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We investigate the observability of higher harmonics in gravitational wave signals emitted during the

coalescence of binary black holes. We decompose each harmonic into an overall amplitude, dependent

upon the masses and spins of the system, and an orientation-dependent term, dependent upon the

inclination and polarization of the source. Using this decomposition, we investigate the significance

of higher multipole moments over the parameter space and show that the l ¼ jmj ¼ 3 harmonic is

most significant across much of the sensitive band of ground-based interferometric detectors, with the

l ¼ jmj ¼ 4 harmonic having a significant contribution at high masses. We introduce the higher harmonic

signal-to-noise ratio (SNR), and show that a simple threshold on this SNR can be used as a criterion for

observation of higher harmonics. Finally, we investigate observability in a population of binaries and show

that higher harmonics will be observable in a few percent of binaries, typically those with unequal masses

and viewed close to edge-on. We find that he majority of binaries with mass ratio greater than 4∶1 will have

an observable l ¼ jmj ¼ 3 harmonic.

DOI: 10.1103/PhysRevD.103.024042

I. INTRODUCTION

Gravitational waves emitted during the coalescence of
black hole and/or neutron star binaries are emitted predomi-
nantly at twice the orbital frequency, during the inspiral
phase of the coalescence [1]. However, it is also well known
that the gravitational wave signal cannot be completely
characterized by a single harmonic but, rather, is better
decomposed as a sum of spin-weighed spherical [2,3] (or
spheroidal [4–8]) harmonics. The dominant harmonic is the
ðl; jmjÞ ¼ ð2; 2Þ harmonic, but there is also power in higher
harmonics, most notably the ðl; jmjÞ ¼ ð2; 1Þ; ð3; 2Þ; ð3; 3Þ
and (4,4) harmonics

1
[9,10]. The importance of these addi-

tional harmonics increases as themass ratio between the two
black holes increases and also increases for observed signals
where the late inspiral and merger of the objects contribute
significantly to the SNR [10–28]. Recent semianalytical and
numerical relativity models have provided expressions for
an increasing number of the higher harmonics accurate
across the inspiral, merger and ringdown regimes [8,29–41].
Clear evidence of higher gravitational-wave harmonics

has been observed in two recent observations, GW190412
[42] and GW190814 [43], as well as weaker evidence in the
high-mass system GW170729 [44]. These observations
provide further evidence that Einstein’s general relativity is
an accurate description of gravity, including in the strong-
field, highly dynamic regime of the merger of two black

holes [9,45]. By incorporating knowledge of the higher
harmonics into a search for gravitational waves, the
sensitivity of gravitational wave searches can be improved,
leading to an increase in the rate of observed systems [23];
furthermore these observations would typically be from
less densely populated regions of the parameter space [46],
for example high mass binaries and those with unequal
mass components. Finally, the observation of higher
harmonics enables more accurate measurement of the
properties of system [42,43,47]. For example, the meas-
urement of multiple harmonics can be used to break well-
known degeneracies between the measured distance and
orientation of the system [48], or the mass ratio and spins of
the black holes [49,50].
The observation of other features in the gravitational

waveform, most notably spin-induced orbital precession in
black-hole binaries [51,52] and matter effects in binaries
containing neutron stars [53,54], will also enable more
accurate measurements of the source properties.
Measurements of neutron-star structure have been inferred
from GW170817 [55,56], while there is some evidence for
precession in the black hole binary mergers GW190521
[57] and GW190412 [42]. The inclusion of matter effects
will not affect the applicability of the spin-weighted
spherical harmonic decomposition discussed above, and
we do not consider these effects in this paper.
Orbital precession does change the structure of the

emitted gravitational waveform. The waveform can still
be decomposed into a basis of spin-weighted spherical
harmonics, but now each of the harmonics shows the

1
When we refer to a multipole by the label ðl; mÞ we always

mean ðl; jmjÞ.
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characteristic amplitude and phase modulations associated
with time-dependent evolution of the orbital plane [32].
Alternatively, this can be understood as the splitting of
each gravitational wave multipole into several precession-
induced harmonics, which are offset by multiples of the
precession frequency [32,58,59]. Thus, a full analysis of
the observability of higher multipole moments requires a
detailed treatment of precession. However, for the majority
of events observed to date [60], there is little, if any,
evidence for precession. In this paper, we restrict atten-
tion to aligned-spin systems, which do not exhibit pre-
cession. This will provide good insight into the significance
of higher gravitational wave multipoles in the observed
population.
While the gravitational waveform is comprised of an

infinite number of harmonics, it is the unambiguous
measurement of a second harmonic, in addition to the
ðl; jmjÞ ¼ ð2; 2Þ harmonic, which will lead to a step-
change in our ability to measure the properties of the
system; additional harmonics will then further refine the
measurement accuracy. In this paper, we perform an in-
depth investigation of the importance of the higher har-
monics across the parameter space and identify regions of
the parameter space where particular harmonics are most
likely to make a significant contribution. The amplitude of
each harmonic depends both upon the intrinsic parameters
of the system (its masses and spins, both magnitudes and
orientations) as well as the extrinsic parameters (the
orientation of the binary and the detector network’s
sensitivity to the two polarizations of gravitational waves).
For simplicity, we decompose the harmonics into an overall
amplitude factor, dependent only upon the intrinsic param-
eters, and an orientation dependent term. We then inves-
tigate the significance of each harmonic across the
parameter space.
Next, we turn to the question of when additional

harmonics have been unambiguously observed. From a
model selection perspective, this can be addressed by
considering the evidence in favour of a waveform contain-
ing higher harmonics against one without. Here, we
introduce the higher-harmonic signal to noise ratio, and
argue that it can be used as an alternative method of
establishing the observability of higher harmonics.

2
It is

straightforward to calculate the SNR contained in each of
the higher waveform harmonics, and compare to the
expectation due to noise-only in the higher harmonics.
This approach has been used to verify the observation of
higher harmonics from the binary mergers observed as
GW190412 and GW190814 [42,43].
The structure of the paper is as follows. In Sec. II, we

provide a brief review of the gravitational waveform,
incorporating the higher harmonics, and use this to fix

the notation for the remainder of the paper; in Sec. III we
explore the significance of the higher harmonics over the
parameter space, both intrinsic (masses and spins) and
extrinsic (binary orientation); in Sec. IV we investigate the
observability of higher harmonics and introduce a simple
criterion for detection; finally in Sec. V we investigate
observability for a population of events.

II. THE GRAVITATIONAL WAVEFORM

The measured gravitational wave strain h can be
written as

h ¼ Fþhþ þ F×h×; ð1Þ

where the antenna factors Fþ and F× depend upon the sky
location (right-ascension and declination) of the source, as
well as the polarization of the source. It is often convenient
to explicitly extract the unknown polarization angle ψ

and then consider the detector response to be a known

quantity dependent upon only the details of the detector and
the direction to the source. Thus, we write the detector
response as,

Fþ ¼ wþ cos 2ψ þ w× sin 2ψ ;

F× ¼ −wþ sin 2ψ þ w× cos 2ψ ; ð2Þ

where wþ and w× are the detector response functions in a
fixed frame—for a single detector it is natural to choose
w× ¼ 0 and for a network to work in the dominant
polarization, in which for each sky point the polarization
angle χ is chosen to maximize the network sensitivity to wþ
[62,63]. The relative amplitude of w× to wþ describes the
sensitivity of the network to the second gravitational wave
polarization. The unknown polarization of the source
relative to this preferred frame is denoted ψ .
The radiation-frame gravitational wave polarizations hþ

and h× can be decomposed into multipole moments using
spin-weighted spherical harmonics of spin weight −2,

−2Ylm, which are functions of the inclination angle ι and

a reference phase ϕo (see the Appendix A for a more
detailed discussion of the decomposition).
For binaries with aligned spins, the orbital plane remains

unchanged during the merger, and this provides a natural
fixed basis for the spherical harmonic decomposition.
However, if spin-induced precession is present, the orbital
plane changes during the course of the merger (equivalently,
the inclination angle becomes time dependent). In this case,
it is natural to consider the waveform in a coprecessing
frame, i.e., a frame which is locked to the binary’s orbit
[58,64]. While it is still possible to decompose as a series of
spin-weighted spherical harmonics, each multipole moment
of the waveform in the observer’s frame involves a sum over
multiple harmonics in the coprecessing frame [32]. In this
paper, we restrict attention to binaries which do not exhibit

2
A similar prescription has recently been introduced for

precessing systems [59,61].
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precession. While we do expect generic black hole binaries
to have spins which are misaligned with the orbital angular
momentum (and hence will precess), in the majority of
observations to date [60] there has been little evidence for
precession and low black hole spins are inferred from
current observations. Furthermore, as discussed in [59], the
(2,2) multipole moment of a precessing waveform can be
decomposed into five precession harmonics with the two
leading harmonics providing the majority of the signal
power. A similar decomposition is possible for the higher
ðl; jmjÞ multipoles and, over much of the parameter space,
it is only the leading precession harmonic of the higher
ðl; jmjÞ multipoles that will provide significant power.
Consequently, for many signals with nonzero in-plane spins,
our analysis will remain valid. We leave the detailed
examination of the interplay between precession and higher
harmonics to future investigations.
For a binary merger which does not exhibit precession,

the waveform can be expressed in the frequency domain,
using the stationary-phase approximation, as

h̃þðfÞ ¼
do

dL

X

l≥2

X

l

m¼0

Alm
þ ðιÞeimϕo h̃lmðfÞ

h̃×ðfÞ ¼
do

dL

X

l≥2

X

l

m¼0

Alm
× ðιÞieimϕo h̃lmðfÞ ð3Þ

where dL is the luminosity distance, do is a fiducial distance

used to normalize the waveforms h̃lm. The amplitude

factors Alm are functions only of the inclination angle
and are given below for the most significant harmonics:

A22
þ ¼ 1

2
ð1þ cos2 ιÞ

A22
× ¼ cos ι

A21
þ ¼ sin ι

A21
× ¼ sin ι cos ι

A33
þ ¼ sin ιð1þ cos2 ιÞ

A33
× ¼ 2 sin ι cos ι

A32
þ ¼ 1 − 2 cos2 ι

A32
× ¼ 1

2
ðcos ι − 3 cos3 ιÞ

A44
þ ¼ sin2 ιð1þ cos2 ιÞ

A44
× ¼ 2 sin2 ι cos ι ð4Þ

There is a freedom in choice of overall normalization for
these amplitude factors, which corresponds to an overall

rescaling of the waveform defining each harmonic, h̃lm.
For the ðl; jmjÞ ¼ ð2; 2Þmultipole moment, it is customary

to choose a normalization such that A22
þ ¼ A22

× ¼ 1 for a

face-on system, and we use that normalization here. Since

many of the higher harmonics vanish for face-on systems,
we instead choose a normalization for the higher-harmonic

amplitude factors, Alm
þ;× in Eq. (4), by requiring that for the

plus polarization Alm
þ ¼ 1 at ι ¼ π

2
, i.e., when the system is

edge on.
3

Fig. 1 shows the dependence of the multipole moments
on inclination. The plus polarization of the (2, 2) harmonic
peaks at face-on, while the (2, 1) and (4, 4) harmonics peak
at edge-on. The (3, 2) amplitude factor is maximum at both
face-on and edge-on orientations while the (3, 3) harmonic

peaks at sin ι ¼
ffiffi

2

3

q

. The different dependence of the

harmonics on the binary orientation can lead to the
improved measurement of the inclination, when more than
one harmonic is observed [42,47], breaking the well-known
degeneracy between distance and inclination angle that
arises when observing only the dominant harmonic [48].
During inspiral, the frequency evolution of a multipole,

ωlm, is related to the orbital frequency, ωorb, as ωlm ∼

mωorb [9]. Phenomenologically, it has been qualitatively
observed that during the ringdown the frequency approx-
imately evolves as ωlm ∼ lωorb [5,65]. Thus it is possible to
scale the frequencies of the (2, 2) multipole moment in
quite a simple manner to obtain an approximate phase
evolution of the l ¼ m harmonics, for example the phase
evolution of the (3, 3) multipole moment is approximately a
factor of 1.5 times ω22 [66].

III. THE SIGNIFICANCE OF HIGHER

HARMONICS

In this section, we investigate the observability of the
different ðl; mÞ multipole moments, and how this varies
across the mass and spin parameter space. For concrete-
ness, we restrict attention to a single detector with a
sensitivity comparable to that achieved by the LIGO
observatories during their third observing run [67].
The key metric for waveform observability is the optimal

signal-to-noise ratio (SNR) defined as

ρ̂ ¼
ffiffiffiffiffiffiffiffiffiffiffi

ðhjhÞ
p

; ð5Þ

where we have introduced the inner product weighted by
noise (characterized by a power spectrum SðfÞ) as

ðajbÞ ≔ 4Re

Z

fmax

0

ãðfÞb̃ðfÞ⋆
SðfÞ df: ð6Þ

3
The normalization obtained by directly expanding the spheri-

cal harmonics from Eq. (A2) in Eq. (A6) differs by multiplicative

factors of 1

4

ffiffi

5

π

q

, 1

4

ffiffi

5

π

q

, − 1

8

ffiffiffiffi

21

2π

q

, − 1

4

ffiffi

7

π

q

and 3

16

ffiffi

7

π

q

for the (2,2),

(2,1), (3,3), (3,2) and (4,4) multipoles respectively. The calcu-
lation is presented in Appendix A.
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Consider the situation where the ðl; jmjÞ ¼ ð2; 2Þ har-
monic has been observed, and we are interested in
obtaining an estimate of the expected SNR in the other
harmonics. As is clear from Eq. (3), the SNR in the higher
harmonics will depend upon the detector sensitivity to the

higher harmonic waveform, h̃lm, as well as the amplitude

factor Alm
þ;×.

Let us examine the single-detector case in detail. For
simplicity, we choose a detector sensitive only to the þ
polarization (in the preferred frame), so that w× ¼ 0, and
we take wþ ¼ 1. Furthermore, we simplify the calculation
to consider only two multipole moments, the (2,2) har-
monic and one other generic ðl; mÞ harmonic. The ampli-
tude of each multipole depends on both the intrinsic
properties of the system and the orientation relative to
the network of detectors.
The waveform observed at the detector is

h ¼ cos 2ψðh22þ þ hlmþ Þ − sin 2ψðh22× þ hlm× Þ; ð7Þ

where hlmþ;× are the two orthogonal components for the

ðl; mÞ multipole moment of the waveform. For the explicit
frequency domain decomposition introduced in Eq. (3), we
can write

h̃lmþ ðfÞ ¼ do

dL
Alm
þ ðιÞeimϕo h̃lmðfÞ

h̃lm× ðfÞ ¼ do

dL
Alm
× ðιÞieimϕo h̃lmðfÞ ð8Þ

using the fact that Fþ ¼ cos 2ψ , F× ¼ − sin 2ψ .
A simple substitution of Eq. (7) into Eq. (6) gives the

optimal SNR for a signal comprising two harmonics as

ρ̂2 ¼ cos2 2ψ ½jh̃22þ j2 þ jh̃lmþ j2 þ 2ðh̃lmþ jh̃22þ Þ�
þ sin2 2ψ ½jh̃22× j2 þ jh̃lm× j2 þ 2ðh̃lm× jh̃22× Þ�
− 2 sin 2ψ cos 2ψ ½ðh̃22þ jh̃lm× Þ þ ðh22× jhlmþ Þ� ð9Þ

where the cross terms (sin 2ψ cos 2ψ ) between polariza-

tions for a single mode cancel since ðh̃lmþ jh̃lm× Þ ¼ 0.
The cross terms between different multipole moments,

ðh̃lmþ;×jh̃22þ;×Þ, can be both positive or negative, causing

constructive or destructive interference between the har-
monics. As discussed previously, the frequency during
inspiral scales with m while the ringdown frequency has
been observed to scale approximately with l. Consequently,
there is typically little overlap between the (2, 2) multipole
and multipoles for which both l ≠ 2 and m ≠ 2. Thus, in
many cases, the cross terms between different harmonics
will not make a significant contribution. We examine in
detail the importance of the overlap between different
multipole moments in Sec. III A. For now, we restrict to
the case where these terms can be neglected.
Neglecting the cross terms between harmonics,

ðh̃lmþ;×jh̃22þ;×Þ, we are able to reexpress the optimal SNR as

ρ̂2 ¼ ðcos2 2ψ jh̃22þ j2 þ sin2 2ψ jh̃22× j2Þ
þ ðcos2 2ψ jh̃lmþ j2 þ sin2 2ψ jh̃lm× j2Þ

≕ ρ2
22
þ ρ2

lm: ð10Þ

We have defined, in the obvious way, the power in the (2,2)

and ðl; mÞ multipole moments as ρ2
22

and ρ2
lm respectively.

Next, using the form of hlmþ;× from Eq. (8), we can write

ρ2
lm ¼ ½ðAlm

þ Þ2 cos2 2ψ þ ðAlm
× Þ2 sin2 2ψ �jh̃lmj2; ð11Þ

which is also valid for ðl; mÞ ¼ ð2; 2Þ. The SNR in the
ðl; mÞ harmonic is given by an orientation contribution,

FIG. 1. The absolute amplitude factors of the (2, 2), (2, 1), (3, 3), (3, 2) and (4, 4) harmonics as a function of the inclination ι of the
binary. The (2, 2) multipole moment is normalized to unity at ι ¼ 0° while other multipoles are normalized to unit amplitude in the þ
polarization at ι ¼ 90°. Left: þpolarization, Right: ×polarization.
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dependent upon inclination and polarization, and a term
that depends upon the overall amplitude of the given
multipole moment. Consequently, we can express the
SNR in the higher harmonic as:

ρlm ¼ ρ22αlmRlm; ð12Þ

where αlm encodes the relative, intrinsic amplitude of the
ðl; mÞmultipole moment relative to the (2,2) multipole and
Rl;m encodes the relative size of the orientation factors.

Specifically,

α2
lm ¼ ðh̃lmjh̃lmÞ

ðh̃22jh̃22Þ
ð13Þ

and

R2

lm ¼ ½ðAlm
þ Þ2 cos2 2ψ þ ðAlm

× Þ2 sin2 2ψ �
½ðA22

þ Þ2 cos2 2ψ þ ðA22
× Þ2 sin2 2ψ � : ð14Þ

In general, the relative amplitudes Rlm will depend upon
both the inclination and polarization angles. However, for
the l ¼ m multipole moments, the expression simplifies as
the relative amplitudes are the same for both þ;× polari-
zation. In this case, there is no dependence upon the
polarization angle and

4

R33ðιÞ ¼ 2 sin ι

R44ðιÞ ¼ 2 sin2 ι: ð15Þ

In Sec. III A, we explore the dependence of the relative
amplitudes αlm over the mass and spin parameter space
and, in Sec. III B, the expected distribution of Rlm for a
population of sources.

A. Dependence upon intrinsic parameters

The two important intrinsic parameters determining the
relative power in the higher harmonics are mass ratio and
total mass, with spin effects entering at higher post-
Newtonian (PN) order for most harmonics [10]. The
contribution of a higher harmonic relative to the (2,2)
harmonic generically increases with an increasing mass
ratio. The relative amplitudes of the multipole moments are
independent of the total mass of the system. However the
frequency content of each multipole does depend upon the
total mass and thus, depending on the shape of the detector
power spectral density, certain higher harmonics might be
preferentially observed. In particular, the contribution of
higher harmonics can become more significant at high
masses, for which the merger frequency of the dominant
harmonic lies below the optimal sensitivity of the detector.

In Fig. 2 we show the relative amplitude, αlm, of the four
multipoles that we are considering: the (3,3), (4,4), (2,1)
and (3,2) harmonics. The amplitudes have been calculated
using the PhenomHM waveform [30], for a signal observed
in a detector with LIGO O3 sensitivity [60,67], as a
function of the (detector frame) total mass and mass ratio
of the system.
Over much of the parameter space, the (3,3) harmonic is

the most significant, with the relative amplitude of the (3,3)
harmonic increasing with mass ratio. For example, at a total
mass of 50 M⊙, the (3,3) harmonic has 10% of the
amplitude of the leading harmonic at a mass ratio of
2∶1 and 20% at 5∶1. At high masses, and significant mass
ratios, the relative sensitivity to the (3,3) harmonic is
greater than one third of the (2,2) multipole. The (4,4)
multipole is generally the third most significant, after the
(2,2) and (3,3) harmonics. However, sensitivity to the (4,4)
multipole increases rapidly as the mass of the system
increases so that for total mass above ∼75 M⊙ and mass
ratio less than 2∶1, the (4,4) multipole is more significant
than the (3,3) multipole.
The intrinsic amplitudes of the (2,1) and (3,2) harmonics

are always lower than at least one of the (3,3) and (4,4)
harmonics, over the mass and mass ratio ranges explored in
Fig. 2. As with the other harmonics, their relative impor-
tance increases as the mass ratio decreases and also, for the
(3,2) harmonic in particular, as the total mass increases. The
(2,1) multipole is the only subdominant multipole consid-
ered in this paper which has spin terms in the amplitude at 1
PN order [10]. For this reason, the (2,1) multipole is more
significant for binaries with large antialigned spins: the
intrinsic amplitude roughly doubles for a binary with
effective spin χeff ¼ −0.8, relative to a nonspinning system.
Even then, the relative contribution of the (2,1) harmonic is
less than the (3,3) harmonic.
For the power in these higher harmonics to be observable,

it must be possible to distinguish the signal in the higher
harmonic from the (2,2) harmonic. Generally, it is only the
contribution which is orthogonal to the (2,2) harmonic
which will be observable. Any contribution from the higher
harmonics which is proportional to the (2,2) harmonic will
simply serve to change the power observed in the (2,2).
Consequently, we are interested in knowing whether the
waveforms are orthogonal or, equivalently, in the overlap
between the harmonics. Here, we define the normalized
overlap maximized over the reference phase, ϕo,

Oðlm; 22Þ ¼ Maxϕo
ðh̃lmjh̃22Þ

jh̃lmjjh̃22j
: ð16Þ

The overlap between the (3,3) and (4,4) multipoles with
the (2,2) harmonic is < 10% across the parameter space
explored, as expected due to the fact that the frequency
evolution of these harmonics differs significantly from the
(2,2). However, the overlap of the (2,2) harmonic with the

4
In this case, the cross term between polarizations in Eq. (9)

also vanishes.
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(2,1) and (3,2) multipoles can be significant. These over-
laps are shown in Fig. 3 as a function of total mass and mass

ratio. As the (2,1) multipole has approximately the same

frequency as the (2,2) multipole during ringdown, we

expect a significant overlap at higher masses when the

(merger and) ringdown occur within the sensitive band of

the detector. Similarly, for the (3,2) multipole, the fre-

quency evolution during the inspiral matches closely with

the (2,2) multipole and we therefore expect a significant

overlap between the (2,2) and (3,2) multipoles, particularly

for low masses. Consequently, it can be difficult to identify

these harmonics in the signal. Interestingly, one of the most

significant impacts of the (3,2) multipole can be to produce

an incorrect estimate of the amplitude of the (2,2) har-

monic, and consequently introduce an error in the measured

distance, as power from the (3,2) multipole will be

mistakenly attributed to the (2,2) harmonic [45].

B. Dependence upon extrinsic parameters

The observed SNR in the higher harmonics depends
upon the orientation of the binary, through the Rlm factor
defined in Eq. (14), in addition to the intrinsic amplitude of
the harmonics discussed above. We can make several
immediate observations from Fig. 1 or, equivalently,
directly from the functional form of the spin-weighted
spherical harmonics. The (3,3), (4, 4) and (2, 1) multipoles
vanish for a signal observed face-on (ι ¼ 0), so the
minimum value of Rlm for these harmonics is zero; in
contrast, there is no orientation for which both polarizations
of the (3, 2) harmonic vanishes. Next, there is no orienta-
tion where the (2,2) harmonic vanishes, but the other
harmonics do not—the (2,2) harmonic only vanishes for
the × polarization for an edge-on system, but all other
harmonics we are considering also vanish there. Thus, there
is a finite, maximum value of Rlm for all harmonics, and it’s

FIG. 2. Ratio of the intrinsic amplitude, αlm, [defined in Eq. (13)] of signal harmonics to the (2,2) harmonic as a function of the total
(detector frame) mass and mass ratio of the system, in a detector with sensitivity matching the Advanced LIGO detectors during O3 [67].
Upper left: the (3,3) harmonic; Upper right: the (4,4) harmonic; lower left: the (2,1) harmonic; lower right: the (3,2) harmonic. In all
cases, the spins of the black holes are set to zero. The solid white line corresponds to αlm ¼ 5.3=20 and the dashed line to αlm ¼ 2.1=20,
which correspond, approximately, to the threshold for the higher harmonics being confidently/marginally observable for a signal with
SNR ¼ 20 in the (2,2) multipole. Note that the color bar is normalized differently between the top and bottom row to improve the
visibility of the weaker harmonics.
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easy to see from Fig. 1 that Rmax
lm ¼ 2, which occurs for

edge-on systems.
In Fig. 4 we plot the distribution of the geometrical

factors R33ðιÞ and R44ðιÞ. We have restricted attention to the
(3, 3) and (4, 4) multipoles as these are the most significant,
as seen in Fig. 2, and also the expression for Rlm is
independent of the observed gravitational wave polariza-
tion. We consider the distribution of Rlm for a population
of sources distributed uniformly in volume

5
and with

uniformly distributed orientation. We show both the

distribution of Rlm for a uniform population of sources,
as well as the expected observed distribution. In order to
obtain the observed distribution for R33ðιÞ and R44ðιÞ, it is
sufficient to consider selection effects only on the inclina-
tion angle. If binaries are uniformly distributed in volume
and orientation the distribution of inclinations for signals
above an arbritrary detection threshold is known analyti-
cally [69] [see Eq. (B3)]. This allows us to derive analytical
expressions for the pðR33ðιÞÞ and pðR44ðιÞÞ distributions
shown in Fig. 4, which we do in Appendix B.
For both the (3,3) and (4,4) harmonics, the distribution

peaks at Rlm ¼ 2, the value for an edge-on system, with

mean values of R̄33 ¼ 1.57 and R̄44 ¼ 1.33. However, since
the emission in the (2, 2) harmonic is weakest when the
system is observed edge on, selection effects serve to
significantly reduce the peak in the observed population.

FIG. 3. Absolute value of the noise-weighted inner product between multipoles, evaluated using the Advanced LIGO (O3) sensitivity,
as a function of mass ratio and total mass for non-spinning black holes (χeff ¼ 0). Left: the overlap between the (2,2) and (2,1)
multipoles; Right: the overlap between (2,2) and (3,2) multipoles.

FIG. 4. Distribution of R33ðιÞ and R44ðιÞ for all binaries (Universe) as well as that subset that would be detected above a fixed SNR
threshold for the (2,2) harmonic (Detected). We show both the results from aMonte-Carlo simulation as well as the analytical prediction.

5
Realistically, we do not expect sources to be uniformly

distributed, due to both cosmological effects and a redshift
dependent star formation and, hence, merger rate [68]. None-
theless, this simple model provides a reasonably approximation
to gain an understanding of the likely values of R.
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For the (3, 3) harmonic, the peak remains at Robs
33

¼ 2, but

the distribution is broad, with significant support over the

full range from 0 to 2 and a mean value of R̄obs
33

¼ 1.16. The

mode of the observed Robs
44

distribution is zero, although

again there is broad support over the range from 0 to 2 with

a mean value of R̄obs
33

¼ 0.79.

For other harmonics, the expected distribution of Rlm

will depend upon the sensitivity of the detector network to
the two polarizations of the gravitational wave—the dis-
tribution for Rlm will differ between a single detector,
sensitive to only one polarization, and a network with good
sensitivity to both polarizations. Nonetheless, the distribu-
tion for R21 will share features with R33 and R44, namely it
will take values between 0 (face on) and 2 (edge on), with a
peak at R21 ¼ 2 which is reduced by selection effects in the
observed population. The distribution for R32 will also be
bounded between 0 and 2, although, due to the fact that the
(3, 2) multipole does not vanish for face-on sources, there is
also a significant contribution at R32 ≈ 1 from face-on
sources.

IV. OBSERVING HIGHER HARMONICS

When a gravitational wave signal from a binary merger
is observed, it is natural to ask whether the higher
multipoles have been observed. Typically, the searches
that identify events do not use higher harmonics to extract
events from the data [70–72] (although see [23] for ways
to incorporate them). However, parameter estimation
routines do incorporate higher harmonics into the recovery
of parameters, and a natural way to ask whether higher
harmonics have been observed is to calculate the Bayes
factor (or odds ratio) between parameter recovery with and
without higher multipoles in the waveform [42,43]. In this
section, we show that the SNR in higher harmonics is also
an effective tool in determining observability of higher
harmonics.

A. Measured SNR in higher harmonics

We assume that the (2, 2) harmonic has been observed
and consider the SNR contained in the higher multipoles.
As in Eq. (7), we consider only two harmonics, the (2, 2)
harmonic and a single additional harmonic. Since the (2, 2)
harmonic has been identified, it is straightforward to
calculate the SNR in the ðl; mÞ harmonic, by generating

the h̃lm waveform, with the same masses, spins and arrival
time, and filtering it against the data. If the overlap between
the ðl; mÞ and (2, 2) harmonics is nonzero, then this will
pick up power contained in the (2, 2) harmonic, and it is
necessary to remove it by first computing the orthogonal
component,

h̃⊥lm ¼ h̃lm −
1

jh̃22j2
½ðh̃lmjh̃22Þh̃22 þ ðh̃lmjih̃22Þih̃22�: ð17Þ

Here, h̃22 and ih̃22 denote the two orthogonal phases of the

(2, 2) harmonic. Filtering h̃⊥lm against the data, s, gives

ðρ⊥
lmÞ2 ¼

1

jh̃⊥
lmj2

½ðsjh̃⊥lmÞ2 þ ðsjih̃⊥lmÞ2�: ð18Þ

When the parameters of the waveform are known, or have
been inferred through parameter estimation, we can
calculate the expected SNR in the ðl; mÞ multipole as

ρ̂⊥
lm ¼ ρ̂lm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −Oðlm; 22Þ2
q

; ð19Þ

where ρ̂lm is the expected SNR in the ðl; mÞ harmonic, as
defined in Eq. (12) and Oðlm; 22Þ is the overlap between
the ðl; mÞ and (2,2) waveforms as defined in Eq. (16).
In Fig. 5 we show the inferred posterior probability

distribution for ρ̂⊥
33

for a binary with masses m1 ¼ 40 M⊙,

m2 ¼ 10 M⊙ inclined at cos ι ¼ 0.7 (ι ≈ 45°) and with
ρ22 ¼ 22 under a variety of assumptions for signal and

FIG. 5. Posterior probability distribution for ρ̂⊥
33
, the orthogonal

optimal signal-to-noise ratio of the (3, 3) multipole. The simu-
lated waveform corresponds to system with m1 ¼ 40 M⊙,
m2 ¼ 10 M⊙ and cos ι ¼ 0.7. The two solid histograms show
the posterior distribution when the (3, 3) multipole is included in
the waveform, either with (green) or without (orange) Gaussian
noise. The dotted histogram shows the posterior on the SNR in
the (3, 3) harmonic inferred from the measurement of the (2, 2)
harmonic alone. The vertical line indicates the simulated value of

ρ̂⊥
33

and the dashed lines indicate the expected distribution, based

on a non-central χ distribution with two degrees of freedom and
assuming a flat prior (as derived in Sec. IV B), in the presence and
absence of a signal in the (3, 3) harmonic. Also shown as a solid
brown line is the predicted posterior distribution for a signal with

ρ̂⊥
33

¼ 5.5, but instead using the inferred distribution from the

measurement of the (2, 2) harmonic (the dotted blue histogram)
as a prior. We see general agreement between the predicted and
measured posteriors, with the measured values slightly smaller
than predicted (see Sec. IV C for discussion).
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model.
6
For the simulated signal the relative amplitude of

the (3, 3) harmonic is α33 ≈ 0.18, and the orientation factor
is R33 ¼ 1.4, which implies ρ̂33 ≈ 5.5 and, since the overlap

between (2,2) and (3,3) harmonics is small, ρ̂⊥
33
≈ ρ̂33. The

recovered distribution of ρ̂⊥
33
, both with and without noise

[(3,3) zero noise and (3,3) Gaussian noise in the figure],
matches well with the simulated value but is shifted to
lower values. We discuss this shift in Section IV C.
We can also infer the power in the (3, 3) harmonic even

when we use only the (2, 2) harmonic to recover the
parameters, particularly masses and binary orientation, of

the system. Unsurprisingly, the distribution of ρ̂⊥
33
no longer

matches well with the simulated value and now spreads
over a broad range from 0 to 8. In this case, it seems clear
that the (3, 3) harmonic has been observed, as its inclusion
leads to a significant change in the inferred SNR in the
(3, 3) harmonic.

In Fig. 6 we show the inferred posterior probability
distributions of inclination, distance, polarization and phase
at coalescence using waveform models that do/do not
include the higher harmonics. Although the binary is
generated with the orbital plane inclined at an angle of
ι ≈ 45°, using only the (2, 2) harmonic, the system is
recovered consistent with face-on, due to well-known
degeneracies between distance in inclination [48].
Consequently, the only well measured quantities are the
amplitude and phase of the circularly polarized waveform
that is recovered: A22 ≈

cos ι
DL

and ϕ22 ≈ ψ þ ϕo, with the

inclination bounded between 0 ≤ ι ≤ 45°. When the (3, 3)
harmonic is added, the degeneracy is broken and the
distance, inclination, polarization and phase are all mea-
sured with good accuracy.

B. Expectation due to noise

The question, then, is whether an observed SNR in a
given higher harmonic is evidence that the higher harmonic
has been observed, or if this is to be expected due to noise
alone. Similar questions have been addressed multiple

FIG. 6. 2D Posterior probability distribution for left: inclination and distance, right: polarization and phase at coalescence for a signal
model containing top: only the dominant (2, 2) multipole and bottom: the (2, 2) and (3, 3) multipoles. The simulated waveform
corresponds to a system with m1 ¼ 40 M⊙, m2 ¼ 10 M⊙ and cos ι ¼ 0.7. The solid (dashed) white contours denote 90% (50%)
credible regions. These are not shown for polarization–phase for the (2, 2) waveform, due to the clear degeneracy.

6
All parameter estimates reported in this paper were obtained

with LALInference [73] assuming a HLV network with the
sensitivities achieved during O3 [67].

MEASURING GRAVITATIONAL-WAVE HIGHER-ORDER MULTIPOLES PHYS. REV. D 103, 024042 (2021)

024042-9



times in the gravitational wave literature, for example in
[74–78]. Here, we follow the methods developed in those
earlier papers, focusing on a specific application to higher

harmonics. We calculate the expected distribution of ρ̂⊥
lm

under some simplifying assumptions. Specifically, we con-
sider the scenariowhere measurement of the (2, 2) harmonic
has already fixed the parameters which determine the phase
evolution of the binary (primarily the chirp mass, but also a
combination of aligned spin andmass ratio [78]), the time of
arrival and sky location of the system. Furthermore, we
assume that the ðl; mÞ multipole is the second most
significant (in many cases, this is the (3, 3) harmonic),
and other multipoles do not contribute significantly.
We will treat the overall amplitude and phase of the

ðl; mÞmultipole as unconstrained by the observation of the
(2, 2) harmonic. As shown in Fig. 6, there are degeneracies
in the measurement of distance/inclination and polariza-
tion/phase when observing only the (2, 2) harmonic. The
amplitude of the higher harmonics, and in particular
the (3, 3) and (4, 4) harmonics, varies significantly over
the range 0° ≤ ι ≤ 45° and can therefore be treated as
unconstrained. Similarly, the overall phase of these multi-
poles differs from the (2, 2) by a factor of ðm − 2Þϕo and is
therefore unconstrained by the measurement of the (2, 2)
harmonic. Another way to see this is to look at the posterior
probability distribution for the (3, 3) amplitude inferred
when using a waveform containing only the (2, 2) multi-
pole in Fig. 5. The distribution is broad and has support

across a large range of ρ̂⊥
33
. This argument will only hold for

the subdominant harmonic: once the amplitude of a second
harmonic is fixed, the four orientation parameters of the
binary are determined and, consequently, the amplitude of
the remaining harmonics is significantly constrained.
We are interested in obtaining the expected distribution

for ρ̂lm
7
under the noise-only hypothesis (i.e., only power

in the (2, 2) harmonic). In this case, we are fitting the data
with a template waveform

h̃ ¼ ah̃lm þ ibh̃lm þ ch̃22 þ idh̃22; ð20Þ

where h̃lm and ih̃lm are the two phases of the waveform of
the lm harmonic, a and b control the overall amplitude of

this harmonic, and h̃22, c and d give the contribution of the
dominant harmonic to the waveform. We are interested in
the expected distribution of a and b when there is no power
in higher harmonics. Based upon the discussion above, we
choose a uniform prior πða; bÞ on a and b. In what follows
we neglect the terms related to the dominant harmonic as
they are unaffected, to the level of our approximation, by
the presence of the higher harmonics. The posterior will be

pða; bjsÞ ∝ Λða; bÞπða; bÞ: ð21Þ

where the likelihood of a signal s given the amplitudes a, b
and Gaussian noise is

Λðsja; bÞ ∝ exp

�

−
1

2
ðs − h̃ða; bÞjs − h̃ða; bÞÞ

�

: ð22Þ

Using polar variables ρ̂lm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b2
p

and ϕ̂lm ¼
arctanðb=aÞ, and assuming a uniform prior we can write
the posterior probability distribution for the amplitudes a
and b given a signal s as

pða; bjsÞdadb ∝ Λða; bÞdadb

∝ e½aðsjhlmÞþbðsjihlmÞ−a2þb2

2
�dadb

¼ ρ̂lmdρ̂lmdϕ̂lm

× e½−
ρ̂2
lm
2
þρ̂lm½cos ϕ̂lmðsjh̃lmÞþsin ϕ̂lmðsjih̃lmÞ��:

Defining the matched filter signal-to-noise ratio, ρlm as in
Eq. (18) and the phase

ϕlm ¼ arctan
ðsjih̃lmÞ
ðsjh̃lmÞ

ð23Þ

and marginalizing over ϕ̂lm, we obtain

pðρ̂lmjsÞ ∝ ρ̂lme
½−

ρ̂2
lm
2
�
Z

2π

0

e½ρ̂lmρlm cosðϕ̂lm−ϕlmÞ�dϕ̂lm

∝ ρ̂lm exp

�

−
ρ̂2
lm þ ρ2

lm

2

�

I0ðρ̂lmρlmÞ ð24Þ

where I0 is the modified Bessel function of the first kind.
We recognize Eq. (24) as the noncentral chi distribution
with 2 degrees of freedom and noncentrality parameter
equal to ρlm. In the absence of signal power in the higher
harmonics, the probability distributions for the filters

ðsjh̃lmÞ and ðsjih̃lmÞ are zero-mean, unit-variance
Gaussians and ρlm is chi-distributed with 2 degrees of
freedom.

C. Observation of higher harmonics

In Fig. 7 we show the distribution of ρ̂33, in the absence
of a signal in the (3, 3) harmonic. First, we have the
recovered distribution when performing parameter estima-
tion on a signal containing only the (2, 2) harmonic and
the zero instance of the noise distribution. Based upon the
calculation above, we expect this to follow the χ distri-
bution with two degrees of freedom, and we see that it
does. We also show the distribution for three different
instances of Gaussian noise. In each of these cases, the

7
For simplicity of presentation, we drop the ⊥ from the

equations in the remainder of the section. Where the harmonic
has overlap with the (2, 2) waveform, the calculation should be
understood to be performed with the orthogonal component.
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distribution is expected to follow a noncentral χ distribu-
tion, where the noncentrality parameter is given by the
matched filter SNR in the (3, 3) harmonic—in this case,
there is no signal and any power is simply due to noise.
For two of the noise realizations (Gaussian noise 1 and
Gaussian noise 3), there was minimal power in the (3, 3)
harmonic and the ρ̂33 distribution matches closely with the
zero-noise case. However, in the Gaussian noise 2 reali-
zation, the SNR in the (3, 3) multipole is higher, and the
mode of the distribution is moved significantly away
from zero.
We propose a simple test for the observability of higher

multipole moments in a gravitational waveform: if the SNR
in the second most significant harmonic satisfies
ρlm > 2.1, this signifies the observation of power in the
higher multipole moments. We have argued that the
matched filter SNR, in the absence of signal, will be well
approximated by a χ distribution with two degrees of
freedom. We expect Gaussian noise to produce an SNR
greater than 2.1 less than 10% of the time and therefore
require ρlm > 2.1.

8

The estimate of ρlm can be obtained either by matched
filtering, or by fitting the measured distribution of ρ̂lm from
parameter estimation results and obtaining the noncentral-
ity parameter. Based on this criteria, our third noise trial
would show marginal evidence for presence of the (3, 3)

harmonic. This prescription can be easily extended to a
criterion for confident detection of the higher harmonics: a
“5-sigma” observation could correspond to ρlm > 5.3. In
Fig. 2, we have added contours at values of αlm ¼ 2.1=20
and 5.3=20. These indicate the approximate boundaries
in the mass space where higher harmonics would be
marginally/confidently observed for a signal at SNR ¼
20. Of course, the actual higher harmonic SNR will depend
also on the orientation factor Rlm, which varies between 0
and 2, with a median value around 1 for the (3, 3) and (4, 4)
harmonics.
Next, we return to Fig. 5 and note that the distribution

of ρ̂33 for the signal containing higher harmonics matches
well with expectation—a noncentral χ distribution with
non centrality parameter 5.5—but is shifted to lower
values. A more accurate prediction for the distribution
can be made by revisiting our assumptions. The derivation
of the expected distribution Eq. (24), assumed a uniform
prior for ρ̂33. We note that the dotted histogram in Fig. 5 is
the probability of ρ̂33 before we probe the likelihood
associated with the (3,3) harmonic and so is approximately
equivalent to the prior on ρ̂33. Thus, the prior distribution
is broad but not flat. The solid curve in Fig. 5 shows the
product of the likelihood in Eq. (24) with the prior as
approximated by the dotted histogram. We see that this
results in a more accurate predicted posterior. Remaining
differences between the predicted and measured posteriors
can be sourced to our assumption that the phase evolution
(or equivalently the masses and spins) of the waveform
templates are fixed. During inference, as the masses and
spins are varied, the matched filter SNR is never larger and
is usually lower than the simulated value. By fixing the
SNR to the simulated value we therefore overestimate the
actual value and the distribution is shifted to larger values
of ρ̂33.
An alternative method of establishing the observability

of higher harmonics is to compare the Bayes factor (or
evidence) between a waveform model additionally con-
taining the (3, 3) multipole and a model with only the (2, 2)
multipole [42,43]. The difference in Bayes factor, obtained
by marginalizing the likelihood [73], between the two
parameter estimation runs (with and without (3, 3) har-
monic) is log10 BF ¼ 4.7. We can compare this to our
results on the SNR in the higher harmonics by noting that
an increase in SNR corresponds to an increase of the

likelihood by a factor of ≈eρ
2=2. Our injected value of

ρ33 ¼ 5.5, leads to an estimate of log10 Bayes factor of 6.6
(log10 of the increase in the likelihood). For a more accurate
comparison, we should also account for the prior distri-
bution, as well as the width of the posteriors. Since both the
(2, 2) only and higher harmonic waveforms are described
by the same parameters, the priors are unchanged.
However, as is clear from Fig. 6, the posterior is signifi-
cantly more peaked when the higher harmonics are
included. The improved constraints from the (3, 3)

FIG. 7. Posterior probability distribution for ρ̂⊥
33
, the orthogonal

optimal signal-to-noise ratio of the (3, 3) multipole, when the
simulated signal contains the (3, 3) multipole for a variety of
models and noise realizations. The injected parameters are
m1 ¼ 40 M⊙, m2 ¼ 10 M⊙ at cos ι ¼ 0.7.

8
In [79], the authors propose an observability criterion spe-

cifically for higher harmonics observed during the ringdown of
the final black hole. They require an SNR in each harmonic above
5, corresponding to our 5-sigma detection. In addition, require
distinguishability between the ringdown mode frequencies which
(as can be seen in their Table 1) is virtually always satisfied if the
modes can be observed.
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multipole reduce the prior volume by a factor of ∼2 in the
distance inclination plane (assuming a uniform in volume
prior), and a factor of ∼5 in the polarization phase plane.
This implies the Bayes factor based purely on the increased
likelihood be reduced by a factor of ∼10, equivalent to
reducing the log10 Bayes factor by one to 5.6. Finally, as
discussed above, the higher harmonic SNR is generally
inferred to be smaller than the simulated value. Indeed,
from Fig. 5, the peak occurs at ρ̂33 ∼ 5.0, which corre-
sponds to a log10 Bayes factor of 4.4. This is in close, but
not perfect agreement with the full parameter estimation
result.

V. HIGHER HARMONICS IN A POPULATION

OF BINARY MERGERS

Here, we consider the likelihood of observing the higher
harmonics in signals drawn from a population. To do so, we
generate a large number of potential signals from a given
population and assess which would be observable above a
given threshold and, of those, which would have sufficient
power in the (3, 3) and/or (4, 4) harmonics for them to be
observable (above the threshold of ρlm ¼ 2.1). We choose
a mass distribution of black holes in binary systems where
the mass of the more massive black hole is taken from a
power-law distribution pðm1Þ ∝ m−α

1
and choose the power

law parameter of α ¼ −2.35, while restricting the mass to
lie in the range ½5; 50� M⊙; the distribution for m2 is taken
to be uniform in the range ½5 M⊙; m1�. The spins of the
individual black holes are assumed to be isotropically
distributed, with low spin magnitudes (the magnitude is
a triangular distribution peaked at spin magnitude of zero
and falling to zero at maximal spin) [80]. Binaries are
assumed to be isotropic on the sky, with uniform orienta-
tions and distances distributed uniformly in comoving
volume.

In Fig. 8 we show the subset of this population which
would be detectable with the HLV network operating
at the sensitivities achieved during O3 [67]. More perti-
nently, we also plot the subset from this detected population
which result in gravitational waves with a measurable
signal in the two loudest subdominant multipoles. Over-
all around 5.5% of binaries are expected to have sufficient
power in the higher harmonics for them to be observed. Of
these, the vast majority will have an observable (3, 3)
harmonic (5.3%), with the (4, 4) harmonic observable in
0.85% of binaries, but for the majority of these, the (3, 3)
harmonic will also be observable. Only two to three
observable events in 1,000 from this population are
expected to have an observable (4, 4) harmonic but not

observable (3, 3).
The higher harmonics are preferentially observable in

signals with unequal masses and for binaries which are
significantly inclined. In particular, for binaries with mass
ratio between 4∶1 and 10∶1, the majority of signals will
have observable higher harmonics, and even at a mass ratio
of 2∶1, around 10% of binaries will have observable higher
harmonics. Convolving the observed distribution with the
fraction of binaries with significant higher harmonics gives
a peak of signals with observable higher harmonics around
a mass ratio of 3∶1. Interestingly, for binaries close to equal
mass, it is the (4, 4) harmonic which is more likely to be
observed, and essentially all binaries where the (4, 4) but
not (3, 3) is observed have close to equal masses (between
1∶1 and 5∶4).

VI. DISCUSSION

We have explored the relative significance of the higher
gravitational wave harmonics in binary merger signals. For
simplicity, we have decomposed the harmonics into an
overall amplitude—dependent upon the masses and spins

FIG. 8. The mass ratio, total mass and orientation distribution for a simulated population of black hole binaries, and for that subset of
systems for which the (3, 3) or (4, 4) harmonics are visible. The population is modeled as a power law in masses, with isotropic
distribution of orientations, further details of the population are given in the text. The distribution is shown as a function of Left: mass
ratio; Middle: total mass; Right: orientation. The subset of sources for which the (3, 3) or (4, 4) multipole moment is observable are
shown by the dashed/dotted lines respectively, and those with observable (4, 4) multipole where the (3, 3) multipole is not observable are
shown by the dot-dashed line. We show the observed population divided by 10 as a grey solid line, and on the mass ratio plot, without
reweighting as a black line. The total number of observed binaries in the simulation is 78,000.

CAMERON MILLS and STEPHEN FAIRHURST PHYS. REV. D 103, 024042 (2021)

024042-12



of the system—and an orientation-dependent term—

dependent upon the inclination and polarization. This

allows us to easily identify the most significant harmonics,

and the regions of parameter space where they are most

likely to be observable. As is well known [9,10,47], the

higher harmonics are most significant when the binary is

observed edge on. As expected, our orientation amplitudes

are largest for edge-on systems although, due to selection

effects, we observe that the most likely observed configu-

ration is a binary with axes orientated at around 45° to the

line of sight. In addition, we show that for much of

the binary parameter space, the (3, 3) multipole will be

the most significant subdominant harmonic, with an

amplitude about one tenth of the (2, 2) harmonic for a mass-

ratio 2 binary (over a broad range of masses). The (4, 4)

multipole becomes more significant at higher masses and,

although the relative amplitude is less than 0.1 for much of

the parameter space, it is still the most significant sub-

dominant harmonic for high-mass systems where the two

components have comparable masses.

For signals which are observed at low SNR, it is likely

that at most one additional harmonic will be clearly

observable. Thus, for simplicity, we have introduced an

observability criterion for the second harmonic. In many

cases, the amplitude and phase of the second harmonic is

largely unconstrained by the observation of the (2, 2)

multipole: there are often large degeneracies between the

measurement of the distance and inclination of the binary

and also the polarization and phase [48]. Consequently, in

the absence of a signal, the power in the second most

significant harmonic will be χ2 distributed with two degrees

of freedom, corresponding to the unknown amplitude and

phase of the harmonic. If there is power in the higher

harmonic, the distribution will be noncentral χ2, where the

noncentrality is given by the SNR in the higher harmonic.

We have performed a series of simulations that demonstrate

this expectation is valid. Using this simple observation, we

have introduced a criterion for observation of power in a

higher harmonic: if the observed SNR in the second most

significant harmonic is above 2.1, then this is unlikely to

occur due to noise alone so there is marginal evidence of a

higher multipole signal, while an SNR > 5.3 would

provide strong (“5-sigma”) evidence.

We have identified regions in the parameter space where

higher harmonics are most likely to be observed. These

regions are those where higher harmonics are likely to be

observed, but also which are relatively common in the

underlying population of observed gravitational wave

signals [46]. We find that these correspond to signals with

mass ratios between 2∶1 and 5∶1—for more equal masses,

the higher harmonics are too weak, more unequal mass

binaries are thought to be rarer. Furthermore, the most

likely orientation is for the axis to be inclined at between

30° and 60° to the observer—less inclined systems have

insufficient power in the higher harmonics while more

inclined systems have a weaker overall emission.
There are several applications of the work presented

here. As already mentioned, the criterion for observability
of higher harmonics has been in used, along with other
methods [66], in establishing the presence of power in the
(3, 3) harmonic in the observed signals GW190412 and
GW190814 [42,43]. Furthermore, the method can be used
in a straightforward way to determine whether it is likely
that the higher harmonics will be observable in a given
system, and we have provided an example in the population
study presented in Sec. V. This is directly applicable to
signals observed using a search for the dominant harmonic.
Based upon the observed parameters, we can calculate the
expected power in the higher harmonics and identify the
expected SNR. If significant SNR is expected in higher
harmonics, then it becomes worthwhile to undertake the
(computationally costly) parameter estimation with wave-
forms containing several gravitational wave harmonics.
This will lead either to the observation of higher harmonics,
and the subsequent improvement of parameter measure-
ment, or the nonobservation of higher harmonics and
subsequent restriction of the binary parameters to regions
of the parameter space where the higher harmonic ampli-
tudes are low.
While the method introduced here is straightforward,

there are several clear limitations. Most obviously, the
discussion has limited attention to a single observable
harmonic. In many cases, this will be a reasonable
approximation as there will be one harmonic which is
significantly larger than the others (as can be seen from
Fig. 2). Furthermore, from simple parameter counting, it
seems likely that the observation of a single higher
harmonic will be sufficient to significantly improve param-
eter recovery, most notably the binary orientation.
Nonetheless, the observation of additional multipoles will
provide additional improvements. For a detailed under-
standing of the impact of all of the higher harmonics, a full,
Bayesian parameter estimation exploration of the issue will
be necessary [47]. Additionally, throughout the paper, we
have used a single waveform model, IMRPhenomHM [30]
and checked for consistency with a more recently updated
model IMRPhenomXHM [8]; but results are likely to vary
somewhat with other models of the higher harmonics (for
example, [35,38,39]). Finally, we have restricted attention
throughout the paper to non-precessing systems. Recently,
[59,61], an analysis similar to the one presented here was
performed on precessing systems, again with a focus on the
observability of the two dominant harmonics. For systems
where both higher harmonics and precession have an
significant impact on the waveform, it will be necessary
to combine these approaches to develop a straightforward
categorization of precessing systems with observable
higher harmonics.
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APPENDIX A: SPIN-WEIGHTED SPHERICAL

HARMONIC POLARIZATIONS

The general form for the spin-weighted spherical
harmonics is

sYlmðι;ϕoÞ ¼ ð−1Þm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþmÞ!ðl −mÞ!ð2lþ 1Þ
4πðlþ sÞ!ðl − sÞ!

s

sin2l
�

ι

2

�

×
X

l−s

r¼0

�

l − s

r

��

lþ s

rþ s −m

�

× ð−1Þl−r−seimϕocot2rþs−m

�

ι

2

�

;

which can be written in terms of the Wigner d-functions

dlm−sðιÞ (implicitly defined here)

sYlmðι;ϕoÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2lþ 1Þ
4π

r

dlm−sðιÞeimϕo : ðA1Þ

They have the following symmetries

sȲlm ¼ ð−1Þsþm
−sYlð−mÞ

sYlmðπ − ι;ϕo þ πÞ ¼ ð−1Þl−sYlmðι;ϕoÞ:

The spin-weighted spherical harmonics for the harmonics
we are interested in are

−2Y22
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2
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We can write the gravitational wave polarizations as a sum
of these spherical harmonics with coefficients hlm

hþ − ih× ¼
X

l≥2

X

l

m¼−l
−2Ylmðι;ϕoÞhlm: ðA3Þ

Three properties of hlm help to simplify Eq. (A3).
First, specializing to planar (i.e., nonprecessing) binaries

allows us to write hl−m ¼ ð−1Þlh�lm [1]. Second, in the

frequency domain, h̃�l−mðfÞ ¼ h̃lmð−fÞ�. Finally we make
the further approximation [81] that if we only care about the
waveform in direction n̂ we can neglect one side of the
frequency spectrum, depending on the sign of m. This
approximation is valid in particular where the stationary
phase approximation has been used. We therefore assume,
with the sign convention on the Fourier transform as

h̃ðfÞ ¼
R

dthðtÞeþi2πft, that

h̃lmðfÞ ≃ 0

�

f > 0; m < 0

f < 0; m > 0:
ðA4Þ

With these three properties we can obtain explicit
expressions for the orientation dependence of each of
the harmonics for positive frequencies
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hþ ¼ 1

2

X
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and similarly we can show

h× ¼ i

2

X
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X

l
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½−2Ylmðι;ϕoÞhlm − −2Y
�
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i

2

X
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X
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− −2Y
�
lmðι;ϕoÞh̃lmð−fÞ��

¼ i
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X
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X
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− ð−1Þl−2Y�
l−mðι;ϕoÞ�h̃lmðfÞ: ðA6Þ

where in both cases, we have neglected the m ¼ 0 terms in
the sums as they are not considered in the models we have
used. Finally, we note that we have used a different
normalization convention in the main text, Eq. (3), than
the one typically used in the spin-weighted spherical
harmonic decomposition described in this Appendix.
This has no impact on the results, but merely changes
the values of αlm and Rlm while maintaining the same
values of the SNR in the higher harmonics.

APPENDIX B: DERIVATION OF pðRlmÞ
We now derive the probability distributions in Fig. 4.

Assuming no preferred orientation for binaries in the
universe, the probability density function for cos ι,
pðcos ιÞ, is

punivðcos ιÞ ¼
1

2
ðB1Þ

However, binaries which emit primarily in the 22 multipole
radiate most powerfully in the direction perpendicular to
the orbital plane, j cos ιj ∼ 1. Consequently, the horizon for
the subset of these binaries which are viewed edge-on is
much closer and we preferentially observe face-on binaries.
It can be shown [69] that the radiated power of the
dominant multipole as a function of inclination is

FðιÞ22 ¼ ðA22
þ Þ2 þ ðA22

× Þ2; ðB2Þ

where A22
þ;× are defined in Eq. (4). For a detector sensitive to

only one polarization of gravitational wave, the observed
power will depend upon the polarization. This will also be
the case for a network with different sensitivities to the two
polarization, but not for one equally sensitive to both
polarizations of the gravitational wave. It is possible to
approximately marginalize over the polarization distribu-
tion and obtain a probability distribution for the inclinations
of detected binaries, assuming sources are distributed
uniformly in volume, as [69]

pdetðcos ιÞ ∝ FðιÞ3=2 ¼ ð1þ 6 cos2 ιþ cos4 ιÞ3=2: ðB3Þ

Using these results, it is straightforward to obtain
expressions for the distributions for the expected power
in the (3,3) and (4,4) multipoles, both for a uniform
population of binaries and for those which are observable
above a fixed threshold. The distribution for other multi-
poles can also be obtained but, since in general Rlm will
depend upon polarization angle, the results will be depen-
dent upon the details of the network and its sensitivity to the
two gravitational wave polarizations. For the (3,3) and (4,4)
multipole moments, the relative amplitude depends only on
the inclination angle ι.
To obtain an expression for the probability distribution

for Rlm, we change variables

pðRlmÞ ¼
�

d cos ι

dRlm

�

pðcos ιÞ ðB4Þ

so that, recalling the functional form of R33 and R44 from
Eq. (15), we obtain

punivðR33Þ ¼
R33

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðR33

2
Þ2

q

punivðR44Þ ¼
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðR44

2
Þ

q : ðB5Þ

Assuming binaries are detected with (2,2) harmonic-only
waveforms, we can apply the same weighting factor as
above in obtaining the distributions for the observed
binaries, to obtain

pdetðRlmÞ ¼
�

d cos ι

dRlm

�

pdetðcos ιÞ ðB6Þ

which gives

pdetðR33Þ ∝
�

8 − 2R2

33
þ R4

33

16

�

punivðR33Þ

pdetðR44Þ ∝
�

8 − 4R44 þ
R2

44

4

�

punivðR44Þ ðB7Þ

These distributions are plotted in Fig. 4, and discussed in
the surrounding text.
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