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Likely oscillatory motions of stochastic hyperelastic spherical shells

and tubes

L. Angela Mihai∗ Manal Alamoudi†

January 4, 2021

Abstract

We examine theoretically the dynamic inflation and finite amplitude oscillatory motion of inho-
mogeneous spherical shells and cylindrical tubes of stochastic hyperelastic material. These bodies
are deformed by radially symmetric uniform inflation, and are subjected to either a surface dead
load or an impulse traction, uniformly applied in the radial direction. We consider composite shells
and tubes with two concentric stochastic homogeneous neo-Hookean phases, and inhomogeneous
bodies of stochastic neo-Hookean material with constitutive parameters varying continuously in
the radial direction. For the homogeneous materials, we define the elastic parameters as spatially-
independent random variables, while for the radially inhomogeneous bodies, we take the parameters
as spatially-dependent random fields, described by non-Gaussian probability density functions. Un-
der radially symmetric dynamic deformation treated as quasi-equilibrated motion, we show that
the bodies oscillate, i.e., the radius increases up to a point, then decreases, then increases again,
and so on, and the amplitude and period of the oscillations are characterised by probability distri-
butions, depending on the initial conditions, the geometry, and the probabilistic material properties.

Key words: stochastic elasticity, finite strain analysis, quasi-equilibrated motion, probabilities.

1 Introduction

The extensive study of oscillatory motions of cylindrical or spherical shells of linear elastic material
has been driven by a wide range of industrial applications [3, 4, 10, 14]. In contrast, time-dependent
finite oscillations of cylindrical tubes and spherical shells of nonlinear elastic material have received
less attention. Internally pressurised hollow cylinders and spheres are relevant in many biological and
engineering structures [21,76]. Cylindrical tubes of homogeneous isotropic incompressible hyperelastic
material subject to finite symmetric inflation and stretching were first analysed in [56]. For elastic
spherical shells, finite radially symmetric inflation was investigated initially in [23], then in [2, 60].
For both elastic tubes and spherical shells, in [12], it was shown that, depending on the particular
material and initial geometry, the internal pressure may increase monotonically, or increase and then
decrease, or increase, decrease, and then increase again. Further studies examining these deformations
for different constitutive descriptions can be found in [22, 51, 79]. Localised bulging in long inflated
isotropic hyperelastic tubes of arbitrary thickness was modelled and analysed within the framework
of nonlinear elasticity in [19, 78].

The governing equations for large amplitude oscillations of spherical shells and tubes of homoge-
neous isotropic incompressible nonlinear hyperelastic material, formulated as special cases of quasi-
equilibrated motions [74], were reviewed in [75]. These are the class of motions for which the deforma-
tion is circulation preserving, and at every time instant, the deformed configuration is a possible static
configuration under the given forces. Free and forced axially symmetric radial oscillations of infinitely
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long, isotropic incompressible cylindrical tubes, with arbitrary wall thickness, were described for the
first time in [34,35]. For spherical shells, oscillatory motions were derived analogously in [26,36,77].

However, deterministic approaches, which are based on average data values, can greatly underes-
timate or overestimate mechanical responses, and stochastic representations accounting also for data
dispersion are needed to improve assessment and predictions [20, 28,33,53,55,66,73].

Recently, radial oscillations of cylindrical and spherical shells of hyperelastic material, treated as
quasi-equilibrated motions, were reviewed and extended to stochastic hyperelastic bodies in [42, 49].
Namely, spherical and cylindrical shells of stochastic isotropic incompressible hyperelastic material
were analysed in [42] where particular attention was given to the periodic (oscillatory) motion and
time-dependent stresses taking into account the probabilistic model parameters. In [49], the cavitation
and finite amplitude oscillations under radially symmetric finite deformation of homogeneous and
radially inhomogeneous spheres of stochastic hyperelastic material was studied analytically.

Stochastic hyperelastic models are described by strain-energy densities with the parameters char-
acterised by probability density functions (see [25, 68–72] and also [18, 46]). These are advanced phe-
nomenological models that rely on the finite elasticity theory and on the notion of entropy [29–31,59,67]
to enable the propagation of uncertainties from input data to output quantities of interest [65]. They
can be also combined with Bayesian approaches [7, 40] for model selection [18,46,53,57].

For stochastic homogeneous incompressible hyperelastic bodies, the effect of probabilistic model
parameters on predicted mechanical responses was demonstrated theoretically on the various insta-
bility problems: the static cavitation of a sphere under uniform tensile dead load [43], the inflation of
pressurised spherical and cylindrical shells [41], the classic problem of the Rivlin cube [47], the rota-
tion and perversion of stochastic incompressible anisotropic hyperelastic cylindrical tubes [48]. In [43],
in addition to the well-known case of stable cavitation post-bifurcation at the critical dead load, it
was shown, for the first time, the existence of unstable (snap) cavitation for some (deterministic or
stochastic) isotropic incompressible materials satisfying Baker-Ericksen inequalities [5]. In general,
these problems, for which the elastic solutions are obtained explicitly, can offer significant insight into
how the uncertainties in input parameters are propagated to output quantities. A similar stochastic
methodology was developed to study instabilities in liquid crystal elastomers in [45]. To investigate
the effect of probabilistic parameters in the case of more complex geometries and loading conditions,
numerical approaches have been proposed in [71,72].

For detailed presentations of the theory of nonlinear elasticity, we refer to [54,75]. A comprehensive
review on nonlinear elastic material parameters in isotropic finite elasticity is provided in [44]. For
probability theory, we rely on [24]. Relevant monographs on uncertainty quantification in solids
are [15, 16,66].

The scope of this study is to extend the analysis of [42,49] to large strain deformations and oscilla-
tory motions of radially inhomogeneous cylindrical tubes and spherical shells of stochastic hyperelastic
material. These bodies are deformed by radially symmetric uniform inflation when subject to either
a surface dead load (which is constant in the reference configuration) or an impulse traction (which is
maintained constant in the current configuration), applied uniformly in the radial direction. Section 2
provides a summary of the stochastic elasticity prerequisites, and introduces the notion of quasi-
equilibrated motion. Section 3 is devoted to the analysis of finite amplitude oscillations of a composite
formed from two concentric homogeneous tubes of different stochastic neo-Hookean material, and of
inhomogeneous tubes with radially varying material properties. For spherical shells, a similar analysis
is performed in Section 4. Numerical computations were carried out in Matlab, where inbuilt functions
for random number generation were used. Concluding remarks are drawn in the final section.

2 Prerequisites

We first recall the definition of stochastic isotropic incompressible hyperelastic models and the notion
of quasi-equilibrated motion.
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2.1 Stochastic strain-energy functions for isotropic incompressible hyperelastic

materials

For our general definition of stochastic isotropic incompressible hyperelastic materials, we rely on the
following assumptions [18, 41–43,46,47,49]:

(A1) Material objectivity, which requires that the constitutive equations must be invariant under
changes of frame of reference. This means that the scalar strain-energy function, W = W (F),
depending only on the deformation gradient F, with respect to the reference configuration, is
unaffected by a superimposed rigid-body transformation after deformation. Material objectivity
is guaranteed by defining strain-energy functions in terms of the scalar invariants.

(A2) Material isotropy, stating that the strain-energy function is unaffected by a superimposed rigid-
body transformation prior to deformation. For isotropic materials, the strain-energy function is
a symmetric function of the principal stretches.

(A3) Baker-Ericksen (BE) inequalities [5, 37], by which the greater principal Cauchy stress occurs in
the direction of the greater principal stretch.

(A4) For any given finite deformation, at any point in the material, the shear modulus, µ, and its
inverse, 1/µ, are second-order random variables, i.e., they have finite mean value and finite
variance [68–72].

Assumptions (A1)-(A3) are inherited from the finite elasticity theory [21,44,54,75], while (A4) places
random variables at the foundation of stochastic hyperelastic models [46, 68–70]. A random variable
is usually described in terms of its mean value and its variance, which contains information about the
range of values about the mean value [11,13,28,39,52].

In order to derive analytical results for the instability problems presented here, we confine our
attention to a class of stochastic hyperelastic models defined by the strain-energy density

W(λ1, λ2, λ3) =
µ

2

(

λ21 + λ22 + λ23 − 3
)

, (1)

where the shear modulus, µ = µ(R) > 0, is a random field depending on the radius R in a system of
cylindrical or spherical polar coordinates, and λ1, λ2, and λ3 are the principal stretch ratios. When
µ is independent of R, the material model (1) reduces to the stochastic (homogeneous) neo-Hookean
model [46, 68].

For the shear modulus, µ = µ(R), at any fixed R, we rely on the following available information,
which guarantees that assumption (A4) holds [62–64,66],

{

E [µ] = µ > 0,

E [log µ] = ν, such that |ν| < +∞.
(2)

By the principle of maximum entropy [29–31], for any fixed R, µ follows a Gamma probability dis-
tribution with the shape and scale parameters ρ1 = ρ1(R) > 0 and ρ2 = ρ2(R) > 0, respectively.
Hence,

µ = ρ1ρ2, Var[µ] = ρ1ρ
2
2, (3)

where µ is the mean value, Var[µ] = ‖µ‖2 is the variance, and ‖µ‖ is the standard deviation of µ. The
corresponding probability density function takes the form [1,24,32]

g(µ; ρ1, ρ2) =
µρ1−1e−µ/ρ2

ρρ12 Γ(ρ1)
, for µ > 0 and ρ1, ρ2 > 0, (4)

where Γ : R∗
+ → R is the complete Gamma function

Γ(z) =

∫ +∞

0
tz−1e−tdt. (5)

For ρ1 and ρ2, the word ‘hyperparameters’ is also used to distinguish them from the material parameter
µ and other material constants [66, p. 8].

The stochastic shear modulus µ(R) will be illustrated in Sections 3.3 and 4.3 (see examples given
by equations (57) and (108), respectively).
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2.2 Quasi-equilibrated motion

For large strain dynamic deformations of an elastic solid, Cauchy’s laws of motion are governed by
the following Eulerian field equations [75, p. 40],

ρẍ = div T+ ρb, (6)

T = TT , (7)

where ρ is the material density, which is assumed constant, x = χ(X, t) is the motion of the elastic
solid, with velocity ẋ = ∂χ(X, t)/∂t and acceleration ẍ = ∂2χ(X, t)/∂t2, b = b(x, t) is the body force,
T = T(x, t) is the Cauchy stress tensor, and the superscript ‘T ’ is the transpose operator.

Definition 2.1 [75, p. 208] A quasi-equilibrated motion, x = χ(X, t), is the motion of an incom-
pressible homogeneous elastic solid subject to a given body force, b = b(x, t), whereby, for each value
of t, x = χ(X, t) defines a static deformation that satisfies the equilibrium conditions under the body
force b = b(x, t).

Theorem 2.2 [75, p. 208] (see also the proof in [42]) A quasi-equilibrated motion, x = χ(X, t), of
an incompressible homogeneous elastic solid subject to a given body force, b = b(x, t), is dynamically
possible, subject to the same body force, if and only if the motion is circulation preserving with a
single-valued acceleration potential ξ, i.e.,

ẍ = −grad ξ. (8)

For the condition (8) to be satisfied, it is necessary that

curl ẍ = 0. (9)

Then, the Cauchy stress tensor takes the form

T = −ρξI+T
(0), (10)

where T
(0) is the Cauchy stress for the equilibrium state at time t and I = diag(1, 1, 1) is the identity

tensor. In this case, the stress field is determined by the present configuration alone. In particular,
the shear stresses in the motion are the same as those of the equilibrium state at time t.

3 Quasi-equilibrated motion of stochastic cylindrical tubes

We examine here the quasi-equilibrated radial motion of two concentric homogeneous tubes and of a
radially inhomogeneous tube with stochastic material parameters.

3.1 Radial-axial motion of a cylindrical tube

For a circular cylindrical tube, the combined radial and axial motion is described by

r2 = c2 +
R2 − C2

α
, θ = Θ, z = αZ, (11)

where (R,Θ, Z) and (r, θ, z) are the cylindrical polar coordinates in the reference and current config-
uration, respectively, such that C ≤ R ≤ B, C and B are the inner and outer radii in the undeformed
state, respectively, c = c(t) and b = b(t) =

√

c2 + (B2 − C2) /α are the inner and outer radius at time
t, respectively, and α > 0 is a given constant. When α = 1, the time-dependent deformation (11)
simplifies to that studied in [8, 34, 35]. The case with a time-dependent α was considered in [58].

The radial-axial motion (11) of a cylindrical tube is fully determined by the inner radius c at time
t, which in turn is derived from the initial conditions. Thus, the acceleration r̈ can be obtained in
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terms of the acceleration c̈ on the inner surface. By the governing equations (11), condition (9) is
valid for x = (r, θ, z)T . Hence, (11) describes a quasi-equilibrated motion, such that

−∂ξ
∂r

= r̈ =
ċ2

r
+
cc̈

r
− c2ċ2

r3
, (12)

where ξ is the acceleration potential satisfying (8). Integrating (12) gives [75, p. 215]

−ξ = ċ2 log r + cc̈ log r +
c2ċ2

2r2
= ṙ2 log r + rr̈ log r +

1

2
ṙ2. (13)

The deformation gradient of (11), with respect to the polar coordinates (R,Θ, Z), is equal to

F = diag

(

R

αr
,
r

R
, α

)

, (14)

the Cauchy-Green deformation tensor is

B = F2 = diag

(

R2

α2r2
,
r2

R2
, α2

)

, (15)

and the principal invariants take the form

I1 =tr (B) =
R2

α2r2
+
r2

R2
+ α2,

I2 =
1

2

[

(trB)2 − tr
(

B2
)

]

=
α2r2

R2
+
R2

r2
+

1

α2
,

I3 =detB = 1.

(16)

The principal components of the equilibrium Cauchy stress tensor at time t are

T (0)
rr = −p(0) + β1

R2

α2r2
+ β−1

α2r2

R2
,

T
(0)
θθ = T (0)

rr +
(

β1 − β−1α
2
)

(

r2

R2
− R2

α2r2

)

,

T (0)
zz = T (0)

rr +

(

β1 − β−1
r2

R2

)(

α2 − R2

α2r2

)

,

(17)

where p(0) is the Lagrangian multiplier for the incompressibility constraint (I3 = 1), and

β1 = 2
∂W

∂I1
, β−1 = −2

∂W

∂I2
(18)

are the nonlinear material parameters, with I1 and I2 given by (16).
As the stress components depend only on the radius r, the system of equilibrium equations reduces

to
∂T

(0)
rr

∂r
=
T
(0)
θθ − T

(0)
rr

r
. (19)

Hence, by (17) and (19), the radial Cauchy stress for the equilibrium state at time t takes the form

T (0)
rr (r, t) =

∫

(

β1 − β−1α
2
)

(

r2

R2
− R2

α2r2

)

dr

r
+ ψ(t), (20)

where ψ = ψ(t) is an arbitrary function of time. Substitution of (13) and (20) into (10) then gives
the principal Cauchy stress components at time t as follows,

Trr(r, t) = ρ

(

aä log r + ȧ2 log r +
a2ȧ2

2r2

)

+

∫

(

β1 − β−1α
2
)

(

r2

R2
− R2

α2r2

)

dr

r
+ ψ(t),

Tθθ(r, t) = Trr(r, t) +
(

β1 − β−1α
2
)

(

r2

R2
− R2

α2r2

)

,

Tzz(r, t) = Trr(r, t) +

(

β1 − β−1
r2

R2

)(

α2 − R2

α2r2

)

.

(21)
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3.2 Oscillatory motion of a tube with two stochastic neo-Hookean phases

To study explicitly the behaviour under the quasi-equilibrated radial motion of a composite formed
from two concentric homogeneous cylindrical tubes (see Figure 1), we focus on composite tubes with
two stochastic neo-Hookean phases. We define the following strain-energy function,

W(λ1, λ2, λ3) =

{

µ(1)

2

(

λ21 + λ22 + λ23 − 3
)

, C < R < A,
µ(2)

2

(

λ21 + λ22 + λ23 − 3
)

, A < R < B,
(22)

where C < R < A and A < R < B denote the radii of the inner and outer tube in the reference con-
figuration, respectively, and the corresponding shear moduli µ(1) and µ(2) are (spatially-independent)

random variables characterised by the Gamma distributions g(u; ρ
(1)
1 , ρ

(1)
2 ) and g(u; ρ

(2)
1 , ρ

(2)
2 ), defined

by (4).

Figure 1: Schematic of a composite cylindrical tube made of two concentric homogeneous tubes, with
undeformed outer radii A and B, respectively, showing the reference state (left), and the deformed
state, with outer radii a and b of the concentric tubes, respectively (right).

For the deformed composite tube, we denote the radial pressures acting on the curvilinear surfaces
r = c(t) and r = b(t) at time t as T1(t) and T2(t), respectively, and impose the continuity condition
for the stress components across their interface, r = a(t). Evaluating T1(t) = −Trr(c, t) and T2(t) =
−Trr(b, t) at r = c and r = b, respectively, and subtracting the results, gives

T1(t)− T2(t) =
ρ

2

[

cc̈ log
b2

c2
+ ċ2 log

b2

c2
+ ċ2

(

c2

b2
− 1

)]

+

∫ a

c
µ(1)

(

r2

R2
− R2

α2r2

)

dr

r
+

∫ b

a
µ(2)

(

r2

R2
− R2

α2r2

)

dr

r
.

=
ρC2

2

[(

c

C

c̈

C
+
ċ2

C2

)

log
b2

c2
+
ċ2

C2

(

c2

b2
− 1

)]

+

∫ a

c
µ(1)

(

r2

R2
− R2

α2r2

)

dr

r
+

∫ b

a
µ(2)

(

r2

R2
− R2

α2r2

)

dr

r
.

(23)

We set the notation

u =
r2

R2
=

r2

α (r2 − c2) + C2
, x =

c

C
, γ =

B2

C2
− 1, (24)

and rewrite
(

c

C

c̈

C
+
ċ2

C2

)

log
b2

c2
+
ċ2

C2

(

c2

b2
− 1

)

=(ẍx+ ẋ2) log
(

1 +
γ

αx2

)

− ẋ2
γ

αx2

1 + γ
αx2

=
1

2

d

dx

[

ẋ2x log
(

1 +
γ

αx2

)]

.

(25)
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By (11) and (24), we obtain

∫ a

c
µ(1)

(

r2

R2
− R2

α2r2

)

dr

r
+

∫ b

a
µ(2)

(

r2

R2
− R2

α2r2

)

dr

r

=

∫ a

c
µ(1)

[

r2

α(r2 − c2) + C2
− α(r2 − c2) + C2

α2r2

]

dr

r

+

∫ b

a
µ(2)

[

r2

α(r2 − c2) + C2
− α(r2 − c2) + C2

α2r2

]

dr

r

=− 1

2

∫ a2/A2

c2/C2

µ(1)
1 + αu

α2u2
du− 1

2

∫ b2/B2

a2/A2

µ(2)
1 + αu

α2u2
du

=
1

2

∫ x2

C2

A2 (x2− 1
α)+

1
α

µ(1)
1 + αu

α2u2
du+

1

2

∫ C2

A2 (x2− 1
α)+

1
α

x2+
γ
α

1+γ

µ(2)
1 + αu

α2u2
du.

(26)

In the above calculations, we used the following relations,

r =

[

u(C2 − αc2)

1− αu

]1/2

, (27)

dr

du
=

C2 − αc2

2 (1− αu)2

[

u(C2 − αc2)

1− αu

]−1/2

=
r

2u(1− αu)
, (28)

(

u− 1

α2u

)

1

2u(1− αu)
=

α2u2 − 1

2α2u2(1− αu)
= −1 + αu

2α2u2
. (29)

We then express equation (23) equivalently as follows,

2x
T1(t)− T2(t)

ρC2
=

1

2

d

dx

[

ẋ2x2 log
(

1 +
γ

αx2

)]

+
x

ρC2

∫ x2

C2

A2 (x2− 1
α)+

1
α

µ(1)
1 + αu

α2u2
du

+
x

ρC2

∫ C2

A2 (x2− 1
α)+

1
α

x2+
γ
α

1+γ

µ(2)
1 + αu

α2u2
du.

(30)

For the dynamic tube, we define

G(x, γ) =
1

ρC2

∫ x

1√
α

ζ

[

∫ ζ2

ζ2 C2

A2 +
1
α

(

1−C2

A2

)

µ(1)
1 + αu

α2u2
du

]

dζ

+
1

ρC2

∫ x

1√
α

ζ





∫ ζ2 C2

A2 +
1
α

(

1−C2

A2

)

ζ2+
γ
α

1+γ

µ(2)
1 + αu

α2u2
du



 dζ.

(31)

This function will be used to establish whether the radial motion of the tube is oscillatory or not.

3.2.1 Composite with two concentric homogeneous tubes subject to impulse traction

We set the pressure impulse (suddenly applied pressure difference)

2α
T1(t)− T2(t)

ρC2
=

{

0 if t ≤ 0,
p0 if t > 0,

(32)

with p0 constant in time, and integrating (30) implies

1

2
ẋ2x2 log

(

1 +
γ

αx2

)

+G(x, γ) =
p0
2α

(

x2 − 1

α

)

+ C0, (33)

7



where G(x, γ) is defined by (31) and

C0 =
1

2
ẋ20x

2
0 log

(

1 +
γ

αx20

)

+G(x0, γ)−
p0
2α

(

x20 −
1

α

)

, (34)

with the initial conditions x(0) = x0 and ẋ(0) = ẋ0. From (33), we obtain the velocity

ẋ = ±
√

p0
α (x2 − 1

α) + 2C0 − 2G(x, γ)

x2 log(1 + γ
αx2 )

. (35)

Then, the radial motion is periodic if and only if the equation

G(x, γ) =
p0
2α

(

x2 − 1

α

)

+ C0 (36)

has exactly two distinct solutions, representing the amplitudes of the oscillation, x = x1 and x = x2,
such that 0 < x1 < x2 < ∞. By (24), the minimum and maximum radii of the inner surface in the
oscillation are equal to x1C and x2C, respectively, and by (35), the period of oscillation is equal to

T = 2

∣

∣

∣

∣

∫ x2

x1

dx

ẋ

∣

∣

∣

∣

= 2

∣

∣

∣

∣

∣

∫ x2

x1

√

x2 log
(

1 + γ
αx2

)

p0
α

(

x2 − 1
α

)

+ 2C0 − 2G(x, γ)
dx

∣

∣

∣

∣

∣

. (37)

For the stochastic composite tube, the amplitude and period of the oscillation are random variables
described by probability distributions.

To examine G(x, γ) defined by (31), we rewrite this function equivalently as

G(x, γ) = G1(x, γ) +G2(x, γ), (38)

where

G1(x, γ) =
1

ρC2

∫ x

1√
α

ζ

[

∫ ζ2

ζ2 C2

A2 +
1
α

(

1−C2

A2

)

µ(1)
1 + αu

α2u2
du

]

dζ (39)

and

G2(x, γ) =
1

ρC2

∫ x

1√
α

ζ





∫ ζ2 C2

A2 +
1
α

(

1−C2

A2

)

ζ2
µ(2)

1 + αu

α2u2
du+

∫ ζ2

ζ2+
γ
α

1+γ

µ(2)
1 + αu

α2u2
du



 dζ. (40)

Proceeding as in [42], we obtain

G1(x, γ) =
µ(1)

2αρC2

(

1

α
− x2

)

log

[

C2

A2
+

1

αx2

(

1− C2

A2

)]

(41)

and

G2(x, γ) =
µ(2)

2αρC2

(

x2 − 1

α

){

log

[

C2

A2
+

1

αx2

(

1− C2

A2

)]

+ log
1 + γ

1 + γ
αx2

}

. (42)

By (41) and (42), the function G(x, γ) defined by (38) takes the form

G(x, γ) =
1

2αρC2

(

x2 − 1

α

){

(

µ(2) − µ(1)
)

log

[

C2

A2
+

1

αx2

(

1− C2

A2

)]

+ µ(2) log
1 + γ

1 + γ
αx2

}

. (43)

This function is monotonically decreasing for 0 < x < 1/
√
α and increasing for x > 1/

√
α. When

µ(1) = µ(2), the function corresponding to a homogeneous tube is recovered [42].
Assuming that the shear moduli µ(1) and µ(2) have a lower bound

µ(1) > η, µ(2) > η, (44)

for some constant η > 0, it follows that

lim
x→0

G(x, γ) = lim
x→∞

G(x, γ) = ∞. (45)

We consider the following two cases:
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(i) If p0 = 0 and C0 > 0, then equation (36) has exactly two solutions, x = x1 and x = x2, satisfying
0 < x1 < 1/

√
α < x2 < ∞, for any positive constant C0. Note that these oscillations are not ‘free’ in

general, since, by (21), if Trr(r, t) = 0 at r = c and r = b, so that T1(t) = T2(t) = 0, then Tθθ(r, t) 6= 0
and Tzz(r, t) 6= 0 at r = c and r = b, unless α → 1 and r2/R2 → 1 [58]. In Figure 2, we represent the
stochastic function G(x, γ), defined by (43), intersecting the line C0 = 7, and the associated velocity,
given by (35), when α = 1, ρ = 1, and the shear modulus of the inner phase, µ(1), follows a Gamma

distribution with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01, while the shear modulus of the outer phase,

µ(2), is drawn from a Gamma distribution with ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 .

Figure 2: The function G(x, γ), defined by (43), intersecting the (dashed red) line C0 = 7 (left),
and the associated velocity, given by (35) (right), for a dynamic composite tube with two concentric
stochastic neo-Hookean phases, with inner radii A = 1 and C = 1/2, respectively, assuming that

α = 1, ρ = 1, and µ(1) follows a Gamma distribution with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01,

while µ(2) is drawn from a Gamma distribution with ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 . The dashed black

lines correspond to the expected values based only on mean values, µ(1) = 4.05 and µ(2) = 4.2. Each
distribution was calculated from the average of 1000 stochastic simulations.

Figure 3: The function G(x, γ), defined by (43), intersecting the (dashed red) line p0
2α

(

x2 − 1
α

)

+ C0

when p0 = 1 and C0 = 2 (left), and the associated velocity, given by (35) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and
C = 1/2, respectively, under impulse traction, assuming that α = 1, ρ = 1, and µ(1) follows a

Gamma distribution with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01, while µ(2) is drawn from a Gamma

distribution with ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 . The dashed black lines correspond to the expected

values based only on mean values, µ(1) = 4.05 and µ(2) = 4.2. Each distribution was calculated from
the average of 1000 stochastic simulations.
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(ii) When p0 6= 0 and C0 ≥ 0, substitution of (43) in (36) gives

p0 =
2α (G− C0)

x2 − 1
α

. (46)

The right-hand side of the above equation is a monotonically increasing function of x, implying that
there exists a unique positive x satisfying (46) if and only if the following condition holds,

lim
x→0

2α (G− C0)

x2 − 1
α

< p0 < lim
x→∞

2α (G− C0)

x2 − 1
α

. (47)

By (24) and (47), the necessary and sufficient condition that oscillatory motion occurs is that

−∞ < p0 <
µ(1)

ρC2
log

A2

C2
+
µ(2)

ρC2
log

B2

A2
, (48)

where µ(1) and µ(2) are described by the Gamma probability density functions g(u; ρ
(1)
1 , ρ

(1)
2 ) and

g(u; ρ
(2)
1 , ρ

(2)
2 ), respectively. After rescaling, µ(1) log A2

C2 follows the Gamma distribution with shape

parameter ρ
(1)
1 and scale parameter ρ

(1)
2 log A2

C2 and µ(2) log B2

A2 follows the Gamma distribution with

shape parameter ρ
(2)
1 and scale parameter ρ

(2)
2 log B2

A2 . Then, µ(1) log A2

C2 + µ(2) log B2

A2 is a random
variable characterised by the sum of the two rescaled Gamma distributions [38, 50]. An example is
shown in Figure 3, where p0 = 1 and C0 = 2, while the geometric and material parameters for the
composite tube are as in the previous case.

Thin-walled tube. In particular, when the tube wall is thin, such that 0 < γ ≪ 1 and α = 1,
if we assume that A2/C2 = B2/A2 = γ/2 + 1, then the problem reduces to that of a thin-walled
homogeneous cylindrical tube with shear modulus

(

µ(1) + µ(2)
)

/2 [42].

3.2.2 Composite with two concentric homogeneous tubes subject to dead-load traction

We now assume that the outer circular surface of the composite tube is free, such that T2(t) = 0, while
the inner surface is subject to a dead-load pressure P1(t) satisfying

2
P1(t)

ρC2
= 2αx

T1(t)

ρC2
=

{

0 if t ≤ 0,
p0 if t > 0,

(49)

with p0 constant in time. Integrating (30) implies

1

2
ẋ2x2 log

(

1 +
γ

αx2

)

+G(x, γ) =
p0
α

(

x− 1√
α

)

+ C0, (50)

where G(x, γ) is defined by (31) and

C0 =
1

2
ẋ20x

2
0 log

(

1 +
γ

αx20

)

+G(x0, γ)−
p0
α

(

x0 −
1√
α

)

, (51)

with the initial conditions x(0) = x0 and ẋ(0) = ẋ0. By (33), the velocity is

ẋ = ±

√

√

√

√

2p0
α (x− 1√

α
) + 2C0 − 2G(x, γ)

x2 log(1 + γ
αx2 )

. (52)

The radial motion is periodic if and only if the equation

G(x, γ) =
p0
α

(

x− 1√
α

)

+ C0 (53)
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has exactly two distinct solutions, representing the amplitudes of the oscillation, x = x1 and x = x2,
such that 0 < x1 < x2 < ∞. By (24), the minimum and maximum radii of the inner surface in the
oscillation are equal to x1C and x2C, respectively, and by (35), the period of oscillation is equal to

T = 2

∣

∣

∣

∣

∫ x2

x1

dx

ẋ

∣

∣

∣

∣

= 2

∣

∣

∣

∣

∣

∣

∫ x2

x1

√

√

√

√

x2 log
(

1 + γ
αx2

)

2p0
α

(

x− 1√
α

)

+ 2C0 − 2G(x, γ)
dx

∣

∣

∣

∣

∣

∣

. (54)

For the stochastic composite tube, the amplitude and period of the oscillation are random variables
described by probability distributions.

Figure 4: The function G(x, γ), defined by (43), intersecting the (dashed red) line p0
α

(

x− 1√
α

)

+ C0

when p0 = 5 and C0 = 0 (left), and the associated velocity, given by (35) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and
C = 1/2, respectively, under dead-load traction, assuming that α = 1, ρ = 1, and µ(1) follows a

Gamma distribution with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01, while µ(2) is drawn from a Gamma

distribution with ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 . The dashed black lines correspond to the expected

values based only on mean values, µ(1) = 4.05 and µ(2) = 4.2. Each distribution was calculated from
the average of 1000 stochastic simulations.

The case with p0 = 0 is similar to that when an impulse traction was assume. For p0 6= 0 and
C0 ≥ 0, substitution of (43) in (53) implies

p0 =
α (G− C0)

x− 1√
α

. (55)

The right-hand side of the above equation is a monotonically increasing function of x, implying that
there exists a unique positive x satisfying (46) if and only if the following condition holds,

−∞ = lim
x→0

α (G− C0)

x− 1√
α

< p0 < lim
x→∞

α (G− C0)

x− 1√
α

= ∞. (56)

An example is shown in Figure 4, where p0 = 5 and C0 = 0, and the geometric and material parameters
for the composite tube are as in the previous case.

3.3 Oscillatory motion of a stochastic radially inhomogeneous tube

We further consider the inflation of a radially inhomogeneous tube of stochastic neo-Hookean-like
hyperelastic material characterised by the strain-energy function (1). Intuitively, one can regard the
radially inhomogeneous tube as an extension of the composite with two concentric phases to the case
with infinitely many concentric layers and continuous inhomogeneity. Our inhomogeneous model is
similar to those proposed in [17] where the dynamic inflation of cylindrical tubes and spherical shells
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was treated explicitly. Clearly, different models will lead to different results. However, the purpose
here is to illustrate our stochastic approach in a mathematically transparent manner by combining it
with analytical approaches for the mechanical solution whenever possible.

Figure 5: Examples of Gamma distribution, with hyperparameters ρ1 = 405 · B4/R4 and ρ2 =
0.01 ·R4/B4, for the nonlinear shear modulus µ(R) given by (57).

Specifically, we assume a class of stochastic inhomogeneous hyperelastic models (1) where µ = µ(R)
takes the form

µ(R) = C1 + C2
R2

C2
, (57)

such that µ(R) > 0, for all C ≤ R ≤ B, C1 > 0 is a single-valued (deterministic) constant, and C2 is
a random value defined by a given probability distribution.

When the mean value of the shear modulus µ(R) described by (57) does not depend on R, as C1,
R and C are deterministic and C2 is probabilistic, we have

µ = C1, Var[µ] = Var[C2]
R4

C4
, (58)

where Var[C2] is the variance of C2, while the mean value of C2 is C2 = 0.
By (3) and (58), the hyperparameters of the corresponding Gamma distribution, defined by (4),

take the form

ρ1 =
C1

ρ2
, ρ2 =

Var[µ]

C1
=

Var[C2]

C1

R4

C4
. (59)

For example, we can choose two constant values, C0 > 0 and C1 > 0, and set the hyperparameters for
the Gamma distribution at any given R as follows,

ρ1 =
C1

C0

C4

R4
, ρ2 = C0

R4

C4
. (60)

By (57), C2 = (µ(R)− C1)C
2/R2 is the shifted Gamma-distributed random variable with mean value

C2 = 0 and variance Var[C2] = ρ1ρ
2
2C

4/R4 = C0C1.
In Figure 5, we show Gamma distributions with ρ1 = 405 · B4/R4 and ρ2 = 0.01 · R4/B4. By

(57) and (60), C0 = 0.01 · C4/B4, C1 = µ = ρ1ρ2 = 4.05 and C2 = µ(C) − C1. In particular, for a
tube with infinitely thick wall, as R decreases to C, ρ1 increases, while ρ2 decreases, and the Gamma
distribution converges to a normal distribution [18,41].

The shear modulus given by (57) takes the equivalent form

µ(u) = C1 + C2
x2 − 1

α

u− 1
α

, (61)
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where u = r2/R2 and x = c/C, as denoted in (24).
Next, writing the invariants given by (16) in the equivalent form

I1 =
1

α2u
+ u+ α2, I2 = α2u+

1

u
+

1

α2
, I3 = 1, (62)

and substituting these in (18) gives

β1 = 2
∂W

∂I1
= µ+

dµ

du

du

dI1
(I1 − 3) ,

β−1 = −2
∂W

∂I2
= −dµ

du

du

dI2
(I1 − 3) ,

(63)

where µ is defined by (61). Therefore,

β1 = C1 + C2
x2 − 1

α

u− 1
α

[

1−
u3 + u2

(

α2 − 3
)

+ u
α2

(

u− 1
α

)2 (
u+ 1

α

)

]

,

β−1 = C2
x2 − 1

α

u− 1
α

u3

α2 + u2
(

1− 3
α2

)

+ u
α4

(

u− 1
α

)2 (
u+ 1

α

)

,

(64)

and

β1 − β−1α
2 = C1 + 2C2

x2 − 1
α

u− 1
α

[

1

2
−
u3 + u2

(

α2 − 3
)

+ u
α2

(

u− 1
α

)2 (
u+ 1

α

)

]

. (65)

Recalling that the stress components are described by (21), and following a similar procedure as
in the previous section, we set the pressure impulse as in (32). Then, similarly to (31), using (65), we
define the function

G(x, γ) =
C1

ρC2

∫ x

1√
α

(

ζ

∫ ζ2

ζ2+
γ
α

1+γ

1 + αu

α2u2
du

)

dζ

+
2C2

ρC2

∫ x

1√
α

{

(

ζ3 − ζ

α

)
∫ ζ2

ζ2+
γ
α

1+γ

1 + αu

α2u2
(

u− 1
α

)

[

1

2
−
u3 + u2

(

α2 − 3
)

+ u
α2

(

u− 1
α

)2 (
u+ 1

α

)

]

du

}

dζ

=
C1

2αρC2

(

x2 − 1

α

)

log
1 + γ

1 + γ
αx2

+
C2

ρC2

∫ x

1√
α











(

ζ3 − ζ

α

)







1

αζ2
− 1 + γ

αζ2 + γ
− α3 − 3α+ 2

(αζ2 − 1)2
+

α3 − 3α+ 2
(

αζ2+γ
1+γ − 1

)2

















dζ.

(66)

We restrict our attention on the following limiting cases:

Thick-walled tube. If the tube has an infinitely thick wall, such that γ → ∞ and α = 1, then (66)
takes the form

G(x) =
C1

ρC2

(

x2 − 1
)

log x− C2

ρC2

∫ x

1

(

ζ2 − 1
)2

ζ
dζ

=
C1

ρC2

(

x2 − 1
)

log x− C2

4ρC2

(

x4 − 4x2 + 4 log x+ 3
)

.

(67)

Examples are presented in Figure 6 for the case with no impulse or dead-load traction, in Figure 7 for
the case when the pressure impulse is given by (32), and in Figure 8 for the case when the dead-load
traction is given by (49).

Thin-walled tube. If the tube wall is thin, such that 0 < γ ≪ 1 and α = 1, then the shear modulus
defined by (57) takes the form µ = C1 + C2, and the problem reduces to that of a homogeneous tube
with thin wall (see also [42]).
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Figure 6: The function G(x, γ), defined by (67), intersecting the (dashed red) line C0 = 2 (left),
and the associated velocity, given by (35) (right), for a dynamic radially inhomogeneous tube with
infinitely thick wall having inner radius C = 1, assuming that α = 1, ρ = 1, and µ follows a Gamma
distribution with ρ1 = 405/R4 and ρ2 = 0.01 ·R4. The dashed black lines correspond to the expected
values based only on mean values. Each distribution was calculated from the average of 1000 stochastic
simulations.

Figure 7: The function G(x, γ), defined by (67), intersecting the (dashed red) line p0
2α

(

x2 − 1
α

)

+ C0

when p0 = 1 and C0 = 1 (left), and the associated velocity, given by (35) (right), for a dynamic
radially inhomogeneous tube with infinitely thick wall having inner radius C = 1 under impulse
traction, assuming that α = 1, ρ = 1, and µ follows a Gamma distribution with ρ1 = 405/R4 and
ρ2 = 0.01 ·R4. The dashed black lines correspond to the expected values based only on mean values.
Each distribution was calculated from the average of 1000 stochastic simulations.
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Figure 8: The function G(x, γ), defined by (67), intersecting the (dashed red) line p0
α

(

x− 1√
α

)

+ C0

when p0 = 5 and C0 = 0 (left), and the associated velocity, given by (35) (right), for a dynamic
radially inhomogeneous tube with infinitely thick wall having inner radius C = 1 under dead-load
traction, assuming that α = 1, ρ = 1, and µ follows a Gamma distribution with ρ1 = 405/R4 and
ρ2 = 0.01 ·R4. The dashed black lines correspond to the expected values based only on mean values.
Each distribution was calculated from the average of 1000 stochastic simulations.

4 Quasi-equilibrated motion of stochastic spherical shells

Next, we analyse the oscillatory motion of two concentric homogeneous spherical shells and of a radially
inhomogeneous shell with stochastic constitutive parameters.

4.1 Radial motion of a spherical shell

For a spherical shell, the radial motion is described by [6, 9, 26, 36]

r3 = c3 +R3 − C3, θ = Θ, φ = Φ, (68)

where (R,Θ,Φ) and (r, θ, φ) are the spherical polar coordinates in the reference and current configu-
ration, respectively, such that C ≤ R ≤ B, C and B are the inner and outer radii in the undeformed
state, and c = c(t) and b = b(t) = 3

√
c3 +B3 − C3 are the inner and outer radii at time t, respectively.

As for the cylindrical tube, the radial motion (68) of the spherical shell is determined entirely by
the inner radius c at time t. By the governing equations (68), condition (9) is valid for x = (r, θ, φ)T .
Hence, (68) describes a quasi-equilibrated motion, such that

−∂ξ
∂r

= r̈ =
2cċ2 + c2c̈

r2
− 2a4ċ2

r5
, (69)

where ξ is the acceleration potential satisfying (8). Integrating (69) gives [75, p. 217]

−ξ = −2cċ2 + a2c̈

r
+
c4ċ2

2r4
= −rr̈ − 3

2
ṙ2. (70)

For the deformation (68), the gradient tensor with respect to the polar coordinates (R,Θ,Φ) takes
the form

F = diag

(

R2

r2
,
r

R
,
r

R

)

, (71)

the Cauchy-Green tensor is equal to

B = F2 = diag

(

R4

r4
,
r2

R2
,
r2

R2

)

, (72)
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and the corresponding principal invariants are

I1 =tr (B) =
R4

r4
+ 2

r2

R2
,

I2 =
1

2

[

(trB)2 − tr
(

B2
)

]

=
r4

R4
+ 2

R2

r2
,

I3 =detB = 1.

(73)

Then, the principal components of the equilibrium Cauchy stress at time t are

T (0)
rr = −p(0) + β1

R4

r4
+ β−1

r4

R4
,

T
(0)
θθ = T (0)

rr +

(

β1 − β−1
r2

R2

)(

r2

R2
− R4

r4

)

,

T
(0)
φφ = T

(0)
θθ ,

(74)

where p(0) is the Lagrangian multiplier for the incompressibility constraint (I3 = 1), and

β1 = 2
∂W

∂I1
, β−1 = −2

∂W

∂I2
, (75)

with I1 and I2 given by (73).
As the stress components depend only on the radius r, the system of equilibrium equations reduces

to
∂T

(0)
rr

∂r
= 2

T
(0)
θθ − T

(0)
rr

r
. (76)

Hence, by (74) and (76), the radial Cauchy stress for the equilibrium state at t is equal to

T (0)
rr (r, t) = 2

∫
(

β1 − β−1
r2

R2

)(

r2

R2
− R4

r4

)

dr

r
+ ψ(t), (77)

where ψ = ψ(t) is an arbitrary function of time. Substitution of (70) and (77) into (10) gives the
following principal Cauchy stresses at time t,

Trr(r, t) = −ρ
(

c2c̈+ 2cċ2

r
− c4ċ2

2r4

)

+ 2

∫
(

β1 − β−1
r2

R2

)(

r2

R2
− R4

r4

)

dr

r
+ ψ(t),

Tθθ(r, t) = Trr(r, t) +

(

β1 − β−1
r2

R2

)(

r2

R2
− R4

r4

)

,

Tφφ(r, t) = Tθθ(r, t).

(78)

4.2 Oscillatory motion of a spherical shell with two stochastic neo-Hookean phases

We are interested in the behaviour under quasi-equilibrated radial motion of a composite formed from
two stochastic neo-Hookean phases, similar to those containing two concentric spheres of different neo-
Hookean material treated deterministically in [27] and [61], and stochastically in [49] (see Figure 9).
We define the following strain-energy function,

W(λ1, λ2, λ3) =

{

µ(1)

2

(

λ21 + λ22 + λ23 − 3
)

, C < R < A,
µ(2)

2

(

λ21 + λ22 + λ23 − 3
)

, A < R < B,
(79)

where C < R < A and A < R < B denote the radii of the inner and outer sphere in the reference
configuration, and the corresponding shear moduli µ(1) and µ(2) are (spatially-independent) random

variables characterised by the Gamma distributions g(u; ρ
(1)
1 , ρ

(1)
2 ) and g(u; ρ

(2)
1 , ρ

(2)
2 ), respectively.
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Figure 9: Schematic of a composite spherical shell made of two concentric homogeneous shells, with
undeformed outer radii A and B, respectively, showing the reference state (left), and the deformed
state, with outer radii a and b of the concentric shells, respectively (right).

For the spherical shell deforming by (68), we set the inner and outer radial pressures acting on
the curvilinear surfaces, r = c(t) and r = b(t) at time t, as T1(t) and T2(t), respectively [75, pp. 217-
219]. Then, evaluating T1(t) = −Trr(c, t) and T2(t) = −Trr(b, t), using (78), with r = c and r = b,
respectively, and subtracting the results, gives

T1(t)− T2(t) = ρ

[

(

c2c̈+ 2cċ2
)

(

1

c
− 1

b

)

− c4ċ2

2

(

1

c4
− 1

b4

)]

+ 2

∫ a

c
µ(1)

(

r2

R2
− R4

r4

)

dr

r
+ 2

∫ b

a
µ(2)

(

r2

R2
− R4

r4

)

dr

r

= ρ

[

(

cc̈+ 2ċ2
)

(

1− c

b

)

− ċ2

2

(

1− c4

b4

)]

+ 2

∫ a

c
µ(1)

(

r2

R2
− R4

r4

)

dr

r
+ 2

∫ b

a
µ(2)

(

r2

R2
− R4

r4

)

dr

r

= ρC2

[(

c

C

c̈

C
+ 2

ċ2

C2

)

(

1− c

b

)

− ċ2

2C2

(

1− c4

b4

)]

+ 2

∫ a

c
µ(1)

(

r2

R2
− R4

r4

)

dr

r
+ 2

∫ b

a
µ(2)

(

r2

R2
− R4

r4

)

dr

r
.

(80)

Setting the notation

u =
r3

R3
=

r3

r3 − c3 + C3
, x =

c

C
, γ =

B3

C3
− 1, (81)

we rewrite
(

c

C

c̈

C
+ 2

ċ2

C2

)

(

1− c

b

)

− ȧ2

2A2

(

1− a4

b4

)

=
(

ẍx+ 2ẋ2
)

[

1−
(

1 +
γ

x3

)−1/3
]

− ẋ2

2

[

1−
(

1 +
γ

x3

)−4/3
]

=

(

ẍx+
3

2
ẋ2
)[

1−
(

1 +
γ

x3

)−1/3
]

− ẋ2

2

γ

x3

(

1 +
γ

x3

)−4/3

=
1

2x2
d

dx

{

ẋ2x3
[

1−
(

1 +
γ

x3

)−1/3
]}

.
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By (68) and (81), we obtain

∫ a

c
µ(1)

(

r2

R2
− R4

r4

)

dr

r
+

∫ b

a
µ(2)

(

r2

R2
− R4

r4

)

dr

r

=

∫ a

c
µ(1)

[

(

r3

r3 − c3 + C3

)2/3

−
(

r3 − c3 + C3

r3

)4/3
]

dr

r

+

∫ b

a
µ(2)

[

(

r3

r3 − c3 + C3

)2/3

−
(

r3 − c3 + C3

r3

)4/3
]

dr

r

= −1

3

∫ a3/A3

c3/C3

µ(1)
1 + u

u7/3
du− 1

3

∫ b3/B3

a3/A3

µ(2)
1 + u

u7/3
du

=
1

3

∫ x3

C3

A3 (x
3−1)+1

µ(1)
1 + u

u7/3
du+

1

3

∫ C3

A3 (x3−1)+1

x3+γ
1+γ

µ(2)
1 + u

u7/3
du.

In the above calculations, we used the following relations,

r =

[

u(C3 − c3)

1− u

]1/3

, (82)

dr

du
=

C3 − c3

3 (1− u)2

[

u(C3 − c3)

1− u

]−2/3

=
r

3u(1− u)
, (83)

(

u2/3 − 1

u4/3

)

1

3u(1− u)
=

u2 − 1

3u2(1− u)
= −1 + u

3u7/3
. (84)

We then express (80) equivalently as follows

2x2
T1(t)− T2(t)

ρC2
=

d

dx

{

ẋ2x3
[

1−
(

1 +
γ

x3

)−1/3
]}

+
4x2

3ρC2

∫ x3

C3

A3 (x
3−1)+1

µ(1)
1 + u

u7/3
du

+
4x2

3ρC2

∫ C3

A3 (x3−1)+1

x3+γ
1+γ

µ(2)
1 + u

u7/3
du.

(85)

For the dynamic shell, we define

H(x, γ) =
4

3ρC2

∫ x

1
ζ2





∫ ζ3

C3

A3 (ζ
3−1)+1

µ(1)
1 + u

u7/3
du+

∫ C3

A3 (ζ3−1)+1

ζ3+γ
1+γ

µ(2)
1 + u

u7/3
du



 dζ. (86)

This function will be used to establish whether the radial motion of the composite shell is oscillatory
or not.

4.2.1 Composite with two concentric homogeneous spherical shells subject to impulse
traction

Setting the pressure impulse

2
T1(t)− T2(t)

ρC2
=

{

0 if t ≤ 0,
p0 if t > 0,

(87)

with p0 constant in time, and integrating (85) implies

ẋ2x3
[

1−
(

1 +
γ

x3

)−1/3
]

+H(x, γ) =
p0
3

(

x3 − 1
)

+ C0, (88)
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where H(x, γ) is given by (86), and

C0 = ẋ20x
3
0

[

1−
(

1 +
γ

x30

)−1/3
]

+H(x0, γ)−
p0
3

(

x30 − 1
)

, (89)

with the initial conditions x(0) = x0 and ẋ(0) = ẋ0. By (88), the velocity is equal to

ẋ = ±
√

√

√

√

p0
3 (x3 − 1) + C0 −H(x, γ)

x3
[

1−
(

1 + γ
x3

)−1/3
] . (90)

Oscillatory motion of the composite spherical shell is obtained if and only if the equation

H(x, γ) =
p0
3

(

x3 − 1
)

+ C0, (91)

has exactly two distinct solutions, representing the amplitudes of the oscillation, x = x1 and x = x2,
such that 0 < x1 < x2 < ∞. In this case, the minimum and maximum radii of the inner surface in
the oscillation are given by x1A and x2A, respectively, and the period of oscillation is equal to

T = 2

∣

∣

∣

∣

∫ x2

x1

dx

ẋ

∣

∣

∣

∣

= 2

∣

∣

∣

∣

∣

∣

∣

∫ x2

x1

√

√

√

√

x3
[

1−
(

1 + γ
x3

)−1/3
]

p0
3 (x3 − 1) + C0 −H(x, γ)

dx

∣

∣

∣

∣

∣

∣

∣

. (92)

For the stochastic composite shell, the amplitude and period of the oscillation are random variables
characterised by probability distributions.

To examine H(x, γ) defined by (86), we rewrite this function in the equivalent form

H(x, γ) = H1(x, γ) +H2(x, γ), (93)

where

H1(x, γ) =
4µ(1)

3ρC2

∫ x

1
ζ2

[

∫ ζ3

C3

A3 (ζ
3−1)+1

1 + u

u7/3
du

]

dζ, (94)

and

H2(x, γ) =
4µ(2)

3ρC2

∫ x

1
ζ2





∫ C3

A3 (ζ3−1)+1

ζ3

1 + u

u7/3
du+

∫ ζ3

ζ3+γ
1+γ

1 + u

u7/3
du



 dζ. (95)

Proceeding as in [42], we obtain

H1(x, γ) =
µ(1)

ρC2

(

x3 − 1
) 2x3 − 1

x3 + x2 + x

− µ(1)

ρC2

(

x3 − 1
)

2
[

C3

A3

(

x3 − 1
)

+ 1
]

− 1
[

C3

A3 (x3 − 1) + 1
]

+
[

C3

A3 (x3 − 1) + 1
]2/3

+
[

C3

A3 (x3 − 1) + 1
]1/3

(96)

and

H2(x, γ) =
µ(2)

ρC2

(

x3 − 1
)

2
[

C3

A3

(

x3 − 1
)

+ 1
]

− 1
[

C3

A3 (x3 − 1) + 1
]

+
[

C3

A3 (x3 − 1) + 1
]2/3

+
[

C3

A3 (x3 − 1) + 1
]1/3

− µ(2)

ρC2

(

x3 − 1
)

2x3+γ
1+γ − 1

x3+γ
1+γ +

(

x3+γ
1+γ

)2/3
+
(

x3+γ
1+γ

)1/3
.

(97)
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By (96) and (97), the function H(x, γ) defined by (93) takes the form

H(x, γ) =
µ(1)

ρC2

(

x3 − 1
) 2x3 − 1

x3 + x2 + x

+
µ(2) − µ(1)

ρC2

(

x3 − 1
)

2
[

C3

A3

(

x3 − 1
)

+ 1
]

− 1
[

C3

A3 (x3 − 1) + 1
]

+
[

C3

A3 (x3 − 1) + 1
]2/3

+
[

C3

A3 (x3 − 1) + 1
]1/3

− µ(2)

ρC2

(

x3 − 1
)

2x3+γ
1+γ − 1

x3+γ
1+γ +

(

x3+γ
1+γ

)2/3
+
(

x3+γ
1+γ

)1/3
.

(98)

The above function is monotonically decreasing for 0 < x < 1 and increasing for x > 1. When
µ(1) = µ(2), the function corresponding to a homogeneous spherical shell is obtained [42].

Assuming that µ(1) and µ(2) have a constant lower bound η > 0, it follows that

lim
x→0

H(x, γ) = lim
x→∞

H(x, γ) = ∞. (99)

We consider the following two cases:

(i) If p0 = 0 and C0 > 0, then equation (91) has exactly two solutions, x = x1 and x = x2, satisfying
0 < x1 < 1 < x2 <∞, for any positive constant C0. An example is shown in Figure 10, where C0 = 7.
These oscillations are not ‘free’ in general, since, by (78), if Trr(r, t) = 0 at r = c and r = b, so that
T1(t) = T2(t) = 0, then Tθθ(r, t) = Tφφ(r, t) 6= 0 at r = c and r = b, unless r2/R2 → 1.

(ii) When p0 6= 0 and C0 ≥ 0, substitution of (98) in (91) implies that the necessary and sufficient
condition for the motion to be oscillatory is that p0 satisfies

−∞ = lim
x→0

3 (H(x, γ)− C0)

x3 − 1
< p0 < sup

0<x<∞

3 (H(x, γ)− C0)

x3 − 1
, (100)

where “sup” denotes supremum. This case is exemplified in Figure 11 where p0 = 1 and C0 = 1.

Thin-walled shell. In particular, when the shell wall is thin, such that 0 < γ ≪ 1, if we assume
that A3/C3 = B3/A3 = γ/2 + 1, then the problem reduces to that of a thin-walled homogeneous
spherical shell with shear modulus

(

µ(1) + µ(2)
)

/2 [42].

4.2.2 Composite with two concentric homogeneous spherical shells subject to dead-load
traction

We further assume that the outer circular surface of the composite tube is free, such that T2(t) = 0,
while the inner surface is subject to a dead-load pressure P1(t) satisfying

2
P1(t)

ρC2
= 2x2

T1(t)

ρC2
=

{

0 if t ≤ 0,
p0 if t > 0,

(101)

with p0 constant in time. Integrating (85) implies

ẋ2x3

[

1−
(

1 +
γ

x30

)−1/3
]

+H(x, γ) = p0 (x− 1) + C0, (102)

where H(x, γ) is given by (86), and

C0 = ẋ20x
3
0

[

1−
(

1 +
γ

x30

)−1/3
]

+H(x0, γ)− p0 (x0 − 1) , (103)
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Figure 10: The function H(x, γ), defined by (98), intersecting the (dashed red) line C0 = 7 (left),
and the associated velocity, given by (90) (right), for a dynamic composite tube with two concentric
stochastic neo-Hookean phases, with inner radii A = 1 and C = 1/2, respectively, assuming that ρ = 1

and µ(1) follows a Gamma distribution with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01, while µ(2) is drawn

from a Gamma distribution with ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 . The dashed black lines correspond

to the expected values based only on mean values, µ(1) = 4.05 and µ(2) = 4.2. Each distribution was
calculated from the average of 1000 stochastic simulations.

Figure 11: The function H(x, γ), defined by (98), intersecting the (dashed red) line p0
3

(

x3 − 1
)

+ C0

when p0 = 1 and C0 = 1 (left), and the associated velocity, given by (90) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and C =
1/2, respectively, under impulse traction, assuming that ρ = 1 and µ(1) follows a Gamma distribution

with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01, while µ(2) is drawn from a Gamma distribution with

ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 . The dashed black lines correspond to the expected values based only

on mean values, µ(1) = 4.05 and µ(2) = 4.2. Each distribution was calculated from the average of 1000
stochastic simulations.
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with the initial conditions x(0) = x0 and ẋ(0) = ẋ0. From (88), we obtain the velocity

ẋ = ±
√

√

√

√

p0 (x− 1) + C0 −H(x, γ)

x3
[

1−
(

1 + γ
x3

)−1/3
] . (104)

Oscillatory motion of the composite spherical shell is observed if and only if the equation

H(x, γ) = p0 (x− 1) + C0, (105)

has exactly two distinct solutions, representing the amplitudes of the oscillation, x = x1 and x = x2,
such that 0 < x1 < x2 < ∞. In this case, the minimum and maximum radii of the inner surface in
the oscillation are given by x1A and x2A, respectively, and the period of oscillation is equal to

T = 2

∣

∣

∣

∣

∫ x2

x1

dx

ẋ

∣

∣

∣

∣

= 2

∣

∣

∣

∣

∣

∣

∣

∫ x2

x1

√

√

√

√

x3
[

1−
(

1 + γ
x3

)−1/3
]

p0 (x− 1) + C0 −H(x, γ)
dx

∣

∣

∣

∣

∣

∣

∣

. (106)

Figure 12: The functionH(x, γ), defined by (98), intersecting the (dashed red) line p0 (x− 1)+C0 when
p0 = 10 and C0 = 0 (left), and the associated velocity, given by (90) (right), for a dynamic composite
tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and C = 1/2,
respectively, under dead-load traction, assuming that ρ = 1 and µ(1) follows a Gamma distribution

with ρ
(1)
1 = 405 and ρ

(1)
2 = 4.05/ρ

(1)
1 = 0.01, while µ(2) is drawn from a Gamma distribution with

ρ
(2)
1 = 405 and ρ

(2)
2 = 4.2/ρ

(2)
1 . The dashed black lines correspond to the expected values based only

on mean values, µ(1) = 4.05 and µ(2) = 4.2. Each distribution was calculated from the average of 1000
stochastic simulations.

The case with p0 = 0 is similar to that when an impulse traction was assume. For p0 6= 0 and
C0 ≥ 0, substitution of (98) in (91) implies that the necessary and sufficient condition for the motion
to be oscillatory is that p0 satisfies

−∞ = lim
x→0

(H(x, γ)− C0)

x− 1
< p0 < sup

0<x<∞

(H(x, γ)− C0)

x− 1
= +∞. (107)

An example is shown in Figure 12, where p0 = 5 and C0 = 0, and the geometric and material
parameters for the composite tube are as in the previous case.

4.3 Oscillatory motion of a stochastic radially-inhomogeneous spherical shell

We also examine the oscillatory motion of radially inhomogeneous incompressible spherical shells
of stochastic hyperelastic material described by a neo-Hookean-like strain-energy function, with the
constitutive parameter varying continuously along the radial direction. Similarly to the case of a
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radially inhomogeneous tube, the radially inhomogeneous sphere can be regarded as an extension
of the composite with two concentric phases to the case with infinitely many concentric layers and
continuous inhomogeneity. Our inhomogeneous model is similar to those proposed in [49], where the
cavitation and radial oscillatory motion of a stochastic sphere was treated explicitly.

Figure 13: Examples of Gamma distribution, with hyperparameters ρ1 = 405 · B6/R6 and ρ2 =
0.01 ·R6/B6, for the shear modulus µ(R) given by (108).

Here, we define the class of stochastic inhomogeneous hyperelastic models (1) with the shear
modulus taking the form (see also [17])

µ(R) = C1 + C2
R3

C3
, (108)

where µ(R) > 0, for all C ≤ R ≤ B, C1 > 0 is a single-valued (deterministic) constant, and C2 is a
random value defined by a given probability distribution.

When the mean value of the shear modulus µ(R), described by (108), does not depend on R, as
C1, R and C are deterministic and C2 is probabilistic, we have

µ = C1, Var[µ] = Var[C2]
R6

C6
, (109)

where Var[C2] is the variance of C2, while the mean value of C2 is C2 = 0.
By (3) and (109), the hyperparameters of the corresponding Gamma distribution, defined by (4),

take the form

ρ1 =
C1

ρ2
, ρ2 =

Var[µ]

C1
=

Var[C2]

C1

R6

C6
. (110)

For example, we can choose two constant values, C0 > 0 and C1 > 0, and set the hyperparameters for
the Gamma distribution at any given R as follows,

ρ1 =
C1

C0

C6

R6
, ρ2 = C0

R6

C6
. (111)

By (108), C2 = (µ(R)− C1)C
3/R3 is the shifted Gamma-distributed random variable with mean

value C2 = 0 and variance Var[C2] = ρ1ρ
2
2C

6/R6 = C0C1.
In Figure 13, we show Gamma distributions with ρ1 = 405 · B6/R6 and ρ2 = 0.01 · R6/B6. By

(108) and (111), C0 = 0.01 · C6/B6, C1 = µ = ρ1ρ2 = 4.05 and C2 = µ(C) − C1. In particular, for a
shell with infinitely thick wall, as R decreases to C, ρ1 increases, while ρ2 decreases, and the Gamma
distribution converges to a normal distribution [18,41].

The shear modulus defined by (108) can be expressed equivalently as

µ(u) = C1 + C2
x3 − 1

u− 1
, (112)

23



where u = r3/R3 and x = c/C, as denoted in (81).
Next, writing the invariants given by (73) in the equivalent form

I1 = u−4/3 + 2u2/3, I2 = u4/3 + 2u−2/3, I3 = 1, (113)

and substituting these in (75) gives

β1 = 2
∂W

∂I1
= µ+

dµ

du

du

dI1
(I1 − 3) ,

β−1 = −2
∂W

∂I2
= −dµ

du

du

dI2
(I1 − 3) ,

(114)

where µ is defined by (112). Therefore,

β1 = C1 +
3C2

4

x3 − 1

u− 1

[

4

3
− 2u3 − 3u7/3 + u

(u− 1)2 (u+ 1)

]

,

β−1 =
3C2

4

x3 − 1

u− 1

2u7/3 − 3u5/3 + u1/3

(u− 1)2 (u+ 1)
,

(115)

and

β1 − β−1
r2

R2
= C1 +

3C2

2

x3 − 1

u− 1

[

2

3
− 2u3 − 3u7/3 + u

(u− 1)2 (u+ 1)

]

. (116)

Recalling the stress components described by (78), and following a similar approach as in the
previous section, we set the pressure impulse as in (87). Then, similarly to (86), using (116), we define
the function

H(x, γ) =
4C1

3ρC2

∫ x

1

(

ζ2
∫ ζ3

ζ3+γ
1+γ

1 + u

u7/3
du

)

dζ

+
2C2

ρC2

∫ x

1

{

(

ζ5 − ζ2
)

∫ ζ3

ζ3+γ
1+γ

1 + u

u7/3 (u− 1)

[

2

3
− 2u3 − 3u7/3 + u

(u− 1)2 (u+ 1)

]

du

}

dζ

=
C1

ρC2

(

x3 − 1
)







2x3 − 1

x3 + x2 + x
−

2x3+γ
1+γ − 1

x3+γ
1+γ +

(

x3+γ
1+γ

)2/3
+
(

x3+γ
1+γ

)1/3







+
C2

ρC2

∫ x

1

(

ζ5 − ζ2
)







2ζ6 − 3ζ4 + 1

ζ4 (ζ3 − 1)2
−

2
(

ζ3+γ
1+γ

)2
− 3

(

ζ3+γ
1+γ

)4/3
+ 1

(

ζ3+γ
1+γ

)4/3 (
ζ3+γ
1+γ − 1

)2






dζ.

(117)

We focus our attention on the following limiting cases:

Thick-walled shell. If the shell has an infinitely thick wall, such that γ → ∞, then (117) takes the
form

H(x) =
C1

ρC2

(

x3 − 1
)

(

2x3 − 1

x3 + x2 + x
− 1

3

)

+
C2

ρC2

∫ x

1

2ζ6 − 3ζ4 + 1

ζ2 (ζ3 − 1)
dζ

=
C1

ρC2

(

x3 − 1
)

(

2x3 − 1

x3 + x2 + x
− 1

3

)

+
C2

ρC2

[

x2 +
1

x
− 3

2
log
(

x2 + x+ 1
)

+
√
3 arctan

2x+ 1√
3

− 2 + 3 log
√
3− π√

3

]

.

(118)

Examples are presented in Figure 14 for the case without impulse or dead-load traction, in Figure 15
for the case when the pressure impulse is given by (87), and in Figure 16 for the case when the
dead-load traction is given by (101).
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Figure 14: The function H(x, γ), defined by (118), intersecting the (dashed red) line C0 = 3 (left), and
the associated velocity, given by (90) (right), for a dynamic radially inhomogeneous shell with infinitely
thick wall having inner radius C = 1, assuming that ρ = 1 and µ follows a Gamma distribution with
ρ1 = 405/R6 and ρ2 = 0.01 ·R6. The dashed black lines correspond to the expected values based only
on mean values. Each distribution was calculated from the average of 1000 stochastic simulations.

Figure 15: The function H(x, γ), defined by (118), intersecting the (dashed red) line p0
3

(

x3 − 1
)

+C0

when p0 = 1 and C0 = 1 (left), and the associated velocity, given by (90) (right), for a dynamic radially
inhomogeneous shell with infinitely thick wall having inner radius C = 1, under impulse traction,
assuming that ρ = 1 and µ follows a Gamma distribution with ρ1 = 405/R6 and ρ2 = 0.01 · R6. The
dashed black lines correspond to the expected values based only on mean values. Each distribution
was calculated from the average of 1000 stochastic simulations.
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Figure 16: The function H(x, γ), defined by (118), intersecting the (dashed red) line p0 (x− 1) + C0

when p0 = 5 and C0 = 0 (left), and the associated velocity, given by (90) (right), for a dynamic radially
inhomogeneous shell with infinitely thick wall having inner radius C = 1, under dead-load traction,
assuming that ρ = 1 and µ follows a Gamma distribution with ρ1 = 405/R6 and ρ2 = 0.01 · R6. The
dashed black lines correspond to the expected values based only on mean values. Each distribution
was calculated from the average of 1000 stochastic simulations.

Thin-walled shell. If the shell wall is thin, such that 0 < γ ≪ 1, then the shear modulus defined
by (108) takes the form µ = C1 + C2, and the problem reduces to that of a homogeneous shell with
thin wall (see also [42]).

5 Conclusion

We have studied analytically the dynamic inflation and finite amplitude oscillatory motion of composite
cylindrical tubes and spherical shells with two concentric stochastic homogeneous neo-Hookean phases,
and of inhomogeneous tubes and shells of neo-Hookean-like material with the constitutive parameter
varying continuously in the radial direction. For the homogeneous materials, the shear moduli are
(spatially-independent) random variables, while for the radially inhomogeneous bodies, the shear
moduli are (spatially-dependent) random fields, described by Gamma probability density functions.
We obtain that, under radially-symmetric dynamic deformation, treated as quasi-equilibrated motion,
these bodies oscillate (i.e., their radius increases up to a point, then decreases, then increases again, and
so on), and the amplitude and period of the oscillations are characterised by probability distributions,
depending on the initial conditions, the geometry, and the probabilistic material properties. These
results extend previous theoretical findings for cylindrical tubes and spherical shells of stochastic
hyperelastic material with spatially-independent elastic parameters [41, 42].

The particular values of the stochastic parameters in our numerical calculations are for illustrative
purposes only. The propagation of stochastic variation from input material parameters to output
mechanical behaviour is mathematically traceable, offering valuable insights into how probabilistic
approaches can be incorporated into the nonlinear elasticity theory. Other stochastic hyperelastic
models, such as those defined in [46], can also be used instead of the neo-Hookean model. However, for
compressible materials, the theorem on quasi-equilibrated dynamics is not applicable [75, p. 209]. As
our analytical approach relies on the notion of quasi-equilibrated motion for incompressible cylindrical
tubes and spherical shells, the same approach cannot be used for the compressible case. Nevertheless,
standard elastodynamic problems can be formulated, and then treated numerically. Extensions to more
realistic models of stochastic heterogeneous bodies also require computational tools. Our stochastic
analysis can further be extended to other inflation instabilities, such as localised bulging in inflated
circular cylindrical tubes [19, 78]. This is likely to occur for all isotropic material models when the
axial stretch is fixed and below a certain threshold value depending on the constitutive model.
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