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This is a n  Op e n  Acces s  doc u m e n t  dow nloa d e d  fro m  ORCA, Ca r diff U nive r si ty 's

ins ti t u tion al r e posi to ry:h t t p s://o rc a.c a r diff.ac.uk/id/ep rin t/14 5 8 3 2/

This  is t h e  a u t ho r’s ve r sion  of a  wo rk  t h a t  w as  s u b mi t t e d  to  / a c c e p t e d  for

p u blica tion.

Cit a tion  for  final p u blish e d  ve r sion:

Leon e nko, Nikolai , M alya r e nko, Ana toly a n d  Olenko, Andryi 2 0 2 2.  O n  s p ec t r al

t h eo ry of r a n do m  fields  in t h e  b all. Theo ry of P rob a bili ty a n d  M a t h e m a tic al S t a tis tics

1 0 7  , p p.  6 1-7 6.  1 0.1 09 0/ t p m s/11 7 5  

P u blish e r s  p a g e:  h t t p s://doi.o rg/10.10 9 0/ tp m s/11 7 5  

Ple a s e  no t e:  

Ch a n g e s  m a d e  a s  a  r e s ul t  of p u blishing  p roc e s s e s  s uc h  a s  copy-e di ting,  for m a t ting

a n d  p a g e  n u m b e r s  m ay  no t  b e  r eflec t e d  in t his  ve r sion.  For  t h e  d efini tive  ve r sion  of

t his  p u blica tion,  ple a s e  r efe r  to  t h e  p u blish e d  sou rc e .  You a r e  a dvis e d  to  cons ul t  t h e

p u blish e r’s ve r sion  if you  wis h  to  ci t e  t his  p a p er.

This  ve r sion  is b eing  m a d e  av ailabl e  in a cco r d a nc e  wi th  p u blish e r  policies.  S e e  

h t t p://o rc a .cf.ac.uk/policies.h t ml for  u s a g e  policies.  Copyrigh t  a n d  m o r al  r i gh t s  for

p u blica tions  m a d e  av ailabl e  in  ORCA a r e  r e t ain e d  by t h e  copyrigh t  hold e r s .
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❆❜str❛❝t✳ ❚❤❡ ♣❛♣❡r ✐♥✈❡st✐❣❛t❡s r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧✳ ■t st✉❞✐❡s t❤r❡❡ t②♣❡s
♦❢ s✉❝❤ ✜❡❧❞s✿ r❡str✐❝t✐♦♥s ♦❢ s❝❛❧❛r r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧ t♦ t❤❡ s♣❤❡r❡✱ s♣✐♥✱ ❛♥❞
✈❡❝t♦r r❛♥❞♦♠ ✜❡❧❞s✳ ❚❤❡ r❡✈✐❡✇ ♦❢ t❤❡ ❡①✐st✐♥❣ r❡s✉❧ts ❛♥❞ ♥❡✇ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r
❡❛❝❤ ♦❢ t❤❡s❡ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ❛r❡ ❣✐✈❡♥✳ ❊①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❝❧❛ss✐❝❛❧
❛♥❞ ♥❡✇ ♠♦❞❡❧s ♦❢ t❤❡s❡ t❤r❡❡ t②♣❡s ❛r❡ ♣r❡s❡♥t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ▼❛tér♥ ♠♦❞❡❧
✐s ✉s❡❞ ❢♦r ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s✳ ❚❤❡ ❞❡r✐✈❡❞ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❜❡ ✉t✐❧✐s❡❞
t♦ ❢✉rt❤❡r st✉❞② t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ s✉❝❤ ✜❡❧❞s ❛♥❞ t♦ s✐♠✉❧❛t❡ t❤❡✐r r❡❛❧✐s❛t✐♦♥s✳
❚❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ❝❛♥ ❛❧s♦ ✜♥❞ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ♠♦❞❡❧❧✐♥❣ ❛♥❞ ✐♥✈❡st✐❣❛t✐♥❣
❜❛❧❧ ❞❛t❛ ✐♥ ❝♦s♠♦❧♦❣②✱ ❣❡♦s❝✐❡♥❝❡s ❛♥❞ ❡♠❜r②♦❧♦❣②✳
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❘❡❝❡♥t ②❡❛rs ❤❛✈❡ ✇✐t♥❡ss❡❞ ❛♥ ❡♥♦r♠♦✉s ❛♠♦✉♥t ♦❢ ❛tt❡♥t✐♦♥ t♦ ✐♥✈❡st✐❣❛t✐♥❣ s♣❤❡r✲
✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✷✵✱ ✷✸✱ ✸✽❪ ❛♥❞ t❤❡ r❡❢✲
❡r❡♥❝❡s t❤❡r❡✐♥✮ ✐s str♦♥❣❧② ✐♥✢✉❡♥❝❡❞ ❜② st✉❞✐❡s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ♦♥ ♠❛♥✐❢♦❧❞s✱ ❛s t❤❡
s♣❤❡r❡ ✐s ♦♥❡ ♦❢ t❤❡ s✐♠♣❧❡st ♠❛♥✐❢♦❧❞s✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ♠♦t✐✈❛t✐♦♥ ❝♦♠❡s ❢r♦♠ ❝♦s♠♦✲
❧♦❣②✱ ❡❛rt❤ s❝✐❡♥❝❡ ❛♥❞ ❡♠❜r②♦❧♦❣②✱ ❥✉st t♦ ♥❛♠❡ ❛ ❢❡✇ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✷✻✱ ✸✵✱ ✸✶✱ ✸✻❪✮✳
❚❤❡ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s ❛♥❞ t♦♦❧s ✐♥ s✉❝❤ ✐♥✈❡st✐❣❛t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s♣❡❝tr❛❧ t❤❡♦r②
♦❢ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s✳ Pr♦❢❡ss♦r ❨❛❞r❡♥❦♦ ✇❛s ♦♥❡ ♦❢ ♣✐♦♥❡❡r✐♥❣ r❡s❡❛r❝❤❡rs ❛♥❞
❧❡❛❞✐♥❣ ✜❣✉r❡s ✐♥ ❞❡✈❡❧♦♣✐♥❣ t❤✐s t❤❡♦r②✳ ▲❛t❡r ♦♥✱ ✐t ✇❛s ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❜❡❤❛✲
✈✐♦✉r ♦❢ t❤❡ ♣♦✇❡r ❛♥❣✉❧❛r s♣❡❝tr✉♠ ❞❡t❡r♠✐♥❡s ✈❛r✐♦✉s ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ✜❡❧❞s ❛♥❞
❡✈♦❧✉t✐♦♥s ♦❢ t❤❡✐r s♣❛t✐♦✲t❡♠♣♦r❛❧ ❝♦✉♥t❡r♣❛rts✱ s❡❡ ❬✷✱ ✹✱ ✺✱ ✶✸❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❦♥♦✇♥
r❡s✉❧ts ❛❜♦✉t s♣❤❡r✐❝❛❧ ✜❡❧❞s ❛r❡ ♥♦t ❞✐r❡❝t❧② tr❛♥s❧❛t❛❜❧❡ t♦ t❤❡ r❛♥❞♦♠ ✜❡❧❞s ❞❡✜♥❡❞ ✐♥
t❤❡ ❜❛❧❧✳ ❚❤❡r❡❢♦r❡✱ ♠♦st ♦❢ t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ s✉❝❤ ✜❡❧❞s s❤♦✉❧❞
❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✳

❖♥❡ ♦❢ ♠❛✐♥ ❛♣♣❧✐❡❞ ♠♦t✐✈❛t✐♦♥s ❢♦r ❞❡✈❡❧♦♣✐♥❣ t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ♦❢ r❛♥❞♦♠ ✜❡❧❞s ✐♥
t❤❡ ❜❛❧❧ ❝♦♠❡s ❢r♦♠ ❝♦s♠♦❧♦❣✐❝❛❧ r❡s❡❛r❝❤✳ ❚❤❡ ❢✉t✉r❡ ❊✉r♦♣❡❛♥ ❙♣❛❝❡ ❆❣❡♥❝② ♠✐ss✐♦♥
❊✉❝❧✐❞ ❛♥❞ ❈♦s♠✐❝ ▼✐❝r♦✇❛✈❡ ❇❛❝❦❣r♦✉♥❞ ❙t❛❣❡ ✹ ✭❈▼❇✲❙✹✮ ♣r♦❥❡❝t s✉♣♣♦rt❡❞ ❜② t❤❡
❯❙ ❉❡♣❛rt♠❡♥t ♦❢ ❊♥❡r❣② ❖✣❝❡ ♦❢ ❙❝✐❡♥❝❡ ❛♥❞ t❤❡ ◆❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ❛r❡
♣❧❛♥♥❡❞ t♦ ❝♦❧❧❡❝t ❛♥❞ ❛♥❛❧②s❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❞❛t❛ ✐♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s ❛❜♦✉t 10 ❜✐❧❧✐♦♥ ❧✐❣❤t
②❡❛rs✳ ❋r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡s❡ ♠✐ss✐♦♥s ✇✐❧❧ s❛♠♣❧❡ ✈❛❧✉❡s ♦❢ s❡✈❡r❛❧
s❝❛❧❛r✱ s♣✐♥ ❛♥❞ t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞s ❞❡✜♥❡❞ ✐♥ t❤❡ ❜❛❧❧✳ ■t r❡q✉✐r❡s ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥t
♦❢ st♦❝❤❛st✐❝ ♠♦❞❡❧s ❛♥❞ st❛t✐st✐❝❛❧ t♦♦❧s ❢♦r s✉❝❤ ✜❡❧❞s✳

❉❡t❡r♠✐♥✐st✐❝ s♣✐♥ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❬✶✵❪✳ ❚❤❡② ❜❡❝❛♠❡ ✇❡❧❧
❦♥♦✇♥ t♦ ♣❤②s✐❝✐sts ❛❢t❡r t❤❡ s❡♠✐♥❛❧ ♣❛♣❡r ❬✷✼❪✳ ❘❛♥❞♦♠ s♣✐♥ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡
❛♣♣❡❛r❡❞ ✐♥ ❬✸✾❪ ❛s ❛ t❡❝❤♥✐❝❛❧ t♦♦❧ ❢♦r ❛♥❛❧②s✐♥❣ ❛ ❢✉❧❧✲s❦② ♣♦❧❛r✐s❛t✐♦♥ ♠❛♣ ♦❢ t❤❡

✷✵✷✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ Pr✐♠❛r② ✻✵●✻✵✱ ✻✵●✶✺✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ❘❛♥❞♦♠ ✜❡❧❞s✱ s♣❡❝tr❛❧ t❤❡♦r②✱ s♣✐♥✱ ✐s♦tr♦♣✐❝✱ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧✱

s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞s✱ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡✳

➞❳❳❳❳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②
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❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✳ ❚❤✐s ♣r♦❜❧❡♠ ✇❛s ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t❧② st✉❞✐❡❞ ✐♥ ❬✶✷❪ ❜②
✉s✐♥❣ t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✳ ❆ ❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ s♣✐♥
❛♥❞ t❡♥s♦r ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✸❪✳

■♥ st♦❝❤❛st✐❝ s❡tt✐♥❣s✱ t❤❡ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡
s♣❤❡r❡ ✇❛s ♣r♦♣♦s❡❞ ❜② ❬✸❪✱ ❬✶✶❪✱ ❛♥❞ ❬✶✾❪ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✼✱ ✷✷❪✳ ❚❤✐s t❤❡♦r② ✇♦r❦s
✇❡❧❧ ❢♦r st✉❞✐❡s ♦❢ t❤❡ ❝✉rr❡♥t ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞ r❛❞✐❛t✐♦♥ ❞❛t❛ ❝♦❧❧❡❝t❡❞
♦♥ t❤❡ s♣❤❡r❡✳ ❍♦✇❡✈❡r✱ ♠♦❞❡❧❧✐♥❣ ❛♥❞ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❞❛t❛ ❢r♦♠ t❤❡ ❊✉❝❧✐❞ ❛♥❞
❈▼❇✲❙✹ s✉r✈❡②s r❡q✉✐r❡s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ t❤❡♦r② t♦ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡
❜❛❧❧✳ ❋✐rst st❡♣s ♦❢ s✉❝❤ ❣❡♥❡r❛❧✐s❛t✐♦♥ ✇❡r❡ ♣r♦♣♦s❡❞ ❜② ❬✷✶❪✳ ❖♥❡ ♦❢ ♠❛✐♥ ✐❞❡❛s✱ t❤❛t
✇❛s ♦r✐❣✐♥❛❧❧② s✉❣❣❡st❡❞ ❜② ▼✳ ❨❛❞r❡♥❦♦ ✐♥ ❬✸✼❪✱ ✐s ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤r❡❡ ♠❛✐♥ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧✿ r❡str✐❝t✐♦♥s ♦❢
s❝❛❧❛r r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧ t♦ t❤❡ s♣❤❡r❡✱ ✐s♦tr♦♣✐❝ s♣✐♥✱ ❛♥❞ ✈❡❝t♦r r❛♥❞♦♠ ✜❡❧❞s✳ ■t
♣r❡s❡♥ts s♦♠❡ ❡①✐st✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ r❡s✉❧ts ❛♥❞ ❞❡✈❡❧♦♣s ♥❡✇ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r t❤♦s❡
❝❛s❡s t❤❛t ✇❡r❡ ♥♦t ❝♦✈❡r❡❞ ❜❡❢♦r❡✳ ■t s✉❣❣❡sts ❛ ✉♥✐✜❡❞ ❛♣♣r♦❛❝❤ ❛♥❞ ♥♦t❛t✐♦♥s ✐♥ t❤❡
s♣❡❝tr❛❧ t❤❡♦r② ♦❢ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧✳ ❚❤❡ r❡s✉❧ts ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❢♦r ❢✉rt❤❡r st✉❞②✲
✐♥❣ ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ t❤r❡❡ ❝❧❛ss❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❙❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s
t♦ ❝❧❛ss✐❝❛❧ ❛♥❞ ♥❡✇ ♠♦❞❡❧s ♣r♦✈✐❞❡ ❡①♣❧✐❝✐t s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞
✐♥ s♣❛t✐❛❧ st❛t✐st✐❝s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r s♣❡❝tr❛❧
❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ▼❛tér♥ ♠♦❞❡❧ ❛r❡ ❛❧s♦ ♥❡✇✳ ❆❧❧ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❞❡r✐✈❡❞ t❤❡♦r❡t✐❝❛❧
r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❡❛s✐❧② ❝♦♠♣✉t❛❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ✉t✐❧✐s❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts ♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts
❛❜♦✉t ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞s t❤❛t ❛r❡ ♦❜t❛✐♥❡❞ ✈✐❛ r❡str✐❝t✐♦♥s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡
❜❛❧❧ t♦ t❤❡ s♣❤❡r❡✳ ❘❡s✉❧ts ❛❜♦✉t s♣✐♥ r❛♥❞♦♠ ✜❡❧❞ ♦♥ t❤❡ s♣❤❡r❡ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳
❚❤❡ s♣❡❝tr❛❧ t❤❡♦r② ♦❢ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞ ✐♥ t❤❡ ❜❛❧❧ ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❙❡❝t✐♦♥ ✺
st✉❞✐❡s s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ ✈❡❝t♦r ρ✲st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞s✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♥❝❧✉s✐♦♥s
❛♥❞ s♦♠❡ ❢✉t✉r❡ r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳

❆❧❧ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❡r❡ ♣r♦❞✉❝❡❞ ❜② ✉s✐♥❣ t❤❡ s♦❢t✇❛r❡ ▼❛♣❧❡ ✈❡rs✐♦♥ ✷✵✷✶✳✵✳
❚❤✐s s♦❢t✇❛r❡ ✇❛s ❛❧s♦ ✉s❡❞ t♦ ✈❡r✐❢② s♦♠❡ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✳ ❆ r❡♣r♦❞✉❝✐❜❧❡
✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❞❡ ✐♥ t❤✐s ♣❛♣❡r ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❢♦❧❞❡r ✏❘❡s❡❛r❝❤ ♠❛t❡r✐❛❧s✑ ❢r♦♠ t❤❡
✇❡❜s✐t❡ ❤tt♣s✿✴✴s✐t❡s✳❣♦♦❣❧❡✳❝♦♠✴s✐t❡✴♦❧❡♥❦♦❛♥❞r✐②✴✳

✷✳ ❚❤❡ r❛♥❞♦♠ ❢✐❡❧❞s ✐♥ t❤❡ ❜❛❧❧✿ ❛♥❛❧②s✐s ❛♥❞ s②♥t❤❡s✐s

▲❡t ✉s ❞❡♥♦t❡ t❤❡ ❝❡♥t❡r❡❞ ❜❛❧❧ ♦❢ r❛❞✐✉s r0 > 0 ❜②

B(r0) = {x ∈ R
3 : ∥x∥ ≤ r0 },

✇❤❡r❡ ∥ · ∥ ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ✐♥ R
3✳

▲❡t T (x)✱ x ∈ R
3 (♦r x ∈ B(r0)), ❜❡ ❛ r❛♥❞♦♠ ✜❡❧❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ❛

♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F,P) ❛♥❞ ❛ ❢✉♥❝t✐♦♥ T : R3 ×Ω → C s✉❝❤ t❤❛t ❢♦r ❛♥② ✜①❡❞ x ∈ R
3

t❤❡ ❢✉♥❝t✐♦♥ T (x, ω) ✐s ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❆ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ✜❡❧❞
T (x) ✐s s❡❝♦♥❞✲♦r❞❡r✱ t❤❛t ✐s✱ E[|T (x)|2] <∞, ❛♥❞ ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉♦✉s✱ t❤❛t ✐s✱

lim
y∈R3:∥y−x∥→0

E[|T (y)− T (x)|2] = 0, ❢♦r ❛❧❧ x ∈ R
3.

▲❡t ⟨T (x)⟩ = E[T (x)] ❜❡ t❤❡ ♦♥❡✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞ T (x)✱
❛♥❞ ❧❡t

⟨T (x), T (y)⟩ = E[(T (x)− ⟨T (x)⟩)(T (y)− ⟨T (y)⟩)]
❜❡ ✐ts t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥✳ ▲❡t G = SO(3) ❜❡ t❤❡ r♦t❛t✐♦♥ ❣r♦✉♣ ✐♥ R

3, t❤❛t
✐s✱ t❤❡ ❣r♦✉♣ ♦❢ ♦rt❤♦❣♦♥❛❧ 3× 3 ♠❛tr✐❝❡s ✇✐t❤ ❛ ✉♥✐t ❞❡t❡r♠✐♥❛♥t✳

❈❛❧❧ t❤❡ ✜❡❧❞ T (x) ✐s♦tr♦♣✐❝ ✐❢ ✐ts ♦♥❡✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❝♦♥st❛♥t✱ ✇❤✐❧❡ ✐ts
t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✐s r♦t❛t✐♦♥✲✐♥✈❛r✐❛♥t✿

⟨T (gx), T (gy)⟩ = ⟨T (x), T (y)⟩, g ∈ SO(3).
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◆♦t❡ t❤❛t ✐♥ ♠❛♥② ❝❛s❡s ✐s♦tr♦♣② ♦❢ ❛ r❛♥❞♦♠ ✜❡❧❞ ✐♠♣❧✐❡s ✐ts ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉✐t②✱
s❡❡ ❬✷✹❪✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤✐s ♣❛♣❡r ❛ss✉♠❡s t❤❛t ⟨T (x)⟩ = 0.
❍♦✇ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ ✐s♦tr♦♣✐❝

r❛♥❞♦♠ ✜❡❧❞s❄ ❋♦❧❧♦✇✐♥❣ ❬✸✼❪✱ ✇❡ ✜rst ♣❡r❢♦r♠ ❛♥ ❛♥❛❧②s✐s ♦❢ s✉❝❤ ❛ ✜❡❧❞✳ ❈♦♥s✐❞❡r
t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ T (x) t♦ S

2(r), ✇❤✐❝❤ ❞❡♥♦t❡s t❤❡ ❝❡♥tr❡❞ s♣❤❡r❡ ♦❢ r❛❞✐✉s
r > 0 ✐♥ R

3✳ ❚♦ ❛✈♦✐❞ ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ♥♦t❛t✐♦♥s T (r, θ, φ) ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r (r, θ, φ)
✇❤✐❝❤ ❛r❡ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ x. ❚❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡
r❡str✐❝t✐♦♥ ✐s r♦t❛t✐♦♥✲✐♥✈❛r✐❛♥t ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts✳ ❚❤✉s✱
t❤❡ r❡str✐❝t✐♦♥ ✐s ❛♥ ✐s♦tr♦♣✐❝ ✜❡❧❞ ♦♥ t❤❡ s♣❤❡r❡✳ ❙✉❝❤ ✜❡❧❞s ✇❡r❡ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡❞
❜② ❬✷✸✱ ✷✽❪ ❛♥❞ ❤❛✈❡ t❤❡ ❢♦r♠

✭✷✳✶✮ T (r, θ, φ) =

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

aℓm(r)Yℓm(θ, φ),

✇❤❡r❡ (r, θ, φ), r > 0, θ ∈ [0, π], φ ∈ [0, 2π) ❛r❡ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛ ♣♦✐♥t
x ∈ S2(r)✱ {Yℓm(θ, φ), ℓ ∈ N0,m = −ℓ, ..., ℓ} ✇✐t❤ N0 = N ∪ {0}, ❛r❡ t❤❡ s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s✱ ❛♥❞ aℓm(r) ❛r❡ ✜♥✐t❡ ✈❛r✐❛♥❝❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

✭✷✳✷✮ aℓm(r) =

∫ π

0

∫ 2π

0

T (r, θ, φ)Yℓm(θ, φ) sin θ dθ dφ

t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s

✭✷✳✸✮
E[aℓm(r)] = 0,

E[aℓm(r)aℓ′m′(r)] = δℓℓ′δmm′Cℓ(r)

❢♦r ❛❧❧ ℓ, ℓ′ ∈ N0, m = −ℓ, ..., ℓ, m′ = −ℓ′, ..., ℓ′.
❚❤❡ s❡r✐❡s ✭✷✳✶✮ ❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s s❡r✐❡s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r ❝♦♥✈❡r❣❡

♣♦✐♥t✲✇✐s❡ ✐♥ t❤❡ ♠❡❛♥✲sq✉❛r❡ s❡♥s❡✳ ❋♦r ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱
✇❡ r❡❢❡r t❤❡ r❡❛❞❡rs t♦ ❬✾✱ ✷✸❪✳

❋♦r ❡❛❝❤ r > 0, t❤❡ s❡q✉❡♥❝❡ {Cℓ(r), ℓ ∈ N0} ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ♥✉♠❜❡rs s❛t✐s✜❡s t❤❡
❝♦♥❞✐t✐♦♥

∞
∑

ℓ=0

(2ℓ+ 1)Cℓ(r) <∞.

❙❡❝♦♥❞✱ ✇❡ ♣❡r❢♦r♠ ❛ s②♥t❤❡s✐s ♦❢ ❛ r❛♥❞♦♠ ✜❡❧❞ ✐♥ t❤❡ ❜❛❧❧ ✉s✐♥❣ ✐ts r❡str✐❝t✐♦♥s t♦
❝❡♥tr❡❞ s♣❤❡r❡s ❛s ✏❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✑✳ ❆s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ r✱ aℓm(r) ✐s ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss✳ ❇② t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✷✳✸✮✱ ✐t ✐s ❝❡♥tr❡❞✳ ❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥
❜❡t✇❡❡♥ aℓm(r1) ❛♥❞ aℓ′m′(r2)✳ ❊q✉❛t✐♦♥ ✭✷✳✷✮ ❣✐✈❡s

E[aℓm(r1)aℓ′m′(r2)] = E

[∫ π

0

∫ 2π

0

T (r1, θ, φ)Yℓm(θ, φ) sin θ dθ dφ

×
∫ π

0

∫ 2π

0

T (r2, θ′, φ′)Yℓ′m′(θ′, φ′) sin θ′ dθ′ dφ′

]

=

∫ π

0

∫ 2π

0

∫ π

0

∫ 2π

0

⟨T (r1, θ, φ), T (r2, θ′, φ′)⟩Yℓm(θ, φ)Yℓ′m′(θ′, φ′)

× sin θ sin θ′ dθ dφ dθ′ dφ′.

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞✱ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ✉♥❞❡r
t❤❡ ✐♥t❡❣r❛❧ s✐❣♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥ts (θ, φ) ❛♥❞ (θ′, φ′) ♦♥ t❤❡
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❝❡♥tr❡❞ ✉♥✐t s♣❤❡r❡✳ ❚❤❡ ❋✉♥❝❦✕❍❡❝❦❡ ❚❤❡♦r❡♠ ❬✾❪ st❛t❡s t❤❛t
∫ π

0

∫ 2π

0

⟨T (r1, θ, φ), T (r2, θ′, φ′)⟩Yℓ′m′(θ′, φ′) sin θ′ dθ′ dφ′ = Cℓ′(r1, r2)Yℓ′m′(θ, φ),

✇❤❡r❡ t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t Cℓ′(r1, r2) ✐s ♥♦t r❡❧❡✈❛♥t✳
❚❤✉s✱ ❞✉❡ t♦ t❤❡ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱

E[aℓm(r1)aℓ′m′(r2)] =

∫ π

0

∫ 2π

0

Yℓm(θ, φ)Cℓ′(r1, r2)Yℓ′m′(θ, φ) sin θ dθ dφ

= δℓℓ′δmm′Cℓ′(r1, r2).

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✮ ❛♥❞ ✭✷✳✸✮ t❤❛t

E[T (x1)T (x2)] =

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

Yℓm(θ1, φ1)Yℓm(θ2, φ2)Cℓ(r1, r2).

❚❤❡ ❛❞❞✐t✐♦♥ t❤❡♦r❡♠ ❢♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ✐♠♣❧✐❡s t❤❛t

E[T (x1)T (x2)] =
1

4π

∞
∑

ℓ=0

(2ℓ+ 1)Cℓ(r1, r2)Pℓ(cos γ),

✇❤❡r❡ γ ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦rs x1 ❛♥❞ x2 ❛♥❞ {Pℓ(·), ℓ ∈ N0} ❛r❡ t❤❡ ▲❡❣❡♥❞r❡
♣♦❧②♥♦♠✐❛❧s✳

■❢ T (x),x ∈ R
3, ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞✱ t❤❡♥ ✐ts ❝♦✈❛r✐❛♥❝❡

❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥✱ s❡❡ ❬✸✽✱ ♣✳✼✻❪✱

⟨T (x), T (y)⟩ =
∫ ∞

0

sin(λ ∥y − x∥)
λ ∥y − x∥ dµ(λ), x,y ∈ R

3,

✇❤❡r❡ µ ✐s t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡✳
❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡ r❛♥❞♦♠ ✜❡❧❞ ✭✷✳✶✮ ♦♥ t❤❡ s♣❤❡r❡ S

2(r) ✐t ❤♦❧❞s✱ s❡❡ ❬✸✽✱ ♣✳✼✻❪✱

Cℓ(r) = 2π

∫ ∞

0

J2
ℓ+ 1

2

(λr)

λr
dµ(λ), ℓ ∈ N0,

✇❤❡r❡ Jν (z) ✐s t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ ♦❢ ♦r❞❡r ν.
■♥ t❤✐s ❝❛s❡

⟨T (x), T (y)⟩ = B(∥y − x∥) =
∫ ∞

0

sin
(

2rλ sin
(

γ
2

))

2rλ sin
(

γ
2

) dµ(λ),

✇❤❡r❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ∥y − x∥ , ❝❛❧❧❡❞ ❛❧s♦ t❤❡ ❝❤♦r❞❛❧ ❞✐st❛♥❝❡✱ ❜❡t✇❡❡♥ t✇♦
♣♦✐♥ts ♦♥ ❛ s♣❤❡r❡ x,y ∈ S

2(r) ⊂ R
3, ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣r❡❛t ❝✐r❝❧❡ ✭❛❧s♦

❦♥♦✇♥ ❛s ❣❡♦❞❡s✐❝ ♦r s♣❤❡r✐❝❛❧✮ ❞✐st❛♥❝❡ ❛s ❢♦❧❧♦✇s✿

∥y − x∥ = 2r sin
(γ

2

)

,

✇❤❡r❡ γ = γ(x,y) = arccos ⟨x,y⟩ ❛♥❞ ⟨x,y⟩ ❞❡♥♦t❡s t❤❡ ✉s✉❛❧ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ R
3✳

❊①❛♠♣❧❡ ✷✳✶ ✭▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥✮✳ ❈♦♥s✐❞❡r ❛ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ s❝❛❧❛r
r❛♥❞♦♠ ✜❡❧❞ T (x),x ∈ R

3, ♦❢ t❤❡ ❢♦r♠

✭✷✳✹✮ ⟨T (x), T (y)⟩ = σ2 21−ν

Γ (ν)
(a ∥y − x∥)ν Kν (a ∥y − x∥) ,

✇❤❡r❡ σ2 > 0, a > 0, ν > 0, ❛♥❞ Kν (·) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❦✐♥❞
♦❢ ♦r❞❡r ν. ❍❡r❡✱ t❤❡ ♣❛r❛♠❡t❡r ν ❝♦♥tr♦❧s t❤❡ ❞❡❣r❡❡ ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ r❛♥❞♦♠
✜❡❧❞✱ σ ✐s ✜❡❧❞✬s ✈❛r✐❛♥❝❡ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r a ✐s ❛ s❝❛❧❡ ♣❛r❛♠❡t❡r✳
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❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦tr♦♣✐❝ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s

f (λ) =
σ2Γ

(

ν + 3
2

)

a2ν

π3/2Γ(ν) (a2 + λ2)
ν+ 3

2

, λ ≥ 0.

❚❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ▼❛tér♥ r❛♥❞♦♠ ✜❡❧❞ t♦ t❤❡ s♣❤❡r❡
S
2(r) ✐s ❛♥ ✐s♦tr♦♣✐❝ ✜❡❧❞ ♦♥ t❤✐s s♣❤❡r❡ ✇✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡

⟨T (x), T (y)⟩ = B
(

2r sin
(γ

2

))

=
21−νσ2

Γ (ν)

(

2ar sin
(γ

2

))ν

Kν

(

2ar sin
(γ

2

))

,

✇❤✐❧❡ t❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ s♣❡❝tr❛❧ ❞❡♥s✐t② f (λ) ✐♥t♦ t❤❡ ❢♦r♠✉❧❛ ✭✶✷✮ ❢r♦♠ ❬✸✽✱
♣✳✽✾❪ r❡s✉❧ts ✐♥ t❤❡ ❛♥❣✉❧❛r s♣❡❝tr✉♠ ♦❢ t❤❡ ❢♦r♠

Cℓ(r) = 4π3/2σ2Γ
(

ν + 3
2

)

a2ν

Γ(ν) r

∫ ∞

0

J2
ℓ+ 1

2

(rλ)λ
(

a2 + λ2
)−(ν+ 3

2
)
dλ, ℓ ∈ N0.

❚♦ ❝❛❧❝✉❧❛t❡ t❤✐s ✐♥t❡❣r❛❧✱ ♦♥❡ ❝❛♥ ✉s❡ ❬✸✷✱ ❊q✉❛t✐♦♥ ✷✳✶✷✳✸✷✳✶✵❪ ❛♥❞ ♦❜t❛✐♥

Cℓ(r) = 2π3/2σ2a2ν
(

ν Γ(ℓ− ν)√
π Γ(ℓ+ ν + 2)

1F2(ν + 1; ν − ℓ+ 1, ν + ℓ+ 2; a2r2) r2ν

+
Γ(ν − ℓ) a2ℓ−2ν

22ℓ+1Γ(ν)Γ(ℓ+ 3/2)
1F2(ℓ+ 1; ℓ− ν + 1, 2ℓ+ 2; a2r2) r2ℓ

)

,

✇❤❡r❡ 1F2 ✐s t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥✳ ❋♦r ③❡r♦ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r
✈❛❧✉❡s ♦❢ ℓ−ν ♦r ν−ℓ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ✐ts ❧✐♠✐t ✇❤❡♥ ν ❛♣♣r♦❛❝❤❡s ℓ.
❚❤❡ ❧✐♠✐t ✐s ✜♥✐t❡ ❞✉❡ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❤②♣❡r❣❡♦♠❡tr✐❝
❢✉♥❝t✐♦♥ 1F2(·).

❋♦r s♣❡❝✐✜❝ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t❤❡ ❡①♣r❡ss✐♦♥s ❛❜♦✈❡ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦ t❤❡
❢♦r♠s t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ✉s❡❞ ✐♥ ❝♦♠♣✉t❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r a = 10, σ2 = 1, ❛♥❞
ν = 1/2 ♦♥❡ ♦❜t❛✐♥s

B
(

2r sin
(γ

2

))

= exp
(

−20r sin
(γ

2

))

, f (λ) =
10

π2 (100 + λ2)
2 ,

Cℓ(r) =
π

5r

(

10rIℓ+ 1

2

(10r)Kℓ+ 3

2

(10r)− 10rKℓ+ 1

2

(10r) Iℓ+ 3

2

(10r)

− (2ℓ+ 1)Iℓ+ 1

2

(10r)Kℓ+ 1

2

(10r)
)

,

✇❤❡r❡ Il (·) ✐s t❤❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ ♦❢ ♦r❞❡r l.
❚❤❡ ♣❧♦t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✭✷✳✹✮ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❚♦ ♣r♦❞✉❝❡ t❤✐s ♣❧♦t

t❤❡ ✈❛❧✉❡s x = 0 ❛♥❞ y = (y1, y2, y3) ∈ B0(r0) ✇✐t❤ y3 = 0 ✇❡r❡ ❝❤♦s❡♥✳ ❚❤❡ ❤♦r✐③♦♥t❛❧
❝♦♦r❞✐♥❛t❡s ❛r❡ (y1, y2), ✇❤✐❧❡ t❤❡ ✈❡rt✐❝❛❧ ♦♥❡ r❡♣r❡s❡♥ts t❤❡ ✈❛❧✉❡s ♦❢ ⟨T (0), T (y)⟩ .

P❧♦ts ♦❢ ✜rst ❢❡✇ ❝♦❡✣❝✐❡♥ts Cℓ(r) ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥❣✉❧❛r ♣♦✇❡r s♣❡❝tr✉♠ ♦♥
t❤❡ ✐♥t❡r✈❛❧ r ∈ [0, 1] ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳

✸✳ ❙♣✐♥ r❛♥❞♦♠ ❢✐❡❧❞s ♦♥ t❤❡ s♣❤❡r❡

❚♦ ❞❡✜♥❡ s♣✐♥ ❛♥❞ t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧✱ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ✐s ✉s❡❞✳ ▲❡t
T (x) ❜❡ ❛ r❛♥❞♦♠ ✜❡❧❞ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❡♥t❡r❡❞ ❜❛❧❧ B(r0). ❈❛❧❧ t❤❡ ✜❡❧❞ T (x) s♣✐♥ ♦r
t❡♥s♦r✱ ✐❢ ❢♦r ❛♥② r ∈ (0, r0] t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ t♦ t❤❡ ❝❡♥tr❡❞ s♣❤❡r❡ ♦❢ r❛❞✐✉s r
✐s ❛ s♣✐♥ ♦r t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞ ♦♥ t❤✐s s♣❤❡r❡ S

2(r). ❙t❛rt✐♥❣ ❢r♦♠ r❡s✉❧ts ❛❜♦✉t s♣✐♥
♦r t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✱ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ♦❢ s♣✐♥ ♦r
t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞s ✐♥ B(r0).

❚❤❡r❡ ❛r❡ t✇♦ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s t♦ ❞❡t❡r♠✐♥✐st✐❝ s♣✐♥ ✜❡❧❞s ♦♥ ❛ ♠❛♥✐❢♦❧❞✱ s❡❡ ❬✸✹❪✳
❚❤❡ ✜rst ♦♥❡ r❡q✉✐r❡s ✐♥tr♦❞✉❝✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡s ♦❢ ♦rt❤♦❣♦♥❛❧ ❢r❛♠❡s
❛♥❞ ✇✐❧❧ ♥♦t ❜❡ ✐♥tr♦❞✉❝❡❞ ❤❡r❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛s ❢♦❧❧♦✇s✳
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❋✐❣✉r❡ ✶✳ ▼❛tér♥ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥
❢♦r a = 10, σ2 = 1, ❛♥❞ ν = 1/2✳

❋✐❣✉r❡ ✷✳ Cℓ(r) ❢♦r a = 10, σ2 = 1,
❛♥❞ ν = 1/2✳

▲❡t (E, π,M) ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡r ❛ ♠❛♥✐❢♦❧❞ M ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ π : E → M ❛♥❞
t❤❡r❡ ✐s ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ {Uα} ♦❢ M ✱ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r s♣❛❝❡ L✱ ❛♥❞ t❤❡ ♦♥❡✲
t♦✲♦♥❡ ♠❛♣s φα : π

−1(Uα) → Uα ×L s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ Uα t❤❡ s❡t π−1(x) ✐s ❛ ❝♦♣② ♦❢
L✱ ❛♥❞ t❤❡ ♦✈❡r❧❛♣s φα ◦φ−1

β ♠❛♣ ❛ ♣♦✐♥t (x, v) ∈ (Uα ∩Uβ)×L t♦ ❛ ♣♦✐♥t (x, gαβv) ❢♦r

s♦♠❡ s✉✐t❛❜❧❡ ❝❤❛♥❣❡✲♦❢✲❝♦♦r❞✐♥❛t❡s ✐♥✈❡rt✐❜❧❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs gαβ(x)✳
❱❛r✐♦✉s ❝♦♥❞✐t✐♦♥s ♦♥ M ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s gαβ(x)✳ ❋♦r

❡①❛♠♣❧❡✱ M ✐s ♦r✐❡♥t❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s s✉❝❤ ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ {Uα} ♦❢ M ✱ t❤❛t
t❤❡ ❛❜♦✈❡ ❢✉♥❝t✐♦♥s t❛❦❡ ✈❛❧✉❡s ✐♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ✉♥✐t② ♦❢ t❤❡ ❣r♦✉♣ GL(L)
♦❢ ✐♥✈❡rt✐❜❧❡ ❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ L✳ M ✐s ♦r✐❡♥t❛❜❧❡ ❛♥❞ ❘✐❡♠❛♥♥✐❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ L ✐s ❛
r❡❛❧ ❧✐♥❡❛r s♣❛❝❡ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s gαβ(x) t❛❦❡ ✈❛❧✉❡s ✐♥ t❤❡ ❣r♦✉♣ SO(L) ♦❢ ♦rt❤♦❣♦♥❛❧
❧✐♥❡❛r ♦♣❡r❛t♦rs ✇✐t❤ ✉♥✐t ❞❡t❡r♠✐♥❛♥t ❢♦r ❛ s✉✐t❛❜❧❡ ❝♦✈❡r✐♥❣✳ ❋✐♥❛❧❧②✱ M ✐s s♣✐♥ ✐❢ t❤❡
s♣❛❝❡ L ❝❛rr✐❡s ❛ s♣❡❝✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ s♣✐♥ ❣r♦✉♣ t❤❛t ❝♦✈❡rs t❤❡ ❣r♦✉♣
SO(L) t✇✐❝❡✳ ❋♦r ❞❡t❛✐❧s✱ s❡❡ ❬✶✹❪✳ ❇♦t❤ t❤❡ s♣❤❡r❡ ❛♥❞ t❤❡ ❜❛❧❧ ❛r❡ s♣✐♥ ♠❛♥✐❢♦❧❞s✱ ❛♥❞
s♣✐♥ r❛♥❞♦♠ ✜❡❧❞s ❝❛♥ ❜❡ ♣r♦♣❡r❧② ❞❡✜♥❡❞ ♦♥ t❤❡♠✳

❲❡ r❡♠✐♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✱ s❡❡ ❬✸❪✱
❬✶✶❪ ❛♥❞ ❬✶✾❪✳ ▲❡t s ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ ❧❡t K = SO(2) ❜❡ t❤❡ ❣r♦✉♣ ♦❢ r♦t❛t✐♦♥s ♦❢ t❤❡
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ❛r♦✉♥❞ t❤❡ z✲❛①✐s✳ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢ SO(2) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥
t❤❡ ❢♦r♠

kφ =





cosφ sinφ 0
− sinφ cosφ 0

0 0 1



 , 0 ≤ φ < 2π.

❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t ♠❛♣s t❤✐s ❡❧❡♠❡♥t t♦ t❤❡ 1 × 1 ✉♥✐t❛r② ♠❛tr✐① e−isφ ✐s ❛♥
✐rr❡❞✉❝✐❜❧❡ ✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ SO(2)✳ ❈♦♥s✐❞❡r t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t
SO(3) × C

1✳ ❈❛❧❧ t✇♦ ❡❧❡♠❡♥ts (g1, z1) ❛♥❞ (g2, z2) ✐♥ SO(3) × C
1 ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡

❡①✐sts ❛ φ s✉❝❤ t❤❛t (g2, z2) = (g1kφ, e
isφz1)✳ ❈❛❧❧ t❤❡ s❡t ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s Es✳

▲❡t p : SO(3) × C
1 → Es ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t ♠❛♣s ❛♥ ❡❧❡♠❡♥t (g, z) t♦ ✐ts

❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✳ ❊q✉✐♣ Es ✇✐t❤ t❤❡ q✉♦t✐❡♥t t♦♣♦❧♦❣②✱ t❤❛t ✐s✱ ❛ s❡t A ⊆ Es ✐s ♦♣❡♥ ✐❢
❛♥❞ ♦♥❧② ✐❢ ✐ts ✐♥✈❡rs❡ ✐♠❛❣❡ p−1(A) ✐s ♦♣❡♥ ✐♥ SO(3)×C

1✳ ❈♦♥s✐❞❡r t❤❡ ♠❛♣♣✐♥❣ π t❤❛t
♠❛♣s ❛♥ ❡❧❡♠❡♥t (g, z) t♦ t❤❡ ❧❡❢t ❝♦s❡t gK✳ ❆❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss
❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡ ✉♥❞❡r π✱ s♦ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r Es ❛s t❤❡ ❞♦♠❛✐♥ ♦❢ π✳ ❚❤❡ ✐♠❛❣❡
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♦❢ Es ✉♥❞❡r π ✐s t❤❡ s❡t G/K ♦❢ ❛❧❧ ❧❡❢t ❝♦s❡ts✱ ✇❤✐❝❤ ✐s t❤❡ ❝❡♥tr❡❞ ✉♥✐t s♣❤❡r❡ S
2 ⊂ R

3✳
❚❤❡ tr✐♣❧❡ (Es, π, S

2) ✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦✈❡r S2✳ ❚❤✐s ♠❡❛♥s t❤❡ ❢♦❧❧♦✇✐♥❣✱ s❡❡✱ ❡✳❣✳✱ ❬✸✺❪✿

• Es ❛♥❞ S2 ❛r❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s❀ π ✐s ❛ s♠♦♦t❤ ♠❛♣❀
• ❢♦r ❛♥② x ∈ S2✱ t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ π−1(x) ✐s ❛ ❝♦♣② ♦❢ C1❀
• ❢♦r ❡❛❝❤ x ∈ S2✱ t❤❡r❡ ✐s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ♦❢ x✱ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ F : π−1(U) →
U × C

1✱ ❛♥❞✱ ❢♦r ❡❛❝❤ y ∈ U ✱ ❛ ❧✐♥❡❛r ♠❛♣ fy : π
−1(y) → C

1✱ s✉❝❤ t❤❛t

F (v) = (π(v), fy(v)), v ∈ π−1(y), y ∈ U.

■♥ ♦t❤❡r ✇♦r❞s✱ ❧♦❝❛❧❧②✱ ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ♦❢ ❛ ♣♦✐♥t x ∈ S2✱ t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡
π−1(U) ✐s ❥✉st t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t U × C

1✱ ❛♥❞ π ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ✜rst ❝♦✲
♦r❞✐♥❛t❡✳ ■❢ s = 0✱ t❤❡♥ t❤✐s ✐s tr✉❡ ❣❧♦❜❛❧❧②✱ ✇❡ ♠❛② ♣✉t U = S2✱ ❛♥❞ E0 = S2 × C

1✳
❖t❤❡r✇✐s❡✱ ✐❢ s ̸= 0✱ t❤❛♥ Es ̸= S2 × C

1✳ ❍♦✇❡✈❡r✱ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ❝❛♥ ❜❡ ❜✐❣
❡♥♦✉❣❤✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿ U0 = S2 \ {(0, 0, 1)⊤, (0, 0,−1)⊤}✱ t❤❡ s♣❤❡r❡ S2

✇✐t❤ ❞❡❧❡t❡❞ ♣♦❧❡s✳
❆ ♠❛♣♣✐♥❣ f : S2 → Es ✐s ❝❛❧❧❡❞ ❛ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ (Es, π, S

2) ✐❢ f(x) ∈
π−1(x) ❢♦r ❛❧❧ x ∈ S

2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ (E0, π, S
2) ❛r❡

❢✉♥❝t✐♦♥s ♦♥ t❤❡ s♣❤❡r❡✳ ❚❤❡ ❝r♦ss✲s❡❝t✐♦♥s ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ (Es, π, S
2) ✇✐t❤ s ̸= 0 ❛r❡

♥♦t ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s♣❤❡r❡✳ ❍♦✇❡✈❡r✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ s✉❝❤ ❛ ❝r♦ss✲s❡❝t✐♦♥ t♦ U0 ✐s ❛
❢✉♥❝t✐♦♥ ♦♥ U0✳

▲❡t µ ❜❡ t❤❡ ▲❡❜❡sq✉❡ ♠❡❛s✉r❡ ♦♥ S
2✳ ▲❡t L2(Es) ❜❡ t❤❡ s❡t ♦❢ µ✲❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s

♦❢ ❛❧❧ ❝r♦ss✲s❡❝t✐♦♥s f ✇✐t❤
∫

S2

|f(x)|2 dµ(x) <∞.

❊q✉❛t✐♦♥

✭✸✳✶✮ U(g)f(x) = f(g−1x), g ∈ SO(3),

❞❡✜♥❡s ❛ ✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ SO(3) ✐♥ t❤❡ ❝♦♠♣❧❡① ❍✐❧❜❡rt s♣❛❝❡ L2(Es)✳
❚❤❡ ✐rr❡❞✉❝✐❜❧❡ ✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❣r♦✉♣ SO(3) ❛r❡ ❡♥✉♠❡r❛t❡❞ ❜② ♥♦♥✲

♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs ℓ ✭t❤✐s ✐s t❤❡ tr❛❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐♥ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝s✮✳ ▲❡t (α, β, γ) ❜❡ t❤❡ ❊✉❧❡r ❛♥❣❧❡s ♦❢ ❛ r♦t❛t✐♦♥ g ∈ SO(3)✳ ❚❤❡r❡ ❛r❡ ♠❛♥②
❞✐✛❡r❡♥t ❝♦♥✈❡♥t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ❬✶✾❪ ❢♦r ❛ s✉r✈❡②✳ ❍❡r❡ ❛♥❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s
✇❡ ❛❞♦♣t ❝♦♥✈❡♥t✐♦♥s ❢r♦♠ ❬✽❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✜rst r♦t❛t✐♦♥ ✐s ❜② ❛♥❣❧❡ γ ❛r♦✉♥❞ t❤❡
z✲❛①✐s✱ t❤❡♥ ❛ r♦t❛t✐♦♥ ❜② ❛♥❣❧❡ β ❛r♦✉♥❞ t❤❡ y✲❛①✐s ❛♥❞ ✜♥❛❧❧② ❛ r♦t❛t✐♦♥ ❜② ❛♥❣❧❡ α
❛r♦✉♥❞ t❤❡ ♥❡✇ z✲❛①✐s✳

▲❡t D
(ℓ)
m,n(α, β, γ) ❜❡ t❤❡ ❲✐❣♥❡r D ❢✉♥❝t✐♦♥s✱ t❤❡ ♠❛tr✐① ❡♥tr✐❡s ♦❢ t❤❡ ℓt❤ ✐rr❡❞✉❝✐❜❧❡

✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❜❛s✐s ❞❡s❝r✐❜❡❞ ✐♥ ❬✽✱ ♣✳ ✸✹✹❪✳ ❚❤❡ s❡❝t✐♦♥s ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡
(Es, π, S

2) ❞❡✜♥❡❞ ❜②

sYℓm(θ, φ) =

√

2ℓ+ 1

4π
D

(ℓ)
m,−s(φ, θ, 0), ℓ ≥ s, m = −ℓ, ..., ℓ,

❛r❡ ❝❛❧❧❡❞ t❤❡ s♣✐♥ ✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✳ ▲♦❝❛❧❧②✱ t❤❡✐r r❡str✐❝t✐♦♥s t♦ U0 ❛r❡
❢✉♥❝t✐♦♥s ♦♥ U0✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ❢♦r ℓ ≥ s ❛♥❞ |m| ≤ ℓ ❛♥❞ ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s
✐♥ t❤❡ s♣❛❝❡ L2(Es)✿

∫ π

0

∫ 2π

0
sYℓm(θ, φ)sYℓ′m′(θ, φ) sin θ dθ dφ = δℓℓ′δmm′ .

❆ r❛♥❞♦♠ s❡❝t✐♦♥ sT (x) ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ (Es, π, S
2) ✐s ❝❛❧❧❡❞ ❛♥ ✐s♦tr♦♣✐❝ s♣✐♥ s

r❛♥❞♦♠ ✜❡❧❞ ✐❢ ❢♦r ❛❧❧ x✱ y ∈ S
2✱ ❛♥❞ ❢♦r ❛❧❧ g ∈ SO(3) ✐t ❤♦❧❞s

✭✸✳✷✮
⟨sT (gx)⟩ = ⟨sT (x)⟩,

⟨sT (gx), sT (gy)⟩ = ⟨sT (x), sT (y)⟩.
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❚❤❡ ✜❡❧❞ sT (x) ❤❛s t❤❡ ❢♦r♠

✭✸✳✸✮ sT (θ, φ) =
∞
∑

ℓ=s

ℓ
∑

m=−ℓ

saℓm sYℓm(θ, φ),

✇❤❡r❡ saℓm ❛r❡ ✜♥✐t❡ ✈❛r✐❛♥❝❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❛t ❢♦r ❛❧❧ ℓ, ℓ′ ≥ s, m = −ℓ, ..., ℓ, ❛♥❞
m′ = −ℓ′, ..., ℓ′, s❛t✐s❢②

E[saℓm] = 0 ❛♥❞ E[saℓmsaℓ′m′ ] = δℓℓ′δmm′sCℓ,

✇✐t❤ sCℓ ≥ 0 ❛♥❞
∞
∑

ℓ=s

(2ℓ+ 1)sCℓ <∞.

◆♦t❡ t❤❛t t❤❡ s❡r✐❡s ✭✸✳✸✮ ❝♦♥✈❡r❣❡s ✐♥ ♠❡❛♥✲sq✉❛r❡ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ sq✉❛r❡✲
✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ s❡❝t✐♦♥s ♦❢ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ (Es, π, S

2)✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ s❡r✐❡s ✭✷✳✶✮
✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s♣❤❡r❡✳

✹✳ ❙♣✐♥ r❛♥❞♦♠ ❢✐❡❧❞s ✐♥ t❤❡ ❜❛❧❧

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✜❡❧❞ ✐♥ t❤❡ ❜❛❧❧ B(r0). ■t ✇✐❧❧ ❜❡
❝❛❧❧❡❞ ❛ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞ ✐❢ ❛❧❧ ✐ts r❡str✐❝t✐♦♥s t♦ ❝❡♥tr❡❞ s♣❤❡r❡s ♦❢ r❛❞✐✉s r ∈ (0, r0]
❛r❡ ✐s♦tr♦♣✐❝ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♥♦t❛t✐♦♥ sT (r, θ, φ) ✇✐❧❧ ❜❡ ✉s❡❞ t♦
❞❡♥♦t❡ s✉❝❤ ✜❡❧❞s✳ ❚❤❡♥ ♦♥❡ ♦❜t❛✐♥s

sT (r, θ, φ) =
∞
∑

ℓ=s

ℓ
∑

m=−ℓ

saℓm(r) sYℓm(θ, φ),

✇❤❡r❡ saℓm(r), r ∈ [0, r0], ❛r❡ ✜♥✐t❡ ✈❛r✐❛♥❝❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳
❲❡ s❤♦✇ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts saℓm(r) ❛r❡ ♥♦t ❝♦rr❡❧❛t❡❞ ❢♦r ❞✐✛❡r❡♥t l ❛♥❞ m, ✐✳❡✳ ❢♦r

❛❧❧ ℓ, ℓ′ ≥ s, m = −ℓ, ..., ℓ, m′ = −ℓ′, ..., ℓ′, ❛♥❞ r, r1, r2 ∈ [0, r0], ✐t ❤♦❧❞s

✭✹✳✶✮ E[saℓm(r)] = 0 ❛♥❞ E[saℓm(r1)saℓ′m′(r2)] = δℓℓ′δmm′sCℓ(r1, r2),

✇✐t❤

✭✹✳✷✮

∞
∑

ℓ=s

(2ℓ+ 1)sCℓ(r, r) <∞, r ∈ [0, r0].

❚❤❡ ♠❡t❤♦❞ ✇❤✐❝❤ ✇❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❞♦❡s ♥♦t ✇♦r❦ ❜❡❝❛✉s❡ t❤❡ ❋✉♥❝❦✕❍❡❝❦❡ ❚❤❡♦r❡♠
❢♦r t❤❡ ❝r♦ss✲s❡❝t✐♦♥s ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡r t❤❡ s♣❤❡r❡ ✐s ♥♦t ❦♥♦✇♥ t♦ t❤❡
❛✉t❤♦rs✳ ❲❡ ✉s❡ ❛ ❞✐✛❡r❡♥t ♠❡t❤♦❞✳

❊q✉❛t✐♦♥ ✭✸✳✶✮ ❞❡✜♥❡s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ SO(3) ✐♥❞✉❝❡❞ ❜② t❤❡ ✐rr❡❞✉❝✐❜❧❡
r❡♣r❡s❡♥t❛t✐♦♥ kφ 7→ e−isφ ♦❢ t❤❡ s✉❜❣r♦✉♣ SO(2)✳ ❚❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s
r❡♣r❡s❡♥t❛t✐♦♥ ❛r❡ ❞❡t❡r♠✐♥❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ❘❡❝✐♣r♦❝✐t② ❚❤❡♦r❡♠✳ ❋♦r
t❤❡s❡ ♥♦t✐♦♥s✱ s❡❡✱ ❡✳❣✳✱ ❬✻❪✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ 2ℓ+1 s♣✐♥✲✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s

sYℓm(θ, φ)✱ −ℓ ≤ m ≤ ℓ✱ ❝♦♥st✐t✉t❡ t❤❡ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ t❤❡ s♣❛❝❡✱ ✇❤❡r❡ t❤❡ ℓt❤
✐rr❡❞✉❝✐❜❧❡ ✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ SO(3) ❛❝ts✳ ❯♥❞❡r t❤✐s ❛❝t✐♦♥✱ ✇❡ ❤❛✈❡

sYℓm(g−1x) =
ℓ

∑

m′=−ℓ

D
(ℓ)
mm′(g)sYℓm′(x), g ∈ SO(3), x ∈ S2.

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✸✳✷✮ ❜❡❝♦♠❡s

AD(ℓ′)(g) = D(ℓ)(g)A,
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✇❤❡r❡ A ✐s t❤❡ (2ℓ + 1) × (2ℓ′ + 1) ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s E[aℓm(r1)aℓ′m′(r2)]✱ ❛♥❞ ✇❤❡r❡

D(ℓ)(g) ✭r❡s♣✳ D(ℓ′)(g)✮ ✐s t❤❡ ♠❛tr✐① ♦❢ t❤❡ ℓt❤ ✭r❡s♣✳ ℓ′t❤✮ ✐rr❡❞✉❝✐❜❧❡ ✉♥✐t❛r② r❡♣r❡s✲
❡♥t❛t✐♦♥ ♦❢ SO(3)✳ ❙❝❤✉r✬s ▲❡♠♠❛✱ s❡❡ ❬✻❪✱ st❛t❡s t❤❛t A ✐s ③❡r♦ ♠❛tr✐① ✐❢ ℓ ̸= ℓ′✱ ❛♥❞ ❛
♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦t❤❡r✇✐s❡✳ ❊q✉❛t✐♦♥ ✭✹✳✶✮ ❢♦❧❧♦✇s✳

❚♦ ❝♦♠♣✉t❡ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞ sT (r, θ, φ)✱ ♦♥❡
❝❛♥ ✉s❡ t❤❡ ❛❞❞✐t✐♦♥ t❤❡♦r❡♠ ❢♦r s♣✐♥ ✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✳ ❈♦♥s✐❞❡r xi ∈ R

3✱
i = 1, 2, ❛♥❞ ez = (0, 0, 1)⊤. ▲❡t gi ❜❡ t❤❡ r♦t❛t✐♦♥ ✇✐t❤ ❊✉❧❡r ❛♥❣❧❡s (φi, θi, 0) ✇❤✐❝❤
tr❛♥s❢♦r♠s ez ✐♥t♦ xi/∥xi∥, i = 1, 2✳ ▲❡t (α, β, γ) ❜❡ t❤❡ ❊✉❧❡r ❛♥❣❧❡s ♦❢ t❤❡ r♦t❛t✐♦♥
g−1g2✳ ❚❤❡♥

ℓ
∑

m′=−ℓ

sYℓm′(θ2, φ2)−mYℓm′(θ1, φ1) =

√

2ℓ+ 1

4π
sYℓm(β, α)e−isγ .

❯s✐♥❣ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

✭✹✳✸✮ ⟨sT (r1, θ1, φ1), sT (r2, θ2, φ2)⟩ =
1

2
√
π

∞
∑

ℓ=s

√
2ℓ+ 1sCℓ(r1, r2)sYℓ (−s)(β, α)e

−isγ .

❘❡♠❛r❦ ✹✳✶✳ ◆♦t❡ t❤❛t t❤❡ r❛♥❞♦♠ ✜❡❧❞ sT (x) ✐s ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts
t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ⟨sT (x), sT (y)⟩ ✐s ❝♦♥t✐♥✉♦✉s ❛t ❛❧❧ ♣♦✐♥ts ♦❢ t❤❡ ✏❞✐❛❣♦♥❛❧✑
s❡t {(x,y) ∈ B(r0) × B(r0) : x = y}. ❚❤❡♥✱ ❛s |sYℓ (−s)(β, α)| ≤

√

(2ℓ+ 1)/(4π), ✐t
❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✶✮✱ ✭✹✳✷✮✱ ❛♥❞ ✭✹✳✸✮ t❤❛t t♦ ❣✉❛r❛♥t❡❡ ♠❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉✐t② ❡❛❝❤ ❢✉♥❝t✐♦♥

sCℓ(r1, r2), ℓ ≥ s, ♠✉st ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ s❡t {(r1, r2) ∈ [0, r0]
2 : r1 = r2}.

❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s saℓm(r), r ∈ [0, r0], ❛r❡ ❞❡✜♥❡❞ ❛s

saℓm(r) =

∫ π

0

∫ 2π

0
sT (r, θ, φ)sYℓm(θ, φ) sin θ dθ dφ.

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♣r♦❝❡ss❡s saℓm(r) ❛r❡ ●❛✉ss✐❛♥ ❛♥❞ ❤❛✈❡ ❝♦♥t✐♥✉♦✉s
s❛♠♣❧❡ ♣❛t❤s ❛❧♠♦st s✉r❡❧②✳ ❋♦r ❡❛❝❤ ℓ ≥ s, ❧❡t sµℓ ❜❡ t❤❡ ●❛✉ss✐❛♥ ♣r♦❜❛❜✐❧✐st✐❝ ♠❡❛s✉r❡
♦♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ C([0, r]) ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, r0] t❤❛t ❝♦rr❡s✲
♣♦♥❞s t♦ t❤❡ ♣r♦❝❡ss❡s saℓm(r). ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ saℓm(r) t❤❡ ♠❡❛s✉r❡ sµℓ ✐s s❛♠❡ ❢♦r
❛❧❧ m = −ℓ, ..., ℓ. ▲❡t sHℓ ❜❡ t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡ sµℓ✳

❋✐♥❛❧❧②✱ ❧❡t t❤❡ s❡t { sf
(n)
ℓ (r) : n ∈ sNℓ } ❜❡ ❛ P❛rs❡✈❛❧ ❢r❛♠❡ ✐♥ t❤❡ s♣❛❝❡ sHℓ✱ t❤❛t ✐s✱

t❤❡ s❡t sNℓ ✐s ❛t ♠♦st ❝♦✉♥t❛❜❧❡✱ ❛♥❞ ❢♦r ❛♥② f ∈ sHℓ ✐t ❤♦❧❞s
∑

n∈sNℓ

|(f, sf (n)ℓ )|2 = ∥f∥2,

s❡❡ ❬✼❪✳
❇② t❤❡ r❡s✉❧t ♦❢ ❬✶✽❪✱ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss saℓm(r) ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥t♦ t❤❡ s❡r✐❡s

✭✹✳✹✮ saℓm(r) =
∑

n∈sNℓ

sX
(n)
ℓm sf

(n)
ℓ (r),

✇❤❡r❡ sX
(n)
ℓm ❛r❡ ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ s❡r✐❡s

✭✹✳✹✮ ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ❛✳s✳
■♥ t❤✐s ❝❛s❡

✭✹✳✺✮ sCℓ(r1, r2) =
∑

n∈sNℓ

sf
(n)
ℓ (r1)sf

(n)
ℓ (r2).

❈♦♥✈❡rs❡❧②✱ ✐❢ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss saℓm(r) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡

✉♥✐❢♦r♠❧② ❛✳s✳ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ✭✹✳✹✮✱ t❤❡♥ t❤❡ s❡t { sf
(n)
ℓ (r) : n ∈ sNℓ } ✐s ❛ P❛rs❡✈❛❧

❢r❛♠❡ ✐♥ t❤❡ s♣❛❝❡ sHℓ✳
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❋✐♥❛❧❧②✱ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ r❛♥❞♦♠ ✜❡❧❞ sT (r, θ, φ)
❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥

✭✹✳✻✮ sT (r, θ, φ) =
∞
∑

ℓ=s

∑

n∈sNℓ

ℓ
∑

m=−ℓ

sX
(n)
ℓm sf

(n)
ℓ (r) sYℓm(θ, φ).

❙❡❡ ❛❧s♦ r❡❧❛t❡❞ ✇❛✈❡❧❡t ❡①♣❛♥s✐♦♥s ✐♥ ❬✶✺❪ ❛♥❞ ❬✶✻❪✳

❊①❛♠♣❧❡ ✹✳✷✳ ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❦ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❬✹✵❪
t♦ ❞❡s❝r✐❜❡ ❛❜❡rr❛t✐♦♥s ♦❢ ❛ ❧❡♥s ❢r♦♠ t❤❡ ✐❞❡❛❧ s♣❤❡r✐❝❛❧ s❤❛♣❡✳

❚❤❡ ✸❉ ❩❡r♥✐❦❡ r❛❞✐❛❧ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❞❡✜♥❡❞ ❜②

Rnℓ(r) =







√
2n+ 3

∑

n−ℓ

2

k=0 (−1)k
(n−ℓ

2

k

)(n−k−1+3/2
n−ℓ

2

)

rn−2k, ✐❢ n− ℓ ✐s ❡✈❡♥❀

0, ✐❢ n− ℓ ✐s ♦❞❞✳

◆♦t❡ t❤❛t Rnℓ(r) ❛r❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ n ❞❡✜♥❡❞ ❢♦r s✉❝❤ n ≥ ℓ t❤❛t n− ℓ ✐s ❡✈❡♥✳
❚❤✉s✱ ❢♦r ❛ ✜①❡❞ n ≥ 0✱ t❤❡ ✐♥❞❡① ℓ t❛❦❡s ✈❛❧✉❡s n✱ n−2✱ ✳ ✳ ✳ ✱ n−2

[

n
2

]

✭✇❤❡r❡ [·] ❞❡♥♦t❡s
t❤❡ ✐♥t❡❣❡r ♣❛rt✮✱ ✐✳❡✳ ✈❛❧✉❡s ❢r♦♠ n t♦ ❡✐t❤❡r s ♦r s+ 1.

■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥s

sZ
m
nℓ(r, θ, φ) = R̃nℓ(r) sYℓm(θ, φ), r ∈ [0, r0], θ ∈ [0, π], φ ∈ [0, 2π).

❋✐rst✱ ❧❡t ✉s s❤♦✇ ❤♦✇ t♦ ❝♦♥str✉❝t {sZm
nℓ, n ≥ ℓ, ℓ ≥ s, m = −ℓ, ..., ℓ, } t♦ ❣❡t

❛ ❝♦♠♣❧❡t❡ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ t❤❡ s♣❛❝❡ ♦❢ s♣✐♥✲s ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ❜❛❧❧ B(r0). ❇❡✲
❝❛✉s❡ t❤❡ s♣✐♥ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛r❡ ♦rt❤♦♥♦r♠❛❧ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✱ t❤❡ ♣♦❧②♥♦♠✐❛❧s
{R̃nℓ(r), n ≥ ℓ} ♠✉st ❜❡ ♦rt❤♦♥♦r♠❛❧ ✇✐t❤ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ r2 ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, r0].
❚❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♣♣❡❛rs ❞✉❡ t♦ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡ ❝♦♥✈❡rs✐♦♥ t♦ t❤❡ s♣❤❡r✐❝❛❧ ❝♦✲
♦r❞✐♥❛t❡s ✐♥ R

3.
❇② t❤❡ ✐❞❡♥t✐t② ✭✸✾✮ ✐♥ ❬✷✺❪ ❛♥② ♣♦✇❡r rℓ+2k, k ∈ N, ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ {R(ℓ+2i)ℓ(r), i = 0, ..., k}. ◆♦t✐♥❣ t❤❛t

∞
∑

k=1

ℓ+ 2k + 1/2

(ℓ+ 2k + 1/2)2 + 1
= +∞,

❜② t❤❡ ▼ü♥t③ t❤❡♦r❡♠✱ s❡❡ ❬✷✾❪✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t✱ ❢♦r ❡❛❝❤ ℓ, t❤❡ s❡q✉❡♥❝❡ {Rnℓ(r), n ≥ ℓ}
✐s ❛ ❜❛s✐s ✐♥ L2[0, 1].

■t ✐s ❦♥♦✇♥ t❤❛t✱ s❡❡ ❬✷✺❪✱

✭✹✳✼✮

∫ 1

0

r2Rnℓ(r)Rn′ℓ(r) dr = δnn′

❛♥❞
Rnℓ(r) =

√
2n+ 3 rℓP

(0,ℓ+1/2)
(n−ℓ)/2 (2r2 − 1),

✇❤❡r❡ P
(0,m)
k (·) ❛r❡ t❤❡ ❏❛❝♦❜✐ ♣♦❧②♥♦♠✐❛❧s ❬✶✱ ❈❤❛♣t❡r ✷✷❪✳

❇② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s r̃ = r0r ✐♥ ✭✹✳✼✮✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐♥ t❤❡ ❜❛❧❧ B(r0) ✐t ❤♦❧❞s

1

r30

∫ r0

0

r̃2Rnℓ

(

r̃

r0

)

Rn′ℓ

(

r̃

r0

)

dr̃ = δnn′

❛♥❞ ♦♥❡ ❝❛♥ ❝❤♦s❡

R̃nℓ(r) =

√
2n+ 3

r
ℓ+3/2
0

rℓP
(0,ℓ+1/2)
(n−ℓ)/2

(

2r2

r20
− 1

)

.

❚❤✉s✱ ❢♦r ❛❧❧ ℓ ≥ s t❤❡ s❡t { R̃nℓ(r), n ∈ sNℓ}, sNℓ = {n : n ≥ ℓ, n− ℓ ✐s ❡✈❡♥}, ❢♦r♠s
❛ ❜❛s✐s ✐♥ t❤❡ s♣❛❝❡ ♦❢ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ r❛❞✐❛❧ ❢✉♥❝t✐♦♥s ♦♥ B(r0). ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡

sNℓ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s ❛♥❞ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Nℓ.
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■❢ t❤❡ ❍✐❧❜❡rt✕❙❝❤♠✐❞t ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❦❡r♥❛❧ sCℓ(r1, r2) ❤❛s t❤❡

❡✐❣❡♥❢✉♥❝t✐♦♥s R̃nℓ(r) ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s A
(n)
ℓ , t❤❡♥ ❜② ▼❡r❝❡r✬s t❤❡♦r❡♠ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✺✮

❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

✭✹✳✽✮ sCℓ(r1, r2) =
∑

n∈Nℓ

A
(n)
ℓ R̃nℓ(r1)R̃nℓ(r2).

❚❤❡♥✱ ❢♦r ❡❛❝❤ ℓ ≥ s, t❤❡ s❡t {
√

A
(n)
ℓ R̃nℓ(r), n ∈ Nℓ} ❢♦r♠s ❛ P❛rs❡✈❛❧ ❢r❛♠❡ ✐♥ t❤❡

s♣❛❝❡ sHℓ. ❚❤✉s✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ✭✹✳✻✮ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡
❜❛❧❧ B(r0) ❤❛s t❤❡ ❢♦r♠

sT (r, θ, φ) =
∞
∑

ℓ=s

∑

n∈Nℓ

ℓ
∑

m=−ℓ

sX
(n)
ℓm

√

A
(n)
ℓ sZ

m
nℓ(r, θ, φ)

=

∞
∑

n=s

[n2 ]
∑

k=0

n−2k
∑

m=2k−n

sX
(n)
(n−2k)m

√

A
(n)
n−2k R̃n(n−2k)(r) sY(n−2k)m(θ, φ).

✺✳ ❱❡❝t♦r ρ✲st❛t✐♦♥❛r② r❛♥❞♦♠ ❢✐❡❧❞s ✐♥ t❤❡ ❜❛❧❧

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ♦❢ ❣❡♥❡r❛❧ ρ✲st❛t✐♦♥❛r② ✈❡❝t♦r
r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡ ❜❛❧❧✳ ■t ♣r♦✈✐❞❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ▼❛tér♥ r❛♥❞♦♠ ✜❡❧❞ ❢♦r ❛ ♥♦♥✲
❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ρ(·). ❚❤❡ ❝♦♥s✐❞❡r❡❞ ❛♣♣r♦❛❝❤ ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ♦♥❡ ✐♥ ❙❡❝t✐♦♥s ✷ ❛s
❛ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❜❛❧❧ t♦ ❛ s♣❤❡r❡ ✐♥ ❛ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐s ✉s❡❞✳

▲❡t ρ(x,y) ❞❡♥♦t❡ ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♣♦✐♥ts x,y ∈ B0(r0), ✇❤❡r❡ B0(r0) = {x ∈
R

3 : ∥x∥ < r0 } ✐s ❛♥ ♦♣❡♥ ❜❛❧❧ ✐♥ R
3. ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ✐s♦♠❡tr② ψ : B0(r0) → S

3
0(1)

❜❡t✇❡❡♥ t❤❡ ♠❡tr✐❝ s♣❛❝❡s (B0(r0), ρ) ❛♥❞ (S30(1), cos(γ)), ✇❤❡r❡ S
3
0(1) ✐s ❛ ✉♥✐t s♣❤❡r❡

✐♥ R
4 ✇✐t❤ t❤❡ ♥♦rt❤ ♣♦❧❡ (0, 0, 0, 1) r❡♠♦✈❡❞ ❛♥❞ cos(γ) ✐s ❛ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡✳ ▲❡t

ψ(−1) : S30(1) → B0(r0) ❞❡♥♦t❡ t❤❡ ✐♥✈❡rs❡ ♠❛♣♣✐♥❣ ❢♦r ψ(·).

❘❡♠❛r❦ ✺✳✶✳ ❆s (S30(1), cos(γ)) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✱ t❤❡♥ ❛♥② ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ (S30(1), cos(γ))
❛♥❞ B0(r0) ✐♥❞✉❝❡s ❛ ❞✐st❛♥❝❡ ✐♥ B0(r0) t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❛s ρ(x,y). ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐t
✐s ❝♦♠♠♦♥ t♦ ❝♦♥s✐❞❡r ❤♦♠❡♦♠♦r♣❤✐❝ ♠❛♣♣✐♥❣s ❜❡t✇❡❡♥ t❤❡s❡ s♣❛❝❡s✳

◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② s✉❝❤ ❜✐❥❡❝t✐♦♥s✴❤♦♠❡♦♠♦r♣❤✐s♠s ❛♥❞ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❞✐st❛♥❝❡s ρ(·). ❖♥❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡①❛♠♣❧❡s ✐s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ st❡r❡♦❣r❛♣❤✐❝
♣r♦❥❡❝t✐♦♥ ❛♥❞ ❛ ♠❛♣♣✐♥❣ ♦❢ R3 ♦♥t♦ ❛♥ ♦♣❡♥ ❜❛❧❧✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ✈❡❝t♦r r❛♥❞♦♠ ✜❡❧❞ T : B0(r0) → R
k.

❆ ③❡r♦✲♠❡❛♥ ✈❡❝t♦r r❛♥❞♦♠ ✜❡❧❞ T(x) = (T1(x)), ..., Tk(x)), x ∈ B0(r0), ✐s ❝❛❧❧❡❞
ρ✲st❛t✐♦♥❛r② ✐❢ ✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① B(x,y) = E[T(x) ⊗ T(y)] ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡
ρ✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♣♦✐♥ts✱ ✐✳❡✳

B(ρ(x,y)) = E[T(x)⊗T(y)] = E[T(x1)⊗T(y1)] = B(ρ(x1,y1)),

❢♦r ❛❧❧ x,x1,y,y1 ∈ B0(r0) s✉❝❤ t❤❛t ρ(x,y) = ρ(x1,y1).

❘❡♠❛r❦ ✺✳✷✳ ■❢ ρ(·) ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✱ t❤❡♥ ❛ ρ✲st❛t✐♦♥❛r② ✜❡❧❞ ✐s ❤♦♠♦❣❡♥❡♦✉s
❛♥❞ ✐s♦tr♦♣✐❝✱ s❡❡ ❙❡❝t✐♦♥ ✷✳ ❚❤❡r❡❢♦r❡✱ ✐♥ s♦♠❡ ♣✉❜❧✐❝❛t✐♦♥s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝
✜❡❧❞s ❛r❡ ❝❛❧❧❡❞ st❛t✐♦♥❛r②✳ ❍♦✇❡✈❡r✱ ❢♦r ♦t❤❡r ρ✲❞✐st❛♥❝❡s t❤❡ ❝❧❛ss❡s ♦❢ ρ✲st❛t✐♦♥❛r②
✜❡❧❞s ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝ ♦♥❡✳

▲❡t ✉s ❞❡✜♥❡ ❛ s♣❤❡r✐❝❛❧ r❛♥❞♦♠ ✜❡❧❞ T̃(s), s ∈ S
3
0(1), ❛s T̃(s) = T(ψ(−1)(s)).

■❢ T(x) ✐s ρ✲st❛t✐♦♥❛r②✱ t❤❡♥✱ ❞✉❡ t♦ t❤❡ ✐s♦♠❡tr② ♦❢ (B0(r0), ρ) ❛♥❞ (S30(1), cos(γ)),

t❤❡ r❛♥❞♦♠ ✜❡❧❞ T̃(s) ✐s ✐s♦tr♦♣✐❝ ♦♥ (S30(1), cos(γ)). ❚❤❡r❡❢♦r❡✱ ❜② ❬✸✽✱ ❈❤❛♣t❡r ✶✱ ➓✻❪✱
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t❤❡ ✜❡❧❞ T̃(s), s ∈ S
3
0(1), ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

T̃(s) =

∞
∑

ℓ=0

(ℓ+1)2
∑

m=1

aℓmSℓm(s),

✇❤❡r❡ Sℓm(·), ℓ ∈ N0, m = 1, ..., (ℓ+ 1)2, ❛r❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ✐♥ R
4.

❚❤❡ r❛♥❞♦♠ ❝♦❡✣❝✐❡♥ts aℓm ✐♥ t❤✐s s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛r❡ ❞❡✜♥❡❞ ❜②

aℓm =

∫

S3
0
(1)

T̃(s)Sℓm(s) dσ(s),

✇❤❡r❡ σ(·) ❞❡♥♦t❡s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ S
3
0(1).

❚❤✉s✱ ❛ ρ✲st❛t✐♦♥❛r② r❛♥❞♦♠ ✜❡❧❞ T(x) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

T(x) = T̃(ψ(x)) =

∞
∑

ℓ=0

(ℓ+1)2
∑

m=1

aℓmSℓm(ψ(x)),

aℓm =

∫

S3
0
(1)

T(ψ(−1)(s))Sℓm(s) dσ(s).

■❢ t❤❡ ✐s♦♠❡tr② ψ(·) ✐s ❛❧s♦ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ✇✐t❤ t❤❡ ❏❛❝♦❜✐❛♥ J (·), t❤❡♥ t❤❡ ❝♦❡✣✲
❝✐❡♥ts aℓm ❝❛♥ ❜❡ ❛❧s♦ ❝♦♠♣✉t❡❞ ❛s

aℓm =

∫

B0(r0)

T(x)Sℓm(ψ(x))J (x) dx.

❚❤❡s❡ r❛♥❞♦♠ ✈❡❝t♦r ❝♦❡✣❝✐❡♥ts aℓm s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s

E[aℓm] = 0,

E[aℓm ⊗ aℓ′m′ ] = δℓℓ′δmm′bℓ,

✇✐t❤ s✉❝❤ s②♠♠❡tr✐❝ ♥♦♥♥❡❣❛t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s bℓ, ℓ ∈ N0, t❤❛t

∞
∑

ℓ=0

(ℓ+ 1)2bℓ <∞.

❍❡♥❝❡✱ ❜② ❬✸✽✱ ❈❤❛♣t❡r ✶✱ ➓✻❪ ❛♥❞ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ●❡❣❡♥❜❛✉❡r ❛♥❞ ❈❤❡❜②✲
s❤❡✈ ♣♦❧②♥♦♠✐❛❧s✱ s❡❡ ❬✶❪✱ t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ T(x) ❝❛♥
❜❡ r❡♣r❡s❡♥t❡❞ ❛s

B(ρ(x,y)) = ⟨T(x),T(y)⟩ = ⟨T̃(ψ(x)), T̃(ψ(y))⟩ =
∞
∑

ℓ=0

(ℓ+1)2
∑

m=1

bℓSℓm(ψ(x))Sℓm(ψ(y))

❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts bℓ, ℓ ∈ N0, ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

bℓ =
ω3

ℓ+ 1

∫ 1

−1

B

(

2 sin

(

t

2

))

Uℓ(t)
√

1− t2 dt,

✇❤❡r❡ ωd = 2πd/2/Γ(d/2) ❛♥❞ Uℓ(·) ❛r❡ t❤❡ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s ♦❢ t❤❡ s❡❝♦♥❞ ❦✐♥❞✳
❇② t❤❡ ❛❞❞✐t✐♦♥ t❤❡♦r❡♠ ❢♦r s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s t❤❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥

B(·) ❛❧s♦ ❛❞♠✐ts t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

B(ρ(x,y)) =
1

ω4

∞
∑

ℓ=0

(ℓ+ 1)Uℓ(ρ(x,y))bℓ.
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❊①❛♠♣❧❡ ✺✳✸✳ ❚♦ ✐❧❧✉str❛t❡ t❤✐s ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤✱ ❧❡t ✉s ❝♦♥s✐❞❡r ψ(·) ✇❤✐❝❤ ✐s ❛ s✉♣❡r✲
♣♦s✐t✐♦♥ ♦❢ t❤❡ st❡r❡♦❣r❛♣❤✐❝ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❛ ♠❛♣♣✐♥❣ ♦❢ R3 ✐♥t♦ ❛♥ ♦♣❡♥ ❜❛❧❧✳

❚❤❡ st❡r❡♦❣r❛♣❤✐❝ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ t❤❡ ♥♦rt❤ ♣♦❧❡ (0, 0, 0, 1) ❛❝ts ♦♥ s♣❤❡r✐❝❛❧ ♣♦✐♥ts
s = (s1, s2, s3, s4) ∈ S

3
0(1) ❛s

(s1, s2, s3, s4) →
(

s1
1− s4

,
s2

1− s4
,

s3
1− s4

)

.

■ts ✐♥✈❡rs❡ ♠❛♣♣✐♥❣ ✐s

x = (x1, x2, x3) →
(

2x1
1 + ||x||2 ,

2x2
1 + ||x||2 ,

2x3
1 + ||x||2 ,

||x||2 − 1

1 + ||x||2
)

.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦♠❡♦♠♦r♣❤✐❝ ♠❛♣♣✐♥❣ ❢r♦♠ x = (x1, x2, x3) ∈ R
3 t♦ B0(r0) ✇✐❧❧ ❜❡ ✉s❡❞

(x1, x2, x3) →
(

2r0
π

tan−1 (x1) ,
2r0
π

tan−1 (x2) ,
2r0
π

tan−1 (x3)

)

.

❚❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s r❡s✉❧ts ✐♥ t❤❡ ❤♦♠❡♦♠♦r♣❤✐s♠ ψ(·) ❛❝t✐♥❣ ❛s

ψ(−1)(s) =

(

2r0
π

tan−1

(

s1
1− s4

)

,
2r0
π

tan−1

(

s2
1− s4

)

,
2r0
π

tan−1

(

s3
1− s4

))

❛♥❞

ψ(x) =

(

2x̃1
1 + ||x̃||2 ,

2x̃2
1 + ||x̃||2 ,

2x̃3
1 + ||x̃||2 ,

||x̃||2 − 1

1 + ||x̃||2
)

,

✇❤❡r❡ x̃i = tan (πxi/(2r0)) , i = 1, 2, 3.
❚❤❡♥✱ t❤❡ ✐♥❞✉❝❡❞ ❞✐st❛♥❝❡ ρ(·) ♦♥ B0(r0) ✐s

ρ(x,y) = C arccos

(

4x̃⊤ỹ + (1− ||x̃||2)(1− ||ỹ||2)
(1 + ||x̃||2)(1 + ||ỹ||2)

)

,

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞ ỹi = tan (πyi/(2r0)) , i = 1, 2, 3.
▲❡t ✉s ❝♦♥t✐♥✉❡ ❊①❛♠♣❧❡ ✷✳✶ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ρ✲st❛t✐♦♥❛r② ▼❛tér♥ r❛♥❞♦♠ ✜❡❧❞ T (x),

x ∈ B0(r0), ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❜♦✈❡ ❞✐st❛♥❝❡ ρ(·). ❋♦r s✐♠♣❧✐❝✐t② ❛♥❞ t♦ ❜❡ ❛❜❧❡ t♦
✈✐s✉❛❧✐s❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ♦♥❧② ❢♦r t❤❡ s❝❛❧❛r
❝❛s❡✱ ✐✳❡✳ k = 1.

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❢♦r♠

✭✺✳✶✮ ⟨T (x), T (y)⟩ = 21−νσ2

Γ (ν)
(aρ(x,y))

ν
Kν (aρ(x,y))

✇✐t❤ σ2 > 0, a > 0 ❛♥❞ ν > 0.
❚❤❡ ♣❧♦t ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✶ ❛♥❞ ✐s ♥♦t ❣✐✈❡♥ ❤❡r❡✳ ▼♦r❡

✐♥❢♦r♠❛t✐✈❡ ✐s ❋✐❣✉r❡ ✸ ✇❤✐❝❤ ❝♦♠♣❛r❡s t❤✐s ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✈❛r✐❛♥❝❡
❢✉♥❝t✐♦♥ ❢r♦♠ ❊①❛♠♣❧❡ ✷✳✶✱ ✇❤✐❝❤ ✉s❡❞ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡✳ ❚♦ ♣r♦❞✉❝❡ t❤❡ ✸❉ ♣❧♦t
t❤❡ ✈❛❧✉❡s x = 0 ❛♥❞ y = (y1, y2, y3) ∈ B0(r0) ✇✐t❤ y3 = 0 ✇❡r❡ ❝❤♦s❡♥✳ ❚❤❡ ❤♦r✐③♦♥t❛❧
❝♦♦r❞✐♥❛t❡s ✐♥ ❋✐❣✉r❡ ✸ ❛r❡ (y1, y2), ✇❤✐❧❡ t❤❡ ✈❡rt✐❝❛❧ ♦♥❡ r❡♣r❡s❡♥ts t❤❡ ✈❛❧✉❡s ♦❢ t❤❡
❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ⟨T (0), T (y)⟩ ✐♥ ✭✷✳✹✮ ❛♥❞ ✭✺✳✶✮✳ ❋✐❣✉r❡ ✸ ❞❡♠♦♥str❛t❡s s✉❜st❛♥t✐❛❧
❞❡✈✐❛t✐♦♥s ♦❢ t❤❡s❡ t✇♦✲♣♦✐♥t ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r ❞✐st❛♥❝❡s ❝❧♦s❡ t♦ ③❡r♦✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ✐s♦♠❡tr✐❝ ♠❛♣♣✐♥❣✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s♣❤❡r❡
S
3
0(1) ✐s ❛ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ▼❛tér♥ st❛t✐♦♥❛r② ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ♦♥ R

4 t♦ t❤✐s ✉♥✐t
s♣❤❡r❡✳ ■ts ✐s♦tr♦♣✐❝ s♣❡❝tr❛❧ ❞❡♥s✐t② ❢♦r t❤❡ ✹✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐s

f(λ) = σ2 ν (ν + 1) a2ν

(a2 + λ2)
ν+2 .
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❋✐❣✉r❡ ✸✳ ❉✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❝♦✈❛r✐✲
❛♥❝❡ ❢✉♥❝t✐♦♥s ✐♥ ✭✷✳✹✮ ❛♥❞ ✭✺✳✶✮✳

❋✐❣✉r❡ ✹✳ bℓ ❢♦r a = 10, σ2 = 1, ❛♥❞
✈❛r✐♦✉s ν✳

❚❤❡ ❝♦❡✣❝✐❡♥ts bℓ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ✭✷✷✮ ✐♥ ❬✸✽✱ ➓✺❪ ❛♥❞ t❤❡
r❡s✉❧t ✐♥ ❊①❛♠♣❧❡ ✷✳✶ ❛s

bℓ = (2π)4
∫ ∞

0

λJ2
ℓ+1(λ)f(λ)dλ = σ2 (2π)4ν (ν + 1) a2ν

∫ ∞

0

λJ2
ℓ+1(λ)

(a2 + λ2)
ν+2 dλ

= σ2 8π4a2ν

Γ (ν)

(

Γ(ℓ− ν)Γ(ν + 3/2)√
πΓ(ℓ+ ν + 3)

1F2(ν + 3/2; ν − ℓ+ 1, ν + ℓ+ 3; a2)

+
Γ(ν − ℓ)a2ℓ−2ν

22ℓ+2Γ(ℓ+ 2)
1F2(ℓ+ 3/2; ℓ− ν + 1, 2ℓ+ 3; a2)

)

.

❋♦r s♣❡❝✐✜❝ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t❤✐s ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❛♥❞ ❡❛s✐❧② ✉s❡❞
✐♥ ❝♦♠♣✉t❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r a = 10, σ2 = 1 ❛♥❞ ν = 1 ♦♥❡ ♦❜t❛✐♥s

bℓ =
4π4

25

((

(

l2 + 3l + 52
)

Kl+1 (10) + 5Kl (10) (l + 2)
)

Il+1 (10)

−5
(

(l + 2)Kl+1 (10) + 10Kl (10)
)

Il (10)
)

.

❋♦r t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ν = 1/2, 1, 2, 3, 5 ♣❧♦ts ♦❢ s✉❝❤ ✜rst s♣❡❝tr❛❧ ❝♦❡✣❝✐❡♥ts bℓ

❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳ ❚❤❡ ♣❧♦ts s✉❣❣❡st ✈❡r② ❢❛st ❞❡❝❛② ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤✉s✱ ✐♥
s✐♠✉❧❛t✐♦♥s✱ ♦♥❧② ❢❡✇ ✜rst ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ r❡❧✐❛❜❧❡ r❡❛❧✐s❛t✐♦♥s ♦❢ t❤✐s
ρ✲st❛t✐♦♥❛r② ▼❛tér♥ ✜❡❧❞✳

✻✳ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❞❡✈❡❧♦♣❡❞ t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r t❤r❡❡ ❝❧❛ss❡s ♦❢ r❛♥❞♦♠ ✜❡❧❞s ✐♥ t❤❡
❜❛❧❧✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ s♣❡❝✐✜❝ s❝❡♥❛r✐♦s ❛♥❞ t❤❡ ▼❛tér♥ ❝♦rr❡❧❛t✐♦♥ ♠♦❞❡❧ ✇❡r❡ ♣r♦✈✐❞❡❞✳
❚❤❡ ❞❡r✐✈❡❞ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❢✉❧ ❢♦r st✉❞②✐♥❣ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s
❛♥❞ s✐♠✉❧❛t✐♥❣ r❡❛❧✐s❛t✐♦♥s ♦❢ r❛♥❞♦♠ ✜❡❧❞s✳ P♦t❡♥t✐❛❧ ❛r❡❛s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡
❝♦s♠♦❧♦❣②✱ ❣❡♦s❝✐❡♥❝❡s ❛♥❞ ❡♠❜r②♦❧♦❣②✳

■♥ ❢✉t✉r❡ st✉❞✐❡s✱ ✐t ✇♦✉❧❞ ❜❡ ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦✿

✲ ❙t✉❞② r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡s❡ s♣❡❝tr❛❧ s❡r✐❡s r❡♣r❡s❡♥t❛t✐♦♥s❀
✲ ❊①t❡♥❞ t❤❡ ❞❡✈❡❧♦♣❡❞ s♣❡❝tr❛❧ t❤❡♦r② t♦ s♣❛t✐♦✲t❡♠♣♦r❛❧ ✜❡❧❞s❀
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✲ ❆♣♣❧② t❤❡ ♦❜t❛✐♥❡❞ s❡r✐❡s ❡①♣❛♥s✐♦♥s t♦ ✐♥✈❡st✐❣❛t❡ ❡✈♦❧✉t✐♦♥s ♦❢ r❛♥❞♦♠ ✜❡❧❞s
✐♥ t❤❡ ❜❛❧❧ ❞r✐✈❡♥ ❜② ❙P❉❊s ✱ s❡❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❢♦r s♣❤❡r✐❝❛❧ r❛♥❞♦♠
✜❡❧❞s ✐♥ ❬✷✱ ✹✱ ✺✱ ✶✸❪❀

✲ ❆♣♣❧② t❤❡ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞♦❧♦❣② t♦ r❡❛❧ ❞❛t❛✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t♦ ♥❡✇ ❤✐❣❤✲
r❡s♦❧✉t✐♦♥ ❝♦s♠♦❧♦❣✐❝❛❧ ❞❛t❛ ❢r♦♠ ❢✉t✉r❡ ❈▼❇✲❙✹ ❛♥❞ ❊✉❝❧✐❞ ♠✐ss✐♦♥ s✉r✈❡②s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

◆✳ ▲❡♦♥❡♥❦♦ ❛♥❞ ❆✳ ❖❧❡♥❦♦ ✇❡r❡ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ✉♥❞❡r t❤❡ ❆✉str❛❧✐❛♥ ❘❡s❡❛r❝❤
❈♦✉♥❝✐❧✬s ❉✐s❝♦✈❡r② Pr♦❥❡❝ts ❢✉♥❞✐♥❣ s❝❤❡♠❡ ✭♣r♦❥❡❝t ♥✉♠❜❡r ❉P✶✻✵✶✵✶✸✻✻✮✳ ❲❡ ✇♦✉❧❞
❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢❡ss♦rs ❉♦♠❡♥✐❝♦ ▼❛r✐♥✉❝❝✐ ❛♥❞ ■❛♥ ❙❧♦❛♥ ❢♦r ✈❛r✐♦✉s ❞✐s❝✉ss✐♦♥s ❛❜♦✉t
♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ ❈▼❇ ❞❛t❛✳ ❲❡ ❛r❡ ❛❧s♦ ❣r❛t❡❢✉❧ ❢♦r t❤❡ r❡❢❡r❡❡✬ ❝♦♠♠❡♥ts✱
✇❤✐❝❤ ❤❡❧♣❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ st②❧❡ ♦❢ t❤❡ ♣❛♣❡r✳

❘❡❢❡r❡♥❝❡s

✶✳ ▼✳ ❆❜r❛♠♦✇✐t③ ❛♥❞ ■✳ ❆✳ ❙t❡❣✉♥✳ ❍❛♥❞❜♦♦❦ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ❢♦r♠✉❧❛s✱ ❣r❛♣❤s✱
❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ t❛❜❧❡s✳ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❙t❛♥❞❛r❞s ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❙❡r✐❡s✱ ◆♦✳ ✺✺✳
❯✳ ❙✳ ●♦✈❡r♥♠❡♥t Pr✐♥t✐♥❣ ❖✣❝❡✱ ❲❛s❤✐♥❣t♦♥✱ ❉✳ ❈✳✱ ✶✾✻✹✳

✷✳ ❱✳ ❱✳ ❆♥❤✱ ❆✳ ❖❧❡♥❦♦✱ ❛♥❞ ❨✳ ●✳ ❲❛♥❣✳ ❋r❛❝t✐♦♥❛❧ ❙t♦❝❤❛st✐❝ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ❢♦r
❘❛♥❞♦♠ ❚❛♥❣❡♥t ❋✐❡❧❞s ♦♥ t❤❡ ❙♣❤❡r❡✳ ❚❤❡♦r✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤✳ ❙t❛t✐st✳✱ ✶✵✹✿✸✕✷✷✱ ✷✵✷✶✳

✸✳ P✳ ❇❛❧❞✐ ❛♥❞ ▼✳ ❘♦ss✐✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ●❛✉ss✐❛♥ ✐s♦tr♦♣✐❝ s♣✐♥ r❛♥❞♦♠ ✜❡❧❞s✳ ❙t♦❝❤❛st✐❝
Pr♦❝❡ss✳ ❆♣♣❧✳✱ ✶✷✹✭✺✮✿✶✾✶✵✕✶✾✹✶✱ ✷✵✶✹✳

✹✳ P✳ ❇r♦❛❞❜r✐❞❣❡✱ ❆✳ ❉✳ ❑♦❧❡s♥✐❦✱ ◆✳ ▲❡♦♥❡♥❦♦✱ ❛♥❞ ❆✳ ❖❧❡♥❦♦✳ ❘❛♥❞♦♠ s♣❤❡r✐❝❛❧ ❤②♣❡r❜♦❧✐❝
❞✐✛✉s✐♦♥✳ ❏✳ ❙t❛t✳ P❤②s✳✱ ✶✼✼✭✺✮✿✽✽✾✕✾✶✻✱ ✷✵✶✾✳

✺✳ P✳ ❇r♦❛❞❜r✐❞❣❡✱ ❆✳ ❉✳ ❑♦❧❡s♥✐❦✱ ◆✳ ▲❡♦♥❡♥❦♦✱ ❆✳ ❖❧❡♥❦♦✱ ❛♥❞ ❉✳ ❖♠❛r✐✳ ❙♣❤❡r✐❝❛❧❧② r❡str✐❝t❡❞
r❛♥❞♦♠ ❤②♣❡r❜♦❧✐❝ ❞✐✛✉s✐♦♥✳ ❊♥tr♦♣②✱ ✷✷✭✷✮✿P❛♣❡r ◆♦✳ ✷✶✼✱ ✸✶✱ ✷✵✷✵✳

✻✳ ❚✳ ❇rö❝❦❡r ❛♥❞ ❚✳ t♦♠ ❉✐❡❝❦✳ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❝♦♠♣❛❝t ▲✐❡ ❣r♦✉♣s✱ ✈♦❧✉♠❡ ✾✽ ♦❢ ●r❛❞✉❛t❡
❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✺✳

✼✳ ❖✳ ❈❤r✐st❡♥s❡♥✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❢r❛♠❡s ❛♥❞ ❘✐❡s③ ❜❛s❡s✳ ❆♣♣❧✐❡❞ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❍❛r♠♦♥✐❝
❆♥❛❧②s✐s✳ ❇✐r❦❤ä✉s❡r✴❙♣r✐♥❣❡r✱ ❈❤❛♠✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✷✵✶✻✳

✽✳ ❘✳ ❉✉rr❡r✳ ❚❤❡ ❈♦s♠✐❝ ▼✐❝r♦✇❛✈❡ ❇❛❝❦❣r♦✉♥❞✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱
✷✵✷✵✳

✾✳ ❆✳ ❊r❞é❧②✐✱ ❲✳ ▼❛❣♥✉s✱ ❋✳ ❖❜❡r❤❡tt✐♥❣❡r✱ ❛♥❞ ❋✳ ●✳ ❚r✐❝♦♠✐✳ ❍✐❣❤❡r tr❛♥s❝❡♥❞❡♥t❛❧ ❢✉♥❝t✐♦♥s✳
❱♦❧✳ ■✳ ❘♦❜❡rt ❊✳ ❑r✐❡❣❡r P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ■♥❝✳✱ ▼❡❧❜♦✉r♥❡✱ ❋❧❛✳✱ ✶✾✽✶✳

✶✵✳ ■✳ ▼✳ ●❡❧′❢❛♥❞ ❛♥❞ ❩✳ ❨✳ ➆❛♣✐r♦✳ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❣r♦✉♣ ♦❢ r♦t❛t✐♦♥s ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡ ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✳ ❯s♣❡❤✐ ▼❛t❡♠✳ ◆❛✉❦ ✭◆✳❙✳✮✱ ✼✭✶✭✹✼✮✮✿✸✕✶✶✼✱ ✶✾✺✷✳

✶✶✳ ❉✳ ●❡❧❧❡r ❛♥❞ ❉✳ ▼❛r✐♥✉❝❝✐✳ ❙♣✐♥ ✇❛✈❡❧❡ts ♦♥ t❤❡ s♣❤❡r❡✳ ❏✳ ❋♦✉r✐❡r ❆♥❛❧✳ ❆♣♣❧✳✱ ✶✻✭✻✮✿✽✹✵✕✽✽✹✱
✷✵✶✵✳

✶✷✳ ▼✳ ❑❛♠✐♦♥❦♦✇s❦✐✱ ❆✳ ❑♦s♦✇s❦②✱ ❛♥❞ ❆✳ ❙t❡❜❜✐♥s✳ ❙t❛t✐st✐❝s ♦❢ ❝♦s♠✐❝ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞
♣♦❧❛r✐③❛t✐♦♥✳ P❤②s✳ ❘❡✈✳ ❉✱ ✺✺✿✼✸✻✽✕✼✸✽✽✱ ❏✉♥ ✶✾✾✼✳

✶✸✳ ❆✳ ▲❛♥❣ ❛♥❞ ❈✳ ❙❝❤✇❛❜✳ ■s♦tr♦♣✐❝ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✿ r❡❣✉❧❛r✐t②✱ ❢❛st s✐♠✉✲
❧❛t✐♦♥ ❛♥❞ st♦❝❤❛st✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆♥♥✳ ❆♣♣❧✳ Pr♦❜❛❜✳✱ ✷✺✭✻✮✿✸✵✹✼✕✸✵✾✹✱ ✷✵✶✺✳

✶✹✳ ❍✳ ❇✳ ▲❛✇s♦♥✱ ❏r✳ ❛♥❞ ▼✳✲▲✳ ▼✐❝❤❡❧s♦❤♥✳ ❙♣✐♥ ❣❡♦♠❡tr②✱ ✈♦❧✉♠❡ ✸✽ ♦❢ Pr✐♥❝❡t♦♥ ▼❛t❤❡♠❛t✐❝❛❧
❙❡r✐❡s✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥✱ ◆❏✱ ✶✾✽✾✳

✶✺✳ ❇✳ ▲❡✐st❡❞t✱ ❏✳ ❉✳ ▼❝❊✇❡♥✱ ▼✳ ❇ütt♥❡r✱ ❛♥❞ ❍✳ ❱✳ P❡✐r✐s✳ ❲❛✈❡❧❡t r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❊
❛♥❞ ❇ ♠♦❞❡s ❢♦r ❈▼❇ ♣♦❧❛r✐③❛t✐♦♥ ❛♥❞ ❝♦s♠✐❝ s❤❡❛r ❛♥❛❧②s❡s✳ ▼♦♥✳ ◆♦t✳ ❘✳ ❆str♦♥✳ ❙♦❝✳✱
✹✻✻✭✸✮✿✸✼✷✽✕✸✼✹✵✱ ✶✷ ✷✵✶✻✳

✶✻✳ ❇✳ ▲❡✐st❡❞t✱ ❏✳ ❉✳ ▼❝❊✇❡♥✱ ❚✳ ❉✳ ❑✐t❝❤✐♥❣✱ ❛♥❞ ❍✳ ❱✳ P❡✐r✐s✳ ✸❉ ✇❡❛❦ ❧❡♥s✐♥❣ ✇✐t❤ s♣✐♥ ✇❛✈❡❧❡ts
♦♥ t❤❡ ❜❛❧❧✳ P❤②s✳ ❘❡✈✳ ❉✱ ✾✷✿✶✷✸✵✶✵✱ ❉❡❝ ✷✵✶✺✳

✶✼✳ ◆✳ ◆✳ ▲❡♦♥❡♥❦♦ ❛♥❞ ▲✳ ▼✳ ❙❛❦❤♥♦✳ ❖♥ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❡♥s♦r r❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡
s♣❤❡r❡✳ ❙t♦❝❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✸✵✭✶✮✿✹✹✕✻✻✱ ✷✵✶✷✳

✶✽✳ ❍✳ ▲✉s❝❤❣② ❛♥❞ ●✳ P❛❣ès✳ ❊①♣❛♥s✐♦♥s ❢♦r ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❛♥❞ P❛rs❡✈❛❧ ❢r❛♠❡s✳ ❊❧❡❝tr♦♥✳ ❏✳
Pr♦❜❛❜✳✱ ✶✹✭✹✷✮✿✶✶✾✽✕✶✷✷✶✱ ✷✵✵✾✳

✶✾✳ ❆✳ ❆✳ ▼❛❧②❛r❡♥❦♦✳ ■♥✈❛r✐❛♥t r❛♥❞♦♠ ✜❡❧❞s ✐♥ ✈❡❝t♦r ❜✉♥❞❧❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❝♦s♠♦❧♦❣②✳ ❆♥♥✳
■♥st✳ ❍❡♥r✐ P♦✐♥❝❛ré Pr♦❜❛❜✳ ❙t❛t✳✱ ✹✼✭✹✮✿✶✵✻✽✕✶✵✾✺✱ ✷✵✶✶✳

✷✵✳ ❆✳ ❆✳ ▼❛❧②❛r❡♥❦♦✳ ■♥✈❛r✐❛♥t r❛♥❞♦♠ ✜❡❧❞s ♦♥ s♣❛❝❡s ✇✐t❤ ❛ ❣r♦✉♣ ❛❝t✐♦♥✳ ❙♣r✐♥❣❡r✱ ❍❡✐❞❡❧❜❡r❣✱
✷✵✶✸✳



✶✻ ◆■❑❖▲❆■ ▲❊❖◆❊◆❑❖✱ ❆◆❆❚❖▲■❨ ▼❆▲❨❆❘❊◆❑❖✱ ❆◆❉ ❆◆❉❘■❨ ❖▲❊◆❑❖

✷✶✳ ❆✳ ❆✳ ▼❛❧②❛r❡♥❦♦✳ ❙♣❡❝tr❛❧ ❡①♣❛♥s✐♦♥s ♦❢ ❝♦s♠♦❧♦❣✐❝❛❧ ✜❡❧❞s✳ ❏✳ ❙t❛t✳ ❙❝✐✳ ❆♣♣❧✳✱ ✸✭✶✶✲✶✷✮✿✶✼✺✕
✶✾✸✱ ✷✵✶✺✳

✷✷✳ ❆✳ ❆✳ ▼❛❧②❛r❡♥❦♦✳ ❙♣❡❝tr❛❧ ❡①♣❛♥s✐♦♥s ♦❢ r❛♥❞♦♠ s❡❝t✐♦♥s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✈❡❝t♦r ❜✉♥❞❧❡s✳
❚❤❡♦r✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤✳ ❙t❛t✐st✳✱ ✭✾✼✮✿✶✺✶✕✶✻✺✱ ✷✵✶✽✳

✷✸✳ ❉✳ ▼❛r✐♥✉❝❝✐ ❛♥❞ ●✳ P❡❝❝❛t✐✳ ❘❛♥❞♦♠ ✜❡❧❞s ♦♥ t❤❡ s♣❤❡r❡✳ ❘❡♣r❡s❡♥t❛t✐♦♥✱ ❧✐♠✐t t❤❡♦r❡♠s ❛♥❞
❝♦s♠♦❧♦❣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✉♠❡ ✸✽✾ ♦❢ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ▲❡❝t✉r❡ ◆♦t❡ ❙❡r✐❡s✳
❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✷✵✶✶✳

✷✹✳ ❉✳ ▼❛r✐♥✉❝❝✐ ❛♥❞ ●✳ P❡❝❝❛t✐✳ ▼❡❛♥✲sq✉❛r❡ ❝♦♥t✐♥✉✐t② ♦♥ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❢ ❝♦♠♣❛❝t
❣r♦✉♣s✳ ❊❧❡❝tr♦♥✳ ❈♦♠♠✉♥✳ Pr♦❜❛❜✳✱ ✶✽✿✶✕✶✵✱ ✷✵✶✸✳

✷✺✳ ❘✳ ❏✳ ▼❛t❤❛r✳ ❩❡r♥✐❦❡ ❜❛s✐s t♦ ❈❛rt❡s✐❛♥ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❙❡r❜✳ ❆str♦♥✳ ❏✳✱ ✶✼✾✿✶✵✼✕✶✷✵✱ ✷✵✵✾✳
✷✻✳ ❱✳ ▼✐❝❤❡❧ ❛♥❞ ❑✳ ❙❡✐❜❡rt✳ ❆ ♠❛t❤❡♠❛t✐❝❛❧ ✈✐❡✇ ♦♥ s♣✐♥✲✇❡✐❣❤t❡❞ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛♥❞ t❤❡✐r

❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❣❡♦❞❡s②✳ ■♥ ❲✳ ❋r❡❡❞❡♥ ❛♥❞ ❘✳ ❘✉♠♠❡❧✱ ❡❞✐t♦rs✱ ❍❛♥❞❜✉❝❤ ❞❡r ●❡♦❞äs✐❡✿ ✻
❇ä♥❞❡✱ ♣❛❣❡s ✶✕✶✶✸✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✾✳

✷✼✳ ❊✳ ❚✳ ◆❡✇♠❛♥ ❛♥❞ ❘✳ P❡♥r♦s❡✳ ◆♦t❡ ♦♥ t❤❡ ❇♦♥❞✐✕▼❡t③♥❡r✕❙❛❝❤s ❣r♦✉♣✳ ❏✳ ▼❛t❤❡♠❛t✐❝❛❧
P❤②s✳✱ ✼✿✽✻✸✕✽✼✵✱ ✶✾✻✻✳

✷✽✳ ❆✳ ▼✳ ❖❜✉❦❤♦✈✳ ❙t❛t✐st✐❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ✜❡❧❞s ♦♥ ❛ s♣❤❡r❡✳ ❯s♣❡❤✐ ▼❛t✳ ◆❛✉❦✱
✷✭✷✮✿✶✾✻✕✶✾✽✱ ✶✾✹✼✳

✷✾✳ ❱✳ ❖♣❡rst❡✐♥✳ ❋✉❧❧ ▼ü♥t③ t❤❡♦r❡♠ ✐♥ Lp[0, 1]✳ ❏✳ ❆♣♣r♦①✳ ❚❤❡♦r②✱ ✽✺✭✷✮✿✷✸✸✕✷✸✺✱ ✶✾✾✻✳
✸✵✳ ❚✳ ❲✳ P✐❦❡✳ ▼♦❞❡❧❧✐♥❣ ❡❣❣s❤❡❧❧ ♠❛❝✉❧❛t✐♦♥✳ ❆✈✐❛♥ ❇✐♦❧♦❣② ❘❡s❡❛r❝❤✱ ✽✭✹✮✿✷✸✼✕✷✹✸✱ ✷✵✶✺✳
✸✶✳ ❊✳ P♦r❝✉✱ ▼✳ ❇❡✈✐❧❛❝q✉❛✱ ❛♥❞ ▼✳ ●✳ ●❡♥t♦♥✳ ❙♣❛t✐♦✲t❡♠♣♦r❛❧ ❝♦✈❛r✐❛♥❝❡ ❛♥❞ ❝r♦ss✲❝♦✈❛r✐❛♥❝❡

❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❣r❡❛t ❝✐r❝❧❡ ❞✐st❛♥❝❡ ♦♥ ❛ s♣❤❡r❡✳ ❏✳ ❆♠❡r✳ ❙t❛t✐st✳ ❆ss♦❝✳✱ ✶✶✶✭✺✶✹✮✿✽✽✽✕✽✾✽✱
✷✵✶✻✳

✸✷✳ ❆✳ P✳ Pr✉❞♥✐❦♦✈✱ ❨✳ ❆✳ ❇r②❝❤❦♦✈✱ ❛♥❞ ❖✳ ■✳ ▼❛r✐❝❤❡✈✳ ■♥t❡❣r❛❧s ❛♥❞ s❡r✐❡s✳ ❱♦❧✳ ✷✳ ❙♣❡❝✐❛❧
❢✉♥❝t✐♦♥s✳ ●♦r❞♦♥ ✫ ❇r❡❛❝❤ ❙❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ◆❡✇ ❨♦r❦✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✶✾✽✽✳

✸✸✳ ❑✳ ❙✳ ❚❤♦r♥❡✳ ▼✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥s ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ r❛❞✐❛t✐♦♥✳ ❘❡✈✳ ▼♦❞❡r♥ P❤②s✳✱ ✺✷✭✷✱
♣❛rt ✶✮✿✷✾✾✕✸✸✾✱ ✶✾✽✵✳

✸✹✳ ❆✳ ❚r❛✉t♠❛♥✳ ❈♦♥♥❡❝t✐♦♥s ❛♥❞ t❤❡ ❉✐r❛❝ ♦♣❡r❛t♦r ♦♥ s♣✐♥♦r ❜✉♥❞❧❡s✳ ❏✳ ●❡♦♠✳ P❤②s✳✱
✺✽✭✷✮✿✷✸✽✕✷✺✷✱ ✷✵✵✽✳

✸✺✳ ◆✳ ❘✳ ❲❛❧❧❛❝❤✳ ❍❛r♠♦♥✐❝ ❛♥❛❧②s✐s ♦♥ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✳ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ◆♦✳
✶✾✳ ▼❛r❝❡❧ ❉❡❦❦❡r✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✸✳

✸✻✳ ❙✳ ❲❡✐♥❜❡r❣✳ ❈♦s♠♦❧♦❣②✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❖①❢♦r❞✱ ✷✵✵✽✳
✸✼✳ ▼✳ ✟■✳ ❨❛❞r❡♥❦♦✳ ■s♦tr♦♣✐❝ r❛♥❞♦♠ ✜❡❧❞s ♦❢ ▼❛r❦♦✈ t②♣❡ ✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✳ ❉♦♣♦✈✐❞✐ ❆❦❛❞✳

◆❛✉❦ ❯❦r❛ï♥✳ ❘❙❘✱ ✶✾✻✸✿✸✵✹✕✸✵✻✱ ✶✾✻✸✳
✸✽✳ ▼✳ ✟■✳ ❨❛❞r❡♥❦♦✳ ❙♣❡❝tr❛❧ t❤❡♦r② ♦❢ r❛♥❞♦♠ ✜❡❧❞s✳ ❚r❛♥s❧❛t✐♦♥ ❙❡r✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❊♥✲

❣✐♥❡❡r✐♥❣✳ ❖♣t✐♠✐③❛t✐♦♥ ❙♦❢t✇❛r❡✱ ■♥❝✳✱ P✉❜❧✐❝❛t✐♦♥s ❉✐✈✐s✐♦♥✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✸✳
✸✾✳ ▼✳ ❩❛❧❞❛rr✐❛❣❛ ❛♥❞ ❯✳ ❙❡❧❥❛❦✳ ❆❧❧✲s❦② ❛♥❛❧②s✐s ♦❢ ♣♦❧❛r✐③❛t✐♦♥ ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡ ❜❛❝❦❣r♦✉♥❞✳

P❤②s✳ ❘❡✈✳ ❉✱ ✺✺✿✶✽✸✵✕✶✽✹✵✱ ❋❡❜ ✶✾✾✼✳
✹✵✳ ❋✳ ✈✳ ❩❡r♥✐❦❡✳ ❇❡✉❣✉♥❣st❤❡♦r✐❡ ❞❡s ❙❝❤♥❡✐❞❡♥✈❡r❢❛❤r❡♥s ✉♥❞ ❡✐♥❡r ✈❡r❜❡ss❡rt❡♥ ❋♦r♠✱ ❞❡r

P❤❛s❡♥❦♦♥tr❛st♠❡t❤♦❞❡✳ P❤②s✐❝❛✱ ✶✭✼✮✿✻✽✾✕✼✵✹✱ ✶✾✸✹✳

❙❝❤♦♦❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❈❛r❞✐❢❢ ❯♥✐✈❡rs✐t②✱ ❙❡♥❣❤❡♥♥②❞❞ ❘♦❛❞✱ ❈❛r❞✐❢❢ ❈❋✷✹ ✹❆●✱

❯❑

❊♠❛✐❧ ❛❞❞r❡ss✿ ▲❡♦♥❡♥❦♦◆❅❈❛r❞✐❢❢✳❛❝✳✉❦

❉✐✈✐s✐♦♥ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ P❤②s✐❝s✱ ▼ä❧❛r❞❛❧❡♥ ❯♥✐✈❡rs✐t②✱ ✼✷✶ ✷✸ ❱äst❡rås✱ ❙✇❡❞❡♥

❊♠❛✐❧ ❛❞❞r❡ss✿ ❛♥❛t♦❧✐②✳♠❛❧②❛r❡♥❦♦❅♠❞❤✳s❡

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ▲❛ ❚r♦❜❡ ❯♥✐✈❡rs✐t②✱ ▼❡❧❜♦✉r♥❡✱ ❱■❈ ✸✵✽✻✱

❆✉str❛❧✐❛

❊♠❛✐❧ ❛❞❞r❡ss✿ ❆✳❖❧❡♥❦♦❅❧❛tr♦❜❡✳❡❞✉✳❛✉

❘❡❝❡✐✈❡❞ ✶✷t❤ ◆♦✈❡♠❜❡r ✷✵✷✶


