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Abstract

The increasing integration of distributed photovoltaics may further aggravate the over-
voltage and three-phase unbalance issues of low-voltage distribution networks with three-
phase four-wire structures. The voltage control method based on the AC and DC side
power flow control and the three-phase power control capability of voltage source con-
verter in hybrid AC/DC low-voltage distribution networks is a solution for the improve-
ment of the above power quality issues. In this paper, an accurately improved sensitivity
matrix calculation method considering shunt admittance based on the ABCD parameters
is proposed in hybrid AC/DC low-voltage distribution networks with a three-phase four-
wire structure. The presented ABCD parameters of the feeders consider the influence of
the coupling effect among phases and the neutral line on sensitivity calculation, which
makes the sensitivity calculation simple. Then, a power-voltage control method for voltage
source converters based on three-phase four-wire sensitivity matrices of the AC side is pro-
posed considering the constraints from the voltage source converter and DC side power
flow in hybrid AC/DC low-voltage distribution networks, which can effectively address
the over-voltage and unbalanced issues. Simulations are performed to verify the proposed
sensitivity calculation method and voltage control method.

1 INTRODUCTION

The use of renewable energy resources, such as wind and solar
power, is the main solution to achieve the net-zero emission
[1]. However, the integration of single-phase grid-connection
photovoltaics (PVs) may exacerbate the three-phase unbalance
issues in the low-voltage distribution networks (LVDNs) with
the three-phase four-wire structure [2]. Moreover, the mismatch
between the generation and demand of PVs and loads may
lead to over-voltages in LVDNs [3]. The high penetration
of PVs makes it more difficult to address the power quality
problems of LVDNs. Therefore, it is of great significance to
study the power quality management of three-phase four-wire
LVDNs.

Various measures have been proposed to manage power qual-
ity. Traditional power quality control equipment, such as shunt
capacitors and phase change switches, cannot operate frequently
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and have limited control ability [4]. Static var generator (SVG),
PV inverter [5] and other power electronics devices have flexible
power regulation ability, which can mitigate the over-voltage and
three-phase unbalance problems of LVDNs. However, these
devices cannot break the bottleneck of radial operation of distri-
bution networks. Distribution network equipped with soft open
points (SOP) can connect two AC lines to achieve the loop oper-
ation [6], which realises the flexible power scheduling of the net-
work by controlling the converters on both sides [7]. However,
the installation of SOP cannot enhance the power supply capac-
ity of the distribution networks.

The DC technology features in high power transfer capability
and converter flexible control, which complements the con-
ventional AC by forming hybrid AC/DC systems. The AC/DC
LVDN is more functional and controllable than AC LVDN. For
instance, an AC/DC LVDN can mitigate overload and node
voltage violation issues due to the high-power transfer capacity
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of DC lines as well as the capability of power flow rescheduling
in AC/DC LVDN, in which the bottleneck of radial operation
of AC LVDN can be broken [8, 9]. Moreover, the unbalanced
issues in LVDN can also be mitigated by the single-phase
control of converters [7]. Hybrid AC/DC LVDNs have been
designed and implemented in several real applications (e.g.
the Tangjia Bay DC Distribution Pilot Project and Hangzhou
Dajiangdong Project) [10–12] which demonstrate the merits of
using the AC/DC LVDN technology.

AC LVDNs commonly use the three-phase four-wire struc-
ture, in which loads and PVs are connected in single-phase
between the neutral wire. Such structure faces the over-voltage
and three-phase unbalance issues, which are exacerbated due to
the increasing unbalanced distribution of distributed generation
(e.g. PV). In [13], a flexible day-ahead optimal control model
is developed based on the three-phase sensitivity approaches to
solve the over-voltage problems and alleviate the neutral voltage
rise in three-phase four-wire AC LVDNs. Reference [14] pro-
poses an optimal local reactive power control of single-phase
inverters to improve the voltage unbalance issues in three-phase
four-wire LVDNs. However, the over-voltage and unbalanced
issues are not addressed at the same time. Based on the sen-
sitivity theory, [15] proposes a voltage control strategy for the
cooperative control of energy storage and on-load tap changers,
which solves the over-voltage and unbalanced issues in three-
phase four-wire LVDNs. Reference [16] proposes a reactive
power regulation of single-phase PV inverter to solve the over-
voltage and unbalanced issues in three-phase four-wire LVDNs.
However, the coupling effect among phases is not considered in
[15] and [16].

Sensitivity methods can quickly obtain core control variables
(e.g. node active/reactive power and voltages) which will be
used to cope with the frequent voltage regulation for regulating
the fluctuations caused by PVs. The condition of calculating
the sensitivity based on the Jacobian Matrix is rigorous because
the Jacobian Matrix can only be used when the inversion exists
[17]. The sensitivity calculation method based on the Newton–
Raphson method is not suitable for AC LVDNs, because
the radial AC LVDNs generally use the Backward/Forward
method for power flow calculation. In [18], a centralised control
method base on linear sensitivity is proposed to reduce the
number of Backward/Forward substitutions in power flow
calculation. However, the three-phase four-wire structure and
interphase coupling of AC LVDNs are not studied. Reference
[19] calculates the three-phase sensitivity through the series
line model without considering the shunt admittance. How-
ever, the accuracy of sensitivity is reduced and this method
can only be used when the shunt admittance can be ignored
by transforming the three-phase four-wire line model into
a three-phase three-wire. Reference [20] considers the shunt
admittance line model and uses a three-phase admittance matrix
to calculate sensitivity. However, the calculation equations are
too complicated and therefore, the calculation time is long.
The three-phase calculation model also does not consider the
influence of the neutral line. The above literatures focus on
the voltage control methods to solve the power quality issues
and three-phase sensitivity for distribution networks. The

sensitivity calculation methods and voltage control methods
based on sensitivity to address the over-voltage and unbal-
anced issues for three-phase four-wire AC LVDNs are still
under-researched.

Power control based on VSC can be a voltage regulation
method in hybrid AC/DC LVDNs [21]. The power quality
problems in hybrid AC/DC LVDNs can be solved by the AC
and DC side power flow control and the three-phase power con-
trol capability of VSC. Reference [22] proposes an improved
method through the zero-sequence voltage injection in the con-
verters to keep balancing the three-phase grid currents and DC
capacitor voltages in the DC side. In [23], the hybrid AC/DC
microgrid has dealt with the impact of uncertainty on the power
interaction by managing the charge/discharge of energy storage.
However, research on the control of hybrid AC/DC LVDNs
mainly focuses on the local control strategies, the flexible power
regulation ability between AC and DC interconnection lines
is not fully considered from the whole system perspective of
hybrid AC/DC LVDNs. The following aspects would be con-
sidered in this paper:

1. The accuracy of the existing sensitivity calculation meth-
ods can be further improved when considering the three-
phase four-wire structure on the AC side of a hybrid AC/DC
LVDN. Moreover, there will be unbalanced current in the
neutral line when three phases are unbalanced. Therefore,
the three-phase three-wire AC line model established by
combining the impedance of the neutral line into the phase-
to-phase impedance cannot fully describe the characteris-
tics of the low-voltage AC distribution line. The accuracy of
the three-phase three-wire sensitivity is not high because it
does not consider the influence of the coupling effect among
phases and the influence from the neutral line on the sensi-
tivity calculation.

2. Although the VSC can realise single-phase regulation to
solve the power quality problems for each phase, the phase
regulation needs to meet the total capacity limit of the
VSCs and the power flow constraints of the DC distribution
network. If the constraints of VSCs and DC distribution
network are not considered comprehensively, the precise
control ability of VSCs cannot be fully released.

In order to address the above concerns, a sensitivity matrix
calculation method considering the three-phase four-wire
grid is proposed. A power-voltage phase control method
for VSCs based on three-phase four-wire sensitivity matrix
is proposed considering the constraints from the VSCs and
DC side power flow. The contributions of this paper are as
follows.

1. Generate the ABCD parameter matrices considering the
interphase coupling of the lines and the three-phase four-
wire grid structure of the AC side of hybrid AC/DC LVDNs.
Based on three-phase four-wire ABCD parameters, this
paper proposes an improved sensitivity calculation method
considering the radial network and three-phase four-wire
structure with shunt admittance for hybrid AC/DC LADNs,
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which further improve the accuracy of the sensitivity calcu-
lation.

2. Propose a voltage control method for hybrid AC/DC
LVDNs to address the over-voltage and unbalanced issues,
which takes the advantage of the three-phase four-wire
sensitivity and considers the constraints of VSC capac-
ity and DC power flow. The sensitivities of AC and
DC lines in this paper are decoupled by VSCs because
of their flexible control ability of active and reactive
power.

2 IMPROVED SENSITIVITY
CALCULATION METHOD

An improved sensitivity calculation method for three-phase
unbalanced distribution network on VSC’s AC side is proposed
in this paper. The sensitivity algorithm does not need iteration.
Therefore, there is no convergence problem. This improved
sensitivity calculation method depends on the ABCD param-
eters of the feeders, which only relates to the line configuration
and distribution network structure. If the network configuration
does not change, the ABCD parameters will be constant. There-
fore, the sensitivity calculation method is applicable to the gen-
eral hybrid AC/DC LVDNs structure. Moreover, the equivalent
resistances and reactances can be formed through multipliying
the parameters of ABCD parameters of cascaded feeders. This
method does not need to update the data in each control step in
real-time. It only needs to update the voltage of the nodes, and
directly calculates the required hybrid AC/DC LVDNs sensitiv-
ity coefficients using the methods derived below. The used VSC
control (P-Q and Vdc-Q) is typical control strategies which are
widely used in real applications. The required adjustment val-
ues of active and reactive power of VSCs can be calculated by
the proposed sensitivity matrices and then applied in the VSC
control.

2.1 Sensitivity of three-phase four-wire AC
LVDNs

2.1.1 ABCD parameters calculation

The voltage of any node i in the distribution network is
expressed as

Ui = Uj+
∑

l∈Ci, j

Pline,l Rl + Qline,l Xl

Ul
, (1)

where Ci,j is the set of all lines and nodes between nodes i and j.
The number of each section of the line is the same as the num-
ber of the last node of this line. Uj and Ui are the voltages of
nodes j and i. Pline ,l and Qline ,l are the active and reactive power
of the power distribution line between nodes l-1 and l. Rl and
Xl are the equivalent resistance and reactance of the power dis-
tribution line between nodes l-1 and l.

The voltage sensitivities at node j due to the injected active
and reactive power at node i are:

SU−P
j ,i =

𝜕Uj

𝜕Pi

≈ −
∑

l∈(C0,i∩C0, j )

Rl

Ul
, (2)

S
U−Q

j ,i =
𝜕Uj

𝜕Qi

≈ −
∑

l∈(C0,i∩C0, j )

Xl

Ul
. (3)

For the three-phase four-wire network, the π-section line
model containing the line-to-ground admittance and line mutual
impedance is used. A line model between the nodes m and n is
shown in Figure 1. The first node of the line is set as the ref-
erence node whose voltage is U0. Loads are connected to the
nodes m and n.

Based on Kirchhoff’s Current and Voltage Laws, the input
voltage and the current of node m in the π-section line model
have the following relationship:[

U
𝜑

m

I
𝜑
m

]
=

[
a

c

b

d

][
U

𝜑
n

I
𝜑
n

]
, (4)

where

a = X + 1∕2ZY

b = Z

c = Y + 1∕4YZY ,

d = X + 1∕2ZY

(5)

where U
𝜑

m and U
𝜑

n are the input and output voltages of nodes m

and n. I
𝜑
m and I

𝜑
n are the input and output currents of π-section

line model between nodes m and n, as shown in Figure 1. φ is
the set of phases a, b, c and neutral phase n. The size of the a, b,

c, d and X, Y, Z matrices is 4×4. X, Y, Z are the identity matrix,
shunt admittance matrix and line impedance matrix.

According to Kirchhoff’s Current Law, the currents in the
line model satisfy the following equations:

⎡⎢⎢⎢⎢⎣
I a
n

I b
n

I c
n

I n
n

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎣

I a′
n + I a

load,n

I b′
n + I b

load,n

I c′
n + I c

load,n

I n′
n − I a

load,n − I b
load,n − I c

load,n

⎤⎥⎥⎥⎥⎥⎦
, (6)

⎡⎢⎢⎢⎢⎣
I a
m

I b
m

I c
m

I n
m

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
I a′
m − I a

load,m

I b′
m − I b

load,m

I c′
m − I c

load,m

I n′
m + I a

load,m + I b
load,m + I c

load,m

⎤⎥⎥⎥⎥⎦
, (7)

where I
𝜑
m and I

𝜑′
n are the input and output currents of nodes

m and n, as shown in Figure 1. I
𝜑

load,m and I
𝜑

load,n are the load
currents of phase φ of nodes m and n. The load connected to
the neutral line is zero.
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FIGURE 1 Model of the three-phase four-wire distribution network

Equation (4) can also be converted to calculate the voltage of
the node n by using the voltage of node m:

U
𝜑

n = AU
𝜑

m − BI
𝜑
n , (8)

where A = a-1 and B = a-1b.
The ABCD parameters can be obtained through recursively

multiplying the abcd parameters of all components from the path
between two nodes in order. Therefore, the equivalent ABCD
parameters between nodes i and j is[

ai j

ci j

bi j

di j

]
=
∏

l∈Ci, j

[
al

cl

bl

dl

]
. (9)

For ease of reading, the subscripts of the abcd parameters
between the power source and other node are simplified to the
value of the other node, for example aj represents the parameter
of the power source and the node j.

According to Equation (8), it can be obtained

U
𝜑
j = A jU

𝜑

0 − B j I
𝜑
j , (10)

where Aj = aj
-1 and Bj = aj

1bj.

2.1.2 Three-phase four-wire sensitivity
calculation

The power-voltage sensitivity can be obtained by calculating the
derivative of Equation (10) with respect to power (P):

𝜕U
𝜑
j

𝜕P
𝜑

i

= −
1

U
𝜑

i

Re

(
𝜕B j I

𝜑
j

𝜕I
𝜑

load,i

)
, (11)

FIGURE 2 Low-voltage radial distribution network.

𝜕U
𝜑
j

𝜕Q
𝜑
i

= −
1

U
𝜑

i

Im

(
𝜕B j I

𝜑
j

𝜕I
𝜑

load,i

)
. (12)

The equivalent resistance and reactance in Equations (2)
and (3) can be replaced by the ABCD parameters con-
sidering the structure of the three-phase four-wire AC
LVDNs. Then, the three-phase four-wire sensitivity cal-
culation formula based on ABCD parameters can be
obtained.

A radial AC LVDNs structure shown in Figure 2 is consid-
ered. The position and phase of the nodes will affect the sensi-
tivity calculation. x (x∈{a, b, c, n}) and v (v∈{a, b, c, n}) (x ≠ v)
are used to describe the phases of the two selected nodes. The
three-phase four-wire sensitivity calculation is discussed in the
following two aspects.

(a) Voltage sensitivity between phases at the same node

If the reactive power source is connected to phase x of node
j and is used to control phase v of node j, then the equivalent
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resistance and reactance will be∑
Rl = Re

([
B j

]
v,x

)
, (13)

∑
Xl = Im

([
B j

]
v,x

)
, (14)

where the notation [B]v,x is the element in row v and column x

of matrix B.
(b) Voltage Sensitivity between different nodes

When the voltage controlled node is not the node where the
power changes, the sensitivity is calculated in the following three
cases.

Case 1: The voltage sensitivities at node j due to the injected
power at node i. The two nodes are in the same line.

If the power source is connected to phase v of node i and
is used to control the voltage of phase x of node j, then the
equivalent resistance and reactance are∑

Rl = Re
[
Ai j

[
B j

]
cx

]
rv
, (15)

∑
Xl = Im

[
Ai j

[
B j

]
cx

]
rv
, (16)

where [Bj]cx is the element in column x of matrix Bj and [Bj] rv

is the element in row v of matrix Bj.
Case 2: The voltage sensitivities at node i due to the injected

power at node j. The two nodes are in the same line.
If the power source is connected to phase v of node j and

is used to control the voltage of phase x of node i, then the
equivalent resistance and reactance are∑

Rl = Re
[
ai j

[
B j

]
cx
+
[
Bi j

]
cx

]
rv
, (17)

∑
Xl = Im

[
ai j

[
B j

]
cx
+
[
Bi j

]
cx

]
rv
. (18)

Case 3: The voltage sensitivities at node z due to the injected
power at node j. The two nodes are in different lines.

If the power source is connected to phase v of node j and
is used to control the voltage of phase x of node z, then the
equivalent resistance and reactance are∑

Rl = Re
[
Ayz

(
ay j

[
B j

]
cx
+
[
by j

]
cx

)]
rv
, (19)

∑
Xl = Im

[
Ayz

(
ay j

[
B j

]
cx
+
[
by j

]
cx

)]
rv
. (20)

As long as the network configuration is constant, ∑Rl and ∑Xl

are constant. Once they are obtained, they will be stored in the
controller. The sensitivity value will only be updated by Equa-
tions (2) and (3) when the voltage changes.

2.2 Augmented sensitivity matrix of hybrid
AC/DC LVDNs

The ABCD parameters calculation method is also applicable to
the DC distribution network. When calculating the sensitivity of
the positive and negative poles of the DC side, the inductance
and capacitance of the DC line will be set as zero. The sensitiv-
ities of AC and DC lines in this paper are decoupled by VSCs
because of their control ability of active and reactive power.

Based on ABCD parameters, the power-voltage sensitivities
of the AC side and DC side LVDNs are calculated. Then, a
power-voltage augmented sensitivity matrix containing all nodes
of the hybrid AC/DC LVDNs can be obtained:

S =

[
SACU−P SACU−Q

SDCU−P SDCU−Q

]
, (21)

where SACU-P and SACU-Q are the active power-voltage sensi-
tivity and reactive power-voltage sensitivity matrices of AC side
distribution network. SDCU-P and SDCU-Q are the active power-
voltage sensitivity and reactive power-voltage sensitivity matri-
ces of DC side distribution network, respectively.

3 VOLTAGE CONTROL

The node voltage is related to both active and reactive power
in hybrid AC/DC LVDNs. It is because the ratio of R/X in
LVDNs is higher than that in the high voltage transmission net-
works. In this section, different voltage control methods aim-
ing at alleviating the over-voltage and three-phase unbalance
are presented, which are based on the modified three-phase
four-wire sensitivity proposed in Section 2. Moreover, a power-
voltage control strategy based on the separate phase-control
ability of VSC is proposed considering the concurrent power
quality issues in hybrid AC/DC LVDNs.

3.1 Hybrid AC/DC LVDNs

A typical hybrid AC/DC LVDNs is shown in Figure 3. The
AC side is three-phase four-wire. The DC side is symmetri-
cal monopole with metallic return. The DC voltage is ±375 V.
There are DC loads in the DC side.

VSC can simultaneously control any two state quantities of
DC voltage, AC voltage, active power and reactive power [24].
Therefore, VSC has Vdc-Q, P-Q, Vdc-Uac and other control
modes [25]. VSC1 is in the Vdc-Q control mode to control the
DC voltage, and VSC2 is in the P-Q control mode which the
sensitivity calculation method proposed in this paper is appro-
priate to. Through active and reactive power control of VSC2,
the power transfer between interconnected lines can be realised,
so as to alleviate the over-voltage and three-phase unbalance
issues.
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FIGURE 3 Hybrid AC/DC LVDNs

3.2 Power control strategy based on
power-voltage sensitivity

If the three-phase unbalance issue on the AC side is considered
firstly, adjusting the voltage unbalance factor (VUF) may lead
to over-voltage at the phases with normal voltage. Therefore,
the over-voltage will be solved firstly and then alleviate the
three-phase unbalance problem.

The constraints of VSCs and DC distribution network will
be fully considered in the voltage control method as shown in
Figure 4.

The voltage control methods for alleviating over-voltage and
solving three-phase unbalance problems are presented as follow.

(a) Alleviation of the over-voltage problems.
The total active power of VSC2 on the AC side and DC side

should meet the constraint of VSC2’s capacity:

⎧⎪⎨⎪⎩
|||PAC

VSC 2
||| = |||PDC

VSC 2
||| + PVSC 2,loss

PAC 2
VSC 2 + QAC 2

VSC 2 = SVSC 2,max2

, (22)

where PAC
VSC 2 and PDC

VSC 2 are the active power of VSC2 on the
AC side and DC side, QAC

VSC 2 is the reactive power of VSC2,
SVSC2,max is the rated apparent power of VSC2. PVSC2,loss is the
power losses of VSC2, which can be calculated through the fol-
lowing equation and has been used in distribution networks [26,
27].

P
VSC 2,loss = uI 2

DC 2 + vIDC 2 + w, (23)

where IDC2 is the DC current of the VSC2. u and v are the fac-
tors representing the quadratic and linear dependency of con-
verter losses on the converter current. w indicates no-load con-
verter losses. Generally, the power losses of VSCs are around
2% [28] and the power losses calculated from (23) will fall in
this range. Therefore, to simplify the calculation of the power

FIGURE 4 Flowchart of the proposed control strategy

losses of VSC2 the following relationship is considered:

P
VSC 2,loss = 0.02P

VSC 2,rate, (24)

where PVSC2,rate is the rated active power of VSC2.
If a DC node voltage exceeds the limits, real power will be

used to regulate node voltages based on Equation (25).

[
ΔPDC

VSC 2

]
=
[
SDCU−P

VSC 2,i

]T [
ΔU DC

i

]
, (25)

where ΔU DC
i is the voltage deviation between the measured

voltage and a lower or an upper limit, which is 0.93 p.u. for
the under-voltage or 1.07 p.u. for the over-voltage cases respec-
tively. SDCU−P

VSC 2 is the sensitivity of the ratio of the active power
of VSC2 and voltage at node i. ΔPDC

VSC 2 is the regulated active
power of VSC2 on the AC side.

If the active power adjustment cannot be achieved due to the
power rating limit of VSC2, the active capacity will be released
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by reducing the absolute value of the reactive power. At this
time, VSC2’s active and reactive power will be adjusted accord-
ing to Equation (26).

⎧⎪⎨⎪⎩
∑

ΔP
AC ,𝜑

VSC 2 = ΔPDC
VSC 2(

PDC
VSC 2 + ΔPDC

VSC 2

)2
+
(

QAC
VSC 2+

∑
ΔQ

AC ,𝜑

VSC 2

)2
=
(
S

VSC 2,max

)2 ,

(26)

where ∑ΔP
AC ,𝜑

VSC 2 and ∑ΔQ
AC ,𝜑

VSC 2 are the sum of three-phase
active and reactive power regulations on the AC side. As the
active power regulation on the DC and AC sides should meet
Equation (26), the voltage on the AC side will be affected when
the active power regulation of VSC2 on the DC side changes.
Therefore, there will be two solutions for Equation (26), in
order to reduce the impact of the reactive power regulation on
the AC side voltage, the solution with the smaller ΔQ

AC ,𝜑

VSC 2 will
be used. The relationship between single-phase voltage and the
three-phase four-wire sensitivity of VSC2 should meet:

𝚫U
AC
j = SAC

U−P
VSC2,j ⋅ 𝚫P

AC
VSC2 + SAC

U−Q

VSC2,j
⋅ 𝚫Q

AC
VSC2

, (27)

where ΔUAC
j

is the voltage deviation of node j.

SAC
U−P
VSC2,j and SAC

U−Q

VSC2,j
are the active-voltage and reactive-

voltage sensitivity matrices of VSC2 and node j, the size
of this two matrices is 4×4. ΔPAC

VSC2
and ΔQAC

VSC2
are the

active and reactive power adjustment matrices of VSC2
on AC side, the size of the two matrices is 4×1. It should
be noted that the adjustable values of the active and reac-
tive power of the neutral line of VSC2 are set to zero
in order to meet the matrix dimension requirement. It is
because that only the power of phase a, b and c can be
adjusted of VSC2 while the sensitivity matrix is a fourth-order
matrix.

If an AC node voltage exceeds the limits, the reactive power
of VSC2 is firstly considered to regulate the voltage. This is
because the DC line is not affected by the reactive power reg-
ulation on the AC side. The three-phase adjustment of reactive
power of VSC2 on AC side can be preliminarily calculated by
Equation (28).

⎡⎢⎢⎢⎢⎢⎢⎣

ΔQ
AC ,a
VSC 2

ΔQ
AC ,b
VSC 2

ΔQ
AC ,c
VSC 2

0

⎤⎥⎥⎥⎥⎥⎥⎦
=
[
SAC

U−Q

VSC 2, j

]−1

⎡⎢⎢⎢⎢⎢⎣

ΔU
AC ,a
j

ΔU
AC ,b
j

ΔU
AC ,c
j

ΔU
AC ,n
j

⎤⎥⎥⎥⎥⎥⎦
, (28)

[
SAC

U−Q

VSC 2, j

]
=

⎡⎢⎢⎢⎢⎣
SACaa SACab SACac SACan

SACba SACbb SACbc SACbn

SACca SACcb SACcc SACcn

SACna SACnb SACnc SACnn

⎤⎥⎥⎥⎥⎦
, (29)

where ΔU
AC ,𝜑
j is the voltage deviation between the φ-phase

voltage of node i and the upper or lower voltage limits. The
upper and lower limits of the AC side voltage are taken as 1.07
p.u. and 0.90 p.u.

The over-voltage problems of any single-phase or multi-
phase in AC lines can be addressed properly through coordinat-
ing the reactive power of phases a, b and c of VSC2 on the AC
side when the active capacity is sufficient. Not only the three-
phase adjustment value (ΔQ

AC ,a
VSC 2, ΔQ

AC ,b
VSC 2, ΔQ

AC ,c
VSC 2) of VSC2

but also the corresponding influence on the neutral line’s volt-
age (ΔU

AC ,n
i ) of the power regulation can be obtained when the

voltage exceeds the limit through solving Equation (28).
If the reactive capacity is insufficient when alleviating the AC

side over-voltage, both active and reactive power will be used to
coordinated regulate node voltages:

⎧⎪⎨⎪⎩
�U

AC,𝜑

j =
[
SAC U−P

VSC2, j

]
rx

⋅
[
�P

AC,𝜑

VSC2

]
+
[
SAC

U−Q

VSC2, j

]
rx

⋅
[
�Q

AC,𝜑

VSC2

]
(

PAC
VSC2 +

∑
�P

AC,𝜑

VSC2

)2

+
(

QAC
VSC2 +

∑
�Q

AC,𝜑

VSC2

)2

=
(
S VSC2

max

)2
.

(30)
The active power regulation of VSC2 on the DC side will
change accordingly when the active power regulation on the
AC side changes. However, the reactive power regulation of
VSC2 on the AC side has no influence on the DC side. In order
to reduce the active power regulation effect on the DC volt-
age, the active power adjustment value should be as small as
possible. The magnitude of the active power decreases grad-
ually in the calculation process of Equation (30). ΔQ

AC ,c
VSC 2 will

take the maximum value that meets the VSC2 capacity con-
straint until the voltage meets the constraint within 0.9 p.u. to
1.07 p.u.

(b) elimination of the three-phase unbalance

The VUF of the LVDNs is defined as follows:

VU Fi =

(maxVi,𝜑 −V avr
i

V avr
i

)
× 100%, (31)

where V avr
i is the average voltage of three phase at node i:

V avr
i =

V a
i +V b

i +V c
i

3
. (32)

The VUFi should not exceed the 2% [29] when the network
operation is normal. It should be noted thatΔU

AC ,𝜑
i is the volt-

age deviation between the phase φ voltage and the average volt-
age of node i.

If a three-phase unbalance occurs on the AC side, consider-
ing the voltage margin under the distribution network regula-
tion, the reactive power will be primarily adjusted according to
Equation (28) to regulate the three-phase voltage to the aver-
age voltage of node i. If the reactive capacity is insufficient,
Equation (30) will be used to achieve the coordinated control of
active and reactive power so as to achieve three-phase voltage
balance.
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FIGURE 5 Test hybrid AC/DC LVDN

The flowchart of the proposed voltage control strategy is
shown in Figure 4. The results of DC side over voltage process-
ing that have already been done have not been affected when
adjusting the active and reactive power of the VSC2, because
the influence of power losses of VSC2 on the operation of the
power system can be ignored.

4 CASE STUDIES

Two case studies are conducted in this section. In Section 4.2,
the sensitivity matrices are calculated, which is used to demon-
strate the accuracy of the improved sensitivity matrix calculation
method and the effect of voltage control based on the three-
phase four-wire sensitivity on the AC side. In Section 4.3, a
hybrid AC/DC LVDN is utilised to prove the effectiveness of
the proposed control strategy on mitigating over-voltage and
three-phase unbalance.

4.1 Modelling of the hybrid AC/DC LVDN

A 27-node hybrid AC/DC LVDN is shown in Figure 5. There
are two distribution transformers, a 13-node DC feeder and a
14-node AC feeder. The lines in the hybrid AC/DC LVDN are
all overhead lines and the length of each section is 50 m. The line
parameters and the three-phase loads connected of the AC side
are shown in Tables A1 and A2. The resistance and admittance
of each section of DC line are 0.65 Ω/km and 2.74×10-4 S/km,
and the loads connected of the DC side are shown in Table A3.
The position and the phases of the nodes of PVs are shown in
Figure 5. The rated power of single-phase PV generation is 5
kW and the rated power of VSCs is 40 kVA. The 24-hour power
curves of loads and PVs are shown in Figure 6. The voltage
control interval of VSC2 is 1 h.

4.2 Study 1: accuracy of proposed improved
sensitivity calculation method

Perturb-and-observe’ sensitivity calculation method [30] is used
in Base case, and Equations (2) and (3) are used to calculate the

FIGURE 6 Power curves of PVs and loads

self-sensitivities which do not consider the coupling effect and
the influence from the neutral line in Case 1. Case 2 is the three-
phase three-wire sensitivity calculation [31] without considering
the neutral line effect. Case 3 is the three-phase four-wire sensi-
tivity calculation method presented in this paper.

The power-voltage sensitivity matrices between VSC2 and
node 8 on the AC side in different cases are shown in Table 1. As
the smaller the disturbance ΔP and ΔQ the more accurate the
sensitivity calculation results, the sensitivity matrices obtained in
Base case are used as reference. The largest deviation of sensi-
tivity is between Base case and Case 1. It is because the coupling
effect and the influence from the neutral line on the sensitivity
calculation is not considered in Case 1.

The maximum deviation in sensitivity calculations is 6.3 %
and 12.7 % in Cases 3 and 2. That is because the neutral line has
the influence on the other three-phase in sensitivity calculation
in the unbalanced three-phase four-wire AC LVDNs. Moreover,
the maximum deviation in sensitivity calculations between Base
case and Case 3 is only 4.4 % on the DC side, as shown in
Table 2.

Voltage control is performed based on the sensitivities calcu-
lated in Cases 2 and 3, respectively, in order to further verify the
accuracy of proposed sensitivity calculation method.

DC line node voltages exceed the lower limit during 15:00–
24:00, as shown in Figure 7(a). The sensitivities on the DC side
will not be influenced by the sensitivity calculation methods in
Cases 2 and 3, therefore the voltage control results on the DC
side are the same.

As shown in Figure 7(b), the maximum voltage deviation on
the AC side exceeds the upper limit during 8:00–18:00. During
this period, the reverse power flow is formed in the line because
of the high PV output and low load demand, which leads to the
over-voltage issues. Moreover, the integration of single-phase
grid-connection PVs and loads lead to the three-phase unbal-
ance in the AC LVDNs.

The maximum voltages on the AC side are all within the
requirement of 0.9 p.u. and 1.07 p.u. in Cases 2 and 3, as shown
in Figure 7(c) and 7(d). However, the maximum VUF is 3.2 % in
Case 2, while the maximum VUF is 0.95 % in Case 3, as shown
in Table 3. Although the over-voltages are addressed in Cases
2 and 3, the VUF still exceeds the limit 2 % in Case 2. It is
because when the same voltage deviation is adjusted, the power
regulations (ΔP and ΔQ) in Case 2 are larger, and the voltage
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TABLE 1 Active power-voltage sensitivity matrices between VSC2 and the node 8 on the AC side (×10-4)

Base case Case 1 Case 2 Case 3

Phase A B C N A B C A B C N

A 16.9140 4.3810 5.0456 4.4002 11.8181 16.317 3.82632 4.96725 16.5470 4.10632 5.10725 4.4798

B 4.0985 16.294 3.1902 3.4112 11.5834 3.8208 16.372 0.9325 4.0508 16.6720 3.0725 3.4798

C 4.2082 5.2327 15.4112 3.3652 11.8274 3.875 4.80632 14.626 4.1050 5.10632 14.7660 3.4798

N 4.1112 3.2162 4.9551 15.4872 – – – – 4.1050 3.10632 5.10725 14.9280

TABLE 2 Active power-voltage sensitivity matrices between VSC2 and the node 8–13 on the DC side (×10-4)

Node 8 9 10 11 12 13

Base case 10.9035 14.3854 6.2877 6.3037 6.3088 7.0062

Case 3 10.4260 14.7422 6.4715 6.4793 6.4880 6.8858

FIGURE 7 Maximum node voltages in the hybrid AC/DC LVDN. (a) Maximum voltage after control on the DC side; (b) Maximum voltage before control on
the AC side; (c) Maximum voltage after control on the AC side in Case 2; (d) Maximum voltage after control on the AC side in Case 3

control capacity of VSC2 is insufficient when facing the three-
phase unbalance problem.

Due to the interphase coupling and the influence of the neu-
tral line in the three-phase four-wire line model, the position

and phase of nodes are considered when calculating the sensi-
tivity matrices in hybrid AC/DC LVDNs. Therefore, the three-
phase four-wire sensitivity calculation method can achieve the
highest accuracy. Moreover, the voltage control based on the
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TABLE 3 Comparison of the voltage and VUF in 24 h

Solution

method

Maximum

voltage (p.u.)

VUF

(%)

Case 2 1.0732 3.2

Case 3 1.0703 0.95

FIGURE 8 Three-phase four-wire sensitivity calculation time in Case 3

sensitivities calculated in Case 3 is most precise for the over-
voltages and three-phase unbalance issues.

All tests are implemented using MATLAB R2016a on a com-
puter with a 32-core AMD of 3.69 GHz and 64 GB mem-
ory. Figure 8 shows the calculation time curve of the proposed
three-phase four-wire sensitivity calculation method in hybrid
AC/DC LVDNs with different nodes. The sensitivity calcula-
tion time of a 27-node hybrid AC/DC LVDN used in this paper
is 1.8386 s. The sensitivity matrices calculation time of 5-node,
9-node and 18-node hybrid AC/DC LVDNs is 1.7704 s, 1.7951
s and 1.7973 s. It can be observed in Figure 8 that the sensitiv-
ity calculation time is almost unchanged with the increase of the
number of nodes in the hybrid AC/DC LVDNs. It is because
the improved sensitivity calculation equations based on ABCD
parameters are simple, which only relate to the line configura-
tion and distribution network structure. The sensitivity calcu-
lation method presented in this paper not only improves the
accuracy of the sensitivity matrices, but also greatly improves
the calculation speed, because the three-phase four-wire sensi-
tivities are calculated only by substituting line parameters (e.g. R

and X) into the calculation formula.

4.3 Study 2: superiority of proposed voltage
control strategy of hybrid AC/DC LVDNs

In order to verify the effectiveness of the proposed control
method, four cases are compared in this section. The Base Case
has no additional control. In Case 1, only the ΔP and ΔQ are
adjusted on the DC and AC side. Case 2 has the control strategy
for the over-voltage and three-phase unbalance issues on the
AC side. Case 3 uses the proposed control strategy for multiple
issues in hybrid AC/DC LVDNs.

TABLE 4 Comparison of the voltage and VUF in 24 h

Solutionmethod

Maximum voltage

of AC (p.u.) VUF (%)

Minimum voltage

of DC (p.u.)

Base case 1.2235 4.9 0.8800

Case 1 1.0747 3.4 0.9293

Case 2 1.0723 0.97 0.9293 (max voltage
1.094)

Case 3 1.0703 0.95 0.9300

In the Base Case, the three-phase voltages on the AC side
have been over the upper limit from 8:00 to 18:00 and the VUF
exceeds the limit during 9:00–15:00 due to the high penetra-
tion of PVs. The maximum over-voltage and VUF of AC side
are 1.22 p.u. and 4.9 % as shown in Table 4. Under-voltage
occurs on the DC side during 15:00–20:00 because of heavy
loads. Maximum voltage deviation of DC is 0.83 p.u., as shown
in Figure 9(a).

In the Case 1, although the voltage control of the VSC2
addresses the AC side over-voltage and the DC side under-
voltage as shown in Figure 9(b), the maximum VUF (3.4%
on the AC side) still exceeds the limit of 2%. This is
because the reactive power adjusted of VSC2 to allevi-
ate the three-phase unbalance is insufficient without fully
considering the coordination of active and reactive power
to realease VSC2’s reactive power capacity on the AC
side.

In the Case 2, the voltage deviation and the VUF are greatly
reduced on the AC side, the maximum VUF is only 0.97 % and
all the voltages are within the limit of AC. However, this strategy
worsens the DC voltage, resulting in the original normal volt-
age exceeding the upper limit during 12:00–13:00, as shown in
Figure 9(c). To mitigate the over-voltage and three-phase unbal-
ance, the active power of VSC2 needs to be injected from DC
side into AC side is 31 kW. However, the maximum transmis-
sion capacity of the DC side is only 25 kW. Therefore, node
over-voltage of the DC side will occur after all the required
power being absorbed from DC side without considering the
constraint of DC load flow.

Figure 9(d) illustrates the voltages in the hybrid AC/DC
LVDN with the control strategy proposed in this paper. The
voltages always meet the voltage constraint on both AC and DC
sides and the maximum VUF of AC is only 0.95%. With the pro-
posed control strategy, the three-phase active power of VSC2 is
absorbed from the AC side to mitigate the under-voltage on the
AC side. Moreover, the coordinated control of the three-phase
active and reactive power of VSC2 is achieved to improve the
over-voltages and three-phase unbalances.

The control strategies in Cases 1 and 2 cannot address the
issues simultaneously and completely neglecting the constraints
of VSC capacity and DC power flow. The proposed strategy can
realise a comprehensive improvement of voltage violations and
three-phase unbalance issues.
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FIGURE 9 Maximum node voltages in the hybrid AC/DC LVDN. (a) Base Case; (b) Case 1; (c) Case 2; (d) Case 3

5 CONCLUSION

This paper proposes an improved sensitivity calculation method
for hybrid AC/DC LVDNs. The accuracy and effectiveness of
the proposed voltage control strategy based on the improved
sensitivity matrices on mitigating over-voltages and three-phase
unbalance issues are analysed and demonstrated. Contributions
include the improved sensitivity method considering three-
phase four-wire grid structure and the position and phase of the
nodes based on the ABCD parameters of the lines for hybrid
AC/DC LVDNs, the coordinated control method including
three-phase reactive power and active power of VSC consider-
ing the simultaneously happening of over-voltage and the three-
phase unbalance in hybrid AC/DC LVDNs.

The proposed method has been verified through simulations.
The results show that the improved sensitivity matrix calcula-
tion method can describe three-phase four-wire grid structure
of AC side more accurately compared to the existing methods.
Through the voltage control, the maximum voltage deviation
and VUF on the AC side are all well regulated within the limits
due to the precisely control by coordinating and controlling the
three-phase power of VSC.

The voltage control method takes the advantages of the
three-phase four-wire sensitivity and considers the constraints

of VSC and DC power flow, which can address the power qual-
ity problems effectively in hybrid AC/DC LVDNs.
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APPENDIX A

The derivation process of Equation (2) is as follows. The deriva-
tion process of Equation (3) is similar.

The voltage of any node j in the distribution network is
expressed as

Uj = Ui −
∑

l∈Ci, j

Pline,l Rl + Qline,l Xl

Ul
. (A.1)

where Pline ,l and Qline ,l are the active power and reactive power
of the distribution line between nodes l-1 and l. Rl and Xl are
the equivalent resistance and reactance of the distribution line
between nodes l-1 and l.

The transmission power of the distribution line meets the
relationship:

⎧⎪⎪⎨⎪⎪⎩
Pline,l =

n∑
k=l

Pload,k +

n∑
k=l+1

Ploss,k

Qline,l =

n∑
k=l

Qload,k +

n∑
k=l+1

Qloss,k

, (A.2)

where Pload ,k and Qload ,k are the active power and reactive power
of the load connected to the node k. Ploss ,k and Qloss ,k are the
active and reactive power losses of the line between nodes k-1
and k.

The power losses of the line are ignored to simplify the
derivation result, because they are small in proportion to the

https://doi.org/10.1049/rpg2.12350
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TABLE A1 The impedance and admittance of the AC LVDNs

Impedance (Ω/km)
Admittance

(S/km)
Phase A B C N

A 0.6500 + j0.41200 0.0065 + j0.00412 0.0065 + j0.00412 0.0065 + j0.00412 2.74 × 10-4

B 0.0065 + j0.00412 0.6500 + j0.41200 0.0065 + j0.00412 0.0065 + j0.00412 2.74 × 10-4

C 0.0065 + j0.00412 0.0065 + j0.00412 0.6500 + j0.41200 0.0065 + j0.00412 2.74 × 10-4

N 0.0065 + j0.00412 0.0065 + j0.00412 0.0065 + j0.00412 0.6500 + j0.41200 2.74 × 10-4

TABLE A2 Loads on the AC LVDNs (kW)

Phase

Node

1 2 3 4 5 6 7

A 2.0040 + j0.8020 1.7870 + j0.7150 1.5460 + j0.6180 1.3520 + j0.5410 0 3.2840 + j1.3140 0

B 0.9450 + j0.3780 2.3520 + j0.9410 1.3020 + j0.5210 1.7640 + j0.7060 1.4505 + j0.5820 4.0320 + j1.6130 2.5410 + j1.0160

C 1.6400 + j0.6560 1.440 + j0.5760 1.7000 + j0.6800 2.3400 + j0.9360 2.9950 + j1.1980 2.9000 +j1.1600 2.9600 + j1.1840

Phase 8 9 10 11 12 13 14

A 0 4.6800 + j1.8720 2.1205 + j0.8500 0 2.0770 + j0.8310 2.0040 + j0.8020 1.7870 + j0.7150

B 2.5830 + j1.0330 1.4280 + j0.5710 0 2.3730 + j0.9490 1.4070 + j0.5630 0.9450 + j0.3780 2.3520 + j0.9410

C 3.1200+j1.2480 1.7000 + j0.6800 2.0305 + j0.8140 3.0000 + j1.2000 1.9600 + j0.7840 1.6400 + j0.6560 1.4400 + j0.5760

TABLE A3 Loads on the DC LVDNs (kW)

1 2 3 4 5 6 7 8 9 10 11 12 13

2.8350 7.0560 3.9060 5.2920 4.3650 12.0960 7.6230 7.7490 4.2840 3.7050 7.1190 4.2210 10.0200

total transmission power of the distribution line.{
Pline,l ≈

∑n

k=l
Pload,k

Qline,l ≈
∑n

k=l
Qload,k

. (A.3)

The active power-voltage sensitivities can be obtained by cal-
culating the derivative of Equation (1) with respect to active
power:

𝜕Uj

𝜕Pi

=
𝜕Ui

𝜕Pi

−
∑

l∈Ci,i

(
𝜕

𝜕Pi

(
Pline,l Rl

Ul

)
+

𝜕

𝜕Pi

(
Qline,l Xl

Ul

))
= −
∑

l∈Ci,i

𝜕

𝜕Pi

(
Pline,l Rl

Ul

)
≈ −
∑

l∈Ci,i

Rl

Ul

𝜕

𝜕Pi

n∑
k=l

Pload,k

.

(A.4)

The result of analysis of the derivative elements in the above
equation is

𝜕Pload,k

𝜕Pi

=

{
1, if k = i

0, if k ≠ i
. (A.5)

Equation (A.6) can be obtained by substituting the Equation
(A.5) into Equation ( A.4):

SU−P
j ,i =

𝜕Uj

𝜕Pi

≈ −
∑

l∈(C0,i∩C0, j )

Rl

Ul
, (A.6)

where SUP
i, j is the active power-voltage sensitivity. C0,i∩C0,j rep-

resents the intersection set of the two sets of lines.
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