GARDY ORCA - Online Research @
CARDY® Cardiff

This is an Open Access document downloaded from ORCA, Cardiff University's institutional
repository:https://orca.cardiff.ac.uk/id/eprint/137501/

This is the author’s version of a work that was submitted to / accepted for publication.
Citation for final published version:

Mihai, L. Angela and Alamoudi, Manal 2021. Likely oscillatory motions of stochastic hyperelastic spherical
shells and tubes. International Journal of Non-Linear Mechanics 130, 103671.
10.1016/j.ijnonlinmec.2021.103671
Publishers page: https://doi.org/10.1016/j.ijnonlinmec.2021.103671
Please note:

Changes made as a result of publishing processes such as copy-editing, formatting and page numbers may

not be reflected in this version. For the definitive version of this publication, please refer to the published
source. You are advised to consult the publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for publications made
available in ORCA are retained by the copyright holders.




Likely oscillatory motions of stochastic hyperelastic spherical shells
and tubes

L. Angela Mihai* Manal Alamoudi'

January 4, 2021

Abstract

We examine theoretically the dynamic inflation and finite amplitude oscillatory motion of inho-
mogeneous spherical shells and cylindrical tubes of stochastic hyperelastic material. These bodies
are deformed by radially symmetric uniform inflation, and are subjected to either a surface dead
load or an impulse traction, uniformly applied in the radial direction. We consider composite shells
and tubes with two concentric stochastic homogeneous neo-Hookean phases, and inhomogeneous
bodies of stochastic neo-Hookean material with constitutive parameters varying continuously in
the radial direction. For the homogeneous materials, we define the elastic parameters as spatially-
independent random variables, while for the radially inhomogeneous bodies, we take the parameters
as spatially-dependent random fields, described by non-Gaussian probability density functions. Un-
der radially symmetric dynamic deformation treated as quasi-equilibrated motion, we show that
the bodies oscillate, i.e., the radius increases up to a point, then decreases, then increases again,
and so on, and the amplitude and period of the oscillations are characterised by probability distri-
butions, depending on the initial conditions, the geometry, and the probabilistic material properties.

Key words: stochastic elasticity, finite strain analysis, quasi-equilibrated motion, probabilities.

1 Introduction

The extensive study of oscillatory motions of cylindrical or spherical shells of linear elastic material
has been driven by a wide range of industrial applications [3,4,10,14]. In contrast, time-dependent
finite oscillations of cylindrical tubes and spherical shells of nonlinear elastic material have received
less attention. Internally pressurised hollow cylinders and spheres are relevant in many biological and
engineering structures [21,76]. Cylindrical tubes of homogeneous isotropic incompressible hyperelastic
material subject to finite symmetric inflation and stretching were first analysed in [56]. For elastic
spherical shells, finite radially symmetric inflation was investigated initially in [23], then in [2, 60].
For both elastic tubes and spherical shells, in [12], it was shown that, depending on the particular
material and initial geometry, the internal pressure may increase monotonically, or increase and then
decrease, or increase, decrease, and then increase again. Further studies examining these deformations
for different constitutive descriptions can be found in [22,51,79]. Localised bulging in long inflated
isotropic hyperelastic tubes of arbitrary thickness was modelled and analysed within the framework
of nonlinear elasticity in [19, 78].

The governing equations for large amplitude oscillations of spherical shells and tubes of homoge-
neous isotropic incompressible nonlinear hyperelastic material, formulated as special cases of quasi-
equilibrated motions [74], were reviewed in [75]. These are the class of motions for which the deforma-
tion is circulation preserving, and at every time instant, the deformed configuration is a possible static
configuration under the given forces. Free and forced axially symmetric radial oscillations of infinitely
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long, isotropic incompressible cylindrical tubes, with arbitrary wall thickness, were described for the
first time in [34,35]. For spherical shells, oscillatory motions were derived analogously in [26, 36, 77].

However, deterministic approaches, which are based on average data values, can greatly underes-
timate or overestimate mechanical responses, and stochastic representations accounting also for data
dispersion are needed to improve assessment and predictions [20,28,33,53,55,66, 73].

Recently, radial oscillations of cylindrical and spherical shells of hyperelastic material, treated as
quasi-equilibrated motions, were reviewed and extended to stochastic hyperelastic bodies in [42,49].
Namely, spherical and cylindrical shells of stochastic isotropic incompressible hyperelastic material
were analysed in [42] where particular attention was given to the periodic (oscillatory) motion and
time-dependent stresses taking into account the probabilistic model parameters. In [49], the cavitation
and finite amplitude oscillations under radially symmetric finite deformation of homogeneous and
radially inhomogeneous spheres of stochastic hyperelastic material was studied analytically.

Stochastic hyperelastic models are described by strain-energy densities with the parameters char-
acterised by probability density functions (see [25,68-72] and also [18,46]). These are advanced phe-
nomenological models that rely on the finite elasticity theory and on the notion of entropy [29-31,59,67]
to enable the propagation of uncertainties from input data to output quantities of interest [65]. They
can be also combined with Bayesian approaches [7,40] for model selection [18,46,53,57].

For stochastic homogeneous incompressible hyperelastic bodies, the effect of probabilistic model
parameters on predicted mechanical responses was demonstrated theoretically on the various insta-
bility problems: the static cavitation of a sphere under uniform tensile dead load [43], the inflation of
pressurised spherical and cylindrical shells [41], the classic problem of the Rivlin cube [47], the rota-
tion and perversion of stochastic incompressible anisotropic hyperelastic cylindrical tubes [48]. In [43],
in addition to the well-known case of stable cavitation post-bifurcation at the critical dead load, it
was shown, for the first time, the existence of unstable (snap) cavitation for some (deterministic or
stochastic) isotropic incompressible materials satisfying Baker-Ericksen inequalities [5]. In general,
these problems, for which the elastic solutions are obtained explicitly, can offer significant insight into
how the uncertainties in input parameters are propagated to output quantities. A similar stochastic
methodology was developed to study instabilities in liquid crystal elastomers in [45]. To investigate
the effect of probabilistic parameters in the case of more complex geometries and loading conditions,
numerical approaches have been proposed in [71,72].

For detailed presentations of the theory of nonlinear elasticity, we refer to [54,75]. A comprehensive
review on nonlinear elastic material parameters in isotropic finite elasticity is provided in [44]. For
probability theory, we rely on [24]. Relevant monographs on uncertainty quantification in solids
are [15,16,66].

The scope of this study is to extend the analysis of [42,49] to large strain deformations and oscilla-
tory motions of radially inhomogeneous cylindrical tubes and spherical shells of stochastic hyperelastic
material. These bodies are deformed by radially symmetric uniform inflation when subject to either
a surface dead load (which is constant in the reference configuration) or an impulse traction (which is
maintained constant in the current configuration), applied uniformly in the radial direction. Section 2
provides a summary of the stochastic elasticity prerequisites, and introduces the notion of quasi-
equilibrated motion. Section 3 is devoted to the analysis of finite amplitude oscillations of a composite
formed from two concentric homogeneous tubes of different stochastic neo-Hookean material, and of
inhomogeneous tubes with radially varying material properties. For spherical shells, a similar analysis
is performed in Section 4. Numerical computations were carried out in Matlab, where inbuilt functions
for random number generation were used. Concluding remarks are drawn in the final section.

2 Prerequisites

We first recall the definition of stochastic isotropic incompressible hyperelastic models and the notion
of quasi-equilibrated motion.



2.1 Stochastic strain-energy functions for isotropic incompressible hyperelastic
materials

For our general definition of stochastic isotropic incompressible hyperelastic materials, we rely on the
following assumptions [18,41-43,46,47,49]:

(A1) Material objectivity, which requires that the constitutive equations must be invariant under
changes of frame of reference. This means that the scalar strain-energy function, W = W (F),
depending only on the deformation gradient F, with respect to the reference configuration, is
unaffected by a superimposed rigid-body transformation after deformation. Material objectivity
is guaranteed by defining strain-energy functions in terms of the scalar invariants.

(A2) Material isotropy, stating that the strain-energy function is unaffected by a superimposed rigid-
body transformation prior to deformation. For isotropic materials, the strain-energy function is
a symmetric function of the principal stretches.

(A3) Baker-Ericksen (BE) inequalities [5,37], by which the greater principal Cauchy stress occurs in
the direction of the greater principal stretch.

(A4) For any given finite deformation, at any point in the material, the shear modulus, p, and its
inverse, 1/u, are second-order random variables, i.e., they have finite mean value and finite
variance [68-72].

Assumptions (A1)-(A3) are inherited from the finite elasticity theory [21,44,54,75], while (A4) places
random variables at the foundation of stochastic hyperelastic models [46,68-70]. A random variable
is usually described in terms of its mean value and its variance, which contains information about the
range of values about the mean value [11,13,28,39,52].

In order to derive analytical results for the instability problems presented here, we confine our
attention to a class of stochastic hyperelastic models defined by the strain-energy density

W(A1, Az, Az) :g(A§+A§+A§—3), (1)

where the shear modulus, = p(R) > 0, is a random field depending on the radius R in a system of
cylindrical or spherical polar coordinates, and A, A2, and A3 are the principal stretch ratios. When
p is independent of R, the material model (1) reduces to the stochastic (homogeneous) neo-Hookean
model [46,68].

For the shear modulus, = p(R), at any fixed R, we rely on the following available information,
which guarantees that assumption (A4) holds [62-64, 66],

{E[u]—ﬂ>0,

2
Eflog u] =v, such that |v| < +oo. @)

By the principle of maximum entropy [29-31], for any fixed R, p follows a Gamma probability dis-
tribution with the shape and scale parameters p; = p1(R) > 0 and pa = pa(R) > 0, respectively.
Hence,

w=pipa,  Var[u] = p1p3, (3)
where p is the mean value, Var([u] = ||u||? is the variance, and ||p| is the standard deviation of y. The
corresponding probability density function takes the form [1,24,32]

o) = d @
9\ P15 P2) = — i~ or 4 >0 and p1, p2 > 0,
5 T(p1)

where I' : R} — R is the complete Gamma function

P(z) = /0 T etar, (5)

For p; and po, the word ‘hyperparameters’ is also used to distinguish them from the material parameter
p and other material constants [66, p. §].

The stochastic shear modulus p(R) will be illustrated in Sections 3.3 and 4.3 (see examples given
by equations (57) and (108), respectively).



2.2 Quasi-equilibrated motion

For large strain dynamic deformations of an elastic solid, Cauchy’s laws of motion are governed by
the following Eulerian field equations [75, p. 40],

px = div T + pb, (6)
To17 )

where p is the material density, which is assumed constant, x = x(X,t) is the motion of the elastic
solid, with velocity x = 9x(X,t)/0t and acceleration x = 9%y (X,t)/0t%, b = b(x,t) is the body force,
T = T(x,t) is the Cauchy stress tensor, and the superscript ‘I’ is the transpose operator.

Definition 2.1 [75, p. 208] A quasi-equilibrated motion, € = x(X,t), is the motion of an incom-
pressible homogeneous elastic solid subject to a given body force, b = b(x,t), whereby, for each value
of t, x = x(X,t) defines a static deformation that satisfies the equilibrium conditions under the body
force b= b(x,t).

Theorem 2.2 [75, p. 208] (see also the proof in [42]) A quasi-equilibrated motion, © = x(X,t), of
an incompressible homogeneous elastic solid subject to a given body force, b = b(x,t), is dynamically
possible, subject to the same body force, if and only if the motion is circulation preserving with a
single-valued acceleration potential &, i.e.,

= —grad &. (8)
For the condition (8) to be satisfied, it is necessary that
curl z= 0. )
Then, the Cauchy stress tensor takes the form
T=—pcI+ T, (10)

where T is the Cauchy stress for the equilibrium state at time t and I = diag(1,1,1) is the identity
tensor. In this case, the stress field is determined by the present configuration alone. In particular,
the shear stresses in the motion are the same as those of the equilibrium state at time t.

3 Quasi-equilibrated motion of stochastic cylindrical tubes

We examine here the quasi-equilibrated radial motion of two concentric homogeneous tubes and of a
radially inhomogeneous tube with stochastic material parameters.

3.1 Radial-axial motion of a cylindrical tube

For a circular cylindrical tube, the combined radial and axial motion is described by

2 2

7“2:624—%, 0=0, z=al, (11)
where (R,0,Z) and (r,0, z) are the cylindrical polar coordinates in the reference and current config-
uration, respectively, such that C' < R < B, C and B are the inner and outer radii in the undeformed
state, respectively, ¢ = ¢(t) and b = b(t) = \/c2 + (B2 — C2) /a are the inner and outer radius at time
t, respectively, and « > 0 is a given constant. When o = 1, the time-dependent deformation (11)

simplifies to that studied in [8,34,35]. The case with a time-dependent o was considered in [58].
The radial-axial motion (11) of a cylindrical tube is fully determined by the inner radius ¢ at time
t, which in turn is derived from the initial conditions. Thus, the acceleration # can be obtained in




terms of the acceleration ¢ on the inner surface. By the governing equations (11), condition (9) is
valid for x = (r,0,2)". Hence, (11) describes a quasi-equilibrated motion, such that

o &2 el A
S =y = 12
ar ¢ + r r3 (12)
where ¢ is the acceleration potential satisfying (8). Integrating (12) gives [75, p. 215]
.2 . c2é? .9 .. 1 .9
—£=¢ logr—I—cclogr—i-W:r logr+rrlog7’+§7’ . (13)
T
The deformation gradient of (11), with respect to the polar coordinates (R, ©, Z), is equal to
R r
F=di —, = 14
og (e ) (1)
the Cauchy-Green deformation tensor is
R2 7,,2
_ B2 _ g5 2
B=F —dlag <W’R2’a >, (15)
and the principal invariants take the form
R2 7“2 5
I =tr (B)—W-i-ﬁ—l—a ,
1 2 9 o2 R2 1 (16)
L= [(rBY - tr (BY)] = - + 5 + =
I3 =detB =1.

The principal components of the equilibrium Cauchy stress tensor at time ¢ are

2 2.2

R asr
7Y = —p + 22 T A1

2 R?
T}y = T + (51 — B10%) <R - a> / an

T2 R2
o (1) (- ).

where p(©) is the Lagrangian multiplier for the incompressibility constraint (Is=1), and

ow ow
=2— 1= —2— 18
=25 &= dl (18)
are the nonlinear material parameters, with I; and I given by (16).
As the stress components depend only on the radius r, the system of equilibrium equations reduces

to

oy Ty — T

= . 19
or r (19)
Hence, by (17) and (19), the radial Cauchy stress for the equilibrium state at time ¢ takes the form
2 2
0 _ on [T R dr
1000 = [ (- 810%) (s — iz ) - + 00 (20)

where 1) = 1 (t) is an arbitrary function of time. Substitution of (13) and (20) into (10) then gives
the principal Cauchy stress components at time ¢ as follows,

Tor(r,t) =p <adlogr + a%logr + a2d2) + / (51 - ﬂ—mz) (TQ U ) dr + (1),

2r2 R o22) r
9 7"2 RQ
TGG(Ta t) = Trr('r,t) + (ﬁl - B« ) <}%2 - 0427“2> ) (21)
7’2 2 R2
Tzz(rat) = Trr(r7 t) + <Bl - B—1m> <04 - 0427“2> .



3.2 Oscillatory motion of a tube with two stochastic neo-Hookean phases

To study explicitly the behaviour under the quasi-equilibrated radial motion of a composite formed
from two concentric homogeneous cylindrical tubes (see Figure 1), we focus on composite tubes with
two stochastic neo-Hookean phases. We define the following strain-energy function,

(02403423 -3), C<R<A,

€) (22)
(M+X3+X-3), A<R<B,

W()\la >‘27 >\3) = {

where C < R < A and A < R < B denote the radii of the inner and outer tube in the reference con-
figuration, respectively, and the corresponding shear moduli ™) and p® are (spatially-independent)

random variables characterised by the Gamma distributions g(u; pg ), pg )) and g(u; p§2), pg )) defined

by (4).
B

Figure 1: Schematic of a composite cylindrical tube made of two concentric homogeneous tubes, with
undeformed outer radii A and B, respectively, showing the reference state (left), and the deformed
state, with outer radii a and b of the concentric tubes, respectively (right).

For the deformed composite tube, we denote the radial pressures acting on the curvilinear surfaces
r = c(t) and r = b(t) at time ¢ as T1(t) and T5(t), respectively, and impose the continuity condition
for the stress components across their interface, r = a(t). Evaluating T1(t) = —T},(c,t) and Ty(t) =
=T, (b,t) at r = ¢ and r = b, respectively, and subtracting the results, gives

.. b 2, [
T (t) — Ta(t) =g [cclog — + & logc—2 + ¢ <b_2 — 1)]

(1) 2 R2 dr b (2) 7"2 R2 dr
+ =)t | 1 s )
¢ R a’r r a R a’r r

pC2 o b2 &2 [ (23)
—— 1 — = -1
2 [(crcr c@) vEt (b2 )]
a 2 2 b 2 2
W (- R \dr / @ (7 R \dr
+/c a <R2 a2r2) . a K R2  a%r?2) r’
We set the notation
r2 r? c B?
u_ﬁ_a(r2—c2)+02’ To W_E_l’ (24)
and rewrite
c 2 b2 &2 (2 v 1
—_ Z log— 4+ — [ = —1) =(5 ‘21 14— 2 ax
(CCV+CQ>Og§_%CQ(W ) (i + %) log (1+ 75) Ty (25)

L o (1 )]



By (11) and (24), we obtain

Jo (B d7“+/bu(2> o R\dr
. RZ o?r2) r a RZ o?r2) r
Y r2 B a(r? —c?) +C? dr
L. s a(r? —c?) + C? a?r? r
+/b @) ’1“2 B a(,r.Q —62) _|_02 g
a K a(r? — )+ C? a?r? r
1 a?/A? nl+au 1 [v/B a1+ au
~ 75/, 2,2 U5 2,2 du
c2/C? a“u a? /A2 a“u
2
1 [ wltau, 1 @@+ o14au
T ez, v P T a2 du + 9 [a242 LSRN ) du
ﬁ@ E)"'E 1+wa
In the above calculations, we used the following relations,

o {u(CQ - aCQ)] 12 |

1—au
dr u(C? — ac?) 12 B
@72(1—au)2 [ ] 2u(
( 1

u

r
1—au ~ 2u(l —au)’
1 2,2
_a2u>

_ a‘u” —1
2u(l —au)  2a2u?(1 — au)
We then express equation (23) equivalently as follows,

C? — ac?

_ 14+ au
20242

2z 02 —de[xxlog<1+

(1 2)

1+ou
(1) d
pC? C2(a2-1)4+1 o a2
2
T G (-3)+a @21+au
oC2 o242 RN 5 du
fE=
For the dynamic tube, we define
1 £ ¢ 1+ au
G(x,v) = 1) dul d
(z,7) C? /\/IE ¢ [/@i%i(lié) a2 ¢
[,
2 42+’7
pC* J 1 <

This function will be used to establish whether the radial motion of the tube is oscillatory or not.

3.2.1 Composite with two concentric homogeneous tubes subject to impulse traction
We set the pressure impulse (suddenly applied pressure difference)
Ty (t) — Tx(t) { 0 ift <o,
2a 3 =
pC
with pp constant in time, and integrating (30) implies

po ift >0,

(32)

.9 9 9 _po [ o 1
J%e log<1—|—a$2>—|—G(:B,7)—2a<w —a>+00,

7

(30)

(26)



where G(z,7) is defined by (31) and

1 1
%:2ﬁ%bg<+’y>+Gmb) £<ﬁ—>, (34)

gy «

with the initial conditions z(0) = zo and #(0) = 2. From (33), we obtain the velocity

B(z2— 1)+ 20, -2G
b= 4| al® =) ¥200 —2C(@,y) (35)
.TU2 log(1+ -13)
Then, the radial motion is periodic if and only if the equation
Po [ 2 l
G(x,v) = o (x a> + Co (36)

has exactly two distinct solutions, representing the amplitudes of the oscillation, z = 1 and = = x9,
such that 0 < z1 < z2 < co. By (24), the minimum and maximum radii of the inner surface in the
oscillation are equal to z1C and z2C, respectively, and by (35), the period of oscillation is equal to

/xz dx /:cz 72 log (1 + LQ)
-0 Qr dz|.
e T - B (m2 ) +2Cy — 2G(z,7)

For the stochastic composite tube, the amplitude and period of the oscillation are random variables
described by probability distributions.
To examine G(z,~) defined by (31), we rewrite this function equivalently as

T=2 —2 (37)

G(w,fy) :G1($,7)+G2($,’7), (38)
where ,
1 v ¢ 1+ au
Gien) =5 [, <| [ POERLEM T, (39)
pC? - 42%;%(1,%5) a?u?
and , ( 2)
1 [ CEta(-% 14+ au ¢ 1+ au
Ga(z,7) = P /1C /C2 M(2)Wdu + /c2+g M(Q)Wdu dc. (40)
Vo T+~
Proceeding as in [42], we obtain
71 c? 1 C?
_ M g2 oy (1=
and @ ) )
_ K 2 1 g 1 e I+~
Ga(x,v) = SapC? <Jc a> {log [AQ v <1 yE + log b (42)

By (41) and (42), the function G(z,7) defined by (38) takes the form

1 5 1 5 c? o1 Cc? 1+~
G(ﬁfﬁ):mng(x_Oé){(/i()—u(l))log[Angaxg -1 +M()1g1+% - (43)

[e% 4

This function is monotonically decreasing for 0 < x < 1/4/a and increasing for = > 1//a. When
1M = 1@ the function corresponding to a homogeneous tube is recovered [42].
Assuming that the shear moduli p") and p(® have a lower bound

p>n 4@ s, (44)
for some constant n > 0, it follows that

lim G(z,7) = hm G(z,y) = (45)

x—0

We consider the following two cases:



(i) If pg =0 and Cp > 0, then equation (36) has exactly two solutions, x = z1 and z = x9, satisfying
0 <z <1/y/a <z < oo, for any positive constant Cjy. Note that these oscillations are not ‘free’ in
general, since, by (21), if T,.,(r,t) =0 at r = ¢ and r = b, so that T3(t) = Ta(t) = 0, then Tyg(r,t) #0
and T,.(r,t) # 0 at r = c and r = b, unless o — 1 and 7?/R? — 1 [58]. In Figure 2, we represent the
stochastic function G(x,~), defined by (43), intersecting the line Cp = 7, and the associated velocity,
given by (35), when o« = 1, p = 1, and the shear modulus of the inner phase, pD) follows a Gamma
distribution with pgl) = 405 and pgl) = 4.05/p§1) = 0.01, while the shear modulus of the outer phase,

1) is drawn from a Gamma distribution with p§2) = 405 and p§2) = 4.2/p§2).

Probability Probability

1
0.8
0.6
0.4
- 0.2

0

0.5 1 1.5
T

Figure 2: The function G(z,7), defined by (43), intersecting the (dashed red) line Cy = 7 (left),
and the associated velocity, given by (35) (right), for a dynamic composite tube with two concentric
stochastic neo-Hookean phases, with inner radii A = 1 and C' = 1/2, respectively, assuming that
a=1,p=1, and pV follows a Gamma distribution with pgl) = 405 and pgl) = 4.05//)51) = 0.01,
while 3 is drawn from a Gamma distribution with pf) = 405 and pg) =42/ pf). The dashed black
lines correspond to the expected values based only on mean values, u") = 4.05 and p(? = 4.2. Each
distribution was calculated from the average of 1000 stochastic simulations. B
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Probability Probability
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0

0.8 1 1.2 1.4
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Figure 3: The function G(z,7), defined by (43), intersecting the (dashed red) line 2% (22 — é) + Cy

2c
when po = 1 and Cy = 2 (left), and the associated velocity, given by (35) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and
C = 1/2, respectively, under impulse traction, assuming that « = 1, p = 1, and u(l) follows a

Gamma distribution with pgl) = 405 and pgl) = 4.05/p§1) = 0.01, while x® is drawn from a Gamma
distribution with ,052) = 405 and pg) =42/ p?). The dashed black lines correspond to the expected
values based only on mean values, p) = 4.05 and p(® = 4.2. Each distribution was calculated from
the average of 1000 stochastic simulations. B



(i) When pg # 0 and Cp > 0, substitution of (43) in (36) gives

2a (G — C())
Po=—15 1 - (46)
e
The right-hand side of the above equation is a monotonically increasing function of z, implying that
there exists a unique positive x satisfying (46) if and only if the following condition holds,

lim M <po < hm M‘ (47)
x—0 LL’2 — E {[;2 -3

By (24) and (47), the necessary and sufficient condition that oscillatory motion occurs is that

42 L@ g2
[ s

_ log o
SPos ek ee T cE 08

(48)

where pM) and p® are described by the Gamma probability density functions g(u; pgl) ) pg )) and

g(u; p?), pé )), respectively. After rescaling, pu(V) logé—; follows the Gamma distribution with shape

parameter pgl) and scale parameter pgl) log é—; and p® log ]AB—; follows the Gamma distribution with

shape parameter pgz) and scale parameter pg) log %;. Then, p® logé 1 log ; is a random
variable characterised by the sum of the two rescaled Gamma distributions [38 50]. An example is
shown in Figure 3, where pg = 1 and Cy = 2, while the geometric and material parameters for the

composite tube are as in the previous case.

Thin-walled tube. In particular, when the tube wall is thin, such that 0 < v < 1 and a = 1,
if we assume that A%2/C? = B?/A? = v/2 + 1, then the problem reduces to that of a thin-walled
homogeneous cylindrical tube with shear modulus (u M 4 p ) /2 [42].

3.2.2 Composite with two concentric homogeneous tubes subject to dead-load traction

We now assume that the outer circular surface of the composite tube is free, such that T5(t) = 0, while
the inner surface is subject to a dead-load pressure P (t) satisfying

Pi(t) Ty (¢) 0 ift<0
2 =2 = - 4
pC?2 ar pC? po ift >0, (49)
with pg constant in time. Integrating (30) implies
13':2392 log [ 1+ L + G(z,7y) = Ly = + Co, (50)
2 o) Va
where G(x,7) is defined by (31) and
Co = ldc%xg log| 14+ —= 7o)+ G(xo,7) — LU € (51)
2 azd SLERN Va)’
with the initial conditions x(0) = xo and %(0) = 4. By (33), the velocity is
' %(x—%)—i—?Co—X}(x,fy)
== 5 (52)
x?log(1 + az2)
The radial motion is periodic if and only if the equation
Gy =2 (a- L) 4 (53)
7 a Va 0

10



has exactly two distinct solutions, representing the amplitudes of the oscillation, x = x1 and = = z9,
such that 0 < 21 < z9 < co. By (24), the minimum and maximum radii of the inner surface in the
oscillation are equal to z1C and z2C, respectively, and by (35), the period of oscillation is equal to

T2 T2 2] 1 e
/ de :2/ log (1+ 532) dz| . (54)
1 T T

1 %% (x—ﬁ) +2Cy — 2G(z,7)
For the stochastic composite tube, the amplitude and period of the oscillation are random variables
described by probability distributions.

T=2

Probability Probability

1 1
1 |
0.8 -0.8
0.5
0.6 0.6
) 0
0.4 0.4
-0.5
0.2 0.2
-1
0 0
1 1.2 1.4
x

Figure 4: The function G(z,v), defined by (43), intersecting the (dashed red) line 2 (ac - ﬁ) +Co
when py = 5 and Cy = 0 (left), and the associated velocity, given by (35) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and
C' = 1/2, respectively, under dead-load traction, assuming that « = 1, p = 1, and u(l) follows a

Gamma distribution with pgl) = 405 and pgl) = 4.05/pg1) = 0.01, while ¢ is drawn from a Gamma
distribution with p?) = 405 and pgz) =42/ p?). The dashed black lines correspond to the expected
values based only on mean values, ") = 4.05 and p(?) = 4.2. Each distribution was calculated from
the average of 1000 stochastic simulations. B

The case with pg = 0 is similar to that when an impulse traction was assume. For pg # 0 and
Co > 0, substitution of (43) in (53) implies
a (G — C()
Tr — ﬁ

The right-hand side of the above equation is a monotonically increasing function of z, implying that
there exists a unique positive x satisfying (46) if and only if the following condition holds,

oo = 1im MEZ) gy G0 (56)
z—=0 g — — T—00 p — ——
Ja Ja

An example is shown in Figure 4, where pg = 5 and Cy = 0, and the geometric and material parameters
for the composite tube are as in the previous case.

3.3 Oscillatory motion of a stochastic radially inhomogeneous tube

We further consider the inflation of a radially inhomogeneous tube of stochastic neo-Hookean-like
hyperelastic material characterised by the strain-energy function (1). Intuitively, one can regard the
radially inhomogeneous tube as an extension of the composite with two concentric phases to the case
with infinitely many concentric layers and continuous inhomogeneity. Our inhomogeneous model is
similar to those proposed in [17] where the dynamic inflation of cylindrical tubes and spherical shells

11



was treated explicitly. Clearly, different models will lead to different results. However, the purpose
here is to illustrate our stochastic approach in a mathematically transparent manner by combining it
with analytical approaches for the mechanical solution whenever possible.

w
(3}

—R/B=025
30— R/B = 0.50
R/B=0.75 H

N
(&)}
T

N
o
T

-
(&3]
T

-
o
T

a

/4J NS

1(R)

(&)
T

Gamma probability distribution

o

4.5

w
o

Figure 5: Examples of Gamma distribution, with hyperparameters p; = 405 - B*/R* and py =
0.01- R*/B*, for the nonlinear shear modulus p(R) given by (57).

Specifically, we assume a class of stochastic inhomogeneous hyperelastic models (1) where u = p(R)

takes the form )

R
M(R) =Ch+ CQ@, (57)

such that u(R) > 0, for all C < R < B, (4 > 0 is a single-valued (deterministic) constant, and Cs is
a random value defined by a given probability distribution.

When the mean value of the shear modulus p(R) described by (57) does not depend on R, as Ci,
R and C are deterministic and Cs is probabilistic, we have

4

u=Cr, Var|u] = Var[C’g]@,

(58)
where Var[Cy] is the variance of Co, while the mean value of Cy is Cy = 0.
By (3) and (58), the hyperparameters of the corresponding Gamma distribution, defined by (4),

take the form
G _ Var[u]  Var|Cs] ]f

P11 = ) P2 .

P2 Cq c, ct

For example, we can choose two constant values, Cy > 0 and C > 0, and set the hyperparameters for
the Gamma distribution at any given R as follows,

(59)

4 4
p1 = 2(1]247 p2 = Co%- (60)
By (57), Ca = (u(R) — C1) C?/R? is the shifted Gamma-distributed random variable with mean value
O, = 0 and variance Var[Cy] = p1p2C*/R* = CyCh.

In Figure 5, we show Gamma distributions with p; = 405 - B*/R* and ps = 0.01 - R*/B*. By
(57) and (60), Cg = 0.01 - C*/B*, C; = pu = p1p2 = 4.05 and Cy = u(C) — Cy. In particular, for a
tube with infinitely thick wall, as R decreases to C, p1 increases, while ps decreases, and the Gamma
distribution converges to a normal distribution [18,41].

The shear modulus given by (57) takes the equivalent form

2 -1
p(u) = C1 + Czrfy (61)

12



where u = r2/R? and z = ¢/C, as denoted in (24).
Next, writing the invariants given by (16) in the equivalent form

1 1 1
11:T+u+a2, I2:a2u+f—|——2, I3=1, (62)
a?y U«
and substituting these in (18) gives
ow dp du
=08 — B g3
=2 quan, 113 (63)
3 __Qaﬂ__%di(j —3)
- 8[2 N du d[g ! ’

where 1 is defined by (61). Therefore,

2 1 3 2 2_3 U
ﬁlzclJngw s L +u (a2 )+ % |
v L D) o
— 1 )
vma (u=3) (ut )
and 2 1 3 2 2
_1 —3) 4+
Br— Bora® = Cy + 20— —& [1—“ tule )f] (65)
u—g |2 (u—73)" (u+3)

Recalling that the stress components are described by (21), and following a similar procedure as
in the previous section, we set the pressure impulse as in (32). Then, similarly to (31), using (65), we
define the function

1 x ¢ 14+ au

T+

2 [ (o6 [, e 1wl )
pC? | 1 a) Jerad a?u? (u—1) |2 (u—é)Q(u—i—f)

1
14+ «

_ )
20pC? (x a) Og1+i2

ax

du} ¢

+02/x <3_g> 1 14y —a3_3a+2+ o® —3a+2 A
pC? ac?>  a®+7y  (ag®-1) (a(2+7_1>2 '
1+y

(66)

(07

1
We restrict our attention on the following limiting cases:

Thick-walled tube. If the tube has an infinitely thick wall, such that v — oo and a = 1, then (66)
takes the form

2
_ G G /1(42_1)
G(:z:)—pc2 (2% —1)logx pel c d¢ -
:pCClQ(m2—1)logx—4§é2 (z* — 42® + 4logz + 3) .

Examples are presented in Figure 6 for the case with no impulse or dead-load traction, in Figure 7 for
the case when the pressure impulse is given by (32), and in Figure 8 for the case when the dead-load
traction is given by (49).

Thin-walled tube. If the tube wall is thin, such that 0 < v < 1 and o = 1, then the shear modulus

defined by (57) takes the form u = C; + Co, and the problem reduces to that of a homogeneous tube
with thin wall (see also [42]).
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Figure 6: The function G(z,7), defined by (67), intersecting the (dashed red) line Cy = 2 (left),
and the associated velocity, given by (35) (right), for a dynamic radially inhomogeneous tube with
infinitely thick wall having inner radius C' = 1, assuming that o = 1, p = 1, and p follows a Gamma
distribution with p; = 405/R* and py = 0.01 - R*. The dashed black lines correspond to the expected
values based only on mean values. Each distribution was calculated from the average of 1000 stochastic
simulations.
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Figure 7: The function G(z,7), defined by (67), intersecting the (dashed red) line 22 (22 — 1) + Cj
when pgp = 1 and Cyp = 1 (left), and the associated velocity, given by (35) (right), for a dynamic
radially inhomogeneous tube with infinitely thick wall having inner radius C' = 1 under impulse
traction, assuming that o = 1, p = 1, and p follows a Gamma distribution with p; = 405/R* and
p2 = 0.01 - R*. The dashed black lines correspond to the expected values based only on mean values.
Each distribution was calculated from the average of 1000 stochastic simulations.
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Probability Probability

0.5

-0.5

Figure 8: The function G(z,), defined by (67), intersecting the (dashed red) line 2 (x - ﬁ) + Co

when pgp = 5 and Cp = 0 (left), and the associated velocity, given by (35) (right), for a dynamic
radially inhomogeneous tube with infinitely thick wall having inner radius C' = 1 under dead-load
traction, assuming that o = 1, p = 1, and p follows a Gamma distribution with p; = 405/R* and
p2 = 0.01 - R*. The dashed black lines correspond to the expected values based only on mean values.
Each distribution was calculated from the average of 1000 stochastic simulations.

4 Quasi-equilibrated motion of stochastic spherical shells

Next, we analyse the oscillatory motion of two concentric homogeneous spherical shells and of a radially
inhomogeneous shell with stochastic constitutive parameters.

4.1 Radial motion of a spherical shell
For a spherical shell, the radial motion is described by [6,9,26, 36]

P=+R-C 6=0, ¢=29, (68)

where (R, ©, ®) and (r,0, ¢) are the spherical polar coordinates in the reference and current configu-
ration, respectively, such that C < R < B, C and B are the inner and outer radii in the undeformed
state, and ¢ = c(t) and b = b(t) = v/c3 + B3 — O3 are the inner and outer radii at time ¢, respectively.

As for the cylindrical tube, the radial motion (68) of the spherical shell is determined entirely by
the inner radius c at time ¢. By the governing equations (68), condition (9) is valid for x = (r, 0, ¢)7.
Hence, (68) describes a quasi-equilibrated motion, such that

) 22 4 26 242
77527,;: et +cté ac’ (69)
or r? 7o
where ¢ is the acceleration potential satisfying (8). Integrating (69) gives [75, p. 217]
2c¢? + a’é AP . d.9
£ =- " + 51 = T (70)

For the deformation (68), the gradient tensor with respect to the polar coordinates (R,©, ®) takes

the form ,
R r r
F=di —, =, = 1
ding (T 70 7). ()
the Cauchy-Green tensor is equal to
RY 2 42
_ 2 _ q;

B—F —dlag (7’,4,}%2,}%2> 5 (72)
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and the corresponding principal invariants are

R4 7,,2
Il =tr (B) = rT + 2@,
1 9 nl r R? (73)
I3 =detB = 1.

Then, the principal components of the equilibrium Cauchy stress at time t are

R4 ’F4
0 0
Tr(r) = —p( )+ 51771 + 5—1@»
2 2 4
0 T T R
Te(e) = Trgg) + (51 — 51R2> (RQ — 744> ) (74)

0 0

where p(©) is the Lagrangian multiplier for the incompressibility constraint (I3 =1), and

ow ow
pfr=2—— B-1 = _28712’

with I; and I given by (73).
As the stress components depend only on the radius 7, the system of equilibrium equations reduces

o (0) ©)  (0)
aTrr _ ng _TTT '

=2
or r (76)
Hence, by (74) and (76), the radial Cauchy stress for the equilibrium state at t is equal to
2 2 4
0 B r r R*\ dr
T (r,t) = 2/ <51 - 51R2) <R2 - 7ﬂ4> - »(t), (77)

where ¢ = 1(t) is an arbitrary function of time. Substitution of (70) and (77) into (10) gives the
following principal Cauchy stresses at time ¢,

9. .9 4.2 2 2 4
oty = - (S5 G5 ) v f (o) (=) v

2 2 4
anpﬂ%mo+<m_ﬁ4;><r_R)’ (78)

R
T¢¢(T, t) = ng (7’, t).

4.2 Oscillatory motion of a spherical shell with two stochastic neo-Hookean phases

We are interested in the behaviour under quasi-equilibrated radial motion of a composite formed from
two stochastic neo-Hookean phases, similar to those containing two concentric spheres of different neo-
Hookean material treated deterministically in [27] and [61], and stochastically in [49] (see Figure 9).
We define the following strain-energy function,

(1)
B2 (240340 -3), C<R<A,

2)

(79)
B2 (02423 +A-3), A<R<B,

W()\la )‘21 )\3) = {

where C' < R < A and A < R < B denote the radii of the inner and outer sphere in the reference
configuration, and the corresponding shear moduli x") and M(Q) are (spatially-independent) random

variables characterised by the Gamma distributions g(u; pgl), ,0(21)) and g(u; pgz), p(22)), respectively.
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Figure 9: Schematic of a composite spherical shell made of two concentric homogeneous shells, with
undeformed outer radii A and B, respectively, showing the reference state (left), and the deformed
state, with outer radii a and b of the concentric shells, respectively (right).

For the spherical shell deforming by (68), we set the inner and outer radial pressures acting on
the curvilinear surfaces, r = ¢(t) and r = b(t) at time ¢, as T1(t) and T5(t), respectively [75, pp. 217-
219]. Then, evaluating T1(t) = =T, (c,t) and Ta(t) = =T, (b, t), using (78), with r = ¢ and r = b,
respectively, and subtracting the results, gives

11\ /11
o — 2. -2 - Y_ === _ =
Ty (t) — To(t) p[(CC—i-QCc)(C b) 5 <c4 b4>}
a 2 4 b 2 4
n(r R*\ dr n (T R*\ dr
+2/C M()(@—T—J?Jﬂfa ”()<ﬁ_r_4>7

:p[(ca+2c'2) (1-7) _6_22(1_;_1)}

80
+2/“ o (rr _R d_+2/b @ (r2 _BY)dr )
CM R )y a,u RZ o4 ) r
) 4
2L 410 V(18- (1-&
=rC [(CC 02>( b) 202<1 b4>]
b 2 4
dr @ (r _RE\dr
() e [ ()T
Setting the notation
r3 r3 c B3
TR Eoarer To TToh (81)

we rewrite
(55+25) (-9 -2 (1-%)
-2 1= (1) -5 - (0 35) ]
(oo 0o ) TR0 )

L df.s3 T\
2x2dx{x$ [1 (1+§> ]}
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By (68) and (81), we obtain
a 2 4 b 2 4

W (7 ’ydr @ (7 R\dr

/CM <R2 r4>r+/aM <2 rd | r

:/“#a)
b 3

(2) -

+/a H [(r3—c3—|—03

a®/A3 b3/ B3
:_1// ,u(l)1+udu—1// H(2)1_|—7udu

3 Je3/cs u?/3 3 Ja3 /43 u?/3
3
I pldw, 1 p@@E-0R 14y
== pD == Zdu + = u()i,du.
3 %(x3,1)+1 U7/3 3 )3+ U7/3

Tty

In the above calculations, we used the following relations,

. [u(C?’ _ 63)} 1/3

i

1—u
g B 3 -3 u(C3—03) —2/3 B T
du  3(1—u)? 1—u u(l —u)’

o3 1 1 u? —1 1+u
u — = - — .
ut/3 ) 3u(l —u)  3u?(l—u) 3u/3
We then express (80) equivalently as follows

02 i)~ Tolt) _ d {a‘?aﬁ* [1 - (1+ 7)_1/3} }

pC? T dx a3
402 (7 1+u
(1 d
2 2 (43 1)41
3p02 % u’7/3

For the dynamic shell, we define

3

c3 (3
N ml+u G (-4 @1l +u
H(z,7) /lé /CS pmdut [ N 7
T+~

~ 3pC? C (¢3-1)+1

du | d¢.

(85)

(86)

This function will be used to establish whether the radial motion of the composite shell is oscillatory

or not.

4.2.1 Composite with two concentric homogeneous spherical shells subject to impulse

traction

Setting the pressure impulse
Ty (t) — Tu(t) { 0 ift <o,

27 =
pC? po ift >0,

with po constant in time, and integrating (85) implies

, T\ p
x2x3[1—(1+$3> ]+H(x,’y):;(3—l)+co,
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where H(z,7) is given by (86), and

~1/3
<%:ﬁﬁb—<ufg

)

+ H(wo,y) - 5 (2 - 1), (89)

with the initial conditions z(0) = zp and &(0) = @o. By (88), the velocity is equal to

B (z3-1)+Co— H(x,7)

b=+ |3 (90)
o’ [1 —(1+ %)*1/3]
Oscillatory motion of the composite spherical shell is obtained if and only if the equation
p
Hr,7) =2 (%~ 1) + Co, o)

has exactly two distinct solutions, representing the amplitudes of the oscillation, x = x1 and = = z9,
such that 0 < x1 < x2 < oo. In this case, the minimum and maximum radii of the inner surface in
the oscillation are given by z1A and z9A, respectively, and the period of oscillation is equal to

/12 dzx
z1 T

For the stochastic composite shell, the amplitude and period of the oscillation are random variables
characterised by probability distributions.
To examine H(x,~) defined by (86), we rewrite this function in the equivalent form

T=2

TSR
p— x .
o\ 5@ —1)+C - H(z,7)

H($,7)2H1($,7)+H2(£L‘,’7), (93)
where ,
me; /w o | ¢ 14+u
Hi(x,v) = ¢ / ——du| d¢, 94
1( ) 3,002 1 %(43_1)_’_1 u’/3 ( )
and ,
4p@ e 9 T (E-D+1 4y S
P 1 ¢ o
Proceeding as in [42], we obtain
1) 223 — 1
H 3 X
H S o B e A
1(3777) pCQ (.ZC 3 +x2 +x
PO ) 2@2@3—U+4}—1 (96)
— 02\ T 2/3 1/3
p¢ [%ﬁﬁ—1y+Q+{%ﬁﬁ—1y+q —%E§@3—U+1]
and
PO 2% (=0 - 1) +1] -1
Hy(z,v) = W (m - 1) o3 o3 2/3 o3 1/3
(@ -+ +[F e -)+1]" +[G -1+ o
) 92ty g
o o .%'3 _ 1) 14y
pC? z3 4y 34 2/ T34 /3
14+ < 14+ ) ( 14 )
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By (96) and (97), the function H(x,~y) defined by (93) takes the form

(1) 223 — 1
7 x
H(xﬁ):ﬁ(:pg_ B+t
p@ 2[% (e* = 1) +1] -1
e S cs (o3 3 (3 23 [es g 1/3(98)
[F(x —1)+1]+[F(a: —1)+1} +[F(x )41
333
_ﬁ(g_) 2% — 1
pC?

$3+,\/ $3+’Y 2/3 $3+’7 1/3
I T (m) T\
The above function is monotonically decreasing for 0 < < 1 and increasing for x > 1. When
pM) = 13 the function corresponding to a homogeneous spherical shell is obtained [42].
Assuming that x() and u(® have a constant lower bound 7 > 0, it follows that

lim H(z,v) = lim H(x,v) = co. (99)

x—0 T—00

We consider the following two cases:

(i) If po =0 and Cp > 0, then equation (91) has exactly two solutions, x = z1 and = = x3, satisfying
0 <21 <1< z9 < 0, for any positive constant Cy. An example is shown in Figure 10, where Cy = 7.
These oscillations are not ‘free’ in general, since, by (78), if T}..(r,t) = 0 at r = ¢ and r = b, so that
Ti(t) = Tu(t) = 0, then Tpy(r,t) = Tpy(r,t) # 0 at r = c and r = b, unless r?/R* — 1.

(ii) When py # 0 and Cjy > 0, substitution of (98) in (91) implies that the necessary and sufficient
condition for the motion to be oscillatory is that py satisfies
3(H<x77>_00) 3(H(.’E,"}/)—Co)

—o0 = lim <po < su
z—0 3 —1 Po O<z£oo 3 —1 ’

(100)

where “sup” denotes supremum. This case is exemplified in Figure 11 where pg = 1 and Cy = 1.

Thin-walled shell. In particular, when the shell wall is thin, such that 0 < v < 1, if we assume
that A3/C% = B3/A% = ~/2 + 1, then the problem reduces to that of a thin-walled homogeneous
spherical shell with shear modulus (,u(l) + ,u(Q)) /2 [42].

4.2.2 Composite with two concentric homogeneous spherical shells subject to dead-load
traction

We further assume that the outer circular surface of the composite tube is free, such that Th(¢) = 0,
while the inner surface is subject to a dead-load pressure P () satisfying

Pi(t)  oTi(t) [ 0 ift<0,
2 pC2 2 pC? | po ift>0, (101)
with pp constant in time. Integrating (85) implies
v\ M3
w203 [1 — (1 + a:3> + H(z,v) = po (x — 1) + Co, (102)
0
where H(z,7) is given by (86), and
v\
Co = i2xd [1 - (1 + x3> + H(xo,7) —po (zo — 1), (103)
0
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Probability Probability

Figure 10: The function H(z,~), defined by (98), intersecting the (dashed red) line Cp = 7 (left),
and the associated velocity, given by (90) (right), for a dynamic composite tube with two concentric
stochastic neo-Hookean phases, with inner radii A = 1 and C' = 1/2, respectively, assuming that p =1
and p) follows a Gamma distribution with pgl) = 405 and pgl) = 4.05/ pgl) = 0.01, while x® is drawn
from a Gamma distribution with p§2) = 405 and pgz) =42/ pgz)' The dashed black lines correspond
to the expected values based only on mean values, u) = 4.05 and H(Q) = 4.2. Each distribution was

calculated from the average of 1000 stochastic simulations.
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Figure 11: The function H(z,7), defined by (98), intersecting the (dashed red) line 2 (z* — 1) 4+ Cp
when pg = 1 and Cy = 1 (left), and the associated velocity, given by (90) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner radii A =1 and C =
1/2, respectively, under impulse traction, assuming that p = 1 and ,u(l) follows a Gamma distribution
with pgl) = 405 and pgl) = 4.05/;)51) = 0.01, while #® is drawn from a Gamma distribution with
p§2) = 405 and pg) =42/ pgz)‘ The dashed black lines correspond to the expected values based only
on mean values, (1) = 4.05 and p(2) = 4.2. Each distribution was calculated from the average of 1000
stochastic simulations. B
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with the initial conditions x(0) = o and #(0) = . From (88), we obtain the velocity

po(x — 1)+ Co— H(x,7)

=+ (104)
o [1 —(1+ mlg)*l/?’]
Oscillatory motion of the composite spherical shell is observed if and only if the equation
H(z,v) =po(z —1) + Co, (105)

has exactly two distinct solutions, representing the amplitudes of the oscillation, x = 1 and = = z9,
such that 0 < x1 < xo < oo. In this case, the minimum and maximum radii of the inner surface in
the oscillation are given by z1A and z9A, respectively, and the period of oscillation is equal to

/12 dz
z, X

T=2

o | @ fi- e 3) ™
:2/331 po(x—1)+Co—H(:c,'y)dx . (106)
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Figure 12: The function H(x, ), defined by (98), intersecting the (dashed red) line pg (x — 1)4+Cp when
po = 10 and Cy = 0 (left), and the associated velocity, given by (90) (right), for a dynamic composite
tube with two concentric stochastic neo-Hookean phases, with inner radii A = 1 and C = 1/2,
respectively, under dead-load traction, assuming that p = 1 and ) follows a Gamma distribution
with pgl) = 405 and pgl) = 4.05/p§1) = 0.01, while z® is drawn from a Gamma distribution with
pgz) = 405 and pgz) =42/ p&Q). The dashed black lines correspond to the expected values based only
on mean values, (1) = 4.05 and p(?) = 4.2. Each distribution was calculated from the average of 1000
stochastic simulations. B

T

The case with pg = 0 is similar to that when an impulse traction was assume. For pg # 0 and
Cp > 0, substitution of (98) in (91) implies that the necessary and sufficient condition for the motion
to be oscillatory is that py satisfies

H - C H - C
—o0 = lim Hz,7) = Co) < po < sup Hz,y) = Co) = +o0. (107)
z—0 z—1 0<x <00 r—1
An example is shown in Figure 12, where pg = 5 and Cy = 0, and the geometric and material

parameters for the composite tube are as in the previous case.

4.3 Oscillatory motion of a stochastic radially-inhomogeneous spherical shell

We also examine the oscillatory motion of radially inhomogeneous incompressible spherical shells
of stochastic hyperelastic material described by a neo-Hookean-like strain-energy function, with the
constitutive parameter varying continuously along the radial direction. Similarly to the case of a
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radially inhomogeneous tube, the radially inhomogeneous sphere can be regarded as an extension
of the composite with two concentric phases to the case with infinitely many concentric layers and
continuous inhomogeneity. Our inhomogeneous model is similar to those proposed in [49], where the
cavitation and radial oscillatory motion of a stochastic sphere was treated explicitly.

50

45||—R/B =025
—R/B = 0.50
40 R/B=0.5

Gamma probability distribution
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3.5 4 4.5

p(R)

Figure 13: Examples of Gamma distribution, with hyperparameters p; = 405 - BS/R5 and py =
0.01- R%/BY, for the shear modulus p(R) given by (108).

Here, we define the class of stochastic inhomogeneous hyperelastic models (1) with the shear
modulus taking the form (see also [17])

R3
u(R) = C1 + 02@,
where p(R) > 0, for all C < R < B, (] > 0 is a single-valued (deterministic) constant, and Cs is a
random value defined by a given probability distribution.
When the mean value of the shear modulus p(R), described by (108), does not depend on R, as
C1, R and C are deterministic and C5 is probabilistic, we have

(108)

6
E)
where Var[Cs] is the variance of Co, while the mean value of Cs is C, = 0.

By (3) and (109), the hyperparameters of the corresponding Gamma distribution, defined by (4),
take the form

pu=Cr, Var|u] = Var[Cy] (109)

Ch Var[u]  Var[Cy] RS
1= —) p2 = = =6
P2 Cq C, C6
For example, we can choose two constant values, Cy > 0 and C > 0, and set the hyperparameters for
the Gamma distribution at any given R as follows,
6 6
p1 = g;fzﬁ, p2 = Co%- (111)
By (108), Cy = (u(R) — C1) C3/R3 is the shifted Gamma-distributed random variable with mean
value Cy, = 0 and variance Var[Cy] = p1p3C°/R® = CyC1.

In Figure 13, we show Gamma distributions with p; = 405 - B6/R% and p, = 0.01 - RS/B°. By
(108) and (111), Cop = 0.01 - C®/BS Oy = pu = p1pa = 4.05 and Cy = p(C) — Cy. In particular, for a
shell with infinitely thick wall, as R decreases to C, p1 increases, while ps decreases, and the Gamma
distribution converges to a normal distribution [18,41].

The shear modulus defined by (108) can be expressed equivalently as

51

x° —

(110)
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where u = r3/R3 and z = ¢/C, as denoted in (81).
Next, writing the invariants given by (73) in the equivalent form

L=u*P 4228,  L=u42u723  I3=1, (113)

and substituting these in (75) gives

ow dp du
—2o -3
51 6[1 M+ du d]l ( ! )’ (114)
3 __gal__%di(j —3)
T 8[2_ dudI2 ! ’
where p is defined by (112). Therefore,
3Cy 2% —1 (4 2u® —3u"/3
=0+ 202 T T
4 uv—=113 (u—1)**(u+1) (115)
3 73ng3—12u7/3—3u5/3+u1/3
T4 w1 -1t
and
r2 3C, 23 —1 (2 23 — 3u™/3 +u
—fB1—==C — - — . 116
B 51R2 R Rl b w1t ]) (116)

Recalling the stress components described by (78), and following a similar approach as in the
previous section, we set the pressure impulse as in (87). Then, similarly to (86), using (116), we define
the function

40 [T 5 [C 14w
He) = 303 | << Jo ) o<

T+

20y [* Colqu |2 23 -3P+u
+ C2/ {(§5 —CQ) /43+7 W3 (u—1) !3 - ( 1)2( 0 du p d¢
P 1 S u— U+
= pC?2 z 422+ 234y n (I3+'y>2/3 <x3+,y>1/3
1+ 14~ 1+~
S Gy \ Y3
G [ oa |20 mscer 2(5F) -3(5F) 4
+ 02 (C - ) - dc.
P 1 ¥ ¢

G- (em) P en )
gl +v
We focus our attention on the following limiting cases:

Thick-walled shell. If the shell has an infinitely thick wall, such that v — oo, then (117) takes the
form

Ci | 3 223 — 1 1
Hiz)=—5(2°-1) | 5——— — =
(z) pC?2 (v ) <x3 +22 4 3>

= /IQCG_S&Hdc
pC2 )y E(E ) )
’ (118)
O oy (2 ]
- pC B+a2+x 3
1 2 + 1
+pCC?2[x2+$_glog($2+m+1)+\/§arctan x\/—g —2+310g\f—%

Examples are presented in Figure 14 for the case without impulse or dead-load traction, in Figure 15
for the case when the pressure impulse is given by (87), and in Figure 16 for the case when the
dead-load traction is given by (101).
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Figure 14: The function H (z,~), defined by (118), intersecting the (dashed red) line Cp = 3 (left), and
the associated velocity, given by (90) (right), for a dynamic radially inhomogeneous shell with infinitely
thick wall having inner radius C' = 1, assuming that p = 1 and p follows a Gamma distribution with
p1 = 405/R% and py = 0.01- R®. The dashed black lines correspond to the expected values based only
on mean values. Each distribution was calculated from the average of 1000 stochastic simulations.
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Figure 15: The function H(z,v), defined by (118), intersecting the (dashed red) line 2 (2* — 1) + Co
when pg = 1 and Cy = 1 (left), and the associated velocity, given by (90) (right), for a dynamic radially
inhomogeneous shell with infinitely thick wall having inner radius C' = 1, under impulse traction,
assuming that p = 1 and pu follows a Gamma distribution with p; = 405/R% and py = 0.01 - R®. The
dashed black lines correspond to the expected values based only on mean values. Each distribution
was calculated from the average of 1000 stochastic simulations.
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Figure 16: The function H(x,~), defined by (118), intersecting the (dashed red) line pg (x — 1) + Cy
when pp = 5 and Cj = 0 (left), and the associated velocity, given by (90) (right), for a dynamic radially
inhomogeneous shell with infinitely thick wall having inner radius C' = 1, under dead-load traction,
assuming that p = 1 and yu follows a Gamma distribution with p; = 405/R% and py = 0.01 - R®. The
dashed black lines correspond to the expected values based only on mean values. Each distribution
was calculated from the average of 1000 stochastic simulations.

Thin-walled shell. If the shell wall is thin, such that 0 < v < 1, then the shear modulus defined
by (108) takes the form p = C7 + Cq, and the problem reduces to that of a homogeneous shell with
thin wall (see also [42]).

5 Conclusion

We have studied analytically the dynamic inflation and finite amplitude oscillatory motion of composite
cylindrical tubes and spherical shells with two concentric stochastic homogeneous neo-Hookean phases,
and of inhomogeneous tubes and shells of neo-Hookean-like material with the constitutive parameter
varying continuously in the radial direction. For the homogeneous materials, the shear moduli are
(spatially-independent) random variables, while for the radially inhomogeneous bodies, the shear
moduli are (spatially-dependent) random fields, described by Gamma probability density functions.
We obtain that, under radially-symmetric dynamic deformation, treated as quasi-equilibrated motion,
these bodies oscillate (i.e., their radius increases up to a point, then decreases, then increases again, and
so on), and the amplitude and period of the oscillations are characterised by probability distributions,
depending on the initial conditions, the geometry, and the probabilistic material properties. These
results extend previous theoretical findings for cylindrical tubes and spherical shells of stochastic
hyperelastic material with spatially-independent elastic parameters [41,42].

The particular values of the stochastic parameters in our numerical calculations are for illustrative
purposes only. The propagation of stochastic variation from input material parameters to output
mechanical behaviour is mathematically traceable, offering valuable insights into how probabilistic
approaches can be incorporated into the nonlinear elasticity theory. Other stochastic hyperelastic
models, such as those defined in [46], can also be used instead of the neo-Hookean model. However, for
compressible materials, the theorem on quasi-equilibrated dynamics is not applicable [75, p. 209]. As
our analytical approach relies on the notion of quasi-equilibrated motion for incompressible cylindrical
tubes and spherical shells, the same approach cannot be used for the compressible case. Nevertheless,
standard elastodynamic problems can be formulated, and then treated numerically. Extensions to more
realistic models of stochastic heterogeneous bodies also require computational tools. Our stochastic
analysis can further be extended to other inflation instabilities, such as localised bulging in inflated
circular cylindrical tubes [19,78]. This is likely to occur for all isotropic material models when the
axial stretch is fixed and below a certain threshold value depending on the constitutive model.
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