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The presence of edge modes at the interface of two perturbed honeycomb photonic crystals with C6 symmetry

is often attributed to the different signs of Berry curvature at the K and K′ valleys. In contrast to the electronic

counterpart, the Chern number defined in photonic valley Hall effect is not a quantized quantity but can be tuned

to a finite value including zero simply by changing geometrical perturbations. Here, we argue that the edge modes

in photonic valley Hall effect can exist even when Berry curvature vanishes. We numerically demonstrate the

presence of the zero-Berry-curvature edge modes in triangular-lattice photonic crystal slab structures in which

C3 symmetry is maintained but the inversion symmetry is broken. We investigate the evolution of the Berry

curvature from the honeycomb-lattice slab structure to the triangular-lattice photonic crystal slab and show that

the triangular-lattice photonic crystals still support edge modes in a very wide photonic band gap. We find that

the edge modes with zero Berry curvature can propagate with extremely low bending loss along the interface

formed by the triangular-lattice photonic crystals.

DOI: 10.1103/PhysRevResearch.3.L022025

I. INTRODUCTION

Topological insulators, which are insulating in the bulk

region while conductive along the edge, have been intensively

studied due to their intriguing physical properties as well

as potential applications [1–3]. As an optical counterpart of

the topological insulators in condensed matter physics, pho-

tonic topological insulators (PTIs) have been proposed and

demonstrated with gyro-optic materials in microwave region

[4–6] and with coupled helical waveguides at visible wave-

lengths [7]. PTIs show unique characteristics, for example,

the guided modes along the edge or interface of PTIs, which

are robust against defects and deformations due to topological

protection [8–11]. Such robustness has been experimentally

demonstrated at telecommunication wavelengths [12,13].

Recently, the optical quantum spin Hall effect (QSHE) and

optical quantum valley Hall effect (QVHE) have been realized

by introducing geometrical perturbation in PTIs such as a hon-

eycomb (HC) photonic crystal (PhC) structure. For instance,

for the QSHE PTIs [14–16], a photonic band gap (PBG) can

be created at Dirac point by extending or shrinking while the

C6 symmetry is maintained. In this breathing HC-PhC, the

pseudo-time-reversal symmetry is protected and pseudo-spin
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channels are maintained (pseudo-time-reversal operator T is

defined to satisfy T 2 = −1) [14]. Recently, the robustness of

corner states in the same structure was shown to stem from an

obstructed atomic limit phase [17]. On the other hand, for the

QVHE PTIs, inversion symmetry breaking opens a PBG as in

a staggered HC lattice [18,19] and a perturbed kagome lattice

[20]. For both QSHE and QVHE PTIs, edge modes, which

are localized at the interface between two PTIs with different

signs of perturbation, exist inside the PBGs.

Although the near 100% transmission has been shown us-

ing the edge modes in the optical QVHE [18–20], the origin

of the edge modes is not clearly understood because they are

not topologically protected in the same way as in the Chern

insulators (the Chern number is zero for optical QVHEs).

One way of explaining the existence of edge modes in the

optical QVHE is the bulk-edge correspondence in an extended

parameter space (k, ag) where k is the wave vector and ag is the

perturbation strength [21]. Another most common explanation

is the valley degree of freedom, which originates from the

different signs of Berry curvature for different valleys [11,18].

However, it is still unclear whether the different signs of Berry

curvature for different valleys is a necessary condition for the

existence of the edge modes and reflection-less propagation at

the bending.

In this paper, we report that edge modes can be created

even when the Berry curvature vanishes. We demonstrate this

by studying the Berry curvature of photonic bands for PhC

slabs with the staggered HC lattices including the HC lattice

and the triangular lattice. We show that the triangular-PhC

(Tri-PhC) is an extreme case of the staggered HC-PhCs that

holds their topological characteristics because the reduction

of one hole in the unit cell to null leads to the Tri-PhCs.

2643-1564/2021/3(2)/L022025(6) L022025-1 Published by the American Physical Society
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FIG. 1. Characteristics of the TE photonic band structures. (a) Band diagram of the air-hole HC-PhC slab structure with ra = rb = 0.23a

(b) Band diagram of the air-hole Tri-PhC slab structure with ra = 0.23a (rb = 0) (c) Magnetic field profiles of the normal component (Hz) at

the center of the slab. K1, K2 mean the first and the second K-point TE modes shown in (a) and (b). (d) Band diagram near the K point at

HC-PhC slab. (e) Frequency of the K-point TE modes as a function of rb. (f) Band diagram near the K point at the Tri-PhC slab

This argument is supported by the numerical calculation of the

photonic band structures and Chern numbers and the simula-

tion of one-way propagation of the edge modes.

II. PHOTONIC BAND STRUCTURE ANALYSIS

First, we perform the photonic band structure analysis to

understand the characteristics of the guided modes in the

staggered HC-PhC slab structure composed of two air holes

in its unit cell. The structure becomes a HC-PhC slab [the

inset of Fig. 1(a)] if the radii of the two holes are identical and

becomes a Tri-PhC slab [the inset of Fig. 1(b)] if one of the

air holes is missing. Therefore, the geometrical transition from

the HC-PhC to the Tri-PhC can be described by the change of

the radius of the smaller air hole (rb) from 0.23a to zero.

Figure 1(a) shows the band diagram of the HC-PhC slab

(rb = 0.23a) calculated by the three-dimensional (3D) plane-

wave expansion method [22]. Here, the refractive index of

the slab is set to 3.16, and the radius of the large air hole

(ra) and the thickness of the slab (t) are fixed as 0.23a and

0.47a, respectively. At the K point in the band diagram of the

HC-PhC, one can observe the Dirac cone, where the lowest

and the second-lowest TE bands meet with a linear slope. In

general, the Dirac cone exists when there are C3 symmetry and

the inversion symmetry with respect to the mid-point of two

air holes in the unit cell (HC lattice) [23].

Figure 1(b) shows the band diagram of the Tri-PhC

structure (rb = 0). When the inversion symmetry is broken

(a staggered HC lattice), the degeneracy at the Dirac cone

is lifted opening a PBG where a one-way propagation mode

can be introduced at the interface of two PTIs with different

signs of geometric perturbation. The evolution of the band

diagram by reducing the radius of one air hole is shown in

Figs. 1(d), 1(e), and 1(f). As the radius of the one air hole

decreases, the PBG is opened at K point because of the inver-

sion symmetry breaking and becomes wider until the smaller

air hole is completely removed.

The PBG opening can be understood by looking at the

electromagnetic field profiles of the lowest and the second-

lowest TE bands. When the inversion symmetry is maintained

(ra = rb), the magnetic fields are localized equally at both

holes in a single unit cell [Fig. 1(c)] resulting in a degeneracy

at K point as shown in Fig. 1(a). However, the inversion sym-

metry breaking (ra > rb) makes the magnetic field distribution

asymmetric with respect to the midpoint of two holes for the

first and second band edge modes (K1 and K2). This can be

clearly seen in Fig. S1 within the Supplemental Material [24]

where the magnetic field is localized around larger holes for

K1 in the first band of staggered HC-PhCs while the magnetic

field is localized around smaller holes for K2 in the second

band (see Supplemental Material [24] for more details). Re-

markably, the overall field distributions of the two band edge

modes are maintained until rb = 0 (Tri-PhC) which has the

maximum PBG at the K point as shown in Fig. 1(c). Note that

the PBG is open even with a very small difference between

ra and rb because the PBG originates from the geometrical

inversion symmetry breaking.

III. BERRY CURVATURE AND VALLEY CHERN NUMBER

In order to verify the optical QVHE in the HC-PhCs

with nonidentical air holes, we investigate the evolution

of the Berry curvature of the first band and its half

Chern number from rb = 0 to rb = ra. The Berry curvature

L022025-2
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FIG. 2. (a) The normal magnetic field (Hz) profiles of the first TE mode at the K point with the in-plane electric field vectors ( �E‖) as the

structure is gradually changed from the Tri-PhC (rb = 0) to the HC-PhC (rb = 0.23a) and (b) the phase profile of Hz. (c) The half Chern

number integrated in the half of the first Brillouin zone as marked in (d) and (e) with dashed lines. [(d), (e)] Berry curvatures of the first TE

band (d) rb = 0 (A) (e) rb = 0.10a (B), and (f) rb = 0.229a (C, slightly perturbed HC-PhCs).

F (k) = ∇k × i〈Ek|∇kEk〉 is numerically calculated by sum-

ming up the phases of the electric fields Ek at the four points of

the plaquette in the discretized k space. Then the valley Chern

number Cv is given as Cv = C1/2,K − C1/2,K′ where C1/2,K

(C1/2,K′ ) is the half Chern number calculated by integrating

the Berry curvature over the triangular area around the K

(K′) point [25,26]. Here, we consider two-dimensional (2D)

cylindrical air-hole PhCs because the field profile of the TE

mode calculated by 2D calculations is the same as the 3D cal-

culation except the variation along the plane-normal direction

[27]. In consideration of the finite thickness of the PhC slab,

the refractive index of dielectric materials in 2D calculation is

set to 2.4.

Figures 2(a) and 2(b) show the normal magnetic field com-

ponent (Hz) profiles of the first TE mode at the K point,

and its phase change. The arrows in Fig. 2(a) indicate the

in-plane electric field vectors. At rb = 0 (Tri-PhC), the mag-

netic field is localized near the large air holes with the radius

ra, and the localization behavior is preserved unless rb = ra.

When the inversion symmetry is broken, there are two vor-

tices: one at the center of hexagons and the other at the

center of smaller holes. In the amplitude plots [Fig. 2(a)], the

amplitude becomes zero at the two vortices. In the phase plots

[Fig. 2(b)], two vortices show different signs. This relation

has been mathematically proved in a rigorous manner [25].

The optical vortices with different signs, which are chiral, can

be observed in the in-plane electric field vector as shown in

Fig. 2(a). The chirality of the optical vortices in both magnetic

and electric field is related to the photonic valleys, similarly

to the valley pseudospin in an electronic system, thereby the

photonic valley modes can be selectively excited by chirality

of the circularly polarized electromagnetic field [10]. This

means that the photonic valley modes (edge modes) can be

manipulated by the chiral vortex-valley locking, i.e., the circu-

larly polarized light source excitation at the singularity points

(for example, the center of large air holes in the interface). We

noted that a similar explanation was made for the edge modes

in Tri-PhCs [28].

Interestingly, the Berry curvature in the momentum (k)

space becomes zero as rb approaches zero (Tri-PhC) leading

to the zero half Chern as shown in Figs. 2(c)–2(f). Neverthe-

less, the two vortices with different signs still remain when

rb = 0, which implies that topologically protected modes

could exist in the interface or edge within a wide spectral

range of PBG of the Tri-PhCs (see Figs. S2, S3, and S4

within the Supplemental Material [24]). Indeed, topologi-

cal edge modes exist as we will show numerically in the

next section. Recently, it was reported that the photonic 2D

L022025-3
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FIG. 3. Analysis of photonic topological edge modes. (a) Dispersion properties of the edge modes in the PTIs with various rb. The gray

region indicates the bulk bands. The white region (or the gray arrows at the right) indicates the PBG region of the given rb. (b) Hz field profiles

of the edge modes in the PTIs with various rb as marked with red circles at (a). (c) Time-averaged electric field intensity distribution of the

edge mode at λ = 1550 nm excited at the center of air holes in the straight interface as shown in the inset with the red mark. (d) Time-averaged

electric field intensity distribution in the ℧-shape interface. The marks, × in the insets of (c) and (d) indicate the position of the excited

clock-wise chiral source.

Su-Schrieffer-Heeger (SSH) lattice inherently has the C4v

point group symmetry and zero Berry curvature [29,30]. Ac-

cording to Wakabayashi’s report, the nontrival topological

properties with zero Berry curvature can be realized by the

curl of the magnetic field [29]. Our numerical results suggest

that the existence of topological edge modes in Tri-PhCs and

even in staggered HC lattices, which have the C3 symmetry,

may not be related to the Berry curvatures with different

signs. We believe that more theoretically rigorous work will

clarify the relationship between the vortices at valleys and the

topological protected states.

IV. ONE-WAY PROPAGATION

Given the continuity of the evolution of the band

diagram, it is obvious that the Tri-PhC is one extreme case of

the PTIs based on the staggered HC-PhCs. Accordingly, the

Tri-PhCs are expected to have topologically protected edge

modes, which are the same kind as the ones in the staggered

HC-PhCs. As a result of the chiral vortex-valley locking, the

topologically projected edge modes are chiral implying that

the two counter-propagating modes can be selectively excited

by chiral sources with different chiralities as we will see in

this section. Hence, we designed a structure of a pair of the

HC-PhCs with nonidentical air holes, and one of them is verti-

cally flipped and laterally shifted to form an interface between

them as shown in Fig. 3. To find guided modes along the

interface, we calculated a band diagram in Fig. 3(a) showing

the existence of interface modes. The two guided modes in the

PTIs with various rb are found in the PBGs, which are denoted

by the gray arrows at the right side of Fig. 3(a). Figure 3(b)

shows the amplitude distributions of the magnetic field of the

edge modes marked with red circles in Fig. 3(a). Because of

the wide PBG, the edge mode in the Tri-PhCs (rb = 0) is

strongly localized at the interface. However, as rb increases,

the PBG becomes narrower and the localization of the edge

mode in the interface becomes weaker.

We also investigated the one-way propagation properties

of the edge mode in the Tri-PhC by the 3D finite-difference

time-domain (FDTD) method [30]. In case of rb = 0 (Tri-PhC

slab), it is clear that the edge mode propagates unidirectionally

along the straight interface as shown in Fig. 3(c). Here, the

mode is excited by the clockwise (CW) chiral source gen-

erated by two dipole sources with π/2 phase difference at

λ = 1550 nm. In Fig. 3(c), the upper inset shows a schematics

of a pair of Tri-PhC slab, and the lower shows the posi-

tion of the chiral source with the red × mark. Even in the

℧-shape interface with four 120◦ bending geometry, the edge

mode propagates along the interface without reflection near

the sharp corners shown in Fig. 3(d).

For the quantitative analysis of chiral coupling of the

guided mode along the PTI interface, we calculated one-way

coupling efficiency defined as the ratio of the left (or right)

propagating flux to both the left and the right propagating

energy fluxes. Here, the CW chiral source was excited at

the center of air holes, and the time-averaged Poynting flux

monitored at the left (or right) edge of the photonic crystals

was obtained for energy flux. Figure 4(a) shows one-way cou-

pling efficiency as a function of wavelength of the CW chiral

source excited at the center of the straight interface. The blue

indicates the coupling efficiency of the CW chiral source into

the propagating mode toward the left direction. Because of the

wide PBG of the Tri-PhCs, high one-way coupling efficiency

over 90% is found in a broad spectral range from 1490 nm

L022025-4
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FIG. 4. Characteristics of the one-way propagating edge modes. (a) One-way coupling efficiency of the CW chiral source into the edge

modes in the straight interface with rb = 0 (Tri-PhC slabs). (b) Directionality of the excited edge modes in the straight interface with various

rb. (c) The source-position dependent directionality with various rb at the CW chiral source. (d) Directionality of the excited edge modes in the

℧-shape interface with various rb.

to 1600 nm as shown in Fig. S5 within the Supplemental

material [24]. For the systematical analysis for the unidi-

rectional coupling efficiency of the edge propagation, we

defined the directionality as (PL − PR)/(PL + PR) at the CW

chiral source [18]. Figure 4(b) shows the directionality in

the HC-PhCs with nonidentical air holes from rb/a = 0 to

rb/a = 0.20 as a function of the wavelength. In case of rb =
0 (Tri-PhC slabs), the spectral range of directionality over

0.90 is about 60 nm. This wide spectral response of the

directionality is very robust to the rb. Especially, at rb/a =
0.1, the flat top directionality over 0.98 is about 50 nm.

The blueshift of the frequency range of high directional-

ity is owing to the blueshift of the PBG range as shown

in Fig. 1(e). The pictures in Fig. 4(c) indicate the source-

position dependent directionality in the HC-PhCs with various

rb when the CW chiral source was excited near the interface.

In the simulation, we fixed the wavelength of the excited

source as 1500 nm, 1470 nm, and 1440 nm for rb/a = 0,

0.1, and 0.15, respectively, for the the highest directional-

ity at Fig. 4(b). Here, the white lines indicate the air-hole

boundary. When the point-like chiral source lies inside the

upper large air hole(ra), the unidirectional propagation occurs

along the left, however, the opposite directional propagation

also observed when the source lies inside the lower large

air hole (r′
a). The directional propagation occurs dominantly

when the source is located at the air holes near the interface.

Especially, the center of the upper large air hole in the inter-

face is the optimal position of the CW point-like chiral source

to achieve the perfect directional coupling along the left di-

rection. In contrast, the optimal position for the perfect right

directional coupling is the center of the lower large air hole

in the interface. It implies that the unidirectionality is related

with both the geometry of the large air hole and the chirality

of the source. The asymmetric structural unidirectionality was

also reported in the glide PhC waveguide structure [31].

To demonstrate the robustness of unidirectional topologi-

cal transport along the interface without reflection at a sharp

bending, we investigated directionality in the ℧-shape inter-

face with various rb. Figure 4(d) shows the directionality as

a function of wavelength of the CW chiral source at the right

side of ℧-shape interface. The spectral range of directionality

over 0.8 is observed over 60 nm, which is reduced in com-

parison with the straight interface. However, at the optimal

wavelength the directionality in the ℧-shape interface is al-

most same as that in the straight interface. For example, in

case of rb = 0.10a, the directionality at λ = 1470 nm in the

straight interface and the ℧-shape interface is 0.995, 0.989,

respectively. This indicates that the topological transport is ro-

bust with reflection at the sharp bending corner, at least for the

optimal condition. The sudden decrease of the directionality at

the longer wavelength is due to the band-edge behaviors of the

edge mode (see Supplemental Material [24]).

V. CONCLUSIONS

We have numerically demonstrated the evolution of the

topological behavior from the perfect HC slab to the Tri-PhC

slab. When one of the two air holes in the unit cell of the HC

lattice gradually decreases, the Dirac cone at the K point dis-

appears and the photonic band gap opens because of inversion

L022025-5
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symmetry breaking. From the investigation of the evolution of

the Berry curvature from the HC-PhC to the Tri-PhC, we have

shown that the topological edge modes exist and one-way

propagation of the edge modes are maintained even with zero

Berry curvature at the Tri-PhC, which is explained by the

chiral vortex-valley locking. We believe that our analysis of

the staggered HC-PhC slab will be useful for design of highly

efficient platform of lossless photonic integrated circuits.
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