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Real-time sufficient dimension reduction through

principal least squares support vector machines

Andreas Artemiou, Yuexiao Dong and Seung Jun Shin
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Abstract

We propose a real-time approach for sufficient dimension reduction. Com-

pared with popular sufficient dimension reduction methods including sliced

inverse regression and principal support vector machines, the proposed prin-

cipal least squares support vector machines approach enjoys better estimation

of the central subspace. Furthermore, this new proposal can be used in the

presence of streamed data for quick real-time updates. It is demonstrated

through simulations and real data applications that our proposal performs

better and faster than existing algorithms in the literature.

Keywords: central subspace, ladle estimator, online sliced inverse

regression, principal support vector machines, streamed data

1. Introduction

With the increase in computing power, the decrease in cost of computing

storage, and the improvement of measuring tools across different scientific

fields, data nowadays is collected in a continuous fashion. For example,

patients are monitored without interruption in medical studies, and mete-

orological data is routinely collected with very small time interval between

observations. Due to the sheer volume of these massive datasets, it becomes

Preprint submitted to Pattern Recognition October 12, 2020



challenging to apply many classical statistical methods as their computation

time becomes prohibitive. Real-time algorithms are thus developed as com-

putationally efficient alternatives. After getting an initial estimator with the

currently available data, the basic idea of real-time method is to update the

estimator efficiently as new data are collected. In the early 1970s, real-time

singular value decomposition was discussed in [1], and quick updates of linear

regression was introduced in [2]. Recent developments of real-time regression

include fast robust linear regression [3], real-time semiparametric regression

[4], online orthogonal regression [5], and fast regression for large data [6]. In

terms of applications, real-time algorithms have been applied to head pose

estimation [7], stock market analysis [8], and human action recognition [9].

Aside from the volume of the data, the dimensionality of the data poses

another challenge for modern data analysis. A popular tool in pattern recog-

nition is dimension reduction. For example, [10] used dimension reduction for

face recognition, [11] applied dimension reduction for text classification, and

[12] proposed dimension reduction for feature selection. Sufficient dimension

reduction [13] is a class of supervised dimension reduction techniques with

the objective of performing feature extraction in regression without losing

any regression information between the response and the predictor. Exist-

ing sufficient dimension reduction methods in the literature include, but are

not limited to, sliced inverse regression (SIR) [14], sliced average variance

estimation [15], principal Hessian directions [16], kernel dimension reduction

[17], cumulative mean estimation [18], and principal support vector machines

(PSVM) [19]. For a recent review, please see [20].

Existing SDR algorithms use all available data to perform feature extrac-
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tion. In stream data, where we need to constantly update the estimation

as new data are collected, the use of all available data can create computa-

tional challenges even for computationally efficient algorithms. Therefore it

is important to develop real time SDR algorithms that work efficiently in the

case that there are data streams. The idea is that, if we perform dimension

reduction at a time point t and we have an estimate initial estimate, then at

time point t+1 we can perform dimension reduction using the data collected

between t and t+ 1 to update the estimate we had at time point t. Then at

time point t+ 2 we use the data collected between t+ 1 and t+ 2 to update

the estimate at time point t+ 1 and so on. This leads to a computationally

efficient way of dealing with massive datasets as we work only with the data

collected since the last update.

A novel real-time sufficient dimension reduction approach is introduced

in this paper. Our contribution is two-fold: first we propose principal least

squares support vector machines (PLSSVM) as a classical sufficient dimen-

sion reduction method; then real-time algorithms based on PLSSVM are

developed. As a classical sufficient dimension reduction estimator, PLSSVM

significantly improves the estimation accuracy of the original SVM-based

sufficient dimension reduction method PSVM. Compared with an existing

real-time sufficient dimension reduction approach [21] based on SIR, our pro-

posal is much more efficient when the data is large. The rest of the paper is

structured as follows. PLSSVM for classical sufficient dimension reduction

is discussed in section 2 and we present the real-time PLSSVM algorithms

in section 3. Numerical studies are provided in section 4 and we conclude

the paper with some discussions in section 5. Without interrupting the main
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text, the asymptotic analysis is provided in the Appendix.

2. Principal least squares SVM for sufficient dimension reduction

We introduce PLSSVM for sufficient dimension reduction in this section.

After reviewing the concept of the central subspace, the population level

development and the sample level algorithm of PLSSVM are provided. Esti-

mating the dimensionality of the central subspace is also discussed.

2.1. Central subspace

For univariate response Y and predictor vector X ∈ R
p. Sufficient di-

mension reduction [13] aims to find a p× d (d ≤ p) matrix η such that

Y X|ηTX, (1)

where denotes statistical independence. Dimension reduction is achieved

if d < p. The space spanned by the column vectors of η is called a dimension

reduction subspace. Central subspace is the minimum dimension reduction

subspace in the sense that it has the smallest dimension among all possible

dimension reduction subspaces. We denote the central subspace between

Y and X as SY |X . Conditions for existence of the central subspace were

discussed in [22]. Throughout the paper we assume that the central subspace

exists and is unique. The dimension of SY |X is referred to as the structural

dimension, and we denote it by d.

2.2. Population level development of principal least squares SVM

Least squares SVM (LSSVM) for classification was proposed in [23]. To

motivate the use of LSSVM in the dimension reduction framework, in Figure
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Figure 1: Motivating example for using least squares SVM. We use 100 data points from

the model Y = 2X1 + X2 + 0.2ǫ where ǫ ∼ N(0, 1) with 4 slices (colored in black, red,

green and blue). Black slices are the points that have the lowest value of Y and green the

ones with the highest value of Y . The left figure shows the hyperplanes produced from

SVM and the right the hyperplanes produced by LSSVM.

1 we demonstrate the different hyperplanes produced by SVM and LSSVM

in a simple example where we have Y = 2X1 +X2 + 0.2ǫ where ǫ ∼ N(0, 1),

X is simulated from bivariate standard normal and we split the range of Y

in 4 slices. As one can see there is better alignment of the hyperplanes in

LSSVM for the different of slices. Also, since it has a closed-form solution,

LSSVM achieves faster computation than the classical soft-margin SVM [24].

Given an i.i.d. sample {(X i, Yi) : i = 1, . . . , n}, LSSVM finds the optimal
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separating hyperplane by solving the following minimization problem

minimize ψTψ +
λ

n

n
∑

i=1

ξ2i among (ψ, t, ξ) ∈ R
p × R× R

n

subject to ξi = 1− Yi[ψ
T(X i − X̄)− t], i = 1, . . . , n.

(2)

Here Yi ∈ {−1, 1} for i = 1, . . . , n, ξ = (ξ1, . . . , ξn)
T, X̄ = n−1

∑n
i=1X i, and

λ is a positive constant known as the misclassification penalty. A hyperplane

can be defined through equation ψTX − t = 0, and the solution to this

minimization problem provides the optimal hyperplane.

It is easy to see that the population version of (2) is

ψTψ + λE
{

(1− Y [ψT(X − E(X))− t])2
}

. (3)

Here E(X) denotes the expectation of X, and E(·) is the expectation with

respect to the joint distribution of (X, Y ). To adapt LSSVM for sufficient

dimension reduction, we follow [19] and make two modifications to (3). First,

Σ = var(X) is added in the first term. Also, the binary response Y is

replaced with Ỹ = I(Y ∈ A1) − I(Y ∈ A2). Here I(·) is the indicator

function. A1 and A2 are subsets of ΩY , the domain of a continuous response

Y , and they satisfy A1 ∩A2 = ∅. These modifications lead to the population

version of the principal least squares SVM objective function

L(ψ, t) = ψTΣψ + λE
{

(1− Ỹ [ψT(X − E(X))− t])2
}

. (4)

The following result provides the essential link between PLSSVM and

sufficient dimension reduction. Its proof is similar to the proof of Theorem

1 in [19], and is thus omitted.
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Theorem 1. Suppose E(X|ηTX) is a linear function of ηTX, where η is

defined in (1). If (ψ∗, t∗) minimizes the objective function L(ψ, t) in (4)

among all (ψ, t) ∈ R
p × R, then ψ∗ ∈ SY |X .

We remark that the linearity assumption about the conditional expectation

E(X|ηTX) is common in the sufficient dimension reduction literature, and it

is satisfied if X has an elliptically-contoured distribution. The idea of com-

bining SVM with sufficient dimension reduction is not new. Since the first

attempt by PSVM to adapt the soft-margin SVM [19], principal weighted

SVM was considered in [25], principal minimax SVM was introduced in [26],

and principal Lq SVM was proposed in [27]. Furthermore, the hinge loss

in [19] was replaced with the logistic loss in [28], and different reweighting

schemes to reduce slice imbalance bias were studied in [29] and [30]. Re-

cently [31] proposed the use of Distance-Weighted Discrimination, another

large margin classifier, for accurate and computationally faster dimension

reduction especially when p is close to n.

2.3. Sample level algorithm of principal least squares SVM

Given an i.i.d. sample {(X i, Yi) : i = 1, . . . , n}, we discuss the PLSSVM

algorithm in this section. Without loss of generality, assume
∑n

i=1X i = 0.

For fixed sets A1 and A2, we have Ỹi = I(Yi ∈ A1)− I(Yi ∈ A2), i = 1, . . . , n.

Let 1n be the n-dimensional vector with all entries equal to 1, r = (ψT, t)T,

Ỹ = (Ỹ1, . . . , Ỹn)
T, and DỸ denotes the diagonal matrix with the diagonal

being entries of Ỹ . Let X = (X1, . . . ,Xn)
T and X

∗ = (X,−1n). Moreover,

let Σ̂
∗
be a block diagonal matrix with the diagonal elements being Σ̂ =

7



n−1
∑n

i=1X iX
T

i and 0. The sample version of (4) then becomes

rTΣ̂
∗
r +

λ

n
(1n −DỸX

∗r)T(1n −DỸX
∗r). (5)

After taking the derivative of (5) with respect to r and setting it equal to 0,

the solution of r leads to

r̂ = M̂Ỹ , where M̂ =

(

nΣ̂
∗

λ
+ (X∗)TX∗

)−1

(X∗)T. (6)

Denote the submatrix that consists of the first p rows of M̂ as [M̂ ]p, and

the first p elements of r̂ = (ψ̂
T

, t̂)T becomes ψ̂ = [M̂ ]pỸ .

Now we describe the PLSSVM algorithm to estimate the central subspace

SY |X . The misclassification penalty λ, the number of slices H, and the

structural dimension d for SY |X are assumed to be known.

1. Center the predictor and calculate M̂ in (6).

2. Let {q1, . . . , qH−1} be equally spaced sample percentiles of {Y1, . . . , Yn}.
Calculate Ỹ

k
= (Ỹ k

1 , . . . , Ỹ
k
n )

T, where Ỹ k
i = I(Yi > qk) − I(Yi ≤ qk),

i = 1, . . . , n, k = 1, . . . , H − 1.

3. Perform eigenvalue decomposition of

V̂ = [M̂ ]p

H−1
∑

k=1

Ỹ
k
(

Ỹ
k
)

T

[M̂ ]Tp. (7)

Denote û1, . . . , ûd as the eigenvectors corresponding to the largest d

eigenvalues of V̂ . The subspace spanned by û1, . . . , ûd is the estimator

of SY |X .

It can be shown that Û = (û1, . . . , ûd) is asymptotically normal, and the

details are provided in the Appendix. According to [32], the computational
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complexity of LSSVM is O(n3) if a direct approach is used to solve the linear

system of equations. In step 2 of the algorithm above, each choice of k leads

to a different set of [M̂ ]pỸ
k
in step 3. Since we have H − 1 choices of k

and the complexity of eigenvalue decomposition is O(p3), a direct approach

of PLSSVM has the computational complexity of O((H−1)n3) if we assume

n > p. If a conjugate gradient method is used to get an approximate solution,

the complexity can be reduced to O((H − 1)rn2), where r denotes the rank

of λ−1nΣ̂
∗
+ (X∗)TX∗.

2.4. Determination of d

In step 3 of the PLSSVM sample algorithm, we need to know the struc-

tural dimension d, which has to be estimated in practice. For classical method

SIR, sequential test approaches have been studied in [14] and [33], which

depend on the asymptotic distribution of the SIR estimator. A BIC type

criterion for SIR is proposed in [34]. Existing SVM-based sufficient dimen-

sion reduction estimators have complex asymptotic distributions, and all rely

on a cross-validated BIC type criteria. See, for example, PSVM in [19] and

principal Lq SVM in [27]. A novel ladle estimator was proposed in [35], and

can be used directly for determination of d in the PLSSVM algorithm.

Recall that ûℓ is the eigenvector corresponding to λ̂ℓ, ℓ = 1, . . . , p, where

λ̂1 > λ̂2 > . . . > λ̂p are the ordered eigenvalues of V̂ in (7). For k = 1, . . . , p−
1, denote Û k = (û1, . . . , ûk). Take n bootstrap samples from the original

data and denote the jth bootstrap sample as {(X(j)
i , Y

(j)
i ) : i = 1, . . . , n}

for j = 1, . . . , n. Recalculate V̂
(j)

in (7) based on the jth bootstrap sample.

Let Û
(j)

k = (û
(j)
1 , . . . , û

(j)
k ), which consists of the eigenvectors corresponding

to the k leading eigenvalues of V̂
(j)
. For k = 1, . . . , p − 1, set f 0

n(k) =

9



n−1
∑n

j=1{1− |det(Û T

kÛ
(j)

k )|}. Let f 0
n(k) = 0 if k = 0. Define

gn(k) =
f 0
n(k)

1 +
∑p−1

ℓ=0 f
0
n(ℓ)

+
λ̂k+1

1 +
∑p−1

ℓ=0 λ̂ℓ+1

, k = 0, . . . , p− 1.

The final ladle estimator of d is

d̂ = argmin gn(k), k ∈ Dk, (8)

where Dk denotes the domain of k. Although Dk in the definition of gn(k) is

{0, 1, . . . , p− 1}, we follow [35] and use Dk = {0, 1 . . . , ⌊p/ log p⌋}, where ⌊·⌋
denotes the integer part.

3. PLSSVM for real-time sufficient dimension reduction

Real-time sufficient dimension reduction through PLSSVM is considered

in this section. Efficient algorithms for either adding new data or removing

old data are provided.

As mentioned in Section 1 real-time SDR is a new concept with the first

algorithm being introduced only recently in [21]. The authors introduced

their algorithm, called online SIR, which can perform real-time update on

sufficient dimension reduction relatively quickly and accurately. There are

some shortcomings to their method though. First, it is only an approxi-

mation at each step and does not have an exact solution. Second, it can

only update a single new observation at each update. Third, is based on

inverse moment which have been shown to be less accurate than SVM-based

methods. Finally, it can only update when one is adding data while the

method we propose here, gives the opportunity to perform real-time updates

by removing old data points if they were erroneously included or measured.

10



3.1. Real-time procedure to add new data

In addition to the currently available data {(X i, Yi) : i = 1, . . . , n}, sup-
pose we now collect m new data points {(X i, Yi) : i = n + 1, . . . , n + m},
and we want to update the estimation of the central subspace SY |X . Let

X
∗
N = (XN ,−1m), where XN = (Xn+1, . . . ,Xn+m)

T denotes the new predic-

tors. Let Σ̂
∗

N be a block diagonal matrix with the diagonal elements being

Σ̂N = m−1
∑n+m

i=n+1X iX
T

i and 0. For fixed sets A1 and A2, we have Ỹi =

I(Yi ∈ A1)− I(Yi ∈ A2), i = 1, . . . , n+m. Denote Ỹ N = (Ỹn+1, . . . , Ỹn+m)
T,

Ỹ W = (Ỹ1, . . . , Ỹn+m)
T, and XW = (X1, . . . ,Xn+m)

T. Parallel to the defini-

tions of X∗
N , and Σ̂

∗

N , define X
∗
W and Σ̂

∗

W .

If we implement PLSSVM based on the whole data according to (6), r is

estimated by

r̂W =

(

(n+m)Σ̂
∗

W

λ
+ (X∗

W )TX∗
W

)−1

(X∗
W )TỸ W . (9)

It is easy to see that

(X∗
W )TX∗

W = (X∗)TX∗ + (X∗
N)

T(X∗
N),

(X∗
W )TỸ W = (X∗)TỸ + (X∗

N)
TỸ N , and

(n+m)Σ̂
∗

W = nΣ̂
∗
+mΣ̂

∗

N .

(10)

Denote A = λ−1nΣ̂
∗
+ (X∗)TX∗, B1 = λ−1mΣ̂

∗

N + (X∗
N)

T
X

∗
N , C1 = (X∗)TỸ ,

and C2 = (X∗
N)

TỸ N . (9) and (10) together lead to

r̂W = (A+B1)
−1(C1 +C2). (11)

Note that (A+B1)
−1 = A−1 −A−1B1(Ip+1 +A

−1B1)
−1A−1 from formula

11



25 in [36]. Together with (6), it can be shown that (11) becomes

r̂W = sW
(

r̂ +A−1C2

)

, where

sW = Ip+1 −A−1B1(Ip+1 +A
−1B1)

−1.
(12)

Note that B1 and C2 depend only on the new data. We do not need access

to individual data points in the old data as long as we have A−1 and r̂.

Now we describe the real-time PLSSVM algorithm to update the central

subspace SY |X estimation when new data are added. The misclassification

penalty λ, the number of slices H, and the structural dimension d for SY |X

are assumed to be known. Assume the predictors are centered such that
∑n

i=1X i = 0, i = 1, . . . , n+m. Recall that {q1, . . . , qH−1} are equally spaced

sample percentiles of {Y1, . . . , Yn}. We also have Ỹ
k
= (Ỹ k

1 , . . . , Ỹ
k
n )

T, where

Ỹ k
i = I(Yi > qk)− I(Yi ≤ qk) for i = 1, . . . , n.

1. From the PLSSVM estimation based on the current data, extractA−1 =
(

λ−1nΣ̂
∗
+ (X∗)TX∗

)−1

and r̂k = M̂Ỹ k, k = 1, . . . , H − 1. Here M̂ is

defined in (6).

2. Based on the additional data, calculate B1 = λ−1mΣ̂
∗

N +(X∗
N)

T
X

∗
N and

C2,k = (X∗
N)

TỸ
k

N , k = 1, . . . , H−1. Here Ỹ
k

N = (Ỹ k
n+1, . . . , Ỹ

k
n+m)

T with

Ỹ k
i = I(Yi > qk)− I(Yi ≤ qk) for i = n+ 1, . . . , n+m.

3. For k = 1, . . . , H−1, update r̂k to r̂Wk = sW (r̂k+A
−1C2,k), where s

W

is defined in (12). Denote [rWk ]p as the vector that contains the first p

elements of rWk .

4. Perform eigenvalue decomposition of

V̂
W

=
H−1
∑

k=1

[rWk ]p[r
W
k ]Tp.

12



Denote ûW
1 , . . . , ûW

d as the eigenvectors corresponding to the largest

d eigenvalues of V̂
W
. The subspace spanned by ûW

1 , . . . , ûW
d is the

updated estimator of SY |X .

5. Update A−1 to (AW )−1 = sWA−1.

The updated central subspace estimator is provided in step 4. When there

is a contious stream of incoming data and more updates are needed, r̂Wk in

step 3 and (AW )−1 in step 5 can be used to replace r̂k and A−1 in step

1, and we repeat the above algorithm in an iterative fashion. In terms of

storing the current data for the computer memory, the algorithm above needs

A−1 ∈ R
(p+1)×(p+1), H−1 vectors r̂k ∈ R

p+1, and H−1 cutoff points qk. This

is significantly less than the original n× (p+1) dimensional data. An online

sufficient dimension reduction method based on SIR was proposed in [21].

Their approach updates one additional observation at a time, and becomes

computationally costly when a large number of updates are needed.

3.2. Real-time procedure to remove old data

In many applications, we may discard old data points for a variety of

reasons. For example, measurements may become outdated due to usage of

new recording instruments, or there may be changes in some regulations and

data recorded before the regulatory changes are obsolete. Given the current

data {(X i, Yi) : i = 1, . . . , n}, suppose without loss of generality that the

first l (l < n) data points are deleted, and we want to update the estimation

of the central subspace SY |X . Let X∗
D = (XD,1l), where XD = (X1, . . . ,X l)

T

denotes the predictors to be dropped. Let Σ̂
∗

D be a block diagonal matrix

with the diagonal elements being Σ̂D = l−1
∑l

i=1X iX
T

i and 0. For fixed sets

13



A1 and A2, recall that Ỹi = I(Yi ∈ A1) − I(Yi ∈ A2), i = 1, . . . , n. Denote

Ỹ D = (Ỹ1, . . . , Ỹl)
T.

Now we implement PLSSVM after removing the first l observations. Par-

allel to (11), it can be shown that r is estimated by

r̂ω = (A−B2)
−1(C1 −C3), (13)

where A = λ−1nΣ̂
∗
+ (X∗)TX∗ and C1 = (X∗)TỸ are defined as before,

B2 = λ−1lΣ̂
∗

D+(X∗
D)

T
X

∗
D andC3 = (X∗

D)
TỸ D are computed from the deleted

data. Note that (A−B2)
−1 = A−1 +A−1B2(Ip+1 −A−1B2)

−1A−1. Thus

(13) leads to

r̂ω = sω
(

r̂ −A−1C3

)

, where

sω = Ip+1 +A
−1B2(Ip+1 −A−1B2)

−1.
(14)

Next we describe the real-time PLSSVM algorithm to estimate SY |X when

old data are deleted. Assume λ, H and d are known, and the predictors are

centered. Recall that {q1, . . . , qH−1} are sample percentiles of {Y1, . . . , Yn}
and Ỹ

k
= (Ỹ k

1 , . . . , Ỹ
k
n )

T.

1. From the PLSSVM estimation based on the current data, extractA−1 =
(

λ−1nΣ̂
∗
+ (X∗)TX∗

)−1

and r̂k = M̂Ỹ k, k = 1, . . . , H − 1. Here M̂ is

defined in (6).

2. Based on the data to be deleted, calculate B2 = λ−1lΣ̂
∗

D + (X∗
D)

T
X

∗
D

and C3,k = (X∗
D)

TỸ
k

D, k = 1, . . . , H − 1. Here Ỹ
k

D = (Ỹ k
1 , . . . , Ỹ

k
l )

T

with Ỹ k
i = I(Yi > qk)− I(Yi ≤ qk) for i = 1, . . . , l.

3. For k = 1, . . . , H − 1, update r̂k to r̂ωk = sω(r̂k −A−1C3,k), where s
ω

is defined in (14). Denote [rωk ]p as the vector that contains the first p

elements of rωk .
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4. Perform eigenvalue decomposition of

V̂
ω
=

H−1
∑

k=1

[rωk ]p[r
ω
k ]

T

p.

Denote ûω
1 , . . . , û

ω
d as the eigenvectors corresponding to the largest d

eigenvalues of V̂
ω
. The subspace spanned by ûω

1 , . . . , û
ω
d is the updated

estimator of SY |X .

We remark that the online SIR approach in [21] did not discuss removal of

old data.

4. Simulations

In this section we evaluate the performance of the proposed methods

through simulations. We consider the following models:

model I: Y = X1 +X2 + σε,

model II: Y = X1/[0.5 + (X2 + 1)2] + σε,

model III: Y = X1(X1 +X2 + 1) + σε.

Here X = (X1, . . . , Xp)
T is N(0, Ip), ε ∼ N(0, 1) is independent of X, and

σ is fixed to be 0.2. In section 4.1, we demonstrate the superior performance

of the PLSSVM estimator from section 2.3 over SIR [14] and PSVM [19]. In

section 4.2, we evaluate the performance of the real-time PLSSVM algorithm

from section 3.1. Compared to the online SIR approach in [21], our proposal

enjoys better estimation accuracy and is significantly faster with streamed

batch data.
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4.1. Sufficient dimension reduction with static data

Denote Ŝ as the estimator of the central subspace SY |X . Let P(S) be the
orthogonal projection onto the subspace S. We measure the performance of

estimator Ŝ by

∆ = ‖P(Ŝ)−P(SY |X)‖, (15)

where ‖·‖ is the Frobenius norm. Smaller values of ∆ mean better estimation.

With n = 100, H = 20, λ = 1 and p = 10, 20, 30, we report the mean of

∆ and its standard error in Table 1. While the classical SIR serves as a

benchmark, PSVM is considered as a state-of-the-art approach for sufficient

dimension reduction. PLSSVM consistently outperforms SIR and PSVM

across all three models. Additional simulation results, although not shown

here, demonstrate that the performance of PLSSVM is not sensitive to the

number of slices H or the misclassification penalty λ.

Recall that step 3 of the PLSSVM algorithm from section 2.3 requires

the knowledge of the structural dimension d of the central space SY |X , which

has to be estimated in practice. We summarize the performance of the ladle

estimator d̂ in (8) in Table 2. The proportions of correct estimation, or d̂ = d,

are reported based on 100 repetitions. Note that d = 1 for model I and d = 2

for model II and model III. For model I with a simpler structure, the ladle

estimator is not very sensitive to the change in H with fixed (n, p), becomes

better when n increases with fixed (p,H), and deteriorates with increasing

p and fixed (n,H). The trend is less obvious for the more complex model II

and model III. For (n, p) = (100, 30), the ladle estimator becomes worse when

H increases. For model II and model III with n = 400 and fixed p, the ladle

estimator becomes better when H increases.
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Table 1: Estimation of SY |X based on (n,H) = (100, 20). The mean of ∆ in (15) and its

standard error (in parentheses) are reported based on 100 repetitions.

model p SIR PSVM PLSSVM

10 0.19 (0.050) 0.22 (0.058) 0.15 (0.043)

I 20 0.30 (0.051) 0.33 (0.059) 0.24 (0.048)

30 0.38 (0.061) 0.43 (0.075) 0.32 (0.064)

10 0.83 (0.214) 0.92 (0.224) 0.73 (0.177)

II 20 1.14 (0.156) 1.21 (0.148) 1.04 (0.140)

30 1.31 (0.120) 1.36 (0.112) 1.23 (0.121)

10 1.21 (0.210) 1.20 (0.232) 1.11 (0.243)

III 20 1.56 (0.167) 1.47 (0.181) 1.43 (0.188)

30 1.70 (0.135) 1.63 (0.133) 1.59 (0.143)

4.2. Sufficient dimension reduction with streamed data

First we generate a million observations from model I. These observations

are split into 100 batches with 1000 observations in each batch. We assume

that the data arrives in batches continuously. Each time a new batch arrives,

we update the estimation of the central subspace. We fix H = 20, λ = 1,

and consider p = 10, 20, 50, 100. We compare the computation time of our

proposed real-time procedure with online SIR. [21] proposed two alternative

online SIR algorithms: online SIR via perturbation and online SIR via gra-

dient descent optimization. We only include online SIR via gradient descent

optimization, which is faster than its perturbation counterpart. The original

SIR is also included as a benchmark. PSVM is known to be slower than

SIR [19], and is not included in this comparison. From panel (a) of Figure
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Table 2: Proportions of d̂ in (8) equal to true d are reported based on 100 repetitions.

model p H = 10 H = 20 H = 50

n=100 n=200 n=400 n=100 n=200 n=400 n=100 n=200 n=400

10 0.93 0.99 0.98 0.91 0.99 0.96 0.89 0.96 0.98

I 20 0.73 0.96 0.95 0.70 0.94 0.98 0.65 0.85 0.96

30 0.17 0.93 0.95 0.02 0.78 0.93 0.00 0.60 0.88

10 0.16 0.06 0.05 0.30 0.21 0.20 0.47 0.36 0.63

II 20 0.62 0.29 0.19 0.76 0.47 0.48 0.78 0.69 0.62

30 0.42 0.60 0.45 0.31 0.85 0.73 0.10 0.81 0.90

10 0.22 0.05 0.02 0.45 0.30 0.16 0.78 0.57 0.66

III 20 0.55 0.36 0.21 0.57 0.67 0.48 0.32 0.83 0.86

30 0.14 0.71 0.42 0.06 0.71 0.88 0.00 0.51 0.82

1, we see that both real-time PLSSVM and the original SIR are faster than

online SIR when the number of batches is close to 100. While our proposed

real-time algorithm can deal with batch data directly, the online SIR method

in [21] updates the estimator each time a single observation arrives. When

a new batch with 1000 observations arrives, online SIR has to make 1000

updates in comparison to a single updating step for real-time PLSSVM. Al-

though online SIR is more comparable to SIR and real-time PLSSVM for

p = 10, 20, 50, it becomes much worse for p = 100. In panel (b) of Figure 1,

we zoom in to take a closer look. We see that the computation time of online

SIR and real-time PLSSVM is a linear function of the number of batches,

and the computation time of SIR is curved. If we focus on the comparison

with p = 100 across three methods, we see that SIR is faster than real-time

PLSSVM at first, and becomes slower than real-time PLSSVM after about

10 batches. Moreover, the gap grows quickly as number of batches increases
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Figure 2: Computation time for model I with streamed batch data. Each batch has 1000

observations. SIR (blue), online SIR (black) and real-time PLSSVM (red) are compared

for p = 10 (solid), p = 20 (dashed), p = 50 (dotted) and p = 100 (dot-dashed). Panel (a):

the entire picture. Panel (b): a closer look.

due to the curvature of the blue dot-dashed line. We can foresee that with

enough number of batches, SIR can eventually be slower than online SIR.

Next we consider a setting with streamed single data. In each repetition,

we generate 1000 observations from model II and model III. The first 100

observations are used to get an initial central subspace estimator. For the

additional 900 observations, we assume they arrive one by one in a continuous

fashion, and we update the estimation each time a new observation arrives.

We compare the estimation accuracy between real-time PLSSVM and online

SIR. The initial estimator for real-time PLSSVM is the PLSSVM estimator

from section 2.3, while the initial estimator of online SIR is described in [21].

We fix H = 20, λ = 1, and consider p = 10, 20, 30. In Figure 2, we plot the
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mean of ∆ in (15) based on 100 repetitions versus the number of additional

observations. Both panels show the superiority of real-time PLSSVM for all

p, and the improvement of PLSSVM over online SIR grows as more additional

data come in. While the online SIR estimator does not improve much over its

initial estimator with additional data points, the real-time PLSSVM curves

dip significantly with the first 200 or so additional data points, and gradually

level off after about 400 additional data points. In terms of computation

time for model II with 100 repetitions, online SIR takes 49.64 seconds, 53.49

seconds and 60.06 seconds for p = 10, 20, 30, respectively. Real-time PLSVM,

on the other hand, takes 35.15 seconds, 48.04 seconds and 71.21 seconds for

p = 10, 20, 30, respectively. The computation time for model III is basically

the same as model II, and is thus omitted. We see that even online SIR

is designed specifically for streamed single data, the computation time of

real-time PLSSVM is comparable.

5. Real data applications

We evaluate the performance of the proposed algorithms with two real

data sets. The bike sharing data and the facial expression data are studied in

section 5.1 and section 5.2, respectively. Both data sets can be downloaded

from the UCI machine learning repository at http : //archive.ics.uci.edu/ml.

5.1. Bike sharing data

The bike sharing data [37] contains the hourly and daily counts of rental

bikes in a bikeshare system between 2011 and 2012 together with weather in-

formation. We use number of casual users as the response, and use three

continuous weather-related variables as the predictor: normalized feeling
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Figure 3: Estimation of SY |X with streamed single data. The mean of ∆ in (15) is plotted

based on 100 repetitions. Real-time PLSSVM (red) and online SIR (black) are compared

for p = 10 (solid), p = 20 (dashed) and p = 30 (dotted). Panel (a): model II. Panel (b):

model III.

temperature in Celsius, normalized humidity, and normalized wind speed.

While the original data set has 731 days, we remove the observations from

weekends and holidays to focus on 500 working days.

First we compare the performances of five different methods to estimate

the central subspace using the daily counts. SIR, PSVM and PLSSVM are

included as three static methods. We also include two online estimators:

real-time PLSSVM and online SIR. For the static methods, we use all 500

working days to get the final estimator directly. For the online methods, we

use the first 20 working days to get an initial estimator, and then update

the estimator each time a new daily observation comes in. Ladle estimator

indicates that d̂ = 1 for this data set, and the estimated basis of the central
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Table 3: Estimated basis coefficients for the bike sharing data. Daily data are used based

on 500 working days.

method temperature humidity wind speed

SIR 0.934 -0.298 -0.199

PSVM 0.952 -0.266 -0.154

PLSSVM 0.912 -0.331 -0.241

online SIR 0.784 -0.449 -0.429

real-time PLSSVM 0.928 -0.309 -0.207

subspace is a three-dimensional vector. We refer to each component of this

vector as the basis coefficient, and report the estimated coefficients in Table 3.

For online SIR and real-time PLSSVM, only the final estimator is reported.

We note that the signs for a fixed predictor variable are the same across

five methods. It is also noticeable that the temperature coefficient has the

largest magnitude, indicating that it has the largest effect on the count of

casual users.

All the estimators are close to each other with the exception of online SIR.

Due to the rounding error of each update, the real-time PLSSVM estimator

and PLSSVM estimator are not exactly the same but fairly close. Upon closer

examination of the online SIR algorithm in [21], we realize that the initial

estimator used in the algorithm is based onX-scaled SIR. On the other hand,

the classical SIR algorithm is based on Z-scaled SIR, which finds the central

subspace SY |Z between Y and standardized predictor Z = Σ−1/2(X−E(X))

before transforming SY |Z back to SY |X . Although they are equivalent at the

population level, it is generally believed that Z-scaled SIR performs better

at the sample level. If we compare the initial estimators from Figure 2 with
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the corresponding results in Table 1, one can clearly see that the initial

values for the PLSSVM estimators match those reported in Table 1, while

the initial values for online SIR estimators are worse than the corresponding

SIR estimators in Table 1. The difference in the predictor scale together

with the cumulative rounding errors in multiple updating steps explain the

discrepancy between SIR and online SIR in Table 3.

Next we combine the real-time PLSSVM algorithms in section 3.1 and

section 3.2 to consider a moving window estimator based on the daily counts.

We start with the first 20 working days to get an initial PLSSVM estimator.

As a new working day observation comes in, we add this data point (day 21)

to update the initial estimator following the algorithm in section 3.1, and then

we drop the oldest data point (day 1) following the algorithm in section 3.2.

We continue this procedure each time a new data point is collected. From

500 working days, we get 481 estimators, where each estimator is based

on a moving window of 20 days. In panel (a) of Figure 3, we plot the

normalized feeling temperature versus the day. We see a clear seasonal trend,

as the valleys correspond to days in winter and the peaks correspond to the

summer days. In panel (b) of Figure 3, we plot the estimated coefficient

for temperature versus the number of the moving updates. Note that the

estimated central subspace basis vector always has unit length, which implies

that the estimated coefficients are always between −1 and 1. We always set

the estimated temperature coefficient to be positive for easy comparison. We

see from Table 3 that the temperature coefficient has the largest magnitude

compared to humility and wind speed, suggesting that temperature is the

most important factor to affect the number of casual users. However, this
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Figure 4: Daily bike sharing data with 500 working days. Panel (a): temperature v.s.

number of days. Panel (b): estimated temperature coefficient of moving window estimator

v.s. number of moving updates.

is only true when we consider the whole data set. Based on the moving

window estimators in panel (b), we see that the magnitude of the temperature

coefficient is only close to 1 when there is extreme temperature, or the x-axis

locations of the peaks in panel (b) roughly correspond to the x-axis locations

of the peaks and the valleys in panel (a). When the estimated temperature

coefficient is close to 0, the corresponding temperature is mild. This suggests

that the effect of temperature on number of casual users is heightened with

extreme temperature, and is dampened with mild temperature.

Last but not least, we use the hourly counts of the 500 working days

to compare the computation efficiency in the presence of streamed batch

data. Here we assume the data come in batches every day, with each batch

containing 20 to 24 hourly counts. Due to some missing observations, we
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do not always have 24 hourly counts for each day. After we get the initial

estimator based on the first batch, we update the estimator every day with a

new batch coming in. We get 500 estimators from 500 working days, where

each estimator is based on all the hourly observations up to that day. Four

methods are considered: real-time PLSSVM, SIR, online SIR, and PSVM.

The computation time is 0.24 seconds for real-time PLSSVM, 1.81 seconds

for SIR, 0.33 seconds for online SIR, and 9274.1 seconds for PSVM. This

confirms what we have seen in Figure 1 of section 4.2, where it shows that

the difference in computation time between SIR, online SIR and real-time

PLSSVM is not significant for small p and reasonable n. PSVM is time-

consuming because it involves quadratic programming.

5.2. Facial expression data

The facial expression data [38] is composed by 18 videos. In each video, a

user performs grammatical facial expressions from Brazilian Sign Language.

The video is then divided into frames identified by a timestamp. The image

of each frame is manually labeled by a specialist. The (x, y, z) coordinates

for 100 preselected points on the face are also recorded for each frame. For

example, suppose the preselected point is the tip of the nose. Then (x, y)

coordinates give the pixel position of the nose tip, and z measures the depth

in millimeters for the nose tip. This can be considered as a classification

problem, and the response is whether a given facial expression is present or

not. Here we perform sufficient dimension reduction as a feature extraction

step instead of carrying out the classification. This data can be viewed as

streamed batch data, with each video being a batch with multiple frames

as the individual data points. One can extract an initial feature based on
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the first video, and then update the extracted feature after a new video is

recorded. There will be 17 updates if all 18 videos are used. All videos

have 300 (100 × 3) predictors, and the average number of frames in each

video is 1550. We compare the computation time for feature extraction with

updates. Four methods are included for the comparison: real-time PLSSVM,

SIR, online SIR and PSVM. It takes 7.48 seconds for real-time PLSSVM to

get all 17 updates, 88.12 seconds for SIR to get all 17 updates, 1372.39

seconds for online SIR to get all 17 updates, and 3767.28 seconds for PSVM

to get the first 3 updates. As we have seen from Figure 1, online SIR is

computationally expensive with streamed batch data when both p and n are

large.

6. Discussion

In this paper, we propose a novel SVM-based approach for sufficient di-

mension reduction. PSVM [19] leverages the prowess of soft-margin SVM

in classification for sufficient dimension reduction, and motivates our pro-

posal of PLSSVM as a modified version of least squares SVM. While soft-

margin SVM and least squares SVM are used for classification, PSVM and

PLSSVM are designed for recovering the central subspace. Compared to

PSVM, PLSSVM achieves more accurate estimation of the central subspace

and is computationally more efficient. Moreover, PSVM is only applicable

with static data, while PLSSVM handles both static and streamed data in a

unified framework.

As an online approach, real-time PLSSVM algorithms are proposed to

update the current dimension reduction estimator efficiently either when new
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data points are added or when old data points are deleted. Online SIR was

recently proposed by [21], and is considered as a main competitor to real-

time PLSSVM for online sufficient dimension reduction. Online SIR has the

following limitations as a real-time approach. First, online SIR only deals

with streamed single data and can not deal with streamed batch data directly.

Second, online SIR only deals with the case when a new data point is added,

but does not discuss the case when old data points are deleted. Last but not

least, online SIR is not consistent with the classical SIR. Namely, for the same

data set, the estimator of SIR with the whole data set can be very different

from the final estimator of online SIR if the data is treated as streamed

observations. Real-time PLSSVM successfully addresses all the limitations.

It is efficient with both streamed batch data and streamed single data. It

can be easily updated either with additional data or deleted data. For the

same data, static PLSSVM based on all the observations is consistent with

the real-time PLSSVM when the data is treated as streamed observations. In

terms of estimation accuracy, real-time PLSSVM is consistently better than

online SIR in a wide range of simulation settings.

Nonlinear sufficient dimension reduction aims to find mapping φ : Rp →
R

d such that the conditional distribution of Y given φ(X) is the same as

the conditional distribution of Y given X. In the case when φ(X) = ηTX

for η ∈ R
p×d, nonlinear sufficient dimension reduction reduces to linear suf-

ficient dimension defined through (1). Following nonlinear PSVM [19], one

can easily extend the PLSSVM for nonlinear sufficient dimension reduction.

Development of real-time nonlinear sufficient dimension reduction is worth

future investigation. Similar to the connections between least squares SVM
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and least squares regression, regularized least squares regression is linked to

a regularized least squares SVM approach known as the proximal SVM [39].

A future research direction is to develop new real-time sufficient dimension

reduction methods based on proximal SVM.
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Appendix: Asymptotic analysis of principal least squares SVM

We derive the asymptotic distribution of the PLSSVM estimator in sec-

tion 2.3. Some notations are needed first. Let

m(θ,Z) = θTΣ∗θ − λ(1− θTX∗Ỹ )2,

where θ = (ψT, t)T,Z = (XT, Ỹ )T,X∗ = (XT,−1)T and Σ∗ = diag(Σ, 0).

Also, let Dθ denote the (p + 1)-dimensional column vector of differential

operators (∂/∂θ1, . . . , ∂/∂θp+1)
T.

Then L(ψ, t) in (4) becomes E[m(θ,Z)], and its gradient is given by

DθE[m(θ,Z)] = (2ψTΣ, 0)T − 2λE[X∗Ỹ (1− θTX∗Ỹ )]. (16)

If the gradient function (16) is differentiable with respect to θ, the Hessian

matrix becomes

H = 2diag(Σ, 0) + 2λE(X∗Ỹ Ỹ T(X∗)T).
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Applying Theorem 5.23 of [40], the corresponding influence function of θ̂ is

given by

θ̂ = θ0 −H−1{(2ψT

0Σ, 0)T − 2λ∗En[X
∗Ỹ (1− Ỹ θT

0X
∗)]}+ oP (n

−
1

2 ). (17)

Consider a fixed dividing point qk, where k ∈ {1, . . . , H − 1}. Let Zk =

(XT, Ỹ k)T, where Ỹk = I(Y > qk)− I(Y ≤ qk). Let θ0k = (ψT

0k, t0k)
T be the

minimizer of E(m(θ,Zk)). Similarly, θ̂0k = (ψ̂
T

0k, t̂0k)
T denotes the minimizer

of En(m(θ,Zk)). Denote

sk(θ,Z
k) = −[H−1]p{(2ψT

0kΣ, 0)T − 2λEn[X
∗Ỹ k(1− Ỹ kθT

0kX
∗)]}, (18)

where [H−1]p consists of the first p rows of the inverse Hessian matrix H−1.

From (17), we have

ψ̂k = ψ0k + sk(θ,Z
k) + oP (n

−
1

2 ).

For V̂ =
∑H−1

k=1 ψ̂0kψ̂
T

0k in (7), its corresponding population counterpart

is V =
∑H−1

k=1 ψ0kψ
T

0k. Before we give the asymptotic distribution for V̂ ,

we introduce the notion of a commutation matrix [41]. For a p × q ma-

trix A, a commutation matrix Kp,q is the unique pq × pq matrix such that

Kp,qvec(A) = vec(AT). Let Λ1 = Ip2 +Kp,p and

Λ2 =
H−1
∑

r=1

H−1
∑

k=1

(ψ0rψ
T

0k ⊗ E[sr(θ0r,Z
r)sT

k(θ0k,Z
k)]),

where sk(θ,Z
k) is defined in (18). We have the following theorem

Theorem 2. Suppose L(ψ, t) in (4) is everywhere twice differentiable with

respect to θ. Then
√
nvec(V̂ −V )

D−→ N(0,Λ1Λ2Λ1) as n → ∞, where
D−→

means converge in distribution.
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The proof is similar to Theorem 7 in [19] and is omitted.

Recall that Û = (û1, . . . , ûd), where ûℓ is the eigenvector corresponding

to the ℓth largest eigenvalue of V̂ . Let U be the population counterpart of

Û . DenoteD as a diagonal matrix with diagonal elements being the nonzero

eigenvalues of V . Using Corollary 1 of [42], we have

Corollary 1. Suppose L(ψ, t) in (4) is everywhere twice differentiable with

respect to θ and rank(V ) = d. Then

√
n vec(Û −U )

D−→ N(0, (D−1U T ⊗ Ip)Λ1Λ2Λ1(D
−1U T ⊗ Ip)),

as n → ∞.
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