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Version: December 7, 2021

ABSTRACT. The aim of this paper is twofold. The first is to study the asymptotics of
a parabolically scaled, continuous and space-time stationary in time version of the well-
known Funaki-Spohn model in Statistical Physics. After a change of unknowns requiring
the existence of a space-time stationary eternal solution of a stochastically perturbed heat
equation, the problem transforms to the qualitative homogenization of a uniformly elliptic,
space-time stationary, divergence form, nonlinear partial differential equation, the study of
which is the second aim of the paper. An important step is the construction of correctors
with the appropriate behavior at infinity.

1. INTRODUCTION

The first aim of the paper is to study the limit, as ¢ — 0, of the stochastic partial differential
equation (SPDE for short)

TRV i R x (0, +00),

Tt 1
Uy = divA(DU;, —, — dt + - A
Yt 1V ( t7€7€27w1) +€ Z ( c (11>

kezd
Us = ug. in R

In the above equation, (B¥),czq is a sequence of independent d—dimensional Brownian
motions in a probability space (€, Fo,Py) with Qy = (CO(R,R%))%’, and A : R? — R4
is a smooth map with a compact support. Let (Qq,F;,P1) be another probability space
endowed with a space-time ergodic group of measure preserving transformations. The vector
field A : R x R4 x R x ; — R is assumed to be smooth, uniformly elliptic and space-
time stationary in (1,37,P1), and is independent of the Brownian motions. The precise
assumptions are listed in section 4.

A reformulation of (1.1) led us to the second aim of the paper. This is the study of the
qualitative (stochastic) homogenization of the divergence form quasilinear partial differential
equation (PDE for short)

t
uj — diva(Du®, g, E—Q,w) =f in RYx(0,00) u(-,0) = uo, (1.2)
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where a : R? x R? x R x Q — R? is strongly monotone, Lipschitz continuous and space-
time stationary in an ergodic with respect to Z% x R-action random environment, which we
denote again by (Q, F,P) although it is different than the one for (1.1), and f and ug are
square integrable. All the assumptions are made precise in section 3.

The result is that, in either case, there exists a strongly monotone map a : R? — R¢
such that the solutions of (1.1) and (1.2) converge either a.s. or in expectation and in an
appropriately weighted L?-space in space-time to the unique solution @ of the initial value
problem

T — diva(Du) = f in RYx (0,00) (-,0) = uo. (1.3)

The link between (1.1) and (1.2) is made writing U® as

~ x —~
Us (@) = V3 (2) + Wi ),
with V and W¢ been respectively the unique up to constants eternal, space-time stationary
solution of the stochastically perturbed heat equation

dVi = AVidt + > A(z — k)dBf in R xR, (1.4)
kezd

and the solution of the uniformly elliptic, divergence form PDE

—~ o~ t —~
8th:div<a(DW5,§,6—2,w)) in RYx (0,400) WE=wup in R, (L5)

with the random nonlinearity
a(p, x,t,w) = A(p + DVi(z,wp), t, x, w1 ) — DVy(x, wp) (1.6)

space-time stationary, strongly monotone and Lipschitz continuous.

The existence and properties of V are the topic of section 2. The construction is based
on solving the problem in R? x [-n"2,00) and then letting n — oo. To prove, however,
the convergence to a unique up to constants stationary solution, it is necessary to obtain
suitable gradient bounds. This requires, among others, the quantitative understanding the
long-space decorrelation properties of the gradients. For the latter, it is necessary to study
in detail the properties of the gradients of localized versions of the stochastically perturbed
heat equation, which depend on finitely many Brownian motions in balls of radius R, as
R — o0.

The study of the qualitative homogenization of (1.2), which is developed in section 3, is

based on the existence, for each p € R?, of space-time stationary solutions y? = x(y, T, w; p)
of

d-xP — div(a(p + DXP,y,7,w)) =0 in RY (1.7)
such that, as ¢ — 0, x*(x,t;p,w) = exP(%, g%,w) — 0 in LZQOC(]RdH), P—a.s. and in expec-
tation.

The existence of correctors in our setting is, to the best of our knowledge, new. The
difficulty arises from the unbounded domain and the lack of regularity in time. Overcoming
it, requires the development of new and sharp results.
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Once correctors are established, the homogenization follows, at least formally, using, at the
level of test functions ¢, the expansion

# (@,0) = 0{w,1) + ex(Z, 55,5 DY(,1),

the justification of which creates additional problems due to the low available regularity of x?
in p. To overcome it, it is necessary to introduce yet another level of approximation involving
“piecewise gradient correctors” corresponding to piecewise constant approximations of D¢.

Funaki and Spohn showed in [8] the convergence of a system of interacting diffusion pro-
cesses, modeling the height of a surface in R%, to a deterministic limit equation.

More precisely, for any cube A C Z%, they considered processes of the form

d0y(z) = — Y V'(®y(x) - Bi(y)) + V2dBy(x) for e AcCZ (1.8)

[z—yl1=1

The fields ® live on a discrete lattice and take values in R?, By(z) are i.i.d. Brownian
motions, V' is the derivative of a strictly convex symmetric function, and | - |; is the
I'—norm. Note that the drift term in (1.8) is simply the discrete divergence of the vector
field (V/(D;®));1,. 4, where D} ®(z) = ®(x + ¢;) — ®(z) is the discrete forward partial
derivative in direction 7.

The result in [8] is that the rescaled fields
(1, t) = e®,2y(z) for r €[z —e/2,2+¢/2)¢ with N =[] (1.9)
converge to the solution h of the nonlinear, divergence form deterministic PDE
dth(r,t) = div(Do(Vh)) in R? x (0,00).

A crucial step in the proof in [8] is the existence of unique gradient Gibbs measures, that
is, invariant measures for the discrete gradient of the fields which on finite subsets A C Z¢
defined by

L g V(V®(x
¢ 2oen V(Vi®(2)) H dd(z).
TEA

The SPDE (1.1) we are considering here can be seen as a continuous version of the equation
satisfied by ®¢ in (1.9). Our proof of the existence of the limit is purely dynamic, that is,
it does not use the existence of invariant measures of a certain structure. Instead, we use
the eternal solutions of a linear SPDE, which allows to transform the problem to one like
(1.2) with an appropriately defined field a.

Although it may appear so, results about the convergence of the solution of U7 and ®°
are not, in any sense, equivalent. For example, the effective nonlinearities @ and h are,
in general, not the same. To be able to compare the limit problems, it is necessary to
understand in precise way how (1.1) with € = 1 is the continuous (mescopic) limit of (1.8).

The qualitative stochastic homogenization result is new. We are, of course, aware of earlier
works of Efentiev and Panov [5, 6] and Efendiev, Jiang and Pankov [4], which, however,
do not apply to the general space-time stationary setting we are considering here. The
crucial part of the proof is the existence of a space-time stationary corrector, which re-
quires overcoming the low regularity in time. Beside the references [4, 5, 6] already quoted,
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the literature on the space-time homogenization of parabolic equations in a random set-
ting is scarce and mostly devoted to linear equations, starting with the pioneering work of
Zhikov, Kozlov and Oleinik [16]: Landim, Olla and Yau [13] provide an invariance invariance
principle for diffusion in space-time random environment with a bounded stream matrix;
Fannjiang and Komorowski [9] generalize the result to the case of unbounded stationary
vector potentials while Komorowski and Olla [11] investigate the problem for divergence free
vector fields; Rhodes [15] and Delarue and Rhodes [3] study the homogenization of degener-
ate diffusions; more recently, Armstrong, Bordas and Mourratij3[1] provide a convergence
rate for the homogenization of parabolic equation in space-time random environment under
a finite range condition by using a variational structure for the equation.

Organization of the paper. Section 2 is devoted to the study of the linear problem (1.4).
In section 3 we concentrate on (1.2). The result about (1.1) is presented in section 4. Each
of section consists of several subsections which are outlined there. Finally, in the Appendix
we include some results about functions with stationary gradients that we use throughout
the paper.

Notation. Given zg € R?, Qr(z0) = 20 + (—R/2, R/2)? and B, (z¢) is the open ball in R?
centered at xy and radius r. Moreover, Qr = Qr(0), Ir = (-R/2,R/2), B, = B,(0), and

Qr=Qr x Iz = (—R/2,R/2)™! c R while Q and Q are used for any cube in R4,
If a,b € R, a Ab=min{a,b} and a <, b means that there exists a constant C' = C'(a)) > 0
such that a < Cb. We write a ~ b if a S, b and b S, a. The integer part of s € R is |s].

Given z € R?, || = max{|x;| : 4 = 1,...,d}. We write 14 for the characteristic function
of a set A and, finally, Int B is the topological interior of B C R*.

Terminology. We say that a vector field b : R¢ — R? is strongly monotone and Lipschitz
continuous if the there exists Cy > 0 such that, respectively and for all p, ¢ € R?,

(b(p) — b(q)) - (p—q) > CyIp — qf, (1.10)
and
1b(p) — b(q)| < Colp — ql. (1.11)

2. THE LINEAR PROBLEM (1.4)

The goal here is to construct space-time stationary solutions of the linear SPDE
dV, = AVidt + )~ Az — k)dB}. (2.1)
kezd
A building block is the properties of the solutions of the initial value problem
dV, = AVidt + ) A(x — k)dBf in R? x (0, +00),
kezd (2.2)
Vo=0 in RY,
since the solution of (2.1) is going to be obtained as the limit of solutions of
dVi*(z) = AV (x)dt + Y | A(x — k)dBf in R? x (—n? 00),
kezd (2.3)
V", =0 in R

It is immediate that V" satisfy bounds similar to the ones of the solution of (2.2).
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We divide the presentation into a a number of subsections. In subsection 2.1 we introduce
the assumptions we need to study the problem and state the result. In subsection 2.2
we prove a number of basic estimates for the solution of (2.2). These estimates are not
sufficiently strong in order to let n — oo in (2.3). In subsection 2.3 we obtain some new
stronger estimates taking advantage of the independence at large distances of the Brownian
motions. The proof of Theorem 2.1 is presented in subsection 2.4.

2.1. The assumptions and result. We assume that

The family (By)rez consists of continuous and independent d—dimensional
processes defined on the probability space (2, Fo,Pp) with

2.4
Qo = (O(R; Rd))zd such that, for any ¢ty € R, (Bf — Bfo)tzto (24)
is a Brownian motion,
and
the map A : R? — R? is smooth and has compact support (2.5)
in the ball Bg, for some Ry > 0. '

The assumptions on A are made for simplicity and can be relaxed. Moreover, since the
coefficients of the noise in (2.1) are deterministic, the question of whether we need to use
Ito’s or Stratonovich stochastic differential does not arise here.

In the context of (2.1), a process is stationary, if it is adapted to the filtration generated by
the (B*) kezd With a law which is invariant by translation in time and integer translation in
space.

The existence of a unique up to constants stationary solution of (2.1) is the subject of the
next theorem. In what follows by solution we mean a map Z : R x R x ¢ — R such that,
for any z € R%, s,t € R with s < ¢t and P— a.s. wy € o,

T, wo) = Zs(x,w t r—y,t—r — fw, .
Zi(ar.w) = Zul o>+k§d/0 [ et =)A=~ dyaBl).  (26)

where p = p(z,t) the heat kernel, that is, the fundamental solution to the heat equation in
R x (0, 00).
Theorem 2.1. Assume (2.4) and (2.5). There exists a unique process Z : Qo x RIxR — R?
with
E [/~ ]Zt(x)]2dxdt] < 00,
Q1
satisfying, for anyi=1,...,d,
dZ;y(x) = AZiy(z)dt + Y Dy, Alx — k)dBf.
kezd

In addition, Z is an attractor for (2.1) in the sense that, if V is a solution of (2.1) in
R? x (0,00) such that V(-,0) = 0, then

t—-+o0

lim E [/1 |DVi(x) —Zt(x)dex] = 0. (2.7)
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Moreover, for d > 3, there exists a unique up to constants space-time stationary adapted
process V : Q x R? x R — R solving (2.1) in R? x R such that

EUJW@WM4<M

We remark that, when d < 2, the correctors have stationary gradients but are not themselves
stationary.

2.2. Auxiliary results. We concentrate here on the properties of the solutions of the
auxiliary initial value problem.

The first result is about a representation formula for the solution of (2.2) as well as prelim-
inary integral bounds on its derivatives.

Note that the forcing term in (2.2) is periodic only in law and not pointwise. Hence, all the
estimates need involve expectation.

Lemma 2.2. Assume (2.4) and (2.5). Then
t
Vo) = 3 [ [ bl = vt = s)A(y — iyt (2.8)
keza’0 R

is a stationary in space with respect to integer translations solutions, solution V' of (2.2).
Moreover, for all t > 0,

szEHDvﬂwﬂﬂ-%EHD2%CwF]SA@(tAIL (2.9)
x€ER
and
1 if d > 3,
E[|Vi(2)|*] Saatr] log(t+1) ifd=2, (2.10)
$1/2 if d=1.

Proof. Tt is immediate that the V' given in (2.8) satisfies (2.6) for any 0 < s < t and, hence,
is a solution of (2.2). Tt also follows from (2.8) and the fact that the B*’s are identically
distributed that V is stationary in space under integer translations. Hence, we only need
to prove the estimates for z € Q1.

Ito’s isometry and (2.8) yield

mmmm:z[

kezd

2
ds.

IMDMx—%t—ﬁA@—kwy

For k € Z and s > 0, let

Fi(s) = /Rd plx —y,t —s)DA(y — k)dy‘ . (2.11)

Dl — y,t — 5)A(y k)dy‘ -

R4

To proceed we need the following lemma. Its proof is presented after the end of the ongoing
one.
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Lemma 2.3. Assume (2.4) and (2.5) and, for k € Z and s > 0, let Fy(s) be given by
(2.11). Then

> Fi(s)® Saa (t—s) 0T, (2.12)

kezd
> Fip(s)® Saa (t—s)"'"%exp(—4RG/(17(t - 5))), (2.13)

keZd, |k|>2(Ro+2)
Fk(s)2 < HDAH%O (2.14)

We continue with the proof of Lemma 2.2.
The arguments depend on whether ¢t > 1 or ¢ < 1.

If t > 1, we observe that there are only finitely many k with |k| < 2(Ry + 2) and we find,
using Lemma 2.3, that

E [|DVi(x )|2]

Z/ Fi(s)%ds + /Fk )2ds +
t—1

/ Fk ds
kezd kezd, |1<;|>2 (Ro+2) =1

t—1 t
<Ad ( /0 (t — s)~ 1+ gs 4 /t l(t — §) 12 exp{—4R2 /(17(t — s))}ds>
LY / IDA|2 ds

keZd, |k|<2(Ro+2)

kezd, |k|<2 (Ro+2)

1
SAd (1 —i—/ g 1-d/2 exp{—4R3/(17s)}ds> Saal.
0

If t € (0,1], using (2.13) and (2.14), we obtain

E [|DVi(z)]?] < /Fk )2ds + > /Fk )2ds

keza, |k|>2 (Ro+2) keZd, |k|<2(Ro+2)

Sad </0t(t — s)fl*d/2 exp{—4Rg/(17(t —s))}ds + t>

t
Sad </ g 1-d/2 exp{—4R%/(17s)}d8 + t) SAdt.
0

Since the structure of the formula for D?V is exactly the same as the one for DV, (2.9) is
proved similary. The only difference is that now the constants depend on ||Al|c2 too.
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To estimate V;(x), recalling that, for any x,s,t, [pap(x —y,t — s)dy = 1, we find

2
E [[Vi()?] < 1AJ1% Z/ [ et ds
Rro+2(k

kezd

t—1
SAd Z/ / p*(z —y,t — s)dyds
B

ke7d R0+2(k

o,
(t=1)

The first term in the right-hand side can be estimated by

(t—1)v0 t—1)V0
/ Z / p(x —y,t — s)dyds <gr, / / p*(z —y,t — s)dyds
0 Bryta(k) 0 R4

/ p’(x —y,t—s)dy ds+ (t — (t — 1) vV 0)).
VO k1> Ro+3 7 Bro+2(K)

kezd
(t—1)VO 1 if d>3,
SRo / (t —5)"2ds Spya L1 { log(t+1) if d=2,
0 t1/2 if d=1.

As for second term in the right-hand side, we have

t
2
p(x —y,t —s)dy ds
/(t—l)\/O Z /BR0+2(]<:)

|k|>Ro+3

t
<R / / pZ(x—y,t—s)dy ds
(t—1)vo J B¢

t “+o0
<R / (t— s)_d/ rd-1 exp{—rz/(t — 8)}drds
(t—1)V0 1

S [ (-9 exp{-1/(200 — 5)}ds Sy (LA 1),
(t—1)V0

The proof of (2.10) is now complete.

We present now the proof of Lemma 2.3.
Proof of Lemma 2.3. 1t follows from (2.5) and the fact that = € Q1 C By that

9% [ Do =yt =)A= Ry < Al [ Dol =yt =)l

Bry+2
< (t— sy /B Ik — ylexpl—Ik — y/(2(t — 5))}d.
Ro+2

If |k| > 2(Rp + 2), then, for any y € Br,+2, we have
|k —ylexp{~[k —y[*/(2(t — 5))}
< (|k| + (Ro + 2)) exp{—[k|*/(4(t — 5)) + (Ro +2)*/(2(t — 9))}
< (k| + (Ro + 2)) exp{—|k[/(8(t — 5))}
Sa k| exp{—[k[*/(16(t — 5))}.
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Thus,
Fi(s) <aa {(t — 5) 712 |k exp{—|k|?/(16(t — 5))} if |k| > 2(Ro + 2),
T L s) TR L (k] < 2(Ro + 2).

Then (2.12) follows, since

Y Fuls)® Saa (t =)7L+ Y kP exp{~[k[*/(8(t — 5))})

kezd kezd
Saa (t—s) 771+ / |21 exp{—[2*/(16(t — 5))}dz) Saa (t — )"
Rd
For (2.13), using that, for all » > 0, r®™* exp{—r2/16} < rexp{—r2/17}, we get

> Fi(s)? Saa (t—s)727¢ > ||* exp{~[k[*/(8(t — 5))}

kEZ4, |k|>2(Ro+2) kEZ4, |k|>2(Ro+2)
Saat— sy / 122 exp{—|2[2/(16(t — 5))}dz,
Big,
—+o0
Saa(t— 8)_1_d/2/ r?t L exp{—r%/16}dr,
2R0(t—s)_1/2

Saa (t— )77 exp(—4RG/(17(t - 9))).

Finally, (2.14) is straightforward, since

Fu(s) < DAl [ plo =it = s)dy = | DA
]

2.3. The decorrelation estimates. We show that the solution V' of (2.2) decorrelates in
space.

To quantify this property, we consider solutions of a localized versions of (2.2), that is,
problems that depend only on the Brownian motions in a certain ball.

Forl € Z and R > 1, let VL be the solution to
vt =AvPtae+ YT A(x—k)dBf in RY x (0, 400),
kezZd, |k—I|<R (2.15)
VIR =0 in R
Lemma 2.4. Assume (2.4) and (2.5) and let V be the solution to (2.2). Then there exists
R1 > 0 such that, for any R > Ry, 1 € Z% and x € Q1(1),

T R if R?2/t <1,
E|IDVi(@) - DV (@)P] Saa ) AR CAT)
exp{—R"/(5t)} otherwise,
and
supE [\thlvR(x)ﬂ <aal. (2.17)
>0
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If d > 3, then, for all R > Ry,
2 R?d if R2/t <1,
| (Vi) - V)| S 2 | (2.18)
exp{—R*/(9t)} otherwise,

and

supE [(WI’R($))2:| <1 (2.19)

t>0

For later use, we note that VtR’l(x) and Vf’l/ (2') are independent, for any ¢,t' and z,z’, as
soon as |l —I'| > 2R. For this reason, we consider Lemma 2.4 as a decorrelation property
of V.

Proof. Using the representation formulae of DV; and Dth’R we find
D(V, — Vb1 Z / / Dp(x —y,t — s)A(y + k)dydB”.
lk—l|>R
Then (2.5), It6’s isometry and Cauchy-Schwartz inequality yield

elowi-vihwi] < ¥ [

|[k—l|>R

2
ds

dDM$—%t—ﬂA@+kMy
R

2
t

< ¥ / / (t— 5)"1792] — ylexp{—|a — y|*/(2(t — 5))}dy| ds
lk—i|>R” O |/ Bro(F)

< / / 872 — y2exp{—|x — y?/(t - 5)}dyds.
lk—U|>R Br

Therefore, for x € Q1(l), we get
1o - viR@r] < [ (=)l exp Iy 2t~ )y

((R Rg)— 1)
<A/ / (t—s)_l_d/2pd+l eXp{—pQ/Q}dpds.
R—Rp)—1)(t—s)—1/2

Choosing R large enough, we can assume that (R — Ry — 1) > R/2, and using that, for
p >0, p™exp{—p?/2} < pexp{—p?/4}, integrating in space and an elementary change of
variables we find

B 1D~ V9 @) 4 [ (- 9) 7 exp{ R (40 - )}

0

+oo
<a R T2 exp{—7/4)dr,
R2/t

and, hence, (2.16).
The proof of (2.17) is then follows using (2.16) combined and Lemma 2.2.
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Next we assume that d > 3. Then

(V; — Vb Z / / (x —y,t —s)A(y + k)dydBY,

|k—l|>R

and, again, (2.5), It6’s isometry and an application of the Cauchy-Schwartz inequality imply
that

2

SIS ol N A R e

lk—i|>R"0

> /B (6= s exp{—fr = o6 = )}y

|k >R

Therefore, if z € Q1(1),

B[ V@] 54 [ [ (t = )~ exp{—Iy[*/(t — 5)}dyds
0 JB¢

<a / / (t—5)"2p" V exp{—p”}dpds.
—Rp—3)(t—s)—1/2

Assuming that R is large so that (R — Rg) — 1 > R/2, using that, p > 0, p?~'exp{—p?} <
pexp{—p?/2} and integrating in space, we get

E[(V - V') (a <c/ )2 exp{—R2/(8(t — 5))}ds
+
< CR* d/ 772442 exp{—7/8}dr.
R2/t

Then (2.18) follows easily and the proof of (2.19) is then an application of (2.18) combined
with Lemma 2.2.
O

2.4. The proof of Theorem 2.1. To prove the existence of a stationary solution of (1.4),
we consider the sequence of solutions V" of (2.3).

The main step is to show that (DV™),en is a Cauchy sequence.

Lemma 2.5. Assume (2.4) and (2.5). Then, for any r > 0 and any T > 0, the sequence
(DV™)en is Cauchy in L*(B, x [-T,T) x ), that is, for any n,m € N and t € R with
m>n andt € [-n?+1,m —1],

E [ID(V{™ = Vi) (@)]P] Saa Ot +n?)~(AED),

Proof. Fix n < m and t € [-n? m —1]. Since V™ — V" solves the heat equation on [—n?, 1]
with initial condition V' 5, we have

V) = Vie) = [ ple =t n) V).
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Hence,
E[[D(V" = Vi) (@)]*] = /de(x —y,t+n°)plx —y,t +n*)E [DV"a(y) - DV™a(y)] dydy’
R

= > / p(x =yt +n*)p(x —y',t +n*)E [DV72(y) - DV2(y')] dydy'.
kkrezd ! Q1(k)x Q1K)

Fix R = |(t + 1+ n?)Y/*], and consider, for [ € Z%, the solution V"™hf of

dv = AV Ra Y Az —k)dBf inRY x (—m?, +00)

kezZd, |k—I|<R

Vf@n’féR =0.
For any y € Q1(1), Lemma 2.4 gives
R~ if R?/(s+m?) <1,

exp{—R?/(5(s + m?))} otherwise. (2.20)

E[IDV:"(y) = DV R ()P] Saa {

We replace DV™ ,(y) by DV™®R(y) in Q1 (k). In order to apply (2.20), we note that the

—n2?

assumption on n, m and ¢, the choice of R, and the facts that m—n > 1 and that t+1 < m
imply that m? —n? > m+4n > (t+1+n?)Y/2 > R2,

Hence, R?/(m? —n?) <1 and, in view of (2.20), we have

E[D0" = V@) Saa (D Axw + Bew), (2.21)
k,k'ez4

App = / p(z =y, t+n?)p(x — ¢/, t + n*)E [DV_’Z’Q“’R(y) : DVi",;fl’R(y’)] dydy'
Qu (k) x Q1 ()

B :/ p(z —y,t +n®)p(x —y,t +n?)
Ql(k)XQl(k’)
R—d/Z (El/Q [’DVTR’QC:R(Z//)’Q} +E1/2 “vazﬁ(y)‘Q] ) dydy’
Using (2.9) and (2.17) we find

Z Biyw Saa R™? Z / plx—y, t +nPplz —y, t +n?)dydy ~ R~Y2.
ke k! €74 ko ' ezd 7 Q1K) xQu(K') A

To estimate Ay, j» note that, if |k—k'| > 2R+2, then DV™kR and DV™K R are independent,
and, hence,

A = [ p(@ =y, t+n?p(e —y t+ 0 [DVER )| B [DVIE ()] aydy.
Q1(k)xQ1(k")
Recall that, since V™ is stationary in space, we have

E / DV™,(y)dy = E / DV™,(y)dy = 0. (2.22)
Q10 Q1)
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To make use of this property, we replace Ay, ;s by Az’k, given by

ok = / p(z —y,t+n*)plx —y t+n°)E [DV72(y)] E[DV2(y)] dydy,
Q1(k)xQ1 (k")

and we note that, with an argument similar to the one above, we have

/ —d/2
Yoo Aww— D Ao Saa B2,
|k—k!|>2R+2 |k—k'|>2R+2

Next we replace p(x — y,t +n?) by p(z — k,t +n?) and p(x — y,t +n?) by p(z — k', t +n?)
in A} ,,, noting that

max{|p(z — y,t + n?) — p(z — k,t +n?)|, |p(x — /', t + n?) — p(z — k', t + n?)|}
< (04 02) T2 exp{ | — b/(A(t + 1)}
Since (2.22) and Lemma 2.2 to control the remaining terms, we obtain
A ge Saa C(t+n*) " exp{—(Jo — k> + |z — K'[*) /(4(t +n*)},
Summing the terms A ,, with |k — k'] > 2R + 2, we find

Yo A Saat+n?)TTN Y exp{—fe —kP/(At+0?)} | Saa (0?7
|k—K/|>2R+2 pezd

On the other hand, if |k — k’| < 2R + 2, then, (2.17) yields

Ap e Sad / p(z —y, t +n)plx —y, t +n?),
Q1(k)xQ1 (k')

and, hence,
> Aw Sad / plx —y,t +n)p(x — ¢/, t +n?)
|k—k!'|<2R+2 ly—y'|<2R+4
Sa (t+n?)~ / exp{—(|z — yI> + [z — y'[%)/(2(t +n*))}
ly—y'|<2R+4
d
< R

It follows that

Rd
m n 2 —d/2 2\—1
E“D(Vi = V")(@)] ] SAd <R / +(t+n7)" + (t+n2)d/2>’

which completes the proof since R = [(t + 1 + n?)'/4].

We have now all the ingredients needed to prove the main result.

Proof of Theorem 2.1. In view of Lemma 2.5, the sequence (DV™),cn converges along sub-
sequences in L%(Q, L? (R? x R)) to some Z, which is stationary in space, and solves

loc
dZy(z) = AZy(z)dt + > DAz — k)dBf in R? xR, (2.23)
kezd
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and, thus, is continuous in time and smooth in space.

Moreover, in view of the bound on DV" in Lemma 2.2, for any = € R? we have

supE [|Zy(2)|*] +supE [|DZy(2)*] Saal.
tcR teR

Fix tp € R, let V;, be the smooth antiderivative of Z;, with, for definiteness, V;,(0) = 0,
which exists since Z is the limit of gradients, and V' the solution of (2.1) in RY x [tg, +00)
with initial condition Vi,. It is immediate that DV = Z.

Next we prove that Z is the unique process satisfying (2.23) which is stationary in space
and satisfies the bounds sup, E[|Z;|?] < +oc0.

Let Z’ be another such process. Then, for any i € {1,...,d}, u(x,t) = (Z—Z'); is an entire
solution of the heat equation. It follows from a classical estimate on the heat equation (see,
for example, [7]) that there exists C' > 0 such that, for any r € R,

max Du(y, s / / u(y, s)|dyds,
(y,s)EQT/2><[t—r2/4,t]‘ rd+3 t—r2 J O, (2) sl

and, hence,

max |Du(y,t 2 < / / u(y, s)|*dyds.
y€Q1(0) ’ ( ‘ d+4 t—r2 r(x) ’

Taking expectation and using the stationarity of v and the L? bound, we find

C
E[ max |Du(y, )|2] < =
y€Q1(0) 7

This proves that Z;(-,t) = Zj(-,t) for a fixed t, and, since E[f, Z(z,t)dz] =
E[le Z'(z,t)dx] = 0, it follows that Z = Z'.
Finally, we prove that Z is stationary in time. For this, we note that the map ¢t — Z;

is measurable with respect to the o—algebra generated by (B!,;)s<: because this is the
case for the maps ¢t — DV;*. Therefore, there exists a measurable Z such that Z;(zx) =

Z’(tv €, (B?/\t)iezd)'
Next we note that, for any s € R, Z._s(-) solves the same equation as Z. with Brown-

ian motions shifted in time by s. Hence, by the uniqueness of the solution, Z;is(-) =
Z(t, z, (BE.+S)At)i€Zd), which has the same law as Z(t, x, (Bs¢);czd¢). It follows that the law

of Z. is the same as the law of Z.,;, thus, Z is the stationary in time.

The attractor property of Z, that is, (2.7), is a straightforward consequence of Lemma 2.5.
Indeed, choose n = 0, ¢ > 0 and m larger than £ 4+ 1 in the lemma. Then

E [ID(V;" = Vi)(@) ] Saat” NI,

~o 41,

Letting m — +oo, the construction of Z, gives
E [|Z:(x) — DVi()[?] Saqt” N,

Integrating over @1 yields (2.7).
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3. RANDOM HOMOGENIZATION OF UNIFORMLY ELLIPTIC NONLINEAR PARABOLIC
EQUATION IN DIVERGENCE FORM

In this section we investigate the random homogenization of

Tz t
Opu® — div(a(Du®, = 6—2,w)) =f in RYx(0,7) u(-,0) = ug. (3.1)
We start with the description of the environment in subsection 3.1 and state the assump-
tions on the vector field in subsection 3.2. Subsection 3.3 is about the existence of the
corrector and introduces the effective vector field. The homogenization result is developed
in subsection 3.4.

3.1. Description of the environment. We fix an ergodic environment probability, that
is, assume that

(Q,F,P) is a probability space endowed with an ergodic semigroup (3.2)
7:7% xR x Q — Q of measure preserving maps, '
and we denote by L2 the set of stationary maps v = u(z,t,w) meaning
wx+k,t+ s,w) = u(z,t, 7, 9w) forall (k s,w)€ZxRxQ, (3.3)

and such that
|lullf2 = E [/~ UQ} < +400. (3.4)
Q1

Note that, if u € L2, the stationarity in time implies that the quantity

E [[ /Ou(x, s)dxds] ,

where O is a bounded measurable subset of R?, is affine in ¢, — t1, and, therefore, the limit

1 t+h
E [/O u(x,t)dx] = hli,%lJrE [Qh/o/th u(z, s)dxds]

exists for any ¢ € R and is independent of ¢.

Let € be the subset of L? of maps with smooth and square integrable space and time
derivatives of all order belonging to L2. A simple argument using mollification in R*!
yields that C is dense in L2 with respect to the norm in (3.4).

We denote by H! the closure of € with respect to the norm
lullen = (lulfz + [8iulf2 + | DullF2)"?,
while Hl the closure of € with respect to the norm
lullay = (Jullz + [1Dull32)"
and Hy ! is its dual space.

Moreover, L2,; is the closure with respect to the L?-norm of {Du : u € €} in (L2(Q))%

For later use, we also note that, in view of the stationarity, for all u,v € H and i = 1,...,d,

o[ wone] =3[ ],
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][ a] ==[[ o]

Finally, given a nonnegative weight p, we write L§7 H; and H;l for the spaces in which
the norm is evaluated against p.

and

Finally, we note that, whenever an equation is said to be solved in the sense of distributions,
then the pairing is the standard and not the weighted one.

3.2. The assumptions on the vector field. We assume that the vector field a : R% x
RYx R x Q — RY is

{space—time stationary, and, (3.5)
strongly monotone and Lipschitz continuous uniformly in z,¢ and w.
Moreover, it is assumed that
a(0,-,-,)] : R x R x Q — R € L?, (3.6)
and, hence,
E [[ la(0, x,t)|*dzdt| < +oc. (3.7)
1

3.3. The existence of a corrector and the effective nonlinearity. We prove here the
existence, for each p € R?, of a corrector, that is a map P : R x R x Q — R with 9,x? and
DxP stationary and of mean 0 and such that

rxP — div(a(p + DxP,z,t,w)) =0 in R? xR,

and use it to define the effective vector field @ : R — R?.

The result is stated next.

Theorem 3.1. Assume (3.2), (3.5) and (3.6). For any p € RY, there exists a unique map
P R Q — R such that

/y XP(x,t,w)dxdt =0 P—a.s., D’ € Lgot, oxP € H L,
Q

and
orxP — div(a(p + DxP,z,t,w)) =0 in HZL (3.8)
Moreover, as € — 0 and P—a.s. and in expectation,
z 1 .
X(@,tp,w) =exP(, 5,w) = 0 in L7, (RH1).

In addition, the vector field @ : R — R? defined by
W) = | [ ap+ DXy (39)
1

18 monotone and Lipschitz continuous.
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The proof of Theorem 3.1 is long and technical. At first look, its structure appears to
be similar to the ones of the analogous results for periodic and almost periodic media.
The standard approach is to consider the solution (approximate corrector) of a regularized
version of the corrector equation with small second derivative in time to make the problem
uniformly elliptic set in a bounded domain and small discount factor to guarantee the
solvability. The next step is to obtain uniformly apriori bounds for the space and time
derivatives of the approximate corrector and to pass to the weak limit, which yields an
equation involving the weak limit of the time derivative and the divergence of the weak limit
of the vector field. Note that, due to the unboundedness of the domain it is necessary to use
weighted space, a fact that introduces another layer of approximations and technicalities.

The proof of Theorem 3.1 is organized in a number of lemmata, which provide incremental
information leading to the final argument.

Throughout the proof, to justify repeated integration by parts and to deal with the un-
bounded domain, we use the exponential exponential weight py, which, for 8 > 0, is given
by

po(x,t) = exp{—0(1 + |:L'|2 + t2)1/2}.

The first lemma is about the existence of as well as some apriori bounds for the approximate
corrector in a bounded domain.

Lemma 3.2. Assume (3.2), (3.5) and (3.6). For any w € Q, X > 0 and L > 0, let
uy, € HY(QL) be the solution of

Aup — Ayur, + dyur, — div(a(Dur +p,w)) =0 in Qr ur =0 in QL.  (3.10)

There ezists 0y > 0, which depends on A but not on L or w, such that, for any 6 € (0, 6]
and P—a.s.,

| O M@ + 1Dus) o Spre 1+ [ [al0)). (3.11)
L QL

Note that the integral f@L |a(0)|?py in the right-hand side of (3.11) is random and that the
implicit constant does not depend on either w or L

Proof. Using ppur, as a test function in (3.10), the monotonicity and Lipschitz continuity
of a and the fact that |Dpy| + |Owpg| < 0pe, we find

| O M@wa? + € D + %)
L
Oy wr)20: D, Dog\ .
< - ﬁ ()\atULUL L ( L)A 29 _ a(Du, +p) - p + ura(Dug + p) - ﬂ)pe
. Po 2pg Po

< / (M1vur|[uz| + 002 + (1a(0)] + | Dur, + pl)([p| + Ol s,
QL

and, hence, the claim.
O

Next, we use Lemma 3.11 to obtain the existence and bounds for approximate solutions of
the approximate regularized problem in all of R4+,
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Lemma 3.3. Assume (3.2), (3.5), and (3.6). For any p € R, A\ >0 and 0 € (0,6y), there
exists, P—a.s. and in the sense of distributions, a unique stationary solution P € H%g of

MM = A x M + O M — div(a(DXM 4 p,w)) =0 in R (3.12)
which is independent of 6 € (0,60), belongs to H and, in addition,

E [ [ 27+ M@+ 1D 51 (3.13)
Q
and, for all ¢ € HY,
E [ i atx%} <) A2l + [ DI, (3.14)
1

both estimates being independent of \.
Proof. Let up, be as in Lemma 3.2. The stationarity of a and (3.7) yield

B[ [, OFn] <0am ] [ 0] <-+oc

Let w € € be such that
/ 1a(0, z,t,w)|?Pp(x, t)dxdt < 0o
Rd+1

for a countable sequence of # — 0 and, thus, for any 6 € (0,1]. Cleary, the set of such w
has probability 1.

Fix such w. It follows from Lemma 3.2 that the family (ur)re(o,00) is bounded in H;e for
any 6 € (0,60]. A diagonal argument then yields a subsequence, which, to keep the notation
simple, is denoted as the family, and some u € ﬂ@’e(()ﬁo} legn such that, as L — oo, uy, — u

in leg for any 6 € (0, 6o].
In particular, u;, — u in LQ(@R) for any R > 0 and, therefore, in L%@ for all 8 € (0,6p),
since, for any R > 0,

Lo
U, — U ary < |lup —u ~ +( sup —)||lur —ull;2 ~
| Iz, @een = 2z, @ (Rd+1\©R Pao)” HLneo<Rd+1\QR>

Po
< |lur —u ~ |+ ( su — ) ([lu + ||u )
[ur ||L2(QR) RdHFQR 6 )l L||Lg90 (Ra+1) | ||L,2;9O (Rd+1)
Note that above the first term in the right-hand side tends to 0 as L — oo and the second
one tends to 0, uniformly in L, as R — +o00.

We can also assume that, as L — oo, a(Duyp, + p,w) = £ € ﬂ@’e(o,eo} Lzﬁe,.

It follows that, in the sense of distributions,

M — Ay 4 Ou — div(€) =0 in RO (3.15)
and, for all 6 € (0, 6],
/ (Au? + X(9w)® + [Dul®) pp Spaey (1 +/ |a(0)[*Dp). (3.16)
Rd+1 Rd+1

Next we check that u is a solution of (3.12). In what follows, we use that u € (/¢ (g g,] H%gl.
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Let ¢ € C°(R4*1). The strong monotonicity of a gives, for L large enough,

| (s = 6 + M@ - 00 + (a(Dus. + ) ~ (D6 + ) - Dlus, ~ 6) )7 = 0.

L

Moreover, using ur,pg as a test function for the equation of uj,, we find
OrPe
/~ ()\u% + MOpur)? + Nouruy— % ¢ Owurur, + a(Dur, + p) - Duy,
QL

~

Do
+ura(Dur, + p) - ﬂ)p@ =0.
Po
Hence,

/~ (—2/\uL¢ A2 — 200urdid + NDi6)? — a(Dur, +p) - Db

L

O Py Dp,
—a(Dp+p) - D(ugp — ¢) — Qpupur — Nowupur ,15059 —ura(Dug, + p) - pze)pg > 0.

Letting L — 400 and recalling that, as L — oo, uy, — u, dyur, — Owu, Duy — Du and
a(Dur, +p) — £ in L%e and, hence, in L?, ., we obtain
[ (F2206 4 A6~ 20006 + X@19)? ~ €+ D6 — (D6 + ) Dl — 9)
Rd+1

O Py Dp,
— Oyuu — )@tuut—pa —ué - %)pg > 0.
0

Po
On the other hand, integrating (3.15) against ¢py, we get

Dpy
/ (Aw + M0yl + Moo = K09 | puus + € - Db + o - ”")pg —0.
Rd+1 p9
Inserting the last equality into the 1nequahty above gives
[ (230 = 6) = 200(01u — 46) — (Do + ) - Dl = 0)
OLPe Dpp\ ~
— Ayulu — &) — Nu(u — §) 2L _ (u— p)e - ﬂ)pe > 0.
Po Po

Using ¢ = u + hap for h > 0 small and ¢ € C°(R%*1), something that can be done using
standard approximation arguments, yields, after dividing by h and letting h — 0,

8tpe e Dpe>

/ ()\m/z + AOwudyp + a(Du + p) - Dy + Opurp + A@tuw pep > 0.
Rd+1

The facts that 1 has a compact support, u and its derivatives are locally integrable and, as
6 — 0, the derivatives of py tend to 0 locally uniformly, gives, after letting 6 — 0,

/ Ay + Nowuopy + a(Du + p) - Dy + dpurp > 0.
Rd+1

Since 1) € C°(R¥*1) is arbitrary, the last inequality implies that u is a solution of (3.12)
in the sense of distributions.

Next we check that u is unique among weak solutions of (3.12) in H%g for some 6 > 0.
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Let u1, ue be two solutions and set u = uj —ug. Using upy as a test function in the equation
for u, we find

/ 0@ + @@ + (alp-+ Dwn) — alp + Duz)) - Dy
R
=— /d Ao u0ipg + u(a(p + Duy) — a(p + Dua)) - Dpg
R+1

So6 [ (NllaE + ColDi a7
Rd+1

Then a standard argument based on Cauchy-Schwartz inequality implies that, for 6 small
enough, u = 0.

Since (3.12) has a unique solution in H2 for some # > 0, the whole family u; converges
to uw as L — +4o00. It follows that w is measurable in 2. Moreover, the stationarity of the
equation and the uniqueness of the solution imply that w is also stationary.

To establish the bounds claimed, we test the equation for u against pgpu. Using the mono-
tonicity of @ and arguing as above we get

[ 4 x@w) + G5 Du+ o) i
RdJrl

Sa /Rw@matuum +0u® + (|a(0)| + [Du + pl)(|p| + ]ul)ps,
It follows that, for # small enough depending on p but independent of w,
[ O 4 3@+ G D+ P 5, [ a0
Rd+1 Rd+1
Taking expectations and using (3.6) and the fact u is stationary and (3.6) gives gives (3.13).

Finally, to obtain (3.14) we use the equation and (3.13).
0

In order to proceed, we need the following remark about the reconstruction of a map from
its derivatives.

Lemma 3.4. Assume (3.2) and let § € Hy' and w € L2, satisfy, for all ¢ € € and
1=1,...,d, the compatibility condition

<97 8xi¢>H;1,H)1( =E [wzat¢] (317)

Then there exists a measurable map u : R4 xQ — R such that, a.s., f@ u(x, t,w)dzdt =0,
Du = w and Oyu = 6 in the sense of distributions.

For the proof, we need to use regularizations (convolutions) with a kernel K¢(x,t) =
e DK (z/e,t/e) for K : R — [0, +00) smooth, nonnegative, symmetric, compactly
supported and such that [pq_, Kdzdt = 1.

For u € L2, define

K® xu(x,t,w) = K (z —y,t — s)u(y, s,w)dyds.
Rd+1

It is a classical fact that K€ % u belongs to € and that

lim ||ju — K€ % ul|f,2 = 0.
e—0
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The proof of Lemma 3.17. Fix € > 0 and define #° € H ! and w® so that, for all ¢ € HL
and w® = K¢ x w,

(0°, ¢>H;1’H}c = (0, K ¢>>H;1’H}c (3.18)
It is immediate that 6%, w® belong to € and, in view of (3.17), for alli =1,...,d,
83%98 = 8twf

It follows that there exists a measurable and smooth in x,t map u® : R x Q — R such
that d;u® = 65, Du® = w®, and, without loss of generality, . o, uf = 0.

For any R > 1, Poincaré’s inequality gives (see, for instance, the proof of Lemma 4.2.1 in

[12])

HUE('? "w)HL2(QR) Sd,R ”DUE(', * W)”L2(@R) + ”atuE(W K w)”L2(1R7H*1(QR))7
and, thus,
E (16, )2 g, | Sa B (10132 + 1013200110 |-
Using a diagonal argument, we can find €, — 0 and u € LZQOC(]Rd‘Irl x ) such that, for any
R, u*» — u in L}(Qgr x Q).

It is, then, easy to check that Du = w, 0;u = 0 and f@ u = 0.
O

We use Lemma 3.4 to obtain the following result which is one of the most crucial steps for
the construction of the corrector.

Lemma 3.5. Assume (3.2). If 0 € H !, w € Lgot and & € L? satisfy the compatibility
condition (3.17) and
0 —div(¢) =0 in HY,

[ e -

Proof. Let 6° be defined by (3.18), w® = K¢ xw and £ = K¢ % £. Then,
0° — div(€°) = 0.

then

Lemma 3.4 and its proof yield a measurable in w and smooth in (z,t) map u® : R+ xQ — R
such that Du® = w® and J;u® = 6%, and, in the classical sense,

dpuf — div(€9) =0 in R x Q. (3.19)

Arguing by contradiction, we assume that

E:E[/Qg-w]>0.

Since the map ¢t — E [ le w(z,t) - &(x, t)d:c} is well-defined and constant, we actually have,
for all t € R,

E U L f(x,t)dx] _F>o0. (3.20)
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In view of the stationarity of w and &, (3.20) implies that there exist £g > 0 and 0 < Kk < K
such that, for all t € R, € € (0,g9) and R > 0,

]E[/ we(x,t) - € (2, t)dx| > kRY. (3.21)

Fix R > 0 and let ¢ = ¢ € C*(R? x [0, +00)) be such that

Y(z,R) =0 in RA\Qp1, ¥(z,R)=1 in Qr, [[DYllo + [0r¥]oc Sa L.
and |[Dy(z, R)| Sa Ory(z, R).

Note that such ¢ can be constructed by convolving in space the map x — 1¢,, /2 (x) with

a nonnegative kernel with sufficiently small support.

Finally, for some ¢y > 0 and T sufficiently large to be chosen later, set R(t) = (T'— cot)'/2.

Then

a0, e
[ i me

uf)?(z
= R'(t) /Rd ()2(’75)831#(:6,R(t))dx+/w u (z,t)0pu (x, t)(z, R(t))dz

u)2(z
=H@4f)(J%wmmmw— € (,1) - uf (2, ) (z, R(8))de

2 Rd
_ /Rd u®(x, t)w(x,t) - Dip(z, R(t))dx.

Young’s inequality yields, for any a > 0,

d (uf)?(x, t)
- /R Dy, R

u€)2(z
sﬁw4f>;J%WWMMM—L € (1) - v (z, t)da
R(t)

u®)?(z
+ [ o)l w0l + ol @] [ Dt r)jas
Qr(1)+1\QR(t) R4

+ _C | (z,t)|*dx.

af R/(t))| QRr(t)+1\QR(r)
Recall that, by construction, R’ < 0, || D¢|lec Sq C and |Dy| Sq Ortp

Hence, choosing from now on « small enough depending only on d, taking expectations and
using (3.21), we find

u)2(z
%E [/Rd ()2(”5)1#(93, R(t))dx] + Kk(R(t)—E

/ |ﬁmmwmm4
Qrw)+1\QR(1)

E / |we (z, t)|2dx] : (3.22)
Qr1)+1\QR(1)

We use next the stationarity of w® and £%, and the facts that |Qg#)+1\Qr)| S C(R(t)* 1,
¢, w® € L2 and R'(t) = co(R(t)) ! to get, for some C > 0,

1

Sa
| R (1)]
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u®)?(z
S8 L Y e Ras| < (Rt + ORI + (R0
= (R - ccal ~C(RMO)™)

Choosing ¢y > 1 large so that x — C’ca1 > /2 and t < tp =T — 160K 2c, ~1. in order to
have C(R(t))~! < k/4 on [0,tr], we find, for all t € [0, 7],

us 2 T ;
%E [/R W¢<va(t>)dw] < —(R(1)"5.

Integration in time over t € [h,cy ' T] for h € [0,T?] (note that, if ¢y and T are large
enough, ¢, It < tr) and the fact that ¢ > 0 give

E [/Rd Ww(m,R(h))dm} > Z/hCOIT(R(t))ddt.

Integrating once more in time over h € [0,7%?] and noting that, since R(h) < T2
b(a R(W) < g, we get

T1/2
/ / @)@ h) 4oan

T1/2+1

> O lTd3)/2,

Our goal is to apply A.2 in the Appendix. For this, we note that, since Du® = w® € Lpot,
le Duf(-,t)] = 0. Moreover, in view of (3.19) and the fact that £ € L2 is stationary,

E[/@ 8tu€} = (00, Vgt gy = (div(€9), g ggy = O

Hence, we can apply Lemma A.2 which implies that, for any é > 0, there exists Rs such

that, for all R > Ry,
R
E [/ / (uf (z, h))zdxdh] < RT3,
0 JQr

Choosing R = T2 +1 and T large, we obtain

O 172 | 1\d+3 e ,h)
ST > WNER) gran

T1/2+1

d+3
>C T e,

which yields a contradiction if § is small enough and T is large enough.

o]

Arguing similarly for negative ¢ gives the opposite inequality.

It follows that we must have

g

The next lemma is the step that provides the sought after corrector as well as the properties
(monotonicity and Lipschitz continuity) of a.
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Lemma 3.6. Assume (3.2), (3.5), and (3.6). For any p € RY there exists a unique pair
(07, wP) € Hy' x L2 ¢ satisfying (3.17) and
0P — div(a(w? + p,z,t,w)) =0 in H L (3.23)
Moreover, for all p,p’ € RY,
lw? = w?|lL2 Sa lp—1/l- (3.24)
Finally, the vector field a defined by (3.9) is monotone and Lipschitz continuous.

Proof. Let x*P be given by Lemma 3.3. In view of (3.13) and (3.14), there exist a subse-

quence A\, — 0, w € Lgot, 6 ¢ H! and ¢ € L2 such that Dy*P — w, 9y P — 6 , and

a(DXA"’p + p) — & in their respective spaces.
Moreover, in view of (3.14), for all ¢ € HY,

(0, 0)12 Sp D9l
which means that, in fact, § € H!.
Note also that, since the pair (9;x*?, Dx*?) satisfies (3.17), so does (8, w).
Finally, (3.12) implies
6 —div(¢) =0 in H_'. (3.25)

It remains to check that (3.23) holds. As we show below, this is a consequence of the
monotonicity of a, which gives that, for any test function ¢ € C,

. [/@ A = 0)? + MO — 0:0) + (a(Dx M + p) — a(De + p)) - (DX — D¢>} >0,

Multiplying (3.12) by x*P and taking expectation, we find
E [/@ ACM)? 4+ A M)? + a(DXM +p) - Dx“’)} =0,
and, thus,
" [/@ M=2M6 + ¢%) + M=200 M0 + (0:9)°) — a(DXM +p) - Do
1
—a(Do +p) - (DX = D)))| = 0.
Passing to the limit A\, — 0, in view of the estimates on y*? we get

E [/ f-D¢a(D¢+p)~(wD¢)] >0,

Since this last inequality holds for any ¢ € C, we also have, for any z € Lgot,

E{/~l—f-z—a(z+p)-(w—z)] > 0.

Choose z = w + 02’ with 2/ € Lgot. Then, after dividing by 6 and letting § — 0, in view of
Lemma (3.5), we get

E[/~l—§.z/+a(w+p).zl] zlimsup%]E [/lg.w} =0,

6—0
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2

pot, We infer that

Since the last inequality holds for any 2z’ € L

IE'J[/~ —g‘z'—ka(w—kp)-z’} =0. (3.26)
1
Going back to (3.25), (3.26) implies that, for any ¢ € HL,

(0 — div(a(w +p))a¢>H;1,H}( =E [ 5 ¢ Do —alwtp)- D¢] -0

and, hence, (0, w) satisfies (3.23).

Next we prove at the same time the uniqueness of (6, w) and the monotonicity of a.

Let p' € R? and (8!, w') be a solution associated with p', and set ¢! = a(w' + p'). Then
0 —0' —div(¢ — ¢ = 0.

Applying Lemma 3.5 to the pair (6 — ', w — w'), we find

E[/~1<f—§l>-<w—wl>} ~o.

The monotonicity of a follows from the following calculation that uses the fact that, since

w—w' € L2, we have E[féjl w—w'] = 0:

(@) ~ () (o) = | |

(a(w+p) — a(w +pY) - (w +p— 0! —plﬂ

1
>y 'E [/Q w+p—w! —W] G \(E [/Q jw — w1|2] L lp—p'2).
1 1

The uniqueness of (6, w) also follows from the inequality above. Indeed set p' = p. It
follows that w = w!, which in turn implies that § = 6!,

The Lipschitz continuity follows from the observation that

o) ~ap)| <E | [ latw-+) -t + 5] < o2 [

Q1

1
2

|w—w1\2] Fp—p)
< Co((@p) —am) - (0 —pY)"* +1Ip - p')) < =[alp) — ap")| + Clp — p'.

Note that the above also yields (3.24).
U

We have now all the necessary ingredients to prove Theorem 3.1.

Proof of Theorem 3.1. Fix p € R? and let (f7,wP) and X be given respectively by Lemma 3.6
and Lemma 3.4.

z t Tz ¢
Then, for x*(z,t;p,w) = ex?(=, 5,w) and a°(p, z,t,w) = a(p, -, —,w), we have
€' € €€
dxE — div(af(p+ Dx%,z,t)) =0 in R xR. (3.27)
First we show that there exists a universal constant Cy such that, P—a.s. and for any

R, T >0,

lim sup /OT/R(XE(x,t))2dxdt < CyT?RI2E [/~1 |a(Dx+p)|2] . (3.28)

e—0
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Fix £ € C*(R; [0, 1]) such that £ =0 in (—oo,—1), ¢ =1 in [0,4+00) and & < 2 and set
o(z,s,t) =&((3— 2t71s) — R™ 1\:E|oo).
We note for later use that, since 1 < (3 —2t71s) < 3 for s € [0,], ¢(z,s,t) = 1 in Qg, while
é(z,s,t) =0 in RN\Qyg.
Using the equation satisfied by x° and Young’s inequality, we find, for any ¢ > 0 fixed and
any s € (0,t),
d 1 1

& [0t = [ 50000~ (@ Do+ o Do),

1 B 1
SAdQ(x5)2as¢—a€st¢+2R 1t|a€|2]D¢|+§Rt LX) D

The computation above, which here is made at a formal level, can be easily be rigorous by
regularizing x* by convolution.

Since 9s¢ = —2t71¢' while |D¢| < R™1¢', we can absorb the last term in the righthand side
into the first one to obtain

d 1 2 2 __ € € —2 £12
WPowst) < [ —aDxor R [ P

ds Rd 2 Qar

Integrating the above inequality in time, between 0 and ¢ and using the definition of ¢ we
get
1 1, ., 9
S0P [ S0
4R

/ /]Rd (s)p(x,s,t)dxds + R~ 2t/ /Q |a%(s)[>dads.

A second integration in ¢ € (0,7 gives

/ /QR 2dzdt < T/Q4R %(XE(O))de
/ / /Rd ()p(x, s,t)dxdsdt
+R /0 t /0 /Q i |a®(s)|*dzdsdt.

We now let ¢ — 0. It follows from Lemma A.2 and the ergodic theorem that, P—a.s.,
limsup/ / )2dxdt < (3.29)
e—0 QR
— / / / E [ _a(Dx+p) -Dx] o(x, s, t)dzdsdt
0 Jo JRd Q1

T pt

+ R—QT/ / / E U~ la(Dx —i—p)|2] dxdsdt. (3.30)
0 JO 4R Q1

Lemma 3.5 gives that the first term in the right-hand side vanishes. Thus,

limsup/ / dﬂsdt S RIT2T3E [/ la(Dx +p)|2] )
e—0 R 1
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and, hence, (3.28).

A symmetric argument yields that, P—a.s.,

e—0

T
lim sup/ / (X% (z,1))%dzdt < CoT3*RIE [/~ la(Dx —i—p)]?} . (3.31)
-TJQr 1

Next we show the convergence of (x¢) to 0.

Let w € Q be such that (3.31) holds for any 7', R > 0. Then, in view of (3.31), the families
(X%)e>0s (DXF)e>0 and (0yx%)=>0 are respectively is bounded in L? (R? x R), L2 (RY x R)
and L7 (H™'). Hence, in view of the classical Lions-Aubin Lemma [2, 14], the family

(X%)e>0 is relatively compact in L2 (R?1).

Let (x°") be any converging subsequence with limit x in L? C(Rd x R). Since a and Dx® are
stationary in an ergodic environment, a®(Dx® + p) converges weakly to a constant. Thus,
in view of (3.27), x solves 9y = 0 in R? x R. Dividing (3.31) and letting T — 0 yields
that x(-,0) = 0.

Therefore ¥ = 0, and, hence, x*» — 0 in L?

loc

(R? x R).
O

3.4. Homogenization. We now turn to the homogenization of (3.1). The aim is to show
that the family (u®).~( converges to the solution u of the homogenous equation

o — div(@(Du)) = f(z,t) in RYx (0,7) w@(-,0) =ug in RY, (3.32)

where @ : R? — R is defined by (3.9), see below for a precise statement.
For the statement and the proof of the result we will use again the weight

po(x) = exp{—0(1 + |z[*)'/*} (3.33)
and we will work in the weighted spaces L%g = L/ZJ‘9 (RY), H;g = H;g (RY), etc...

The homogenization result is stated next.

Theorem 3.7. Assume (3.2), (3.5), and (3.6) and let @ : RY — R be the monotone and
Lipschitz continuous vector field defined by (3.9). Then, for every T > 0, ug € L*(R?) and
f € LR x (0,7)), if u® and T solve respectively (3.1) and (3.32), then, P—a.s. and in
expectation, u®(-,t) = u(-,t) in L2, (R x (0,T)) for any 0 > 0.

The argument is long. To help the reader we split it in several parts (subsubsections). In
the first subsubsection we prove a refined energy estimate for solutions of (3.1). Then, in
subsubsection 3.4.2 we identify ¢ C 2 of full measure where the homogenization takes
place. In subsubsection 3.4.3 we extract a subsequence ¢, — 0 along which u*" has a
limit. To show that this limit satisfies the effective PDE, we construct a special test func-
tion in subsubsection 3.4.4. Theorem 3.7 is proved in subsubsection 3.4.5. The last three
subsubsections are devoted to the proof of some technical parts used in subsubsection 3.4.5.

3.4.1. Preliminary estimates. A solution to (3.1) is a measurable map u® : R% x [0, T] x Q —
R such that, P—a.s., u°(-,-,w) € L*([0,T], H},)NC°([0,T], L2,) which satisfies the equation
in the sense of distributions. Since, P—a.s., a(0,-,-,w) € L2 (R? x (0,T]), u®(-,-,w) exists
and is unique.

In the next lemma we sharpen the standard energy estimate for solutions of (3.1).
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Lemma 3.8. Assume (3.2), (3.5), and (3.6), ug € L*>(R%) and f € L?(R? x (0,T)). There
exists C§(w) > 0, which is P—a.s. finite, converges, as e — 0, in L'(Q2), and depends on 0,
T, |Ifll2 and the monotonicity and Lipschitz constants of a such that

T

T
sup [[u®(-,1)[75 +/ [1Due (-, 8)]172 dt+/ 10u® )11 < C5(w). (3.34)
t€[0,T] ro 0 ro 0 o

z t

Proof. Throughout the proof, to simplify the notation, in place of a(Du®, —, > w), we write
e e

a®(Duf).

It is immediate that, for a.e. ¢ € (0,7T], u® satisfies the standard energy inequality
1 €(4\2 1 2 ! € € € € €
Sus(t)pe — | Sugpe = —a®(Du®) - (Dufpg + u*Dpg) + fupy

Rd 2 R4 2 0 Rd
t
< [ [ (=G DT+ laf @D + 010 (e 0) + ColDul) + |1 Do
t
1 g g g
< [ [ (cog Dl + O OF + el + 1£2)p0
0 JRI 0
t
1 ~
< [ [ og Dl + ClucP)n + Co i) + 1),
o Jre 20

where Cy is a constant which depends only on 6, T', || f||2 and Cp in (3.5) (and might change
from line to line) and

. T
Citw) = [ [ 1 0aPp(w)e

It then follows from Gronwall’s Lemma that

T o~
sup [[u®(-,1)[75 +/ [1Dus (- 1)||72 dt < Co(1+ Cf(w)).-
t€[0,T ro 0 ro

To estimate O,u’, we use ¢pg with ¢ € C°(R¢ x [0,7T]) as a test function in (3.1) and get
C

T T
/0 (O, 0) g1 (mety, 3, (m) = /0 /Rd —a®(Duf) - Dgpy — a*(DuF) - Dpy + fdpe
< Co([la”(O)lz, + Collu M2y, + 1 Fllez Ml 2my, )
and, in view of the previous estimate on u®,

T ~
/0 H@tuerqP_gldt < Cy(Ch +1).

To complete the proof, we note that the ergodic Theorem implies that 5’5 converges, P—a.s.
and in L(Q), to

T
E [/ / a (0, z,t) |2 pp(x)dzdt| < +oo.
0 Jrd
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3.4.2. The identification of Qq. Let x°(x,t;p,w) = ex(%, E%;p,w), where x(y, 7;p,w) is the
corrector found in Theorem 3.1. We know from Theorem 3.1 that x© solves in the sense of
distributions the corrector equation

t
Ox® — div(a(p + Dx*, E, —,w)) =0 in R? x R,
€' e
and satisfies
li 2 =0 P—as.. .
lim 5 IX°1*=0 a.s (3.35)

In addition, since, for each p € R?, a(p+ Dy, -, -, -) € L? and stationary, the ergodic theorem
yields, for any cube Q and any g € L*(Q,R%) and P—a.s.,

t
/g(w,t)-a(erDxa(m,t;p),x,Q,w)dmdt — [_g(x,t) - a(p)dedt. (3.36)
@ g € e—0 @

Similarly, in view of the stationarity of Dy, for any g € L2(Q) and P—a.s.,

[ ot 01D (e t:p) P, B [ / g(x,t>|Dx<z,t;p>|2] . (3:37)
é e—0 @
Finally, Lemma 3.5 yields
/Ng(:v, t)a®(p+ Dx°(x,t), z,t) - Dx*(x,t; p)dzdt _e 0. (3.38)
Q E—

Hence, given a countable family € dense in R? and the (countable) family Q of cubes with
rational coordinates, we can find using a diagonal argument a set {2; of full probability such
that, for any w € ;, any p € € and D € Q, (3.35), (3.36), (3.37) and (3.38) hold.

Let €5 be the full measure subset of €2 such that, for any w € 9, the limit of the constant
Cj(w) in (3.34) exists and is finite for any (rational) # > 0 and such that, for eg = go(w) > 0
small enough and every R > 0,

sup ﬁ (16500, 2, ) + | DX (2, £ p)|2)dvdt < +o0. (3.39)
EE(O,Eo) QR

The full measure subset of €2 in which homogenization takes place is g = 1 N Qy. Hereto-
fore, we always work with w € Q.

3.4.3. Extracting a subsequence. Fix w € Qp. In view of (3.34), we know that the family
(uf)e>0 is compact in LZ (RIF1).

Let (u")nen be a converging sequence with limit u. Then, for any 6 > 0,

um —win L2 (R? x (0,T)), Du®r — Duin L2 (R? x (0,T)), and
t

ac (Duf, 1, —

n 671,

,w) = £in L2 (RY x (0,7)). (3.40)

The aim is to prove that u is the unique solution to (3.32), which will then yield the a.s.
convergence of u® to u.

Heretofore, we work along this particular subsequence &,, which we denote by & to simplify
the notation. Note that, in view of (3.1), we have

o — div(€) = f(z,t) in RYx (0,T) u(-,0)=up in R (3.41)



30 PIERRE CARDALIAGUET, NICOLAS DIRR AND PANAGIOTIS E. SOUGANIDIS

In addition, in view of (3.34), for any 6 > 0, we have

T T
sup [l 0)[122 + / |Dul )2, di + / lowl?, < Colw),  (3.42)
t€[0,T] o 0 ro 0 ro

where Cy(w) = sup.¢ (o, Cg(w) is finite, for ¢ small, since by the construction of g, Cj(w)
has a limit as € — 0. Similarly to the construction of the corrector, we need to prove that
we can replace ¢ by a(Du) in (3.41).

3.4.4. The test functions. Following the usual approach to prove homogenization for diver-
gence form elliptic equations, given a test function ¢ € C°(R%x [0, T)), we need to consider,

t
for each € > 0, the corrector x*(x,t,w) = x(f, —,D¢(x,t),w) and work with Dx® . The
e e

dependence on D¢ creates technical problems since we do not have enough information
about the regularity of the map p — x(-,-,p,w).

To circumvent this difficulty, we introduce a localization argument for the gradient of the
corrector, which is based on a piecewise constant approximation of Dd.

Fix § € (0,1) and consider a locally finite family (@k)keN of disjoint cubes @k = Qg (x) X
(ty, — Ty, tx + Tp) in Q with T + Ry, < & covering R? x [0,7] up to a set of 0 Lebesgue
measure.

Let
pr =4 Do(z,t)dxdt,
Qk

and, for each k, choose pi in the countable family € defined in subsection 3.4.2 and is such
that [pg — pj| < 6.

The localizations of D¢ and Dx* are

Dé(x,t) =Y pilg, and DX (x,t,w) =Y DX (x,t;p}). (3.43)
k k

Note that above we abused notation, since neither D% nor DY* are gradients. We use,
however, the gradient symbol in order to stress the fact that they are respectively close to
D¢ and Dx®. Indeed, we note, for later use, that D¢ and Dx®depend on ¢ and that D¢
converges, as 6 — 01, uniformly to Dé¢.

Finally, we fix a smooth nonincreasing function ¢ : [0,7] — R such that ¢(0) = 1 and

¢(1) =o.

3.4.5. The proof of Theorem 3.7. We prove that £ = a(Du) in (3.41).
t

We write for simplicity below a®(p, z,t) for a(p, g, W)

e

The monotonicity of a gives

T ~
/0 /Rd (aE(Dus(x,t),m,t) —af (D¢($,t) + D%‘S(m’,t),x,t))
{(Du (3,) — D(x,t) — DXF(x,1))pp(x)¢ (t)dadlt > 0.
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Multiplying (3.1) by u®pp( and integrating in space and time we find

uQ z T ut(x 2
S A L B

T
—i—/o /Rda (Duf (z,t), x,t) - Du®(z,t)po(x)((t)dxdt
! T
+/0 /Rdu a®(Du(x,t),x,t) - DppCdadt :/0 g Fla, s (2, 1) pa(2)C (L),

Subtracting the last two expressions we obtain

/p+// p<+/ | (o) - (03 + D).

- _ T
—a*(D¢ + DX®) - (Du® — D¢ — DX°) + fu6>ng — /0 /Rd u®a®(Du®) - DpgC > 0.

(3.44)

To let ¢ — 0 in the above inequality, we first note that, in view of (3.40),
lim

e=0 Ja 2 C+/ /Rd )- Do+ fu° )PeC
_/ /Rd“EaE(DUE)'DPeC
/Rd2/39+/ /R fpeC +/T/Rd(_§.pg+fu)pgg
_/ /duf'DpeC-
o Jr

We claim that

T _ ~
iy [ [ @*(D3(w.0) + DT (w.0),.0) - (D3last) + D () ol (0)dds
]Rd

e—0 0
T ~ ~
- /0 [ a(Dda.1) - Dot @) (B, (3.45)
and
T
tim [ [ o (Du(,t)..0) - DR o (o) o (3.46)

T N B 6
+/0 /Rd a®(Do(z,t) + DX (x,t),z,t) - Dus(x,t)pe(x)((t)dwdt

T ~
_ /D [ a(Dé(r.1))- Duw, oo @) (1)t
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Assuming (3.45) and (3.46), we proceed with the ongoing proof. Passing to the e — 0 limit
n (3.44), we find

/ P0+/T/RdU;MCIJF/OT/W(—?DQZ—G(D@‘(DU—Dg)JFfU)peC
/OT/Rdug-Dpeczo.

Next we let § — 0. Since, D$ — D¢ uniformly, we obtain,

/Rd e / T /R o+ /OT /R (~€- Do (D) - (Du — Do) + fu) poC

_ /OT /Rd ué - Dpg¢ > 0. (3.47)

while using ¢pyC as a test function in (3.41) yields

T
0—— / upd(0)pp + / / w(—BrbpoC — bpac’) + € - (DbpaC + 6DpoC) — FepoC.

Combining the equation above and (3.47) we get

/Rd(—uoqj P9+/ / *—d)PeC

" /0 /Rd —a(D¢) - (Du—Dg) + f(u—¢) ~ uc?t(b)pec (3.48)

- /oT /Rd(“ — $)& - Dpg¢ > 0.

We choose ¢ = u® + st where s > 0, 1) € C°(R? x [0, T)) and u° is a smooth approximation
of u with compact support in R? x [0, T] such that, as o — 0,

and O’ — Oyu in L*(H,');

u’(-,0) = ug, u’ —u and Du’ — Du in L2 o

P
note that such an approximation is possible in view of (3.42).
We prove below that

;ig% Rd(?—uou pg—l—/ / ——u )peC’ —/ / udpu’ pg¢ = 0. (3.49)

Thus, in the limit o — 0, (3.48) becomes
T T
—s [ wspo—s [ [ e+ [ [ (@DutsD0) DY 10—t )ouc

+s/OT/Rdw§-Dpe<zo.

Then, we divide by s and let s — 0 to get

- [ w0y~ [ ' [ wec+ [ ' [ (a(Du)- Do = 1= w0 g
+/OT/Rdw§~Dpeczo.
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Finally, letting ¢ — 1 and 6§ — 0, so that ¢’ — 0 and pg — 1 while Dpy — 0 locally
uniformly, we get

—/ uth(0 //Rd a(Du) - Dip — fw—uat¢)>0

which, since 1) is arbitrary, yields that u is a weak solution to (3.32) since v is arbitrary.

The proof of the P—a.s. convergence of the family (u)c>0 to u in L2, (R4 x [0,T]) for any
6 > 0 is now complete. Moreover, in view of the estimates in (3.34), where Cjj converges in
expectation, the L? convergence of u° to u also holds in expectation.

In the next subsections, we prove (3.45), (3.46) and (3.49) hold.
3.4.6. The proof of (3.45). The definition of D¢ and DX gives

/ /R a*(D3(w, ) + DX (,0),2,1) - (D, 1) + DX )po(a)C ()

= /A a* (p), + DX° (@, 610, 1) - (0, + D" (, £ pY)) po ()¢ (¢) dardlt.
k
Since, in view of the choice of pg and of Qr, (3.36) and (3.38) hold, we get

T _ -
lim/ /Rd a®(Dé(x,t) + DX (z,t),z,t) - Dp(x,t))pe(z)((t)dxdt

e—0 0
_ (02 -l . - .
= §k /@k (py.) - Prpo(x)C(t)dadt = / /Rd ) - Do(z, ) po(x) (t)dadt,

which is (3.45).

3.5. The proof of (3.46). The argument is longer and more complicated.

Using again the piecewise structure of Dx® and Dg, we find
T
/ / a®(Du(z,t),x,t) - DX (x,t)pg(x)(t)dxdt
0o Jrd
T ~
4 [0 [ dwt) + DT (@.0).2.6) - Du (o o) ()
0 Jrd
= Z /A (ae(Dus(x,t),x,t) . st(x,t;pi)
Lt Y Qk
Faf () + DY (et p), . 8)) - Du(a.1)) po()C (1),

Now we work separately in each cube Qk To simplify the notation, we denote by @ =
Qr(zo) x (to — T, to + T) a generic cube Qk and let p = pk, x = x(+,-;p), and recall that
R+T <<
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Note that (3.46) follows, if we show that

lirglj(t)lp/@(ﬁ(Dus(x,t),x,t) - Dx*(z,t)
+a°(p+ Dx*(z,t),x,t)) - Du®(z, t))pg(x)g(t)d:vdt (3.50)

_ /@ a(p) - Du, £)po(x)C(t)dadt.

To proceed, we need to work with functions which are compactly supported in @ For this,
we prove below that, for any ¢’ > 0, we can choose ) € C°(Int(Q)) and g9 > 0 such that

sup /A
e€(0,e0) / Q

+a°(p+ Dx°(z,t),x,t) - Du®(z, t))pg(x)((t)’H — (x, t)|dzdt (3.51)

(aa(Dug(ac, t),z,t) - Dx°(x,t)

4 /Q [a(p) - Dulz, H)pp(x)C(1)|[L — (e 1) ddt < &.
Then, we show that, if k := pg(1), then

lim (aa(Dua, x,t) - Dx* +a*(p+ DX, z,t) - Du5> kdxdt = / a(p) - Durdzdt. (3.52)

e—0 @ @
Once we know (3.52), we can combine (3.50) and (3.51) to get
lim sup‘ /A (aE(DuE(x, t),2,t) - DY (2,1) + a°(p + Dx* (2, 1), 2, 1)) - Due (z, t)) po(2)C(£)ddt
Q

e—0
- /@ a(p)-Du(x,t)pg(x)g(t)dxdt) <24,

which gives the result since §’ is arbitrary.

We now prove (3.52). Using x°k as a test function in (3.1) u®k as a test function in the
equation satisfied by x* we get

to+T
/ (Opu®, X°K) =1 g1 + /Aa(DuE) - (Dx°k + Drx®) = /A X k.
to—T Q Q

and
to+T
/ (O u' k) g1 1 + /A a(p+ Dx°) - (Du'k + Dru®) = 0,
to—T Q
and, hence, after using an easy regularization argument, we find

to+T to+T
/A Xk = / (Opu®, X°K) -1 +/ (OexE,u k) g1
Q to—T to—T

+ /@(a(DuE) - (Dx°k + DkX®) + a(p + Dx®) - (Du®k + Dru®))

- [xoan

" /@m(Duf) (DK + Dix®) + alp + DX7) - (D + Drr)),
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Recalling (3.36), (3.40) and that, in view of (3.35), x* — 0in L7 _, we pass to the limit ¢ —
in the last equalities and get

lim /A(a(Dua) -Dx® +a(p+ Dx%) - Du®)k +a(p)Dru =0
S
Q

An integration by parts then yields (3.52).

To complete the proof, we show that it is possible to build ¢ with values in [0, 1] in such
a way that (3.51) holds. Indeed, choose an increasing family of cubes (@n)neN in Q (recall
was Q is defined in subsubsection 3.4.2) such that |Q\Qn| — 0. Then, given v > 0 to be
chosen below, in view of (3.37) and for n large enough, we have

£

lim [ |Dx°|Pdedt =E V ]DXP} 1Q\Qn| < 7%/2.
Q O

n

Hence, there exists €y such that

sup /AA |Dx|2dxdt < ~2.
56(0750] Q\QTL

Choose ¢ € C°(Int(Q); [0,1]) such that ¢ = 1 in Q,. Then, for any ¢ € (0, ],

J

a* (Du?) - DX po(@)C (0|11 — (1) vt

< llpoclloolla” (Du) | 2 gy IDX 11 = ¥l 125
< llpoclloo (lla” (Ol 2y + Coll Dus[| 2 ) ) IPXE[1 = ¢l 125
Sw HDXEHLz(@\@n) S Vs

the dependence on w is through the constants in (3.34) and in (3.39).

Treating the other terms in (3.51) similarly we obtain, for v small enough,

o [ (@002 D
+a*(p+ D (2, ), @,) - DU (2,1)) po (@) (0|1 = (1) vt

+ [ [ae) - Du(w. 0pn(@)COI1L ~ w(at)ldude S, Cy < 5.
Q

3.5.1. The proof of (3.49). Note first that

lim (u—%—uua(())) +/T/ u(g—u") C’—/ —u—g —/T/ u—Q ¢’. (3.53)
o50 Joat 2 T PO | Jaa 2 POS = Joa 2707 Jy Joa 2705

On the other hand, the weak convergence, as ¢ — 0, of dyu’ to dsu yields

T
/ 102 1 dt < 1.
0 ro
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T 1/2 T
< ([ o) ([ - ez, )
0 ] 0 ]

T 1/2
< —u%)|? 0.
([ r-wniy,) -
Therefore,

T T
lim/ / ulsu’ pgC = hm/ / u? Oru’ peC
=0 jg o—0
2 T 2
— lim — / / / “0(0)—/ / Y opeC’. (3.54)
o—0 R4 Rd 2 0 R4 2

Combining (3. 53) and (3 54) gives (3.49).

Thus, as ¢ — 0,
1/2
(u — u?)Opu’ pgC

R4

4. THE HOMOGENIZATION OF (1.1)

We use the results of the two previous sections to study the behavior, as e —, of (1.1).

We begin with the assumptions. As far the (B¥), ;4 and A are concerned we assume (2.4)
and (2.5).

We also assume

{(Ql, F1,P1)is a probability space endowed with an ergodic (4.1)
measure-preserving group of transformations 7 : Z% x R x Q; — Q4
and

A:REx R x R x Q; — R? is a smooth and stationary in (Qy, 1, Py)

vector field, which is strongly monotone and Lipschitz continuous (4.2)

in the first variable, uniformly with respect to the other variables;

note that the family (B*),cz« and the vector field A are defined in different probability
spaces.

Finally, for the random environment we assume that
(Q,F,P) is the product probability space of (Qg, Fo,Po) and (21, F1,Py), (4.3)

that is, @ = Qo x 01, F=Fp®F; and P =Py ® Py.
We continue making precise the meaning of a solution of (1.1). A field U¢ solves (1.1) if

Ui (z,w) = EVt ( ywo) + We(x, t,w) = VE(z,wo) + W (2, t,w), (4.4)
with V and W€ solving respectlvely (2.2) and
OWE = div (a°(DWF, z,t,w)) in R? x (0,+00) W§ =1up in RY, (4.5)
where
@ (o) = (p, . 5.0, (4.6)
and

a(p,z,t,w) = A(p + DVi(z,wp), x, t,w1) — DVi(x, wo). (4.7)
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Note that @ is strongly monotone and Lipschitz continuous in the first variable, uniformly
with respect to the other variables, and satisfies (3.7) (thanks to Lemma 2.2).

We say that We : RY x [0,T] x Q — R is a solution of (4.5), if it is measurable in w for
each (z,t), We(-,w) € L*([0,T], H,,) N C°([0,T], L2,) P—a.s. with py defined in (3.33), and
it satisfies (4.5) in the sense of distributions. It is easily checked that such a solution exists
and is unique.

Theorem 4.1. Assume (2.4), (2.5), (4.1), and (4.2). Then there exists a strongly monotone
and Lipschitz continuous vector filed @ : R? — R? such that, for any ug € L?*(R?), the
solution U¢ of (1.1) converges to the solution of the homogenized problem

oy = div(@(Dm)) in R? x (0,00) @(-,0) =ug in R (4.8)
in the semse that, for any T > 0,

lim E [/ / \Us (x (z,)>pg(z)dxdt
e—0 R4
where pg(x) = exp{—0(1 + |z|?)V/?}.

The proof is a combination of the results of the previous sections.

The first step consists in replacing the non-stationary in time process DV¢ by the space-
time stationary random field Z constructed in Theorem 2.1. To keep the notation in the
statement simpler, we introduce the maps a® and a which are defined as

~ ., x t
ag(p,:n,t,w) = a(p7 gy ?aw)7 (49)

and
a(p,x,t,w) = Alp + Zi(xz,wo), x, t,wi) — Z(z,wp). (4.10)

Lemma 4.2. Assume (2.4), (2.5), (4.1), and (4.2), and let W¢ and W< be respectively
solutions of (4.5) with @° as in (4.6) and

aW* = div (a’a(Ws,x,t,w)) in RYx (0,00) WE=ug in RY, (4.11)
with a® given by (4.9). Then, for any 6 > 0,
lim sup E[ \We(z,t) —We(x,t)Ing(q:)daz} =0. (4.12)
e=0¢¢[0,7) R

T

Proof. Let V¢ (z,t)) = DV%(E) and Z§ (z) = Z%(g)

Using the strong monotonicity and Lipschitz continuity of A as well as (4.6) and (4.7) we
find, after some routine calculations, that, for some constants C' > 0,

d N _
GE | = e Ponda] <& | [ 1DGV; ~ W) pacs]
dt Rd R4

+ CE [/ (W¢ — Wf)%edm} + CE [/ |DVE — Zf|2p9d4 .
R4 Rd

Since DV and Z are stationary in space, we find

E [ [ 1ovi - Zﬂ%dw} < GE [ [ 1DVt - Za2t<x>r2dx] ,
Rd Q1
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with the right hand side bounded and converging, in view of (2.7), to 0 for ¢ > 0.
We conclude using Gronwall’s inequality.

The proof of Theorem 4.1. Tt now remains to show that (1.1) homogenizes.
On Q we define the ergodic measure preserving group 7 : Z% x R x Q — Q by

Tk sW = (w(l)+k(s + ), Tk sw1)

for any w = (wo, w1) = ((wh)jeza,w1) € 2= (COR,RY))%" x Q.
Set

a(p,z,t,w) = Alp + Zi(z,wo), z, t,w1) — Zi(x,w)
and note that a satisfies (3.5) and (3.6).
Then, in view of Theorem 3.7, the vector field @ is strongly monotone and Lipschitz con-
tinuous and the solution W¢ of (4.11) converges, for all § > 0, P—a.s. in L2 (R% % [0,T7)
and in Lf,e (R% x [0,T] x Q) to the solution @ of (4.8).

Finally we return to U®. In view of (4.4), for any 6 > 0, we have

5| [ [ - e, ) Ppo(o)dodt|
<9E [/OT /R |5V62t(5_1x)\2p9(x)dxdt} Lo [/OT /R WE () — WE () 2y () dadt

49 [/OT /Rd 7% (2) — u(x,t)|2p9(af)dxdt] |

In view of (2.10), Lemma 4.2 and Theorem 3.7, the right hand side of the inequality above
tends to 0 as ¢ — 0.
O

APPENDIX A

We summarize here with proofs results about stationary gradients, which are needed in
the paper. Some of them appear in the literature in different structures and with stronger
assumptions.

The following is classical in the literature (see for instance the proof of Theorem 5.3 of [10]).

We give a proof here because the environment has not exactly the same structure as in [10]
and the maps here have lower regularity in time.

Lemma A.1. Assume that (2, F,P) be a probability space endowed with an ergodic group of
measure preserving maps T : ZE xR x Q — Q, and, fori=1,...,d andt € R, let G; and G,
be respectively the o—algebra of sets A € F such that, for any k € Z, PJAA(T(je, 0)A)] = 0,
and the o—algebra of sets A € F such that, for any s € R, P[AA(1psA)] = 0. If u :

R x R x © — R has space-time stationary weak derivatives Du and Oyu such that

1
E[/~ Duf? < +oo. B{[ D) =0 E[/O 10, )21 g, ] < +o0,
1 1

1
E[/ (Ovu(-,t), 1) 1@y, H (@)t = 0 and / udr =0 P — a.s.,
0

1
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then, for any i =1,...,d and any (z,t) € R? x R,
IE[ O, u(- + 2,t) ‘ 92} =0 and E |(Owu(- + 2,1),1) g-1(Q,),H1 Q1) ‘ St} =0.
Q1

Proof. To fix the ideas we prove the result for ¢ = 1.

Fix (z,5) € R? xR and let £ : R x R x Q — R be bounded, stationary, and G; —measurable.
For any n € N large, we have

/@ (w(z + ney + z,t + s) — u(x, t)&(x, t)dudt

n—1 1
- Z /~ / Op u(x + ley +req + 2z, t + s)&(x, t)dxdtdr
Q170
+ /~ (u(x + z,t + 5) — u(x,t))é(x, t)dadt.
1
It follows from the stationarity of 0,,u and the §;—measurability of £ that

E U@ (u(z + nex + 2t + 5) — ulz, 1))€(z, t)dmdt}
_E [ /0 1 /~ Doyule +rer + 2, + )€, t)dmdtdr]
+E [ /~ (e + 2 4) D t)dz:dt]

=nE le Opyu(x + 2, t + s)¢(x, t)d:vdt] +E [/@ (u(z + 2z,t + 5) — u(x, t))&(z, t)d:cdt} ,

the last two lines following from the Z—periodicity of s — E [0y, u(z + se1 + z,t + s)&(x, t)dxdt].

Hence

nl;n;oiE[/Cj (u(z +ner + z,t+s) — u(z,t))é(x, t)dxdt]

_ ]E[/~ Opyu(x + 2, + 5)E(x, t)dxdt]
1
On the other hand,

E [/@ (u(z +ney + z,t + s) — u(z, t))é(z, t)dwdt] =
E [/@ (u(r 4+ ney, t) —u(z, t))E(x, t)da:dt]

+E [/@ (w(z + ney + z,t + s) — u(x + ney + z,t))&(w, t)dasdt}

+E [/~ (u(z + nex + 2,1) — u(z + nex, )€ (z, t)d:ndt] |

The goal is to divide by n and let n — +00. The left-hand side and the first term in the
right-hand side have a limit given by the previous equality.
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We show next that the two remaining terms after divided by n tend to 0.

In order to use the time regularity of u, we need to regularize in space the indicatrix function
of Q1. Let (5 € Cgo(Ql) with Hl — CCSHLQ(QQ < 4.
Then, using the stationarity of 0;u and the fact that £ is G —measurable, we find

E [/@1 (u(x +ney + z,t + 8) — u(x + ney + 2,t))s(x)€(x, t)dxdt]

1/2  ps
. [ / Ol +ner + 2.t + 5). CE(- t>>H1,H1ds’dt]
~1/2Jo

1/2  ps
=E [ / (Opu(- 4 2,t + 8), C5E( t)>H1’H1ds’dt] :
0

-1/2
Thus,

E U@ (u(x +ney + 2z, t + s) — u(x + ney + z,t))Cs(x)E(w, t)dxdt]

_E [ /@ (( + 2t + 8) — u(@ + 2 )G ()€, t)d:cdt] ,

and, after letting § — 0,

E [/@ (u(x +ney + z,t + s) — u(x + ney + z,t))¢(z, t)da:dt]

=E [/~1(u(:c +z,t+5) —u(z + z,t)){(a:,t)dxdt] :

Similarly, using the stationarity of Du, we get

E [/@ (u(z + ney + z,t) — u(z + ney, £)&(z, t)dazdt} =E [/@ (u(z + 2,t) — u(z, t))E(z, t)dadt| .

It follows that, for any (z,s) € R? x R and any G;—measurable &,
E [/~ (O u(z + 2,t +5) — 8x1u(x,t))§(a:,t)dxdt} =0
1
Hence, the map
(z,8) > E [/~ (O, u(x + 2z, t + s)dzdt | 91}
1

is P—a.s constant. Since it is also stationary in an ergodic environment, it must also be
constant in w and, as it has a zero expectation, it has to be equal to 0.
The proof of the time derivative follows is similar and, hence, we omit it.

We discuss next the sublinearity of maps with stationary derivatives.
Lemma A.2. Let (2, F,P) and u : R x Q — R be as in Lemma A.1. Then, P—a.s. and

i expectation,

lim R(d“)/ |u(x,0)*dxdt =0 and lim R(dH)/~ lu(x, t)|*dxdt.
Qr Qr

R—o0 R—o00
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The above result can also be formulated as follows. Let u®(z,t,w) = eu(z/e, t/e,w). Then,
for any fixed R > 0, P—a.s. and in expectation,

lim |uf(x,0)|*dxdt =0 and lim/~ |uf (x,t)|*dzdt = 0.
e—0 Qnr e—0 Qr

Note that, here, the scaling is hyperbolic in contrast with what we did throughout the
paper.

Proof. In view of Lemma A.1, we can apply Theorem 5.3 of [10] to the map x — u(zx,0) to
infer that, for any R > 0 and P—a.s.

lim |u®(z,0)|dz = 0. (A.1)
e—0 QR
In [10], the problem is stationary with respect to any (space) translation, while here the
problem is Z%— stationary. However, a careful inspection of the proof of Theorem 5.3 in
[10] shows that the result still holds in our setting, the key point of the proof in [10] being
precisely the statement in Lemma A.1.
Let £g € C°(R%[0,1]) be such that g = 1in Qg, g = 0in RN\ Q% and || DEg||o < 2.
Then, after an integration by parts in time, we have

R/2 R/2
/ / W (2, ) () dudt = / W (2, 0)E () dwdt — / (1 — )0 (1), ER) s .
0 QR Qr 0

In view of (A.1), the first term in the right-hand side tends to 0 as ¢ — 0, while, since
q(k, s,w) = (Oru(-,t),1) g-1(Q,),H1 (@) IS stationary, the ergodic theorem also implies that
the second term in the right-hand side has a P—a.s limit., which again does not depend on
w and, therefore, has to be zero since E[(Oyu, 1) -1 1] = 0.

It follows that, P—a.s.,

R/2
lim sup/ / u(z,t)Ep(x)dzxdt = 0.
0 R

e—0

Applying similar arguments on the time interval [T, 0], we also find that, P—a.s.,

lim u(z,t)¢(x)dzxdt = 0. (A.2)

e—0 QR

Next, we claim that there exists a constant C' such that, P—a.s.,

limsup/~ (uf (z,t))3dzds < C.

e—0 Qr

Indeed, set

(u)en = (] fR(x)dmdt)_1/~ u®(x, t)éR(x)dzdt,
Qr R
and observe that a minor generalization of the classical Poincaré ’s inequality yields, for

some C'g which depends on &g,

/~ (uf (&, 1)) 2dadt < 2 ﬁ (W (2, 1) — (u)ep)?di + 2RV ()2,
Q R
R/2
< Oul [ 1wt Paaat [ 00l ] + 2R 2,
. —R/2
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Then, the ergodic Theorem and (A.2), give that, P—a.s.,

1/2

lim sup [ (uf (2, £))2dz < CHE /~ I -
/2

e—0 Qr

To summarize, we have shown that there exists (g C € on which, for every R > 0 and
P—a.s.,

| Du(z, t)|*dzdt +/

1 —1

the family (uf).s is bounded respectively in L?([~R, R], H'(QRr)), (A.3)
and
the family (9ju)e~o is bounded in L*([-R, R], H (QR)). (A.4)
It follows that, for any w € Q, the family (u®).>¢ is relatively compact in L} C(Rd+1).

Let (u®")nen be a sequence which converges in L2 (R41) to some u € L2([— R, R], HY(QR))
with dyu in L?([~R, R], H~*(QR)). Since, as ¢ — 0, Du® — 0 and d;u® — 0, u is a constant,
which, in view of (A.2), must be zero.

It follows that, as n — oo and in L? (R¥1), u®» — 0, and, therefore that, as ¢ — 0 and

loc
P—a.s., u* — 0 in L2 (R%*1), and, by the estimate above, in expectation.

The claim for u(+,0) follows similarly and with a simpler argument, hence, we omit it.
[l
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