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Abstract

An ac susceptometer is described that can measure up to 3.5 MHz at tempera-

tures ≥ 2 K and in dc magnetic fields up to 1 T by integration with a Quantum

Design PPMS. The susceptometer is described with a detailed explanation of the

calibration procedure. ac susceptibility data on MgB2 and Dy2Ti2O7 measured by

the high frequency susceptometer is presented and compared with data recorded

using a commercial susceptometer which shows good agreement. FeraSpin XS

magnetic nano particles are measured and the ac susceptibility is used to deter-

mine the mean particle radius, which shows good agreement with the literature.

The quantum tunnelling plateau is measured in powder CdEr2Se4 and CdEr2S4

using the high frequency susceptometer. ac susceptibility measurements in dc

magnetic fields reveal field induced coexisting relaxation mechanisms, a thermally

activated and a quantum process. CdEr2Se4 is measured at down to 70 mK and

the two mechanisms are shown to persist to the spin freezing temperature which

is also measured. Single crystal samples of CdEr2Se4 do not show any sign of the

field induced relaxation mechanism at any temperature or field. The single crys-

tal spin freezing temperature is found to be lower than in the powder. A muon

spin rotation experiment in powder CdEr2Se4 finds that the spin fluctuation rates

are orders of magnitude faster than those seen with ac susceptibility.

Muon spin rotation experiments in PVDF and LiY0.95Ho0.05F4 are performed

where the F-µ and F-µ-F quantum states form respectively. Measurements are

performed in zero field and in the presence of an RF photon field. Multiple
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approaches to fitting the zero field data are discussed, including by considering

the state as an open quantum system. A close fit is achieved in LiY0.95Ho0.05F4

but not in PVDF which is attributed to difficulty in accounting for amorphous

regions. The application of the RF field is shown to alter the measured muon

asymmetry. It is shown that the effect of the RF field cannot be accounted by

a rotating magnetic field and therefore the RF field must be manipulating the

occupation probabilities of the state.
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Chapter 1

Introduction

This thesis focuses primary on two experimental techniques: ac susceptibility and

muon spin rotation. They are applied in the study of magnetic spin systems where

the true understanding of the resulting data lies in a microscopic description.

Measurements will be discussed across a wide range of temperatures and magnetic

fields in both the classical and quantum limits. Typified by the microscopic

emergent properties of spin ice and quantum to thermal cross overs in spin flip

time scales. Or the explicitly quantum treatment required to understand the

entanglement of individual particles during muon spin rotation experiments in

fluorinated materials. An outline of the remaining chapters of this thesis is as

follows:

• In the first part of the second chapter there is an introduction to magnetism

and a brief explanation of the origin of magnetism in simple materials. Fol-

lowing this is an introduction to spin ice materials and an explanation of the

properties that has made them the subject of scientific interest. Namely,

the finite residual entropy at 0 K and “magnetic monopole” excitations.

Lastly an explanation of the muon spin rotation technique is given. Cover-

1
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ing the core principles of an experiment and some models commonly used

in the analysis of experimental data.

• The third chapter details the development of an ac susceptometer capable

of measuring up to MHz frequencies with a temperature and field range

previously difficult to measure at. Initially there is an explanation of the ac

susceptibility technique including a discussion of different techniques, con-

ventions and the principles of operation in the induction technique which

is the one used in the aforementioned susceptometer. The design consid-

erations required to measure at high frequency are discussed as well as

how they were overcome. Finally some test measurements are presented to

demonstrate good functionality.

• The fourth chapter is concerned with ac susceptibility measurements in

dipolar spin ice materials: CdEr2S4 and CdEr2Se4. There is an intro-

duction to the materials with a brief discussion of the existing literature.

ac susceptibility measurements in zero field are used to measure the tem-

perature independent plateau. Then ac susceptibility measurements in an

applied magnetic field are presented which demonstrate some unexpected

behaviour. This behaviour is characterised using ac susceptibility across a

range of temperatures and fields in both powder and single crystal samples.

A muon spin rotation experiment in CdEr2Se4 in zero and longitudinally

applied magnetic fields is also performed and discussed.

• The fifth chapter focuses on an entangled quantum state that can occur in

muon spin rotation experiments between the muon and Fluorine nuclei. It

focuses primarily on attempts to accurately fit to experimental data using

multiple approaches to modelling the decay of the state. It also covers two



3

experiments in which an RF coil was used to excite the systems between

energy levels, in an attempt to manipulate the state populations of the

system.



Chapter 2

Background Theory

2.1 Magnetism

Semi-classically, magnetic fields are produced by two main mechanisms[1]. Firstly

they emerge any time you have a movement of charged particles. Perhaps the

most well known instance of this is the movement of charges when a current is

present in a wire, in which case a circular magnetic field is produced around the

wire. In the case that this wire is a small loop connected at both ends, then

the loop produces a magnetic dipole the strength of which is proportional to the

current and the area of the loop. This dipole is known as the magnetic dipole

moment of the loop. This is true even for a single charged particle moving in a

loop, all that is required is that the charged particle has some momentum[1].

All particles that make up every day matter have an intrinsic magnetic mo-

ment associated with them. This magnetic moment does not come from motion of

the particle but is instead an intrinsic property, indicative of an intrinsic angular

momentum[1]. The magnetic dipole moment is given by

4
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~µ = g
q

2m
~S (2.1)

where ~µ is the particle magnetic moment, g is the g-factor which is a dimensionless

constant, q is the particle charge, m is the particle mass and ~S is the particle’s

spin angular momentum. The particle angular momentum is related to the spin

quantum number[1] s by |~S| = ~
√
s(s+ 1), where ~ is the reduced Planck’s

constant. The spin quantum number is the number being referred to when a

particle is described as having a certain spin value, for instance a spin-1/2 particle

has s=1/2.

Spin is the fundamental property of the particle that gives it its magnetic

moment. It is so named because it was once thought the moment was produced

by the particles spinning about their axes[1]. The spin of a particle is indicative

of it having some angular momentum however it is now known that particles such

as electrons are point particles and so such rotations are not well defined. Spin

is the second mechanism by which magnetic fields are produced.

2.2 Magnetic Materials

Magnetic materials get their properties from the magnetic properties of the atoms

within them, typically from the electrons around the atoms although the nu-

clei can also be magnetic. The magnetic properties of an atom’s electrons are

produced by both of the aforementioned mechanisms, with contributions from

the electron spin and from the electron orbital angular momentum, ~L, where

|~L| = ~
√
l(l + 1). The electron orbital angular momentum comes from the or-

bitals that the electrons occupy, with the l quantum number indicating the oc-

cupied electron shell: l = 0 for s-shell, l = 1 for p-shell etc[1].
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The total angular momentum of the atom, ~J is given by ~J = ~L + ~S. The

atoms total dipole moment is given by

~µ = gJµB ~J (2.2)

where gJ is the Landé g-factor and µB is the Bohr magneton which is a constant

derived from the magnetic moment of an electron. Similarly to before | ~J | =√
j(j + 1), where j is the total angular momentum quantum number. In an

atom with multiple electrons ~L and ~S will generally be determined by Hund’s

rules (explained in the following section), assuming the atom is in the ground

state[1].

2.3 Hund’s Rules

Hund’s rules are used to determine the ground state of an atom with multiple

electrons[2]. When determining the electron configuration with the lowest energy

(the ground state) first one fills all of the electron orbitals in order of their energy

until a point is reached at which there are not enough electrons to fill the next

shell. Hund’s rules are then used to determine the electron configuration in that

shell and are as follows.

The first rule is that the electron orbitals in an electron shell should be filled

such that the total spin, S, is maximised. Intuitively this can be understood as

using as many orbitals in the shell as possible, filling each one with one electron

first before adding to each orbital a degenerate electron with their spins in the

opposite alignment. This minimises the Coulomb repulsion between them.

The second rule is that the total angular momentum, L, should be maximised.

This allows the electrons to stay farther apart from one another, reducing the
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energy cost associated with the electrostatic repulsion between them.

For the third rule the lowest energy state is dependent on whether the electron

shell is more or less than half full. If it is more than half full then the lowest

energy state is given by J = |L + S|, if it is less than half full the lowest energy

state is given by J = |L− S|. The physical origin for this is less clear but is the

result of the spin-orbit interactions and is only really relevant for larger atoms.

As an example of Hund’s rules in action we will consider the Pr3+ ion. Praseodymium

has an atomic number of 59 and so for Pr3+ there are 56 electrons to place[2].

Filling all the electron shells in terms of energy first we find that all the shells up

to and including the 5p shell are filled. Leaving 2 electrons to go into the 4f shell.

Firstly we arrange the electrons such that S is maximised, which is achieved

by arranging the electrons with S=1. This can be done by putting each electron

in its own orbital, the 4f shell has 7 available orbitals (for a possible maximum of

14 electrons) so there is no need to doubly occupy them. Secondly L is maximised,

the f orbital has l = 3 with 2l + 1 possible states allowed which are indicated

by the quantum numbers ml = −l,−l + 1, ..., l − 1, l. To maximise L the first

electron will take ml = 3 and the second ml = 2 to give L = 5. Lastly because

the shell is less than half full the total angular momentum J is given by |L− S|

and so J = 4 for Pr3+ in the ground state.

In some cases (such as in the spin ice materials discussed later) the crystal

electric field (CEF) can change the lowest energy configuration of ~L and ~S such

that Hund’s rules do not lead to the ground state[3]. The CEF is the static electric

field from the charge distribution in the crystal and is considered as a continuous

position dependent field. It describes the electrostatic interaction between an ion

and its environment.
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2.4 Susceptibility and Ordering

The magnetisation, ~M , is a measure of the total magnetic moment of a sample

from all of its constituent magnetic ions, normalised by the sample volume (or

occasionally mass)[1]. If the spins are unpolarised they will cancel out over the full

sample and in which case ~M = 0, this is the case in a paramagnetic material that

is not in the presence of any magnetising magnetic fields, ~H. If a magnetic field

is applied to a paramagnetic material it will tend to align the spins along its axis

such that ~M becomes non-zero. In small magnetic fields the relationship between

~M and ~H is often linear and related by a constant of proportionality called the

magnetic susceptibility, χ. If χ >0 then the sample is said to be paramagnetic.

For an ideal paramagnetic material the relationship between ~M and ~H will be

governed by the Brillouin function [1], which is also a function of temperature

and j of the magnetic ions.

For some materials, χ < 0 and the application of a magnetic field causes the

spins to align in opposition to the magnetic field. Diamagnetism is a quantum

mechanical effect that is present in all materials.

In some materials the spins can experience long range order and be aligned

( ~M > 0) without an applied magnetic field. These materials are called ferro-

magnets (or occasionally permanent magnets). The magnetisation can be the

result of an applied magnetic field that has since been removed, or the result of

spontaneous alignment if the sample is cooler than its Curie temperature. These

materials exhibit hysteresis between ~M and ~H so χ is not well defined.

Long range order can also be realised in materials for which ~M = 0. This can

occur when the spins align antiparallel to their neighbours in a repeating pattern.

This phenomenon is called antiferromagnetism and can occur spontaneously when
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the sample is cooled below its Néel temperature. Similar to antiferromagnetism is

ferrimagnetism in which not all the magnetic moments have the same amplitude

and so ~M can be non-zero.

2.5 Superparamagnetism

Superparamagnetism is a phenomenon that can occur in particulate samples made

from ferromagnetic or ferrimagnetic materials[2]. It can occur when the particle

size is small enough for the whole particle to be composed of a single magnetic

domain, typically particle sizes of the order of 10 nm or less are required de-

pending on the material in question. In the absence of a magnetic field the net

magnetisation of the sample is 0 (despite the moments being ordered) because the

particle magnetisations are all in random alignments. However the application

of a magnetic field will cause a net magnetisation in the direction of the field as

if the sample were paramagnetic. The iron oxide nanoparticles briefly discussed

toward the end of the following chapter are an example of this.

2.6 Curie-Weiss Law

At temperatures well above any magnetic transition the magnetic susceptibility

of a material with localised magnetic moments will typically obey a simple Curie-

Weiss law which is given by

χ =
C

T −ΘCW

(2.3)

where, C is the Curie constant and ΘCW is the temperature at which the material

is expected to undergo a transition. If ΘCW is positive then the material is
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expected to undergo a transition to a ferromagnetic sate, in this case ΘCW is

typically referred to as the Curie temperature, TC . If ΘCW is negative then the

material will undergo a transition to an antiferromagnetic state, in which case

ΘCW is known as the Néel temperature, TN .

2.7 µeff , µFI and µsat

Often the purpose of measuring ~M is to determine information about the in-

dividual magnetic moments in the sample, such as their magnitude and any

anisotropies. In this case ~M is often presented as the magnetic moment per

ion, for which there are three related values of interest µeff , µFI and µsat.

µeff is the effective magnetic moment of an ion. It is often used in cases where

the measured magnetic moment of an ion is not the same as the actual magnetic

moment of an ion (it can also be used in cases where it is not known whether the

measured moment is the same as the actual moment). This can happen because

of a number of reasons, as an example it can occur if magnetic anisotropy in the

material prevents the moments from orienting in the measurement direction. If

the magnetic moments were able to freely align with the field then their measured

moment may be different, this moment is known as the free ion moment µFI .

If the moments in the material are able to freely align with the magnetic field

then µFI will be the same as the saturated moment, µsat, which is the moment

per ion when the sample has been magnetically saturated. Magnetic saturation

in this case meaning that the sample magnetisation has reached its maximum

value, and further increasing the applied magnetic field yields no increase in the

magnetisation.
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2.8 Ac Susceptibility

In an ac susceptibility measurement a magnetic field, H(t), oscillating sinusoidally

at a frequency, f , is applied to the sample under investigation and its dynamic

magnetisation, M(t), is measured[4, 5, 6]. This allows for a frequency dependent

measurement of the susceptibility that can provide information about dynamic

magnetic processes within the sample. The ac susceptibility can be represented

as a complex quantity: χac(ω) = χ′(ω)−iχ′′(ω), where ω = 2πf . χ′(ω) is referred

to as the real part or the in phase component and is in phase with the excitation

field. χ′′(ω) is referred to as the imaginary part or the out of phase component

and is 90 degrees out of phase with the excitation field. The negative sign is a

convention. For the remainder of this chapter χ′(ω) and χ′′(ω) will be written

without the brackets as a shorthand.

Calculating the amplitude of the ac susceptibility at a given frequency can

be done by dividing the amplitude of the oscillating sample magnetisation by

the amplitude of the oscillating magnetic field. If the amplitude of the oscillat-

ing field is small and the frequency is slow compared to any intrinsic relaxation

mechanisms in the sample then χac = dM/dH, where dM is the amplitude of the

magnetisation, dH is the amplitude of the oscillating magnetic field and dM/dH

is the gradient of the M(H) curve. For this relationship to be true it is assumed

that the sample magnetisation responds linearly to the excitation field. Whether

the response is linear or not will depend on how rapidly the gradient of the M(H)

curve is changing and the magnitude of dH. Ensuring that dH is small enough

to stay within the linear region is important to maintaining accurate results.

Another important concept that underpins ac susceptibility is the fluctuation-

dissipation theorem. The fluctuation-dissipation theorem is that if the system
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under investigation is in equilibrium with a small field then any response to that

field could also occur due to random intrinsic processes [7].

Most magnetic materials will have some internal magnetic dynamics that oc-

curs on some typical time scale, τ , which is often referred to as the relaxation

time. When performing an ac susceptibility measurement at frequencies that are

small compared to the inverse of the relaxation time (ω << 1/τ) then the system

under investigation can respond in phase with the excitation field and so χ′′ = 0.

This purely real susceptibility is often referred to as the isothermal susceptibility,

χT , which is defined as χ′(ω → 0) and provides information about the gradient

of the M(H) curve at the current applied DC field and temperature. In simple

paramagnetic materials this relaxation time is often very short and so χT can be

measured up to very high frequencies (often beyond the upper frequency range

of the instrument).

If the current measurement frequency is comparable to 1/τ , then the real

time response of the system will begin to lag behind the excitation field. This

is the reason for the χ′ − iχ′′ convention and is required so that the value of χ′′

is positive as illustrated in figure 2.1. In this regime χ′′ will be non-zero and χ′

will gradually roll off with increasing frequency. χ′′ will have a peak centred on

a frequency corresponding to 1/τ and any asymmetry or broadening of this peak

provides information about the distribution of internal relaxation times if one is

present [8, 9, 10, 11].

At ω >> 1/τ then χ′′ is 0 and χ′ will now be a quantity known as the

adiabatic susceptibility, χs, which is measured as χ′(ω → ∞). The adiabatic

susceptibility is a thermodynamic property and represents the spin-spin response

to the excitation field, and contains no spin-lattice or thermal contributions.

Ac susceptibility has many uses in the field of condensed matter research. It
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can be used for thermometry [12] where the known temperature evolution of a

sample is used to determine environment temperature or superconductivity [13]

where it can provide information about the critical temperature, geometry and

penetration depth. Example applications in magnetism include the study of spin

glasses [14], magnetic nanoparticles[15] and magnetic phase transitions[16].
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Figure 2.1: Real time response of a magnetic material to an ac excitation field
for typical values of χ′ and χ′′ with χT=0.7 and χs=0.2 using the convention
χ = χ′ − iχ′′

2.9 The Debye, Cole-Cole, Cole-Davidson & Havriliak-

Negami Equations

In an ac susceptibility measurement it is often useful to fit to the experimental

data in order to determine the parameters of the system such as χs or τ . For

instance χs maybe of interest because it is representative of some thermodynamic

properties[17]. Some typical models for doing so are discussed here.
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If the sample exhibits only a single well defined relaxation time then the ac

susceptibility can be modelled by the Debye equation which is given by

χ′ − χ′′ = χs +
χT − χs
1 + iωτ

. (2.4)

If there is not a single well defined relaxation time but instead a distribution

of them, the shape of the response will be slightly different. One model for such

a scenario is given by the Cole-Cole model where the ac susceptibility response

is modified by the introduction of a parameter α

χ′ − χ′′ = χs +
χT − χs

1 + (iωτ)(1−α)
. (2.5)

The effect of α is to broaden the peak in the imaginary part and it can take values

between 0 and 1. If α=0 then there is no distribution in relaxation times and

equation 2.5 reduces to Debye relaxation.

The Cole-Cole model assumes a distribution of relaxation times that is sym-

metric on a logarithmic scale however this is not necessarily the case. An asym-

metric distribution of relaxation times can be modelled using the Cole-Davidson

model which instead introduces a parameter β

χ′ − χ′′ = χs +
χT − χs

(1 + iωτ)β
. (2.6)

β has the effect of skewing the imaginary part of the ac susceptibility can take

values between 0 and 1. For β=1 it again reduces to Debye relaxation.

Finally a more general equation exists that encompasses both cases and is

known as the Havriliak-Negami equation
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χ′ − χ′′ = χs +
χT − χs(

1 + (iωτ)(1−α)
)β . (2.7)

2.10 Relaxation Processes

The magnetic relaxation processes represented by τ can be the result of many

different mechanisms. Often some information about those mechanisms may be

gleaned by determining the temperature dependence. If there is temperature

dependence then it is likely that the relaxation is thermally activated, thermally

activated meaning that the energy for the response is obtained from the thermal

energy of the system. In this thesis two models for thermally activated processes

are employed as part of the analysis.

The first model is the Arrhenius law which is a general model for a thermally

activated process and is not based on a specific feature or behaviour of the system

under investigation. The temperature evolution of an Arrhenius law is given by

τ = τ0e
Ea
kBT (2.8)

where τ0 is an intrinsic relaxation time scale of the system, Ea is an energy

scale associated with the relaxation, kB is Boltzmann’s constant and T is the

temperature.

The second model is similar and is the Orbach process[18], which is relevant

when you have a ground state doublet with a small energy energy difference

between the states of the doublet but a large energy gap to the first excited

state[19]. In this case the system can go from being in one state to the other by

absorbing a phonon of the correct energy which excites it to the first excited level,

from which it re-emits the phonon relaxing back into the ground state doublet in



16 CHAPTER 2. BACKGROUND THEORY

the different state to the initial one. The temperature evolution of the Orbach

process is given by

τ = τ0

(
e

∆
kBT − 1

)
(2.9)

where ∆ is the energy gap to the first excited level.

If there are no phonons of the correct energy present to mediate an Orbach

process (and no other mechanisms are possible) then classically it is expected

that there should be no relaxation. That is, in the absence of energy to mediate

a relaxation the system should become static. However this is not always the

case and it is possible that relaxation can still occur through non-classical means.

Relaxation could occur as the result of quantum tunnelling events between the

two states of the ground state doublet without the need to go via the first excited

level[6]. In this case the relaxation time depends only on the size of the energy

difference between the doublet states and not on the temperature[20]. Because

the relaxation time will be independent of the temperature then if temperature

independence is observed then that is evidence the relaxation is the result of

non-classical behaviour.

2.11 Demagnetising Fields

The magnetic flux in the region of a magnetised material is given [21] by

~B = µ0

(
~H + ~M

)
(2.10)

where µ0 is the permeability of free space and ~B is the magnetic flux. Outside

of the sample, the ~H field and the ~B field are the same except for the constant
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of proportionality µ0 because free space cannot be magnetised. In contrast, ~M

is the result of the magnetisation of the sample and only exists in the interior

of the sample. This has the consequence that at the surface of the material the

~M field suddenly stops which causes its divergence to be non-zero there. So if

∇· ~M 6= 0 at the surface of a material, in order not to violate Maxwell’s equations

(which require ∇· ~B = 0) then ∇· ~H = −∇· ~M . The same must be true at the

opposing surface but∇· ~H and∇· ~M will have different signs there. This means

that on the surfaces of the material in question there are sources and sinks of the

magnetic field provided that those surfaces are perpendicular to ~M . Figure 2.2 is

an illustration of the ~B, ~H and ~M fields in the interior and exterior of a uniformly

magnetised cylindrical bar magnet. It shows how the ~M field suddenly stops at

the surface and how ~H opposes ~M in the interior such that ∇ · ~B = 0 at the

surface.

The surface divergences in ~H will produce a ~H field between them (through

the sample) which is in an opposing direction to the applied magnetising field,

~Ha, and to the sample magnetisation. The produced field is referred to as the

demagnetising field, ~HD, which acts to reduce the total field, ~HT , in the interior

of the sample. The strength of ~HD depends only on the strength of ~M and on

the geometry of the sample. The strength and direction of ~HD is not necessarily

a simple function of ~M and it can be different at different positions within a

sample.

If a sample has an ellipsoidal shape then the demagnetisation effect will be

uniform in its interior. Additionally, if a sample has a uniform susceptibility

and a high symmetry shape then it is usually sufficient to consider an average

demagnetising field[23]. In both of these cases the demagnetising field is given by
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Figure 2.2: Illustrations of lines of ~B, ~H and ~M in the vicinity of a magnetised
cylindrical bar magnet. Contour lines are shown with field directions. Figure
re-used from ref. [22].

~HD = −N ~M (2.11)

where N is the demagnetisation factor that depends on the geometry of the

sample only. N is in bold because it is a tensor quantity as its value is dependent

on the relative orientations of the sample and ~Ha. In SI units N can take values

between 0 and 1. If the sample is shaped like a needle aligned with ~Ha then

N = 0 along the long sample axis, this is true for any long and thin sample.
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At the other end of the scale, in the case of an infinitely wide and thin sample

perpendicular to ~Ha (such as a thin disc) N = 1 in the direction of the field.

Analytic solutions for N exist for ellipsoidal samples [24][25]. Analytic solutions

for the average N in a sample exist for cylinders [26] and for prisms[27], for other

sample shapes it is usually necessary to perform a finite element analysis. When

measuring powder samples it is also necessary to consider how tightly packed

the powder is[28, 29]. In the case of a powder with spherical grains then the

demagnetisation factor is given by

N =
1

3
+ f

(
NS −

1

3

)
(2.12)

where, f is the relative density or packing fraction andNS is the demagnetisation

factor the sample would have if it were not made up of a powder.

It can be essential to take demagnetisation effects into account when calculat-

ing the susceptibility of a sample because the field experienced by the atoms in

the sample is smaller than the one being applied. Simply dividing the measured

magnetisation by the applied field will result in a quantity called the apparent

susceptibility, χapp, which differs from the true or intrinsic susceptibility, χtru,

which is generally the quantity of interest. Assuming the magnetisation is in the

same direction as the applied magnetic field the two quantities are related to each

other through[30]

χtru =
M

Ha −NM
=

(
1

χapp
−N

)−1

(2.13)

where M and Ha are the magnitudes of ~M and ~Ha. N is the demagnetisation

factor which is no longer a tensor because only one direction is being considered.

The same effect will also occur when performing ac susceptibility measure-
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ments. For ac susceptiblity measurements the relationship between the complex

apparent susceptibility, χ′app− iχ′′app, and complex true susceptibility, χ′tru− iχ′′tru,

is given by

χ′tru − iχ′′tru =
χ′app −N

(
χ′app

2 + χ′′app
2
)
− iχ′′app

1− 2Nχ′app +N
(
χ′app

2 + χ′′app
2
) . (2.14)

This has the important consequence that both of χ′tru and χ′′tru depend on both

χ′app and χ′′app. Which means that the value of N can impact the location of the

peak in χ′′app, and therefore the measured value of τ if the correction is not applied

properly.

Because χtru is almost always the quantity of interest, it is usually the quantity

meant when the distinction is not made i.e. χ ≡ χtru and χ′ − iχ′′ ≡ χ′tru −

iχ′′tru. Additionally it has been assumed in this section that χ and M values are

normalised by volume and not by mass. When working with mass magnetisations

and mass susceptibilities equations 2.13 and 2.14 are slightly different and also

depend on the density of the material, ρ. The versions of equations 2.13 and 2.14

for mass susceptibility can be obtained by substituting in χtru,mass = χtru/ρ and

χapp,mass = χapp/ρ. Additionally equation 2.14 is slightly different in the cgs unit

system[31].

2.12 Magnetic Interactions

2.12.1 Dipole-dipole Interaction

When magnetic ions are present in a material they may interact with one another.

There are many mechanisms by which this can occur however for this thesis it

will only be necessary to consider two of the simplest mechanisms; the magnetic
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dipole-dipole interaction and the exchange interaction.

The first, the dipole-dipole interaction is a direct result of the magnetic field

produced by a magnetic moment. Surrounding each magnetic moment is a mag-

netic flux given by

B(r) =
µ0

4π

(
3r (m · r)

r5
− m

r3

)
. (2.15)

Any other magnetic moments present in the vicinity of that magnetic field

then have a potential energy given by

H = −m ·B (2.16)

so that the potential energy of the interaction between two dipoles is given by

H =
µ0

4π

(
m1 ·m2

r3
− 3 (m1 · r) (m2 · r)

r5

)
. (2.17)

A key feature of equation 2.17 is the presence of r which has two key impli-

cations. Firstly, the relative spatial positions of the two moments has an impact

on the nature of the interaction, if there exists some anisotropy in the orienta-

tions the moments can take then this can have a significant influence on their

behaviour. Secondly, the r dependence also indicates that eq. 2.17 is long range

and can lead to interactions across many moments at once.

The dipole-dipole interaction is essentially the same interaction as can be seen

when two bar magnets are brought into the vicinity of one another.
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2.12.2 Exchange Interaction

Unlike the dipole-dipole interaction, there is no similar macroscopic version of

the exchange interaction which is completely quantum mechanical in nature. For

fermions the exchange interaction occurs because the total wave function of a pair

of identical fermions must be anti-symmetric with respect to exchange of the par-

ticles. The total spatial wavefunction of two identical fermions will be symmetric

as a result of their being identical. Because the particles are indistinguishable

then swapping their positions cannot change their spatial wavefunction. This

means that in order for their total wavefunction to be antisymmetric, the spin

wavefunction will have to be antisymmetric. This can be realised by having their

spins in opposition to one another. The Hamiltonian of the exchange interaction

between two fermions is given by

H = −2JS1 · S2 (2.18)

where, J is the exchange constant, S1 is the spin of the first particle and S2 is

the spin of the second particle.

2.13 Geometric Frustration

Geometric frustration occurs in systems where there exists some geometric con-

straint that prevents the system from satisfying all of the present interactions.

In other words, there are competing interactions attempting to impose different

conditions that cannot all be realised simultaneously.

A common example of a geometrically frustrated system is found in figure 2.3,

which depicts three spins on the vertices of an equilateral triangle. Here spins is
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Figure 2.3: Example of a frustrated magnetic system with AFM interactions be-
tween magnetic moments on the corners of an equilateral triangle.

used as a shorthand for particles with spin. In this example the spins have anti-

ferromagnetic (AFM) correlations with each other, meaning that they will try to

align anti-parallel to each other. The spins at the top and lower right vertices have

aligned anti-parallel and have therefore satisfied the AFM correlation between

them, however it is not clear which way the spin in the lower left vertex should

point. It cannot be anti-parallel with both of the other spins and so it is frustrated.

There is no reason for that spin to be the frustrated one instead of the other two

and so each of the spins experiences the same dilemma and are frustrated.

Scaling the problem up to three dimensions a similar problem is realised for

spins on the vertices of a tetrahedron [32]. In this case each spin has three

neighbours that it will try to align anti-parallel with, a condition which cannot

be realised.

In both of these systems there is no single preferred state that minimises the
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energy of the system. In fact this is a common feature of frustrated systems, that

the ground state (lowest energy state) of the system will be degenerate.

In frustrated materials it is typical that they will not order magnetically even

as they are cooled below their value of TC or TN . The susceptibility will continue

to obey the Curie-Weiss law to lower temperatures until the system reaches a

temperature at which the moments freeze out and deviates from the Curie-Weiss

law, this temperature is known the spin freezing temperature, Tf . The ratio of

these parameters is sometimes used as a measure of how frustrated a system is

and is known as the frustration index, f , which is given by f = |ΘCW |/Tf .

2.14 Spin Ice

Frustration can still occur on a tetrahedron if there are ferromagnetic (FM) inter-

actions but there must also be some other geometric constraints on the system.

In spin ice there are Ising-like rare earth ions sitting on the vertices of a network

of corner sharing tetrahedra (as in figure 2.4 c), with net FM interactions. The

additional geometric constraint takes the form of a strong anisotropy in the CEF.

The CEF constrains the ion spins to point along their local 〈111〉 directions which

are directly toward the centre of their tetrahedron (pointing in) or directly away

(pointing out). The CEF constraint prevents the ion spins from simply aligning

to satisfy their FM interactions. As a result the system is frustrated.

The ground state of spin ice is realised when each tetrahedron has two spins

pointing in and two spins pointing out, a condition referred to as the Bernal-

Fowler ice rules[34] or simply the ice rule. The ice rule is so named because

it was first discovered governing the positioning of hydrogen atoms in water ice

(H2O)[35]. In water ice, each oxygen ion is near to four hydrogen ions. For each
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Figure 2.4: a) Bernal-Fowler ice rules obeyed by oxygen ions (hollow circles) and
hydrogen ions (black circles). b) Equivalent mapping to spin orientations in spin
ice. c) pyrochlore structure of rare earth ions in spin ice with spin orientations
indicated in the lower left tetrahedron, elsewhere the spin orientation is indicated
by a white circle for ‘in’ or black circle for ‘out’. Figure re-used from ref [33].

oxygen ion there are two hydrogen ions that are close, and two that are farther

away [34], one such configuration is shown in figure 2.4 a). There are 6 ways to

position the hydrogen ions around an oxygen ion that satisfy the ice rules. By

mapping close hydrogen ions to spins pointing in and far ions to spins pointing

out (figure 2.4 b), the rules are the same in spin ice. This is where the ice part

of the name spin ice comes from.

The degeneracy of the ground state also leads to a residual entropy at 0 K. To

calculate the value of the entropy, first consider that for each rare earth ion there

are two possible configurations, in and out. Based on that the multiplicity of the

ground state would be 22N where N is the number of tetrahedra (or a quarter of

the number of rare earth ions). However this does not account for the effect of the

ice rules. Without the ice rules there are 16 possible ways to orientate the spins on

a tetrahedron, but only 6 that satisfy the ice rules condition. To account for that

it is necessary to multiply by (6/16)N , meaning that the final multiplicity of the

state is 22N (6/16)N . Inputting the multiplicity into Boltzmann’s entropy formula

gives a residual entropy of R ln (3/2) /2 per mole (or Hydrogen in ice) [36] where
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R is the gas constant and the factor of 1/2 is to avoid double counting as each

spin is in two tetrahedra. The entropy value is the same in spin ice and water ice.

Figure 2.5 shows experimental evidence of the ground state entropy in a spin ice

material. The change in the entropy of a material over some temperature range

(T1−T0) can be measured by integrating the specific heat divided by temperature

(C/T ) over that temperature range, i.e.

∆S =

∫ T1

T0

C

T
dT. (2.19)

The expected entropy if the ice rules are not obeyed is R ln(2)[36], so if S = 0 at

T = 0 then that should be the recovered value. In spin ice however integrating

C/T (figure 2.5 a) yields ∆S ≈ R (ln(2)− ln(3/2)/2) (figure 2.5 b) indicating

that there was a residual entropy of R ln(3/2)/2 at the lowest temperature of the

integration and given that C ≈ 0 at the lowest temperature in figure 2.5 a) then

this likely extends to T = 0.

The first discovered and most well studied spin ice materials are Ho2Ti2O7[37]

(HTO) and Dy2Ti2O7[36] (DTO). In both materials the rare earth ions Ho and

Dy sit on a network of corner sharing tetrahedra, owing to the pyrochloric crystal

structure. Strong CEFs in both materials constrain the spins to orient along

their local 〈111〉 directions[38]. The CEF ground state is separated from the first

excited state by an energy gap of the order of 240 K and 380 K in HTO and

DTO respectively[39]. The charge structure in the spin ice pyrochlores means

the rare earth ions lose 3 electrons (to become Ho3+ and Dy3+), emptying their

filled outer 6s electron shells and leaving the 4f shell partially filled. In HTO

the free ion ground state has total angular momentum of J = 8, from quantum

numbers of L = 6 and S = 2[3, 39]. In DTO the free ion ground state has a total
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angular momentum of J=15/2, from L = 5 and S = 5/2 [3, 39]. The rare earth

ions have magnetic moments ≈ 10µB in both HTO and DTO.

Figure 2.5: Specific heat and entropy in the spin ice material Dy2Ti2O7. a)
Specific heat divided by temperature in H=0 T and H=0.5 T. b) Entropy change
S obtained by integrating C/T with respect to T again in H=0 T and H=0.5 T.
Figure re-used from ref. [36]

The spin ice Hamiltonian has terms for the exchange interaction and the

dipole-dipole interaction. Therefore it is given by [40]
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H = −J
∑
〈ij〉

S ẑii · S
ẑj
j +Dr3

nn

∑
i>j

[
S ẑii · S

ẑj
j

|rij|3
−

3(S ẑii · rij)(S
ẑj
j · rij)

|rij|5

]
(2.20)

where, rij is the vector from the ith to the jth ion. S ẑii denotes the spin for

the ith ion, the superscript indicates that the spin vector is in the local 〈111〉

direction which is labelled as ẑi. rnn is the nearest neighbour distance between

ions. J is the exchange coupling constant and D is the dipolar coupling con-

stant. This model was first examined by refs. [41] and [40] and determined that

although there is some influence of longer range interactions in these materials

(particularly in HTO) the spin ice state can be well described by considering

nearest neighbour interactions only. Taking account of the relative geometries of

the nearest neighbour spins the Hamiltonian can be rewritten as

H = Jeff
∑
〈ij〉

σiσj. (2.21)

Where, Jeff is given by Jeff = Jnn + Dnn in which, Jnn and Dnn are the effec-

tive exchange and effective dipolar coupling constants at the nearest neighbour

distance. They are given by Jnn = J/3 and Dnn = 5D/3. σi represents the

spin orientations and can have a value ±1. In HTO those constants were found

to be [42] Jnn = −0.52 K and Dnn = 2.35 K, meaning that net interactions at

the nearest neighbour distance are ferromagnetic. In DTO those values are [43]

Jnn = −1.24 K and Dnn = 2.35 K. Interestingly in both materials the AFM

exchange interaction is stronger (J > D) however the geometry ensures that the

dominant interaction is FM (Jnn < Dnn).

Other pyrochlore spin ice materials include Ho2Sn2O7[44, 45] and Dy2Sn2O7[46,
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47], which behave similarly to their titanate counterparts but are less studied.

CdEr2S4 and CdEr2Se4 are also spin ice materials [48, 49] but have a spinel

structure, they will be discussed at length later in this thesis.

2.15 Magnetic Monopoles

In spin ice the ideal ground state is to have a 2-in 2-out state on each tetrahedron

of the crystal as shown in figures 2.4 b) and 2.6 a). However if in a tetrahedron one

spin were to change its orientation, which could occur due to a thermal excitation

or quantum tunnelling between states, then on that tetrahedron there is a 3-in

1-out (or vice versa) state and the opposite configuration on the neighbouring

tetrahedron (figure 2.6 b). This possibility was first discussed by Ryzhkin et

al. [50] who identified the possibility of the formation of 3-in 1-out “defects”,

discerning that excitations of this kind would behave as magnetic analogues of

ionic defects in water ice and raise the energy of the crystal by 4Jeff . Castelnovo

et al. [51] later expanded upon this idea to point that that Ryzhkin’s defects

were in fact quasi-magnetic charges or magnetic monopoles. It is important to

note that these magnetic monopoles represent divergences in ~M and ~H not in

~B so ∇ · ~B = 0 still holds[52]. Castelnovo et al. also introduced the dumbbell

model, illustrated in figures 2.6 c) and d), in which the spins are instead thought

of as “dumbbells” with opposing magnetic charges on each end.

At the centre of each tetrahedron on which there is a 3-in 1-out arrangement

of spins, there exists a net magnetic charge, and an opposing net magnetic charge

exists at the centre of the neighbouring 3-out 1-in tetrahedron. The net magnetic

charges behave like monopoles and can be separated from one another by contin-

ually flipping spins leaving a chain of flipped spins connecting the two monopoles
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as shown in figure 2.6 e) in the dumbbell model. This chain of flipped spins is

similar to a Dirac string, although the chain of spins is observable (and has been

observed with neutron scattering [53]) where as a true Dirac string would not

be[54]. The energy cost of separating the two created monopoles is a finite quan-

tity meaning that separation is possible up to arbitrarily large distances. The

separated monopoles can interact at long range via a Coulomb-like interaction

that is not screened by the lattice.

The potential energy of the monopole Coulomb interaction is given by [51, 55]

V (rαβ) =
µ0

4π

QαQβ

rαβ
(2.22)

where, Qα and Qβ are the magnetic charges of the two monopoles labelled α and

β. rαβ is the distance between them. Qα and Qβ are given by

Qα = ±Qβ = ±µ/a (2.23)

where µ is the magnetic moment of the rare earth ions and a is the distance

between the centres of neighbouring tetrahedra.

The peak in the specific heat is well modelled by Debye-Hückel theory [53, 56]

which is a model for ions moving through an electrolyte solution of fixed volume

where the ions interact at long range via a Coulomb interaction[57]. Debye-Hückel

theory has also been used to model monopole densities [49] and spin fluctuation

rates [58]. The monopoles have also been observed to carry magnetic charge in

a phenomenon dubbed ’magnetricity’ [59] and observed exhibiting a magnetic

analogue of the Wien effect [60], an effect that can be used to demonstrate inter-

actions of the form of equation 2.22 through the application of small magnetic

fields[55].
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Figure 2.6: a) Two neighbouring tetrahedra in a configuration allowed by the ice
rules. b) The shared spin connecting the tetrahedra has flipped creating a 3-in
1-out defect on the right tetrahedron and a 3-out 1-in defect on the other. c) The
same situation as in a in the dumbell representation. d) The same situation as in
b in the dumbell model. e) Two monopole defects (highlighted blue and red) that
have separated from one another by flipping a chain of spins (illuminated), flux
lines indicate the Coulomb field between them. Figure re-used from ref. [51].

2.16 Spin Dynamics in Spin Ice

Measurements of the spin relaxation time, τ , (or τ ’s reciprocal quantity, the spin

fluctuation rate ν) in spin ice typically yield a temperature dependence of the

form in figure 2.7.



32 CHAPTER 2. BACKGROUND THEORY

Figure 2.7: τ against T in the spin ice material Dy2Ti2O7. Figure adapted from
reference [61].

The relaxation time shows three distinct regimes across the temperature range

shown. At higher temperatures the relaxation time varies exponentially with

temperature, indicating a thermally activated process. In this high temperature

regime, there is enough thermal energy in the material to allow for thermally

activated spin flips which are mediated by exciting spins over the energy barrier.

This is an Orbach process [62][18] which is when the absorption of thermal

phonons excite the spins to higher crystal field levels from which they relax again.

The relaxation time will have a temperature dependence given by

τ(T ) = τ0

(
e∆/(kBT ) − 1

)−1
. (2.24)

Where, τ0 is know, as the rate constant or characteristic relaxation time, ∆ is

the energy barrier to be overcome, kB is Boltzmann’s constant and T is the

temperature. It is also common to see this regime modelled with an Arrhenius
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law [44] in which the −1 term is removed giving τ(T ) = τ0 exp(−∆/(kBT )).

At slightly lower temperatures there is a quasi-temperature independent plateau

in the relaxation time. In this temperature regime the thermal energy of the sys-

tem is too low for phonon mediated flipping of spins and the relative temperature

independence suggests that spin flips occur as a result of quantum tunnelling

events[63] between the two states of the ground state doublet. Tunnelling be-

tween the two states of the ground state doublet can only occur if there is an

energy splitting between the levels. This splitting is provided by the effect of in-

ternal transverse magnetic fields [20, 64]. The spin flip time scale is well described

as being mediated by the creation of monopole excitations[52]. The temperature

dependence of the relaxation time on the plateau is given by an Arrhenius law with

an energy barrier of ∆ = 2Jeff which is the energy cost of a single free monopole

or half the cost to flip a spin. There is a high density of monopoles in this regime

and long range interactions between them are effectively screened[39, 59, 62]. The

quantum tunnelling plateau is a key feature of spin ice materials that has been

observed in all of them so far.

At the very lowest temperatures the relaxation time again becomes strongly

temperature dependent with a re-entrant thermally activated process (re-entrant

meaning that the sample returns to thermally activated processes upon cooling

further). In this regime the relaxation time rapidly grows with decreasing temper-

ature as the system approaches the spin freezing temperature[61]. The monopole

density is much lower at low temperature and the monopoles that are present

are unscreened. In this region the relaxation time is again well described by an

Arrhenius law.

At the very lowest temperatures there is not enough energy for any spin flips

to occur and the spins become frozen (with one caveat). Below the spin freezing
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temperature, the spins are static, any monopole defects are frozen in and the

system broadly settles into one of the configurations allowed by the ice rules[65].

The caveat is that the presence of nuclear magnetic moments has been shown

to mediate tunnelling between spin orientations at lower temperatures[66] by

hyperfine splitting.

Measurements in DTO using the muon spin rotation technique have detected

spin fluctuations at temperatures well below the spin freezing temperature[67]

hinting at the possibility of persistent spin dynamics at temperatures where the

spins should be frozen. However it has been argued [68] that these are the result

of thermal excitations induced by the measurement technique. Persistent spin

dynamics have been observed in other frustrated magnetic materials, although

their origin is unexplained[69].

2.17 Spin Ice in Applied Magnetic Fields

The application of a dc magnetic field can have a significant impact on the mag-

netic properties of spin ice. This is evident from Ramirez et al.’s [36] confirmation

of the ground state entropy, where the application of a magnetic field was found

to significantly alter the specific heat (see figure 2.8).

Harris et al.’s [37] neutron scattering measurements indicated that the orien-

tation of the crystal relative to an applied magnetic field will affect whether or

not any order is detected. Figure 2.8 is performed on a powder sample and so

contributions from all crystallographic orientations are present.

Magnetisation measurements performed by Fukazawa et al. [70] and Petrenko

et al. [71] provided further evidence for the anisotropic response of spin ice to

a dc magnetic field and gave a discussion of the behaviour with the field along
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Figure 2.8: Specific heat divided by temperature in powder Dy2Ti2O7 in the ap-
plication of magnetic fields. Top left inset: Field and temperature locations of
the features in C/T . Top right inset: Monte-Carlo simulations of C/T . Figure
re-used from ref. [36].

the [100], [110] and [111] orientations. Their measurements confirmed that the

saturation magnetisation is also dependent on field orientation.

For a magnetic field applied parallel to the [111] direction of the crystal there

will be a quarter of the spins for which their local easy axis is aligned with the

magnetic field. For the remaining spins the magnetic field is perpendicular to

the triangular plane they lie on. For a field along the [111] direction there are
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Figure 2.9: dc magnetisation measurements on single crystal Dy2Ti2O7 along
the [100], [110] and [111] directions. Saturation values in Bohr magnetons per
dysprosium ion are also indicated. Figure re-used from ref. [70].

two saturation values, the Kagomé ice plateau and full saturation. In the plateau

region the spins parallel to the field (of which there is one per tetrahedron) will

tend to align with the field, creating a plane of aligned spins. The other spins

on each tetrahedron are arranged on triangles that are perpendicular to the field.

They will continue to obey the ice rules and are still frustrated so they form a

Kagomé lattice[72, 73, 74, 71]. The magnetisation per rare earth ion is given by

µFI(1 + 1/3)/4 where µFI is the free ion value of one of the rare earths. The

free ion value or free ion moment is the magnetic moment per ion that would be

measured if the ions had no anisotropic constraints i.e. if they could all freely

align with the field. At low temperatures the plateau is clearly visible however

at higher temperatures (as in figure 2.9) it will generally manifest as a change

in gradient of the M(H) curve[75]. If the field is increased further it can break

the ice rules and each tetrahedron will have a 3-in 1-out (or vice versa) state.

All the spins in the Kagomé planes align with the field (or as close as they can
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get whilst staying on their local 〈111〉 direction). The saturation magnetisation

is now µFI/2. The effect of a [111] field on the specific heat is complex and is

discussed in detail in ref. [76]. The Kagomé ice phase is itself an area of intense

interest and research in spin ice and other materials[77]. Other research along

this direction has investigated the possibilities of a Kasteleyn transition [78] as

well as a monopole liquid-gas type transition [58].

For a field along one of the [110] or equivalent directions, the effect of a field

is quite different. For each tetrahedron there will be two spins that are almost

aligned with the magnetic field and two spins that will be perpendicular[70]. Both

of these groups of spins form long chains of spins that cross many tetrahedra. The

ice rules are still obeyed [79].The chains are split into two categories: α-chains

which are parallel to the field and β-chains which are perpendicular [80, 81]. The

two chains lead to two peaks forming in the specific heat that become further

separated with increasing field, each chain type contributes its own peak to the

specific heat [82]. Yoshida et al. [82] were able to build up a phase diagram in

temperature and field. In larger magnetic fields the α-chains are FM aligned with

the β-chains either AFM or paramagnetic depending on temperature. They also

predicted the presence of a phase with both α and β-chains being AFM ordered

at the lowest temperatures and fields. In the dc magnetisation the saturation

value is expected to be given by µFI(2
√

2/3)/4.

A magnetic field applied along the [100] direction can cause the spins on a

tetrahedron to align with the field in a 2-in 2-out fashion that obeys the ice rule

[70]. All of the spins 〈111〉 directions make the same angle with the applied field

[73] so all spins react in the same manner to the field. The application of the field

changes the Zeeman splitting of the spins meaning that the peak in the specific

heat is field dependent[83]. The saturation magnetisation is given by µFI(1/
√

3).
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For a magnetic field along the [211] direction the field is parallel to one of the

triangular faces of the tetrahedrons. Therefore there are three spins (those on

that triangular face) for which the field has a pinning effect and one spin that is

perpendicular to the field [84]. The spin that is perpendicular to the field will

have its orientation determined by the ice rules [73]. This field orientation also

contributes a single peak to the powder specific heat. Ruff et al. [85]performed a

theoretical calculation on this field orientation finding that if the field is canted off

the [211] direction by a few degrees then the perpendicular spins can be decoupled

from their neighbouring spins and become paramagnetic (in its 〈111〉 direction).

The paramagnetic spins interact with one another through long range dipole-

dipole interactions.

2.18 Muons as Magnetic Probes

The commonly used short hand µSR stands for muon spin rotation, relaxation

or resonance which is an experimental technique that uses positive muons as

microscopic probes of the internal magnetic nature of a material[86][87][88] [89].

µSR is used throughout this thesis so a brief introduction to the technique is given

here. The technique requires a particle accelerator (as naturally occuring cosmic

ray muons are not practicable). Currently there are several facilities where this

is possible: ISIS (UK), Paul Scherrer Institute (Switzerland), J-PARC (Japan)

and TRIUMF (Canada).

Muons are fundamental particles that form part of the second generation of

leptons in the standard model. They are similar to electrons in that their charge

is ±e, are spin-1/2 and have an antiparticle, however their mass is approximately

200 times greater and they decay after a mean lifetime of 2.2 µs. Their large mass
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means that positive and negative muons behave more similarly to protons and

anti-protons than to their electronic counterparts. In almost all cases positively

charged muons are used although in the last few years negative muons have found

some applications[90] including as magnetic probes[91].

In a µSR experiment muons are produced from the decay of positive pions (at

ISIS these pions are produced by accelerating high energy protons into a graphite

block). The pions then decay via the weak interaction after a mean lifetime of

26 ns. The products of this decay are predominantly given by:

π+ → µ+ + νµ (2.25)

An electronic version of the above decay happens in approximately 0.01% of

decays, but the positrons produced in that decay are not brought onto the sample

and do not have an effect on the experiment. Because the decay is a two body

decay and the pion has no net spin, the two decay products must be produced

with their spins antiparallel to one another. The produced neutrinos have left

handed helicity[92] and so their spin is aligned antiparallel to their momentum.

Because momentum is conserved in the decay, this means the muons are also

produced with their spin anti parallel to their momentum. The combination of

these two effects means that large numbers of spin polarised muons can be reliably

produced.

The spin polarised muon ‘beam’ is then directed onto the sample with steering

magnets where they implant into the sample. The direction of the incoming

muons is usually taken to be parallel to the z direction by convention. They

come to a stop in the sample at a site dictated by the internal electric field

of the sample, generally at interstitial sites because they are repelled by the
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positive nuclei, and thermalise with little loss of polarisation[93]. After some

time the muon will decay via the following process that is mediated by the weak

interaction[92]:

µ+ → e+ + νe + ν̄µ (2.26)

Because it is a weak decay, the positron is preferentially emitted along the

direction of the muon spin’s orientation [94]. The probability of the positron

being emitted in a particular direction is given by

p(θ) ∝ 1 + a0(E)cos(θ) (2.27)

where, θ is the angle between the muon spin and the positron emission direc-

tion, E is the energy of the emitted positron and a0(E) describes the intrinsic

asymmetry of the decay which is given by

a0(E) =
2E/Emax − 1

3− 2E/Emax
(2.28)

where, Emax is the maximum possible positron energy having a value of approx-

imately 52 MeV [88].

Integrating over possible emission energies a0 averages to be 1/3. Example

muon distributions are shown in figure 2.10 for E=0 (a0 = −1/3), E=3/4Emax

(a0 = 1/3) and E=Emax (a0 = 1). The emitted positrons can then be detected by

the beamline detectors [88]. Usually there are two sets of detectors, one ‘forward’

of the sample and one ‘backward’ of the sample. By counting for large numbers

of decays and taking the difference between the forward and backward detectors

it is possible to effectively track the orientation of the muon spins as a function
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Figure 2.10: Decay asymmetry of the muon (black dot) compared to its spin
orientation (black arrow). Contour lines show the probability that the positron
will be emitted in a given direction based on its energy.

of time. The difference between the forward and backward detectors is referred

to as the asymmetry, A(t), or polarisation, Pz(t), which are given by equation

2.29. The subscript z indicates the axis along which the sample and detectors

lie, here the forward and backward detectors are taken to be in the +z and −z

directions from the sample respectively. α is a calibration parameter to account

for any instrumental asymmetry. Strictly speaking Pz(t) refers to the average

spin orientation of the muons and A(t) refers to the measured signal, but for

large numbers of positron detections they can be considered the same.

Pz(t) = A(t) =
NF (t)− αNB(t)

NF (t) + αNB(t)
(2.29)

There are two approaches taken to delivering the muons to the sample. The

first is to produce a continuous stream of muons arriving one after another, this

is the technique employed at TRIUMF and PSI. This approach allows for a high

time resolution, but limits the number of muons that can be used because it is
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necessary to wait for the previous muon to decay before sending another one. In

practice (at PSI) a wait time of 10 µs is used and a veto counter employed that

means the next muon is ignored if a positron is not detected before the 10 µs

window is over. The second technique is to produce a burst of muons that are

all implanted in the sample at once, this is known as the pulsed technique and is

used at ISIS and J-PARC. In this case large numbers of muons can be detected

but the time resolution is limited by the length of each pulse.

The orientation of the muon spins as a function of time is of interest because

it contains information about about their local magnetic environments. In the

simplest case, a muon will experience some static internal field and will precess

about the field direction at its Larmor frequency, given by[88]

ωL = −γµ| ~B| (2.30)

where ωL is the Larmor frequency, γµ is the muon gyromagnetic ratio (γµ =

135.5 × 2π MHz/T ) and | ~B| is the magnitude of the net ~B field at the muon

site. If there is only one suitable stopping site for the muons in a given sample or

multiple magnetically equivalent sites, all the muons in an experiment are likely

to experience the same internal field | ~B| and so the measured asymmetry will

ideally be a sinusoid given by

Pz = cos2(θ) + sin2(θ) cos
(
γµ| ~B|t

)
(2.31)

where θ is the angle between the | ~B| field direction and the initial muon spin

direction or z-axis which are typically chosen to be the same. If the sample under

investigation has multiple possible muon sites, or multiple equivalent crystal sites

with inequivalent magnetic environments, then the measured asymmetry will be
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an average of all the muon polarisations.

If the muons experience a range of magnetic fields that is approximately Gaus-

sian in shape, an assumption that is usually be justified by the central limit theo-

rem, then the measured asymmetry will be described by a Kubo-Toyabe function.

Mathematically if the Gaussian field distribution is given by

P (|Bi|) =
1√

2π∆
exp

(
|Bi|2

2∆2

)
, i = x, y, z (2.32)

where, |Bi| is the x y z components of ~B. Then by integrating equation 2.31 and

equation 2.32 over all field directions one arrives at the Kubo-Toyabe function:

Pz =
1

3
+

2

3
(1− γ2

µ∆2t2) exp

(−γ2
µ∆2t2

2

)
. (2.33)

An example Kubo-Toyabe asymmetry is shown in figure 2.11, exhibiting the

exponential relaxation from full asymmetry at short times and the characteristic

1/3 tail.

Figure 2.11: Example Kubo-Toyabe functions.

Most µSR instruments allow for the application of a DC magnetic field to the
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sample. This is usually done in one of two possible geometries: transverse (TF)

and longitudinal (LF). The field is said to be transverse when it is applied per-

pendicular to the orientation of the incoming muon spins, similarly a longitudinal

field is one that is applied parallel to the incoming muon spins. The application

of a transverse field is likely to lead to an oscillatory muon polarisation, as the

muons precess about the applied field. This is especially true if the applied field

is large compared to any internal fields. A longitudinal field however tends to

try and pin the muon spins along its axis. Figure 2.12 shows the impact of a

longitudinal field on the Kubo-Toyabe distribution, where the lines have been

calculated from equation 2.34. The application of the field modifies the field dis-

tribution that the muons see, increasing the z component. In large longitudinal

fields (relative to ∆) the z component is dominated by the field, pinning the spins

along their initial orientations[89].

Figure 2.12: Example longitudinal field Kubo-Toyabe functions for ∆ = 1 mT
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Pz(t, Bext) = 1− 2∆2

B2
ext

(
1− cos (γµBextt) exp

(
−γ2

µ∆2t2
/

2)
)

+
2γµ∆4

B3
ext

∫ t

0

sin (γµBextτ) exp
(
−γ2

µ∆2τ 2
)
dτ.

(2.34)

It is possible that the magnetic field at a given muon site will not be static and

is instead dynamic (changing over time). For example the muons could experience

a changing magnetic field due to spin fluctuations of nearby magnetic moments

(electronic or nuclear). A muon could also experience a changing magnetic en-

vironment by ‘hopping’ to a new site in the sample due to a thermal excitation.

An analytic form for the dynamic polarisation in a longitudinal field exists and

is given by the Keren function [95], which is discussed later in this thesis. In

the absence of an applied magnetic field the dynamic muon polarisation is given

by[96]

Pz(t) = Pz,KT (t)e−νt + ν

∫ t

0

Pz(t− t′)Pz,KT (t′)e−νt
′
dt′. (2.35)

Where Pz,KT is the static Kubo-Toyabe polarisation, and ν is the frequency of the

fluctuations. Note that the quantity of interest Pz(t) is on both sides of the equa-

tion. Equation 2.35 can be difficult to compute and so typically approximations

are used.

In the case of slow fluctuations, usually defined as ν/(γµ∆) < 1 only the 1/3

tail is affected and the relaxation in the region of the tail is given by equation 2.36.

Pz (t, ν) =
1

3
exp

(
−2νt

3

)
. (2.36)

In the limit of fast fluctuations (ν/(γµ∆) >> 1), the initial dip and recovery



46 CHAPTER 2. BACKGROUND THEORY

of the asymmetry characteristic of the Kubo-Toyabe is not observed and the po-

larisation is simply an exponential given by equation 2.37. In the fast fluctuation

limit, the decay of the muon polarisation is inversely proportional to ν because

of motional narrowing. Motional narrowing in µSR is similar to the process of

the same name in nuclear magnetic resonance (NMR)[97] [86] except in the time

domain rather than the frequency domain.

Pz (t, ν) = exp

(−2γ2
µ∆2

ν

)
. (2.37)

In the intermediate regime (ν/(γµ∆) > 1) the polarisation is given by the

Abragam form (equation 2.38). Examples of each of these cases are shown in

figure 2.13.

Pz (t, ν) = exp

(−2γ2
µ∆2t

ν2
(exp(−νt)− 2 + νt)

)
(2.38)
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Figure 2.13: Example dynamic Kubo-Toyabe functions for ∆ = 1 mT and no
applied magnetic fields.



Chapter 3

High Frequency ac

Susceptometry

3.1 Operational Principle

An ac susceptometer must have two key components: a method of applying an

oscillating magnetic field and a method of measuring the oscillating response from

the sample. There are several techniques for achieving this, such as using tank

resonators[98, 99, 100], mutual inductance bridge[101], SQUIDs or inductive coils.

In the tank resonator technique a circuit with some known inductance and

capacitance is used and its resonant frequency, ωres measured. Some of the induc-

tance will be from the presence of a coil of some sort and during a measurement

the sample under investigation is inserted into this coil. This changes the in-

ductance of the circuit by an amount that is proportional χ′, which changes the

resonant frequency of the circuit because ωres ≈ (LC)−1/2. This change in ωres is

measured and χ′ can then be calculated.

In a mutual inductance bridge the circuitry is quite complicated (see fig. 1 of

48
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ref. [101]), however as a simple overview it consists of a primary and secondary

circuit. The primary circuit contains a coil of wire with an oscillating current

running through it, the secondary circuit is not driven and contains two counter

wound coils. The sample is placed between the primary coil and one of the sec-

ondary coils, changing the mutual inductance between them. The susceptibility

can be calculated from the change in mutual inductance.

In the inductive coils technique there are two circuits: the excitation circuit

and the detection circuit. In the most basic form the excitation circuit consists of

a source of ac voltage as well as an excitation coil of some kind, usually (but not

always) a solenoid. In the detection circuit there will be at least one detection

coil which is/are connected to an instrument capable of detecting the voltage at

the measurement frequency as well as any phase shifts compared to the excitation

circuit. A common set up for the detection circuit is to have two counter wound

detection coils that are both in series with a lock-in amplifier (this configuration

is known as a first order gradiometer). The purpose of having two counter wound

coils is that this in principle allows for any background offsets present in both coils

to be easily corrected for. It is also possible to have higher order detection coils,

for instance a second order gradiometer has three coils, which can afford greater

sensitivity and noise cancellation. For now however only the simplest first order

case with be discussed. During the measurement the sample is initially placed in

the centre of one of the detection coils. The flux through this coil is then given

by

Φ1(t) = µ0A(M(t) +H(t)) (3.1)

and the flux through the other coil given by
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Φ2(t) = µ0AH(t) (3.2)

where, A is the area of the coils (we will assume that A is the same for both

coils). By Lenz’s law this then leads to an e.m.f. in the detection circuit given by

E(t) = −µ0NAα
∂

∂t
[M(t) +H(t)−H(t)] (3.3)

where, N is the number of turns in each of the two detection coils and α is a

complex coupling constant that is dependent on the coil geometry and sample

properties. Example sample properties include shape, size and in the case of

a powder sample: filling factor. In the case of a sample that has a symmetric

cross-section along its length, uniform thickness for the length of the detection

coil and a uniform internal M(t) field then α = 1.

The sample is then moved so that it is in the centre of the second coil. The

emf induced in the circuit is now

E(t) = −µ0NAα
∂

∂t
[−M(t) +H(t)−H(t)] (3.4)

the difference between these two voltages is then taken giving

∆V (t) = −2µ0NAα
∂M(t)

∂t
(3.5)

where ∆V (t) is the difference in the emf between when the sample is in the first

and second coils and is a complex quantity. Then substituting in

M(t) = (χ′ − iχ′′)H0e
iωt (3.6)
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where H0 is the amplitude of the excitation field. We have an equation for the

complex susceptibility given by

∆V (t) = −2µ0NAα(χ′ − iχ′′)H0
∂

∂t

[
eiωt
]

(3.7)

When measuring using a lock-in amplifier one measures the amplitudes of the

in phase and out of phase as opposed to the time varying voltages so finally, by

performing the derivative and considering only the amplitude we have

∆V (t) = 2µ0NAαH0ω(χ′′ + iχ′) (3.8)

The SQUID technique is quite similar to the inductive coils technique. An

oscillating magnetic field is applied to the sample which is positioned close to

some detection coils, the signal induced in the detection coils is then measured

by the SQUID (see diagram in ref. [102]). The voltage output of the SQUID can

then be converted to ac susceptibility.

3.2 Motivation for High Frequency

Magnetic systems with dynamics on different time scales of measurement lend

themselves best to different techniques. Figure 3.1 shows the typical dynamic

ranges for different magnetic measurement techniques, for example it shows muon

spin rotation is best for measurements in the microsecond range. For nanosecond

to picosecond dynamics either Mössbauer spectroscopy or neutron scattering is

the most appropriate technique. In the 100 s−1 to 104 s−1 dynamic window

we can see that there are two available techniques, nuclear magnetic resonance

(NMR) and ac susceptibility. NMR measures the response of the nuclear spins
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in the sample and requires the use of a large DC magnetic field, so its potential

applications are distinct from those of ac susceptibility. The similar technique

nuclear quadrupole resonance (NQR) does not require magnetic fields but is only

applicable to samples where there is a nuclear quadrupole moment.

For samples with dynamics faster than this (> 104 s−1), muon spin rotation

is most suitable. In some samples the perturbative nature of muon spin rotation

(from the presence of the muon) can alter the system under investigation so

significantly that its results are not representative of the unperturbed sample[103]

adding significant difficult to the interpretation of data. In order to perform

accurate measurements in these samples it is therefore required to invent either

an entirely new technique or to extend the range of existing ones. Pyrochlores are

an example of such a system in which the implantation of a muon can distort the

crystal structure [103]. This is a particular concern in the rare earth pyrochlores

with non-Kramers ions as the magnetic ion such as Ho2Ti2O7 and Pr2Sn2O7. A

Kramers ion (such as the Dy ion in Dy2Ti2O7 ) has an odd number of electrons[1]

and so because of Kramers theorem cannot have its ground state split by an

electric field. A non-Kramers ion has no such protection against splitting and

so the muons can have a significant impact. In some cases the muon causes a

change in spin fluctuation rates and can even fundamentally change the crystal

field levels of the rare earth ions completely changing the physics of the system the

muons were intended to measure. Some of the materials discussed in this thesis

have a pyrochloric or similar structure and provided the motivation to develop a

technique capable of measuring in the 104 s−1 to 107 s−1 dynamic range. These

are not the only samples in which this device is expected to have applications

however, for example it has already seen use in the measurement of magnetic

nano particles [104][105].
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Figure 3.1: Typical timescales of measurement techniques that detect dynamic
magnetic processes in materials. The red regions indicate the new dynamic range
made available by the instrument that is the focus of this chapter. Based on the
diagram in ref. [6].

3.3 Design Considerations

Most commercially available ac susceptometers are limited to the kHz range.

There is no intrinsic physical reason for this limit, it is instead a product of the

desire to balance easily changed drive frequencies, ease of integration with the

sample environment, good frequency stability, good sensitivity and the ability to

produce a (relatively) large excitation field. Previous attempts to achieve ac sus-

ceptibility measurement at high frequency have included tunnel diode circuits[98],

resonant LC circuits[100] and helical resonators[106] but all of these techniques are

limited by long measurement times as they require physically changing the circuit

to measure at a new frequency. Another design is to use torroidal coils[107, 108]

however these are plagued by difficulties in mounting the sample and can begin to

radiate at their highest measurement frequencies. Inductance based designs [109]

that meet the above criteria exist but are limited to room temperature. Micro-

SQUID designs have been successful for measurement of microscopic samples[110]
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but not for bulk samples.

For the high frequency susceptometer described in this chapter we have man-

aged to extend the frequency range without significant sacrifices in any of these

areas.

The first thing to consider when designing a high frequency ac susceptometer

is that it is inductive and capacitive to some degree. The source of the inductive

contribution is obvious with both circuits containing at least one coil of wire.

The source of the capacitance is due to parasitic capacitance in the coils, wires

and connections of the full circuit. Parasitic capacitance occurs due to charge

building up across two different sections of conducting wire that come close to

one another in the apparatus.

The inductance of a component is its propensity to resist a change in the

electrical current flowing through the circuit of which it is a part. A component

that adds inductance to a system is called an inductor and is usually a coil of

wire that may or may not be wrapped around a core. When a current flows in an

inductor some of the energy from the current is stored as potential energy in a

produced magnetic field. If the current through the inductor is changed, then the

magnetic field produced is also changed. The changing magnetic field through

the inductor induces an e.m.f. in the circuit given by Lenz’s law to be

E(t) = −LdI
dt

(3.9)

where L is the inductance of the inductor and is measured in henrys (H). The

negative sign in equation 3.9 shows that the induced e.m.f. will oppose the change

in current, tending to sustain a current when the current in the circuit is being

reduced and to reduce a current when it is being increased.
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The capacitance of a component is its ability to store electric charge for a given

voltage applied across them. A component that adds capacitance to a circuit is

called a capacitor and will generally consist of two conductive surfaces separated

by an insulating material or simply empty space. A capacitor will produce a

current when the voltage across it is changed, this relationship is given by

I = C
dV

dt
(3.10)

where C is the capacitance of the capacitor and is measured in farads (F). The

absence of a negative sign shows that the current produced by a capacitor will

work with a change in the applied voltage. Not immediately obvious from these

equations however is that both inductors and capacitors cause a phase shift be-

tween the voltage and the current in the circuit. Assuming a sinusoidal drive

voltage, an inductor will cause the current through it to lag behind the voltage

by 90◦. Similarly a capacitor causes the voltage across it to lag behind the current

by 90◦. This may be understood for the inductor by considering that the rate of

change in current is greatest as it crosses through I=0 by equation 3.9 the voltage

generated across the inductor will therefore be greatest at this time. Figure 3.2

illustrates this point. The phase lag from a capacitor may be understood in a

similar way.

Another consequence of inductance and capacitance in an ac circuit is that

they will make the response of the circuit frequency dependent. To see this,

we will examine a circuit with a drive voltage given by V (t) = V0 exp(iωt) that

contains a single source of capacitance and then a circuit with a single source of
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Figure 3.2: Real time values of the voltage and current in a circuit consisting of
an inductor and capacitor connected in series showing the 90◦ phase difference

inductance. We will use phasor notation such that Ohm’s law:

V = IZ (3.11)

is valid. In this equation Z is the impedance of the circuit and can be complex.

The current through a circuit with a capacitor is

I = C
dV

dt
(3.12)

substituting in for V and performing the derivative we have

I = CiωV0e
iωt (3.13)

which is equivalent to



3.3. DESIGN CONSIDERATIONS 57

I = CiωV (3.14)

by comparison with equation 3.11 we then have

ZC =
1

iωC
. (3.15)

Similarly for a circuit with only an inductor the current will be given by

I =

∫
−V
L
dt (3.16)

substituting in for V and performing the integral we have

I = −V0
eiωt

iωL
, (3.17)

which by comparison with equation 3.11 gives

ZL = −iωL. (3.18)

Equations 3.15 and 3.18 have three important consequences. Firstly, they

show that the behaviour of the circuit is frequency dependent. Secondly, because

they contain the imaginary unit, i, they will affect the phase shift between the

voltage and current in the circuit, and the extent of this phase shift will also be

frequency dependent. Thirdly, because ZL leads to an impedance that increases

with frequency and ZC leads to one that decreases with frequency, then if the

inductance and capacitance are connected in series then there will be a minimum

in the impedance at a particular frequency, known as the resonant frequency ω0.

If the components are in parallel then the resonant frequency will represent a



58 CHAPTER 3. HIGH FREQUENCY AC SUSCEPTOMETRY

maximum in the impedance. In both cases the resonant frequency is given by

ω0 =
1√
LC

. (3.19)

In a more complicated circuit the resonant frequency is not as simply defined.

Therefore when designing an ac susceptometer it is important to try and

minimise the capacitance and inductance, in order to reduce frequency dependent

effects in the circuit. In an ac susceptometer the largest source of inductance

will be the excitation coil in the excitation circuit and the detection coils in the

detection circuit. The inductance of a long tightly wound solenoid is given by

L =
µN2A

l
(3.20)

where µ is the permeability of whatever is in the coil (such as air, a cryostat

exchange gas or the sample), N is the number of turns of the coil, A is the cross-

sectional area of the coil and l the length of the coil. Reducing the number of turns

and reducing the cross sectional area seem like easy ways to reduce the inductance

however as a result of equation 3.8 this will also reduce the sensitivity of the

detection circuit. Increasing the length is a viable option, however, because the

two detection coils have to be kept reasonably far apart this can cause problems

if there is limited space available. For the excitation coil reducing the inductance

by any mechanism will involve a reduction in the amplitude of the excitation

field, reducing the minimum resolvable susceptibility.

Capacitors are not usually added to either circuit in an inductance ac suscep-

tometer and so any capacitance present will be a parasitic capacitance. Parasitic

capacitance can be very difficult to remove from a circuit, especially because the

sources of it may not always be obvious. In order to reduce the parasitic ca-
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pacitance it is best to try and keep different parts of the circuit away from each

other and also from any other conductive materials. Whilst this can be achieved

in the coils by increasing the separation between turns, trying to do this can

be difficult for wiring connecting the coils to the instruments. Separating wires

from one another means that they cannot be twisted round each other to create

twisted pairs - a common practice for reducing crosstalk in ac circuits. Crosstalk

is an effect where nearby wires can have undesired influences on each other due

to capacitive, inductive or direct conductive effects. Getting the signal from the

coils to the instruments without picking up significant noise and without adding a

large capacitance was one of the biggest concerns when designing the instrument

described in this chapter.

It is also important to consider the value of the resonant frequency. The

resonant frequency should be much larger than the intended frequency range of

the instrument in order to have a reliable response. The equivalent circuit for a

solenoid is shown in figure 3.3. It shows that the capacitance and inductance of

a solenoid are in parallel with one another and therefore the resonant frequency

represents a maximum in the impedance. Consequently, as the excitation circuit

begins to approach resonance the impedance increases which reduces the current

flowing through it and in turn that reduces the amplitude of the excitation field.
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Figure 3.3: Equivalent circuit diagram for a solenoid. Note that the parasitic
capacitance acts in parallel to the inductance and not in series.

3.4 Our Design

The ac susceptometer design discussed in this chapter is intended to be inte-

grated into a Quantum Design Physical Property Measurement System (QD -

PPMS). Integration with the QD-PPMS was chosen because this allows for our

susceptometer to work across a wide temperature range from 2 K to 300 K. The

QD-PPMS also contains a superconducting magnet which allows for measure-

ments in an applied dc field. The coil set is designed to sit on the base of the

QD-PPMS sample space, inside the variable temperature insert (VTI) so that

the coil set is close to the QD-PPMS thermometers. The coils of the suscep-

tometer are wrapped around a plastic former which is of small enough dimension

that the field produced by the QD-PPMS magnets is uniform along their length.

Figure 3.4 shows their approximate relative positions. The QD-PPMS also has a

thermometer in the wall of the sample space that is at a height similar to the top

of the coil set which allows for monitoring of any temperature gradients across

the coil set.
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Figure 3.4: Diagram of the high frequency susceptometer within the QD-PPMS
sample space.

The excitation coil is wound in two overlapping helixes such that the wires

cross each other in a series of “X” like points and are not close to one another

along their length. This allows for the separation between sections of wire to

be maximised, reducing the parasitic capacitance of the coil. This coil design is

similar to that developed by researchers at Research Institutes of Sweden (RISE)

and discussed in reference [109]. Researchers involved in that project were also

involved in the design stages of this high frequency project. The geometry of

the excitation coil was designed in collaboration with researchers at RISE. In the

original design the excitation coil is 80 mm in length, made up of 20 turns, and is

made from NbTi wire. Two additional turns of shim coil are added at either end

of the excitation coil to improve uniformity of the excitation field along its length

as shown in figure 3.5. Later designs of the excitation coil were made from copper

wire but other attributes of the coil design did not change significantly. As shown

in figure 3.4, the detection coils are inside of the excitation coil and are connected

in series and wound in opposite directions to one another. Each detection coil is

8 mm in length and their closest edges are separated by 20 mm which is sufficient
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separation to avoid significant mutual inductance between them. Each coil is

made up of 15 turns and is made of single core copper wire. The detection

coils are also well away from the ends of the excitation coil meaning they do not

experience any edge effects. A higher order gradiometer was not used because this

would have had negative effects on the frequency range as a result of increased

inductance in the detection circuit.

Figure 3.5: Calculation of magnetic field per unit current applied to the excitation
coil. The contribution from the main coil is shown in blue, the shim coils in
orange and the total field in green. Red shaded regions indicate the locations of
the detection coils.

The inductance of the excitation coil in the first design was measured to be

3.58 µH (at 100 kHz) with a calculated parasitic capacitance of 9.2 pF resulting

in a coil resonance at 27.8 MHz. A superconducting material was chosen in order

to avoid resistive heating in the coil warming the the sample space. When in the

resistive state the excitation coil has a resistance of 90.8 Ω. The superconducting

material used (NbTi) has a critical temperature, TC,NbT i, of 9.8 K and it was



3.4. OUR DESIGN 63

found that measurements at temperatures near TC,NbT i encountered significant

problems with unwanted heating, leading to a measurement blind spot. This is

because the QD-PPMS has less cooling power at temperatures near TC,NbT i and

so could not compensate for the heating effect of the coil. At temperatures well

above TC,NbT i the QD-PPMS has more cooling power available and so the sample

temperature is stable during measurement. In order to remove the temperature

blind spot it was decided to construct a coil set with a copper excitation coil, of

which more than one was eventually made. The copper designs had similar values

of inductance and capacitance but with a much lower resistance, it was found they

performed as well as the NbTi coil at base temperature (2 K). The excitation coil

is connected to a Stanford Research Systems DS345 signal generator which has a

series impedance of 50 Ω and can produce a periodic signal at frequencies up to

30 MHz with a maximum amplitude of 10 V peak-to-peak.

The detection coil circuit had an inductance of 5.3 µH (at 100 kHz) and a cal-

culated parasitic capacitance of 9.9 pF resulting in a coil resonance at 22.0 MHz.

The coils have a resistance of 0.86 Ω, their design was unchanged in later iterations

of the coil. Originally the circuit was connected to a Stanford Research Systems

SR844 which has a series impedance of 50Ω and can perform phase sensitive de-

tection up to 200 MHz but has a minimum measurement frequency of 25 kHz

which restricts the minimum measurement frequency. In later set ups a Stanford

Research Systems SR865A was used which has a more suitable frequency range

of 1 mHz to 4 MHz but has a series impedance of 10 MΩ and parallel capacitance

of 25 pF, so in this set up a 50 Ω terminator is used.

When the coil set is in the QD-PPMS sample space it rests on the bottom, but

the wires to connect to the instruments must come out at the top. The QD-PPMS

does have connections at the base of the sample space that can be connected to
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instruments, however early trials using these connections were unsuccessful. The

inbuilt wiring was found to have insufficient noise and frequency stability for high

frequency applications. This means that a significant length of wire is required

in the circuit, which can introduce significant sources of noise (for example, by

acting as an antenna for any electromagnetic noise in the vicinity) and be a

source of capacitance. Even slight movement of the wires during a measurement

can introduce noise which can be caused by the vibration of the QD-PPMS. We

have found that by using mini-coaxial wire with a low capacitance per metre

these problems can be minimised. The walls of the VTI provide the wires with a

good amount of shielding from noise and as long as the wires are kept away from

the walls then vibration is also not an issue.

Samples are mounted in plastic drinking straws, chosen because they have

almost no magnetic response being only very weakly diamagnetic. The straws are

attached to the end of a carbon fibre rod which extends the length of the sample

space (≈ 1 m). The carbon fibre rod is also connected to an Accu-Glass 2” linear

actuator, mounted on the top of the sample space. The actuator allows for the

sample to be moved between the two detection coils during a measurement and

is accurate to within 0.1 mm allowing the sample to be positioned very precisely.

Because the motor is far away from the coil set it does not introduce significant

noise when in use and the sample is always stationary during a measurement

regardless.

The PPMS and ac susceptibility measurement are both controlled from the

same computer (in this case the computer that comes as part of the PPMS).

The ac susceptibility measurement is controlled using a National Instruments

LabView program, with the instruments connected to the computer using GPIB

cables or USB (in the case of the actuator). Several programs are used when



3.5. CALIBRATION 65

performing a measurement which can be collected into three main categories by

their purpose.

The first category of programs convert the measured voltage into a suscepti-

bility by applying the calibrations described in section 3.5, they also determine

the next measurement frequency. This group of programs were produced by the

Swedish team and were locked from editing, the remaining two groups were pro-

duced as part of this thesis.

The second category of programs manage the instruments required for the

measurement. They manage things such as setting the lock-in amplifier parame-

ters (time constant, sensitivity etc.), reading the voltage recorded by the lock in,

setting the parameters on the signal generator and controlling the actuator.

The third category consists only of one program which allows for temperature

and field scans to be performed by sending instructions to the PPMS to go to the

required temperature or field and then waiting for it to arrive before triggering

an ac susceptibility measurement to occur.

3.5 Calibration

In order to perform a measurement with the ac susceptometer it is necessary

to perform two calibration measurements. The first consists of a background

calibration in which a sample holder is measured with no sample, in order to

detect and then account for any signal from the sample mounting, as well as

any signal that arises due to intrinsic asymmetries in the detection coils. The

operational principle for the background calibration is simple and involves moving

the sample holder to the approximate centre of one of the detection coils and

recording the voltage on the lock-in. The sample is then moved to the centre of
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the other detection coil and the voltage is again recorded. The difference between

these two values is then taken and subtracted from all future measurements.

Example background calibrations are shown in figure 3.6.
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Figure 3.6: Example background calibrations performed at 100 K (blue circles)
and 2 K (green triangles). Figure a) shows the real part of the background voltage
difference and figure b) shows the imaginary part. In both figures the voltage is
divided by the measurement frequency.

The other required calibration is the gain and phase calibration, which requires

measuring a sample that has a well known susceptibility, χcalib, at the frequencies

to be measured at. For simplicity, the chosen samples will usually be ones that

have no imaginary part to their ac susceptibility. The calibration sample is then

measured and a calibration factor given by

G =
χcalibVcalibH2πf

∆Vcal −∆Vb
(3.21)
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where G is the calibration factor which can be complex to allow for phase cor-

rections, Vcalib is the volume of the calibration sample, ∆Vcal is the voltage dif-

ference recorded on the lock in during the calibration measurement and ∆Vb is

the background voltage correction from the background calibration. Because G

is a complex factor it can be decomposed into polar form like: G = geiφ where

g is the gain that is required and φ is the phase correction. Example gain and

phase calibrations are shown in figure 3.7 using two different calibration samples

at different temperatures.
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Figure 3.7: Example gain and phase calibrations. Blue circles show calibrations
performed at 100 K using the Dy2O3 sample, green triangles show calibrations
performed at 2 K using the lead sample. Figure a) shows the gain, g, and figure
b) shows the phase, φ.

The two samples used for the calibrations shown in figure 3.7 are lead (Pb) and

dysprosium oxide (Dy2O3). Pb is a suitable calibration sample because it is su-
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perconducting below 7.2 K[111] and superconductors are perfectly diamagnetic.

Its superconducting properties mean it will have χ′=-1 when in the supercon-

ducting phase (at least in principle) and this property is used for the calibration.

Superconductors can have a peak in χ′′ at temperatures close to their critical tem-

perature however this is only expected in type-II superconductors[112] and Pb is

type-I (the distinction between type-I and type-II superconductors is explained in

section 3.6). Dy2O3 is a commonly used calibration standard for ac susceptibility

devices[113, 114] due to the large magnetic moment of the Dy ions causing a large

susceptibility. Fast relaxation times in Dy2O3 mean that χ′′=0 up to very high

frequencies. Dy2O3 has a Néel temperature of 16.8 K[115] (lower values have also

been reported) and is therefore suitable for calibration at temperatures '70 K.

Our Dy2O3 sample is a powder sample with a cylindrical shape. Measurements

(figure 3.8) were performed using the ACMS option of the QD-PPMS at 10 kHz

and find a Néel temperature of (15.04 ± 0.04) K using a demagnetisation factor

of 0.37. The inset of figure 3.8 shows that the imaginary part of the ac suscepti-

bility is very small across the entire temperature range measured, suggesting no

imaginary part at higher frequencies than 10 kHz, at least in the intermediate

temperature range.

The ACMS option was also used to measure the lead calibration sample at

10 kHz, shown in figure 3.9. The data has not been demagnetisation corrected as

it is not necessary to know the “true” susceptibility of the sample for a gain and

phase calibration which can be performed using the “apparent” susceptibility.

Figure 3.9 shows the sample transitioning to superconductivity at the expected

temperature (7.2 K), the sample is also found to be diamagnetic above this tem-

perature as is expected. Below Tc no imaginary part is measured indicating the

sample’s suitability as a calibration sample.
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Figure 3.8: AC susceptibility measurements on powder Dy2O3 at 10 kHz in an
excitation field amplitude of 0.5 G. Main figure is the inverse of the real part of
the AC susceptibility and inset is the inverse of the imaginary part.

When calibrating for a measurement run it is standard practice to calibrate

at temperatures similar to the ones to be measured at. Therefore the Dy2O3 is

used to calibrate at higher temperatures of the order of 100 K and the lead is

used to calibrate at lowest temperatures (usually at 2 K).

In order to perform a measurement (or calibration) it is first necessary to

locate the sample relative to the two detection coils. In order to achieve this

the QD-PPMS will be set to maintain a constant temperature and magnetic field

and the sample will be slowly moved through the entire range available to the

motor. As the sample is moved the excitation coil will produce an excitation

field at a constant frequency and amplitude. At regular intervals the amplitude

of the voltage detected by the lock in amplifier is recorded. Plotting this voltage

against the motor position will produce a shape like the one in figure 3.10, where

the maximum and minimum show when the sample is in the centre of a detection



70 CHAPTER 3. HIGH FREQUENCY AC SUSCEPTOMETRY

2 3 4 5 6 7 8 9 10
T(K)

-1.2e-04

-1.0e-04

-8.0e-05

-6.0e-05

-4.0e-05

-2.0e-05

0.0e+00

2.0e-05
m

(S
I)

Figure 3.9: ac susceptibility measurements on the lead calibration sample at
10 kHz. Blue circles indicate the real part of the mass susceptibility and green
triangles the imaginary part.

coil. It is therefore possible to extract the coil positions directly from these points,

however if the sample has a small susceptibility then this trace may be noisy and

so they will be more easily extracted by fitting. Finding the centre points of each

of the detection coils accurately is important because a 0.5 mm position error in

one coil leads to a 1% error in the recorded voltage in that coil, a position error

of 2 mm in one coil leads to a 10% error in the recorded voltage.

To derive a fitting equation we need to know the flux through the detection

coils. To calculate this we will consider a magnetic dipole with magnetic moment

µ at distance z from the centre point of a loop of wire, that is being cut by a

flux, Φloop. We will assume that the dipole has no displacement in either the x

or y directions, and has a negligible size. To find the flux we need to perform the

integral given by
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Figure 3.10: Signal amplitude against motor position to locate a sample relative to
the coils. Sample shown is the superconducting lead calibration sample. The red
line is a fit to equation 3.27. Vertical dashed lines indicate detection coil positions
z1 and z2

Φloop =

∫
S

Bdipole.dA (3.22)

where Bdipole is the magnetic field from the magnetic dipole, dA is a surface

element to be integrated over. In order to simplify the derivation we will instead

consider the magnetic flux through a spherical cap of radius
√
a2 + z2, where a is

the radius of the loop of wire, the flux through the cap and the loop of wire will

be the same because ∇.B = 0. We will also use Bdipole in the spherical polar

coordinate system which is given by

Bdipole =
µ0|µ|
4πr3

(
2 cos(θ)r̂ + sin(θ)θ̂

)
. (3.23)

We need only consider the component of the magnetic field that is perpendicular

to the surface of integration (the spherical cap), which is given by the radial
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component of equation 3.23. We therefore need to compute the following integral

∫
S

Bdipole.dA =

∫
µ0|µ|
4πr3

2 cos(θ)2πr2 sin(θ)dθ. (3.24)

Performing the integral and then substituting in sin θ = a/
√
a2 + z2 , the flux

through the coil is given by

Φloop =
µ0|µ|

2

a2

(a2 + z2)3/2
. (3.25)

We now consider that the magnetic moment µ is a time dependent quantity that

oscillates sinusoidally and so by Lenz’s law induces an e.mf. in the loop. At this

point we will also consider the fact that we do not have a single loop but instead

a solenoid comprised of N turns of wire. Assuming an oscillating moment given

by |µ(t)| = |µ| sin(ωt) then the induced e.m.f in the solenoid is

E(t) = −µ0Nω|µ| cos(ωt)

2

a2

(a2 + z2)3/2
(3.26)

from here we need only consider the amplitude of the oscillating signal because

the measurement will be performed using a lock-in amplifier. We will also now

consider that we have two detection coils wound in opposite directions that are at

positions z1 and z2 as well as some background voltage induced in the detection

coils from the excitation coil which we consider by adding a constant, C. The

recorded voltage as a function of sample position is then given by

R = F
A2

1

(A2
1 + (z − z1)2)3/2

− F A2
2

(A2
2 + (z − z2)2)3/2

+ C (3.27)

where R =
√

Re(V )2 + Im(V )2, A1 and A2 are the areas of the first and second

detection coil respectively and F = αµ0Nω|µ|
2

in which α is an additional constant
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to account for any non-ideal behaviour of the coil. Equation 3.27 is the fitting

equation used when locating the sample relative to the coil and an example of this

is shown in figure 3.10 showing the coils located at z1=0.0098 m and z2=0.0374 m.

3.6 Characterisation & Test Measurements

Using the gain and phase calibration described in section 3.5 it is not necessary

to know the magnitude of the excitation field to perform a measurement. This

is because the value of the excitation field can be moved to the LHS of equa-

tion 3.21 and incorporated into G. This is the standard operating procedure

when performing measurements, however in some cases it may be useful to know

the magnitude of the excitation field. For instance it may be useful to know the

amplitude of the field in order to ensure that measurements stay in the linear

response regime. The field amplitude produced for a given drive voltage will be

frequency dependent because the impedance of the coil is frequency dependent.

In order to measure the field amplitude two measurements are required. Firstly

it is necessary to know the magnetic field produced for a given current, these

quantities will be linearly proportional to each other by a factor which we will

call the B/I factor. Secondly it is required to know how the current through the

coil varies with frequency.

Determining the B/I factor was done by connecting the excitation coil to a DC

power supply and then using a longitudinal Hall probe, placed in the centre of the

excitation coil, to measure the DC magnetic field produced. This measurement

was performed at room temperature. Figure 3.11 a) shows the values measured

by the hall probe after correcting for any background signal. Fitting a straight

line to the data yields a B/I factor of (0.358±0.008) mT/A. The fit does not pass
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perfectly through the origin, instead there is an offset of (-3.47±2.14)×10−4 mT

meaning some small systematic error will be present in B values calculated from

the fit. Additionally there appears to be some weak non-linear trend in the mea-

sured data which is difficult to explain. One possible explanation could be the

excitation coil cooling over the course of the measurement caused by the envi-

ronment cooling. This seems unlikely due to the need for a fairly significant

temperature drop and the short length of time it took to perform the measure-

ment. In fact the opposite would be more likely due to ohmic heating in the

coil however this would have the opposite effect in figure 3.11 a) and was not

observed.

To determine the frequency dependence of the current through the coil an ana-

logue differential input amplifier (DIA) was used across a 1 Ω resistor, placed in

series with the excitation coil. The DIA output was connected to an oscilloscope

to measure the drop in voltage amplitude across the resistor, which is then readily

converted to the current through the entire circuit. The apparatus was calibrated

by initially connecting only the resistor to the signal generator and measuring its

frequency dependent behaviour, which is required because most standard resis-

tors will have some inductance and capacitance of their own. Correcting for the

1 Ω added resistance is not required because these measurements were performed

on the NbTi excitation coil which has a resistance of 98.1 Ω and so the added

resistance is negligible. Once the voltage drop across the resistor is known as a

function of frequency then the current through the circuit is easily calculated and

then the B/I factor can be used to calcualte the frequency dependence shown in

figure 3.11 b).

The frequency response of the coil set was also measured using a vector net-

work analyser (VNA). A VNA is a device that measures the attenuation and
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Figure 3.11: a) Hall probe measurements of the DC magnetic field produced in the
centre of the excitation coil for a DC current. Green dashed line is a straight line
fit to determine the B/I factor. b) Magnetic field produced per volt (peak-to-peak)
applied across the full excitation circuit as a function of frequency.

phase shift of an ac signal through a circuit as a function of frequency. The VNA

measurements shown in figure 3.12 were performed on a later iteration of the coil

design than the coil measured in figure 3.11. The later iteration has a slightly

altered winding such that the number of turns per unit length changes along its
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length, both excitation coils are made of copper and have identical detection cir-

cuits. They also include the signal output wires of the circuit. The VNA results

show that the detection circuit has a resonance at 8.15 MHz and the detection

circuit exhibits a resonance at 10.35 MHz.
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Figure 3.12: VNA measurements performed on one of the high frequency suscep-
tometer designs. Solid lines are transmission of the signal from one VNA terminal
to the other, dashed lines show the phase shift. Showing resonant frequencies at
8.15 MHz and 10.35 MHz for the detection and excitation circuits respectively.

Simulations of the resonances using the LTspice software predicted resonances

approximately order of magnitude higher than measured by the VNA. From those

calculations the resonances should be at approximately 100 MHz in both circuits.

The reason for the discrepancy is not known, although it is possible to speculate

based on differences between the simulation and the real circuit. The simulation

takes into account the impedance and parallel capacitance of the signal generator

and lock-in amplifier, where as the VNA measurements do not (as the VNA

replaces them in the circuit). Additionally the LTspice simulation simulation
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does not account for components such as the feed-through to the sample space

or the connections between different sections of the circuit .

Test measurements were performed on three samples intended to illustrate

the reliable operation of the susceptometer up to high frequency. The first such

sample is magnesium diboride (MgB2) which is a type-II superconductor with

a high critical temperature of 39 K[116]. Type-I superconductors are materials

which when cooled below their critical temperature, Tc, expel all magnetic flux

from their interior and exhibit no electrical resistance. In a type-I superconductor

there will be some critical magnetic field strength, Hc, above which the supercon-

ductivity will be broken and the material will become resistive again. In a type-II

superconductor there are two critical fields, Hc1 and Hc2. If the superconductor is

in a magnetic field less than Hc1, then the material will behave in the same way

as a type-I superconductor that is below Hc. If the magnetic field is increased

beyond Hc1 but is still less than Hc2 then the superconductor enters a vortex

phase. In the vortex state the material no longer expels all magnetic fields and

instead allows magnetic flux to penetrate it through quantised vortices, when in

the vortex phase the electrical resistance is still zero. Figure 3.13 shows high fre-

quency ac susceptibility measurements performed on MgB2 at 100 kHz, 300 kHz,

1 MHz and 3 MHz, no magnetic field was applied during this measurement and

any stray magnetic fields were less than Hc1. Figure 3.13 shows that the sample

becomes superconducting at approximately 39 K, as expected indicating reliable

measurement of the diamagnetic susceptibility and good temperature stability.

The lack of any frequency dependence is evidence that the intrinsic frequency

dependent effects of the coils have been corrected for. It is not uncommon to

measure a peak in the imaginary part near the transition, however one was not

observed. This is because the width of the peak is dependent on the field ampli-
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tude and the frequency[116], as the measurement frequency is very high and the

field amplitude used is small, the peak would be much narrower than the temper-

ature step size used (1 K). The reason for the slow drop off in the susceptibility is

not known and was not investigated further because only the location of Tc was

of interest.
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Figure 3.13: Mass susceptibility data on powder MgB2. Hollow markers indicate
the imaginary part and solid markers the real part as measured by the high fre-
quency susceptometer (100 kHz, 300 kHz, 1 MHz and 3 MHz) and ACMS (1 kHz
and 10 kHz). The sample transitions to the superconducting state at the expected
temperature (39 K).

The second test sample we have measured is the spin ice material Dy2Ti2O7,

spin ice materials will be discussed at length in other parts of this thesis so their

underlying physics will not be discussed here. Dy2Ti2O7 has been measured at

15 K using both the commercially available ACMS option and the high frequency

susceptometer. At above approximately 12 K relaxation times in Dy2Ti2O7 vary

exponentially with temperature, and so is a sensitive indicator of sample tem-

perature. If the high frequency susceptometer was having some heating effect on



3.6. CHARACTERISATION & TEST MEASUREMENTS 79

the sample or sample space then the location of the peak in the imaginary part

would shift noticeably.
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Figure 3.14: a) and b) show the real and imaginary parts of the mass ac suscep-
tibility of Dy2Ti2O7 at 12 K. Black crosses were measured using the ACMS and
the coloured dots were measured using the coil set with a NbTi excitation coil with
different voltage amplitudes applied.

Signs of heating were found in early measurements using the coil set with

a NbTi excitation coil. Evidence of this is shown in figure 3.14, where mea-

surements using the NbTi high frequency coil set (coloured points) do not agree

with the ACMS data. In all the data sets shown in figure 3.14 the PPMS ther-

mometers recorded a temperature of 12 K which was the set point. Clearly the

data recorded by the high frequency susceptometer and the ACMS disagree. The

source of the disagreement can be inferred from the dependence of the measured

susceptibility on the voltage amplitude applied to the excitation coil. As the

voltage amplitude is decreased the measured susceptibility comes closer to agree-

ment with the ACMS. The most likely mechanism by which this should occur is
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resistive heating in the excitation coil warming the sample, the heat output of

which is reduced as the applied voltage is reduced. Since the sample is closer to

the excitation coil than the thermometers and in weaker thermal contact with the

cooling power of the PPMS, it is possible the sample is being warmed without

warming the thermometers. The heating problem was solved by making a second

coil set with a copper excitation coil because it has a much lower resistance.
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Figure 3.15: a) and b) show the real and imaginary parts of the mass ac suscep-
tibility of Dy2Ti2O7 at 15 K. Black crosses were measured using the ACMS and
orange dots measured using the high frequency with the copper excitation coil.

Figure 3.15 shows ac susceptibility measurements on Dy2Ti2O7 using the cop-

per excitation coil at 15 K. The good overlap between ACMS data and high

frequency data also shows good temperature stability and accurate calibration.

The third sample measured to check that the high frequency susceptome-

ter is operating properly are FeraSpin XS magnetic nanoparticles produced by

nanoPET Pharma GmbH. The nanoparticles are iron oxide and have a hydrody-

namic particle diameter in the range 10-20 nm[117]. The hydrodynamic diameter
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is the diameter that a perfect solid sphere would need to have in order to have

the same hydrodynamic properties as the real particle. Iron oxide is strongly

magnetic and due to the small particle sizes they are expected to be superparam-

agnetic (the entire particle is one domain)[118]. The nanoparticles are suspended

in water. Magnetic nanoparticles have biomedical applications such as magnetic

hypothermia and magnetic particle imaging[119, 120].
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Figure 3.16: Mass ac susceptibility data for FeraSpin XS nanoparticles. Figure
a) shows the real part and figure b) shows the imaginary part.

The peak in the imaginary part is expected to be broad, allowing the sus-

ceptometer to be tested over a wide temperature range. The suspension liquid

was frozen by cooling to 250 K in atmospheric pressure and then holding the

temperature constant for one hour. After an hour the sample will have been

completely frozen and so the sample chamber was purged and cooling to the first

measurement temperature started. During this whole process and subsequent

measurement no magnetic field was applied.

Five frequencies were measured (31 kHz, 106 kHz, 363 kHz, 674 kHz and

1.25 MHz) as the sample temperature was increased from 20 K to 124 K and

the results shown in figure 3.16. The peaks in the imaginary part indicate the

temperature at which the current measurement frequency corresponds to the
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relaxation time of the sample. With the sample medium frozen the relaxation

time will be the Néel relaxation time which is reversal of the magnetic moment

of the nanoparticles and not movement of the entire nanoparticle[121]. Néel

relaxation is temperature dependent and the relationship is given by an Arrhenius

equation given by

τ(t) = τ0 exp

(
KV

kBT

)
(3.28)

where T is temperature, τ0 is the attempt frequency which is usually in the

range of 10−9 - 10−10 s for iron oxide nanoparticle systems, K is the magnetic

anisotropy constant and V is the magnetic core volume. This model assumes

coherent magnetisation reversal, that each nanoparticle does not interact with

any other and that the magnetic fields involved are small so as not to introduce

hysteresis effects.

Peak locations were determined by fitting Lorentzian functions to the imag-

inary parts of the ac susceptibility in figure 3.16. The use of Lorentzians as

fitting functions is phenomenological and not based on any expectation that the

imaginary part should have that shape. The peak locations obtained from this

analysis are shown in figure 3.17 with a fit to equation 3.28. For the Arrhenius fit

the anisotropy constant suggested by Wetterskog et al.[122] (K=2.8×104 J/m3)

was used. The mean core diameter was found to be (8.86 ± 0.09) nm and

τ0=(2.50 ± 2.35)×10−13 s. This value of τ0 is of a similar order of magnitude

to that found by Wetterskog et al. however our core diameter is slightly larger

than their value (≈6 nm) which was measured using electron microscopy analy-

sis. However our particle diameter is similar to that found by Bender et al.[123]

where X-ray diffraction, neutron powder diffraction and small angle x-ray scat-
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tering were used to determine a mean core diameter of ≈9 nm. This again shows

reliable operation of the high frequency susceptometer across a wide temperature

and frequency range.
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Figure 3.17: Analysis of figure 3.16. Blue markers are peak locations from the
Lorentzian fits, the red line is a best fit to equation 3.28.

3.7 Summary and Future Work

To conclude, an ac susceptometer has been built that is capable of measuring

up to MHz frequencies at temperatures as low as 2 K by integration with a

QD-PPMS. The design of the coil set has been described and the calibration

procedure explained. A summary of the specifications of the most recent iteration

of the susceptometer is given in table 3.1. Reliable temperature stability has

been demonstrated with the onset of diamagnetism in MgB2 at the expected

temperature (39 K) and good agreement between this device and the ACMS when

measuring Dy2Ti2O7 at 15 K. Measurements on FeraSpin XS nano particles have
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shown that the real and imaginary parts of the ac susceptibility can be reliably

determined up to high frequency across a wide range of temperatures. The fitted

value of the mean particle diameter shows good agreement with that determined

using other techniques indicating that the location of the peak in the imaginary

part is accurately determined.

The susceptometer is also capable of measuring in magnetic fields up to 1 T,

using the magnet of the QD-PPMS. This capability that has not yet been proven

but will be demonstrated in the following chapter.

Parameter Value Unit
Materials Cu -

Lowest measurement frequency 1 kHz
Maximum measurement frequency 4 MHz

Temperature range 2 - 300 K
Field range / 1 T

Minimum detectable moment (@ 1 MHz) 5×10−10 Am2

Detection circuit inductance 4.81818 µH
Excitation circuit inductance 2.99146 µH
Detection circuit capacitance 21.023 pF
Excitation circuit capacitance 79.846 pF

Detection circuit measured resonance 8.15 MHz
Excitation circuit measured resonance 10.35 MHz

Table 3.1: Table of specifications for the final high frequency susceptometer de-
sign.

Worthwhile future developments would include altering the design of the high

frequency susceptometer such that it can be integrated with a dilution refrigera-

tor, and therefore be used at much lower temperatures. A prototype is currently

under development that will integrate with a dilution refrigerator available in

Cardiff. When finished it will in principle allow high frequency measurement

down to 4 mK. Measuring at millikelvin temperatures introduces new difficulties,

particularly with regard to thermalisation of the coils and sample without eddy
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current or resistive heating warming the sample. Even moving the sample be-

tween detection coils presents a new challenge not present at higher temperatures

because mechanical vibration can warm the sample.

It should also be possible to extend the upper frequency range of the suscep-

tometer. LTspice calculations (not included in this thesis) have found that by

introducing resistors in parallel with the coil set it should be possible to move

the resonances to higher frequency and therefore improve the upper measurement

range. Attempts to do so thus far have been unsuccessful for unknown reasons,

however it remains a technical feasibility. Improvements to the frequency range

could also be achieved through changes in the coil design. One way to do this

could be by reducing the number of turns and therefore reducing the inductance

and increasing the resonance, at the cost of reduced sensitivity.



Chapter 4

Spinel Spin Ice

4.1 Crystal Structure

The materials CdEr2Se4 and CdEr2S4 that form the focus of this chapter both

have a spinel crystal structure[124, 125]. The spinels are a class of material that

have a chemical formula of the type AB2X4 and a cubic unit cell. The A and

B cations occupy octahedral and tetrahedral positions in the lattice respectively

with the X anions occupying the 32e sites. The A and B sites can be occupied

by the same species provided they have different valences, such as in magnetite

(Fe2+Fe3+
2 O4). A sketch of the crystal structure of CdEr2Se4 is shown in figure 4.1,

the structure of CdEr2S4 is the same but with the selenium atoms replaced with

sulphur atoms.

CdEr2Se4 and CdEr2S4 both form in the Fd3m (#227) crystal group. The

erbium B site ions sit at the 16b site and form a network of corner sharing

tetrahedra, in an identical manner to the positions of rare earth ions in the

pyrochlore spin ices. The charge structure in both materials is Cd2+Er3+
2 X2−

4 .

The outermost unfilled electron shell of the Er3+ ions is the 4f shell which contains

86
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11 electrons allowing for the ions to be strongly magnetic.

Figure 4.1: Crystal structure of CdEr2Se4 generated using the VESTA software.
Orange spheres respresent Cd ions, red spheres represent Er ions and silver
spheres represent Se ions. Dashed lines indicate the unit cell, solid bars indi-
cate the Er-Er bonds which make up the network of corner sharing tetrahedra.
Note some atoms have been removed from the illustration to aid clarity.

4.2 Magnetic Properties

DC magnetisation measurements were first performed on CdEr2S4 and CdEr2Se4

by Fuji et al. [126], which indicated that crystal field affects may have a significant

impact on their magnetic behaviour at low temperature. Their measurements

found a saturation magnetisation value (measured up to 15 T) of 5.4 µB per Er

ion and 5.1 µB per Er for CdEr2S4 and CdEr2Se4 respectively, much less than
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their calculated free ion value of 9.0µB. Ben-Dor et al.[127] used Mössbauer

spectroscopy at 4.2 K to determine that the magnetic moment of the Er ions in

CdEr2S4 is close to that of the free ion value.

Lau et al.[128] measured a number of chalcogenide spinels including CdEr2S4

using x-ray scattering and DC magnetisation measurements to determine the

crystal and magnetic structure. Their measurements indicated little structural

disorder, and indicated the presence of a magnetisation plateau which they sug-

gested could be caused by XY planar anisotropy as in Er2Ti2O7 (ETO)[129].

ETO is an XY antiferromagnet [130, 128, 131] meaning that the erbium mag-

netic moments exhibit antiferromagnetic interactions with one another and can

take any orientation in the plane perpendicular to their local 〈111〉 directions.

ETO is not a spin ice material.

Lago et al.[48] identified that the crystal field environment of the magnetic

ions in the spinels is different to that in pyrochlores despite their similar sub-

lattices. This change in the crystal field environment changes the symmetry of

the Er sites from XY planar (as in ETO) to Ising-like as in the pyrochlore spin

ices. Lago et al. [48] performed specific heat and DC magnetisation measure-

ments on CdEr2Se4, confirming the presence of the residual ground state entropy

expected for the spin ice state. Their specific heat measurements are shown

in figure 4.2. They subtract the phonon and crystal field contributions to the

specific heat to leave only the magnetic contribution which they then integrate

to get the change in entropy. The recovered entropy is close to the expected

R ln(2) − R/2 ln(3/2), differing by 0.0147R. They then use their DC magneti-

sation measurements to calculate the crystal field parameters, from which they

calculate the ground state wave function of the Er ions as: |±〉 = 0.8792 |±15/2〉∓

0.4418 |±9/2〉 + 0.1571 |±3/2〉 ± 0.0843 |∓3/2〉 where |J<111>〉 =
∣∣4I15/2, J<111>

〉
.
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They also calculated that gxx = gyy = 0 and gzz = 16.05 providing strong ev-

idence for the existence of large moment Ising spins as required for the dipolar

spin ice model. Their work provided very compelling evidence that CdEr2Se4 is

a dipolar spin ice material.

Figure 4.2: Specific heat measurements in CdEr2Se4 showing the residual ground
state entropy. Figure is from ref. [48], it has been altered for formatting purposes.

In 2015, Ben-Dor et al.’s measurements were confirmed by Legros et al.[132]

who performed Mössbauer measurements on CdEr2S4 at 4.2 K measuring an

effective moment of 9.51 µB per Er ion, close to the expected free ion value of

9.57 µB. Their measurements indicated a J = 15/2 ground state for the Er

ions with a large energy gap (∼100 K) between the ground and first excited

crystal field states. The measurements performed by Legros et al. illustrated

that CdEr2S4 behaves similarly to CdEr2Se4 and may also be a spin ice sample.

Gao et al. [49] performed a detailed study on both CdEr2Se4 and CdEr2S4

in which multiple neutron techniques and ac susceptibility were used to charac-

terise both samples fully. Including measurements performed by the instrument

described in chapter 3, and detailed in this thesis. They performed inelastic neu-

tron scattering measurements on powder samples, providing microscopic evidence

for the Ising character of the Er3+ ions in CdEr2Se4 and CdEr2S4. They deter-

mined that the ground states transform as the Γ+
5 ⊕ Γ+

6 dipole-octupole doublet
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under D3d site symmetry[133]. The ground state wave functions in both materials

are dominated by the |15/2,±15/2〉 components with the coefficients of the full

wave function given in table 4.1. They also report anisotropic g-factors (g⊥ = 0

and g‖ = 16.4) consistent with those reported by Lagos et al.

Jz |±15/2〉 |±9/2〉 |±3/2〉 |∓3/2〉 |∓9/2〉
CdEr2Se4 ±0.906 0.386 0.159 -0.073 ±0.004
CdEr2S4 ±0.904 0.391 ±0.145 -0.094 ±0.006

Table 4.1: Doublet coefficients in the ground state wave function from ref. [49]

Gao et al. [49] also performed polarised diffuse neutron scattering to determine

the spin-spin correlation lengths, and confirm the power-law correlations required

of a dipolar spin ice. Using the Hamiltonian given by:

H = J1

∑
〈ij〉

σiσj+J2

∑
〈〈ij〉〉

σiσj+Dr3
0

∑
ij

[
ni.nj
|rij|3

− 3(ni.rij)(nj.rij)

|rij|5

]
σiσj (4.1)

where, rij is the vector between spins i and j, J1 and J2 are the exchange interac-

tions for nearest neighbour (NN) 〈ij〉 and next nearest neighbours (NNN) 〈〈ij〉〉

respectively, ni is the unit vector pointing along the local 〈111〉 axes, σi = ±1, r0

is the NN distance and D is the dipolar interaction. D is reported to be 0.62 K

and 0.69 K for CdEr2Se4 and CdEr2S4 respectively. For CdEr2Se4 they derive

J1=-0.03 K from specific heat measurements and then J2=0.04 K from fitting to

diffuse neutron scattering, showing that dipolar interactions are clearly dominant

and therefore the dipolar spin ice state is realised. Diffuse scattering measure-

ments on CdEr2S4 have a similar Q dependence also indicating the presence of

the dipolar spin ice state.

Reig-i-Plessis et al. [134] used the crystal field parameters reported by Gao et
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al. to refine the magnetic contribution to the specific heat data taken by Lago et

al.. This led to a ground state entropy less than the expected value (R/2ln(3/2))

which they speculated could be caused by some two-in-two-out configurations

being less favoured because of interaction terms not considered in the dipolar

spin ice model.

4.3 Fast Dynamics

The magnetic fluctuation rates in CdEr2Se4 and CdEr2S4 are similar to one an-

other and follow the same trend as observed in other spin ice materials. The

evolution of the relaxation time is shown in figure 4.3, indicating the presence of

the three distinct regimes.

In the high temperature regime (T>10 K) spin flipping is mediated by an

Orbach process with temperature dependence given by τ = τ0 [exp (∆/kBT )− 1],

where, ∆ is the activation energy (77.1 K and 96.3 K for CdEr2Se4 and CdEr2S4

respectively) and τ0 is the attempt frequency (9.93×10−11 s and 2.73×10−11 s for

CdEr2Se4 and CdEr2S4 respectively)[135]. Neither ∆ value matches a transition

to a specific energy level, however in both materials there are 4 crystal field levels

between E/kB = 45 K and 130 K and the fitted ∆ values likely represent the

effect of multiple possible transitions.

Between 2 and 5 K a temperature independent plateau is observed at τ ≈

4.9 × 10−7 s. These measurements were performed as part of this thesis and

are discussed again in section 4.4.1. τ being temperature independent is a sign

that spin fluctuations at these temperatures are mediated by quantum tunnelling

between the two orientations of the ground state doublet.

At low temperatures (T< 1 K) the relaxation time obeys an Arrhenius law



92 CHAPTER 4. SPINEL SPIN ICE

given by τ = τ0 exp (∆/kBT ) with τ = 1.01 × 10−10 s and ∆ = 10.07 K for

CdEr2Se4, and τ = 2.9 × 10−10 s and ∆ = 10.2 K for CdEr2S4. Both of these

activation energies are more than 6Jeff (0.8 K or 1 K for CdEr2Se4) as is also

the case in Dy2Ti2O7 (DTO).

Figure 4.3: a) ac susceptibility measurements in CdEr2Se4. b) Neutron spin echo
measurments in CdEr2Se4. c) τ vs temperature in CdEr2Se4 and CdEr2S4 with
Dy2Ti2O7 for comparison. The data in a) and τ values between 2 and 8 K in c)
were produced as part of this thesis. Figure reused from ref. [49]

Despite similarities in the qualitative behaviour of relaxation times in DTO

and CdEr2Se4/CdEr2S4, there is a factor of 103 difference between them. This

can be explained by two properties of both systems. Firstly, if we consider that

in spin ice materials, the monopole excitations behave like a dilute electrolyte

or Coulomb gas then from Debye-Hückel theory, the fluctuation rate, f , is given

by f ∝ uρ, where u is the monopole mobility and ρ the monopole density. ρ is
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assumed to be given by ρ ∝ exp(−v0/kBT ) where v0 is the chemical potential

of a monopole anti-monopole pair and is 2.93 K and 3.84 K for CdEr2Se4 and

CdEr2S4 respectively (in DTO v0 = 4.35 K), meaning that ρ is up to a factor

of 10 greater. This means that in order to account for the 103 difference there

must be a 102 increase in u. u can be calculated by examining the splitting

effect of the internal magnetic fields on the crystal field ground state doublet[20].

This is because the rate at which spin flips occur (which allow the monopoles to

move) is proportional to the ground state splitting for a quantum process[64] (for

a thermally activated process the opposite is true). From Tomasello et al., the

splitting of the ground state doublet for a Kramers ion (such as Er3+) is given

by ∆E = α [1 + A cos (6φ)]H3, where ∆E is the ground state splitting, H is the

magnetic field amplitude, φ is the angle between the transverse field and the x

direction and α and A are fitting constants. It has been calculated that whilst

the internal magnetic fields in CdEr2Se4 and CdEr2S4 are similar to that in DTO,

the parameter α is 2.80×10−4 meV/T3 and 1.95×10−4 meV/T3 for CdEr2Se4 and

CdEr2S4 respectively. In DTO α = 2.14 × 10−6meV/T3 which is two orders of

magnitude smaller, explaining the fast dynamics in CdEr2Se4 and CdEr2S4.

4.4 Magnetic Susceptibility

Our samples were given to us by collaborators at the Paul Scherrer Institut,

Switzerland and were prepared by the solid state reaction method. This method

used CdSe and Er2Se3 or CdS and Er2S3 for CdEr2Se4 and CdEr2S4 respectively,

which were mixed together in an argon atmosphere at a temperature of 800 ◦C.

More information on sample preparation can be found in the supplemental infor-

mation of ref. [49].



94 CHAPTER 4. SPINEL SPIN ICE

The initial motivation for these measurements was to measure the ac sus-

ceptibility of CdEr2Se4 CdEr2S4 at high frequency to determine the behaviour

of the relaxation time at temperatures of the order of 1 K. Measurements at

this temperature range will have the potential to demonstrate that CdEr2Se4

and CdEr2S4 have a temperature independent quantum tunnelling plateau as ob-

served in other dipolar spin ices. The high frequency susceptometer described in

the previous chapter is an ideal tool to use for this measurement, as the relaxation

time at these temperatures is expected to be exactly in the centre of its frequency

range.

4.4.1 Zero Field

The ac susceptibility of powder CdEr2Se4 and CdEr2S4 was measured at tem-

peratures between 2 K and 8 K, in the absence of an applied magnetic field.

The sample was cooled using the Quantum Design PPMS cryostat and the ac

susceptibility measurements were performed using the instrument described in

the previous chapter (for f > 25 kHz) and the ACMS option of the PPMS for

frequencies f < 10 kHz. At the time of these measurements 25 kHz was the low-

est possible measurement frequency of the high frequency susceptometer. The

samples were contained in gelatine capsules with one half of the capsule inverted

and inserted into the other half. The capsules were further sealed with Kapton

tape and Parafilm. The sample containment was checked and found to have a

negligible contribution to the measured susceptibility.

The ac susceptibility measurements are shown in figures 4.4 and 4.5 for CdEr2Se4

and CdEr2S4 respectively. Some of the data from figure 4.4 is also shown in fig-

ure 4.3 a) because these measurements were published in [49]. The relaxation

times, τ , were extracted using fits to the Cole-Cole model [9], they are shown in
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Figure 4.4: Ac susceptibility measurements in CdEr2Se4 in the absence of an
applied magnetic field. Black lines are fit to a Cole-Cole model.

figure 4.3 c) and in more detail in figure 4.6.

Figure 4.5: Ac susceptibility measurements in CdEr2S4 in the absence of an ap-
plied magnetic field. Black lines are fit to a Cole-Cole model.
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In both materials the temperature independence of the peak in the imaginary

part is quite clear between 2 K and 5 K and the magnitude is inversely propor-

tional to T as expected. The quantum temperature independent plateau occurs

with a relaxation time of τ ≈ 4.9 × 10−7 s. Indicating that quantum tunnelling

events between the orientations of the ground state doublet occurs on a much

faster time scale than in Dy2Ti2O7. Above 5 K the relaxation time becomes ther-

mally activated in both materials and by 9 K the location of the peak in χ′′ is

beyond the upper limit of the susceptometer. These measurements provide fur-

ther evidence that CdEr2Se4 and CdEr2S4 are dipolar spin ices by demonstrating

they have the expected temperature dependence for such materials.

Figure 4.6: Temperature dependence of the relaxation time in CdEr2Se4 (blue
points) and CdEr2S4 (red points), showing the temperature independent plateau.
These points are also featured in figure 4.3.
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4.4.2 Applied dc Magnetic Fields

The measurements discussed so far were performed in the absence of an applied

magnetic field (residual fields were <1 mT). Spin ice materials have been shown to

exhibit interesting behaviour in the presence of applied DC magnetic fields along

high symmetry axes. Examples include Kagome Ice behaviour[78], ordering of

spin chains[80] and quasi-liquid-gas monopole transitions[58]. In powder samples

it has been shown that application of magnetic fields in Dy2Ti2O7 can alter the

spin freezing temperature [61] as well as introduces spikes in the specific heat[36].

Figure 4.7: ac susceptibility measurements in CdEr2Se4. Upper and lower panels
show χ′ and χ′′ respectively, both against frequency. All shown measurements
were at 2 K

AC susceptibility measurements were performed on CdEr2Se4 and CdEr2S4

in a PPMS crytostat with the superconducting 9 T magnet option used to apply

a constant magnetic field. The magnetic field was aligned with the ac excitation

field. The samples were mounted in the same way as for the zero field measure-

ments. The measurements were first performed at 2 K up to 1 T, but the most
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Figure 4.8: ac susceptibility measurements in CdEr2S4. Upper and lower panels
show χ′ and χ′′ respectively, both against frequency. All shown measurements
were at 2 K

interesting behaviour occurs in fields smaller than 0.5 T. As can be seen in fig-

ures 4.7 and 4.8 upon the application of a magnetic field at 2 K the peak in χ′′

at f ≈ 300 kHz becomes gradually subdued and a new peak emerges at lower

frequencies. The 300 kHz peak will be referred to as the fast peak/fast relaxation

mechanism and the slower field induced peak as the slow peak/slow relaxation

mechanism.

At 2 K the increasing magnetic field subdues the fast peak almost entirely by

0.4 T, without significantly altering its frequency location. The slow peak initially

grows in amplitude with increasing field up to around 0.18 T above which it is

gradually suppressed. By 1 T the peak amplitude is almost completely supressed.

The location of the slow peak is highly dependent on the field amplitude varying

by at least an order of magnitude. The frequency location of the peak decreases

with increasing field, which continues up to approximately 0.3 T above which
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increasing the field increases the frequency. This field evolution at 2 K is virtually

identical in both CdEr2Se4 and CdEr2S4.

Figure 4.9: ac susceptibility measurements in CdEr2Se4. Upper and lower panels
show χ′ and χ′′ respectively, both against frequency. All shown measurements
were in a magnetic field of 0.1 T

Figures 4.9 and 4.10 show the temperature dependence in a constant field of

0.1 T. The behaviour is consistent across both samples again and indicates that

the fast mechanism continues to be temperature independent in the presence of

a magnetic field but the slow mechanism does not. The slow peak varies expo-

nentially with temperature, indicating that it is a thermally activated process.

Building this up to higher temperatures and fields, it becomes possible to

examine the full behaviour of the two peaks. First the behaviour in CdEr2S4 will

be discussed because there is a greater range of fields and temperatures measured.

Figure 4.11 shows heat maps of χ′′ with the natural logarithm of frequency on

the x-axis and the magnetic field on the y-axis.

The fast and slow peaks can be clearly distinguished from one another up to
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Figure 4.10: ac susceptibility measurements in CdEr2S4. Upper and lower panels
show χ′ and χ′′ respectively, both against frequency. All shown measurements
were in a magnetic field of 0.1 T

7 K. By 8 K the two peaks are too close to one another to distinguish and cannot

be reliably separated when fitting to the data. Between 2 K and 7 K the fast

peak is very small in amplitude by 0.3 T and completely suppressed by 0.5 T.

The slow peak persists to much higher fields and is still present up to 0.6 T. In

order to extract the dependence of the relaxation times, two Cole-Cole models

were fitted to the data with some example fits shown in figure 4.12. τfast is the

relaxation time of the fast peak and τslow is the relaxation time of the slow peak.

From the Cole-Cole fits the behaviour of the relaxation times with temperature

and field can be plotted (figures 4.13). Fitting finds that τfast stays temperature

independent in all fields up to suppression. Exact determination of τfast in larger

fields and higher temperatures is difficult due to its small amplitude and close

proximity to τslow, explaining the quite significant noise seen in figure 4.13 at

B > 0.14 T and T > 4 K.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.11: χ′′ in CdEr2S4 at 2 K, 3 K, 4 K, 5 K, 6 K, and 7 K in panels a,
b, c, d, e and f respectively. x-axes are the logarithm of the frequency in Hz and
y-axes the magnetic field.

It appears that τfast maintains temperature independence up to at least 0.3 T,

although it is possible some weak trend is hidden by the noise. There is some

clear dependence of τfast on the field. The value of τfast changes by less than an

order of magnitude before it is suppressed by the field however it varies with a
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(a) (b)

(c) (d)

(e) (f)

Figure 4.12: Cole-Cole fits to χ′ (blue circles) and χ′′ (yellow circles) in CdEr2S4.
Black lines are the combined model, red and green lines are the imaginary parts
of the component Cole-Cole fits to illustrate each peak. plots a) and b) are at 3 K
in 0.1 T and 0.3 T. c) and d) are at 5 K in 0.1 T and 0.3 T. e) and f) are at
6 K in 0.1 T and 0.3 T

greater than exponential dependence.

At 5 K and colder τfast initially increases exponentially with increasing field

before turning around and decreasing exponentially. The location of the turn



4.4. MAGNETIC SUSCEPTIBILITY 103

(a) (b)

(c) (d)

Figure 4.13: τfast and τslow as a function of temperature in CdEr2S4, (a and b
respectively) and magnetic field, (c and d respectively)

around is temperature dependent occurring at approximately 0.36 T, 0.26 T,

0.22 T and 0.2 T for 2 K, 3 K, 4 K and 5 K respectively, suggesting that the

location of the turn around may follow a trend given by ∼ exp(1/T ) (as shown

in figure 4.17). At 6 K and 7 K τslow appears to be independent of field although

it is possible that any field dependence is lost in noise and the frequency gap

of the data which make accurate determination of τslow difficult. τslow is clearly

temperature dependent as seen in figure 4.13 b) and there are either one or two

regimes visible depending on the magnetic field. In magnetic fields less than

0.36 T, τslow shows a transition between Arrhenius laws at approximately 5 K.

Above 0.36 T the entire temperature range is well described by a single Arrhenius

fit.
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Fitting an Arrhenius law to τslow (figure 4.14) finds that increasing the mag-

netic field causes an increase in Ea up to 0.3 T where it plateaus until the field

reaches 0.45 T. Above 0.45 T, increasing the magnetic field reduces the energy

barrier. τ0 instead peaks at a lower field of approximately 0.2 T.

(a)

(b) (c)

Figure 4.14: a) Arrhenius fits to τslow against T in CdEr2S4 for varying fields
between 0.08 T (darkest blue) and 0.57 T (darkest red). Fits are only to T < 5 K
data below 0.45 T and the full range in greater fields. b) Activation energies, Ea,
from Arrhenius fits. c) Characteristic relaxation times, τ0, from Arrhenius fits.

The behaviour in a magnetic field in CdEr2Se4 is similar. The location of the

slow peak is at higher frequency than in CdEr2S4. As can be seen in figure 4.15

this puts the slow peak closer to the frequency blind spot, making accurate de-
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termination of the peak more difficult. Furthermore there is a smaller range of

data available in CdEr2Se4 than in CdEr2S4. The fast and slow peaks can be

easily distinguished from one another up to 7 K where they are too close to reli-

ably separate. At 5 K the peak in the imaginary part is almost entirely contained

within the frequency gap between instruments. The field at which the fast peak is

suppressed is approximately 0.3 T, which is temperature independent. 2 K is the

only temperature where it is possible to observe the slow peak being suppressed

completely by the magnetic field as the data do not extend to high enough fields

at other temperatures.

As in CdEr2S4, the Cole-Cole model was used to fit the data, with two Cole-

Cole functions combined to fit both peaks. The slow peak is particularly close

to the frequency blind spot in this sample which makes accurate determination

of the location of the slow peak difficult. This can be clearly seen in the 6 K

measurements of figure 4.16 where the location of the slow peak is not easily

determined.

Figure 4.18 shows τfast and τslow as a function of magnetic field and tempera-

ture. τfast shows some weak temperature dependence, although it is over a very

small range and could be caused by the temperature dependence of τslow affecting

the fit. The field dependence of τfast at 2 K matches the trend seen in CdEr2S4.

At higher temperatures the trend is different to that observed in CdEr2S4. τfast in

CdEr2Se4 appears mostly field independent above 4 K, although given the small

range of variation τfast had at 2 K in CdEr2S4 it is possible that the fits have just

not fully captured the true behaviour.

The fast peak shows a strong temperature dependence that gets stronger with

increasing field suggesting that the field is activating a thermal process. The

dependence on magnetic field is similar to that in CdEr2S4 with τslow exhibiting
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(a) (b)

(c) (d)

(e)

Figure 4.15: χ′′ in CdEr2Se4 at 2 K, 3 K, 4 K, 5 K and 6 K in panels a, b, c, d
and e respectively. x-axes are the logarithm of the frequency in Hz and y-axes the
magnetic field. Not all the data is shown.

a turn around with increasing field. The field dependence of τslow at 5 K is

not shown because it could not be reliably determined due to the slow peak

being almost entirely in the frequency blind spot. The turn around occurs at

approximately 0.26 T, 0.20 T, 0.18 T and 0.14 T for 2 K, 3 K, 4 K and 6 K
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(a) (b)

(c) (d)

(e)

Figure 4.16: Example Cole-Cole fits to χ′ (blue circles) and χ′′ (yellow circles)
in CdEr2Se4. Black lines are the combined model, red and green lines are the
imaginary parts of the component Cole-Cole fits to illustrate each peak. plots a),
b) and c) are at 3 K in 0.1 T, 0.18 T and 0.3 T. d) and e) are at 5 K in 0.1 T
and 0.18 T.

respectively. As in CdEr2S4 this suggests that the location of the turn around

goes like ∼ exp(1/T ). This trend can be seen in figure 4.17, note that the y-axis

values are only approximate.
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Figure 4.17: Approximate magnetic field values at which τ stops increasing with
field and starts decreasing plotted against temperature for CdEr2S4 (red circles)
and CdEr2Se4 (blue circles).

As in CdEr2S4 and Arrhenius law is fitted to τslow at T<5 K, the results of

which are shown in figure 4.19. In CdEr2Se4 the Arrhenius fits do not resemble

the data as well as in CdEr2S4. Figure 4.19 shows that increasing field leads to a

steady increase in the fitted activation energy, and that τ0 does not show much

dependence on field.
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(a) (b)

(c) (d)

Figure 4.18: τfast and τslow as a function of temperature in CdEr2Se4, (a and b
respectively) and magnetic field, (c and d respectively)
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(a)

(b) (c)

Figure 4.19: a) Arrhenius fits to τslow against T in CdEr2Se4 for varying fields
between 0.1 T (darkest blue) and 0.24 T (darkest red). Fits are only to T < 5 K
data. b) Activation energies, Ea, from Arrhenius fits. c) Characteristic relaxation
times, τ0, from Arrhenius fits.
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4.5 Grease Measurement

In order to check that the slow peak is not caused by movement of the powder

grains due to the application of the magnetic field (as in [136]), some CdEr2Se4

powder sample was mixed with vacuum grease. Mixing with vacuum grease is

intended to fix the powder grains in place as well as allow some distance between

grains provided the grease and powder are well mixed. ac suceptibility measure-

ments were performed using the ACMS only as the intention is only to observe

the existence of the slow peak.

The grease-CdEr2Se4 mixture was measured at 2 K in a 0.1 T magnetic field

(figure 4.20). The mass of the sample was not precisely determined (as some

of the grease-CdEr2Se4 mixture was left over during mounting of the sample)

and so χ′′ is normalised to its maximum value to make comparison with the

capsule mounted sample easier. There is a slight difference between the two

measurements, however this is likely due to demagnetisation effects (which have

not been accounted for) or possibly pressure effects from the vacuum grease at

low temperature. The important conclusion of figure 4.20 is that the slow peak

is present in the grease mounted sample. This means that it is unlikely to be the

result of powder movement, and is an intrinsic magnetic response of the sample.
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Figure 4.20: Ac susceptibility in CdEr2Se4 for the capsule mounted powder and
the vacuum grease-CdEr2Se4 mixture. Both measurements were performed at 2 K
and in a magnetic field of 0.1 T. Both peaks are normalised to their maximum
value to make comparison easier.

4.6 Low Temperature Measurements

Powdered CdEr2Se4 was measured at the Néel institut, CNRS in Grenoble as

part of a European Microkelvin Platform project. The sample was mounted in

a dilution refigerator to achieve measurement temperatures between 7 mK and

4 K. A zero field cooled (ZFC) - field cooled (FC) measurement was performed in

order to determine the spin freezing temperature. The measurement procedure

is to perform the ZFC measurement first and initially cool the sample to base

temperature in the absence of an applied magnetic field. At base temperature the

field is turned on and the sample is warmed, as it is warmed the sample magneti-

sation is measured. Eventually the warming is stopped and the sample is cooled

to base temperature again, still in the presence of the magnetic field. At base

temperature the sample is again warmed whilst measuring the magnetisation,
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these two measurements form the FC portion.

Figure 4.21: ZFC and FC dc magnetisation measurements in CdEr2Se4. Blue
line shows the ZFC measurement measured on warming, orange line is the FC
measurement on cooling and the green line is the FC measurement on warming.

The ZFC-FC measurement in figure 4.21 shows a separation of the ZFC and

FC curves at 500 mK although the difference between them is small until temper-

atures below 330 mK where there is a strong bifurcation. The applied magnetic

field in this measurement was 0.01 T. Unusual behaviour was observed in the

form of a temperature hysteresis in the magnetisation between the cooling and

warming portion of the FC magnetisation curve, seen as a gap between the green

and orange lines. This can occur if the temperature of the sample changes too

quickly for it to maintain an equilibrium state, however attempts to change the

warming/cooling rate were not successful in closing the gap.

The ac susceptibility was measured using a superconducting quantum inter-

ference device (SQUID) in DC magnetic fields up to 0.5 T. In 0 T the imaginary

part of the ac susceptibility (figure 4.22) was fitted with a Gaussian peak to de-
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termine the peak location. It is important to note that the use of a Gaussian is

a phenomenological model to capture the peak and not an expected behaviour of

χ′′ vs temperature. The peak location varies exponentially with temperature and

shows very close agreement with the relaxation times reported by Gao et al.. Fit-

ting an Arrhenius law finds a low temperature activation energy of (8.72±0.07) K

which differs slightly from the value reported by Lago et al..

(a) (b)

Figure 4.22: Zero field ac susceptibility measurements at low temperatures in
CdEr2Se4. a) χ′ (upper) and χ′′ (lower) panel at frequencies between 0.057 Hz
(dark blue) and 211 H (dark red) with Gaussian fits to χ′′. b) τ against tempera-
ture extracted from Gaussian fits in panel. b) (blue circles) with fit to Arrhenius
law (black line), orange circles are τ from ref. [49] in which the values at T ≥2 K
were measured as part of this thesis.

When a magnetic field is applied, evidence of two relaxation mechanisms

emerges as is clear in figure 4.23. The temperature separation between the two

peaks in χ′′ is highly dependent on frequency and field.

The dependence of the two peaks with changing magnetic fields can be seen

more clearly in figure 4.24 where only single frequencies are shown.

Extracting the peak locations from this data is difficult because the true cen-

tres of the peaks can be obscured by the tails of each other. For this reason,

accurate fits to the underlying distributions are required. The difficulty is finding

a suitable distribution to fit the data. Plotting the data as a function of fre-
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(a) (b)

(c) (d)

(e) (f)

Figure 4.23: χ′′ in CdEr2Se4 at low temperature, in magnetic fields of a) 0.5 T,
b) 0.1 T, c) 0.15 T, d) 0.2 T, e) 0.3 T and f) 0.5 T. Colours indicate frequency
from dark blue (low frequency) to dark red (high frequency), colours are consistent
through all panels. The frequencies measured at are: 0.057, 0.12, 0.21, 0.57, 1.11,
2.1, 5.7, 11.1, 21.1, 57, 110 and 211 Hz.

quency allows for the Cole-Cole model to be applied, however the small number

of frequencies measured at makes accurately fitting τ difficult, especially with

two peaks. Fitting to the ac susceptibility as a function of temperature provides
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(a) (b)

(c) (d)

Figure 4.24: χ′′ at low temperature in powder CdEr2Se4. In this instance each
panel shows a single frequency. a) 5.7 Hz. b) 11.1 Hz. c) 110 Hz. d) 211 Hz.

a large number of data points to fit to but has the problem that any model used

will be phenomenological. For this reason, fitting using both methods have been

used and are compared. For the temperature dependent data two logarithmic

normal distributions in addition are used for the fit. Gaussians were not used as

in zero field because they did not achieve a good fit to the data. For the frequency

dependent data two Cole-Cole models were used to fit the data.

Comparisons of the two fitting techniques are shown in figures 4.25, 4.26, 4.27,

4.28 and 4.29 for applied fields of 0 T, 0.05 T, 0.1 T, 0.15 T and 0.2 T respectively.

In each case only a sample of the fits are shown.

There is good agreement between the fits to a Cole-Cole model and to the

temperature dependent data in zero field 4.25, in a field of 0.05 T (figure 4.30 a)
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(a) (b)

(c) (d)

Figure 4.25: 0 T ac susceptibility data in CdEr2Se4 from figure 4.22 arranged
vs frequency. Blue circles are χ′ and yellow circles are χ′′, black lines are a
Cole-Cole fits. a), b) and c) are measurements with fits at 0.4, 0.5 and 0.6 K
respectively. d) Comparison between fitting to temperature dependent data and
frequency dependent Cole-Cole fits.

and 0.1 T(fig. 4.30 b). At 0.15 T (fig. 4.30c) there is some disagreement between

the two fitting methods. Additionally, at 0.15 T the temperature dependent fit

has not fitted to the faster relaxation well at some frequencies, instead fitting

a small peak at lower temperatures that does not resemble the data. See for

example the bump at approximately 0.35 K in the fit line in figure 4.28 d). τ

values resulting from these peaks are not included in figure 4.30 c). At 0.2 T

(fig. 4.30d) the Cole-Cole fits could only capture the slow peak which agrees well

with the temperature dependent fits.

Fitting an Arrhenius law to the fast peak finds activation energies of (8.78±0.05) K
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(a) (b)

(c) (d)

(e) (f)

Figure 4.26: Low temperature ac susceptibility measurements in CdEr2Se4 with
a magnetic field of 0.05 T. Blue circles are χ′ and orange circles are χ′′ in all
panels. a), b) and c) show the frequency dependent data at 0.5 K, 0.55 K and
0.6 K respectively with combined Cole-Cole fits (black lines) and individual peaks
from the Cole-Cole fit (red and green lines). d), e) and f) show the temperature
dependent data (χ′′ only) at 2.1, 21.1 and 211 Hz respectively.

and (9.36±0.16) K at 0.05 T and 0.1 T respectively for the temperature de-

pendent fits. The Cole-Cole fits find activation energies of (8.85±0.04) K and
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(a) (b)

(c) (d)

(e) (f)

Figure 4.27: Low temperature ac susceptibility measurements in CdEr2Se4 with
a magnetic field of 0.1 T. Blue circles are χ′ and orange circles are χ′′ in all
panels. a), b) and c) show the frequency dependent data at 0.5 K, 0.55 K and
0.65 K respectively with combined Cole-Cole fits (black lines) and individual peaks
from the Cole-Cole fit (red and green lines). d), e) and f) show the temperature
dependent data (χ′′ only) at 2.1, 21.1 and 211 Hz respectively.

(8.38±0.05) K at 0.05 T and 0.1 T respectively. At 0.15 T the relaxation

times from fitting to the temperature dependent data do not show Arrhenius-
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(a) (b)

(c) (d)

(e) (f)

Figure 4.28: Low temperature ac susceptibility measurements in CdEr2Se4 with
a magnetic field of 0.15 T. Blue circles are χ′ and orange circles are χ′′ in all
panels. a), b) and c) show the frequency dependent data at 0.55 K, 0.61 K and
0.69 K respectively with combined Cole-Cole fits (black lines) and individual peaks
from the Cole-Cole fit (red and green lines). d), e) and f) show the temperature
dependent data (χ′′ only) at 2.1, 21.1 and 211 Hz respectively.

like behaviour, but fitting to the Cole-Cole points finds an activation energy of

(8.60±0.12) K. At 0.2 T the Cole-Cole fits could not reliably capture the location
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(a) (b)

(c) (d)

Figure 4.29: Low temperature ac susceptibility measurements in CdEr2Se4 with a
magnetic field of 0.2 T. Blue circles are χ′ and orange circles are χ′′ in all panels.
a) and b) show the frequency dependent data at 0.65 K and 0.7 K respectively with
combined Cole-Cole fits (black lines) and individual peaks from the Cole-Cole fit
(red and green lines). c) and d) show the temperature dependent data (χ′′ only)
at 2.1 and 21.1 Hz respectively.

of the fast peak (likely due to its small amplitude) but the temperature dependent

relaxation times have an activation energy of (8.09±0.47) K. This suggests that at

low temperature, spin fluctuations are mediately by a thermally activated process

as in zero field and the energy gap for spin flipping does not change significantly

with the magnetic field.

For the slow field induced peak, the behaviour of the relaxation time is more

complex with less agreement between the Cole-Cole fits and temperature depen-

dent fits. For the temperature dependent fits in each magnetic field value, the
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(a) (b)

(c) (d)

Figure 4.30: τ against temperature in CdEr2Se4 in a magnetic field of 0.05, 0.10,
0.15 and 0.20 T for panels a), b), c) and d) respectively. Blue circles are from
the high temperature data in section 4.4. Black circles are from the Cole-Cole
fits to the frequency dependent data and red circles are the results of temperature
dependent fits. Light grey lines are Arrhenius fits to the black cirlces and light
green lines are Arrhenius fits to the red circles.

relaxation times have a region in which the relaxation time grows faster than ex-

pected for a thermally activated process between 0.5 K and 2 K. Below 0.6 K, the

relaxation times are again governed by an Arrhenius law with activation energies

given in table 4.2.
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Ea (K)

B (T ) Temp. dep. C-C

0.05 (5.59± 0.58) (7.56± 0.06)

0.10 (5.85± 0.23) (8.40± 0.13)

0.15 (6.56± 0.70) (8.11± 0.09)

0.20 (5.74± 1.00) (5.14± 0.20)

Table 4.2: Activation energies at low temperature in CdEr2Se4 from Arrhenius
fits to τ values extracted via temperature dependent fits and via fitting to the
Cole-Cole model.

suggesting that the energy barrier increases with increasing field until a point

between 0.15 T and 0.2 T above which the barrier decreases. From the Cole-Cole

fits the activation energies are given in table 4.2 and suggest that the activation

energy instead begins decreasing between 0.1 T and 0.15 T.

4.7 Specific Heat

Specific heat measurements were carried out on powdered CdEr2Se4 in a PPMS

cryostat at the London Centre for Nanotechnology, University College London in

collaboration with Steven Bramwell and Daan Arroo. The measurements were

performed using the heat capacity option of the PPMS. The sample was affixed

to the calorimeter puck using vacuum grease.

Preliminary results are shown in figure 4.31. The raw experimental data is

shown without any correction for the background. It has also not been calibrated

for the mass of the sample and so is shown in arbitrary units. Additionally

the magnetic contribution Cmag to the specific heat, C, has not been isolated

meaning that contributions from phonons, Cph, nuclear magnetic moments, Cnuc,
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and crystal field, CCEF , are included. Lago et al. [48] found in their specific heat

measurements (shown here in figure 4.2) that below approximately 5 K Cph and

CCEF have a small contribution. In Er2Ti2O7 Cnuc is only significant at T < 0.4 K

[130], if it is assumed to be similar in CdEr2Se4 then it should not affect the data

in figure 4.31. A measurement of the vacuum grease is also shown which indicates

that its contribution is small below 2 K, the specific heat of the grease is field

independent at least up to and including 0.5 T. Therefore between 0.4 K and 2 K,

C can be assumed to be approximately equal to Cmag.

The purpose of these measurements is to look for evidence of any magnetic

phase transitions in CdEr2Se4 as observed in Dy2Ti2O7[36, 73] and other spin

ices over the field range measured here, which would be visible as sharp peaks in

C. The application of the magnetic field increases the height and width of the

broad peak in C up to 0.3 T. At 0.5 T the peak in C is lower and has moved to

higher temperature. However in none of the measurements does any indication

of a magnetic phase transition appear. This suggests that the applied fields are

not inducing any significant phase changes that could be responsible for the field

induced slow mechanism.
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Figure 4.31: Specific heat measurements in CdEr2Se4 at the indicated dc magnetic
fields.

4.8 Single Crystals

Recently, single crystal samples of CdEr2Se4 have become available thus enabling

the measurement of ac susceptibility along specific crystallographic axes. Only

small crystals are available with masses of the order of 1 mg. The CdEr2Se4

single crystal samples were grown by Vladimir Tsurkan via the chemical transport

reaction method using a preliminary synthesized polycrystalline ternary material

and iodine as a transport agent at temperatures between 850 and 900◦C.

The crystal was aligned using an X-ray Laue camera in the materials charac-

terisation laboratory at ISIS, RAL. The samples provided were very fragile and

awkwardly shaped meaning that only one crystal could be properly aligned. This

sample had a mass of close to 1 mg and had a triangular prism shape approx-

imately 0.34 mm thick with sides of the order of 1 mm long. The sample was

mounted to a plastic screw with GE varnish to hold it in place. The intention
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was to mount the sample in such a way as to have access to the [111], [110] and

[100] directions (or equivalent) by rotating the screw without having to realign

the sample.

1 mm

⊙
[111]10° [100]

Figure 4.32: Image of sample in situ on the screw mount with scale.

The Laue camera images are shown in figure 4.33. The [111] crystallographic

axis was aligned with the face of the sample and so presented the largest surface

area for X-ray scattering allowing the clearest pattern. The [110] pattern is less

clear and is also partially obscured by the isotropic background from the Blu Tac

used to mount the sample to the goniometer. A pattern for the [100] was recorded

but has unfortunately since been lost. The alignment of the [100] axis can also

be inferred from the shape of the crystal however as it should lie along one of the

“points” of the sample.
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(a) (b)

Figure 4.33: Laue camera X-ray scattering patterns of the CdEr2Se4 single crystal
sample. Showing the [111] and [110] crystallographic alignments in a) and b)
respectively.

Because of the low quality of the Laue camera images, it is prudent to check

the alignment using another method. This is possible using DC magnetisation

measurements, as the expected saturation values of the [111], [110] and [100] are

known and easily calculated from the free ion value [70]. The free ion value,

µFI in CdEr2Se4 is 9µB [48]. The saturation values per erbium ion are expected

to be 0.5 µFI , 0.408 µFI and 0.577 µFI for the [111], [110] and [100] directions

respectively, with an additional plateau at 0.333 µFI along the [111] direction.

DC magnetisation measurements were performed at 2 K using the vibrating

sample magnetometer (VSM) option of the PPMS (figure 4.34). The crystal

was measured along the orientations expected to be the [111], [110] and [100]

directions, owing to difficulties in mounting the [111] direction is known to be

approximately 10◦ off the measurement axis and so those measurements will be

labelled as [111]10◦ from now on. Due to the awkward shape of the samples,

demagnetisation effects are difficult to account for. Because the sample is thin

compared to its surface dimensions, demagnetisation effects are expected to be

significant for the [111]10◦ direction (face on) and insignificant for the [100] direc-

tion (edge on) with the [110] direction somewhere in between. Demagnetisation
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effects should not affect the saturation value, only the magnetic field that need be

applied by the magnet to achieve saturation. For this reason no demagnetisation

corrections have been applied in figure 4.34.

Figure 4.34: DC magnetisation at 2 K for the three alignments indicated in the
key. Solid lines are the data, dashed lines indicate expected saturation values
for each alignment, the dotted line indicates the expected magnetisation of the
Kagomé plateau.

The [111]10◦ measurement shows behaviour roughly consistent with that ex-

pected for the [111] direction. The measured magnetisation does not fully saturate

but slowly increases at a similar value to the expected saturation value, which is

consistent with being several degrees off axis. The [111] plateau is not expected

at 2 K although a change in gradient is expected at approximately the plateau

magnetisation which is observed. The [110] measurement is not consistent with

expected behaviour and exceeds the expected magnetisation before saturation is

reached by approximately 1 µB per Er suggesting that the [110] direction is not

properly aligned. The [100] direction magnetisation saturates at almost exactly
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the expected value which is a strong indicator that it has been well aligned.

Ac susceptibility measurements were performed on the single crystal sample

in fields up to 0.5 T. It was measured along the [111]10◦ , [100] and the direction

that was thought to be the [110] but that will now be labelled as [unknown]. The

purpose of these measurements was to determine if the slow peak induced by the

magnetic field could be attributed to a particular direction. An unaligned sample

was also crushed in order to see if that would replicate the powder measurements,

it should be noticed the average grain size in the crushed sample is still quite large

and is not a true powder measurement. As in the DC magnetisation measure-

ments, demagnetisation effects are expected to be significant but have not been

accounted for.

In each orientation measured as well as the crushed sample, the peak in χ′′ is

at a frequency an order of magnitude larger than in the powder. This could be

due to demagnetisation effects although a demagnetisation factor large enough

to shift the peak in χ′′ to its location in the powder results in an infeasibly

large real part(χ′ > 2). The high frequency susceptometer used can experience

phase instability at high frequencies when measuring samples with very small

moments (as is the case here) and is very sensitive to the background calibration

used, so the precise centre of the peak may not be perfectly accurate. This

issue is also known to get worse over the course of a series of measurements, so

measurements taken later are more likely to be affected. If phase instability or

background calibrations are an issue, the high frequency susceptometer will tend

to underestimate the susceptibility and roll off at high frequencies. The Cole-Cole

model can be fit to the [111]10◦ and [unknown] alignments to reveal the true signal

from the noise however this is not possible for the [100] measurement suggesting

that the apparent peak in χ′′ may be due to the aforementioned high frequency
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(a) (b)

(c) (d)

Figure 4.35: a), b) and c) ac susceptibility measurements on the single crystal
CdEr2Se4 at 2 K along the [111]10◦, [100] and [unknown] directions respectively.
Lines are Cole-cole fits to the data, fits were not possible to the [100] data. d)
ac susceptibility in the crushed crystal sample at 2 K, arbitrary units are used
because the sample mass is not known.

issues, the [100] measurement was performed last of all the measurements.

It is possible that the slow peak would emerge in the single crystal in greater

magnetic fields than in the powder, however there is no reason to expect this to

be the case and those measurements were not carried out due to concerns about

the sample mounting in strong magnetic fields. The application of a magnetic

field broadens the peak in the imaginary part and shifts it to lower frequency in

each measured alignment.

The most important consequence of the measurements in figure 4.35 is that

the slow field induced peak was not observed in any of the measured alignments.
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Even more significantly the slow peak was not observed in the crushed sample.

4.9 Low Temperature Single Crystals

The single crystal CdEr2Se4 sample was also measured in Elsa L’Hotel’s lab at

the Néel institut, CNRS in Grenoble as part of a European Microkelvin Platform

project. A dilution refrigerator was used to achieve temperatures down to 0.12 K.

The same sample as before was intended to be used but it broke during mounting,

the largest piece of it was used instead. The alignment was maintained but the

sample is much smaller and a different shape to earlier measurements.

DC magnetisation measurements were performed along the [111] direction up

to 7.5 T at 70 mK. The sample alignment is expected to be much improved with

the magnetic field direction very close to the [111] direction. The results of the

DC magnetisation measurements are shown in figure 4.36, no demagnetisation

correction has been applied. There is a clear step in the magnetisation between

0.18 T and 1.5 T which is similar to that seen in other spin ice materials as

they enter the Kagomé ice phase. Above 1.5 T there a rapid increase in the

magnetisation up to 2 T above which the magnetisation increases gradually. In

this phase the ice rules have been broken and the sample should be saturated.

Clearly the sample has not saturated, the gradual increase in the magnetisation

could be indicative of the spins being gradually canted away from their local 〈111〉

axes. This could also explain why the magnetisation is not field independent in

the Kagomé phase.

At 70 mK between -0.2 T and 0.2 T there are jumps in the magnetisation and

an asymmetry between the sweep directions. It is expected that the these jumps

are the result of the erbium moments falling out of equilibrium with the magnetic
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(a) (b)

Figure 4.36: a) dc magnetisation in moment per Er ion vs field at 70 mK along
the [111] direction of CdEr2Se4, inset shows the same data on a different scale.
The green line represents the data with a slower sweep rate in the magnetic field
compared to the blue and orange data which have the same sweep rate but differing
sweep directions. Coloured arrows indicate the sweep direction of their colour
matched line. Dashed line is the expected saturation value and dotted line is the
expected value of the Kagomé plateau. b) dc magnetisation in moment per Er ion
vs field at varying temperatures

field due to the low temperature. The process by which this occurs is that the

moments do not have sufficient energy to respond to changes in the magnetic

field at the rate at which it is being swept, so the magnetisation ‘lags behind’

the magnetic field. As the field continues to change the system falls further

behind the magnetic field until eventually the energy cost of the non-equilibrium

state is great enough to allow the system to rapidly ‘catch up’ appearing as a

sudden change in the magnetisation. It is possible that the jumps are the result

of magnetic avalanches as seen in Dy2Ti2O7 in reference [137].

This phenomenon can be investigated by performing measurements with a

different sweep rate of the magnetic field. In figure 4.36 a) the green line represents

data in which the magnetic field was changed at a rate approximately half that

of the blue and orange lines. As can be seen in the inset, halving the sweep rate

reduces the number of jumps in the magnetisation which is strong evidence that
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they are not indicative of an intrinsic phenomenon but instead the result of the

aforementioned non-equilibrium behaviour. The jumps in the magnetisation do

not appear in the higher temperature measurements which is further evidence that

they result from non-equilibrium behaviour. This is because the phenomenon of

magnetic avalanches is related to the specific heat of the sample [137] with them

being more likely to occur when the specific heat is small. As can be seen in

figure 4.31 at 70 mK the specific heat in powdered CdEr2Se4 is small. At 1 K,

the temperature of the next magnetisation measurement, the specific heat is much

greater being consistent with the absence of magnetic avalanches.

Figure 4.37: ZFC and field cooledFC DC magnetisation measurements along the
[111] axis of single crystal CdEr2Se4. Blue line shows the ZFC measurement
measured on warming, orange line is the FC measurement on cooling and the
green line is the FC measurement on warming.

A ZFC-FC measurement was also performed on the single crystal sample

which is shown in figure 4.37, the applied dc field was 0.01 T. There is a difference

between the ZFC and FC curves below 350 mK with a strong bifurication below
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250 mK, these values are both much lower that in the powder sample suggesting

that the spin freezing temperature in the single crystal is less than in the powder.

As in the powder there is a temperature hysteresis between the warming and

cooling portions of the FC curve.

AC susceptibility measurements were also performed using a SQUID along

the [111] axis of the single crystal sample. Owing to difficulties in the calibration

of the SQUID the location of the peaks in χ′′ can be trusted but not the absolute

value of χ so the data is presented here in arbitrary units. Peak locations were

estimated by fitting a Gaussian distribution to the peak of the imaginary part

for the 0 T and 0.1 T measurements whereas the peak locations were taken by

eye for the 0.2 T measurement as Gaussian distributions provided a poor fit.

The extracted peak locations are shown in figure 4.38 d). Arrhenius fits give an

activation energy of (5.71±0.2) K in 0 T which is smaller than in the powder. In

a magnetic field of 0.1 T and 0.2 T the activation energies are (5.99±0.06) K and

(8.56±0.76) K respectively.
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(a) (b)

(c) (d)

Figure 4.38: Low temperature ac susceptibility in single crystal CdEr2Se4 along
the [111] crystal direction in: a) No applied magnetic field. b) 0.1 T applied
magnetic field. c) 0.2 T magnetic field. Lines are Gaussian fits to the data. d)
Relaxation times vs temperature with fits to Arrhenius law (grey lines)

4.10 Previous Observations in the Literature

The emergence of a second relaxation mechanism in the application of a mag-

netic field has been previously observed in powder diluted spin ice Dy2−xYxTi2O7

[138][139] and powder undiluted spin ice Dy2Ti2O7 [140]. Yttrium was used as

the doping element because it is non-magnetic and has a similar atomic radius to

Dy. All of these measurements were made using ac susceptibility and found very

similar behaviour of both peaks in the region of the time independent plateau

to the behaviour of both peaks in CdEr2Se4 and CdEr2S4. The field required to

cause both mechanisms to have equal weight is much larger (≈1 T) than in the
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spinels.

In reference [138] the field induced mechanism is attributed to the magnetic

field reducing/increasing the net transverse magnetic field at the rare earth ions.

They also observed a minimum in τ with increasing field and found the location of

the minimum to be temperature dependent. The behaviour of both mechanisms

was found to be dependent on the level of doping.

In reference [140] the effect of spin dilution was further examined. Mea-

surements in undoped Dy2Ti2O7 powder set in epoxy resin also observed both

mechanisms, however the slow mechanism was observed at a much higher fre-

quency than in loose powder measurements. A phenomenon they explained by

contraction of the epoxy exerting pressure on the sample as it was cooled.

Xing et al. [139] performed the most recent study to have observed coexisting

relaxation mechanisms in a spin ice material. They studied Dy1.6Y0.4Ti2O7 only

and attempted to capture the temperature dependence of both mechanisms more

accurately than in earlier papers by fitting to two Havriliak-Nagami[11] func-

tions (a more generalised version of the Cole-Cole model). They found that both

mechanisms were thermally activated (as opposed to a quantum and a thermal

mechanism) and they explained their measurements as the result of spin cluster-

ing. Where two groups of spin clusters respond differently to the field depending

on their orientation.

In all of these measurements the available frequency range was much smaller

than available for the measurements presented in this chapter. To the best of my

knowledge the field induced effect has never been observed in a single crystal spin

ice sample.
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4.11 Discussion of Field Induced Mechanism

Based on the measurements so far the precise nature of the slow mechanism is

still an open question. Some possible explanations are discussed below however

it is not possible to prove or disprove any of them currently.

It is possible that the crystal anisotropy that is the source of the coexisting

mechanisms. The single crystal measurements suggest that the [111] and [100]

axes are not responsible for the slow mechanism as no field induced peak was

observed with the field applied along those directions.

It is possible that the slow peak would have been observed when measuring

along a different axis. Possible candidates for orientations where the slow peak

could be observed are the [110] and [112] directions. Both of these orientations

have spins that would be perpendicular to the applied magnetic field, and can be-

come decoupled from their environment [85, 82] interacting amongst themselves.

Measurements in DTO along the [110] and [111] crystallogrpahic axes are shown

in figure 4.39. With the field along the [110] direction (figure 4.39) the relax-

ation time moves to lower frequency in magnetic fields greater than 0.6 T which

is approximately consistent with the phase diagram in ref. [82]. The relaxation

time rapidly diverges from that measured with the magnetic field along the [111]

direction, indicating that τ depends strongly on the crystal orientation of the DC

magnetic field. It is possible that the transition happens at a low enough field in

CdEr2Se4 to be the slow peak although this cannot be confirmed without specific

heat measurements on single crystal samples.

The absence of the slow peak in the crushed sample is harder to explain. If the

slow peak can be attributed to any particular crystal direction then there should

be some contribution from that direction in the crushed sample. Therefore the
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fact it has not been observed in the crushed sample suggests that the slow peak

mechanism does not exist at all in the single crystal materials. This could be

explained by crystal defects or impurities in either the powder or single crystal

sample. Defects or impurities are more likely in the single crystals than the

powders as the powders are very high quality (see the supplementary information

in ref. [49]). Another explanation could be that there was only a small fraction

of the axis responsible for the slow peak in the crushed sample and its response

was too small to be detected.

(a) (b)

(c) (d)

Figure 4.39: ac susceptibility data in Dy2Ti2O7 along the [110] (blue markers)
and [111] (orange markers) directions. Lines are fits to the Cole-Cole model.
Example data with fits are shown in a) 0.4 T, b) 0.6 T and c) 0.8 T. The full
behaviour of, τ , with H is shown in d).

Field anisotropy is thought to be the most likely explanation but it cannot be

confirmed until large and more accurately aligned single crystal samples can be



4.11. DISCUSSION OF FIELD INDUCED MECHANISM 139

measured.

It is possible that the isotopes of erbium that have a nuclear magnetic moment

could be responsible for the observed behaviour. The 167Er isotope of erbium has

a natural abundance of 22.93% and is the only stable isotope to have a nuclear

magnetic moment with a spin number of 7/2. It could be the case that the

application of a magnetic field is splitting the hyperfine levels on erbium ions

that have a nuclear magnetic moment. This splitting could lead to an avoided

level crossing as seen for example in Holmium doped LiYF4 [141, 142]. The

behaviour of the slow mechanism with increasing field is roughly consistent with

a thermally activated transition between two levels in the region of an avoided

crossing. The main problems with this explanation however is that it ought to be

the case in the single crystal sample too, but that has not been observed. Nuclear

moments have previously been observed to affect spin dynamics in other spin ice

materials [66] [143].

Another possible explanation could be modification of the CEF levels by the

magnetic field. The application of a magnetic field could alter the CEF environ-

ment and change the available states and gaps. A significant change in the CEF

levels is considered unlikely as a fairly large change in the first excited level would

be required to account for a thermal process. Additionally preliminary inelastic

neutron scattering results on CdEr2Se4 in a magnetic field were performed in

collaboration with Tom Fennell at the Paul Scherrer Institut, Switzerland that

did not indicate any change in the CEF levels. It is quite plausible however that

the field could be altering the splitting of the ground state doublet. As discussed

in section 4.3, the fast dynamics on the temperature independent plateau can be

attributed to intrinsic magnetic fields splitting the ground state doublet. The

application of a magnetic field could be changing the splitting in powder grains
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in certain orientations relative to the magnetic field. If this is the case it could

be investigated by measuring with a magnetic field applied perpendicular to the

[111] direction. As before, in order to perform such a measurement would require

a well aligned single crystal sample along such a direction.

It could be that the origin for the slow mechanism lies in the fact that the

ground state wave function is not a pure ±|15/2〉 state but has some smaller

contributions from lower spin states that are still highly anisotropic (see table I

in ref. [49]). The magnetic field could be amplifying the contributions of those

states by making them more energetically favourable in powder grains of cer-

tain alignments. This possibility may be best investigated using a theoretical

investigation, however one has not yet been carried out.

Finally, another explanation could be that the field induced relaxation comes

from defects in the sample, such structural defects or the presence of impurities.

However this is considered unlikely. The large amplitude of the field induced

relaxation mechanism (relative to the fast mechanism) would suggest that for

defects to be responsible they would have to be present to a significant degree.

The powder sample measured here is from the same batch as in ref.[49] which

was investigated using X-ray scattering and found to contain < 1% magnetic

impurities.

4.12 µSR

A muon spin rotation experiment was performed on powdered CdEr2Se4 as part

of the investigation into the twin relaxation mechanism phenomenon. There were

two reasons for doing so. Firstly, the µSR technique allows measurement of the

fluctuation rate of nearby spins to the muon allowing us to confirm the relaxation
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times measured by our ac susceptibility measurements. The second motivation is

to take advantage of having a spin system where we can tune the relaxation time

of the system through the application of a magnetic field, and see how this affects

the muon. Another possible result was detection of persistent spin dynamics at

low temperature.

The experiment was performed at the ISIS facility at Rutherford Appleton

Laboratory, UK. The EMU instrument was used with a sorption refrigerator

(sorp) for measurements between 355 mK and 20 K. A closed cycle refrigerator

(CCR) was used for measurements between 25 K and 300 K. In both sets of

measurements a magnet was used that is capable of producing magnetic fields

up to 0.45 T and active field compensation was used for zero field measurements.

The sample was stuck to the sample holder plate with GE varnish and covered

with 1 layer of silver foil.

4.12.1 Zero Field Measurements

The high temperature CCR data is shown in figure 4.40 which shows that at

the highest temperature, the muon asymmetry depolarises gradually with a line

shape that is well fit by a stretched exponential:

Pz = A0 exp
(
− (λt)β

)
(4.2)

where λ is the polarisation decay constant, t is time, A0 is the initial asymmetry

and β is the stretch parameter. As the sample temperature is lowered, the asym-

metry depolarises faster, eventually moving into the instrumental dead time by

25 K. This is in contrast to the neutron spin echo measurements performed in

ref. [49] which indicate that the relaxation time should decrease with increasing
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temperature. This suggests that the fluctuations the muon is measuring are in

the motionally narrowed fast fluctuation limit.

Figure 4.40: Muon asymmetry in CdEr2Se4 as the sample is cooled. Black lines
are stretched exponential fits to the data (coloured markers).

In the fast fluctuation limit, λ is inversely proportional to the spin fluctuation

rate, ν, which is in itself inversely proportional to the spin relaxation time τ . Fig-

ure 4.41 shows the results of the stretched exponential fits. The stretch parameter

is approximately 1 for almost all temperatures, suggesting a narrow distribution

of relaxation times. If a distribution of relaxation times exists, then the average

fluctuation rate is related to the first moment of the stretched exponential by

equation 4.3. In the fast fluctuation limit the relaxation time, τ , is proportional

to the fluctuation rate by 2∆2 where ∆ is the Kubo-Toyabe parameter. In order

to avoid making assumptions about the value of ∆ at this point the inverse of

〈1/λ〉 is plotted in figure 4.41. Arrhenius fits to figure 4.41 will have incorrect

values of τ0 however Ea will be correct.
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〈
1

λ

〉
=

∫ ∞
0

A0 exp
(
− (λt)β

)
dt =

1

λβ
Γ

(
1

β

)
(4.3)

where Γ() is the error function. There are two distinct energy regimes visible in λ,

which are clearly discerned from one another in figure 4.41 with a transition region

around 100 K. This transition is also visible in β. As the depolarisation moves

into the instrumental dead time beta drops off rapidly from 1 and λ increases

sharply. A probable explanation is that there is insufficient depolarisation to fit

to accurately, rather than being the result of an intrinsic sample phenomenon.

Figure 4.41: Inverse of 〈1/λ〉 against temperature from stretched exponential fits
to figure 4.40. Red lines are fits to an Arrhenius law. Inset is the temperature
dependence of the stretch parameter β

Fitting to an Arrhenius law gives activation energies of (80.5±2.2) K for the

35 K to 90 K region and (228.5±4.7) K for the 105 K to 300 K region. An

activation energy of 80.5 K is not consistent with any particular transition be-

tween crystal field levels[49] but is close to the average of the 1st (E1 =45.2 K),
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2nd(E2 =65.8 K), 3rd (E3 =102.8 K) and 4th E4 =112.4 K) excited levels so may

represent some combination of thermal transitions. Similarly, 225.5 K could rep-

resent some combination of transitions between states except now also including

the 5th (E5 =306.1 K) and 6th (E6 =338.0 K) crystal field levels, although the

origin of this value is less clear. It is perhaps significant that the transition re-

gion aforementioned is consistent with the temperature at which the Boltzmann

weight of the 5th and 6th levels start to become significant.

In the sorp measurements (figure 4.42) almost all of the muon depolarisation

is lost in the instrumental dead time (the time between the muons arriving and

the first good data bin). For instance, in the measurement at 20 K the first good

bin is at 0.28µs with a muon asymmetry of 0.014, compared with a maximum

asymmetry of the instrument of approximately 0.23 as seen in the early time data

points of figure 4.40. This suggests that ν has slowed to the point where motional

narrowing no longer reduces the decay constant enough for the depolarisation to

be measured but also has not slowed enough to be measured. A significant number

of counts (≈150×106 events) were taken in order to ensure that the absence of a

signal was not due to noise or low resolution.

The absence of any significant measured muon asymmetry continues down to

0.33 K, which was the lowest temperature measured. There is a slight exponential

trend in the measured asymmetry in all the measurements between 0.355 K and

20 K, however because the relaxation is effectively temperature independent it

is not likely to be a signal from the sample but a background signal. At 0.33 K

and 0.75 K there is a small additional depolarisation at early times, which is

greater in the 0.355 K measurement. Indicating that some temperature dependent

depolarisation is occurring in the instrumental dead time, that may become visible

at temperatures below 0.355 K.
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Figure 4.42: Muon asymmetry in CdEr2Se4 at low temperature. Measurements
have been shifted up the y-axis to separate them with the black lines representing
Pz = 0 for each measurement.

The absence of a measured signal in this temperature range is unexpected,

ac susceptibility measurements suggest that the spin fluctuation rate should be

easily measured using µSR. Between 2 K and 5 K, the fluctuation rate from ac

susceptibility is 324.8 kHz which should be easily detectable in the muon data.

This is even more pronounced at temperatures below 2 K where the fluctuation

rate decreases exponentially with decreasing temperature. By 0.7 K, the fluc-

tuation rate from ac susceptibility is expected to be 1.08kHz, effectively static

compared to the lifetime of a muon. The implication therefore is that the spin

fluctuation rate experienced by the muon is several orders of magnitude faster

than expected.

This is not without precedent; Lago et al. [67] measured relaxation times 3

orders of magnitude faster than expected in another dipolar spin ice Dy2Ti2O7.

In fact, they measured similar behaviour at all temperatures, they measured
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exponential depolarisation at high temperatures (70 - 280 K) which moved into

the instrumental dead time upon cooling suggesting motional narrowing. Upon

cooling below 40 K, the depolarisation re-emerges from the instrumental dead

time, with behaviour consistent with the slow fluctuation limit (slow relaxation of

the 1/3 tails). Lago et al. speculated that the 3 orders difference in their results

could be due to the different Q-space sampling of ac susceptibility (Q=0) and

µSR (average over all Q values) or due to measurement of different relaxation

processes, however they considered both of these unlikely and left it an open

question. The µSR measurements in CdEr2Se4 in this section provide no new

insight, although the similarity in qualitative behaviour may suggest a similar

cause. A possible explanation in both materials (CdEr2Se4 and Dy2Ti2O7) is that

the muon introduces a perturbation that alters the crystal and spin fluctuation

rates. This possibility has been investigated before by Foronda et al. [103] in the

pyrochlore Pr2Sn2O7 (a quantum spin ice candidate [46, 144]) where the presence

of the muon was found to pull nearby O2− ions off their initial positions and

split the CEF levels of the Pr3+ ions. In CdEr2Se4 and Dy2Ti2O7 the magnetic

ions are Kramers ions (Pr3+ is non-Kramers) so the ground state cannot be split

by the muons electric field, however a structural distortion may alter the CEF

environment of the rare earths whilst leaving the ground state doublet intact.

For example such a perturbation could alter the energy gap to the first excited

state. The exact mechanism will be different in CdEr2Se4 as there are no O2−

ions, however the muon could distort the positions of the Se2− ions.

4.12.2 Longitudinal Field Measurements

Measurements in a longitudinal field (LF) were also performed in both the CCR

and sorp. A sweep of the full temperature range of the CCR in a LF of 0.1 T
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was performed and is shown in figure 4.43. As in zero field, the depolarisation

is well fit by a stretched exponential at all temperatures. The polarisation decay

constant is again decreasing with increasing temperature suggesting it is again

in the fast fluctuation limit. In fast fluctuation limit with a LF the relationship

between λ and ν is more complicated than in ZF, and in the case of very fast

fluctuations is given by the Redfield formula [89] (a special case of the Keren

function[95]):

λ =
2∆2ν

ν2 + γ2
µB

2
LF

(4.4)

where ∆ is the Kubo-toyabe parameter describing the width of the field dis-

tribution at the muon site, γµ is the muon gyromagnetic ratio and BLF is the

magnitude of the longitudinal magnetic field. The implication of this is that in

order to determine how ν changes with temperature and field we need to know

the value of ∆.

To measure ∆ accurately, we need data taken on a continuous muon beam

line (one that produces a steady stream of single muons) because they have much

greater time resolution. A µSR experiment was performed in 2010 by Jorge Lago

at the Paul Scherrer Institut (a continuous source) as part of reference [48] and

the data was made available by them for analysis. The experiment was performed

on the LTF instrument in zero field at 19 - 600 mK. A dynamic Kubo-Toyabe

function (see section 2.18) was fitted to the data.

At 600 mK and below, only the crystal field ground state is expected to be

occupied and therefore the distribution of magnetic fields experienced by the

muon is assumed to be the same for all 5 measurements. Figure 4.44 b) supports

the assumption of ∆ being temperature independent as each fitted ∆ is close



148 CHAPTER 4. SPINEL SPIN ICE

Figure 4.43: Muon asymmetry in CdEr2Se4 in a longitudinal magnetic field of
0.1 T. Black lines are stretched exponential fits to the data (coloured markers).

(a) (b)

Figure 4.44: a) Muon asymmetry in CdEr2Se4 taken by Jorge Lago at PSI,
Switzerland. Dashed black lines are dynamic Kubo-Toyabe fits to the data
(coloured points). Solid black lines represent the zero points of each measurement
which have been shifted up the y-axis for clarity. b) Internal field distribution ∆
from dynamic Kubo-Toyabe fits as a function of temperature.

to the average ∆ of (19.52 ± 0.54) µs, which corresponds to an internal field

distribution width of (143.9 ± 3.8) mT.

Using this value, the temperature evolution of the spin fluctuation rate can



4.12. µSR 149

Figure 4.45: Relaxation time τ calculated using the Redfield formula on λ from
stretched exponential fits in figure 4.43 to the 0.1 T data. Red lines are fits to an
Arrhenius law. Inset shows the temperature evolution of the stretch parameter β.

be determined if the assumption is made that ∆ does not change significantly

up to 300 K. λ for equation 4.4 is assumed to be given by 1/ 〈1/λ〉. τ is given

by 1/(2πν) and the values of τ are shown in figure 4.45. As in zero field two

clear Arrhenius laws can be observed with a with two clear regimes transitioning

at approximately 95 K. In the high temperature case an Arrhenius law finds an

activation energy of (243.7 ± 6.2) K, an increase of 18.6 K compared to the zero

field case. At T<75 K the fit yields an activation energy of (101.6 ± 5.4) K

an increase of 21 K on the zero field measurements. The increases in activation

energies can by explained by there being some modification of the crystal field

energy levels as a result of the field, or that ∆ is not temperature independent.

Constant temperature field sweeps were performed at 35 K, 75 K, 110 K and

300 K up to 0.45 T. As can be seen in figure 4.46, as the field is swept there is

little change in the decay rate, λ is effectively field independent for all values. β
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Figure 4.46: Muon asymmetry data at 35 K, 75 K, 110 K and 300 K with stretched
exponential fits (coloured lines). Legend in the lower left panel is applicable to all
panels.

is close to 1 for most measurements at 75 K, 110 K and 300 K except at 0.45 T

where it drops off to 0.9. Using equation 4.4 to extract ν is not possible for all

measurements, particularly those performed at 35 K. This is because equation 4.4

returns a complex value which is unphysical, suggesting that for those points the

assumptions of the Redfield formula are no longer suitable. The results that could

be calculated are shown in figure 4.47 and show that there is weak dependence

on the magnetic field at 75 K and 110 K with a gradual reduction in ν as the

field is increased. At 300 K there is no clear trend as a function of field and the

data point at 0.45 T is believed to be an outlier. At 35 K there are few physical

ν values, a probable explanation is that at 35 K the spins are not fluctuating

sufficiently fast to be in the limit where equation 4.4 applies.

Field sweeps were also performed as part of the sorp measurement set. DC

field measurements were taken at 355 mK, 1 K, 2 K and 5.4 K up to 0.45 T
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Figure 4.47: ν as calculated from equation 4.4 against the applied magnetic field
at 35 K, 75 K, 110 K and 300 K

and are shown in figure 4.48. At all temperatures the application of a longi-

tudinal magnetic field leads to a recovery of the tail asymmetry up to about

half the expected initial asymmetry. Unfortunately the magnet was incapable of

producing a magnetic field that would fully recover the asymmetry to provide

another method of directly measuring ∆ (the muons should not depolarise for

γµBLF/∆ ≈ 10). However, if the recovery of the asymmetry is assumed to be

linear in field, then it is possible to estimate the field that would fully recover

the asymmetry. A linear fit finds a gradient of (14.6 ± 1.8) T−1 with intercept

(2.99 ± 0.58) suggesting that the full asymmetry is recovered in a field of (1.37

± 0.18) T, implying an internal field width of approximately 140 mT. Given that

somewhat shaky assumption of linearity, this value is remarkably close to the

internal field width found from the fits to Jorge Lago’s data.

The small additional depolarisation at early times observed previously in the
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Figure 4.48: Longitudinal field measurements at 355 mK, 1 K, 2 K and 5.4 K.
Arrows indicate direction of increasing field each temperature has measurements
at 0 T, 0.1 T, 0.18 T, 0.27 T and 0.45 T. Coloured lines are fits to equation 4.5.

0.355 K and 0.75 K ZF data is visible in figure 4.48 at 0.355 mK and 1 K, and

appears to change slightly with field. To attempt to quantify this phenomenon,

exponential decay functions were fitted to the data (equation 4.5), one for the

slow decay mentioned earlier and another to fit the depolarisation at early times.

The first decay constant, λ1, fits the slow relaxation and the second, λ2, fits the

early times depolarisation. As can be seen in figure 4.49 neither λ1 nor λ2 show

a clear trend with field at either temperature.

Pz = a1 exp(−λ1t) + a2 exp(−λ2t) + Atail (4.5)
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(a) (b)

(c)

Figure 4.49: Fit parameters from fits to equation 4.5 at 355 mK (black circles)
and 1 K (red circles). a) Decay constant λ1. b) Decay constant λ2. c) Tail
asymmetry Atail with straight line fit to 1 K points.

4.13 Summary and Future Work

The quantum tunnelling plateau has been measured using the high frequency

susceptometer, providing further insight into the spin ice behaviour in CdEr2Se4

and CdEr2S4. ac susceptibility measurements in applied dc magnetic fields have

uncovered coexisting relaxation mechanisms in the powder samples that were

found to exist with differing temperature dependences and energy scales. ac sus-

ceptibility data was taken over a large range of fields and temperatures, including

measurements taken at millikelvin temperatures at the Néel Institute, Grenoble.

Preliminary specific heat measurements in magnetic fields up to 0.5 T did not
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show any sign of a magnetic phase transition that could be responsible for the field

induced relaxation mechanism. These measurements are only preliminary and the

magnetic contribution has not been separated out from the other contributions,

however in the temperature range covered it is expected to be the dominant

contribution.

Dc magnetisation measurements at 2 K in the CdEr2Se4 single crystal sample

found saturation values approximately consistent with expected along the [100]

and [111] directions. The dc magnetisation measurement at 70 mK found that

the Kagomé plateau is not flat as in other spin ice materials, and the expected

saturation value was exceeded.

At 2 K the field induced relaxation was not observed by ac susceptibility

measurements of the CdEr2Se4 single crystal sample along any of the measured

directions although the data is very noisy owing to the samples small size. How-

ever were the field induced relaxation present with a similar amplitude to the

powder sample then the ACMS should have been sensitive enough to detect it.

Measurements at low temperature however did find a weak relationship between

the applied dc field and the activation energy.

The spin freezing temperature was measured in both powder and single crystal

CdEr2Se4, and found to be lower in the single crystal sample.

The zero field µSR experiment in CdEr2Se4 has observed behaviour similar

to that seen in another spin ice material Dy2Ti2O7. The muon asymmetry de-

polarises orders of magnitude faster than is expected from ac susceptibility data

such that no asymmetry is measured when the spin fluctuation rate should be

well within the dynamic range of µSR. Measurements at higher temperatures

did measure an asymmetry as the measured fluctuations entered the motionally

narrowed limit. Those measurements found two distinct energy scales with a
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transition at around 100 K.

Measurements in an applied magnetic field did not find any evidence of the

slower field induced mechanism observed using ac susceptibility. Which suggests

that either the muon is not able to measure that mechanism or that it is also

too fast to be observed in this experiment. It is quite possible that whatever

process increases the zero field relaxation rate would also increase the rate of the

slower mechanism rendering it unmeasurable. An estimate of the internal field

distribution was obtained however the magnet used in this experiment was not

powerful enough to measure it directly.

Ultimately, this experiment has provided limited insight into CdEr2Se4 or the

phenomenon of the coexisting peaks. It may however be worthwhile to perform

a µSR experiment in CdEr2Se4 or CdEr2S4 using a continuous muon source to

expand upon Jorge Lago’s measurements. Measuring to higher temperatures and

in applied magnetic fields with the time resolution available to a continuous source

may reveal some information about both relaxation mechanisms.

Future investigation of the coexisting relaxation mechanisms in the powder

sample could benefit from inelastic neutron scattering data to determine if the

crystal field levels are affected by the application of the magnetic field. Addition-

ally measuring the specific heat in larger magnetic fields could yield information

about the presence of any anisotropic magnetic phase changes.

Measurements in a doped sample, were the magnetic erbium ion is replaced

with some non-magnetic ion may be of interest. Doping of the magnetic ions has

been shown to influence a field induced peak in powder Dy2−xYxTi2O7, a similar

experiment in CdEr2Se4 or CdEr2S4 may provide some explanation.

The most useful area of future research however is likely to be in further

study of single crystal samples. Access to larger single crystal samples would
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make accurate alignment and measurement easier. Measuring the single crystals

with a magnetic field along the [110] and [211] directions may reveal the field

induced slow mechanism.



Chapter 5

Quantum States in µSR

5.1 Introduction

So far this thesis has predominantly focused on a macroscopic measurement tech-

nique (Chapter 3) and on a magnetic spin system in which the microscopic prop-

erties of the system are evident and detectable at the macroscopic level (Chapter

4). This chapter focuses on a spin system in which the underlying physics can

only be understood on the microscopic scale with a quantum mechanical treat-

ment. This system occurs as a result of the quantum interaction between fluorine

nuclei and implanted muons in a µSR experiment. This topic bears some rele-

vance to the field of frustrated magnetism because one of the materials studied

(LiYxHo1−xF4) is an example of a frustrated Ising spin system (for x = 0). In

this chapter however it is the non-magnetic fluorine atoms that are of interest.

157
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5.2 Pure, Mixed & Entangled States

A group of particles are said to be in an entangled state if the state of a particle in

the group cannot be written independently of the others. For instance, imagine

two qubits that can each be in state |0〉 or |1〉 where, |...〉 represents a ket vector

in Dirac’s notation [145]. If the first qubit is in state |0〉 and the second qubit is in

state |1〉 then the total state of the system can be written as |φ〉 = |0〉⊗|1〉 = |01〉

so the two qubits are not entangled[146, 147]. The symbol ⊗ represents the tensor

product which is mathematically performed by the Kronecker product. However

if the qubits are prepared in a state given by |ψ〉 = 1√
2

(|01〉 − |10〉)[148, 149]

then it is not possible to write this as a product of individual states and it is

impossible to discuss the state of one qubit without considering the other, this is

an example of an entangled state.

Pure and mixed states describe the state of an ensemble of quantum systems[146].

If the ensemble reliably forms in a single state described by a single vector then

(such as |φ〉 or |ψ〉) then it is in a pure state. However if the ensemble is instead

in a statistical mixture of allowed states, for instance 75% is in |φ〉 and 25% is

in |ψ〉, then it is said to be in a mixed state[150]. It is not possible to describe

a mixed state with a single ket vector. Such a scenario is likely to occur in a

composite quantum system where there is imperfect information about the ini-

tial state of all the particles or one of the particles has an entangled state as one

of its available states.

5.3 Density Matrices

Throughout this chapter density matrices will be used to represent quantum

states formed by implanted muons and other particles, in particular fluorine nu-
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clei. The density matrix, ρ, for a particle that can exist in n states: |ψ〉1, |ψ〉2, ..., |ψ〉n

is given[151][150]by

ρ =
n∑
j=1

pj|ψ〉j〈ψ|j (5.1)

where pj is the probability that the particle is in state |ψ〉j. The probabilities pj

are normalised such that
∑
pj = 1. The advantage of density matrices is that

they can easily describe both mixed and pure states.

The total density matrix of a composite quantum system is given by the tensor

product of the density matrix of each particle so for N particles it is given by:

ρtot = ρ1 ⊗ ρ2 ⊗ ...⊗ ρN . (5.2)

The expectation value of an observable, A, can be calculated by performing

the product of the density matrix with the relevant operator and then taking the

trace of the resulting matrix like so[147]:

〈A〉 = Tr[ρÂ]. (5.3)

If the system is not prepared in a pure state of one of the eigenstates of the

system Hamiltonian,H, then it will evolve over time[152]. This will mean that the

density matrix is time dependent. Assuming that the quantum system in question

is closed (it does not interact with its environment) then the time evolution of

the density matrix is governed by the Liouville-von Neumann equation,

i~
∂ρ

∂t
= [H, ρ] (5.4)

where, i is the imaginary unit and ~ the reduced Planck’s constant. The square
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brackets indicate a commutator which is defined as [A,B] = AB − BA. The

solution to equation 5.4 is

ρ = U(t)ρ(0)U(t)† (5.5)

where U(t) is the unitary time propagator that evolves the state of the system:

|ψ(t)〉 = U(t)|ψ(0)〉. For a time independent Hamiltonian ρ(t) is given by[153]

ρ(t) = e−iHt/~ρ(0)eiHt/~ (5.6)

which is a solution to equation 5.4. For a time dependent Hamiltonian a solution

can be achieved by firstly integrating equation 5.4 between 0 and t over the

dummy variable, t′, to achieve

ρ(t) = ρ(0)− i

~

∫ t

0

[H(t′), ρ(t′)]dt′ (5.7)

then by repeatedly substituting equation 5.7 into itself we can get

ρ(t) = ρ(0)− i
~

∫ t

0

[H(t′), ρ(0)− i
~

∫ t′

0

[H(t′′), ρ(0)− i
~

∫ t′′

0

[H(t′′′), ρ(0)−...]dt′′′]dt′′]dt′

(5.8)

which through the Dyson series[154] is mathematically equivalent to

ρ(t) = T̂+

[
exp

{
− i
~

∫ t

0

H(t′)dt′
}]

ρ(0)T̂−

[
exp

{
i

~

∫ t

0

H(t′)dt′
}]

(5.9)

where T̂+ and T̂− are time ordering operators (in different directions).

When simulating the density matrix of a system with a time dependent Hamil-
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tonian it may be computationally favourable to instead use an iterative version

of equation 5.4. One way of doing this is is using the following[155]

ρ(t) = e−iH(t)dt/~ρ(t− dt)eiH(t)dt/~ (5.10)

where dt is the time step used in the iteration. In order to show that equation 5.10

is also a solution to equation 5.4, the first step is to repeatedly substitute it into

itself N times giving

ρ(t) =
N∏
n=0

[
e−iH(t−ndt)dt/~] ρ(t−Ndt)

0∏
n=N

[
eiH(t−ndt)dt/~] . (5.11)

If we let dt = t/N , in the limit of N → ∞ then dt becomes infinitesimally

small and ρ(t − Ndt) tends to ρ(0). In this case in the exponent of the left

exponential we have:
∑∞

n=0−iH(t − ndt)dt/~ which for infinitesimally small dt

is mathematically equivalent to an integral. Therefore, equation 5.11 tends to

ρ(t) = exp

{
− i
~

∫ t

0

H(t′)dt′
}
ρ(0) exp

{
i

~

∫ t

0

H(t′)dt′
}

(5.12)

which, because of the ordering of the products in equation 5.11, is equivalent to

equation 5.9 and therefore a solution to equation 5.4. A more detailed derivation

is given in reference [156] and in the appendix of reference [157].

5.4 Entangled Muon States

So far in this thesis, muons have been used to measure magnetic dynamics and

internal fields. These experiments have been ones in which the muons experience

some static or fluctuating magnetic environment and their response to it can be

well described as an average response to the total muon environment. However,
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this is not always the case, in some materials the muon couples strongly to a

small number of nearby particles and interacts with them directly. When this

occurs, the observed muon asymmetry cannot be explained simply as the result

of classical magnetic fields at the muon site causing the muon to precess nor can

it be explained by fluctuations in those classical fields. Instead to understand the

asymmetry it must be treated as part of a quantum mechanical system.

5.4.1 Muonium

A simple case of an implanted muon interacting directly with a nearby particle

is Muonium. The muonium state is formed when the implanted muon captures

a nearby electron and forms an effective atom[158][93][93]. In Muonium, the

muons behave similarly to a proton, meaning the muon-electron system behaves

like a short lived version of Hydrogen[159]. It has even been observed forming

compounds with other atoms such as MuCl[160], this field of research is often

referred to as muonium chemistry[161].

In muonium, the spin of the muon and the spin of the captured electron

become entangled with one another, interacting via the hyperfine interaction.

The muonium state can be described with the following basis: | ↑↑〉 | ↑↓〉 | ↓↑〉

| ↓↓〉 [148]. The basis is defined such that | ↑〉 denotes a spin in the up orientation

(positive z direction) and | ↓〉 is the down orientation. The basis state | ↑↓〉 is a

product state representing the | ↑〉 state for the muon and | ↓〉 for the election, it

is given by | ↑↓〉 = | ↑〉 ⊗ | ↓〉. The other basis states are similarly defined.

The muons arrive spin polarised in the | ↑〉 state because their spins are

antiparallel to their momentum which is in the −z direction by convention. The

electrons can initially be in either | ↑〉 or | ↓〉 orientation with equal probability.

Therefore their initial density matrices are:
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ρµ(0) = | ↑〉〈↑ |

ρe(0) =
1

2
(| ↑〉〈↑ |+ | ↓〉〈↓ |)

(5.13)

Their states then evolve over time according to the hyperfine interaction

Hamiltonian:

H = A0hI.S (5.14)

where h is Planck’s constant (h/2π = ~), A0 is the hyperfine coupling constant, I

is the muon spin operator and S is the electron spin operator. The spin operators

are defined by

I =
~
2

(~σ ⊗ I)

S =
~
2

(I⊗ ~σ)

(5.15)

where I is the identity matrix and

~σ = (σx, σy, σz) (5.16)

where σx, σy and σz are the Pauli spin matrices.

The expectation value of the muon polarisation is therefore given by

Pz(t) = Tr[ρ(t)Iz] (5.17)

where Iz is the z component of I.

The eigenstates of the Hamiltonian are indicated on the energy level diagram
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in figure 5.1 a). Because the initial density matrix of the system does not commute

with the Hamiltonian[152], the system should oscillate indefinitely, typically with

a frequency proportional to the energy gap between the states. Figure 5.1 b)

shows the muon polarisation as measured in an idealised µSR experiment. The

measured signal oscillates with a frequency proportional to the energy gap (ω =

~∆E) as the muon spins fluctuate between allowed states, as expected. Figure 5.1

b) also shows the expected signal for if the system was prepared in a pure | ↑↑〉

state, which is an eigenstate of the Hamiltonian. In this case the system stays in

that state and does not evolve over time.

1

2
|  ↑↓ + |  ↓↑ ,

1

2
|  ↑↓ − |  ↓↑

|  ↑↑ , |  ↓↓

(a) (b)

Figure 5.1: a) Energy level diagram of the solutions to the muonium Hamiltonian
in units of A0 = 1. b) Spin polarisation vs time for the initial conditions in equa-
tions 5.13 (blue line) and for muonium prepared in the pure | ↑↑〉 state (orange
line).

5.4.2 F-µ

In a µSR experiment on a sample containing fluorine, the muon is likely to implant

at a site very close to a fluorine atom. Fluorine is the most electronegative

element meaning it creates a very dense electron cloud around it, this dense
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cloud of negative charge is what attracts the muon. When this happens, the

muon and fluorine nuclei interact via the dipole-dipole interaction and become

entangled[162]. The only stable isotope of fluorine is 19F which has nuclear spin

1/2.

The Hamiltonian describing their interaction is given by:

HµF =
µ0γµγF

4πr3
[I.S − 3(I.r̂)(S.r̂)] (5.18)

where, γµ is the gyromagnetic ratio of the muon, γF is the gyromagnetic ratio of

the fluorine nucleus (γF = 40.05×2π MHz/T), r is the F-µ separation, r̂ is a unit

vector pointing between the fluorine nucleus and the muon, and S denotes the

fluorine nuclear spin. Clearly in this case the relative positions of the two particles

becomes significant, which was not the case in muonium, as is their positions

relative to the incoming muon spins. The eigenvalues of equation 5.18 are shown

in figure 5.2 a), with the allowed transitions indicated. As in section 5.4.1, units

of A0 have been used where A0 = µ0γµγF/4πr
3. There are 4 eigenstates denoted

|0〉, |1〉, |2〉 and |3〉 which depend on the orientation of the F-µ bond relative to

the initial muon spin (z-axis). If r̂ is in the x-y plane (transverse to z) then these

eigenstates are:

|0〉 =
1√
2

(| ↑↓〉+ | ↓↑〉)

|1〉 =
1√
2

(| ↑↑〉+ | ↓↓〉)

|2〉 =
1√
2

(| ↑↓〉 − | ↓↑〉)

|3〉 =
1√
2

(| ↓↓〉 − | ↑↑〉)

(5.19)
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whereas if r̂ is parallel to z then the states are:

|0〉 = | ↑↑〉

|1〉 = | ↓↓〉

|2〉 =
1√
2

(| ↑↓〉 − | ↓↑〉)

|3〉 =
1√
2

(| ↑↓〉+ | ↓↑〉) .

(5.20)

If the bond is in a different alignment to the two aforementioned, then the eigen-

states will be different again (typically a superposition of all of the 4 basis states).

Figure 5.2 b) shows some example muon polarisations for the F-µ bond in the

parallel and transverse cases. The frequency of oscillation for the muon spin is

again proportional to the energy gap of the relevant transitions, of which there

are 2 for the transverse cases and 1 for the parallel case.

|  0 , |  1

|  2

|  3

(a) (b)

Figure 5.2: a) Energy level diagram of the solutions to the F-µ Hamiltonian in
units of A0. Arrows indicate allowed transitions in the transverse (solid arrow)
and parallel (dashed arrow) geometries. b) Muon spin polarisation vs time in the
case that the F-µ bond is transverse to z (blue line) or parallel to z (orange line)
also shown is the polycrystal spatially averaged result (dashed black line).
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Analytic solutions can be obtained for the muon polarisation in the F-µ state

and are given by

Pz,parallel =
1

2
+

1

2
cos(A~t)

Pz,transverse =
1

2
cos(3A~t/2) +

1

2
cos(A~t/2).

(5.21)

In the case of a powder/polycrystalline sample there will not be a single bond

orientation. Instead there is an average of all orientations and so both sets of

transitions will be observed. An analytic equation for the powder case can be

obtained by taking 1/3 of the parallel case and 2/3 of the transverse case to give:

Pz,powder =
1

6
[1 + cos(A~t) + 2 cos(3A~t/2) + 2 cos(A~t/2)] . (5.22)

In an amorphous sample there may be a distribution of bond lengths as well as

an averaging of orientations. An analytic solution for this has not been derived

but the polarisation can be calculated by sampling a distribution of bond lengths

and averaging them.

In June 2018, a µSR experiment was performed on a polyvinylidene fluoride

(PVDF) sample on the EMU instrument at ISIS. The muons are expected to

form the F-µ state. PVDF exhibits both amorphous and crystalline regions with

approximately equal proportions of each[163]. If the polycrystalline regions are

small and not mutually aligned, then the F-µ trace should resemble the powder

case. A previous µSR experiment in PVDF found that the polarisation was well

fitted by equation 5.22[164].

As can be seen in figure 5.3, the muon asymmetry is gradually lost over
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the course of each measurement. This is not an intrinsic feature of the F-µ

system, which should in principle oscillate forever (in isolation) because ρ(0) and

HµF do not commute (as shown in figure 5.2 b). Therefore, the loss of muon

polarisation must be due to the influence of other factors in the system. There

are multiple possible sources of external influence, with examples including other

nearby spins[165], muon hopping[166] or thermal effects. Properly accounting for

these sources can be complicated, computationally expensive and may require

assumptions be made about the system. So at this point their influence will be

modelled by multiplying by a stretched exponential. A stretched exponential is

used because it requires no assumptions about the form of the decay, it is purely

phenomenological [167]. Additionally, accounting for the presence of a possible

background signal can be done with the addition of an exponential term and a

flat background. This gives the fitting function:

Pz(t) = Ae−(λ1t)αPz,powder(t) +Be−(λ2t)β + Abkg (5.23)

where α and β are stretch parameters and, A, B, λ1, λ2 and Abkg are all fitting

constants.

Fitting equation 5.23 yields the fit results in figure 5.3. The fit finds an F-µ

separation of r=(0.11002 ± 0.00003) nm, the parameters of the decaying expo-

nential are λ1=(0.21±0.03) µs−1, α=(1.29±0.02) and A=(0.1075±0.001). The

value of α suggests more than one source of damping on the oscillations. r and

λ1 are close to values previously reported in PVDF [164] although they did not

use a stretched exponential for damping. The value of A is smaller than expected,

indicating that only around half of the muons form in the F-µ state described

by Pz,powder(t) (full initial asymmetry on EMU is Pz ≈ 0.23). For the back-
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Figure 5.3: Muon polarisation in PVDF at 10 K (black points) with fit to equa-
tion 5.23 (red line).

ground, the fit finds B=(0.048±0.001), λ2=(0.423±0.010) µs−1, β=(1.61± 0.05)

and Abkg=(0.0028±0.0002). B is larger than expected, suggesting a significant

fraction of the muons form states not described by Pz,powder(t). Fitting was also

tried with up to 5 Pz,powder(t) terms (to account for other polycrystalline phases

which may exist in PVDF), which was found to not improve the fit.

The comparatively large exponential background could be caused by muons

stopping in the amorphous regions of the sample. In these areas there will still be

a number of fluorine nuclei that the muons can become entangled with. Figure 5.4

shows some simulated traces from muons forming in the amorphous region. The

polarisations in figure 5.4 were calculated by assuming a normal distribution of

F-µ separations centred on 0.11 nm, with standard deviations of 0.1 nm, 0.2 nm

and 0.3 nm. The normal distributions were each sampled 1×106 times, the po-

larisation was calculated for each sample r and then all of the polarisations were

averaged and plotted. Figure 5.4 shows how this leads to a rapid initial drop in
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Figure 5.4: Possible muon polarisations from the amorphous regions of PVDF
for a normal distribution of F-µ distances. Distribution centres rc and standard
deviations σ are indicated in the figure legend.

muon polarisation before tending to a constant value. If there is a signal of this

nature in the experimental data, it may explain why there is a large exponential

background, and also why the fit to the polarisation is poor beyond 8 µs. A sim-

ilar proposition was examined in ref. [168] in poly-tetrafluoroethylene (PTFE)

but was discounted. Fits to the data with an amorphous background term have

been attempted but have not yet been successful.

It is also possible that some muons may be forming other states such as

muonium which has been observed to coexist with the F-µ-F state in fluorinated

salts[169]. This may explain why the initial asymmetry is less than expected[170]

for EMU (0.23).
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5.4.3 F-µ-F

It is also possible for the muon to localise at a site which is near to multiple

fluorine atoms. Such as in the F-µ-F[162] state where a muon becomes entangled

with 2 fluorine nuclei. It is the F-µ-F state of interest to us in this section, as this

is the state that forms in the sample discussed later: LiHo1−xYxF4. As before,

the muon and fluorine nuclei interact via the dipole-dipole interaction meaning

that the Hamiltonian is made up of three terms of the form of equation 5.18.

HFµF = HF1µ +HµF2 +HF1F2 (5.24)

ForHF1F2 , A0 should be altered to use only fluorine gyromagnetic ratios (γFγF

instead of γµγF ). Because HF1F2 is typically small compared to HF1µ and HµF2

as a result of the smaller value of γF and greater distance between the fluorine

nuclei, it is often neglected in the literature[162, 164, 171]. The spin operators

must be updated to match the new dimensionality of the three particle Hilbert

space and are now given by:

I =
~
2

(~σ ⊗ I⊗ I)

S1 =
~
2

(I⊗ ~σ ⊗ I)

S2 =
~
2

(I⊗ I⊗ ~σ) .

(5.25)

The new basis is | ↑↑↑〉, | ↑↑↓〉, | ↑↓↑〉, | ↑↓↓〉, | ↓↑↑〉, | ↓↑↓〉, | ↓↓↑〉 and | ↓↓↓〉.

Which is defined similarly to the F-µ basis.

The allowed transitions and energy levels of Hamiltonian are shown in fig-

ure 5.5 a), in units of A0. The eigenstates of the Hamiltonian are generally
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entangled states of several of the basis states, as an example for the cases of the

F-µ-F bond being parallel to the initial muon spin they are:

|0〉 = | ↑↑↑〉

|1〉 = | ↓↓↓〉

|2〉 = −a| ↑↓↓〉+ b| ↓↑↓〉+ b| ↓↓↑〉

|3〉 = −b| ↑↑↓〉 − b| ↑↓↑〉+ a| ↓↑↑〉

|4〉 =
−1√

2
(| ↓↑↓〉 − | ↓↓↑〉)

|5〉 =
−1√

2
(| ↑↑↓〉 − | ↑↓↑〉)

|6〉 = d| ↑↓↓〉+ c| ↓↑↓〉+ c| ↓↓↑〉

|7〉 = c| ↑↑↓〉+ c| ↑↓↑〉+ d| ↓↑↑〉

(5.26)

where,

a =

√
1

3 +
√

3

b =

√
2 +
√

3

6
√

3

c =

√
1

6 + 2
√

3

d =

√
2 +
√

3

3 +
√

3
.

(5.27)

The initial density matrix of the system is also defined similarly to before as
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ρ(0) = | ↑〉〈↑ | ⊗ 1

2
(| ↑〉〈↑ |+ | ↓〉〈↓ |)⊗ 1

2
(| ↑〉〈↑ |+ | ↓〉〈↓ |) (5.28)

assuming the muon is initially in the spin up orientation and the two fluorine

spins are initially randomly orientated.

|  0 , |  1

|  2 , |  3

|  4 , |  5

|  6 , |  7

(a) (b)

Figure 5.5: a) Energy level diagram of the solutions to the F-µ-F Hamiltonian in
units of A0. Arrows indicate allowed transitions in the transverse (solid arrow)
and parallel (dashed arrow) geometries. b) Muon spin polarisation vs time in the
case that the F-µ-F bond is transverse to z (blue line) or parallel to z (orange
line) also shown is the polycrystal spatially averaged result (dashed black line).

Continuing to neglect theHF1F2 term and assuming that the F-µ-F bond forms

a straight line with the muon equidistant to both fluorine nuclei, then analytic

solutions for the muon polarisation as a function of time can be obtained.

Pz,parallel(t) =
2

3
+

1

3
cos
(√

3ωDt
)

(5.29)

and transverse cases:
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Pz,trans(t) =
5

12
+

1

12
cos
(√

3ωDt
)

+
1

3

((
1 +

1√
3

)
cos

(
3 +
√

3

2
ωDt

)

+

(
1− 1√

3

)
cos

(
3−
√

3

2
ωDt

)) (5.30)

where ωD = A~. An equation for the polarisation in the polycrystalline case can

be found by taking 1/3 of the parallel case and 2/3 of the transverse case, giving

[167]:

Pz,powder(t) =
1

6

(
3 + cos

(√
3ωDt

)
+

(
1− 1√

3

)
cos

(
3−
√

3

2
ωDt

)

+
1

3

(
1 +

1√
3

)
cos

(
3 +
√

3

2
ωDt

)) (5.31)

a solution in the single crystal case is more complicated but can be expressed[171]

as:

Pz,crystal(t) =
1

12

[
5 + 3ζ + 2 (1− ζ)

((
3−
√

3

2

)
cos

(
3−
√

3

2
ωDt

)

+

(
1 +

1√
3

)
cos

(
3 +
√

3

2
ωDt

))
+ (1 + 3ζ) cos

(√
3ωDt

)] (5.32)

where ζ = cos2 θ in which θ is the angle between the bond orientation and the

z axis. A noteworthy feature of equation 5.32 is that it has no dependence on

the azimuthal angle (the angle to the x or y axes), as such rotations of the bond

around z do not alter the measured signal.

In February of 2017, a µSR experiment was performed on a sample of yttrium-
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doped lithium holmium tetrafluoride (LYHF) LiY0.95Ho0.05F4, using the EMU

instrument at ISIS. One of the muon asymmetry results is shown in figure 5.6,

which was taken at 50 K in zero field. LYHF is a single crystal sample, which

has been previously observed to form the F-µ-F state[172, 171]. The sample is

also of interest for studying single ion dynamics of rare earth ions, and has been

measured using µSR in dc magnetic fields to observe the hyperfine splitting[173]

and avoided level crossings of the rare earth ion[142].

Figure 5.6 shows that in LYHF, there is also a clear loss of polarisation over

the course of the measurement. It is presumed that the loss of polarisation and

the F-µ-F signal is due to similar processes as in PVDF and so it is again modelled

by multiplying the signal by a stretched exponential. The background will again

be modelled using exponential and constant terms.

Pz(t) = A exp (−(λ1t)
α)Pz,crystal(t) +B exp (−(λ2t)) + Abkg (5.33)

Fitting equation 5.33 to the single crystal data in figure 5.6 yields an F-µ

separation of (0.1203 ± 0.00009) nm at an angle of θ = (52.38 ± 0.48)◦ to the z

axis. A and B are (0.179± 0.002) and (0.0373± 0.0038) respectively, indicating

that almost all of the observed signal is from the F-µ-F state. λ1 was fitted

as 0.211 µs−1 (negligible uncertainty) with α=(1.38± 0.05), suggesting multiple

sources of damping. λ1 was fitted to be 0.848 µs−1 (negligible uncertainty) and

Abkg=(0.0447±0.0009). An identical fit can be obtained using a modified version

of equation 5.33 with two Pz,crystal(t) terms using the same value of r, in this

case, the two bond alignments are (73.76 ± 0.42)◦ and (35.29 ± 0.75)◦ and A is

approximately doubled.
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Figure 5.6: F-µ-F state in single crystal LYHF at 50 K with fit to equation 5.33

In the literature the F-µ-F state has been previously determined to have an

F-µ separation of 0.119 nm in a sample with 5% holmium on the Y/Ho site[172].

In a 0.2% Ho sample the F-µ separation was found to be 0.1195 nm[142]. A

study in 2011 on LYHF samples with varying levels of doping found a separation

of 0.1185 nm that did not change with the doping level [171]. The above fitted

parameters are approximately consistent with these values.

It is possible to check if these values are reasonable by examining the crystal

structure of LYHF. A full treatment would entail performing density functional

theory (DFT) calculations[174] in order to predict likely stopping places for the

muon based on the electric field distribution in the material. However here just

the fluorine-fluorine distances will be examined using their crystallographic po-

sitions. This process does not account for any movement of the fluorine atoms

from the presence of the muon. A 3×3×3 unit cell of LiYF4 (fully doped LYHF)

was constructed and the F-F distances between all fluorine nuclei were calculated.
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LiYF4 was chosen because the sample of LYHF used was very dilute, and so it is

expected to be more representative than LiHoF4. The muon is likely to localise in

the centre of these F-F distances, although it can pull the fluorine nuclei off their

original positions slightly. Figure 5.7 a) is a histogram of those F-F distances

(only F-F distrances less than 0.5nm are shown).

Naively, the most likely candidate for the muon stopping site is in the middle

of the shortest fluorine-fluorine distance. In figure 5.7 a) it can be seen that

there is a group of F-F vectors each slightly shorter than 0.26 nm, which are

coloured blue, magenta and red in the histogram. The lengths of the short F-F

distances are 0.2563 nm, 0.2583 nm and 0.2596 nm for blue, magenta and red

respectively. In figure 5.7 b) the corresponding F-F vectors in a unit cell are

shown (some of the bonds cross the unit cell border and their corresponding

fluorines in the neighbouring cell are also shown). In figure 5.7 c) the three

groups of bonds have been translated to pass through a central point such that

their relative orientations can be more easily compared. The short F-F vectors

have 5 orientations, the longer group of vectors (red, 0.2596 nm) form an angle

of 68.8◦ with the crystallographic c axis and form angles of 90◦ to each other in

the a-b plane. The medium length bond (magenta, 0.2583 nm) is co-linear with

one of the long bonds. The shortest bond (blue, 0.2563 nm) is almost co-linear

with the red bonds, instead forming an angle of 70.8◦ with the c axis. Each of the

bond groups are similar enough that their resultant muon polarisations would be

indistinguishable, however the four orientations of the red group could each lead

to very distinct polarisations.

With this in mind, the fit in figure 5.6 is roughly consistent with the likely F-

µ-F sites identified. It would suggest that the two fluorine nuclei have been pulled

towards the muon by 7.85 fm (6.1%) which is plausible and approximately consis-
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(a)
(b)

(c)

Figure 5.7: a) Histogram of F-F distances in LiYF4 found in a cell 3×3×3 unit
cells in size. Indicating likely candidates for the F-µ-F bond. Blue, magenta
and red bars indicate the shortest F-F distances and therefore the most likely
candidates, their colours match with the bonds shown in b). b) Illustration of
shortest bonds from a) between fluorine atoms (green). Lithium (yellow) and
yttrium (black) atoms are also shown. Black box indicates the unit cell, atom
sizes are not to scale. c) Shortest bonds shifted to pass through the same point to
make comparison of their orientations easier. The magenta line is co-linear with
the red lines and is therefore not visible. A cyan circle is used to symbolise the
muon.

tent with previous measurements[171]. Figure 5.7 does suggest that the inclusion

of additional Pz(t) terms to equation 5.33 would have a physical justification and

would possibly improve the fit.
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5.5 Modelling

It is clear from looking at figure 5.6 that equation 5.33 does not perfectly capture

the experimental data. In order to improve the fit, a more rigorous treatment of

the system was performed to calculate the muon polarisation with fewer simpli-

fications.

Some of the computer code used in this and the following section is based

on code written by Amal Vaidya for his M.Sci. dissertation at Durham Univer-

sity [175].

The assumptions used to produce the analytic solutions in the previous section

were that the fluorine-fluorine interaction is negligible, the F-µ-F bond is straight

and the muon is in the centre. Doing away with these simplifications puts analytic

solutions out of reach and so the muon polarisation should be directly calculated

from the density matrix. Doing so has previously been successful in fitting to the

polarisation in other materials [176, 174].

The F-F interaction is easily accounted for by the reintroduction of the HFF

term of the Hamiltonian. Buckling of the F-µ-F bond can be included in the

Hamiltonian using geometry to modify the relevant terms. Similarly it is possible

to account for a muon position that is not equidistant from both fluorine nuclei

by using geometry to modify the relevant terms.

The fitting function for the inclusion of multiple bonds is given by:

Pz(t) = A exp (−(λ1t)
α)

Nbonds∑
n

Tr [ρn(t)Iz] +B exp
(
−(λ2t)

β
)

+ Abkg. (5.34)

Because of the increased number of parameters, it was found during fitting that

the χ2 space of the problem has a large number of local minima that do not
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provide a good fit. For this reason it was decided to use the differential evolution

fitting algorithm [177] to find the global minimum, a task for which it is well

suited as it searches the entire parameter space. Using differential evolution is

not without downsides though; there is no guarantee that it will find the global

minimum nor that it will always return the same result. Because differential

evolution is stochastic and not based on the gradient of the χ2 space, it does

not provide parameter uncertainty estimates so fit parameters are given without

errors hereafter.

Figure 5.8: Best fit to LYHF data at 50 K using equation 5.34 with four F-µ-F
bonds.

It has been found that using four bonds provides the best fit to the data,

(shown in figure 5.8) which is consistent with the bond alignments in figure 5.7 b)

(two bonds also provide a good fit but that is less consistent with figure 5.7). To

reduce the number of fitting parameters, all four bonds used the same r and

buckling angle. The fit finds an F-µ separation of r = 0.11974 nm with the F-µ-F

bond buckled by 10.7◦. The four bonds form angles with the z axis of 173.1◦,
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140.6◦, 75.9◦ and 100.7◦. The decay lifetime was found to be λ1 = 0.159 µs−1 with

stretch parameter α=1.615, suggesting a distribution of timescales is involved in

the decay. For the background λ2 = 0.651 µs−1 with β = 1.546. The amplitudes

of the three terms were found to be A = 0.04496 (meaning a F-µ-F fraction of

0.1798, due to the four bonds effectively multiplying A by 4), B = 0.0263 and

Abkg = 0.000736. The reduced chi-square statistic was χ2 = 7.79.

The 0.11975 nm F-µ separation is consistent with figure 5.7 if the fluorine

nuclei have each been pulled toward the muon by approximately 8% or 10 fm.

5.6 State Manipulation

As part of the experiments on PVDF and LYHF, a radio frequency (RF) photon

field was applied to the samples in an attempt to manipulate the quantum state

populations of the entangled muon-fluorine state. Because the initial conditions

of the system cause a mixed state to form, each state has a definite probabil-

ity of occupation. Whilst the wave functions of individual muons will oscillate

between allowed states over the course of the experiment (this is the source of

the observed oscillations), the probabilities of occupation across the full ensemble

remain constant.

The intention was to investigate whether the eigenstate occupation probabili-

ties could be altered by the application of RF field to the samples. Manipulation

of the quantum state of a spin system has previously been demonstrated in other

systems, for example in references [178, 179, 180]. The frequency of the RF field

was chosen to correspond to one of the energy gaps, such that the photons of

the field should excite the system to the higher level of the gap. The RF field

was produced by a saddle RF coil (pictured in figure 5.9) in close proximity to
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Figure 5.9: Photograph of the coil use to produce the RF field. The incoming
muons arrive perpendicular to the white rings.

the sample[181], which produced circularly polarised photons. The emitters were

orientated perpendicular to the incoming muon polarisation, and so the RF pho-

tons were circularly polarised in the x-y plane. The pulsed nature of the muons

at ISIS was used to measure RF on and RF off data in tandem, so that the

temperature profile of both measurements would be the same. This procedure

will also automatically account for any experimental or calibration changes. The

asymmetry was measured for 5 pulses with the RF field off and then 5 pulses

with the RF field on, a pattern which was repeated for the full length of each

measurement. In figures 5.10 and 5.11 measurements recorded in tandem are
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always shown together.

(a) (b)

(c) (d)

Figure 5.10: a), b) and c) show the muon polarisation in PVDF with the RF field
off (black) and RF field on (green) for 400 kHz, 450 kHz and 600 kHz respectively.
d) Difference between the RF on and RF off measurements.

In PVDF, the RF field was applied to excite the energy cap between the

|0〉, |1〉 and |3〉 energy levels. From the energy level diagram for PVDF with

r = 0.11 nm this corresponds to a frequency of approximately 400 kHz, however

a Fourier transform of the RF off measurements suggests the gap is closer to

450 kHz, so measurements were performed at both of these frequencies. An

additional measurement was performed at 600 kHz which does not correspond

to any energy gap. In figures 5.10 a) and b) the RF field is clearly having a

significant impact on the system, the 400 kHz measurement has a slightly greater

impact suggesting that it is closer to the true transition. As was expected, the
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600 kHz transition has a much smaller impact.

(a) (b)

(c) (d)

Figure 5.11: a), b) and c) show the muon polarisation in LYHF with the RF field
off (black) and RF field on (green) for 550 kHz, 360 kHz and 825 kHz respectively.
d) Difference between the RF on and RF off measurements.

Figure 5.11 a) shows the impact of the RF photon field in LYHF for an RF

field applied at 550 kHz, which roughly corresponds to the transition between the

|0〉 |1〉 energy level and the |6〉 |7〉 level. These values are based on the energy

levels using r=0.1195 nm [142], which differs very slightly from the value obtained

in the previous section. A value from the literature had to be used because, at the

time of performing the experiment, the RF-off results had not yet been fitted.

However, this is not expected to be an issue; the Q-value of the RF coil was

such that a distribution of photon frequencies were produced. Consequently,

there ought to still be a significant number of photons at the correct value of the
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transition, provided the centre point of the distribution is not very far off.

Measurements were also performed at 360 kHz and 825 kHz. 360 kHz was

intended to correspond to the transition between the |2〉 |3〉 energy level and

the |6〉 |7〉 level. 825 kHz was chosen as a control measurement and does not

correspond to any transition, it was expected that the RF field at 825 kHz would

make little/no difference to the observed polarisation.

The RF field at 550 kHz has a large impact on the muon polarisation, appear-

ing to damp the observed oscillations. The impact of the RF field becomes more

prominent as t increases. At 360 kHz the impact of the RF field is less significant

but there is still a noticable change in the polaristion. A possible explanation

for this is that 360 kHz is not as close to the true frequency of the transition

as 550 kHz is to its relevant transition. The |0〉 |1〉 and |2〉 |3〉 levels have the

same probability of occupation so that is not expected to be responsible for the

reduced impact. As expected, applying the RF field at 825 kHz has a very limited

impact on the muon polarisation, although some difference can be observed in

figure 5.11.

Clearly then, the application of the Rf field to the F-µ-F state is having some

impact on the evolution of the system. In order to understand and quantify this

effect it is necessary to model the RF field. To do this another term must be

added to the system Hamiltonian, which takes the form of a rotating magnetic

field (as is found in circularly polarised light) given by

B(t) = B1 (cos(ωt)ê1 + sin(ωt)ê2) (5.35)

where B1 is the amplitude of the rotating magnetic field and, ê1 and ê2 are

orthogonal unit vectors defining the plane that the magnetic field rotates in. In
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these experiments, ê1 and ê2 are unit vectors in the x and y directions. The new

Hamiltonian is then given by

H(t) = HFµF + γµI ·B(t) + γFS1 ·B(t) + γFS2 ·B(t). (5.36)

The Hamiltonian is now time dependent, so equation 5.10 is used to evolve

the density matrix.

Figure 5.12: Splitting of the energy levels due to the application of the B1 mag-
netic field for r=0.11974 nm (black lines) and r=0.1195 nm (dashed green lines)
in the F-µ-F state as well as r=0.1101 nm (blue dotted lines) in the F-µ state.
The splitting is not dependent on the frequency of the B1 field. The splitting at
t=0 is shown.

The B1 rotating magnetic field will lead to a splitting of the energy levels,

shown in figure 5.12. In the case that ê1 and ê2 are perpendicular to the F-

µ-F bond then the splitting is time independent, however, if they are not both

perpendicular then the splitting will vary in time. The splitting at several times

was checked but only the splitting at t=0 is shown in figure 5.12. In order to
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ensure that the splitting is not so great as to significantly change the energy levels

and therefore change the photon frequency required, it is important to know the

magnitude of B1.

The value of B1 was calibrated during the experiment by first applying a

longitudinal magnetic field, the strength of which causes the muon to precess at

the same frequency as the rotating magnetic field. Typically this longitudinal

field is strong enough to decouple the F-µ or F-µ-F state. When this field is

applied there will be a difference between the RF on and RF off measurements

which will oscillate. By fitting a cosine function to the difference between the RF

on and RF off measurements it is then possible to determine B1[181]. It should

be noted this method is not sensitive to small changes in B1 and so all quoted

values of B1 have an associated uncertainty of around 0.05 mT.

The calibrated B1 field amplitudes for the PVDF experiment are 0.15 mT,

0.18 mT and 0.12 mT at 400 kHz, 450 kHz and 600 kHz respectively. In the

LYHF experiment B1 is 0.15 mT, 0.18 mT and 0.19 mT for the fields rotating

at 550 kHz, 360 kHz and 825 kHz respectively. These fields are small enough to

keep the splitting within acceptable levels (<10 kHz change in the energy gap for

PVDF and<5 kHz for LYHF). This is true at all values of t.

The fit parameters from the RF off measurements were used in order to pro-

duce the results in figure 5.13, showing the impact of the rotating magnetic field.

It is quite clear that using the calibrated B1 values predicts a change in polarisa-

tions that is much smaller than what was observed in the experiments. However,

when inputting a value for B1 that is 4 times greater than the calibrated values,

the predicted polarisation change is much more in line with what was observed.

At 825 kHz, the inclusion of the rotating magnetic field with 4 times the cal-

ibrated B1 appears to provide a strong agreement with the experimental data,
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(a) (b)

(c)

Figure 5.13: Simulation of muon polarisations with the rotating magnetic field.
Each panel shows the RF off data subtracted from the RF on in LYHF. The
frequencies of the rotating magnetic fields are a) 550 kHz, b) 360 kHz and c)
825 kHz. In each panel the black points show the difference in the data, the blue
lines show the simulated subtraction using the calibrated B1 values and the orange
line the subtraction with 4 times B1.

suggesting that it is accurately modelling its effect. Why multiplying the cali-

brated B1 by 4 should yield the correct result is not currently known. It is possible

there is some factor of 4 mistake in the model code or in the calibration of the

B1 field amplitudes, however one has not been identified. It is worth noting that

figures 5.12 and 5.13 used the same code, so if there is a factor of 4 mistake in

the code for figure 5.13 then it is also in figure 5.12.

In the 550 kHz and 360 kHz measurements, the predicated change in polar-

isation is clearly qualitatively different to the experimental data. Changing the
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4 times factor is unlikely to yield an accurate prediction. This is especially clear

in the 360 kHz result, where the agreement at some times is very good however

at other times there is a strong disagreement. Clearly at these frequencies the

inclusion of the rotating magnetic field is not accurately modelling the full effect

of the RF photon field.

This analysis has not been performed on the PVDF experiment because of

the difficulties in fitting to the RF off data, which are expected to be the result

of the amorphous background.

This can be interpreted as evidence that the application of the RF field is

fundamentally altering the quantum state and is not just perturbing the Hamil-

tonian. Therefore the RF field has had its intended purpose.

5.7 Collapse Operators

Use of a rotating magnetic field proved insufficient to quantify the impact of the

RF photons on the F-µ-F in the previous section. It was decided to use a new

approach and model the impact of the RF field directly by using creation and

annihilation operators to introduce excitations to the system.

When doing so, it was also decided to attempt to model the loss of asymme-

try directly, and so fit the muon polarisation without needing to multiply by a

stretched exponential. This can be done by introducing collapse operators, which

model the effect of the environment on the system, without needing to model the

environment directly. To do this it is necessary to use a new formula to compute

the time dependence of the density matrix. Such a formula is provided by the

Lindblad master equation which is given by[182],
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i~
∂ρ(t)

∂t
= [H(t), ρ(t)] +

∑
n

1

2
[2Cnρ(t)C+

n − ρ(t)C+
n Cn − C+

n Cnρ(t)] (5.37)

where Cn are the collapse operators for which Cn =
√
γnAn. γn describes the

time scale over which the coupling to the environment has an effect and An

are the operators that mediate that coupling. It should be noted that the ρ(t) in

equation 5.37 is the result of a partial trace over the full total system-environment

density matrix and so the environment is not included, just its influence on the

system.

Solving equation 5.37 is more difficult than the von-Neumann equation and

so from here on the QuTiP Python module is used[183, 184]. QuTiP is a free

package in the Python programming language for simulating open and closed

quantum systems. In particular the mesolve() function was used, which evolves

the density matrix of the system according to equation 5.37 by integrating the

set of differential equations that define the system, for a given Hamiltonian and

set of collapse operators.

Collapse operators are often used to model: energy loss from the system to

the environment (relaxation), energy gain in the system from the environment

(thermal excitation), and the loss of quantum information from the system to the

environment (dephasing) [185]. In the experiments in this chapter, the thermal

energy of the environment is much larger than the gaps in energy levels of the F-µ

and F-µ-F systems (which are of the order of 10 µK). Therefore, energy transfer

between the system and environment is expected to be insignificant, meaning that

relaxation and excitation operators are not required. Dephasing effects however

are expected to be significant and the relevant collapse operator is given by
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Cdephasing,i =

√
2

Tdph,i
σ+
i σ
−
i (5.38)

where Tdph,i is the dephasing rate, σ+
i is the relevant raising operator acting on

the ith particle and σ−i is the corresponding lowering operator. The dephasing

environment is expected to be long range and so is assumed to dephase each of the

constituent particles individually, therefore a term of equation 5.38 is included for

each particle. The individual particle operators are defined by σ+
1 = σ+⊗ I⊗ ....,

σ+
2 = I⊗ σ+ ⊗ .... and so on[186], where σ+ = | ↑〉〈↓ |.

Figure 5.14: Best fit of equation 5.34 to LYHF data at 50 K, where the den-
sity matrix is evolved according to equation 5.37 with the collapse operators in
equation 5.38.

The new fitting function is very similar to equation 5.34, however the expo-

nential factor in front of the sum sign is removed and ρn(t) is instead evolved

according to equation 5.37. Three dephasing operators are used, one for each

particle. The two fluorines are expected to interact with the environment in the

same way and so in the fit they share a Tdph,i parameter. Because the result of
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the previous fit found bonds that were only very slightly buckled, they have been

assumed to be linear in this fit to reduce the number of computations required

for the fit. As before, four bond alignments were used that shared a common

fitting parameter for r.

The fit using equation 5.37 is shown in figure 5.14 and finds an F-µ distance

of r=0.195 nm. The four bonds were found to make angles of 61.650◦, 89.998◦,

90.001◦ and 90.000◦ with the z axis suggesting that there are only two distinct

orientations. However, because each orientation was equally weighted in the fit,

it would suggest there are 3 times as many bonds at 90◦ to z than there are at

61.65◦. In the implementation of the fit the Tdph,i terms were optimised using

a dummy parameter: Ddph,i =
√

2
Tdph,i

. For the fluorines Ddph,F=730.9 s−1/2,

and so Tdph,F=3.74 µs. For the muon, Ddph,µ was fitted to be exactly 0 meaning

that Tdph,µ is extremely large, suggesting that the environment does not have any

dephasing effect on the muon. The amplitude of the F-µ-F contribution is 0.1817.

For the back ground, the fit found B=0.02689 with λ=0.354µs−1 and β=3.0 and

Abkg=0. The value of β was at the upper limit of the bounds set in the fitting,

however because of the small amplitude of B it was decided there was no need to

redo the fit with greater range. The reduced χ2 statistic of the fit is 10.995.

5.8 Ongoing and Future Work

The decision was made to attempt to account for the dephasing effect of the en-

vironment directly. The dephasing environment is expected to consist of nearby

spins interacting with the constituent parts of the F-µ-F state through the mag-

netic dipole-dipole interaction. It is possible to incorporate their effects simply by

adding more dipole interaction terms to the Hamiltonian using the known crystal-
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lographic locations of nearby spins. This approach has previously been successful

at modelling the F-µ-F state in polycrystalline CaF2 and NaF[187][165].

In LHYF there is a single crystal phase and so the relative positions of other

nearby spins is known. Adding additional fluorine ions to the model does indeed

have have a damping effect on the oscillations, especially if there are multiple

F-µ-F bonds in the sample with different alignments. Some preliminary trial

calculations are shown in figure 5.15, where the the 8 nearest fluorine spins to the

F-µ-F site identified in figure 5.7 are added and interact with the muon and two

fluorines through the dipole-dipole interaction. Figure 5.15 does not make use of

the fit parameters discussed earlier.

(a) (b)

Figure 5.15: Preliminary results showing the muon polarisation when the effect
of additional nearby fluorine nuclei is taken into account. For a crystal aligned
such that the crystallographic c axis forms an angle of a) 18◦ and b) 126◦ with the
inital muon polarisation. Upper panels show the polarisations from each of the 4
bonds identified in 5.7. Lower panels show the resulting average polarisation.

The most significant hurdle to overcome with this approach is that the compu-

tational expense of the simulation increases rapidly with the number of particles.

This is because each new degree of freedom doubles the size of the relevant ma-

trices, rapidly increasing the number of computations required. For N spin 1/2

particles, the sizes of the matrices scale with 2N so for 8 additional fluorines (11
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particles in total) as in figure 5.15 each matrix is now 2048×2048 in size. The

QuTiP package is capable of taking advantage of any sparsity in the matrices to

improve calculation times, however given the large number of matrix operations

required to evolve the density matrix simulation times can be very long. The

length of time required to perform a fit to experimental data is prohibitive on an

ordinary computer (not a super computer). In fact, the QuTiP package itself can

limit the number of extra particles that can be considered because it uses 32-bit

integers to index the sparse matrices.

At the current stage of research, the F-µ-F project is being led by David

Billington (a postdoctoral researcher at Cardiff University), who has secured

access to a supercomputer with optimisations being performed on the HAWK

supercomputer which is part of the ARCA project at Cardiff University. Cur-

rent optimisations are finding that extra fluorines are not needed to accurately

model the dephasing effect. Instead, nearby lithium nuclei and holmium spins

are included which is proving to be successful at modelling the observed decay.

The stable isotopes of lithium are 6Li and 7Li which occur with relative abun-

dances of 7.59% and 92.41% respectively. 6Li has a spin quantum number I = 1

and 7Li has spin I = 3/2. Because 7Li is by far more abundant and the moment

of 6Li is smaller, only 7Li is considered in the model.

Although the sample of LYHF contains only 5% holmium atoms on the Y/Ho

site, that is still enough for them to have an impact. Statistically, the chances of

there being a Ho atom in the same unit cell as the muon is 20% and the expected

number of holmium atoms in the neighbouring unit cells is 5.4 (assuming the

Ho atoms are uniformly distributed). Additionally in the crystal field ground

state the Ho ions have a large magnetic moment that is highly Ising like, with an

effective spin 1/2 moment of 7µB in the crystallographic c direction[172]. At 50 K



5.8. ONGOING AND FUTURE WORK 195

(the measurement temperature) higher crystal field levels are accessible[173, 188,

189] in which the holmium spin state is different. In the model it is assumed to

maintain an effective spin 1/2 state to reduce the computational power required.

The implication of this is that the F-µ-F bond is highly likely to form in the

vicinity of at least one Ho atom, which because of its large magnetic moment is

expected to influence the evolution of the system. Although it is possible that

because the dipole interactions of the holmium atoms are long range, then there

may be some screening effect, limiting their impact. Evidence for a screening

effect may be found as a consequence of the measurements in ref. [171] where it

was found that changing the holmium concentration did not have an impact on

their F-µ-F fit parameters.

Ongoing fits using the previously described method have been successful in

fitting the muon asymmetry well in the RF off case. In order to model the impact

RF field, the new approach is to use a modified version of the Jaynes-Cummings

model. In this model the RF photon field can be modelled by photons in a

quantised photon cavity or field. The modified Hamiltonian is proposed to be

H = HFµF+ + ~ωa†a+ ~g
(
σ+
T a+ a†σ−T

)
(5.39)

where, HFµF+ is the Hamiltonian for the F-µ-F system and additional spins. ω is

the cavity frequency, a and a† are the cavity creation and annihilation operators,

g is the interaction strength between the system and the cavity and, σ+
T and σ−T

are the raising and lowering operators for the system, given by σ+
T =

∑
i σ

+
i and

σ−T =
∑

i σ
−
i . The preliminary results of this model have been promising and an

example simulation for the RF field at 550 kHz is shown in figure 5.16.
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Figure 5.16: Effect of the RF field modelled using the modified Jaynes-Cummings
model in equation 5.39 (green line). The black points, blue line and orange line
are the same as in figure 5.13 a).



Chapter 6

Summary & Key Results

In summary, this thesis has focused primary on the application of ac susceptibility

and muon spin rotation in magnetic systems. A particular focus was given to

the ac susceptibility technique at the start of the thesis where initially a new

instrument is discussed and tested, before moving on to novel measurements in

the spinel spin ice samples CdEr2Se4 and CdEr2S4 using ac susceptibility. Other

techniques such as dc magnetisation and specific heat measurements were used to

try and interpret the data. In the latter part of the thesis the focus was much more

on the muon spin rotation technique, with a muon experiment in CdEr2Se4 to aid

the understanding of the ac susceptibility results. Then in the final chapter the

focus was entirely on the muon spin rotation technique and the quantum states

that can form during a muon experiment in fluorinated materials.

The key advancements made by this work include:

• Implementation of the high frequency ac susceptometer

An ac susceptometer has been developed that has a unique capability to

easily measure the ac susceptibility at high frequency over a wide range of

temperatures. Its development has many possible applications. An exam-

197
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ple application is the characterisation of magnetic nano particles which is

demonstrated here and in reference [104], in fact it has already been used

for this purpose in reference [105]. Another example is the characterisation

of magnetic spin systems such as spin ice, which has also been demonstrated

here and in reference [49].

• Measurement of quantum tunnelling plateau in CdEr2Se4 and

CdEr2S4

The temperature independent quantum tunnelling plateau was shown to

exist in CdEr2Se4 and CdEr2S4 between 2 and 5 K at a relaxation time

of τ ≈ 4.9 × 10−7 s, these results were published in reference [49]. This

had previously not been observed in these materials and is evidence that

CdEr2Se4 and CdEr2S4 behave like the pyrochlore spin ice materials.

• Field induced coexisting relaxation mechanisms

ac susceptibility measurements on powder CdEr2Se4 and CdEr2S4 in an

applied dc magnetic field have led to the discovery of a field induced slow

relaxation mechanism that coexists with the faster mechanism present in

the absence of a field. Similar behaviour has previously been observed

in references [139, 138, 140] however none fully explained the origin of the

field induced peak and an attempt to understand it in more detail was made

here. The combined frequency range of the high frequency susceptometer

and ACMS was used to measure the field and temperature dependence of

both relaxation mechanisms in detail. Low temperature measurements at

the Néel institute have shown that the two mechanisms stay distinct from

one another to low temperatures. Measurements in single crystals did not

provide any evidence of the origin of the field induced relaxation mechanism.
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• Measurement of single crystal CdEr2Se4

Single crystal samples of CdEr2Se4 were made available towards the end

of the project, although they were small in size and fragile. These mea-

surements mark the first time that magnetic properties of single crystal

CdEr2Se4 have been measured. A Laue camera was used to try and align

the sample along the [111], [110] and [100] axes (or equivalent). dc mag-

netisation measurements suggest that the [110] alignment was lost and a

visual inspection of the sample indicated that the [111] axis was misaligned

by around 10◦ in the > 2 K measurements. Measurements at the Néel insti-

tute focussed only on the [111] direction which was well aligned. Along the

[111] direction there is a feature in the magnetisation at ≈ 0.333µFI which

is consistent with the magnetisation observed for the Kagomé plateau in

pyrochlore spin ices, although in those materials the plateau is flat and the

observed feature is not. Additionally the spin freezing temperature in the

single crystal has been observed and is found to be at a lower temperature

than in the powder sample.

• Fitting of F-µ state in PVDF

A reasonable fit was obtained to the F-µ state in PVDF up to around 8 µs

yielding similar fit parameters to that seen in a previous µSR experiment

in ref.[164]. Looking to to longer times (>8 µs) the fit and data disagree.

It is speculated that a contribution from the amorphous regions of PVDF

is responsible for the disagreement although it has not yet been possible to

fit to the data using a model that would account for those regions.

• Fitting of F-µ-F in LiY0.95Ho0.05F4

Several approaches to fitting the F-µ-F state in LiY0.95Ho0.05F4 were used
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to achieve a fit. Fitting using an analytic equation and stretched exponen-

tials to model decoherence (as in reference [171]) achieved a reasonable fit.

Evolving the density matrix using the Liouville-von Neumann equation was

found tried in order to do away with some of the assumptions required for

the analytic equation, this approach was found to improve the fit to exper-

imental data. Finally the Lindblad master equation was used to include

dephasing operators in the model to provide a more physical way of mod-

elling the environment than using stretched exponentials. This was found

to find the best fit of the three methods.

• Manipulation of F-µ and F-µ-F states

An RF field was produced around the sample by an RF saddle coil. The

purpose was to manipulate the population of the levels in the F-µ and F-

µ-F states. The muon asymmetry was found to be different in the RF-on

and RF-off cases indicating an alteration of the state. The difference could

not be explained by the perturbing effect of a rotating magnetic field (from

the RF coil) which is evidence that photons from the RF field are being

absorbed and exciting the systems, altering the populations of the levels.
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