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Reproducing kernel Hilbert spaces, polynomials and the classical moment problem

Holger Dette* and Anatoly Zhigljavsky®

Abstract. We show that polynomials do not belong to the reproducing kernel Hilbert space of infinitely dif-
ferentiable translation-invariant kernels whose spectral measures have moments corresponding to a
determinate moment problem. Our proof is based on relating this question to the problem of the best
linear estimation in continuous time one-parameter regression models with a stationary error process
defined by the kernel. In particular, we show that the existence of a sequence of estimators with vari-
ances converging to 0 implies that the regression function cannot be an element of the reproducing
kernel Hilbert space. This question is then related to the determinacy of the Hamburger moment
problem for the spectral measure corresponding to the kernel.

AMS Subject Classification: 46E22, 62J05, 44A60
Keywords and Phrases: Reproducing kernel Hilbert spaces, classical moment problem, best

linear estimation, continuous time regression model
1. Introduction.

1.1. Main results. Let X CR%, d>1, K: X x X =R be a positive definite kernel on X and
define H(K) as the corresponding Reproducing Kernel Hilbert Space (RKHS). We assume that
X has a non-empty interior and K is an infinitely differentiable (on the diagonal) translation-
invariant kernel so that K (z,y)=k(z—v), where k : R? — R is a non-constant positive definite
function infinitely differentiable at the point 0. Clearly, the function k(-) is even so that k(u) =
k(—u) for all u € RY. Without loss of generality, we suppose k(0) = 1.

It is well-known, see e.g. Corollary 4.44 in 7, that in the case of the Gaussian (squared expo-

nential) kernel
(1.1) k(z) = exp{—=M||z||*} with X\ >0,

the constant function does not belong to H(K). This result has been generalized to arbitrary
polynomials in ?. The purpose of this paper is to significantly extend these results (previously
only known for the case of the Gaussian kernel) to a substantially larger class of kernels.

In the main part of the paper, we consider the case X C R. In this case, by Bochner’s theorem
(?), there exists a measure «, such that the function & can be represented in the form

(1.2) k(x) = / e a(dt) for all z € X.

—00
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The measure « is called spectral measure. As function k(-) is even and k(0) = 1, a(dt) is a
probability measure symmetric around the point 0. The moments of this measure (in the case of
their existence) will be denoted by ¢, = [ ¢"a(dt). Since we assume k(-) in (?7?) is infinitely
differentiable and even, we have

00 (=1)"2kM(0), if n is even
o = / a(dt) = ,

e 0, if n is odd

(1.3)

where k(" (0) = %k(u)!uzo.

The classical Hamburger moment problem is to give necessary and sufficient conditions such that
a given real sequence (¢,)nen is in fact a sequence of moments of a distribution « defined on
the Borel sets of R = (—o0,00). In particular, the sequence (¢,)nen is a sequence of moments
of some distribution if and only if the Hankel matrices (ciy;)i j—0,. n are positive semidefinite
for all n € N; see e.g. 77 among many others. The Hamburger moment problem is called
determinate if the sequence of moments (c)reny determines the measure a(dt) uniquely.

The main results of this paper are Theorems ??7 and 7?7 formulated below. These theorems
provide sufficient conditions ensuring that the polynomials do not belong to the RKHS H(K).
The proofs are given in Section ?7.

Theorem 1.1. Let X C R and assume that the spectral measure a(dt) in (??) has infinite support
and no mass at the point 0. If the Hamburger moment problem for this measure is determinate,
then the non-zero constant functions do not belong to the RKHS H(K).

Theorem 1.2. Let X C R, m be a positive integer and assume that the spectral measure a(dt)
in (??) has infinite support. If the Hamburger moment problem for the measure au,(dt) =
t*May(dt)/com is determinate (here, as in (??), com = [t*™a(dt)), then the RKHS H(K) does
not contain polynomials on X of degree precisely m.

Theorem 7?7 can be considered as a corollary of Theorem ??7 and therefore the result of Theo-
rem ?7 is more fundamental. In the very important particular case (see the sufficient condition
for moment determinacy (??) and related discussion in Section ??7), when the function k(-) is
real analytic and vanishes at infinity while X is bounded, H(K) contains only those analytic
functions that vanish at infinity. This is formally proven in 7 and basically follows from the fact
that if f € H(K) then f(z) is a point-wise limit of the sums py(z) = Zf\il wik(z; — x) with
x; € X, which necessarily vanish at infinity.

Combining Theorems 7?7 and 7?7 with their variations in the cases when the spectral measure
a(dt) has finite support (see Section ??) and when this measure has positive mass at 0 (see
Theorem ?7), we obtain the following corollary.
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(a)
(b)

Corollary 1.3. Let X C R and the Hamburger moment problem for the spectral measure o(dt) be
determinate. Then we have the following:

the constant functions f(x) = const # 0, Vo € X, belong to H(K) if and only if a(dt) has a
positive mass at the point 0;

if additionally k(-) is a real analytic function, then H(K) does not contain non-constant poly-
nomaals on X.

Theorems 77, 7?7 and Corollary 77 can be easily extended to the multivariate case, see Section 77.

1.2. Implications and related results. Gaussian process (GP) models deal with an unknown
deterministic function assuming that it is a realization of Gaussian process (field) with some
mean and covariance kernel, which are perhaps parameterized. The popularity of the GP model
comes from its transparency, flexibility and computational tractability; it is used as a general-
purpose technique to model, explore and exploit unknown functions. As a result, methods based
on the GP models constitute much of the modern statistical toolkit for function approximation,
interpolation and prediction (??), integration (?), machine learning (?7?), space-filling (?), signal
processing (?7), probabilistic numerics (?) and global optimization (7). The practical application
areas of the GP model are vast, and we refer the references in the cited papers and to the work
of 7, 7 among others.

Consider the common framework of GP regression (simple kriging), where the a function f :
X — R to be approximated (X C R%) is considered as a realization of a GP, say {Z,}.ex, with

mean zero, covariance

(1.4) E{Z,Zy} = 0? K(z,2') for all 2,2’ € X C R,

and 02 > 0 may be unknown; see ? for more details. Let the kernel K be strictly positive
definite, Xy = {x1,...,2n} be an N-point design consisting of distinct points z; € X and
Fy = [f(z1),..., f(zn)]" € RN be the vector of exact observations of f at the points of X .

The conditional process {Z,|(Xn, Fn)}zex is again Gaussian with conditional mean
(1.5) pn () = Fy K y'bn (x)

and covariance function

(1.6) On(w,y) = K(z,2") — by (2) Ky by (@),

where Ky = (K (=4, a:j))iyjzl and by (-) = [K(1,-),..., K(2n,-)]". Straightforward calculation
shows that the conditional mean py(z) is the best linear predictor of f(z) and o2 Cy(z,z) is
the corresponding mean squared prediction error at the point x.

GP regression is equivalent to kernel interpolation, see e.g. 7, Section 3.3 in ? and Chapter 3 in
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?. More precisely, the conditional mean py(-) is the minimal-norm interpolant to f among all
functions in H(K'), where we use the norm on H(K) denoted below by | - || (k). This property
implies in particular that if f € H(K) then ||un| k) < ||fll#(K), Where this inequality holds
for any f € H(K) and any set of points Xy. If f ¢ H(K) then the conditional mean py(-) is
still an element of H(K) but its norm tends to infinity as N grows and Xy becomes denser.
Therefore, there is a fundamental difference between the complexity of the approximation prob-
lem of f depending on whether f € H(K) or f ¢ H(K). Correspondingly, properties of all
other techniques based on the use of the GP model also heavily depend on whether an unknown
function of interest belongs to the corresponding RKHS. We also refer to the work of 7 and to
Section 4.4 in 7 for a discussion on the importance of this issue for the learning performance
of support vector machines (SVMs) in the case of the Gaussian kernel (??) as well as for the
difficulty of deciding whether a given function f belongs to the RKHS H(K) for a chosen kernel
K. In GP regression, knowing that the non-zero constant functions do not belong to the RKHS
H(K) is especially important as it can be used to justify omitting function centering; see, for
example, Assumption 2 in 7.

Assume now that the factor o2 in (??) is unknown and that the maximum likelihood estimator
(MLE) c;?v of 02 is constructed from the observations of the function f at the points x; € Xy;
see Section ??. If f is indeed a realization of the GP with covariance (7?), it follows by the
well-known results on microergodicity (see Chapter 6 in ?) that ;]2\\, — o2 almost surely (a.s.)
as N — oo and X becomes dense in X. Note, however, that such realizations do not belong
to H(K) a.s. and if f € H(K) then 0/12\\] — 0 as N — oo. This observation is a consequence
of the useful relation (;]2\\, = %HMNH?{(K) (see equation (3.4) in ?) and the relation ||un || gx) <
I £l (x> which has already been mentioned. This is in full agreement with Corollary ?? below,
which states that f € H(K) if and only if limy_,oo IV 0/12\\, < oo (assuming X becomes dense in
X as N — 00). Our numerical studies in Section ?? of this paper show, however, that for finite
sample sizes the asymptotic behaviour of <;]2\\, has much less effect on uncertainty quantification
in GP regression than the smoothness of the function k(x) and its flatness at x ~ 0.

The problem of deciding whether a given function f belongs to the RKHS H(K) for a chosen
kernel K is well-known in literature, see e.g. Section 3.4 in 7. This problem is well-studied in
the case of kernels with finite number of derivatives, (?7?). For infinitely differentiable kernels,
only the case of Gaussian kernel (?7?) is well-understood; see ? for most advanced results. In a
preprint citing the present paper, 7 gives further new results for analytic translation-invariant

kernels with lim ;0 k(x) = 0.

1.3. Sufficient conditions for moment determinacy. There are many sufficient conditions
for moment determinacy of probability measures, see e.g. 7, 7 and ?, Chapter 11. The fol-
lowing sufficient condition for moment determinacy of a measure a(dt) with moments ¢, in the
Hamburger moment problem, the so-called Carleman condition, is one of the most commonly
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used:

o0
(A1) : /P = oo
n=1
Note that if a probability measure a(dt) has finite moments ¢; for all j = 0,1,... and satis-

fies (A.1), then for any m = 0,1,... the measure ay,(dt) = t*™a(dt)/cam of Theorem ?7 with
moments | e (dt) = Com+j/Cam also satisfies (A.1).

Less known than (A.1) is the following sufficient condition for the moment determinacy (in the
Hamburger moment problem) of a measure «(dt):

|cn|z™

(A.2): Je > 0 such that Z

n=1

< oo forall |z] <e,
n!

see Theorem 30.1 in ?. This condition is clearly equivalent to the assumption (A.3): the random
variable (r.v.) &, with distribution o has moment generating function and, see Theorem 1 in
?, to (A.4): limsup,,_, %C%@n) < oo; this is one of the most known and easiest to verify
sufficient conditions for moment determinacy. Theorem 2.13 in ? yields that the assumptions
(A.2)-(A.4) are also equivalent to the assumption (A.5): the r.v. &, is sub-exponential. In
view of this assumption, the tail behaviour of a(dt) is a natural indicator of the degree of
moment-determinacy of «.

The conditions (A.2)-(A.5) are stronger than the Carleman condition (A.1) in the sense that
any of them implies (A.1). A technique of constructing measures « satisfying (A.1) but violating
lim sup,, %c;/z(zn) < 00, and hence all other assumptions in (A.2)—-(A.5), is given in ?, Section
11.9.

In view of (??) and symmetry of k(-), |c,| = |k (0)| for all integers n = 0,1,... This yields
that (A.2) coincides with the assumption that k(-) is a real analytic function at the point 0,
see Definition 1.1.5 and Corollary 1.1.16 in ?. Summarizing, if k(-) is a real analytic at 0, then
the corresponding spectral measure «(dt) is moment-determinant in the Hamburger sense. It
is not difficult, however, to construct moment-determinant (in the Hamburger sense) spectral
measures a(dt) which do not satisfy (A.2); see Sections 11.9 and 11.10 in ?. For such measures,
the corresponding functions k(-) are symmetric, positive definite and infinitely differentiable
but not real analytic at 0. Nevertheless, for practical purposes the class of functions which are
symmetric, positive definite and real analytic can be considered as the main class of functions
k(-), for which the corresponding spectral measures are moment determinant in the Hamburger
sense. Note also that if the function k(-) is real analytic then all functions in H(K) have to be
analytic too; see 7.

Let us give four examples of kernels K (z,y) = o?k(x —y) whose spectral measures a/(dt) satisfy



the Carleman condition (A.1) and hence assumptions of Theorems 7?7, 2?7 and Corollary ?? (we
will return to these kernels in Sections 7?7 and ??7). The spectral density corresponding to the
spectral measure «(-) will be denoted by ¢(-), so that a(dt) = ¢(t)dt. In examples (E.1)—(E.4)
below, we also provide asymptotic expressions for Cy(a) = Zgzl cgnl /2" Tn view of (A1),
the rate of divergence of Cn(c) (as N — o0) can also be used to characterize the degree of
moment-determinacy of a (additionally to the tail behaviour of «).

(E.1) Gaussian kernel: k(z) = exp{—\z2/2}, p\(t) = \/;rﬁexp{—t2/(2)\)} (t € R), cap =

AT (2n — DI, Cn(a) = SN e /@™ = /N/A(1 + 0(1)), N — .

(E.2) Cauchy kernel: k(z) = 1/(1 + 22/)X2), pA(t) = S exp{=A[t|} (t € R), ca, = A7T"(2n)!,
02_711/(271) = eV A/n+o(1/n), so that Cx(a) = ev/Alog N(1 4 o(1)) as N — oc.

(E.3) The kernel whose spectral density is a symmetric Beta-density:
wa(t) =272711 - #2)2/B(a+1,a + 1) with a > —1 and t € [-1,1].
Here we have Cn(a) = const - N(1 4 o(1)) as N — oo.

(E4) k(z) = cos(Ax) with A # 0; here the spectral measure « is concentrated at £\ with
masses 1/2 yielding ¢, = A*", cgnl/@n) =1/X and Cy(a) = N/X for all N.

1.4. Main steps in the proofs and the structure of the remaining part of the paper.

Section 77 is devoted to proving Theorems ?? and ?77; the proofs are given in several steps. The
main idea in our approach is to relate the problem of interest to properties of the best linear
unbiased estimate (BLUE) in linear regression models, which will be worked out in Sections ??
and ?7?7. Sections 77 and 7?7 provide different characterizations of the moment determinacy of
spectral measures and finally the proofs will be completed in Section ?7?7. We now explain the
different steps in more detail.
In Section ?? we consider a one-parameter linear regression model y(z) = 0f(x)+e(z) with
Ee(z)e(x') = K (z,2') and a regression function f € H(K) and show that in this case gy g, the
BLUE of 0, exists and its variance is strictly positive, see Lemma 77. We also show that in the
case f¢ H(K), the BLUE does not exist and establish in Lemma ?? that for proving f¢ H(K),
it is sufficient to construct a sequence of linear unbiased estimators 6,, of the unknown parameter
with variances tending to 0. Such a sequence is constructed in Section ?? for the location scale
model and an explicit expression for the variance of these estimators in terms of the ratio of
determinants

det(cait4))i =0

1.7) var én = p
( (6-) det(CZ(iJrj))i,j:l

of Hankel-type matrices of the moments of the spectral measure is derived in Lemma ?77. In
Section 7?7 we establish several properties of moment-determinant symmetric measures which

we use in Section ?7? for building up an equivalence between the moment determinacy of the
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spectral measures and the statement that the sequence (??) converges to zero. This is arguably
the most important step in the proof of both theorems (see Lemma ?7?). Finally, these results
are combined in the proofs of Theorem ?? and 77 in Section ?7?.

In Section 7?7 we consider several extensions and interpretations of the main results. In Section 77
we consider spectral measures with finite support, while Section 7?7 discusses the multivariate
case. This discussion is continued in Sections ?77-?7, where we also consider general metric
spaces. In Section ?7 we explain a technique of characterizing the inclusion f € H(K) via
suitable discretization of the set X and show that 1/|f| z(x) is the limit of variances of the
related discrete BLUESs. These results are used in Section 77, where we prove that the constant
function belongs to H(K) if and only if the spectral measure has positive mass at 0. In Section 77
we show that the problem of parameter estimation in a one-parameter regression model is
equivalent to the problem of estimating the variance of a Gaussian process (field). Thus we are
able to relate our findings to the estimation problems considered in ? and 7. In Section 7?7 we
return to the one-dimensional case and give an interpretation of Theorem ?? in terms of the
Lo-error of the best approximation of a constant function by polynomials of the form a;t? +
artt + .. 4 apt®™.

In Section ?7?, for two specific classes of kernels we derive explicit results on the rates of con-
vergence to 0 of the ratio of determinants (?7). In the case of Gaussian kernel (77), we detail
and improve one of the asymptotic expansions of Theorem 3.3 in 7. Finally, in Section 77 we
discuss results of a numerical study for uncertainty quantification in GP regression in relation
to the theoretical results of this paper.

2. Parameter estimation, moment determinacy and proofs of main results.

2.1. BLUE in a one-parameter regression model . Consider a one-parameter regression
model with stationary correlated errors:

(2.1) y(x)=0f(x)+e(x), ze X, Ee(x)=0, Ee(x)e(z')=k(z—2').

Here 6 is a scalar parameter, f: X — R is a given regression function and k(-) is an infinitely
differentiable positive definite function with k(0) = 1 making the kernel K(-,-) defined by
K(z,y) = k(k — y) an infinitely differentiable correlation kernel. For constructing estimators of
the parameter 6, the observations of the process {y(x)|z € X} along with observations of all of
its derivatives {y® (z)|z € X}, k =1,2,..., can be used.

An estimator 6 for the parameter 6 is called linear, if it is a linear function of the observations
(in our case of the process and its derivatives). An unbiased estimator satisfies E[f] = 6 for all
0. The best linear unbiased estimator (BLUE) of 6 is defined as an unbiased estimator éB LUE
such that var(@pryp) < var(d), where 6 is any linear unbiased estimator of . If the kernel K is

differentiable and the BLUE exists, then for its computation all available derivatives of y(z) are
7



used, see 7. In general, the BLUE may not exist but the next lemma shows that it does exist
when f € H(K).

Lemma 2.1. If f € H(K), then the BLUE Opryp in model (7?) exists and

var(Oprue) = 1/ flla) > 0.

The statement of lemma follows from Theorem 6C (p. 975) of ?. Formally, only the case
X =10,1] is considered in 7, but Parzen’s proof does not use the structure of X and is therefore

valid for a general metric space X.

Lemma 2.2. If there exists a sequence of linear unbiased estimators (én)neN of 0 in model (?7)

A~

such that var(6,) — 0 as n — oo, then f ¢ H(K).

Proof. Assume that f € H(K). By Lemma 77, the continuous BLUE éBLUE exists and
var(OpruE) = /|| fllzr(xy > 0. From the definition of the BLUE, var(0,) > var(Opryg) > 0 for
all n € N. We have arrived at a contradiction and hence f ¢ H(K). O

2.2. A family of estimators 6, in the location scale model. Consider the location scale
model

(2.2) y(z)=0+e(x), r€X CR, Ee(z)=0, Ee(z)e(a")=k(x—2a'),

where k(+) is an infinitely differentiable at 0 positive definite function. Choose any interior point
xo € X and set g9 = e(xg). For construction of the estimator én, which we will apply in Lemma
77, we use the following n + 1 observations: the observation y(zg) = 6 + €9 at the point xg

and n mean-square derivatives of the process y at the point zq:

de(x)
dad

dy(x)
dxd

(2.3) ej =y (wo) =

T=x0 T=x0

As discussed in Section ??, for the main class of kernels of interest, the RKHS H(K) is a subset
of analytic functions. If we observe y(z) everywhere on [0,1], then, since f € H(K) and e(x)
are analytic, we also know all y(*) (x) for all z € [0,1] and any integer k > 0. Again, because of
the analyticity, observing y(x) everywhere on X = [0, 1] is the same as observing y*)(z) for any
x € [0,1] and any integer k > 0. This yields that in practice we do not need to directly observe
y)(.) for constructing estimators of 6.

The following result provides a necessary and sufficient condition for the existence of the deriv-
atives. For a proof, see page 164 (Section 12) in ?.

Lemma 2.3. Let zg be an interior point of X. The mean-square derivative €; = dje(:v)/d:cj’
8
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of the stationary process {e(x)|x € X} in (?77) at the point xo exists if and only if ca; < o0,

where

(2.4) Coj = /oo 2 a(dt) = (—1)i§;;k(u)

—00

u=0

18 the 2j-th moment of the spectral measure o corresponding to the kernel k in Bochner’s theorem.

As we have assumed that the kernel k(-) is infinitely differentiable at 0, all moments ¢; (j =
0,1,...) exist. As an immediate consequence of the existence of all moments and the represen-
tation (77), for the random variables €; defined in (?7?), we obtain by Lemma ??

oit+i i oiti

k(e — —(—1)yHi — il

ﬁxiyj k(ZE y) ( 1) Ouiti k(u) Citj -

T,Y=x0 u=0

(2.5) E&ﬁj =

for all 4,7 = 0,1,... Note that all derivatives 8m/6umk(u)’uzo of odd order m vanish as the
function k(-) is symmetric around the point 0.
Next, we introduce the random variables §; = (—1)%ey;, i = 0,1,.... The observations (??) used

for constructing the discrete BLUE in model (?7?) can then be rewritten as

yo = y(wo) =0+ co, y1 =y P (w0) =01, ..., yn =y (z0) = 0.
Moreover, the covariance matrix of the vector (&g, d1,...,6,)" is the Hankel matrix
(2.6) Cn = (Bdid)); ;0 = (c2(i+5))ilj=0 »
where co, ..., ca, are the moments defined in (?77?).

Assume that the spectral measure «(dt) has infinite support. In this case, the matrices C,, are
positive definite for all n = 0,1, ... (see, for example, Proposition 3.11 in ?) and the discrete
BLUE is obtained as

R eaanlYn
egmcn €o,n
where Y, = (Y0, ¥1,---,yn) | and eg,, = (1,0,...,0)T € R**! denotes the first coordinate vector
in R

Lemma 2.4. The variance of the estimator (77?) is

. 1 H,
2.8 ar(f,) = ———— =~
< ) vV ( ) e(—{nc'rjleoyn Gn

9



where H,, and G,, are the determinants

(2.9) H, = det (C,) = det |:(62(i+j))zj:0:| , G, =det |:(62(i+j))zj:1:| .

Proof. The expression (??) follows from the standard formula var(6,) = 1/ (e& ZCrteon) for
the variance of the BLUE and Cramér’s rule for computing elements of a matrix inverse; in our

case, eOTmC'; e, coincides with the top-left element of the matrix C,, L. U

Observing Lemma 7?7 we conclude that a non-vanishing constant function does not belong to
H(K) if limy, 00 Hy /Gy = 0. In the following sections we relate this condition to the moment

determinacy of the spectral measure.

Let us now briefly consider the case where the spectral measure has a positive mass at the

point 0. Consider the location scale model (?7) and let
(2.10) ay(dt) = (1 — y)a(dt) + ~vdo(dt)

denote the spectral measure corresponding to a nonnegative definite and symmetric kernel k.,
where 0 < v < 1, d¢ is the Dirac measure at the point 0 and «(dt) is a symmetric probability
measure on R with no mass at 0. The measure o, (dt) is symmetric around the point 0 with

even moments ¢o = 1 and

ézj = (1_7)62‘7'7 j: 1,27...
Recall the definition of the matrix C,, in (??7) and define the matrices

~ T
Cn = (Ca(i+5))itj=0 = Veon€opn + (1 = 7)Cn
and the corresponding determinants

H, =detC,, G,=det {(52(1-4_]-))” ] =(1—=7)"Gn,

ij=1
where G, is defined in (??). Using standard formulas of linear algebra we obtain

Hy = det [yeoned o + (1= 7)Cnl = (1= 9)" [(1 = %) +7¢] ,C "eon| Ha

In accordance with (??), the variance of 6,,, the BLUE of 6 constructed similarly to 6, but for
10



the spectral measure o, (dt), is given by

sl

~ 1 H _
var(6,) = = = n o an [(1 —v) + *yea:nCn 160777,
€onCn €0 Gn n

— var(6,)[(1 - 7) +7/var(6,)] = (1 — 7)var(6,) +7 > 0.

This implies that var(6,,) cannot converge to 0 and Lemma ?? is not applicable if the spectral
measure has a positive mass at the point 0.

In Theorem ?? of Section ?? we will prove that for any compact set X C R¢ the constant
functions indeed belong to H(K), if the spectral measure has a positive mass at the point 0.

2.3. Moment-determinacy of the spectral measure. Consider the spectral measure « in-
troduced in equation (??). As a spectral measure, « is a symmetric measure (around 0) on the
real line and we have assumed that o does not have a positive mass at the point 0. Moreover,
we have assumed k(0) = 1 making « a probability distribution. In the following we relate « to
a (unique) measure on the nonnegative axis [0,00). Loosely speaking, if a real valued random
variable ¢ has distribution «(dt), then oy (dt) is the distribution of the random variable £2. In
the opposite direction, if the nonnegative random variable 7 has distribution a4 (dt), then &,/7
has distribution «(dt), where 4+ denotes a random sign.

For a more formal construction we follow the arguments in Section 3.3 of ? and denote by B
the Borel sigma field on R, define 7 : R — [0,00);7(z) = 2% and & : [0,00) — R, k(x) = /.
Then for any symmetric (Radon) measure a on B, the measure o defined by

(2.11) ayr(B)=a(r"(B)) BeBnN[0,)
defines a measure on BN [0,00). Conversely, if a.y is a measure on BN [0, c0), then

(2.12) a(B) = 5 (a(v7(B)) + ax((—r) ' (B)))

N | =

defines a symmetric measure on B. It now follows from Theorem 3.17 in ? that the relations
(?7) and (?7?) define a bijection from the set of all symmetric measures on R onto the set of all
measures on [0, 00).

The even moments of a symmetric probability measure a on B are related to the moments of
the measure ay from (?77?) by

(2.13) csz/ t2ja(dt):2/ t2ja(dt):/ t'day (t) =bj, jEN,
—00 0 0
11



and as a consequence the determinants H, and G, in (??) can be represented as
(2.14) H, = det [(biﬂ)zjzo} G, = det [(biﬂ-);fj:l} .

Similarly to the case of the Hamburger moment problem, the Stieltjes moment problem is to
give necessary and sufficient conditions such that a real sequence (b;);en is in fact a sequence of
moments of a measure a4 (dt) on the Borel sets of [0, 00); that is bj = [~ #/day(t) for all j € No.
The Stieltjes moment problem is determinate if the sequence of moments (b;);ecn determines the
measure o (dt) uniquely. For a proof of the following result, which relates the Hamburger and
Stieltjes moment problem, see 7, Lemma 1, 7, Proposition 3.19 and 7, Sect. 11.10.

Lemma 2.5. Let a be a symmetric probability measure on B. The Hamburger moment problem
for « is determinate if and only if the Stieltjes moment problems for the measure oy defined by
(7?) is determinate.

Note that for the equivalence in Lemma 77 to hold, the assumption that o does not have mass
at 0 is not required. This assumption, however, is needed in the next lemma.

Lemma 2.6. Let a be a symmetric probability measure on B with no mass at the point 0. The
Hamburger moment problem for a is determinate if and only if the Hamburger moment problem
for the measure oy defined by (??) is determinate.

Proof. Using the result of Theorem A in ? (see also (7, p.113) and (?, Remark 2.12)), if
the Stieltjes moment problems for the measure o is determinate and the measure oy has no
mass at 0, then the Hamburger moment problems for this measure is also determinate. From

Lemma 77, the required equivalence follows. O

2.4. Relating moment-determinacy of the measure o to Var(én).

Lemma 2.7. Let « be a symmetric probability measure on B with infinite support and no mass at
the point 0. The Hamburger moment problem for the measure a defined by (?77?) is determinate
if and only if H,/Gp, — 0 as n — oo, where the determinants H,, and Gy, are defined in (?7).

Proof. (i) Assume that the moment problem for the measure oy is determinate. Let P, denote
the class of all polynomials of degree n and define

pn(to) = min {/R |P,(t) s (dt) | Py € Pr, Pa(to) = 1}

for any tg € R, which is not a root of the nth orthogonal polynomial with respect to the measure
o (see equation (2.26) in Lemma 2.11 of 7). Then

Jim_pp(to) =: p(to)
12



exists, by Theorem 2.6 in ?. As the point 0 is not a support point of the measure a; and all roots
of the orthogonal polynomials with respect to the measure a are located in supp(ay) C (0, 00)
we have from Corollary 2.6 in 7 that

p(0) = lim p,(0) = 0.

Moreover, by the discussion on p. 72 (middle of the page) in ? it follows that p,(0) is exactly the
ratio H,, /G, where H,, and G,, are the determinants in (?7). Hence the moment determinacy
for the measure a4 implies H, /G, — 0 as n — oc.

(ii) To prove the converse, assume that H, /G, — 0 asn — oco. Let A, be the smallest eigenvalue
of the matrix C,,. Theorem 1.1 in ? states that the condition

lim A\, =0

n—oo
is necessary and sufficient for the moment-determinacy of the measure o .

From the definition of A, as the smallest eigenvalue of the matrix C,, and the representation

(?7) it follows
1 H,

ML ————— = — = 0
"= eDTnC’;leom Gn, ,On( )

for all n € N (see also a related discussion in ?). Therefore, H, /G, — 0 as n — oo implies
An — 0 as n — oo and this yields the moment determinacy of a. O

2.5. Proof of Theorem 7?7 and 7?7 . Proof of Theorem ??7. Use Lemma 77 with the
estimator defined in (??). By Lemma ?? the variance of this estimator is given by (??). From

Lemma ?7, the determinacy of the measure a4 is equivalent to var(6,) — 0 as n — oco. By
Lemma 77, this is also equivalent to the moment determinacy of the spectral measure a. ([l

Proof of Theorem ?7. Assume that the function f in (??) is a polynomial of degree m>1. Take
m derivatives of both sides in (??). The model (??) thus reduces to §(z) = 0 + é(z), = € X,
where 6 is the new parameter, j(z) = y™(z) are new observations and & = £(™) is the new
error process. From (2.178) in ?, the autocovariance function of the process {e(™(z)|z € X} is
given by

Ee™ (2)e™) (&) = kpy(z — 2') with kpy(z) = (—1)"kP™) (2).

From (??), the spectral measure associated with the kernel k,, (z — ') is au, (dt) = t2™a(dt)/com.
Hence, the statement for the case when f is a polynomial of degree m > 1 is reduced to the
case of the constant function proved in Theorem 77; this theorem is applicable as the measure

am(dt) does not have mass at 0 for any m > 1. O
13



3. Extensions of Theorems 7?7 and 77 and further discussion. In this section we discuss
several extensions of the results derived in Sections 7?7 and ?7. In particular, we consider
spectral measures with positive mass at the point 0 and extends the results to the multivariate
case. Moreover, we briefly indicate a relation of our results to the optimal approximation of a
constant function by polynomials with no intercept.

3.1. Spectral measures with finite support . If the spectral measure a(dt) in (?7?) has finite
support, say T = {£t1,...,+ty,} with m > 1 and 0 < ¢; < ... < ¢, then the matrices C), in
(??) are invertible for n < m — 1 but

(3.1) det(Cp) = det(cy(itj))ijm0 = 0 for n >m.
Consequently, observing Lemma 7?7 we have in this case
var(6,) = 0 forn=mm+1,...

Therefore, by Lemma ?? a non-vanishing constant function does not belong to H(K) if the
corresponding spectral measure has finite support.
The relation (??) follows, observing the representation

Cn =2 wig(t)g' (t;) € ROFI*(r)
=1

where g(t) = (1,¢%,...,t*")T and wy, ..., w,, are the masses of the measure a at the points
t1,...,tm. As C, is a sum of rank one matrices, it is singular whenever n > m — 1. On the

other hand, in the case m = n + 1 we have by the Vandermond determinant formula

n+l
det C, = [J2ws) [ &E-8)7*>0,
i=1 1<i<j<n+1

which shows that C,, is nonsingular. Finally, if m > n 4+ 1 we have (in the Loewner ordering)
n+1
Cp 22 Z wig(ti)g " (t:)
=1
where the matrix on the right-hand side is positive definite.

3.2. Multivariate case . Consider the location scale model (??) but assume that X is a
subset of R? with non-empty interior. Extensions of Theorems ?? and ?? to the multivariate
14



(a)
(b)

(c)

case, when d > 1, essentially follow from the one-dimensional results because it is sufficient to
use derivatives of the process {y(z);x € X} with respect to one variable for construction of
estimators (én)neN and subsequent application of Lemma ?7. In the following discussion we
consider two cases for the kernel K (x, 2’) using the notation z = (z1,...,z4) ", 2’ = (2,..., 27
and t = (t1,...,tq)". We also denote by x(i),xzi) and t(; € R~ the vectors x, 2’ and t with
i-th component removed, respectively.

Case 1: Assume that K is a product kernel, that is
d
(3.2) K(z,2') = HKi(wj,x;-),
j=1

where for all j = 1,...,d the kernel Kj (defined on a subset of R?) satisfies K;(x;,2}) =
kj(zj — ;) and k; is a non-constant positive definite function infinitely differentiable at the
point 0. Denote by «;(dt;) the spectral measure for k; and define a(dt) = ai(dty) - - aq(dtq).
To construct the sequence of estimators (9n)neN for the application of Lemma 77, we can use
the derivatives with respect to the i-th coordinate for any i. Therefore, Corollary ?? can be
generalized as follows.

Corollary 3.1. Assume that X C RY and the kernel K has the form (??). Then we have the
following:

If the measure o has a positive mass at the point 0, then the constant functions belong to H(K).
If for at least one i € {1,...,d} the Hamburger moment problem for the measure o;(+) is deter-
minate and the measure a; does not have a positive mass at the point 0, then any non-vanishing
constant function does not belong to H(K).

If for at least onei € {1,...,d} the Hamburger moment problem for the measures t?™a;(dt;)/cam,

is determinate for allm = 0,1, ..., then H(K) does not contain non-constant polynomials on X .

Note that the set X in Corollary ?? does not have to be a product of one-dimensional sets.
Moreover, we also point out that the assumption (?7) can be generalized to kernels of the form

K (2,2') = ki(wi — 2)) K (g-1) (), 703,

where K4_1)(-,-) is a positive definite and suitably differentiable kernel on RI-1 x R4 and k;
is a non-constant positive definite function infinitely differentiable at the point 0.
Case 2: The kernel K satisfies

K(z,2') = k(z — 2'),

where k is a positive definite function on R%. Consider the spectral measure a(dt) corresponding
15



to k by Bochner‘s theorem, that is
(3_3) /ﬂ(.%') :/ 6i(t1x1+...+tdzd)a(dt) ’
R4
and denote by
OJZ(B) :/ IB(ti)OJ(dt) , Be B,
Rd

the ith the marginal distribution of the measure « (i = 1,...,d), where I denotes the indicator

function of the set B. In this case, we can generalize Corollary 7?7 as follows.

Corollary 3.2. If the spectral measure o(dt) does not have a positive mass at the point 0 and if

for at least one i € {1,...,d} the Hamburger moment problems for the measures proportional
to t2"ay;(dt;) are determinate for all m = 0,1,..., then H(K) does not contain non-vanishing
polynomials.

The case when the spectral measure has positive mass at the point 0 is treated similarly in

one-dimensional and multi-dimensional cases, see Section ?7.

3.3. Discretization of space and the limit of discrete BLUEs. In Section 77 below we will
prove that constant functions belong to H(K) if the spectral measure has positive mass at the
point 0. The proof requires an auxiliary result which is of own interest and shows that in the
case f € H(K) the variance of the continuous BLUE is the limit of the variances of discrete
BLUES, after a suitable discretization of X has been performed.

Lemma 3.3. Let X be a compact in R, (xn5)nen be a sequence of distinct points in X such that

f(a1) # 0 and

(3.4) sup min ||z — ;]| - 0 as N — oo.
pex 1<i<N

Let 5BLUE7N be the BLUE of 6 in model (??) from the observations of y(x1),...,y(zn). Then
f € H(K) if and only if var(0prLup,n) — ¢ >0 as N — oo.
Moreover, if f € H(K), the continuous BLUE Oprue of 0 in model (?7) exists and

c=1/|flluu) = var(@pLup).

Proof. Let Xy = {z1,...,2n}, Kyx denote the restriction of K on Xy, and define Hy =
H(Ky) as the RKHS corresponding to the kernel K. By Theorem 6 in Section 1.4.2 of ? we
have for fy = f!XN, the restriction of f on Xy, that fx € Hy and || x|y < [|[fvrillays, <
I fl k) - ~

Consequently, the sequence of (var(6prue,n))ven= (1/| fn|lHy ) Nen is monotonously decreasing

so that the limit ¢ = limy_o var(0pryp,n) > 0 exists for any f. Moreover, var(é\BLUEﬁN) >c
16



for all N € N. If f € H(K) we have by Proposition 3.9 in ? that limy_, V&T(éBLUE’N) =
¢ = 1/||fllak) - Conversely, if var(0pLue,n) — ¢ as N — oo for some ¢ > 0, we can use the
equivalence between (1) and (2) in Theorem 3.11 of ? to deduce that f € H(K). O

Recall that the explicit expression for the variance of the discrete BLUE 53 LvE,N of Lemma 77

is given by

(3.5) var(0pruen) = 1/Fy Ky Fy

where

(3.6) Fy = (f(z1),.., flan))T Ky = (K(wi,2;)) -

Since the kernel K (-,-) is assumed to be strictly positive definite, the matrix Ky is invertible
forall N =1,2,...

3.4. Spectral measures with positive mass at the point 0. In this section we investigate
the case, where the spectral measure has a positive mass at the point 0 and hence generalize
the result obtained at the end of Section 77. We assume that the covariance kernel of the error
process has the form

(37) K,Y(LU,Z‘/) :fy—’_(l —’y)K(x,x'),

where 0 < v < 1 and K(z,2') is a strictly positive definite kernel on a compact set X C R
Note that in the particular case d = 1 and K(z,2’) = k(x — 2’) with k having the spectral
measure a(dt), we obtain the representation (77?) for the spectral measure a..

Theorem 3.4. Let X C R? be a compact set and assume the kernel K. has the form (77) with
0 < < 1. Then then the constant functions belong to H(K,).

Proof. Consider the location scale model
(3.8) y(x)=0+¢c(z), z€X, Ee(z)=0, Ee(z)e(a')=K,(z, ).

and let (x,)nen denote a sequence of distinct points in X such that (??) is satisfied. Let
Om., be the BLUE of 6 in the model (??), constructed on the observations of y(x1),. . .,y(zm).
Define Wy, = (K (2, 25) 21, Ym = (y(x1),...,y(xm))" and 1,, = (1,...,1)T € R™. As
the covariance kernel K (z, ') is strictly positive definite, the matrix W, is invertible for all

m > 1, 0 <~ < 1. Therefore, the BLUE is unique and given by

O = LW LYo /1 W 1,
17



Its variance is

m

var(fpm,y) = 1/1) Wit 15, .

For simplicity of notation, denote ky,,, = l;W;}Ylm =1 /V&I‘(émﬁ). The same arguments
as given in the proof of Lemma ?7 show that for any 0 <y < 1, the sequence (Km )men is
monotonously increasing with some limit ¢, =limy,;, o0 £m~y € (0,00]. Observing the represen-
tation

Winy = (1 =7) Wi+ Yiml,,

(for allm =1,2,... and 0 < v < 1), we have

1 Y
Wk = —— Wik - s BE BA Lo B
m,y 1 — m,0 1 _'Y+’71;7,W7;’101m m,0-m=-m"" m.0

This implies

o — fmp0 [ _ YEm,0 _ Km,0
YTy 1 — 94 9Emo 1— 94 Y5mo’

and therefore it follows that

(3.9) var(Om,y) = 1/kmy =7+ (1 — vy)var(fmo) -

Taking the limit (as m — oo) in (??) we obtain for all 0 <y <1:

lim var(fm,,) =~v+ (1 —7)/co>~v>0.

m— 00

Lemma ?? now yields that the constant functions belong to H (K, ). ]

3.5. Estimation of the variance of a Gaussian random field. Let X C R? be a compact
set, and let f denote of a Gaussian random process (field) on X with a strictly positive definite
covariance kernel R(z,2’) = 0?K(z,2') on X x X, where the kernel K(z,2’) is known but
02 is unknown. For estimating o we assume that one can observe f at N distinct points
x1,...,xx € X. Then it is easy to deduce (see, for example, p.140 in ?) that the corresponding
log-likelihood function is

1
(3.10) LL(c?) = —Nlog(27r)—Nlog(aQ)—log(det(KN))—EFJ—VFKX,IFN :

| =
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where Fy and Ky are defined by (?7). Moreover, a simple calculation shows that the maximum
likelihood estimator (MLE) of o is given by

— 1 _
(3.11) 0% = N VKN FN .

Comparing (??) with (??) we get

— 1
(3.12) o3 =

Nvar(é\BLUE,N) ’
and by Lemma 7?7 we obtain the following corollary.

Corollary 3.5. Let X be a compact set in RY, K a strictly positive definite kernel on X x X and
f a function on X. If x1,x2,... is a sequence of distinct points in X satisfying (??7) and ;]5\, 18
the MLE of o2 constructed from the observations f(x1),..., f(xn) under the assumption that
fisa realz'z/cgfion of a GP with zero mean and covariance (?7), then f € H(K) if and only if

; 2
limy 00 N og < 00.

3.6. Best polynomial approximation . Let Lo(«) denote the space of square integrable
functions with respect to the measure a(dt) on the real line and define P,,_; to be the space of
of polynomials of degree n — 1. For p € P,_1 we consider the Lo(a)-distance

V@z[#ﬁ—%@ﬁdw

between the constant function g(t) = 1 and the even polynomial #>p(t?) of degree 2n with no
intercept. A well know result in approximation theory (see, for example, ?, p. 15-16) shows that

_ det(ca(it))f =0
det(ca(ivg)ij—1

(3.13) min, cp, ,V(p) = var(6,),

where cq, co,cy, ... are the (even) moments of the spectral measure « defined in (??) and the
last equality is a consequence of Lemma ?7.

From this representation it follows that Var(én) — 0 as n — oo if and only if non-zero constant
functions can be approximated by polynomials of the form p,(t) = ?p, (t?) with arbitrary small

error. Moreover, for any polynomial p on (—o0,c0), we have
> 2 > 2
Vi) = [ (=0 asld) = b [ 1/t =p(0)Pan ),

where the measure o (dt) is defined by (?7), by = [7°t?da(t) and ag 4 (dt) = t?ay (dt)/bs.

From Corollary 2.3.3 in ?, it therefore follows that the set of all polynomials Ps, = US2 Py,
19



is dense in the space Ly([0,00),v) if the measure v on [0,00) is the (unique) solution of a
determinate Hamburger moment problem. As the function f(¢) = 1/t belongs to L2((0, 00), a2 +)
we thus obtain from (77?) another proof of the fact that if a(dt) has no mass at 0 and op 4 (dt)

is moment-determinate in the Hamburger sense then var(f,) — 0. Note that this is almost
equivalent to the ‘if’ statement in the important Lemma ?7.

4. Rates of convergence. In this section, we derive for several specific classes of correlation

kernels explicit results on the rate of convergence of the ratio var(6,) = H,, /G, see (?77), where
H,, and G,, are the determinants defined in (?7).

4.1. Gaussian kernel. Let K (z,2') = exp{—A(z — 2/)?} with X C R and A > 0. Assuming
for simplicity A = 1/4, we obtain that the spectral measure is absolutely continuous with density

o(t) = —e” —co<t<oo.

Nz

The moments of even order of the measure « are given by

0o 0o
Coj = / t p(t)dx = / thg(t)dt =b; =27(25 — D) j=0,1,...,
—00 0
where g(y) = %y‘l/ze_y, y > 0. Using any of the sufficient conditions (A.1)-(A.5) of Section 77,
the corresponding Hamburger moment problem is determinate and therefore non-vanishing con-
stant functions (and all polynomials) do not belong to the corresponding RKHS. We now in-
vestigate the variance of the discrete BLUE defined in (?7?), which is given by the ratio of the
determinants H,, and G,,.
It follows from results in ? that the determinant of the Hankel matrix defined in (??) has the

representation
no o\ n—itl
(41) Hn = ‘CQ(H_]-)VL = }bi+j‘7-l~: = in_ldgi 5
4,7=0 1,7=0
i=1
where d~j are the coefficients of the three-term recurrence relation

(4.2) Pri(t) = (t — dyy — dogy1) Po(t) — dog_1dogPrr(t),  £=0,1,...

of the monic orthogonal polynomials with respect to measure g(y)dy (do = 0, Po(t) = 1, P_1(t) =
0). Observing the three-term recurrence relation

(C+ DL, (1) = (—t+20+a+ DI — (+ )L, (1)
20



for the Laguerre polynomials Ll (t) (orthogonal with respect to e Yy“*dy, y > 0) we can identify

the coefficients in (??). More precisely, the monic polynomials
()
L () = (D™ e+ DI )

satisfy a three-term recurrence relation of the form (??7) with dop = k,dop_1 = k + «, see ?,
Lemma 2.2 (b). As Py(t) = fﬁfl/m (t) we have doy, = k, day_, = k — 1/2, and therefore obtain

(4.3) anﬁ (k(2k71))n4€+1 ﬁ <%>nfk+1 _ (%>n(n+1)/2 ﬁ (k;(gkfl))"*ﬂ .
k=1 k=1 k=1

Now we move on to the determinant G,, = |b;+;|"". .. Note that we have
+ili5=1

b L /Oo 2 ey = Sa.
J \/77_ 0 4 J]—

for 7 > 2, where a; = fooo y*G(y)dy and the density g, is defined by §(y) = ﬁy?’me_y, y > 0.
Therefore,

Gn = (%)”} H—]‘” =0 ( ) H d2l 1d21 )

where dy_1 = [+ 3/2, doy = I. Consequently,

n—1

RO I (R

k=1

and it follows

- y\—ktl
(L) [g o
”—1 1)n k41

:G) H 2k:+

Since
ﬁ (2]{? _ 1)n—k+1 B 3n
L 2k 3k (2n—1)(2n + D!
we obtain
H, 2" n! Nz 3 25 1
(4.4) Gn  (@n+ 1)l 2\/5[ 80 " 12sn? T <n3>}’”_>°°



The expansion (?77?) details the asymptotic relation formulated as Theorem 3.3 in ? in the case
p = 0. Note that formula (??) also corrects a minor mistake in this reference, which gives T

Van
as the leading term.

4.2. Spectral measure with Beta distribution . For measures with a compact support the
determinants H, and G,, can be conveniently evaluated using the theory of canonical moments,
see e.g. 7. Exemplarily, we consider the symmetric Beta (o, «) distribution on the interval
[—1, 1] with density

1

4.5 " (t) = 1—t2)® —“1<t<1
(4.5) Ve (t) 22a+LB(a-+1,a-+1)( )%, <t<l1,

where o > —1 and B(«, ) denotes the Beta-function. For later purposes we also introduce the
Beta(a, ) distribution on the interval [0, 1] with density

1
P2 = BE T a )

(4.6) Pl —-1)*, 0<t<1,
where the o, 8 > —1. The canonical moments of the Beta-distribution with density (??) are

given by

(47) pz'z—j D2j 1:75+j ;
' T2+ 14+ a+ B T 2 +a+ 8]

see e.g. formula (1.3.11) in 7. It is easy to see that the distribution on the interval [0, 1] related to
the distribution ¢ in (??) by the transformation (??) is a Beta (c, —%) distribution. Therefore,

it follows from (?7) that the corresponding canonical moments are given by

J j—1/2
4.8 = =
( ) D2j 2j+1/2+0[7 D251 B —1/2—!—04
Now Theorem 1.4.10 in ? gives
n .
(4.9) Hy = |(bi+j)i =0l = H (g2i—2p2i-1G2i—1p2:)" ",
i=1

where ¢go = 1,¢; =1 —p; (j > 1) and (observing (??))

4it+a)(2t—14+2a)(27—1 )
(4.10) q2;—2P2i—192i—-1P2i = T ( )(, 3( - ) , 1=1,2...
4i+14+2a)di—142a)"(4i—3+2a)
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For the calculation of the determinant Gy, = [(bi+;)};_;| We note the relation

B(3,a+1).
(4.11) b; = (fibm i=2,3,...
where by, b1, . .. are the moments of the Beta(a, 3/2) distribution. Consequently, we obtain from
Theorem 1.4.10 in 7 that
N BGE,a+1)|" S )
—1 29 ~ ~ ~ ~ —
Gn = |(bi+j)2j=1| = ‘(bi+j)2j:o| = 73(%’04 1) X 'H (Goi—2P2i-1G2i—1P2:)" "
3 T 1
4.12 = X i —4P2i—302i—3P2i—2)" T "
( ) (204—1—3)(2044—5)} g(%z 4P2i-3G2i—3D2i—2) )

where p1, p2 are the canonical moments of Beta(a, 3/2) distribution, that is

_— J _ o 3/2+i
P = i 52 +a PP T 2132+ a”
and
S 4i(i+a)2i+3+2a)(2i+3 ,
(4.13) q2i—2P2i—192i—1P2i = ( ) ) ) 1=1,2...

(4i4+5+2a)(di+3+2a)*(4i+1+2a)’

Consequently, it follows from (?7), (??) and (?7?)

Hy _ [(2(1 +3)(2a + 5)}” (qoprqipa)” ﬁ [ 42i—2P2i—142i—1P2i ]"H‘i

Gn 3 i L@2i-aP2i-3G2i-3P2i—2

_[4<1+a>]”ﬁ { i(i+a) (i-1/2) (i+a—1/2) -
3(3+2a)? (i—1)(i—1+a) (i+1/2) (i+a+1/2) :

=2
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Observing the relations

ﬁ[ i qntl—i |
- =nl,
17— 1]

i=2

n

H [z —1/2 1= 3n
L lit1/2] C(2n+ 1)

1=

ﬂ[ i+a ntl-i Fn+1+a)

i—14al (14T (1+a)’

=2
n

i+o—1/2)ntl=i (3 +2a)"T'(3/2+ )
H[2+a+1/2 2T (n+3/2+a)

1=

we obtain

S| &=

B [ 4(1+a) }n n!3"I(n+1+4+a)(3+2a)"T'(3/2+a)

~13(B+2a)] @2n+1)!1(1+a)"T(14a)2"T(n+3/24a)
VT (2n)!! 'n+1+a)

2%+ B(at Latl)  (2n+ DI T(n+3/2+a)
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where the expansion in the last line follows by straightforward but tedious calculation using
Stirling’s formula.

We finally mention the special cases o = 0 (the spectral measure is a uniform spectral density
on the interval [—1,1] with corresponding kernel function k(xz) = sin(x)/x) and o = —1/2
(the spectral measure is the arcsine distribution on [—1,1] and the corresponding kernel is
k(x) = 2J1(x)/x, where J,(-) is the Bessel function of the first kind) for which the expansions
are given, respectively, by

2
_[(2(75+)'1')”] 74n+0<7j?)
:@)”[gn ,( 3" 2T(n+1/2)1 1 1 O(%)

(4.15)

N

"on+r T(1/2) nl 2m+l  2n
as n — oo. Interestingly, the ratio H, /G, in (??) is the squared ratio H, /G, of (?7?).

5. Some results of numerical studies and discussions. We have made extensive numerical
studies to assess the uncertainty quantification in GP regression, as introduced in Section ?? for
functions f € H(K) and f ¢ H(K); some of our results are illustrated in the figures below. At

the end of this section, we summarize our conclusions. Different kernels K (including Matérn
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kernels and the kernels discussed at the end of Section ??) have been investigated as well. In
the figures below, we use X = [0, 1], Gaussian and Cauchy kernels (see (E.1) and (E.2) at the
end of Section ??) and the two functions

fi(x) = exp{—2(z — 1/3)2} and  fo(z) =1 —2(x —1/3)°.

These two functions look similar but we note that f; € H(K) and f» ¢ H(K) for both kernels
with the correlation lengths considered below. Visually, the chosen kernels also look similar but
it turns out that they exhibit completely different behaviour.

Figure 1. Kriging confidence regions for kernel approzimation of f1 (left) and fo (right): Gaussian kernel,
A=15 N = 6.

In Figs. 77 and ?? we plot either fi or f; in solid black, the kernel approximation py(z)
computed by (??) in dotted red and the so-called kriging confidence regions yy (z)+30% Cn (2, )
in grey, where Cn(z,x) is the kernel variance computed by (??) and (;]2\\, is the MLE of o2
computed by (??). The main reason for providing Figs. ?? and 7?7 is the demonstration of
the big difference in the width of the confidence regions for the Gaussian and Cauchy kernels.
In Figs. 77, 7?7 and ??, we plot the deviation f(x) — un(z) in brown and confidence bounds
pn(z) — f(x) £ 3(;]2\\, Cn(z,z) in filled grey. Again, the left and right panels show the results
for the functions f; and fo, respectively. The points x;, where observations of f are taken, are
equally spaced on the interval [0,1] with z; = (j —1)/(N —1),j=1,...,N.

The results for the Gaussian kernel K(x,y) = o?exp{—15(z — y)?} are depicted on Figs. ??

and ??. The corresponding results for the Cauchy kernel K(z,y) = 0%/(1 + 20(z — y)?) can
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Figure 2. Kriging confidence regions for kernel approzimation of fi (left) and fa (right): Cauchy kernel,
A =120, N =6.

be found Figs. 7?7 and 7?7. It is clear from comparing left and right panels in Figs. 77-77
that kernel approximations for f; € H(K) are significantly more accurate than for fo ¢ H(K).
The two chosen kernels (Gaussian with A = 15 and Cauchy with A = 20) look very similar
but have different tail behaviour of the corresponding spectral density: the tail of the spectral
density of the Cauchy kernel has a heavier tail. The confidence regions for the regression function
constructed by the Cauchy kernel are rather wide and resemble the regions for the Matérn kernels
with shape parameters 3/2 and 5/2 having similar correlation lengths. The confidence regions
in the case of Gaussian kernel are much narrower (in fact, far too narrow) and the confidence
regions for the kernels in (E.3) and (E.4) of Section ?? are even narrower; the spectral measures
for these kernels have finite support.
In Figure 77 we plot the deviations and confidence regions for kernel approximation with Gauss-
ian kernel K (z,y) = o2 exp{—2(z — y)?}; the Gaussian kernel with A\ = 2 is perfectly suited
for function fi. A naive visual inspection of the two functions might suggest the Gaussian
kernel should also work well for fo but, as we can observe from Figure ?? (right), it is not so
for fo ¢ H(K). The confidence region on Figure 7?7 (right) cannot be seen as the deviations
\un(z) — f2()| are on average 10° times larger than 30/]2\\, Cn(z,z).
From the numerical studies partially illustrated in these figures we make the following conclu-
sions concerning uncertainty quantification in GP regression models with infinitely differentiable
translation-invariant kernels:
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Figure 3. Dewviation and confidence bounds in kernel approrimation: Gaussian kernel, A = 15, N = 9; f1

(left) and f2 (right)

o if f ¢ H(K), then the kriging confidence regions for f are always inaccurate;

e the heavier are the tails of the spectral measure of the kernel, the wider are the confidence
regions;

e if the tail of the spectral measure of the kernel is light and the function f does not
belong to the respective RKHS, then the kernel approximation of f appears to be rather
inaccurate and the confidence regions seem to be missing f almost entirely;

e if the function f does not belong to the respective RKHS, then ;]2\\, — 00 as N — oo,
but this has little effect on the size of the confidence intervals, at least for small V;

e for kernels with light tails of the respective spectral measures, the kernel approximation
is accurate and confidence regions are adequate only if the shape of f precisely matches
the shape of the kernel functions K (z,-), as in Figure 7?7 (left).
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Figure 5. Deviation and confidence bounds in kernel approximation: Gaussian kernel, A =2, N =9; f1 (left)
and fa (right).
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