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A FULLY-NONLINEAR FLOW AND QUERMASSINTEGRAL
INEQUALITIES IN THE SPHERE

CHUANQIANG CHEN, PENGFEI GUAN, JUNFANG LI, AND JULIAN SCHEUER

Dedicated to Joseph Kohn on the occasion of his 90th birthday

ABSTRACT. This expository paper presents the current knowledge of particular fully
nonlinear curvature flows with local forcing term, so-called locally constrained curvature
flows. We focus on the spherical ambient space. The flows are designed to preserve a
quermassintegral and to de-/increase the other quermassintegrals. The convergence of
this flow to a round sphere would settle the full set of quermassintegral inequalities for
convex domains of the sphere, but a full proof is still missing. Here we collect what is
known and hope to attract wide attention to this interesting problem.

1. INTRODUCTION

Let M"™ be a smooth, closed and connected manifold and let X : M™ < S"*! be the
embedding of a strictly convex hypersurface. Let p € S"*! be a point in the interior of the
convex body enclosed by M, such that M lies in the interior of the hemisphere determined
by p and denote by

(1.1) ds® = dp® + ¢(p)?d2?

the metric in polar coordinates around p, where ¢(p) = sin(p), p € [0, F), is the radial
distance, and dz? is the induced standard metric on S™.
We consider the following locally constrained curvature flow in the sphere:

o = ()~ a7 s,

X(-,0) = Xo(-)-

(1.2)

where X (z,t) € S™*! is the position vector of the evolving hypersurface M(t), v the
outward unit normal, u = <¢(p)a@p,u>, A = (A1,-+,A,) the principal curvatures, Xj :
My < S™*! the initial embedded hypersurface, o}, the k-th elementary symmetric function,

and Cpk = U(’;']:(II()I) = Z—;’f, I = (1, .. 71)
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The particular interest in these flows stems from its monotonicity properties with respect
to the quermassintegrals for convex bodies €2 in the sphere. Let M = 01, set

AL =Vol(Q), Ay = / iy,
M

(1.3) A = /M o1(N)dpg + nVol(£2),

n—m+1
Am = /M om(A)dpg + ﬁAmf%

where 2 < m < n. Here g is the induced metric on M and du, is the associated volume
element.

The monotonicity properties of those functionals along the flow (1.2) follow from the
following Hsiung-Minkowski identities (see Proposition 2.6):

(1.4) (m—l—l)/MuamH( (n—m /QS ‘om(N), 0<m<n-—1.

With the help of the evolution equations (see Proposition 2.9):

_ c / _ u0k+1(>‘)
(1.5) oA = /M < n,k¢ (p) Uk()\) ) d'u97
and
(1.6) oA = (1+1) /M o141(N) <Cn,k¢/(P) - Um) dpig,

we deduce that along the flow (1.2) for 0 < k < n—1, the following monotonicity relations
hold:

>0, ifi<k-1,;
(1.7) 0A X =0, ifl=k-1,

<0, ifi>k-1.

Hence, if one can prove that the flow (1.2) moves an arbitrary convex hypersurface to a
round sphere, then the following conjecture would turn into a theorem:

Conjecture 1.1.
(1.8) A <&§r(Ar), V—-1<Il<k<n,

where & i, is the unique positive function defined on (0, c0) such that “ =7 holds when M
is a geodesic sphere. “ =" holds if and only if M is a geodesic sphere.

Flow (1.2) is another example of hypersurface flows which have been introduced recently
with goals to establish optimal geometric inequalities [7, 3, 8, 9, 11] for hypersurfaces in
space forms. These locally constrained flows are associated to the optimal solutions to
the problems of calculus of variations in geometric setting. The counterpart of (1.2) in
R™*! was considered in [8, 9], where the longtime existence and convergence were proved
by transforming the equation to corresponding inverse type PDE on S™ for the support
function. In the case of S*!, up to several special values of k and [, this conjecture is
open until today, see for example [3, 4, 13]. The main issue is that so far we can not
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control the curvature along the flow (1.2) from above (except the case k =0 [8]). All the
other a priori estimates for this flow are in place and this note is supposed to collect those
estimates.

The rest of this article is organized as follows. In section 2, we list some basic facts for
k-th elementary symmetric functions, hypersurfaces in S"*! and evolution equations. In

section 3, we prove the CY, C! a priori estimates and uniform bounds of F = Ufr:ib(\;) In

section 4, we prove the strict convexity of M(t) along the flow (1.2) if M is convex. In
the last section, we give a discussion of the C? estimate.
2. PRELIMINARY

We first recall some well-known facts about k-th elementary symmetric functions, hy-
persurfaces in S*™!, and then give some evolution equations along the flow (1.2).

2.1. Elementary symmetric functions. For any k = 1,--- ,n, and A = (A1, , \n),
the k-th elementary symmetric function is defined as follows
(2.1) or(\) = > Aiy Nig -+ iy

1<i <ig << <n

and g = 1. First, we denote by oy (A |¢) the symmetric function with A\; = 0 and o (X |ij)
the symmetric function with A\; = A\; = 0.

Proposition 2.1. Let A= (A1,..., \y) ER" and k=1,--- ,n, then
0k(AN) = ok (Ai) + Niok—1 (A7), V1<i<nmn,
> Xiok-1(Ali) = kow(N),

S au(Ali) = (n = KW

Viewing oy as a function on symmetric matrices, we also denote by o (W |i) the sym-
metric function with W deleting the i-row and i-column and o (W |ij) the symmetric
function with W deleting the i, j-rows and ¢, j-columns. Then we have the following
identities.

Proposition 2.2. Suppose W = (W;;) is diagonal, and m is a positive integer, then
dom(W) _ {Uml(W|i), ifi=j,

OWj 0, it

and
PonW) _ Um‘Q(V(VVET.)];) ?;?jlﬂ’?_:]i,iz@,
OWi;OWr Om—2 ik), ifi=1,j=ki+#j,

, otherwise .
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Recall that the Garding’s cone is defined as
(2.2) Fr={AeR":0;()) >0,V1 <i <k}

The following properties are well known.
Proposition 2.3. Let A € Ty and k € {1,2,--- ,n}. Suppose that

M A > > A,

then we have
(2.3) op—1(An) > op_1(An—1) > -+ > op_1(Ak) > -+ > 0k_1(A]1) > 0;
(2.4) M > >N >0, op(N) < CEAL-- N\
(2.5) or(A) > A Xk, if A€ Tkaq;
where CF = ﬁlk),

The generalized Newton-MacLaurin inequality is as follows, which will be used all the
time. See [17].
Proposition 2.4. For A\el'y andk>1>0,r>s>0,k>r,l > s, we have

/] _ [ n/cs
eVE s I EXovyTe:

T—58

(2.6)

2.2. Hypersurfaces in S"*!. The following lemma is well known, e.g. [8].

Lemma 2.5. Let M™ C S™*! be a closed hypersurface with induced metric g. Let ® =
®(p) = [ ¢(r)dr, then
(2.7) ViV;® = ¢'(p)gij — hiju,

recall v = <qz5(p)a%, V).

We have the following Hsiung-Minkowski identities, see [8].
Proposition 2.6. Let M be a closed hypersurface in S*™t. Then, form =0,1,--- ,n—1,

(2.8) (m+1) /M wmi1(A) = (n - m) /M & (0)om(N),

where we use the convention that og = 1.

Next, we state the gradient and hessian of the support function u = <¢>(p)8—p, v) under
the induced metric g on M, see [8].

Lemma 2.7. The support function u satisfies

(2.9) V,u :gmlhz‘mvl@,

(2.10) VZ-Vju :gmlvmhijvl@ + (b/hij — (hz)iju,
where (hQ)ij = gmlhimhﬂ.
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2.3. Evolution equations. Let M (t) be a smooth family of closed hypersurfaces in S**!,
and X (-,t) denote a point on M (t). The following basic evolution equations for normal
variations are well known, e.g. [6].

Proposition 2.8. Under the flow X = f(X(-,t))v in the sphere we have the following
evolution equations

(2.11) Ocgij =2fhij,

(2.12) Ordpg =fo1(N)dpg,

(2.13) Othij = — ViV, f + f(B*)ij — f9ij
(2.14) Ok = = V'3 f — £ (h)mj — [0

From Proposition 2.8, we can obtain the evolution of the quermassintegrals in the sphere.

Proposition 2.9. Along the flow 0;X = f(X(-,t))v in the sphere, we have for 0 <[ <

n—1
(2.15) 0= (1+1) [ v (M) f
and
(2.16) QA1 = / fdug,
M

where  is the domain enclosed by the closed hypersurface. Moreover, if the flow is (1.2)
and h(t) € 'y41, then we have

>0, ifl<k-1,
(2.17) A ¢ =0, ifl=k—1,
<0, ifl>k—1

Proof. (2.15) and (2.16) follow directly form Proposition 2.8. (2.17) follows from (2.8),
(2.15) and the Newton-MacLaurin inequality. O

Let (M,g) be a hypersurface in S**! with induced metric g. We now give the local
expressions of the induced metric, second fundamental form, Weingarten curvatures etc.
when M is a graph of a smooth and positive function p(z) on S™. Let 01, --,0, be
a local frame along M and 0, be the vector field along the radial direction. Then the
support function, induced metric, inverse metric matrix, second fundamental form can
be expressed as follows. For simplicity, all the covariant derivatives with respect to the
standard spherical metric e;; will also be denoted as V when there is no confusion in the
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context.
¢2
V& + [Vpl*

(2.19) gij =0%ei; + pipj,

(2.18) u=

. 1 . pipj
2.20 U=—(¥ - ———==),
220 =R e )
1
(2.21) hij ZW(_¢ViVjP + 2¢/Pz’/’j + ¢2¢/eij>7
i 1 im PiPm 2
(2.22) hj :¢2 ¢2 n ‘Vp‘Z (6 - m)(_¢vmvjp + 2¢/pmpj + ¢ ¢/6mj)7

where all the covariant derivatives V and p; are w.r.t. the spherical metric e;; .
We now consider the flow equation (1.2) of radial graphs over S in S**!. Let

¢
Vo2 + V]2

It is known that if a family of radial graphs satisfy 0; X = fr, then the evolution of the
scalar function p = p(X(z,t),t) satisfies

(2.23) Op = fw.

The following is a well known commutator identity.

Lemma 2.10. Let h;; be the second fundamental form and g;; be the induced metric of a
hypersurface in S"*1. Then

ViV ihmi = Vi Vihij + hij (0 — (B2)ijhamt + hia(h®)ms — (B%)ihm;
(2.24) + [hmigij — PijGmi + hmjgit — PiGm;)-

Lemma 2.11. Along the flow (1.2) in S"*, the graph function p and the support function
u = (gf)(p)%, v) evolve as follows

. ¢’ . qu .
(2.25) Op —uF“V;Vp = EU(CWC — FYg;;) + EUF”/%PJ'

: i — uF IV Vju = —cn i / u A (o —2u u?FY (1),
(2.26)  Oyu — uFIV,;Vju = —c, VOV + FVOVu + (cp ¢’ — 2uF) ¢ + > F7(h?);;

where F' = Ui:(lg‘) and F' = aahljj.

Proof. The function p satisfies
Ihp = (cppd — uF)w,
and
. ¢’ . ¢’ .
uF" pij = —uwF + EUF”gij — EuF”pipj.
Hence (2.25) holds.
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Applying Lemma 2.7, we can obtain
Ou—uFu; = f¢ — VOV —uF9[VhijVe®+ ¢'hij — (h*);u]
= (cppd —uF)¢ — VOV (cp ¢ — uF)
—u[VFV® + ¢'F — FY(h?);u]
= —co 1 VOV + FVOVu + (cp ¢ — 2uF) ¢ + u?F(h?),;.
O

Lemma 2.12. Let h;; be the second fundamental form and g;; be the induced metric of a

hypersurface in ST and F = %&;\) Then

ViV;F =F*N Vghij + F**"N,hosV jhoy

(2.27) + [FP(h?)ap — F*Thij — F[(h%)ij — gi5),
_ OF AN 0F

where F8 = Dhas and FoB = Byl

Proof.

ViVjF :Fa’BVithaﬁ + F“*@’””Vihaﬁvjhw
=F°PV ,Vghij + FPV1N,hosV o
+ FPlhij(h%)ap — (h*)ishap + hig(h*)aj — (h*)igha;
+ (hap8ij — hijgap + higgaj — hajgis)]
:F“ﬁvanhij + Faﬁ””vihaﬁvjhw
(2.28) + [FP(h*)ap — F*Thij — F[(R*)ij — g4j]-
O

Lemma 2.13. Let h;; be the second fundamental form and g;; be the induced metric of a
hypersurface in S"*! and F = akt1Q) e along the flow (1.2)

(V)
Ophls — uF™N Vbl =uF™ I 1V jhpg + VUV F + V;uV'F + FVR;V®

— (cakd’ + uF)(h?)}
+ W [u(F™ (W)t — F™™) + ¢'F — ey p]

(2.29) + 2uFs,

and

HF — uF™V,,V|F =2F™V,,uV,F + FV®VF
(2.30) — [en g F™ (W)t — F2)¢' + uF > F™™ — ¢yl
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Proof. By the tensorial property, we do not distinguish upper and lower indexes in this
proof whenever applicable. We need the fact that V¢/ = —V®, and then we can obtain

8th§- = — Vivj(cn7k¢’ —uF) — (Cn,k¢/ - uF)(h2)ij — (cmkgb' — uF)cS;

= — ok ViV, + uV,V,F + VauV,;F + VuV,F + FV,V;u
— (cnp¢ — uF)(h?)ij — (co ¢ — uF)d;

=cn k(¢ gij — uhij) + ViuV;F + V;uV;F
+ FIVhiyV® + ¢'hij — u(h?)ij]
Ul Vihig A+ FPI RV g + (F™ (B2) g — F™™)hij — F((h)ij — 935)]
— (ennd = uF)(h*)ij = (cnpd — uF)3)

=u[F™V ,Vihi; + F™ P bV ihyg] + VitV F + VjuV; F + FVh; VO
— (e’ + uF)(h?)
+ hij[u(F™ (h?) g — F™™) + ¢'F — ¢, ]
+ 2uF 5.

Finally, (2.30) follows from
OuF = F}o;h].
O

Lemma 2.14. Let h;; be the second fundamental form and g;; be the induced metric of a
hypersurface in S"*! and F = 0(’;:7&;) Then along the flow (1.2)
O (uF) — uF™V ,,Vi(uF) =F[cp x| VO|? + (card — 2uF)¢' 4+ u? F™ (h?),]
+ufuF (Y F™ = k) = (enpF™ (0?)p — F2)¢]
(2.31) + FVOV(uF),

and

ht hi ) 2 h
O (1) — uleVsz(j) =FMPI h,  Vihp, + ~V'uViF + FVOV(

- o)
ml h; (Z)/ 2\1

(2.32) + RIF™™ — (¢ ¢ _ 3E)¢’ — Cp o + C”—”“V@Vd]
. i n,k ’LL2 U n,k ’LL2 .

3. A PRIORI ESTIMATES

Since M) is strictly convex, there is 7" > 0 such that flow (1.2) exists and the solution
M (t) is strictly convex for all 0 <t < T. This will be assumed in the rest of this section.
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3.1. CY estimate.

Theorem 3.1. Let My be a strictly convex, radial graph of positive function pg over S™
embedded in S"L. If M(t) solves the flow (1.2) with the initial value My, then for any
(2,t) € S" x [0,T)

(3.1) min po(z) < p(z,t) < max po(z).
zeSn zeSn

Proof. At critical points of p, we have the following critical point conditions,

3.2 Vp=0, w=1 u=4¢
(3.2) p , :
and then the Weingarten curvature is

- 1
(3.3) h; = ?(_pij + o' eij),
and then

ore1(N) ¢ ona(—gh + eij)

4 F = = = .
(3.4) or(N) ¢ Uk(—%-F@z‘j)

So at the critical point, we have
Pij
Ok (=g + €ij)
(3.5) Op = cnpd —uF =cppgd — ¢ psz ey
Jk(—¢¢, + eij)

By standard maximum principle, this proves the upper and lower bounds for p. O

3.2. C! estimates.

Lemma 3.2. Let F()) := U';Z(l)(\;\), and cp = F(I) = Z—jr’f where I = (1,---,1). Then

g F2 y
(3.6) NP> —, > Ficny, VAET

N Cn’k; A
7 (2

Moreover, if A\ € Tyy1, then > F% <n —k.
Proof. The proof below is from [3] We first derive

ZFii)\Z = 3 o (Mi) A2 0y —0p 1051 (A[1)A2
(A

2
Ok

[o10k41—(k+2)opqolor—opqilo1ok—(k+1)op 1]
)
o
k

(k+1)a,€+1 —(k+2)o 420k
= -7

)

> k+1 F2 _ 1 F2
n—k Cnk

where the last inequality follows from Newton-McLaurin inequality.
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Similarly, we have

EFM =¥ g (Ali)or(N)—okr1(N)or—1(N]i)

i
(3.8) _ (n*k)gif(n*];Jrl)UkHUkA
T%
—k
> ZT:Cn,ky

where the last inequality follows from Newton-McLaurin inequality. If A € [jy1, then
0k+10k—1 > 0 and we conclude that > F" < n — k from the second identity in (3.8). O

Theorem 3.3. Let My be a strictly convex, radial graph of positive function pg over S™
embedded in S"L. If M(t) solves the flow (1.2) with the initial value My, then for any
(2,t) € S" x [0,T)

(3.9) u(z,t) > min u(z,0).

zesn
As a consequence, we have C' bound for p, that is,
(3.10) plersny < C,
where C' depends only on the initial data.
Proof. For any fixed t € (0,T), we have at the minimum point of u(z, 1),
Vu=0.
So from Lemma 2.11, we have
O — uF9u;; =c, 1| VO|? + (cppd’ — 2uF)¢ + u?FY(h?);

1
(3.11) > k| VO + e (¢ — —uF)? >0,
n,k

which finishes the proof of (3.9). O

3.3. Uniform bounds of F'.

Lemma 3.4. Let A = (A1, -+ ,A\p) €Ty, and \y > -+ > A\, Then for 1 <m <n-—1,
we have

m(n —m)om(A)? — (m+1)(n—m+ 1)om(N)om_1(1) (A1 — Ap)?
(3.12) O ~

where f ~ g means mg < f < C(n,m)g for some constant C'(n,m) > 0.

Proof. The case m =1 is trivial, as

(n—1)a1(N)? = 2n05(A) = > _(Ai — X))
1<J
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We may assume 1 < m < n. By direct computation we can derive
m(n —m)om(N)? = (m4+1)(n —m + 1)omi1(N)om_1(N)
—[mom (N[0 = m)omN)] = [(m + Domer W] = m + 1)om_1 (V)

=(3 Aiomos () Zam M) = [ X50m A oot (Al
- Z (Ai - Ajwm_lu\wam@m

1,
=D i = A)om-1AD)om(A) = om-1(Af)om (AlD)]
1<j
_Z [(Tm—1 (i) + Xjom—2(Nij)) (m(Aig) + XNiom—1(\ij))

= (om—1(Alif) + Aiom—2(A])) (Gm(Alif) + Ajom-1(Alif))]
=Y (=2 i = A[om1(Aif)* = om-a(Aif)om(Aif)]

1<j
(313)  ~> (= A om1(Mif)?,
1<j
where the last ~ follows from Newton-MacLaurin inequality. Then we can obtain

m(n —m)on(N)? — (m+1D(n—m+ 1Domei(N)om_1())

om(N)?
Om—_1(M\ij)?
~ ST (= A2 T AT
; J Tm(A)?
5 (A1 c X Am)?
3 ot G 3 o B
(A1 )Tz N Ame1)
+ i — A
Zm O P
(Ai = XN5)? (N — Aj)2A2,
m%:q + i<%:<j )‘12 ! i<§§:m (/\Z)‘J)
N(Am — )‘n)Q + ()‘1 — )‘n)z + ()‘1 — )\m)z )‘%1+1
A2, A% AT A2,
()‘1 — )‘n)2
(3.14) T
1

where )/\\Z means that A; is omitted. The proof is finished.

Due to Lemma 3.4, we obtain the uniform bound of F' as follows.

11
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Theorem 3.5. Let My be a strictly convex, radial graph of positive function pg over S™
embedded in S"L. If M(t) solves the flow (1.2) with the initial value My, then for any
(z,t) € S" x [0,T)

1
3.15 —<F<C
( ) C — — )
where C' depends only on n, k and the initial data.

Proof. For any fixed t € (0,T), we have at the critical points of F,
VF =0.
So from Lemma 2.13, we can get
. FU(h2).. 1 g
(3.16) OF — uFiIV,V;F = — cn,m’F?[l(ﬂ)” — ] +uF D FT— ).

In the following, we divide the proof of (3.15) into three cases.
Firstly, for the Case: 1 < k < n — 2, we know from Lemma 3.4,

FY9(h%);; 1 (k + 1)71;:101%“ —(k+2)orr20r (A — \p)?

3.17 —_— - — = ,
(317) F? Cnk it Al
and

. H(n—k)o? — (n—k+ 1)ogy10 —\,)2

i k k+10k—1 (A1 — Ay
(3.18) S P = - ~ i

k 1
Thus
Fij<h2)ij 1 i

(3.19) " Y P -y

Hence (3.15) holds.
Secondly, for the Case: k = 0, we can directly get,

FI(h?%)i; 1

2 >
(3.20) =20
and
(3.21) > F'— =0,

so we can get F' < C from (3.16). To prove the lower bound of F', we consider the minimum
point of uF', and then we can get F' > % from (2.31). Hence (3.15) holds.
Lastly, we consider the Case: kK =n — 1 in the following. It is easy to know

Fi(h?);; 1

3.22 - —=0

( ) F? Cnk ’

and

(3.23) (n—k)—cap =D Fi—cpp >0,

so we can get F' > % from (3.16).
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To prove the upper bound of F', we consider the maximum point of P =: F+%. At the
maximum point of P, we have

1
(3.24) 0= Vzp = VzF — ﬁvzu,
and then
0P — uF"IV,V;P =0,F —uF"V,V;F
1 g .9
- = [8tu — uF”ViVju] —uFY . $V¢uvju

=2FV;uV,;F + FV®VF + uF[)  F" — ¢y 4]

1 -~
— = [~nplVOP + FYOVU + (ch ¢’ — 2uF)¢' + u>F7 (h?)]
u
)
—uFY . ﬁviuvju
2

(3.25) ZUF[Z B — Cn,k] T2 |:_Cn,k|vq>|2 + (kaﬁbl - 2UF)¢/ + U2;
n,

So we can get F' < C from (3.25). Hence (3.15) holds.

4. PRESERVING CONVEXITY

In this section, we prove the flow (1.2) preserves convexity in S"*!. Denote 7' > 0 to be
largest time, up to which all flow hypersurfaces are strictly convex. Furthermore denote
by T is the largest time of existence of a smooth solution to (1.2). Recall that Iy is the
k-th Garding cone, see (2.2).

Theorem 4.1. Let M(t) be an oriented immersed connected hypersurface in S*™' with a
positive semi-definite second fundamental form h(t) € Txy1 satisfying equation (1.2) for
t €[0,7%), then M(t) is strictly convex for all t € (0,T%).

Here we provide two proofs. The first proof follows from the following lemma.
Lemma 4.2. Along the solution of (1.2) with a strictly convez initial hypersurface My C
S all flow hypersurfaces M(t) = X (M,t) are strictly convexr up to T*, i.e. T = T*,
with a uniform estimate

i i
hs > cdj,
where ¢ = c(supyy, p,infag p,n, k, T).

Proof. We calculate the evolution equation of the inverse {b;} = {hf }=1 which is well
defined up to T'. We suppose that T' < T™*.
Obyy = — 0" Ochshy,,

F9N,V b =2FY " ooV jhibl, — FIbTN Y 5hb;,,
Viu =hlV;®,
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and by the evolution equation for h{ , we deduce
o — uFIN,;V ;b — FV' OV, b
= — u(FPY" 4 2P0 )V hpg V7 hysb0L, — bV V1, @ — b1, Vi FV™®
(4.1) — uFY hip W5 + (e @ + uF) — ¢'Fb]
+ uFY g™ + ¢ gubl — 2uFbbL,
2 . 4 . ,
< — ZViFVI Y, — V'V PV, 8 — b, ViF V"
+ Y1), + Ya(t) — 2uFbby,,
where we used the inverse concavity of F', cf. Theorem 2.3 in [1] and where 1); are smooth
functions which are uniformly bounded up to 7', due to the uniform upper and lower
bounds of F.
We use a well known trick to estimate the maximal eigenvalue of b, e.g. compare
Lemma 6.1 [5]. Let
Q = sup{bin'n’ | gijn'n’ =1},
and suppose this function attains a maximum at (o, o) with tg < T, i.e.

Q(to,é0) = sup Q.

[0,to] x M
Choose coordinates in (¢, &p) with

gi = 8ij, by =A710y, A< <AL

1

Let n be the vector field n = (0,...,0,1) and define

O— bijﬁiﬁj ’
i1
then locally around (g, &) we have Q < Q and the derivatives coincide. Thus at (tg, &)
the function Q and b} satisfy the same evolution equation and we may show that the
right hand side of (4.1) is negative at the point (tp,&p) in these coordinates, yielding a
contradiction.
In these coordinates we obtain

b — uFIN;V bl — FV'OV,;b"

< - F(VnF)QA;2 — 2\ WL FV,® + (DN, + o(t) — 2uF N,

(4.2) <0,

for small € and large A, 2. Hence we obtain that A\ does not blow up at 7, in contradiction
to the definition of T' < T™*. Hence we must have T'= T™, with a uniform lower bound on
hi; on finite intervals. The proof is complete. O
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The second proof is from the Constant Rank Theorem in Bian-Guan [2] , along the lines
of proof of Theorem 6.1 in [8] (where the constant rank theorem was proved for a general
flow in R™*1). For (1.2) in S*!, we have an extra good term which is associated to the
curvature K = 1. We outline the arguments here with necessary modification.

Proof. Let W = (¢"™hy,;), and [(t) be the minimal rank of W. Suppose at W is degenerate
(0, T), such that W (T) attains minimal rank [ < n at xg. Set

o112(W(z,t))

o(x,t) = o1 (W(z,t)) + ot (W)

It is proved in section 2 in [2] that ¢ is in CbL.

As in Bian-Guan [2], near (zo,T), the index set {1,2,--- ,n} can be divided in to two
subsets B, G, where for i € B, the eigenvalues of {W;;}, A; is small and for j € G, \; is
strictly positive away from 0. As in [2], we may assume at each point of computation,
{W;;} is diagonal. Notice that W;; < Cyp for all i € B.

Denote G = uF — ¢ ¢’ and F' = 7t:1Q) - prom (2.14) we recall

or(A)
(4.3) Oht = V'V,G + Gg* (h*)p + G.
So we have the following equality
Z Gaﬂgoaﬁ — Yt
=O(p+ Z IVWijl) — PWijaWij,p
ngB aﬁ i1#jEB
(B YD G P (Wiiaor(B) = Wi Y Wija) Wisgo1(B) = Wi ) Wijp)
af i€B jE€B jE€B
01(Bli)? — o2(Bli) WijaWijp
-2 o(G GP L
; 01(3)2 %;]ze; Wi
01(Bli)? — o2(Bli) of
(4.4) + ; (G o1(B)? ] %; G"Wiiap — O:W,

By (4.3) and (2.29),
(4.5) O} = u[F*"VoVhii + F N ihagVihyg] + O(p + Y [VWy|) + 2uF,
i,jeB
where we used the facts V,u = O(p), V;Viu = O(p + [VW;;|) and V;V;® = ¢’ 4+ O(p),
Vi € B.
As GOB = yFobB,

> G Wiiap — Wi =u Y | F*PVoVghii — Ouh)

af af
(4.6) =0(p+ Y VW) = uF P MW Wy i — 2uF,

i,jeB



16 CHUANQIANG CHEN, PENGFEI GUAN, JUNFANG LI, AND JULIAN SCHEUER

Since F' satisfies the structure condition in [2]

WijaWijs o

AU )
aB jeG 33
We obtain
01(B|i)2 — o9(Bli)

2 G%as =t < Clo+ Vel = C D [VWy| = 2uF ) _[ou(G) + == ~z=——]

i,jEB i€B

Following the analysis in the proof of Theorem 3.2 in [2], it yields

Y GPpap — 1 < Cle +|Vo|) — 2uFay(G).

This is a contradiction from the standard strong maximum principle for parabolic equa-
tions. O

Remark 4.3. The preservation convexity of flow (1.2) when k& = 0 was first observed by
JS and Chao Xia [15].

Since in the case of k& = 0, the longtime existence and convergence was proved in [8],
the following sharp inequality follows.

Proposition 4.4. If Q ¢ S"*! is convez, then
Vol(Q) < &1 (A) V1> 0,

with equality holds iff Q) is a convex geodesic ball.

5. DISCUSSION OF C? ESTIMATE

The curvature estimate for flow (1.2) is still open. In the case of R"*! ¢’ = 1, the
corresponding flow is

(5.1) Xt = (cnp — uF'(N))v.

Flow (5.1) has the same curvature estimate issue. In [9, 10] the flow (5.1) was converted
to a corresponding inverse type flow for the Euclidean support function u of the evolving
convex body parametrized on the outer normals (i.e. on S™). The longtime existence and
convergence of the admissible solution were proved in [9, 10].

Below we will convert flow (1.2) to an evolution of convex bodies in R"*! and we write
down the evolution equation of the corresponding Euclidean support function % on S™.

Introduce a new variable v satisfying
(5.2) & _1

dp ¢
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Let w = /1 4 |[V7|?, one can compute the unit outward normal v = %(1, —%), and

(5.3) U :g

(5.4) 9ij =0%€ij + pip;,

5.5 g =i - 10,

(5.6) hig =2+ s + Fe),

(5.7) h} :(;w(em - 7Zj;n)(—ﬁ’mj + &' YmYi + ¢ ems)-

It follows from (2.23) that the evolution equation for v is

1
Oy =—0p = [~

o o
¢ op1(N)
5.8 e 2
(58) kT o (V)
From (5.7),
7 1 m ,.yz,ym / /
h; :%(6 T2 )(=Vmj + & vmYj + ¢'em;)
1 im Y™ i
=5 (€ = 57 )(=Ymj +m %5 + €mg) + (¢ = 1)}
e~ ¢ —1_
, LS R
(5.9 ]
where
= 1 im Y™
hj:% (e — o2 )(_’ij‘i")’m”)’j"‘emj)y

which is the Weingarten tensor of the graph M (over S™) of radial function p = €7 in R*1.
Since M (t) is strictly convex (i.e. {h;} > 0), and ¢’ — 1 = cosp — 1 < 0, thus {h;} > 0.

That is M is strictly convex.

We have
Owp =pOry
¢ PPokg -1
(5.10) e s = 2 T B 2 a))

Let u be the support function of the strictly convex body M, and z and v be the unit radial
vector and the unit outer normal vector of M, respectively. Then from p(z,t)(z - v) =
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u(v,t), we can get log p(z,t) = logu(v,t) — log(z - v) and

1 0Op(z,t) 1 _ .z
e o awplvintul-
1 Ou(v,t) 1 -
== = - ,t N
u(v,t) Ot * u(v,t) (Vi = plz t)z) - ]
1 ou(vt)
Ca(vt) ot
Denote Wy =: {u;; +ud;;} = {Tzz}_l and we can get the evolution equation of u as follows
Ol =—0,p
p
¢ puogyr g ¢ -1
—c, Daw— 2 hi 5i
Cn,k¢uw ¢ ok ( j+ ﬁw j)
(5.11) =: G(Wg,u, Vu).

This equation is of inverse type, and the question is whether (5.11) exists for all time?
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