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THE MINKOWSKI INEQUALITY IN DE SITTER SPACE

JULIAN SCHEUER

The classical Minkowski inequality in the Euclidean space provides a lower
bound on the total mean curvature of a hypersurface in terms of the surface
area, which is optimal on round spheres. We employ a locally constrained
inverse mean curvature flow to prove a properly defined analogue in the
Lorentzian de Sitter space.

1. Introduction

The main results. In this paper we prove an optimal Minkowski inequality for
compact, spacelike and mean convex hypersurfaces in the upper branch of the
(n+1)-dimensional Lorentzian de Sitter space. To state the main result, we provide
the involved terminology. Let n > 2 and denote by M’1’+2 the (n+2)-dimensional
Minkowski space, i.e., R"t2 with metric

n+1
(v, w) = —v"w’ + Z v w?.
a=1

We define the upper branch of the de Sitter space by
§'1’+1 ={ye l\/ﬂ'l”r2 =1, Y > 0}

and understand this submanifold to be equipped with the induced metric. Then §’1‘+1
is a Lorentzian manifold with constant sectional curvature 1; see Section 2 for a
detailed discussion. The following theorem is the main result of this paper.

Theorem 1.1. Let ¥ C 5’{“ be a spacelike, compact, connected and mean-convex
hypersurface. Then there holds

/ Hy <vol(®) + o(E))
)

with equality precisely if ¥ is totally umbilic. Here ¢ : Ry — R is the strictly
increasing function which gives equality on the y°-slices.
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We review the standard terminology used here very briefly and refer to Section 2
for a more detailed discussion. A hypersurface ¥ C §'1’+1 is called spacelike, if
its induced metric is Riemannian. ¥ is called mean-convex, if for a suitable unit
normal vector field v the normalized mean curvature H; with respect to —v is
positive. ¥ denotes the region enclosed by the slice {y’ = 0} and X, while Vol(f)
denotes its enclosed volume; see (2-6). Finally, | 2| denotes the surface area of X.

To prove Theorem 1.1, we employ a locally constrained inverse mean curvature
flow. This flow is designed to preserve the surface area and to increase the quantity

Wo (D) = / H, —vol(3).
b

We will prove that it converges smoothly to a coordinate slice, which will imply
Theorem 1.1. To state the result about the curvature flow, we introduce some
more notation. The space S'l’“ is isometric to the space Ry x §" with the warped

product metric
g=—dr’+9*(r)o,

where o is the round metric on S" and ¥ = cosh; see Lemma 2.1. For a hyper-

surface ¥ we define
u=—g(o,, )

to be the support function, where v is the future directed normal vector field on X,
where the time orientation is inherited from M’f”.

Theorem 1.2. Let ¥ C 57“ be a spacelike, compact, connected and mean-convex
hypersurface. Then there exists a unique immortal solution

x:]0,00) x " — §*,
which satisfies
. v/
x=(u——)y,
(1-1) ( Hl)
x(0,S") = xo,

where xo is an embedding of X. As t — o0, the embeddings x(t,-) converge
smoothly to a coordinate slice, which is uniquely determined by | X|.

Background.

Minkowski inequality. For a closed and convex hypersurface in the Euclidean
space R"*!, the Minkowski inequality states that

(1-2) [z
)i

with equality precisely when X is a round sphere. For surfaces n = 2 this was
originally proved by Minkowski [1903]. Using inverse curvature flows, (1-2) was,
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among more general estimates called Alexandrov—Fenchel inequalities, generalized
to starshaped and mean-convex hypersurfaces in [Guan and Li 2009]. Using
Huisken’s and Ilmanen’s weak inverse mean curvature flow [2001] one can replace
the starshapedness by outward minimality. It is open until today whether (1-2) holds
for general mean-convex hypersurfaces. The Michael-Simon—Sobolev inequality
[Michael and Simon 1973] gives an estimate on the total mean curvature, however
its optimal constant is not the desired optimal constant in (1-2), also compare
[Brendle 2021]. In case n = 2, there is an Lz—stability result for immersed surfaces
[Kuwert and Scheuer 2020], namely there holds

1 —2Jm

A2
S c”A”LZ(E)v

1

ek
where A is the trace-free part of the second fundamental form. Also see [Dalphin
et al. 2016] for a comprehensive overview over related results for the case of closed
hypersurfaces of the Euclidean space. For hypersurfaces with free boundary on a
cone there are similar results [Cruz 2019]. Both sides of (1-2) can be considered as
special cases of the quermassintegrals Wy (X). We refer to [Gallego and Solanes
2005; Gao et al. 2001-02; Solanes 2006] for a comprehensive introduction and
useful further references. In the Euclidean case, (1-2) then reads

Wan-H (Z) Z cn Wan-H (E)nn;l .

The superscript is added to indicate the special structure of Wy (X) in the Euclidean
case.

There are analogues of these quantities in the hyperbolic and spherical spaces
H"*+! and S"*!. However, the Wi (X) are then not given by curvature integrals, but
by linear combinations of them. While the quantities W1 (X) are up to dimensional
constants given by surface area in all of the three spaceforms, the values of W,(X)
in the nonflat spaces are (up to dimensional constants)

Wzﬂ'""+'(2):/ H; —vol(%), Wf"“(z):/ H +vol(2),
= =

where  is the region enclosed by X.

A possible generalization of (1-2) to other ambient manifolds would then be to
derive an inequality between W5 (X) and W (%) (we drop the superscript again for
the following informal discussion).

In the hyperbolic space, [Gallego and Solanes 2005] treats the case of convex
hypersurfaces through a rough estimate which does not characterize the case of
equality, while in [Wang and Xia 2014] an optimal inequality was proved in the
class of horospherically convex hypersurfaces. Various inequalities between W;,
1 <i <3, were provided in [Brendle et al. n.d.; Guan and Li 2021; Li et al. 2014].
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Other variants of such estimates involving total mean curvature, surface area and
possibly other quantities, are contained for example in [Borisenko and Miquel 1999;
de Lima and Girao 2016; Natério 2015; Wei and Xiong 2015].

In the sphere there are also many variants of (1-2), for example [Girdo and Pin-
heiro 2017; Makowski and Scheuer 2016; Wei and Xiong 2015] and in other ambient
spaces there are weighted Minkowski-type inequalities [Brendle et al. 2016; Ge et al.
2015; McCormick 2018; Scheuer and Xia 2019; Wang 2015; Wei 2018; Xia 2016].

In the de Sitter space we are only aware of one similar result, which recently
appeared [Andrews et al. 2020]. The Alexandrov—Fenchel inequality proved in this
paper is deduced as a corollary from its dual version in the hyperbolic space with
the help of a well-known duality method available for convex hypersurfaces of the
sphere and hyperbolic/de Sitter space; see [Gao et al. 2001-02; Gerhardt 2015]
and Section 2.

Note that the inequality in Theorem 1.1 cannot be deduced by duality from
hyperbolic space, as such is not defined for nonconvex hypersurfaces.

Locally constrained curvature flows. The strategy to prove Theorem 1.1 is to employ
a suitably defined curvature flow, i.e., a variation of the hypersurface ¥ which is
defined through its curvature and possibly lower order quantities. This method
has become very popular for the deduction of geometric inequalities during the
past decades. For example, Huisken [1987] studied the volume preserving mean
curvature flow, where the mean curvature flow is modified by addition of a global
term, namely the averaged mean curvature. Long-time existence and convergence
to a round sphere is proven, if the initial datum is convex. This reproved the
isoperimetric inequality in all dimensions for convex domains. Similar nonlocal
flows have been widely used to prove other geometric inequalities in the Euclidean
and hyperbolic space [Andrews 2001; Athanassenas 1997; Cabezas-Rivas and
Miquel 2007; Ivaki and Stancu 2013; McCoy 2003; 2004; 2005; Sinestrari 2015].
These nonlocal flows are hard to study due to the nonlocal term involved and the
results mentioned above usually required preservation of convexity at the least.

A new kind of volume preserving curvature flow was invented by Pengfei Guan
and Junfang Li [2015]. In the Euclidean space it is

1
(1-3) ¥ =—Asx|x|*=(1—uH)v,
2n

where H; is the normalized mean curvature and u the support function. This flow
obviously preserves the enclosed volume and it can be calculated that it decreases
the surface area unless X is a round sphere. This gives a further proof of the
isoperimetric inequality. The major advantage over the classical volume preserving
mean curvature flow is that it preserves the starshapedness and hence the technical
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obstructions are lower. Hence there has been some recent interest in these so-
called locally constrained curvature flows. Later, the flow (1-3) was also studied
in other ambient manifolds [Guan et al. 2019]. From that idea, it was tempting
to modify (1-3) in such a way that the modified flow preserves other geometric
quantities. For example, the flow

(1-4) x:(——u)u

in R"*! preserves the surface area and decreases the total mean curvature, giv-
ing another proof of the Minkowski inequality for starshaped and mean-convex
hypersurfaces. To quickly complete the list of previous literature on these locally
constrained flows, we refer to the related results in [Guan and Li 2018; Scheuer
et al. 2018; Scheuer and Xia 2019].

Note that while (1-4) is very easy to treat in R"*! as it is basically a rescaling of
the inverse mean curvature flow originally treated in [Gerhardt 1990; Urbas 1990],
it seems hard to study the proper modification of this flow in the other spaceforms.
In the hyperbolic space there is a partial unpublished result [Brendle et al. n.d.]
which requires an additional initial gradient smallness assumption, while in the
sphere there is no result.

The purpose of this paper is to prove the full convergence result of the correct
version of (1-4) in the Lorentzian de Sitter space under the most natural assumptions,
which are spacelikeness and mean convexity, and in turn obtain the Minkowski
inequality for such hypersurfaces.

Outline. In Section 2 we spend some time to review the geometry of de Sitter space
and to introduce our notation. We take some care here, as we will also deduce some
maybe not so well known relations between hypersurfaces of de Sitter space and
their duals in the hyperbolic space. In particular we will deduce the dual flow of
(1-1) in the hyperbolic space. In Sections 3 and 4 we collect the relevant evolution
equations and deduce the required a priori estimates to obtain long-time existence.
In Section 5 we prove that the flow converges to a coordinate slice and complete
the proof of the Minkowski inequality.

2. Geometry of de Sitter space and duality

We recall some facts about hypersurfaces of semi-Riemannian manifolds as well as
basic properties of the de Sitter space, most of which can be found in [O’Neill 1983].

For a semi-Riemannian manifold (M, (-, -)) with Levi-Civita connection D and
a hypersurface M we have the Gaussian formula for vector fields V, W on M
(which are smoothly extended to M),

DyW =Dy W +11(V, W),
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where D is the Levi-Civita connection of the metric induced by the inclusion
L : M — M and the decomposition is orthogonal. The normal part II(-,-) is
called the vector valued second fundamental form. There holds the Gauss equation
[O’Neill 1983, p. 100]

(2-1) (R(V,W)X,Y)
= (R(V, W)X, Y)+(I(V, X), I(W, Y)) — (Il(V, ¥), I(W, X)),
where we used the curvature tensor convention from [O’Neill 1983],
R(X,Y)Z=DyDxZ — DxDyZ — Dy x;Z

for all vector fields X, Y, Z on M. The shape operator S of M derived from a
normal N, which is defined by

(S(V), W) = (I(V, W), N),
satisfies the Weingarten equation [O’Neill 1983, p. 107]
(2-2) S(V)=—DyN.

Letn > 2 and f\/[I'I’Jr2 be the (n+2)-dimensional Minkowski space with metric

n+1
(v, w) = —v"w’ + Z v¥w?.
a=1

The Lorentzian de Sitter space is defined as the hyperquadric
S =y eM™: vy =1).

Differentiating 1 = (y, y) along an arbitrary curve y in S'{H, we obtain that the
normal space of S'I’H C M'{*z is spanned by the spacelike position vector field y
and thus S'f“ has sign 1 in M’f“. From (2-2) we also obtain that the shape operator
of S| is _

S(V)=—-Dyy=-V
and hence II(-,-) = —(-,-)y. We obtain from (2-1) that the Riemann tensor R
of S{‘H satisfies

(R(V, W)X, Y) =(V, X)W, Y)—(V, Y (W, X).
It follows that S’f“ has constant sectional curvature
(R(ei,ejei,ej) (e, ei)lej, e))
(ei,ei)ej,ej) (ei,ei)ej,ej)

for every orthogonal unit vectors e;, e; [O’Neill 1983, p. 77].
For the calculations in this paper it will be convenient to have a warped product

K(ei,ej)= =1

structure for S’f“ and hence we prove the following lemma.
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Lemma 2.1. The Lorentzian manifold S'I’H is isometric to the warped product
R x S" with metric
g=—dr’+9%(r)o,

where o is the round metric on S" and ¥ = cosh. The hyperbolic space
H'* = {7 eM*?: (5, 5) =1, 3° > 0)
is diffeomorphic to Ry x S" with metric
g =di* + 9% (F)o,
where ¥ = sinh.
Proof. 1t follows from [O’Neill 1983, p. 111] that the map
¢:RxS"— ST M2 (r, p) > (), D(r)p)

is a diffeomorphism. Let x’ be local coordinates on S”. The pullback metric of ¢
is calculated as follows:

g0, 9) =1, 9'p)I* =1,
89y, 0,1) =0,
since p is normal to 9, p in R"*! and
§(dyi, dyi) = 03 (r)oy;
by definition. The hyperbolic case is proven by replacing ¥ by ¥ in the above
proof. U

In order to employ the duality between §'{ *1and H**! we need the following for-
mulae. The first follows from the previous proof and the second is a straightforward
computation of the push-forward of 9 d,. Recall that e = ¢ is the future-directed
timelike standard unit vector in l\/ﬂ'l’”.

Lemma 2.2. As quantities of the ambient manifold, the function ©'(r) is given by
' (r)=—(y, e)
and the vector field ¥ 0, is
ﬁar =€_<e’)’>y,

- - . +1 +2
where we identified (r, p) rvzth yeS|T CR™.
Similarly, the function ¥ (r) is given by

V(7 =—(.e)
while the vector field ¥ 05 is given by

Doy = —e— (e, 3)7.
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Remark 2.3. We will see later that the curvature flow is only parabolic if ©' > 0.
Hence we will restrict ourselves to the upper branch {r > 0} C S'{Jrl.

Spacelike hypersurfaces of de Sitter space. Let X C S'f“ be a spacelike, compact,
connected hypersurface. The manifold S'{H is globally hyperbolic [Gerhardt 2006,
Theorem 1.4.2] and

So=1{0} x §"
a Cauchy hypersurface, terminologies which are defined, e.g., in [Gerhardt 2006,
Definitions 1.3.7, 1.3.8]. From [Gerhardt 2006, Proposition 1.6.3, Remark 1.6.4]
we obtain that X is a smooth graph over Sy, i.e., in the coordinates from Lemma 2.1

we have . . .
T ={(p(x"),x"): (x") € So},

where in the sequel latin indices range between 1 and n, while greek indices
range from O to n. As mentioned above, we assume p > 0. In order to shorten

notation we often write
X =r

and hence a point x € S'f“ has the coordinate representation x = (x“) in a given
coordinate system.

Now we describe the geometry of X in terms of the ambient geometry and p,
starting with the introduction of some notation. Fix a local coordinate system (£')
for X. For tensors on X we use the coordinate notation, e.g., the induced metric g
is written as g = (g;;), where

8ij = 8(0gi, Ogj).
If V denotes the Levi-Civita connection of g, in order to shorten the appearance of
evolution equations, we will denote the coordinate functions of covariant derivatives
of tensors by the use of semicolons: If A = (aj.ll'.'.'.i]ﬁ) is a k-contravariant and
[-covariant tensor (or merely a function), its covariant derivative is denoted by

Vi A= (@),

Jtejrim
For spacelike hypersurfaces X we define v to be the future directed (timelike)

normal, i.e.,
g(arv V) < 0

We derive the shape operator § = (h;.) of ¥ from —v,
hij = gikh; = —g(1(dgi, 3g)), v)

and call the tensor (h;;) the second fundamental form of ¥. The eigenvalues
(ki)1<i<n of the shape operator are called the principal curvatures of X. This
definition implies that

II(8E,-, 85/') = h,-jv.
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This is in accordance with the convention in [Gerhardt 2006, Theorem 1.1.2] and
we use this reference for further formulae.

From [Gerhardt 2006, (1.6.13)] we obtain that the second fundamental form of
the slices {x" = r} is given by

_ Y0
ij = ) 8ij-
The induced metric in terms of p is
gij = —p.ip.; +0%(0)oij = —piipsj + &ij-
Defining
v =1-0"20"p,p,,
the second fundamental form satisfies
(2-3) v hij = puj A+ hij

[Gerhardt 2006, (1.6.11)], where we note that in this reference the past directed
normal is used. Also note that in order to control the property of a hypersurface of
being spacelike, one has to ensure v? > 0.

The function

ui= % — 23, v)

is of special interest and can be regarded as a generalized support function.

Graphical hypersurfaces of hyperbolic space. Let ¥ C H"t! be starshaped with
respect to the origin in the coordinates given by Lemma 2.1,

S ={(p(x"),x"): (x") € Sy}

With the corresponding notation as for the de Sitter space, we always chose the
normal ¥ to X to point in the same direction as 07, i.e.,

23, v) > 0.

We derive the shape operator of ¥ from —¥ and obtain from [Gerhardt 2006,
(1.5.10)] that

(2-4) hijo ™" = =iy + iy

where
P =14+9"20"p,p..

We also may define the support function of T to be

=300, 0).
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Duality. There is an important relation between strictly convex hypersurfaces of
the hyperbolic space containing the origin and strictly convex hypersurfaces of
the upper branch of de Sitter space. It states that these two sets are in one-to-one
relation through the idempotent Gauss maps

X:=v, Xx:=7.

Furthermore the respective principal curvatures satisfy the relation

/Zl- :Kl-_l

and the induced metric of the dual hypersurfaces are given by

(2-5) gij =hihs,  gij = hach.

We refer to [Gerhardt 2006, Theorems 10.4.4, 10.4.5, 10.4.9] for a more thorough
discussion. In the theory of curvature flows, the method of duality has successfully
been employed several times, e.g., [Bryan et al. 2020; Gerhardt 2015; Yu 2017].

Later we will employ the following relations between the support functions and
the respective height functions of the dual hypersurfaces.

Lemma 2.4. Let ¥ C §’f+l be a strictly convex, compact and spacelike hypersur-
face. Then its dual ¥ C H"*! is starshaped with respect to the origin and the
height/support functions satisfy

V() =i, ¥F)=u.
Proof. We use Lemma 2.2 and (x, x) = 0. There holds
(e, %) =0'(),
i=—(e+ (e, )%, x) = —(e,x) =0 (r). O

S
Il
L
Q
I
~
=
=
=
Il

Volume, surface area and Minkowski identities. A function f on a spacelike
hypersurface ¥ C S’f“ is in L' (X), if the differential n-form | f |dwg has a finite
integral over X, in which case we write

/Ef::/gnfdwg-

Here dw, is the Riemannian volume form on X. For a spacelike hypersurface
¥ = graph p as above we define the enclosed volume as in [Makowski 2013,
Section 4] by

()
(2-6) vol(5) = / / ’ detd(ft’(f;s))) ds
n U

|2|=/1
>

and the surface area by
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Now we recall some crucial integral identities, which are known as Minkowski
identities in the Riemannian context. We restrict to those we need, while more
general versions were proved in [Kwong 2016]. First of all let

1
Hy (k) = -+ Z Kiy ... ki, 1=<k=<n,
(k) I<ij<--<ix<n

be the normalized elementary symmetric polynomials, where we also define Hy = 1.
We calculate

1% _ %
2-7) 9 (p)ij =0 pio;j +0pij = piipj + 3 i — 8'gij = —0'gij + 3 i

Regarding the functions Hy = Hy(g;;, h;j) in dependence of the metric and the
second fundamental form, in spaceforms the tensors

ii OHg
y _
H' =_—
ahl‘ j
are divergence free. Taking into account that

gijH' =kH,_y, 1<k<n,

we obtain from tracing (2-7) with respect to H,ij and integration that

(2-8) f ﬁ/Hk_l :f uH,, 1<k<n.
by by
In the hyperbolic space the same relations can be deduced from (2-4).

3. Evolution equations

To prove the Minkowski inequality for ¥, we make use of normal variations and
therefore we recall some known variational formulae and deduce the ones we
specifically need here.

A quite general treatment also appears in [Gerhardt 2006, Chapter 2], while our
framework does not fit into the setting discussed there. Hence we take some more
care in this section.

General evolution equations. Let T > 0, M compact and connected and
)C;(O,T)><M—>§'1hLl
a time-dependent family of embeddings of the spacelike hypersurfaces
Xr=x(t, M).
Let us denote their normal velocity by f, i.e.,

x = fv.
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From [Gerhardt 2006, p. 94] we get
a,g,-j = thij and v = f;kgij;j

where (g*/) is the inverse of g and a dot denotes the covariant time derivative of a
tensor field along the curve x (-, §).

As [Gerhardt 2006] uses a different convention for the Riemann tensor, for the
reader’s convenience we deduce the evolution of the shape operator here.

Lemma 3.1. There holds
Ohl = £l — fhink+ 1)

Proof. Let V denote the Levi-Civita connection of g. We differentiate the Weingarten
equation

o k

vx;i v=h i Xk

covariantly with respect to time and get
dhfxp + Rk, =ViVev =V, Viv+ R(x;, $)v =V, Viv+ fx,
and hence, after multiplying with x. ;,
gkihy = fgij — fhihg +8(Ve, (fug"x0). x.))
= f&ij — fhihi + fij. D
Lemma 3.2. Volume, surface area and total mean curvature evolve by
avolZ) = | f %Zl=n| fH
% P
and

81‘ Hl :(l’l— 1) fH2+8t Vol(/i[).
% PP

Proof. According to [Gerhardt 2006, (2.4.21)], the radial function p satisfies

0
== fo.

where we note again the flip of our normal compared to that reference. Hence

_~ \/l— :
avol(S) = [ det(8y; (o) f Jdet(gi) ff

det(ou det(“z}

There holds

det(g; 0
9p/det(gij) = %\/}—t)gkl =nf Hy\/det(g;;).
8ij
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The second claim follows. We calculate

1
3y le—f fm*HE —|S|* +n)
nJs,

%
=§(’;)/& r | f 0

Specific evolution equations. In order to prove the Minkowski inequality, we want
to build a flow that preserves the surface area and increases the quantity

Wh(D) = / H, —vol(3).
by
A natural flow to consider is the locally constrained inverse mean curvature flow

3-1) i= (u—%’?)v,

which indeed has the desired properties:

Lemma 3.3. Along (3-1) the surface area is preserved and the quantity
Wa(2) = | Hy—vol(Z)
%

is nondecreasing and strictly increasing unless the flow hypersurfaces are totally
umbilic.

Proof. From Lemma 3.2 and (2-8) we obtain

Yans= [ wH —9)=0
n Et

and

Y H,
o Wr (X)) =m—1) uH, —
5, H,

. 9H,
=mn-1) V' Hy — >0,
5, H;

where we used
2 212
Hy = Hi — ||A]l,

where A is the trace-free part of the second fundamental form. U

We need the evolution equation for the radial and support function and so define

/

L=20— A—0p.Ko.

2
Hl
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Lemma 3.4. (i) The radial function p satisfies
29/ . 29/2 ” 5
Lpo=0——v + + Voll~.
p H, 9H? ' n9H? Vel

(ii) The support function u satisfies
/

(3-2) LAY VR A T
- u=— u—— .
nH? P

Proof. (i) The choice of the normal implies

19/
dp={u—— v
t0 <” H1>U

From (2-3) we obtain
/

v’ v’ 1 ijo—1 -
0o — Ap=\u——|v — Y(vT hij — hij
tO I’lH12 Y ( Hl) I’lleg ( 1] tj)
,&/ . 19/ | ,0/2 B
=lu—— v ——v + Vg
( Hl) H, noH2S SU
) 219/ | 19/2 2 )
=% " ——v  + + Vol-.
H, 9 H} nﬁHflp”
The result follows from
. gtk gily, 1—vH2  1—v?
nvmﬁ=(§L+§J3§iﬂ)amq=l—v”+( o
v v v

(ii) We calculate that the vector field # 9,0 is conformal:

(99,0):0 = 0'r. 030 + OTh 3,5

The Christoffel-symbols of g are
= 1 _gsf 0 - J - 0 -
P (—gaa T o @80~ mgOa)

B _
Foo = 28\ 5x0
{o if =0
vl if =i,

and hence
(9050).0 = 07000 + /810, = 9'800,0 + 9818, = 0'8P0,p = 9/ 01a
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Therefore

du=—g(Vi(99,),v) — g8, ) = f0' — gD, x.;) fxg",
= —h{ g0, x1)

and
wij = —hf. ;800 x.x) = hij + hi hyju.

Hence

/ /

= u= = augo (=2 )+ 2 g (u- )
u— u=— u u—— —— Jx ) \u——
T nH? nH? SR\ T ) 8

¥ k-
+H_12H1; g(o,, x;k)

20, = N ki s LAY
)”_g(ﬁar,x;/)u;kg +g(l93r,X;j)—,0;
1 H,
XA 92
S AlPu+9¢(Vp, Vu) — — || Vpo|>. 0
nlell [ g(Vp, Vu) H1” 1|

We conclude this section with the full evolution of the shape operator.

Lemma 3.5. There holds

- AR, 2 i RN 0
— ! J J J J J
(3-3) ch;_—ﬁ(nlehi—Eh;ﬁh;ﬁhi +u 5,.—F’1 +H—12(H15i—hi)
1 : D ; B .
+—H. pi+—H.ip/ —2—H.;H.' .
2 M 2 L 3 5 5
H; H; H;

Proof. From Lemma 3.1 we have

) 19/ ] 19/ X 19/ .
ah! =(u——) —(u——|nlK* —— )6/,
o (u Hl);i (u Hl) et H )"

We have to expand the second order term. There holds

v v + ﬁ/H
u— — Ui — — . —_H...
Hl 30 Hlp,z le 1;i

and

" v + D it H
U= = Ui ~Hy.ipi— —pii+—=Hy.ip.
T P T g T P g P g

19/ /
2" HyiHyj+ —Hyij.
3 ’ ) 2 )

Hl Hl
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In order to replace the term Hj;;, we have to use the Codazzi and Gauss equa-
tion (2-1). As in [O’Neill 1983, p. 76] we define

RO, 9)3; = Rl 0.

There holds
nH;j = hllg;ij = hf‘c;kj
k k k
= hi o+ i Ry — b Rl

= hij* + h;annkj - hfnRi”Ilcj‘

We use (2-1) and g(v, v) = —1 to deduce

Rl = g(R(3. 83}, 9m)g™
=88k — 8481 — hjhji +hihj
and hence
I’lH];ij = hl‘j;kk +h?nR,];lkj — h/rcnR?;{j
= hiji* + " (Sl;gmk —ngmj — hl;hmk + B )
—hiy, (87 ik — 87" 8ij — W} hix + hi'hij)
= hl-j;kk —(n— l)hij - /’l;nhmkhl; —i—l’lth:nhmj
—hij +nHgij + hy,h hig — | Al hij
= hiji* —nhij +nH ik by +nHygi; — || Alh;.

From (2-3) we obtain

v R 899, x.4) — 0 hij + hEn v + )y
u—— = —nN... , X- — ] . u__l —
H, i i;j8\V 0, Xk ij i kj H]IO’ P j le L;jP;i
ﬁ(*lh fz)+ﬁH Zﬂ/HH
— g Uiy = ) s A 0 — e Hsi
H, H; H;
/

+ —— (hiju* — nhij + nH k! hyj + nHy gij — | Al hij)
nH;

(2%} s 1 3 le ; s Hl ] Hl .

) 19/ 19/ 19/
+—Hy.jp.; —2—H. Hy.; + —=hji-* — —=hj;
277 BT 370 3] 25 7 tij

Hl H] I’lHl Hl

W B

+— R iy — — | Al hij.
H; nH;
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Thus
: 0 - u ;v .0 . ' _
Lh', = —=9'h! + —Hy/ pj — —h] + —8! + — Hy,ip,) —2— H\,iH,’
J TP g T gy T g e T g e
ro A . Y . .
J m 24 ] J
— mhl +2Ehllhl{” — _nH2 ||A|| hi +M8i

1 1

AP 2 i L RN Y
=—ﬁ’(nH12h{—Eh;”h{n+h{ ru(of =)+ el =D

12 : 1) ; ' .
R J .. _ N . J
+ leHl; pii + H12H1;110; 2H13 Hy,;Hy,’. O

4. A priori estimates

We establish C2-estimates for (3-1) and use standard regularity theory for parabolic
equations to conclude smooth convergence of the flow to a round sphere.

We assume throughout this section that ¥ C §'11 tHisa smooth, closed, connected,
spacelike and mean-convex hypersurface.

Then the differential operator L is strictly parabolic at £ and hence the flow (3-1)
has a unique solution for a short time 7* with initial hypersurface ¥y = X. The
a priori estimates of this section refer to this solution.

Estimates up to first order.

Lemma 4.1. Along the flow (3-1) for all (t, &) € (0, T*) x M there holds
(1) mlnp(oa ) =< p(t7 5) Smaxp(oa )s

M M
(i) u(t,§) Smﬁxu((), )

Proof. (i) The radial function p satisfies

19/
op = —— v
t0 <” H1>U

From (2-3) we obtain that spatial maximal points of p we have

/

0>Ap=nH —n—
= Ap=nHi—n—

and hence
,0/
u——<0.
H,
Therefore max p is nonincreasing and the reverse estimate proves that min p is
nondecreasing.

(ii) Directly follows from (3-2) and the maximum principle. (]
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Curvature estimates. Tracing (3-3) yields the evolution of the normalized mean
curvature:

29
LH, = D)+ ——>g(VH|, Vp) —
nH} 1 hiiy
Lemma 4.2. (i) Forall (¢t,&) € (0, T*) x M there holds
Hy(1,&) > rr}l‘}n H, (0, -).
(i1) There exists a constant ¢ = c(My) such that
H <c.

Proof. (i) Follows directly from the maximum principle.
(i1) Define

w=1log H +Au—p,
where A is determined to be a large number. Then
.l ﬂ/nv1 Hi*+ALu—L

w=— (0] u —
H1 H12 g H, p
M)+ (¥ log Hy, Vp) — 1V log Hy P
u 0 , — 0
H g g 1] 1% }’lH12 2 1]
M7 VoI — 5+ 20yt LA IVl
—_—— — v —_— —_———
P H, 9H} noH} P

ﬂ+2ﬁ‘*+ IVol?
_v R
H, H} P

for large A. If Hj is too large, this is negative and hence we obtain a bound on H
by the maximum principle. O

Lemma 4.3. There exists a constant ¢ = c¢(My) such that
2
A" <ec.

Proof. We estimate the largest principal curvature k,. By a well known trick, see
[Gerhardt 2011, p. 500], it suffices to estimate the evolution of 4], =k, at a point
where «,, attains a space-time maximum. At such a point we introduce coordinates
such that

8ij =38ij,  hij =kidij.
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Using
0< Hi <kn <Al =VKk{ 4+ +k;,

(3-3) and all previously deduced bounds, we obtain constants € and ¢ such that

”A”2 2 2 Kn
r ’

XY 20 0’ 2
+ H—lz(Hl —Ky) + Flel;np;n - 2H_13(H1;n)
< —ek,) +cky + ¢+ c|Hynl | Vol — €| Hyn .

After employing Cauchy—Schwarz to absorb |H;.,|, we see that the expression on
the right-hand side is negative, provided «, is sufficiently large. This threshold
depends on € and c. The proof is complete due to the maximum principle. (]

Corollary 4.4. The flow (3-1) starting from X exists for all times and satisfies
uniform estimates in C"™(S") for all m > (.

Proof. After the previously established C2-estimates this is standard from parabolic
regularity [Krylov 1987] applied to the graph function p. ([

5. Completion of the proof

To complete the proof, we have to show that the flow converges to a round sphere.

Lemma 5.1. The flow (3-1) converges to a uniquely determined coordinate slice
and hence Theorem 1.2 holds.

Proof. Along the flow the quantity
Wa(S) = | Hy=vol(E)
P
is clearly bounded and nondecreasing. Hence
9 IIA]?

A 1

W (X)) =(n—-1) -0

as t — oo and thus every subsequential C°-limit ¥, must be totally umbilical.
As H; > 0, ¥ is strictly convex. The dual hypersurface %00, Which is given by
the Gauss map

F=v:M—H"* cM?

is thus also totally umbilical, see [Gerhardt 2006, Theorem 10.4.4], and hence a
geodesic sphere. From (2-5) we obtain

|Eoo|=/~ i,
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which is, up to an additive constant, the (n—1)-quermassintegral W,,_l (f)oo) in H L,
See [Wang and Xia 2014] for a definition. As |X | is independent of the subse-
quential limit, so is Wi (£+0) and hence the radius and the principal curvatures of
ioo are uniquely determined. This implies that H, takes the same value 0 < H, < 1
for every subsequential limiting hypersurface Y. In particular, the function H;
converges uniformly to H, along the flow. Let

ro = tanhfl(H*).

We claim that the flow converges to the slice {r = rp} smoothly and prove this in
several steps.

(i) For every subsequential limit X, with corresponding radial function oo
there holds
max p &) Z T 0
M

since at a point where the maximum is attained we have
0> Apoo =nH, —ntanh(ps)

and hence ps > rg due to the monotonicity of tanh.
(i1) Define
@) = mﬂgxp(t, ) —ro=p(t, &) —ro.

Then ¢ is Lipschitz and hence differentiable almost everywhere. Let € > 0 and
fix some T, > 0 to be specified later. Let t > T, be a point of differentiability
of ¢ and suppose

p(t) > €.

Note that this condition is only nonvoid for bounded ¢ < ¢y, due to the barrier
estimates. Then there holds
¥ B
‘O=dpt, &) =u—— v, &) =0 — —,
@ (1) 0(t, &) (u HI)U (t, &) H,
where the right-hand side is evaluated at p(z, §). We estimate
li

, 0
g (1) = F(Coth(p(t, E)Hi — 1)
1

/

D
< F(coth(ro +e)H, — 1) + ¢yl Hy — Hy|
1

LA A )
 H 9 (ro)9(n)

19/ 19/(”0) Cr()
=\~ ot |Hi— H e,
Hy 9 (ro)0""(n) €

€ +cr | Hy — Hy|
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where we have used the mean value theorem and 7 € [rg, ro+¢€ol. As Hy — H,,
we may now choose T = T, which only depends on € and the initial data,
such that for all ¢ > T, with ¢(t) > € there holds

(pl(t) =< _86'
From [Scheuer 2015, Lemma 4.2] it follows that

lim supmax p(t, -) < rg.
t—>o00 M

(iii)) Combining (i) and (ii) we obtain
lim max p(z, -) = rp.
t—o00 M

(iv) A similar argument applied to min p implies

lim min p(¢, -) = ry.
=0 M

Hence the unique limit is the slice {r = ry} and the proof is complete. (]

Proof. Now we prove Theorem 1.1. So let ¥ C §’{+1 be a spacelike, compact,
connected and mean-convex hypersurface. According to Theorem 1.2, we may
deform X in an infinite amount of time to a coordinate slice S, of radius r,. Define

o) =1(x" =71}, @) = Wo({x* =1)).

From Lemma 3.2 we see that both of these function are strictly increasing functions
of r. By Lemma 3.3 there holds

W2 () < WalSr) = 92(re0) = g2 097 (1(e0)) = 920907 (|Z)).

From the proof of Lemma 3.3 we obtain that if we have equality in this inequality,
% must be totally umbilic, otherwise the flow would increase W, strictly.

It remains to show that total umbilicity implies equality. So let X be totally
umbilic. Now it suffices to prove that this property is preserved along the flow (3-1),
since we know that this flow deforms X into a coordinate slice on which equality
holds. Furthermore, if all flow hypersurfaces are totally umbilic, W5 is constant.
As | X;| is constant anyway, the equality must already hold on X.

So let us prove that (3-1) preserves total umbilicity. If ¥ is totally umbilic, it
must be strictly convex. Hence for a short time the flow hypersurfaces X, are strictly
convex. As in [Bryan et al. 2020, Section 4] and employing Lemma 2.4 we can
calculate, that up to a tangential diffeomorphism the dual hypersurfaces s, C H !
satisfy the flow equation

L ( 19/ )~ (N/ ‘ O'n(ié) )~
x=(u-— v=|(0" —nu — v,
H (ki) Opn_1(K)
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where oy is the k-th elementary symmetric polynomial. This is a locally constrained
curvature flow of contracting type in hyperbolic space. In the Euclidean space such
kind of flows were studied in [Guan and Li 2018]. Although in the nonflat spaces no
satisfactory convergence results are available in general, we can still show that this
flow preserves the total umb111c1ty It has the property that it preserves the (n—1)-
quermassintegral W,, 1(2 ) in H"+!, while it decreases W (E ) and we have

(5-1) AWa(E) <0

at t > 0 unless &, is totally umbilic. Since by assumption T is totally umbilic,
we have

Wa.(2) =y (W, 1(2)),

see [Wang and Xia 2014, Theorem 1.1], with a suitable function . If f], was not
totally umbilic for some ¢ > 0, by (5-1) we would obtain

W (E) < (W, 1(Z)),

which violates [Wang and Xia 2014, Theorem 1.1]. Hence the it must be totally
umbilic and, going back to the flow in de Sitter space, ¥; must be totally umbilic.
Hence (3-1) preserves the total umbilicity and the proof is complete. ([
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