary unknowns are ε and θ2. The full derivation of the equations is 
presented in Appendix A.  

Fig. 11. Illustration of the non-linear hinge model.  

Fig. 12. Layered idealisation used for the hinge.  
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with N and M being given by 
[

N

M

]

=

⎡

⎢

⎣

−
(

λp0εp0 + λPP
)

PL

4
− (λp0εp0 + λPP)e

⎤

⎥

⎦
(7) 

where Ap is the area of the pre-stressed element, i.e. the cross section 
of the Kevlar® inner rope; Ep is Young modulus of the Kevlar® inner 
core; Ae is the area of the mortar beam outside the hinge band; Ee is 
Young modulus of the mortar outside the hinge band; λp0, λε, λθ, λP, κ1, κ2, 
κ3 are variables given by the following expressions, as derived in Ap-
pendix A: 

λp0 = ApEp

(

1 −
2

L
κ3κ1

)

(8)  

λε = ApEp

2

L
κ3

wc

2
(9)  

λθ = −

(

ApEp

2

L
κ3e

)

(10)  

λP = −

(

ApEp

2

L
κ3κ2

)

(11)  

κ1 =
ApEpLe

Ee

(

1

Ae

+
e2

Ie

)

(12)  

κ2 = −
e

EeIe

Le
2

4
(13)  

κ3 =
L

L + 2κ1

(14) 

The model was coded in a Mathcad sheet (Mathcad 15.0 [32]), which 
was used for all of the numerical simulations reported in this paper. The 
associated algorithm follows the same three stages used in the testing 
procedure, as illustrated in Fig. 10. In terms of analysis stages, these are 
as follows; 

Stage 1: Preloading to form a crack to a specified opening (1a) fol-
lowed by unloading (1b); 

Stage 2: Tendon activation and release of the post-tension force; 
Stage 3: Reloading to the specified crack limit. 

The nonlinear equations are solved using a standard Newton Raph-
son incremental iterative solution algorithm [13]. 

In Stage 1, the tendons are not yet activated, hence εp0 is assumed to 
be zero; however, once the tendons are activated, εp0is released (hence 
εp0 ∕= 0) and there is a step increase in the force Pr (given by equation 
(5)). 

The model was initially developed without allowing for any tendon 
slip at the anchorages, but it became apparent from the experimental 
responses and associated simulations that significant slip did occur. To 
allow this to be investigated, the model was modified by introducing a 
slip displacement. The path dependent total slip displacement at each 
anchorage (Δslip) was computed by summing the contributions from 
each stage up to -and including- the stage being considered; 

Δslip =
∑

nstage

i=1

Δslip,i (15) 

where nstage is the number of the stage of the numerical modelling. 

6. Results 

The results from the three series of tests are now considered in detail. 

Fig. 13. Load-CMOD responses of the Series 1 beams.  

[

N

M

]

=

⎡

⎢

⎢

⎢

⎢

⎣

∑

i

EcibiΔzi + EpAp+λε

(

∑

i

EcibiziΔzi + ziEpAp

)

2

w
− λθ

∑

i

EcibiziΔzi + EpApzp + λεe
2

wc

(

∑

i

Ecibizi
2
Δzi + EpApzp

2

)

− λθe

⎤

⎥

⎥

⎥

⎥

⎦

∙
[

ε

θ2

]

(6)   
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6.1. Series 1 

The force-CMOD responses of the three Series 1 tests are given in 
Fig. 13. The response of all specimens exhibits quasi-linear behaviour 
until the peak load, after which the load reduces rapidly but then starts 
to rise again until the designated Stage 1 CMOD limit is reached. The 
first peak corresponds approximately to the point at which the first crack 
becomes visible and the post-peak softening behaviour is associated 
with the propagation of the primary crack. This softening response is 
initially consistent with that of a plain beam (i.e. a beam without ten-
dons) but then the extension of the initially slack tendon reaches a level 
at which the tensile tendon force becomes significant. This tendon force 

applies a hogging moment to the specimen at the anchorage positions, 
which counteracts the applied sagging moment and causes the applied 
load to rise. 

As shown in Fig. 13, the specimens were loaded until the CMOD 
reached the designated value (denoted CMODstage1) before being 
unloaded. The CMODstage1 values used for samples 1, 2 and 3 were 0.3, 
0.35 and 0.45 mm respectively. It is noted that different CMODstage1 
values were chosen for each of the samples in Series 1 so that the effect 
of varying this parameter could be explored. In Series 2 and 3 the value 
of CMODstage1 was fixed at 0.3 mm, which is a typical serviceability crack 
opening limit. 

When the selected CMOD value was reached, the specimens were 
unloaded. It is worth noting that for all of the samples the CMOD showed 
a non-zero value when the load was completely removed (denoted 
CMODP0, see Fig. 10) This permanent displacement is characteristic of 
concrete and mortar [46] and is attributed to the misalignment of, and 
friction between, opposing crack face asperities, as well as to particles 
that have broken off and fallen into the crack. It may be seen from 
Fig. 13 that CMODP0 increases with the value of CMODstage1, which 
implies that the wider the opening at unloading the more misalignment 
and debris there is in a crack. This trend would not be expected to 
continue beyond the point at which a crack is fully open. 

Fig. 14 shows the crack width measured before and after tendon 
activation for the three samples. The crack width was measured at 1 mm, 
3 mm and 5 mm from the notch on the front face of the mortar specimen. 
It is clear that the crack widths reduced substantially when the tendons 
were activated, with the final crack openings being well below the 
threshold value for significant autogenous healing [47,25]. 

The stage 3 responses of specimens 1 to 3 are shown on Fig. 13 with 
dotted lines. It may be seen that, in all cases, the initial reloading re-
sponses (up to 0.3 to 0.5kN) of the 3 specimens are relatively steep. The 
end of the initial reloading response coincides with when the primary 
crack starts to reopen, as annotated in Fig. 13. The reduced stiffness after 
the crack starts to reopen is nevertheless positive, which suggests that 
the tendon force increases as the beam deforms. The tangential stiffness 
(force-CMOD slope) remains positive because the combined stiffness of 
the anchored tendon and the uncracked mortar ligament always 
exceeded the reduction in stiffness caused by the reopening of the crack. 
However, the relatively low stiffness of the reloading response led the 
authors to suspect that there was slippage at the tendon anchorages. 

In order to confirm this interpretation of the response, the numerical 

Fig. 14. Series 1. Crack wdth measurements before and after the hybrid ten-
dons activation. 

Fig. 15. Load-CMOD graph for the Series 2 beams.  
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model was modified (see Section 5) and numerical simulations were 
undertaken of the specimens both with and without slip. This issue is 
discussed in more detail in Section 6.4. 

6.2. Series 2 

Three Series 2 mortar specimens were prepared together with a 
control beam but unfortunately one of the SH beams was damaged 
during manufacture and couldn’t be tested any further. The force-CMOD 
responses of the SH and control specimens are given in Fig. 15. 

The crack measurements before and after tendon activation are given 
in Fig. 16, which shows that the cracks were completely closed in both 
SH beams. 

Comparing the crack openings after unloading (at the end of stage 
1b) in Fig. 15 with the corresponding values before activation in Fig. 16 
shows that the latter were all smaller than the former. This indicates that 
the cracks continued to close after the specimens had been demounted 
from the loading rig. This type of transient creep-like crack behaviour is 
known and results from residual stresses in the system, which comprise 
tensile stresses in the uncracked ligaments and balancing compressive 

stresses across the crack face. This type of transient crack behaviour has 
been described using a visco-elastic rheological model by Santhikumar 
and Karihaloo [49]. 

Overall, the SH beams showed the same characteristic behaviour as 
those of the Series 1 beams except that the effects of the tendons were 
significantly greater in this case. This may be seen from the following 
observations, which are made relative to the response of the Series 1 
beams;  

(i) less load reduction following the first peak (Pred1);  
(ii) a higher stiffness in the post-softening section of stage 1, prior to 

unloading (Ksg1);  
(iii) greater crack closure in stage 2 (CMODclos);  
(iv) higher crack reopening load in stage 3 (Preopen);  
(v) greater stiffness in the latter part of stage 3 (Ksg3). 

Noting that the terms above in brackets are defined in Fig. 10 and 
quantified for all three series in Table 5 in Section 6.4. Section 6.4 also 
considers the effects of slip on this, and the other, test series. 

6.3. Series 3 

The Load CMOD responses and stage 3 crack closure measurements 
for the Series 3 tests are presented in Figs. 17 and 18 respectively. From 
Fig. 17, it is noticeable that very little softening occurs after the first 
peak in stage 1 of the tests and that the stage 1 post-softening (Kstag1) and 
stage 3 (Kstag3) stiffnesses are similar, which suggests that there was no 
significant initial slackness in the tendons in the case. Overall, the trends 
outlined in the five observations (i to v) made in Section 6.2, concerning 
the differences between the Series 1 and Series 2 beams, apply equally to 
the differences between the Series 2 and Series 3 beams. These trends are 
discussed further in the next section, which also considers the results of 
the numerical analyses. 

6.4. Results from numerical analysis and discussion 

The results from the numerical analyses for the three series of tests 
were presented along with experimental load-CMOD responses in 
Figs. 13, 15 and 17. The numerical responses are in generally good 
agreement with the experimental results and therefore are considered 
sufficiently reliable to help interpret the results. 

Fig. 16. Series 2. Crack wdth measurements before and after the hybrid ten-
dons activation. 

Fig. 17. Load-CMOD graph for the Series 3 beams.  
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In Fig. 19 the Moment-Curvature diagrams of the hinge section (2 θ2/ 
wc) for the three experimental series are shown, which reflect the load- 
CMOD responses seen in Fig. 13, 15 and 17. 

Fig. 20 shows the distribution of the longitudinal component of stress 
in the mortar at the location of the hinge for the Series 3 beams, 
computed using the numerical model. Fig. 20a provides an overview of 
the stress distributions at different loading stages and Fig. 20b gives a 
series of expanded stress plots that highlight (i) the degree of damage 
(cracking) before activation, (ii) that the entire beam section is in 
compression immediately after tendon activation, (iii) that a crack has 
fully developed and that the compression zone is well into the plastic 
range by the time the peak load has been reached. 

As mentioned in Section 6.1, the authors suspected that significant 
slippage was occurring at the anchorages, although the multi-strand 
nature of the tendon inner cores made it difficult to measure slip 
values accurately in the experiments. However, by calibrating the slip 
model described in Section 5 to the experimental data, it proved possible 

to compute the average tendon slip that occurred in each stage of each 
test series, as shown in Table 4. Table 4 also shows the calibrated 
effective pre-strain in each of the different tendons and the computed 
total tendon load at the end of each test (Pr3) and the associated stress in 
the tendon core (σr3). From the latter, it may be seen that the final stress 
in the Kevlar core was, in all cases, well below the strength of the ma-
terial, i.e.740 MPa (See Table 3). This suggests that the Kevlar was not 
being used to its full potential at, or near, the ultimate limit state for this 
beam configuration. 

The effect of slip is illustrated for the Series 3 beams in Fig. 21, which 
shows the results of an analyses with and without slip, in terms of 
applied load v CMOD response and the total tendon force v CMOD 
response. It is evident from these results that slip was a significant factor 
in governing the response of the beams. 

Four parameters were identified in Section 6.2 that would be ex-
pected to vary with the size and number of the tendons, as well as with 
the amount of post-tensioning force; namely, Pred1, Ksg1, CMODclos, Pre-
open, Ksg3 (See Fig. 10). Another important factor, that gives a measure of 
the tendon efficiency, is the proportion of the original latent prestress 
force (Pr0) that remains after activation and crack closure. The tendon 
force after crack closure (Pr-re) may be determined in two ways; (i) by 
computing the total prestress force at the point at which the crack in 
stage 3 re-opens, (i.e. the value of Pr associated with Preopen (Pr-re)) 
assuming that the hinge behaves as an elastic section until the point of 

Fig. 18. Series 3. Crack wdth measurements before and after the hybrid ten-
dons activation. 

Fig. 19. Moment- Hinge Curvature diagrams for Series 1,2 and 3 which 
correspond to the sections in Fig. 6. 

Fig. 20. Stress Distribution at the Hinge Section for Series 3. The stress graphs are reported at different stages of the three-point bending test. (Compression stresses 
are negative). 
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incipient crack re-opening; (ii) directly from the numerical model. The 
tendon forces calculated by the two methods had similar answers 
(within 5%) and it is the values calculated using the numerical model 
that are given in Table 5. These values are those computed from the 
average of the tests in each series. For completeness, the average first 
peak load from each test set is also provided. 

The first peak loads from the SH beams and control beams show a 
significant degree of variability (CV 6%) and the general trend is for Ppk1 
of the SH beams to be lower than the control, although the Series 2 re-
sults don’t support this trend. 

As may be expected, the stage 1 and 3 stiffnesses increase with the 
total tendon area and the amount of post-peak reduction (Pred1) de-
creases with increasing tendon area. The tendon configurations used in 
Series 2 and 3 resulted in the CMOD returning (effectively) to zero. It 
should be mentioned that the crack opening displacements measured by 
the CMOD clip gauge 3 mm below the bottom of the specimens are larger 
than the values measured on the surface of the specimens above the 
notch (i.e. the values shown in Figs. 14, 16 and 18). 

It is very noticeable from the values given in the final column of 
Table 5, that a much greater proportion of the original prestress force is 
present after crack closure in the Series 2 and 3 SH beams that in the 
Series 1 beams. This is attributed to the greater degree of slip (See 
Table 4) that occurred in the first series of beam tests. It is believed that 
the reason for this is that the procedure used to secure the grips was 
refined and improved after the first series of tests. 

The ability of the tendons (in the Series 2 and 3 configurations) to 

completely close cracks that had been opened to 0.3 mm, and to apply a 
significant compression force to the beam after activation suggests that 
the system would be able to close cracks from early age effects and 
construction loads. The strength and stiffness of the Kevlar core has also 
been shown able to provide reliable reinforcement. 

Overall, it is concluded that the new tendons provide an effective 
combined crack closure reinforcement system for cementitious struc-
tural elements. 

7. Conclusions and ongoing investigations 

The principal conclusions from the work are as follows:  

• The new hybrid tendon, which comprises and inner Kevlar rope and 
outer sleeve of drawn PET, has sufficient prestress potential to close 
serviceability level cracks in compact mortar beam specimens, when 
the inner core comprises 0.45% or more of the mortar beam cross- 
section.  

• The tendons act as effective reinforcement both before and after 
activation and, when the relative core area is 0.6% or greater, all but 
eliminates post-crack softening behaviour even before the tendons 
are activated.  

• Over 75% of the prestress potential of the tendon remains after the 
tendons are activated and the cracks are closed, for tendon config-
urations that have 0.45% and 0.65% relative core areas. 

Table 4 
Tendon slip, force and stress data.   

εp0  Δ1  Δ3  Pr3 σr3  
– mm mm kN MPa 

SERIES 1  0.0009 0.09 0.77 1.32 79.5 
SERIES 2  0.0013 0 0.17 6.16 81.7 
SERIES 3  0.0007 0 0.38 12.90 96.4  

Table 5 
Experimental response parameters.   

Ppk1  Pred1  Ksg1 CMODclos Preo Ksg3 Pr-re Pr0 Pr-re/Pr0  
kN kN kN/mm mm kN KN/mm kN kN % 

CONTROL 3.81         

SERIES 1 3.2 1.8 1.3 0.21 0.15 1.5 0.3 1.2 25 
SERIES 2 4.1 1.4 3.03 0.132 1.2 4.0 2.0 2.25 89 
SERIES 3 2.9 0.2 6.2 0.152 1.4 6.2 2.8 3.6 78 

Notes: 
1 average pf the peak value in the three control tests from the three tests series 
2 signifies100% crack closure in terms of measured CMOD 

Fig. 21. Comparison between numerical simulations of the Series 3 beam with and without tendon slip.  
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• Significant tendon slip occurred at the anchorages, which results in a 
loss of efficiency both at serviceability and ultimate load levels. 

The issues being addressed in ongoing work include;  

(i) the effective elimination of slip at the anchorages;  
(ii) increasing the capacity of the PET sleeve and improving the 

manufacturing method for the tendons with the aim of increasing 
the prestress potential of the tendons; 

(iii) seeking more cost-effective core materials, since it is acknowl-
edged that Kevlar is relatively expensive;  

(iv) redesigning the system such that a higher proportion of the core 
capacity is used at the ultimate limit state;  

(v) allowing for permanent crack opening displacements in the 
model so that it better simulates the stage 2 crack closure 
response of the SH beams. 

(vi) Adapting an existing activation system [57] for the hybrid ten-
dons and testing the system in large-scale structural elements. 
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Appendix 

With reference to 13, when the structural element is loaded in three-point bending and the hybrid tendons are activated the equilibrium of the axial 
forces and momentum is expressed as follows; 

N =

∫ h
2

−h
2

σcbdz = −Pr (A1)  

M =

∫ h
2

−h
2

σcbzdz =
PL

4
− Pre (A2) 

The total tendon load (Pr) applied to the beam can be expressed as follows; 

Pr = ApEp

(

εp0 −
2u1p

L

)

(A3) 

The displacement u1pat the beginning of the elastic section (x = 0) is given by; 

u1p = −ε3p

w

2
+

PrLe

AeEe

−

∫ Le

0

M(x)e

EeIe

dx (A4) 

where ε3p is the strain mid-height strain in the hinge band and it can be expresses as follows; 

ε3p = ε −
2θ2

w
e (A5) 

By using A5 and A3 in A4, 

u1p = −

(

ε −
2θ2

wc

e

)

w

2
−

PrLe

AeEe

+

∫ Le

0

(

Px
2
− Pre

)

e

EeIe

dx  

u1p = −

(

ε −
2θ2

wc

e

)

w

2
−

PrLe

AeEe

+
e

EeIe

(

PLe
2

4
− PreLe

)

u1p = −ε
wc

2
+ θ2e −

Le

AeEe

ApEp

(

εp0 −
2u1p

L

)

+
e

EeIe

PLe
2

4
−

e2Le

EeIe

ApEp

(

εp0 −
2u1p

L

)

u1p = −ε
wc

2
+ θ2e − ApEp

(

εp0 −
2u1p

L

)(

Le

AeEe

+
Lee

2

EeIe

)

+
e

EeIe

PLe
2

4
(A6) 

by introducing the following; 

κ1 = −
ApEpLe

Ee

(

1

Ae

+
e2

Ie

)

(A7)  
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κ2 = +
e

EeIe

Le
2

4

(A8)  

κ3 =
L

L + 2κ1

(A9) 

and using A6, A7 and A8 in A5, the latter becomes; 
u1p = κ3

(

− ε
wc

2
+ θ2e + κ1εp0 + κ2P

)

(A10) 

By using A10 in A3 the Pr expression becomes; 

Pr = ApEp

(

εp0 −
2

L
κ3

(

− ε
wc

2
+ θ2e + κ1εp0 + κ2P

)

)

Pr = ApEpεp0 − ApEp

2

L
κ3

(

− ε
wc

2
+ θ2e + κ1εp0 + κ2P

)

Pr = ApEpεp0 + ApEp

2

L
κ3ε

wc

2
− ApEp

2

L
κ3θ2e − ApEp

2

L
κ3κ1εp0 − ApEp

2

L
κ3κ2P  

Pr = εp0

(

ApEp − ApEp

2

L
κ3κ1

)

− ApEp

2

L
κ3θ2e + ApEp

2

L
κ3ε

wc

2
− ApEp

2

L
κ3κ2P (A11) 

by introducing the following; 

λp0 = ApEp

(

1 −
2

L
κ3κ1

)

(A12)  

λε = ApEp

2

L
κ3

wc

2
(A13)  

λθ = −

(

ApEp

2

L
κ3e

)

(A14)  

λP = −

(

ApEp

2

L
κ3κ2

)

(A15) 

and therefore, the final expression of Pr is; 
Pr = λp0εp0 + λεε + λθθ2 + λPP (A16) 

For the axial equilibrium 

N =

∫ h
2

−h
2

σcbdz = −Pr (A17) 

By adopting the layered model, the cross section of the beam is divided in layers. Therefore, the integration can be approximated by the sum of the 
contribution of each layer in the beam section. Hence; 

N =

∫ h
2

−h
2

σcbdz =

(

∑

i

EcibiΔzi + EpAp

)

εi (A18) 

For each layer the strain can be defined as follows 

εi = ε + Ψcz = ε −
2θ2

wc

zi (A19) 

By combining A19 with A17 and A18, it results in the following 
(

∑

i

EcibiΔzi + EpAp

)

(

ε −
2θ2

wc

zi

)

= −
(

λp0εp0 + λεε + λθθ2 + λPP
) (A20) 

And finally 
(

∑

i

EcibiΔzi + EpAp+λε

)

ε − θ2

((

∑

i

EcibiziΔzi + ziEpAp

)

2

wc

− λθ

)

= −
(

λp0εp0 + λPP
) (A21) 

The same approximation applied in A18 is valid also for the Eq. A(2). Hence 

M =

∫ h
2

−h
2

σcbzidz =

(

∑

i

EcibiziΔzi + EpApzp

)

εi =
PL

4
− Pre (A22) 

By using A16 and A19 in A22 
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(

∑

i

EcibiziΔzi + EpApzp

)(

ε −
2θ2

wc

z) =
PL

4
− (λp0εp0 + λεε + λθθ2 + λPP)e  

(

∑

i

EcibiziΔzi + EsApzp + λεe

)

ε − (
2

wc

(
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Finally, the coupled relationship between the generalised forces (axial load and moment) and deformations (mean strain and curvature) is given 
by] 
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Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.engstruct.2020.111330. 
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