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ON SPECTRAL THEORY OF RANDOM FIELDS IN THE BALL

NIKOLAI LEONENKO, ANATOLIY MALYARENKO, AND ANDRIY OLENKO

The paper is dedicated to the 90th birthday of Professor Myhailo Yosypovych Yadrenko (1932�2004).

Abstract. The paper investigates random �elds in the ball. It studies three types
of such �elds: restrictions of scalar random �elds in the ball to the sphere, spin, and
vector random �elds. The review of the existing results and new spectral theory for
each of these classes of random �elds are given. Examples of applications to classical
and new models of these three types are presented. In particular, the Matérn model
is used for illustrative examples. The derived spectral representations can be utilised
to further study theoretical properties of such �elds and to simulate their realisations.
The obtained results can also �nd various applications for modelling and investigating
ball data in cosmology, geosciences and embryology.

1. Introduction

Recent years have witnessed an enormous amount of attention to investigating spher-
ical random �elds. The theoretical interest (see, for example, [20, 23, 38] and the ref-
erences therein) is strongly in�uenced by studies of random �elds on manifolds, as the
sphere is one of the simplest manifolds. The empirical motivation comes from cosmo-
logy, earth science and embryology, just to name a few (see, for instance, [26, 30, 31, 36]).
The main approaches and tools in such investigations are based on the spectral theory
of spherical random �elds. Professor Yadrenko was one of pioneering researchers and
leading �gures in developing this theory. Later on, it was demonstrated that the beha-
viour of the power angular spectrum determines various properties of these �elds and
evolutions of their spatio-temporal counterparts, see [2, 4, 5, 13]. However, the known
results about spherical �elds are not directly translatable to the random �elds de�ned in
the ball. Therefore, most of the spectral theory for di�erent classes of such �elds should
be developed independently.

One of main applied motivations for developing the spectral theory of random �elds in
the ball comes from cosmological research. The future European Space Agency mission
Euclid and Cosmic Microwave Background Stage 4 (CMB-S4) project supported by the
US Department of Energy O�ce of Science and the National Science Foundation are
planned to collect and analyse cosmological data in a ball of radius about 10 billion light
years. From the mathematical point of view, these missions will sample values of several
scalar, spin and tensor random �elds de�ned in the ball. It requires further development
of stochastic models and statistical tools for such �elds.

Deterministic spin �elds on the sphere were introduced by [10]. They became well
known to physicists after the seminal paper [27]. Random spin �elds on the sphere
appeared in [39] as a technical tool for analysing a full-sky polarisation map of the
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cosmic microwave background. This problem was also independently studied in [12] by
using tensor random �elds on the sphere. A comprehensive review of deterministic spin
and tensor �elds on the sphere can be found in [33].

In stochastic settings, the rigorous mathematical theory of spin random �elds on the
sphere was proposed by [3], [11], and [19] and developed in [17, 22]. This theory works
well for studies of the current cosmic microwave background radiation data collected
on the sphere. However, modelling and statistical analysis of data from the Euclid and
CMB-S4 surveys requires a generalisation of the above theory to random �elds in the
ball. First steps of such generalisation were proposed by [21]. One of main ideas, that
was originally suggested by M. Yadrenko in [37], is outlined in Section 2.

This paper studies three main classes of random �elds in the ball: restrictions of
scalar random �elds in the ball to the sphere, isotropic spin, and vector random �elds. It
presents some existing in the literature results and develops new representations for those
cases that were not covered before. It suggests a uni�ed approach and notations in the
spectral theory of random �elds in the ball. The results could be useful for further study-
ing and comparing the three classes mentioned above. Several examples of applications
to classical and new models provide explicit spectral representations, which can be used
in spatial statistics. To the best of our knowledge the explicit expressions for spectral
coe�cients of the Matérn model are also new. All coe�cients in the derived theoretical
representations are easily computable and can be utilised in numerical applications.

The structure of the paper is as follows. Section 2 presents main de�nitions and results
about isotropic random �elds that are obtained via restrictions of random �elds in the
ball to the sphere. Results about spin random �eld on the sphere are given in Section 3.
The spectral theory of spin random �eld in the ball is developed in Section 4. Section 5
studies spectral properties of vector ρ-stationary random �elds. Finally, the conclusions
and some future research directions are presented in Section 6.

All numerical examples were produced by using the software Maple version 2021.0.
This software was also used to verify some theoretical computations. A reproducible
version of the code in this paper is available in the folder �Research materials� from the
website https://sites.google.com/site/olenkoandriy/.

2. The random fields in the ball: analysis and synthesis

Let us denote the centered ball of radius r0 > 0 by

B(r0) = {x ∈ R3 : ∥x∥ ≤ r0 },
where ∥ · ∥ denotes the Euclidean norm in R3.

Let T (x), x ∈ R3 (or x ∈ B(r0)), be a random �eld. In other words, there is a
probability space (Ω,F,P) and a function T : R3 ×Ω → C such that for any �xed x ∈ R3

the function T (x, ω) is a complex-valued random variable. Assume that the random �eld
T (x) is second-order, that is, E[|T (x)|2] <∞, and mean-square continuous, that is,

lim
y∈R3:∥y−x∥→0

E[|T (y)− T (x)|2] = 0, for all x ∈ R3.

Let ⟨T (x)⟩ = E[T (x)] be the one-point correlation function of the random �eld T (x),
and let

⟨T (x), T (y)⟩ = E[(T (x)− ⟨T (x)⟩)(T (y)− ⟨T (y)⟩)]
be its two-point correlation function. Let G = SO(3) be the rotation group in R3, that
is, the group of orthogonal 3× 3 matrices with a unit determinant.

Call the �eld T (x) isotropic if its one-point correlation function is constant, while its
two-point correlation function is rotation-invariant:

⟨T (gx), T (gy)⟩ = ⟨T (x), T (y)⟩, g ∈ SO(3).
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Note that in many cases isotropy of a random �eld implies its mean-square continuity,
see [24].

Without loss of generality, this paper assumes that ⟨T (x)⟩ = 0.
How to describe the class of all possible two-point correlation functions of isotropic

random �elds? Following [37], we �rst perform an analysis of such a �eld. Consider
the restriction of the �eld T (x) to S2(r), which denotes the centred sphere of radius
r > 0 in R3. To avoid introducing new notations T (r, θ, φ) will be used for (r, θ, φ)
which are the spherical coordinates of x. The two-point correlation function of the above
restriction is rotation-invariant and depends only on the angle between two points. Thus,
the restriction is an isotropic �eld on the sphere. Such �elds were completely described
by [23, 28] and have the form

(2.1) T (r, θ, φ) =

∞∑
ℓ=0

ℓ∑
m=−ℓ

aℓm(r)Yℓm(θ, φ),

where (r, θ, φ), r > 0, θ ∈ [0, π], φ ∈ [0, 2π) are the spherical coordinates of a point
x ∈ S2(r), {Yℓm(θ, φ), ℓ ∈ N0,m = −ℓ, ..., ℓ} with N0 = N ∪ {0}, are the spherical
harmonics, and aℓm(r) are �nite variance random variables

(2.2) aℓm(r) =

∫ π

0

∫ 2π

0

T (r, θ, φ)Yℓm(θ, φ) sin θ dθ dφ

that satisfy the conditions

(2.3)
E[aℓm(r)] = 0,

E[aℓm(r)aℓ′m′(r)] = δℓℓ′δmm′Cℓ(r)

for all ℓ, ℓ′ ∈ N0, m = −ℓ, ..., ℓ, m′ = −ℓ′, ..., ℓ′.
The series (2.1) and the analogous series in the next sections of the paper converge

point-wise in the mean-square sense. For de�nition and properties of spherical harmonics,
we refer the readers to [9, 23].

For each r > 0, the sequence {Cℓ(r), ℓ ∈ N0} of non-negative numbers satis�es the
condition

∞∑
ℓ=0

(2ℓ+ 1)Cℓ(r) <∞.

Second, we perform a synthesis of a random �eld in the ball using its restrictions to
centred spheres as �building blocks�. As a function of the variable r, aℓm(r) is a stochastic
process. By the �rst equation in (2.3), it is centred. We calculate the correlation function
between aℓm(r1) and aℓ′m′(r2). Equation (2.2) gives

E[aℓm(r1)aℓ′m′(r2)] = E

[∫ π

0

∫ 2π

0

T (r1, θ, φ)Yℓm(θ, φ) sin θ dθ dφ

×
∫ π

0

∫ 2π

0

T (r2, θ′, φ′)Yℓ′m′(θ′, φ′) sin θ′ dθ′ dφ′
]

=

∫ π

0

∫ 2π

0

∫ π

0

∫ 2π

0

⟨T (r1, θ, φ), T (r2, θ′, φ′)⟩Yℓm(θ, φ)Yℓ′m′(θ′, φ′)

× sin θ sin θ′ dθ dφdθ′ dφ′.

By the de�nition of the isotropic random �eld, the two-point correlation function under
the integral sign depends only on the angle between the points (θ, φ) and (θ′, φ′) on the



4 NIKOLAI LEONENKO, ANATOLIY MALYARENKO, AND ANDRIY OLENKO

centred unit sphere. The Funck�Hecke Theorem [9] states that∫ π

0

∫ 2π

0

⟨T (r1, θ, φ), T (r2, θ′, φ′)⟩Yℓ′m′(θ′, φ′) sin θ′ dθ′ dφ′ = Cℓ′(r1, r2)Yℓ′m′(θ, φ),

where the exact value of the numerical constant Cℓ′(r1, r2) is not relevant.
Thus, due to the orthonormality of spherical harmonics,

E[aℓm(r1)aℓ′m′(r2)] =

∫ π

0

∫ 2π

0

Yℓm(θ, φ)Cℓ′(r1, r2)Yℓ′m′(θ, φ) sin θ dθ dφ

= δℓℓ′δmm′Cℓ′(r1, r2).

It follows from (2.1) and (2.3) that

E[T (x1)T (x2)] =

∞∑
ℓ=0

ℓ∑
m=−ℓ

Yℓm(θ1, φ1)Yℓm(θ2, φ2)Cℓ(r1, r2).

The addition theorem for spherical harmonics implies that

E[T (x1)T (x2)] =
1

4π

∞∑
ℓ=0

(2ℓ+ 1)Cℓ(r1, r2)Pℓ(cos γ),

where γ is the angle between the vectors x1 and x2 and {Pℓ(·), ℓ ∈ N0} are the Legendre
polynomials.

If T (x),x ∈ R3, is a homogeneous and isotropic random �eld, then its covariance
function has the following spectral representation, see [38, p.76],

⟨T (x), T (y)⟩ =
∫ ∞

0

sin(λ ∥y − x∥)
λ ∥y − x∥

dµ(λ), x,y ∈ R3,

where µ is the �nite measure.
Therefore, for the random �eld (2.1) on the sphere S2(r) it holds, see [38, p.76],

Cℓ(r) = 2π

∫ ∞

0

J2
ℓ+ 1

2

(λr)

λr
dµ(λ), ℓ ∈ N0,

where Jν (z) is the Bessel function of the �rst kind of order ν.
In this case

⟨T (x), T (y)⟩ = B(∥y − x∥) =
∫ ∞

0

sin
(
2rλ sin

(
γ
2

))
2rλ sin

(
γ
2

) dµ(λ),

where the Euclidean distance ∥y − x∥ , called also the chordal distance, between two
points on a sphere x,y ∈ S2(r) ⊂ R3, can be expressed in terms of the great circle (also
known as geodesic or spherical) distance as follows:

∥y − x∥ = 2r sin
(γ
2

)
,

where γ = γ(x,y) = arccos ⟨x,y⟩ and ⟨x,y⟩ denotes the usual inner product on R3.

Example 2.1 (Matérn covariance function). Consider a covariance function of a scalar
random �eld T (x),x ∈ R3, of the form

(2.4) ⟨T (x), T (y)⟩ = σ2 21−ν

Γ (ν)
(a ∥y − x∥)ν Kν (a ∥y − x∥) ,

where σ2 > 0, a > 0, ν > 0, and Kν (·) is the modi�ed Bessel function of the second kind
of order ν. Here, the parameter ν controls the degree of di�erentiability of the random
�eld, σ is �eld's variance and the parameter a is a scale parameter.
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The corresponding isotropic spectral density is

f (λ) =
σ2Γ

(
ν + 3

2

)
a2ν

π3/2Γ(ν) (a2 + λ2)
ν+ 3

2

, λ ≥ 0.

The restriction of an homogeneous and isotropic Matérn random �eld to the sphere
S2(r) is an isotropic �eld on this sphere with the covariance structure

⟨T (x), T (y)⟩ = B
(
2r sin

(γ
2

))
=

21−νσ2

Γ (ν)

(
2ar sin

(γ
2

))ν

Kν

(
2ar sin

(γ
2

))
,

while the substitution of the above spectral density f (λ) into the formula (12) from [38,
p.89] results in the angular spectrum of the form

Cℓ(r) = 4π3/2σ2Γ
(
ν + 3

2

)
a2ν

Γ(ν) r

∫ ∞

0

J2
ℓ+ 1

2
(rλ)λ

(
a2 + λ2

)−(ν+ 3
2 ) dλ, ℓ ∈ N0.

To calculate this integral, one can use [32, Equation 2.12.32.10] and obtain

Cℓ(r) = 2π3/2σ2a2ν
(

ν Γ(ℓ− ν)√
π Γ(ℓ+ ν + 2)

1F2(ν + 1; ν − ℓ+ 1, ν + ℓ+ 2; a2r2) r2ν

+
Γ(ν − ℓ) a2ℓ−2ν

22ℓ+1Γ(ν)Γ(ℓ+ 3/2)
1F2(ℓ+ 1; ℓ− ν + 1, 2ℓ+ 2; a2r2) r2ℓ

)
,

where 1F2 is the generalised hypergeometric function. For zero and negative integer
values of ℓ−ν or ν−ℓ the above expression is interpreted as its limit when ν approaches ℓ.
The limit is �nite due to the asymptotic behaviour of the generalised hypergeometric
function 1F2(·).

For speci�c values of the parameters the expressions above can be simpli�ed to the
forms that can be easily used in computations. For example, for a = 10, σ2 = 1, and
ν = 1/2 one obtains

B
(
2r sin

(γ
2

))
= exp

(
−20r sin

(γ
2

))
, f (λ) =

10

π2 (100 + λ2)
2 ,

Cℓ(r) =
π

5r

(
10rIℓ+ 1

2
(10r)Kℓ+ 3

2
(10r)− 10rKℓ+ 1

2
(10r) Iℓ+ 3

2
(10r)

− (2ℓ+ 1)Iℓ+ 1
2
(10r)Kℓ+ 1

2
(10r)

)
,

where Il (·) is the modi�ed Bessel function of the �rst kind of order l.
The plot of the covariance function (2.4) is shown in Figure 1. To produce this plot

the values x = 0 and y = (y1, y2, y3) ∈ B0(r0) with y3 = 0 were chosen. The horizontal
coordinates are (y1, y2), while the vertical one represents the values of ⟨T (0), T (y)⟩ .

Plots of �rst few coe�cients Cℓ(r) of the corresponding angular power spectrum on
the interval r ∈ [0, 1] are given in Figure 2.

3. Spin random fields on the sphere

To de�ne spin and tensor random �elds in the ball, the opposite direction is used. Let
T (x) be a random �eld de�ned in the centered ball B(r0). Call the �eld T (x) spin or
tensor, if for any r ∈ (0, r0] the restriction of the �eld to the centred sphere of radius r
is a spin or tensor random �eld on this sphere S2(r). Starting from results about spin
or tensor random �elds on the sphere, we will construct the spectral theory of spin or
tensor random �elds in B(r0).

There are two di�erent approaches to deterministic spin �elds on a manifold, see [34].
The �rst one requires introducing the so-called principal bundles of orthogonal frames
and will not be introduced here. The second one is as follows.
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Figure 1. Matérn covariance function
for a = 10, σ2 = 1, and ν = 1/2.

Figure 2. Cℓ(r) for a = 10, σ2 = 1,
and ν = 1/2.

Let (E, π,M) be a vector bundle over a manifold M . In particular, π : E → M and
there is an open covering {Uα} of M , a �nite-dimensional linear space L, and the one-
to-one maps φα : π

−1(Uα) → Uα ×L such that for all x ∈ Uα the set π−1(x) is a copy of
L, and the overlaps φα ◦φ−1

β map a point (x, v) ∈ (Uα ∩Uβ)×L to a point (x, gαβv) for

some suitable change-of-coordinates invertible linear operators gαβ(x).
Various conditions on M can be formulated in terms of the functions gαβ(x). For

example, M is orientable if and only if there is such an open covering {Uα} of M , that
the above functions take values in the connected component of unity of the group GL(L)
of invertible linear operators on L. M is orientable and Riemannian if and only if L is a
real linear space and the functions gαβ(x) take values in the group SO(L) of orthogonal
linear operators with unit determinant for a suitable covering. Finally, M is spin if the
space L carries a special representation of the so-called spin group that covers the group
SO(L) twice. For details, see [14]. Both the sphere and the ball are spin manifolds, and
spin random �elds can be properly de�ned on them.

We remind the results of the general theory of spin random �elds on the sphere, see [3],
[11] and [19]. Let s be an integer, and let K = SO(2) be the group of rotations of the
three-dimensional space around the z-axis. Each element of SO(2) can be represented in
the form

kφ =

 cosφ sinφ 0
− sinφ cosφ 0

0 0 1

 , 0 ≤ φ < 2π.

The correspondence that maps this element to the 1 × 1 unitary matrix e−isφ is an
irreducible unitary representation of the group SO(2). Consider the Cartesian product
SO(3) × C1. Call two elements (g1, z1) and (g2, z2) in SO(3) × C1 equivalent if there
exists a φ such that (g2, z2) = (g1kφ, e

isφz1). Call the set of equivalence classes Es.
Let p : SO(3) × C1 → Es be the correspondence that maps an element (g, z) to its

equivalence class. Equip Es with the quotient topology, that is, a set A ⊆ Es is open if
and only if its inverse image p−1(A) is open in SO(3)×C1. Consider the mapping π that
maps an element (g, z) to the left coset gK. All elements of the same equivalence class
have the same image under π, so one can consider Es as the domain of π. The image
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of Es under π is the set G/K of all left cosets, which is the centred unit sphere S2 ⊂ R3.
The triple (Es, π,S2) is a line bundle over S2. This means the following, see, e.g., [35]:

• Es and S2 are smooth manifolds; π is a smooth map;
• for any x ∈ S2, the inverse image π−1(x) is a copy of C1;
• for each x ∈ S2, there is a neighbourhood U of x, a di�eomorphism F : π−1(U) →
U × C1, and, for each y ∈ U , a linear map fy : π

−1(y) → C1, such that

F (v) = (π(v), fy(v)), v ∈ π−1(y), y ∈ U.

In other words, locally, in a neighbourhood U of a point x ∈ S2, the inverse image
π−1(U) is just the Cartesian product U × C1, and π is the projection to the �rst co-
ordinate. If s = 0, then this is true globally, we may put U = S2, and E0 = S2 × C1.
Otherwise, if s ̸= 0, than Es ̸= S2 × C1. However, a neighbourhood U can be big
enough. We choose the following one: U0 = S2 \ {(0, 0, 1)⊤, (0, 0,−1)⊤}, the sphere S2

with deleted poles.
A mapping f : S2 → Es is called a cross-section of the line bundle (Es, π,S2) if f(x) ∈

π−1(x) for all x ∈ S2. In particular, the cross-sections of the line bundle (E0, π,S2) are
functions on the sphere. The cross-sections of the line bundle (Es, π,S2) with s ̸= 0 are
not functions on the sphere. However, the restriction of such a cross-section to U0 is a
function on U0.

Let µ be the Lebesque measure on S2. Let L2(Es) be the set of µ-equivalence classes
of all cross-sections f with ∫

S2
|f(x)|2 dµ(x) <∞.

Equation

(3.1) U(g)f(x) = f(g−1x), g ∈ SO(3),

de�nes a unitary representation of the group SO(3) in the complex Hilbert space L2(Es).
The irreducible unitary representations of the group SO(3) are enumerated by non-

negative integers ℓ (this is the traditional notation of the angular momentum in quantum
mechanics). Let (α, β, γ) be the Euler angles of a rotation g ∈ SO(3). There are many
di�erent conventions in the literature, see [19] for a survey. Here and in what follows
we adopt conventions from [8]. In particular, the �rst rotation is by angle γ around the
z-axis, then a rotation by angle β around the y-axis and �nally a rotation by angle α
around the new z-axis.

Let D
(ℓ)
m,n(α, β, γ) be the Wigner D functions, the matrix entries of the ℓth irreducible

unitary representation in the basis described in [8, p. 344]. The sections of the line bundle
(Es, π,S2) de�ned by

sYℓm(θ, φ) =

√
2ℓ+ 1

4π
D

(ℓ)
m,−s(φ, θ, 0), ℓ ≥ s, m = −ℓ, ..., ℓ,

are called the spin weighted spherical harmonics. Locally, their restrictions to U0 are
functions on U0. They are de�ned for ℓ ≥ s and |m| ≤ ℓ and form an orthonormal basis
in the space L2(Es):∫ π

0

∫ 2π

0
sYℓm(θ, φ)sYℓ′m′(θ, φ) sin θ dθ dφ = δℓℓ′δmm′ .

A random section sT (x) of the line bundle (Es, π,S2) is called an isotropic spin s
random �eld if for all x, y ∈ S2, and for all g ∈ SO(3) it holds

(3.2)
⟨sT (gx)⟩ = ⟨sT (x)⟩,

⟨sT (gx), sT (gy)⟩ = ⟨sT (x), sT (y)⟩.
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The �eld sT (x) has the form

(3.3) sT (θ, φ) =

∞∑
ℓ=s

ℓ∑
m=−ℓ

saℓm sYℓm(θ, φ),

where saℓm are �nite variance random variables, that for all ℓ, ℓ′ ≥ s, m = −ℓ, ..., ℓ, and
m′ = −ℓ′, ..., ℓ′, satisfy

E[saℓm] = 0 and E[saℓmsaℓ′m′ ] = δℓℓ′δmm′sCℓ,

with sCℓ ≥ 0 and
∞∑
ℓ=s

(2ℓ+ 1)sCℓ <∞.

Note that the series (3.3) converges in mean-square in the Hilbert space of square-
integrable random sections of the line bundle (Es, π,S2), in contrast to the series (2.1)
which converges in the Hilbert space of square-integrable random functions on the sphere.

4. Spin random fields in the ball

Let us consider a mean-square continuous random �eld in the ball B(r0). It will be
called a spin random �eld if all its restrictions to centred spheres of radius r ∈ (0, r0]
are isotropic spin random �elds. In the following the notation sT (r, θ, φ) will be used to
denote such �elds. Then one obtains

sT (r, θ, φ) =

∞∑
ℓ=s

ℓ∑
m=−ℓ

saℓm(r) sYℓm(θ, φ),

where saℓm(r), r ∈ [0, r0], are �nite variance stochastic processes.
We show that the coe�cients saℓm(r) are not correlated for di�erent l and m, i.e. for

all ℓ, ℓ′ ≥ s, m = −ℓ, ..., ℓ, m′ = −ℓ′, ..., ℓ′, and r, r1, r2 ∈ [0, r0], it holds

(4.1) E[saℓm(r)] = 0 and E[saℓm(r1)saℓ′m′(r2)] = δℓℓ′δmm′sCℓ(r1, r2),

with

(4.2)

∞∑
ℓ=s

(2ℓ+ 1)sCℓ(r, r) <∞, r ∈ [0, r0].

The method which we used in Section 2 does not work because the Funck�Hecke Theorem
for the cross-sections of a nontrivial vector bundle over the sphere is not known to the
authors. We use a di�erent method.

Equation (3.1) de�nes the representation of the group SO(3) induced by the irreducible
representation kφ 7→ e−isφ of the subgroup SO(2). The irreducible components of this
representation are determined with the help of the Frobenius Reciprocity Theorem. For
these notions, see, e.g., [6]. It turns out that the 2ℓ+1 spin-weighted spherical harmonics

sYℓm(θ, φ), −ℓ ≤ m ≤ ℓ, constitute the orthonormal basis of the space, where the ℓth
irreducible unitary representation of SO(3) acts. Under this action, we have

sYℓm(g−1x) =

ℓ∑
m′=−ℓ

D
(ℓ)
mm′(g)sYℓm′(x), g ∈ SO(3), x ∈ S2.

The �rst equation in (3.2) becomes

AD(ℓ′)(g) = D(ℓ)(g)A,
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where A is the (2ℓ + 1) × (2ℓ′ + 1) matrix with entries E[aℓm(r1)aℓ′m′(r2)], and where

D(ℓ)(g) (resp. D(ℓ′)(g)) is the matrix of the ℓth (resp. ℓ′th) irreducible unitary repres-
entation of SO(3). Schur's Lemma, see [6], states that A is zero matrix if ℓ ̸= ℓ′, and a
multiple of the identity matrix otherwise. Equation (4.1) follows.

To compute the two-point correlation function of the random �eld sT (r, θ, φ), one
can use the addition theorem for spin weighted spherical harmonics. Consider xi ∈ R3,
i = 1, 2, and ez = (0, 0, 1)⊤. Let gi be the rotation with Euler angles (φi, θi, 0) which
transforms ez into xi/∥xi∥, i = 1, 2. Let (α, β, γ) be the Euler angles of the rotation
g−1g2. Then

ℓ∑
m′=−ℓ

sYℓm′(θ2, φ2)−mYℓm′(θ1, φ1) =

√
2ℓ+ 1

4π
sYℓm(β, α)e−isγ .

Using this equation, we obtain

(4.3) ⟨sT (r1, θ1, φ1), sT (r2, θ2, φ2)⟩ =
1

2
√
π

∞∑
ℓ=s

√
2ℓ+ 1sCℓ(r1, r2)sYℓ (−s)(β, α)e

−isγ .

Remark 4.1. Note that the random �eld sT (x) is mean-square continuous if and only if its
two-point correlation function ⟨sT (x), sT (y)⟩ is continuous at all points of the �diagonal�
set {(x,y) ∈ B(r0) × B(r0) : x = y}. Then, as |sYℓ (−s)(β, α)| ≤

√
(2ℓ+ 1)/(4π), it

follows from (4.1), (4.2), and (4.3) that to guarantee mean-square continuity each function

sCℓ(r1, r2), ℓ ≥ s, must be continuous on the diagonal set {(r1, r2) ∈ [0, r0]
2 : r1 = r2}.

The stochastic processes saℓm(r), r ∈ [0, r0], are de�ned as

saℓm(r) =

∫ π

0

∫ 2π

0
sT (r, θ, φ)sYℓm(θ, φ) sin θ dθ dφ.

Let us consider the case when the processes saℓm(r) are Gaussian and have continuous
sample paths almost surely. For each ℓ ≥ s, let sµℓ be the Gaussian probabilistic measure
on the Banach space C([0, r]) of continuous functions on the interval [0, r0] that corres-
ponds to the processes saℓm(r). By the de�nition of saℓm(r) the measure sµℓ is same for
all m = −ℓ, ..., ℓ. Let sHℓ be the reproducing kernel Hilbert space of the measure sµℓ.

Finally, let the set { sf
(n)
ℓ (r) : n ∈ sNℓ } be a Parseval frame in the space sHℓ, that is,

the set sNℓ is at most countable, and for any f ∈ sHℓ it holds∑
n∈sNℓ

|(f, sf (n)ℓ )|2 = ∥f∥2,

see [7].
By the result of [18], the Gaussian process saℓm(r) can be expanded into the series

(4.4) saℓm(r) =
∑

n∈sNℓ

sX
(n)
ℓm sf

(n)
ℓ (r),

where sX
(n)
ℓm are independent standard normal random variables. Moreover, the series

(4.4) converges uniformly a.s.
In this case

(4.5) sCℓ(r1, r2) =
∑

n∈sNℓ

sf
(n)
ℓ (r1)sf

(n)
ℓ (r2).

Conversely, if a stochastic process saℓm(r) can be represented in the form of the

uniformly a.s. convergent series (4.4), then the set { sf
(n)
ℓ (r) : n ∈ sNℓ } is a Parseval

frame in the space sHℓ.
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Finally, by combining the above results, one can see that the random �eld sT (r, θ, φ)
has the following representation

(4.6) sT (r, θ, φ) =

∞∑
ℓ=s

∑
n∈sNℓ

ℓ∑
m=−ℓ

sX
(n)
ℓm sf

(n)
ℓ (r) sYℓm(θ, φ).

See also related wavelet expansions in [15] and [16].

Example 4.2. Zernike polynomials in the two-dimensional disk were introduced by [40]
to describe aberrations of a lens from the ideal spherical shape.

The 3D Zernike radial polynomials are de�ned by

Rnℓ(r) =


√
2n+ 3

∑n−ℓ
2

k=0(−1)k
(n−ℓ

2
k

)(n−k−1+3/2
n−ℓ
2

)
rn−2k, if n− ℓ is even;

0, if n− ℓ is odd.

Note that Rnℓ(r) are polynomials of degree n de�ned for such n ≥ ℓ that n− ℓ is even.
Thus, for a �xed n ≥ 0, the index ℓ takes values n, n−2, . . . , n−2

[
n
2

]
(where [·] denotes

the integer part), i.e. values from n to either s or s+ 1.
In this example we consider the functions

sZ
m
nℓ(r, θ, φ) = R̃nℓ(r) sYℓm(θ, φ), r ∈ [0, r0], θ ∈ [0, π], φ ∈ [0, 2π).

First, let us show how to construct {sZm
nℓ, n ≥ ℓ, ℓ ≥ s, m = −ℓ, ..., ℓ, } to get

a complete orthonormal basis in the space of spin-s functions on the ball B(r0). Be-
cause the spin spherical harmonics are orthonormal on the unit sphere, the polynomials
{R̃nℓ(r), n ≥ ℓ} must be orthonormal with the weight function r2 on the interval [0, r0].
The weight function appears due to the Jacobian of the conversion to the spherical co-
ordinates in R3.

By the identity (39) in [25] any power rℓ+2k, k ∈ N, can be represented as a linear
combination of {R(ℓ+2i)ℓ(r), i = 0, ..., k}. Noting that

∞∑
k=1

ℓ+ 2k + 1/2

(ℓ+ 2k + 1/2)2 + 1
= +∞,

by the Müntz theorem, see [29], one obtains that, for each ℓ, the sequence {Rnℓ(r), n ≥ ℓ}
is a basis in L2[0, 1].

It is known that, see [25],

(4.7)

∫ 1

0

r2Rnℓ(r)Rn′ℓ(r) dr = δnn′

and
Rnℓ(r) =

√
2n+ 3 rℓP

(0,ℓ+1/2)
(n−ℓ)/2 (2r2 − 1),

where P
(0,m)
k (·) are the Jacobi polynomials [1, Chapter 22].

By the change of variables r̃ = r0r in (4.7), it follows that in the ball B(r0) it holds

1

r30

∫ r0

0

r̃2Rnℓ

(
r̃

r0

)
Rn′ℓ

(
r̃

r0

)
dr̃ = δnn′

and one can chose

R̃nℓ(r) =

√
2n+ 3

r
ℓ+3/2
0

rℓP
(0,ℓ+1/2)
(n−ℓ)/2

(
2r2

r20
− 1

)
.

Thus, for all ℓ ≥ s the set { R̃nℓ(r), n ∈ sNℓ}, sNℓ = {n : n ≥ ℓ, n− ℓ is even}, forms
a basis in the space of square integrable radial functions on B(r0). Note that in this case

sNℓ does not depend on s and will be denoted by Nℓ.
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If the Hilbert�Schmidt integral operator associated to the kernal sCℓ(r1, r2) has the

eigenfunctions R̃nℓ(r) and eigenvalues A
(n)
ℓ , then by Mercer's theorem the equation (4.5)

can be rewritten as

(4.8) sCℓ(r1, r2) =
∑
n∈Nℓ

A
(n)
ℓ R̃nℓ(r1)R̃nℓ(r2).

Then, for each ℓ ≥ s, the set {
√
A

(n)
ℓ R̃nℓ(r), n ∈ Nℓ} forms a Parseval frame in the

space sHℓ. Thus, the representations (4.6) of the corresponding spin random �elds in the
ball B(r0) has the form

sT (r, θ, φ) =

∞∑
ℓ=s

∑
n∈Nℓ

ℓ∑
m=−ℓ

sX
(n)
ℓm

√
A

(n)
ℓ sZ

m
nℓ(r, θ, φ)

=
∞∑
n=s

[n2 ]∑
k=0

n−2k∑
m=2k−n

sX
(n)
(n−2k)m

√
A

(n)
n−2k R̃n(n−2k)(r) sY(n−2k)m(θ, φ).

5. Vector ρ-stationary random fields in the ball

This section presents some results on the spectral theory of general ρ-stationary vector
random �elds in the ball. It provides an example of the Matérn random �eld for a non-
Euclidean distance ρ(·). The considered approach is opposite to the one in Sections 2 as
a projection of the ball to a sphere in a higher dimensional space is used.

Let ρ(x,y) denote a distance between points x,y ∈ B0(r0), where B0(r0) = {x ∈
R3 : ∥x∥ < r0 } is an open ball in R3. Let us consider an isometry ψ : B0(r0) → S30(1)
between the metric spaces (B0(r0), ρ) and (S30(1), cos(γ)), where S30(1) is a unit sphere
in R4 with the north pole (0, 0, 0, 1) removed and cos(γ) is a geodesic distance. Let
ψ(−1) : S30(1) → B0(r0) denote the inverse mapping for ψ(·).

Remark 5.1. As (S30(1), cos(γ)) is a metric space, then any bijection between (S30(1), cos(γ))
and B0(r0) induces a distance in B0(r0) that can be used as ρ(x,y). In applications, it
is common to consider homeomorphic mappings between these spaces.

Note that there are in�nitely many such bijections/homeomorphisms and correspond-
ing distances ρ(·). One of the well-known examples is a composition of the stereographic
projection and a mapping of R3 onto an open ball.

Let us consider a vector random �eld T : B0(r0) → Rk.
A zero-mean vector random �eld T(x) = (T1(x)), ..., Tk(x)), x ∈ B0(r0), is called

ρ-stationary if its covariance matrix B(x,y) = E[T(x) ⊗ T(y)] depends only on the
ρ-distance between points, i.e.

B(ρ(x,y)) = E[T(x)⊗T(y)] = E[T(x1)⊗T(y1)] = B(ρ(x1,y1)),

for all x,x1,y,y1 ∈ B0(r0) such that ρ(x,y) = ρ(x1,y1).

Remark 5.2. If ρ(·) is the Euclidean distance, then a ρ-stationary �eld is homogeneous
and isotropic, see Section 2. Therefore, in some publications homogeneous and isotropic
�elds are called stationary. However, for other ρ-distances the classes of ρ-stationary
�elds are di�erent from the homogeneous and isotropic one.

Let us de�ne a spherical random �eld T̃(s), s ∈ S30(1), as T̃(s) = T(ψ(−1)(s)).
If T(x) is ρ-stationary, then, due to the isometry of (B0(r0), ρ) and (S30(1), cos(γ)),

the random �eld T̃(s) is isotropic on (S30(1), cos(γ)). Therefore, by [38, Chapter 1, �6],
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the �eld T̃(s), s ∈ S30(1), can be represented as

T̃(s) =

∞∑
ℓ=0

(ℓ+1)2∑
m=1

aℓmSℓm(s),

where Sℓm(·), ℓ ∈ N0, m = 1, ..., (ℓ+ 1)2, are spherical harmonics in R4.
The random coe�cients aℓm in this spectral representation are de�ned by

aℓm =

∫
S30(1)

T̃(s)Sℓm(s) dσ(s),

where σ(·) denotes the Lebesgue measure on S30(1).
Thus, a ρ-stationary random �eld T(x) can be represented as

T(x) = T̃(ψ(x)) =
∞∑
ℓ=0

(ℓ+1)2∑
m=1

aℓmSℓm(ψ(x)),

aℓm =

∫
S30(1)

T(ψ(−1)(s))Sℓm(s) dσ(s).

If the isometry ψ(·) is also a di�eomorphism with the Jacobian J (·), then the coe�-
cients aℓm can be also computed as

aℓm =

∫
B0(r0)

T(x)Sℓm(ψ(x))J (x) dx.

These random vector coe�cients aℓm satisfy the conditions

E[aℓm] = 0,

E[aℓm ⊗ aℓ′m′ ] = δℓℓ′δmm′bℓ,

with such symmetric nonnegative-de�nite matrices bℓ, ℓ ∈ N0, that

∞∑
ℓ=0

(ℓ+ 1)2bℓ <∞.

Hence, by [38, Chapter 1, �6] and using the relations between Gegenbauer and Cheby-
shev polynomials, see [1], the two-point correlation function of the vector �eld T(x) can
be represented as

B(ρ(x,y)) = ⟨T(x),T(y)⟩ = ⟨T̃(ψ(x)), T̃(ψ(y))⟩ =
∞∑
ℓ=0

(ℓ+1)2∑
m=1

bℓSℓm(ψ(x))Sℓm(ψ(y))

and the coe�cients bℓ, ℓ ∈ N0, can be computed as

bℓ =
ω3

ℓ+ 1

∫ 1

−1

B

(
2 sin

(
t

2

))
Uℓ(t)

√
1− t2 dt,

where ωd = 2πd/2/Γ(d/2) and Uℓ(·) are the Chebyshev polynomials of the second kind.
By the addition theorem for spherical harmonics the two-point correlation function

B(·) also admits the representation

B(ρ(x,y)) =
1

ω4

∞∑
ℓ=0

(ℓ+ 1)Uℓ(ρ(x,y))bℓ.
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Example 5.3. To illustrate this general approach, let us consider ψ(·) which is a super-
position of the stereographic projection and a mapping of R3 into an open ball.

The stereographic projection from the north pole (0, 0, 0, 1) acts on spherical points
s = (s1, s2, s3, s4) ∈ S30(1) as

(s1, s2, s3, s4) →
(

s1
1− s4

,
s2

1− s4
,

s3
1− s4

)
.

Its inverse mapping is

x = (x1, x2, x3) →
(

2x1
1 + ||x||2

,
2x2

1 + ||x||2
,

2x3
1 + ||x||2

,
||x||2 − 1

1 + ||x||2

)
.

The following homeomorphic mapping from x = (x1, x2, x3) ∈ R3 to B0(r0) will be used

(x1, x2, x3) →
(
2r0
π

tan−1 (x1) ,
2r0
π

tan−1 (x2) ,
2r0
π

tan−1 (x3)

)
.

The superposition of these transformations results in the homeomorphism ψ(·) acting as

ψ(−1)(s) =

(
2r0
π

tan−1

(
s1

1− s4

)
,
2r0
π

tan−1

(
s2

1− s4

)
,
2r0
π

tan−1

(
s3

1− s4

))
and

ψ(x) =

(
2x̃1

1 + ||x̃||2
,

2x̃2
1 + ||x̃||2

,
2x̃3

1 + ||x̃||2
,
||x̃||2 − 1

1 + ||x̃||2

)
,

where x̃i = tan (πxi/(2r0)) , i = 1, 2, 3.
Then, the induced distance ρ(·) on B0(r0) is

ρ(x,y) = C arccos

(
4x̃⊤ỹ + (1− ||x̃||2)(1− ||ỹ||2)

(1 + ||x̃||2)(1 + ||ỹ||2)

)
,

where C is a positive constant and ỹi = tan (πyi/(2r0)) , i = 1, 2, 3.
Let us continue Example 2.1 and consider the ρ-stationary Matérn random �eld T (x),

x ∈ B0(r0), with respect to the above distance ρ(·). For simplicity and to be able to
visualise numerical results the following computations are presented only for the scalar
case, i.e. k = 1.

The covariance function has the form

(5.1) ⟨T (x), T (y)⟩ = 21−νσ2

Γ (ν)
(aρ(x,y))

ν
Kν (aρ(x,y))

with σ2 > 0, a > 0 and ν > 0.
The plot of this function is similar to the one in Figure 1 and is not given here. More

informative is Figure 3 which compares this function and the corresponding covariance
function from Example 2.1, which used the Euclidean distance. To produce the 3D plot
the values x = 0 and y = (y1, y2, y3) ∈ B0(r0) with y3 = 0 were chosen. The horizontal
coordinates in Figure 3 are (y1, y2), while the vertical one represents the values of the
di�erences between ⟨T (0), T (y)⟩ in (2.4) and (5.1). Figure 3 demonstrates substantial
deviations of these two-point correlation functions for distances close to zero.

Because of the isometric mapping, the corresponding covariance function on the sphere
S30(1) is a restriction of the Matérn stationary covariance function on R4 to this unit
sphere. Its isotropic spectral density for the 4-dimensional space is

f(λ) = σ2 ν (ν + 1) a2ν

(a2 + λ2)
ν+2 .
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Figure 3. Di�erences between covari-
ance functions in (2.4) and (5.1).

Figure 4. bℓ for a = 10, σ2 = 1, and
various ν.

The coe�cients bℓ can be computed by using the formula (22) in [38, �5] and the
result in Example 2.1 as

bℓ = (2π)4
∫ ∞

0

λJ2
ℓ+1(λ)f(λ)dλ = σ2 (2π)4ν (ν + 1) a2ν

∫ ∞

0

λJ2
ℓ+1(λ)

(a2 + λ2)
ν+2 dλ

= σ2 8π4a2ν

Γ (ν)

(
Γ(ℓ− ν)Γ(ν + 3/2)√

πΓ(ℓ+ ν + 3)
1F2(ν + 3/2; ν − ℓ+ 1, ν + ℓ+ 3; a2)

+
Γ(ν − ℓ)a2ℓ−2ν

22ℓ+2Γ(ℓ+ 2)
1F2(ℓ+ 3/2; ℓ− ν + 1, 2ℓ+ 3; a2)

)
.

For speci�c values of the parameters this expressions can be simpli�ed and easily used
in computations. For example, for a = 10, σ2 = 1 and ν = 1 one obtains

bℓ =
4π4

25

(( (
l2 + 3l + 52

)
Kl+1 (10) + 5Kl (10) (l + 2)

)
Il+1 (10)

−5
(
(l + 2)Kl+1 (10) + 10Kl (10)

)
Il (10)

)
.

For the parameter values ν = 1/2, 1, 2, 3, 5 plots of such �rst spectral coe�cients bℓ

are given in Figure 4. The plots suggest very fast decay of these coe�cients. Thus, in
simulations, only few �rst coe�cients can be used to obtain reliable realisations of this
ρ-stationary Matérn �eld.

6. Conclusion

This paper developed the spectral theory for three classes of random �elds in the
ball. Applications to speci�c scenarios and the Matérn correlation model were provided.
The derived spectral representations can be useful for studying theoretical properties
and simulating realisations of random �elds. Potential areas of applications include
cosmology, geosciences and embryology.

In future studies, it would be also interesting to:

- Study rates of convergence in these spectral series representations;
- Extend the developed spectral theory to spatio-temporal �elds;
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- Apply the obtained series expansions to investigate evolutions of random �elds
in the ball driven by SPDEs , see the corresponding results for spherical random
�elds in [2, 4, 5, 13];

- Apply the developed methodology to real data, in particular, to new high-
resolution cosmological data from future CMB-S4 and Euclid mission surveys.
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