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ON THE SPECTRAL INSTABILITY FOR WEAK
INTERMEDIATE TRIHARMONIC PROBLEMS

FRANCESCO FERRARESSO

AsstrAacT. We define the weak intermediate boundary conditions for the tri-
harmonic operator —A3. We analyse the sensitivity of this type of boundary
conditions upon domain perturbations. We construct a perturbation (Q¢)e>o0
of a smooth domain Q of RY for which the weak intermediate boundary condi-
tions on 92 are not preserved in the limit on 92, analogously to the Babugka
paradox for the hinged plate. Four different boundary conditions can be pro-
duced in the limit, depending on the convergence of 9Q¢ to 2. In one par-
ticular case, we obtain a “strange” boundary condition featuring a microscopic
energy term related to the shape of the approaching domains. Many aspects
of our analysis could be generalised to an arbitrary order elliptic differential
operator of order 2m and to more general domain perturbations.

1. INTRODUCTION

Let W be a smooth bounded domain of RV =1, b € C*(W) be a periodic, positive
function with period Y = (—1/2,1/2)N~L. Let a € (0, +00) be fixed, and define
z

Q= {x = (T an)€Q:TEW,~1 <ay < g.(7) = 6%(6>} (1.1)
Q:=W x (-1,0),

for e € (0,1]. We consider the weak intermediate problem for the triharmonic
operator A, = (—=A)? + 1 in Q, given by

J.

where D3f : D3¢ = Zi,j,kzl,.--N azigifamk amigifazk is the Frobenius product of
the two tensors D3 f and D3g, \(€.) is the eigenvalue and u. € H*(Qc) N HE ()
is the eigenfunction. Here and in the sequel H*, HY denote the standard Sobolev
spaces with regularity index k and integrability index 2.

We are interested in the behaviour of the solutions u. and of the eigenvalues
() of as ¢ — 0. Note that . approaches  as ¢ — 0 in a rather singular
way, since the function g. oscillates with very large frequency as ¢ — 0. It is
worth noting that if o < 3, it is not possible to construct a family of smooth
diffeomorphisms @ : 2 — €, such that ||®. —I||cs@g~ zvy — 0 as € — 0. Therefore
classical and elegant techniques based on the direct comparison of the Rayleigh
quotients associated to A(Q¢) and A(Q2) do not work in general in the singular
setting described in (L.

Polyharmonic operators (—A)™ with intermediate or Neumann boundary condi-
tions are known to be rather sensitive to variation of the domains in RN, N > 1. See
for example [§] for regular perturbations, and [2, 23] [I] for more singular settings.
When m = 1, unexpected limiting behaviour of the eigenvalues of the Neumann
Laplace operator —Aq, is well-known since the ‘dumbbell’ example in [I7], where
A2(Q) — 0 as € — 0 instead of converging to A2(€2) > 0. More in general, let R,

(DPuc : D¢ + ucp) = )\(QE)/Q ucp, @ € H3(Q) N H (D), (1.2)
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FI1GURE 1. Graph of g.(z) = €*b(z/€) with b(y) = 10+2sin(7wy/5).
Black colour corresponds to o« = 1, blue to @ = 5/2. The dashed
line corresponds to € = 0.5, the thick line to ¢ = 0.2. The blue
graph flattens out much faster than the black one as ¢ — 0.

be a smooth domain of R converging (in Hausdorff sense) to a lower dimensional
set D C R% d < N, and let €. be the smooth domain obtained by attaching R,
to a bounded smooth domain Q@ C RY. Then, the eigenvalues of —A,, in Q. will
not converge only to the respective eigenvalues in 2, but also to the eigenvalues
of a differential problem in D. Indeed, the eigenvalues of —A,., on R, are known
to converge to the eigenvalues of the Laplace-Beltrami operator on D, see e.g.,
[31]. See also [24] for more results for reaction-diffusion operators on thin domains,
[25] 26] for dumbbell-type domains,[3] [4] for domains with fast oscillating bound-
aries and [16, 18] for domains with small holes. When m = 2 the Babuska Paradox
for the biharmonic operator A2y shows that intermediate boundary conditions
are not stable under polygonal approximation of a smooth domain in R?, see [30]
and the introduction to [21] for further details. Elliptic operators of order 2m with
m > 2 and diverse boundary conditions have been recently considered in [15] [7]
and in the preprint [22] where it is shown that the eigenvalues of the biharmonic
operator with Neumann boundary conditions on a thin domain converge, as the
size of the domain tends to zero, to the eigenvalues of a system of equations on the
boundary. The common thread in these examples is the lack of spectral stability,
see Def. @ roughly speaking, a sequence of operators (A, ), satisfying the same
boundary conditions is spectrally stable if it is spectrally exact (in the sense of [5])
and the limiting operator A satisfies the same boundary conditions as the operators
A,,neN.

Problem is an interesting example of spectral instability, which, according to
[2, 21], can be regarded as a smooth version of the Babuska paradox. In order to
describe our main result, it is convenient to define a class of triharmonic problems
with different boundary conditions. For every e > 0, let V(§2) be a linear sub-
space of H3(Q.) containing HJ(£.). Assume that V(£).) is compactly embedded
in L?(Q.), and it is complete with respect to the H3(.) norm, which is induced
by the quadratic form

QQE(U):/ DR+ 2, we V().

€

We then define

/ (1)31146 : Dg(p +u€(p) = /\(QE)/ Uep, @ E V(Qe) (13)
Q. Qe
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By the second representation theorem [27, Theorem 2.23, VI.2], the sesquilinear
form in (1.3 is associated to a positive self-adjoint operator Ay (q,) := (—A)%,(QE) +
I. The inverse A;%Q ) is a compact operator in L?(€).), due to the compact em-

bedding of V() in L?(f2.). Thus, the spectrum associated to is discrete
and consists of an unbounded sequence of positive eigenvalues of finite multiplicity
(A (€2e))jen-

It is shown in [21] that if V(Q.) = H3(Q) N HZ(Q,) for all € € (0,1] then the
spectrum (A;(Q));en of problem approaches the spectrum (A\g(Q))zen of the
same problem with © in place of Q, provided that o > 3. If instead 0 <
a < % the limiting problem satisfies Dirichlet boundary conditions (corresponding
to V(Q) = H3(Q) in (L.3)) on W x {0}. It is also shown that this Babugka-
type paradox is shared by all the polyharmonic operators (—A)gh- with strong
intermediate boundary conditions, shortened SBC, for which V(Q.) = H™(Q) N
H"'(Q,) in the polyharmonic analogous of . In other words, polyharmonic
operators with SBC are spectrally stable on (£2¢).c[o,1) provided that a > 3/2.

As already pointed out in [2I], there is another possible choice of intermediate
boundary conditions for the triharmonic operator, the weak intermediate boundary
conditions (shortened WBC) defined implicitly by (1.2). From the spectral stability
result [2I, Theorem 4| we know that if Q. and € are as in the sequence of
operators Ac = (—A¥pc +1))ceo,1) associated to is spectrally stable provided
that o > 5/2.
The main result of this article, see Thm is the analysis of the case o < 5/2. We
prove that there are three different cases depending on «, that can be summarised
as follows
(i) if @ € (3,5) the eigenvalues A;(€) of converge in the limit to the
eigenvalues of (—A)3 + I with mixed WBC-SBC.
(ii) if o € (0,1), the limiting operator (—A)3 + I satisfies mixed boundary
conditions of type WBC-Dirichlet.

(iii) if « = g the limiting boundary value problem features a ’strange’ boundary

conditions which keeps track of the shape of the periodic function b in ((1.1)).

The case o € (1,3/2] is not considered in this article and it is left as an open
problem, see Remark [2] for further explanations of why this range of values does
not seem treatable with our method of proof.

While Theorem [1|look similar to |21, Theorem 7], we point out that we had to face
several new technical difficulties due to the extreme singularity of the perturbation
Q2 — Q. when o < 5/2. Indeed, the diffeomorphism @, : Q — Q. that we use in
the proof of the main theorem has derivatives with strongly divergent L?-norms as
€ — 0. Furthermore, it is not possible to balance this unboundedness of the deriva-
tives as in [21]], where it was pivotal to exploit the vanishing of both u. and % at
the boundary. Finally, the proof of [2I, Theorem 7] in the degenerate case o < 3/2
relies on [I0, Lemma 4.3], for which it is fundamental that the critical threshold
for the spectral stability is @ = 3/2. This condition is clearly not satisfied by weak
intermediate problems.

To overcome these additional hurdles, we prove a new, yet rather technical degen-
eration result, see Lemma [d] Its proof involves a careful analysis of the behaviour
of the derivatives of functions u. € H3(2.) N H} () close to the oscillating bound-
aries. Broadly speaking, we need a combination of three arguments: (i) the use
of the anisotropic unfolding operator to control the L?-norm of the derivatives of
u, close to the oscillating boundary; (ii) the weighted convergence of the traces of
the unfolded functions 4, to the trace of the weak limit u of the original functions
ue; (iii) the use of the standard unfolding operators (which is equivalent to the
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so-called two-scale convergence) to deduce additional information on the trace of u
whena<land1l<a<?2.

We refer the reader to [I4] for more details about homogenisation techniques and
to [I3] for the unfolding operator. The use of the anisotropic unfolding operator
and some of the techniques used in the proof of Lemma [d] were inspired by a careful
reading of [10, 1T] and by some classical asymptotic analysis techniques in the spirit
of [28, 29].

This article is organised in the following way. In Section [2| we introduce the weak
intermediate boundary conditions for the triharmonic operator —A3, and we state
the main result of the paper, Theorem [I] In Section [3] we collect some standard
results about the unfolding operator and the tangential calculus. In Section [4] we
recall some definitions and results about the convergence of bounded operators on
varying Hilbert spaces, and we give the definitions of spectral exactness and spec-
tral stability. In Section [§| we prove statements (iii) and (iv) of Theorem[l] Section
|§| is devoted to the proof of Theorem ii), which requires several results from ho-
mogenisation theory. In the Appendices we collect some auxiliary results among
which the proof of the Triharmonic Green Formula, which is of general interest.

2. MAIN RESULT

2.1. Boundary conditions. Given a bounded domain  C RY, we consider the
quadratic form defined by

Qal(u,v) :/D3u:D3vdx—|—/ uv dz, (2.1)
Q Q

for all u,v € V(2), where V() is a linear subspace of H3(2), H3(Q) C V(Q)
and V is complete with respect to the H3-norm. By the second representation
theorem [27, Theorem 2.23, VI.2], there exists a densely defined, non-negative and
self-adjoint operator Ay () with domain dom(Ay (o)) C H*(Q2) such that

Qa(u,v) = (A%//(Zﬂ)u, A‘l//(zmv),

for all u,v € V(). Assume that the embedding of V() in L?*(Q) is compact.
Then, Ay (o) has compact resolvent, hence it has purely discrete spectrum, made
of an increasing sequence of eigenvalues diverging to +o0o. Let us consider the

eigenvalue problem
/ D3 : D3vdx —|—/ wvdr = )\/ uwv dx, (2.2)
Q Q o

in the unknowns A, v € V(Q) for all v € V(). We briefly recall the boundary
conditions we are interested in. Their identification is achieved via the Triharmonic
Green Formula, stated and proved in Theorem [7} Let £ € N, 0 < k£ < 3 and let us
set V() = H3(Q) N H§(Q). If k = 3 then V(Q) = H3(?) in (2.1). Formula
implies that Ay (o) is the Dirichlet triharmonic operator associated with

{—A3u +u = Au, in €, (2.3)

_ du _ d*u _
u=9gt=55=0, ondQ.

When k = 2, V(Q) = H3(Q) N H3(Q). By (7.4) we deduce that the classical
eigenvalue problem associated with on V() is defined by

—A3u4u=>u, inQ,
=d%u _ on 01}, (2.4)
u ), on 9.
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In this case we say that the classical operator —A3u + u associated with problem
(2.4) satisfies strong intermediate boundary conditions on 9.
Finally, when k =1, V(Q) = H3(Q) N H}(Q). By (7.4) we deduce that

—A3u+u = \u, in Q,
u =0, on 0f),

2.5
((nTDgu)aQ : DaQn) - 826(7?;) - 2diVaQ(D3u[TL ® n])aQ = O, on 89, ( )
gu —q, on A,

where we have denoted by (-)sq the tangential part of a tensor (which can be defined
formally exactly as the tangential Hessian, see Def. below) , Dagq is the tangential
Jacobian, n is the outer unit normal to 0L, divyq is the tangential divergence,
[n®@n] = (nin;)ij=1,. n. In this case, we say that the classical operator —A3%u +u
associated with problem satisfies weak intermediate boundary conditions on
09). Note that the curvature tensor Dggn appears non-trivially in the second
boundary condition. To the best of our knowledge these boundary conditions were
never defined before in this form.

2.2. Main theorem. Let Q, ¢ > 0 and 2 be as in (1.1). Set I := W x {0}. Let
Agq. be the operator associated to (1.2)), € > 0, and define Ag in a analogous way
by replacing €2 with 2. Let Ag g be the operator associated to
Agsu:=—ANu+u= Ay, inQ,
(WBCQC), on 0N\ T (2.6)
(SBC), on T,
where (W BC) are the boundary conditions in (2.5), (SBC) those in (2.4). Let
Agq p be the operator associated to
Aq pu:=—A3u+u=Nu, inQ,
(WBCQ), on 0N\ T (2.7)
(DBC), on I,

where (DBC') are the Dirichlet boundary conditions defined in (2.3). Finally, let
Agq be the operator associated to

Agu = —A3u+u = I, in Q,

WBC oN\T

(WBC), on 990\ 08
u:é)mg.vu:(), on I,

A(Oy2u) + 280N -1(0p2 u) + K10pyu=0, onT,
where K7 > 0 is given by

= /y (AQ <5‘ay‘z/v> AN (i({i}‘:)) A (g;;))b(y)dy (2.9)

- / ID*V[2dy,
Y X (—00,0)

where the function V is Y-periodic in the variables § and satisfies the following
microscopic problem

A3V =0, inY x (—o0,0),
C Y — B v
V(5.0) = b(g), on Y, 10)
—0,2 (AV) 4+ 20,2 (AN-1V) =0, onY,
(%;VV =0, onY.

Then we have the following
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Theorem 1. Fore >0 let Q. C RY be defined by (1.1). Let Aq., € > 0, Aq,
Aq.s, Aa,p, Aq be the operators defined above in , , . Then:
(i) [Spectral stability] If a > 5/2, then A" S AgY.
(i) [Strange term] If a = 5/2, then A5€1 5 Agl.
(iii) [Mild instability] If 3/2 < a < 5/2, then Ag} 5 Agl.
(iv) [Strong instability] If o < 1, then A;zel 5 A&}D.
In particular, the eigenvalues \;j(Qe), j > 1, of converge as € — 0 to the

eigenvalues of Aq in case (i), Agq in case (1), Aq,s in case (iii) and Aq,p in case

(iv).

The compact convergence S in the previous theorem is defined in Definition
The novelty of Theorem [I] lies in the identification of the double instability effect,
namely a first degeneration to SBC when o € (2, 2) and a further degeneration to
Dirichlet when v < 1. We immediately give a proof of item (7):

Proof of Thm[1)(i). The follows from [21, Theorem 4], with m =3, k = 1. O

Remark 1. The results in Theorem[]] can be easily generalised to the case where
has a piecewise flat boundary, ., 2 belong to the same atlas class in the sense of
[9], Definition 2.4] for all € > 0, and have an oscillating boundary locally described by
. Indeed, if V is one of the chart in the common atlas class, using a partition
of unity we can directly assume that

QNV ={(Z,2ny) eRN : 2 €W, ~1 <2y < gv.(T)}.

It is clear that if we allow o > 0 to be chart dependent, we may find a limiting
boundary value problem with mized boundary conditions. Nevertheless, the passage
to the limit can be treated locally exactly as in Theorem[ll As an example, assume
that the sequence of open sets (Qe)eso has a common atlas given by three charts V7,
Vo and V3. Then up to a possible rotation and translation

Q.NVy = {(f,l‘]\/) S RY .z eWwW, —l<zay < €a1b1(.f/€)},
Q. NVy = {(i‘,l‘N) S RY . zeW, —-l<zy < EQQbQ(f/€)},
Q.NVz=0nNnV;, €>0,
with a1 > 5/2, ag < 1. Then the limiting boundary value problem in Q will be in
the form
—A3u 4+ u = Mu, in Q,
(WBC), in Fl UFg,
(DBC), in T'y,
where 00 =1'y U'y UT's, I'; being the boundary of ) inside V;, j = 1,2,3.

Remark 2. The case o € (1,3/2) in Theorem|[]] remains at the moment open. The
proof of Theorem |1| seems to suggest that o = 3/2 is not a critical threshold; in
other words, we do not expect degeneration to the Dirichlet problem at o = 3/2.
The main difficulty is that the derivatives of T.o, ¢ € L*(Q), where T. is the
pullback operator defined in have singularities that are balanced by neither the
shrinking of the set Q. when « € (1,3/2), nor by the vanishing of the traces of
the eigenfunctions at the boundary. The construction of a more efficient extension
operator T, : H3(Q)NH(Q) — H3(Q)NHE () is however even more challenging:
note that the classically used Sobolev extension operators do not work here since they
do not preserve the boundary conditions.
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3. AUXILIARY RESULTS

e A diffeomorphism between () and ().
Let us define a diffeomorphism ®. from €2, to Q by

q)e(i‘wx]\/'):(i‘va_he(i‘axN))’ for alle(i“,xN) EQG: (31)
where h. is defined by
0, if -1 <zy < —e,
— + 4 . —
g @) (Z55) s if —e <an < gi(@),

By standard calculus one can prove the following

he(i‘sz) =

Lemma 1. The map ®. is a diffeomorphism of class C3 and there exists a constant
¢ > 0 independent of € such that |h.| < ce® and |Dlh5| <ece* !l foralll =1,...,3,
€ > 0 sufficiently small.

We then introduce the pullback operator
T.: L*(Q) — L*(Q), Tu=muod, (3.2)
for all u € L*(Q).

e Unfolding method.
We recall the following notation and results from [21I] regarding the unfolding
method. For any k € ZV~! and € > 0 we define

CF = ek + €Y,
— N-1. ~k
{KV’G ={keZ :CF C WY, (3.3)
we= J ¢k
kelw,.

Definition 1. Let u be a real-valued function defined in Q. For any ¢ > 0 suffi-
ciently small the unfolding @ of u is the real-valued function defined on W, X Y x

(_1/€a 0) by

N T _

Wz,9,yn) = U(G[j + €y, eyzv),
for almost all (Z,7,yn)) € W, x Y x (—1/€,0), where [ze~'] denotes the integer
part of the vector ze~! with respect to Y, i.e., [Te~t] = k if and only if € C*.

The following lemma will be often used in the sequel. For a proof we refer to
[12| Proposition 2.5(i)].

Lemma 2. Let a € [—1,0[ be fized. Then

/ u(x)dxr = e/ W(Z,y)dzdy (3.4)
We x (a,0) WexY x(a/e,0)

for all u € LY () and € > 0 sufficiently small. Moreover

2
/ 9'u() dp — =2 /
W x (a,0) axil e axiz W.xY x(a/e,0)

for all1 <3, u € H3(Q) and € > 0 sufficiently small.

2

1~
i (z,y)dz| dy,

Oyi, -+~ Oy,

Let H,,, 10c(Y X (=00,0)) be the subspace of H (RV~! x (—o0,0)) containing

Y-periodic functions in the first (N — 1) variables . We then define H} (Y x
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(—00,0)) to be the space of functions in H3
(—00,0). Finally we set

Y X (—00,0)) restricted to Y x

ery,loc(
w%jry(y X ( 0, 0 - {u € HPery loc(Y X ( O0,0))

1DV ul| 2y x (—o0,0)) < 00,V|y| = 3}.

For any d < 0, let P}mmyy(Y x (d,0)) be the space of homogeneous polynomials of
degree at most [ restricted to the domain (Y x (d,0)). Let € > 0 be fixed. We define
the projectors P; from L*(W,, H*(Y x (=1/¢,0))) to L*(W, P}, ,(=1/€,0)) b
setting

,y"]

Rw)= Y [ D@ ot

Inl=i K
for all i = 0,1,2. We now set Q2 = P, Q1 = Pi(I—Q1),Q0 = Py(I - ZJ 1Qj)-
Note that Q3—;, j =1,...,3 is a projection on the space of homogeneous polyno-

mials of degree 3 — j, with the property that Q3_(p) = 0 for all polynomials p of
degree 3 — k with k = j. We finally set

P =Qo+ Q1+ Qs (3.6)

which is a projector on the space of polynomials in y of degree at most 2. Note
that DEP(4)(Z,7,0) = [, Div(z,7,0)dy for all |3 =0,...,2
Lemma 3. The following statements hold:

(i) Let ve € H*(Q) with ||Uc||gz) < M, for all € > 0. Let V. be defined by

Ve(,y) =0e(2,y) = P(ve)(Z,y),

for (z,y) € 1/1/7e XY x (—1/¢,0), where P is defined by . Then there
exists a function o€ L2(W, w}?;ezry (Y x (—00,0))) such that for every d < 0
(a) ef/; — D)o in L*(W xY x (d,0)) as € = 0, for any vy € N, [y| < 2.
(b) 65/2 — D)o in L*(W x Y x (—00,0)) as € = 0, for any v € Ny,

vl =3,
where it is understood that the functions Ve, D]V, are extended by zero to
the whole of W x Y x (—00,0) outside their natural domain of definition

W. x Y x (—1/e,0).
(i) If Y € WH2(Q), then lime_o (Te))jo = ¥(,0) in L*(W x Y x (—1,0)).

e Tangential Calculus.

Recall now the following standard definitions of the tangential differential operators.
We refer to [19, Chapter 9] for details and further information. Given A C RY let
d4 be the Euclidean distance function from A, defined by da(z) = infyca |z — y|.
We define the oriented distance function b4 from A by

ba(z) = da(x) — dye(z),

for all z € RY. Let now Q be an bounded open set of class C2. In this case bq
coincides with the signed distance from 0f2. It is well-known that there exists h > 0
and a tubular neighbourhood Sap,(99) of radius h such that by € C?(Sa,(992)), see
[20]. We define the projection of a point z to IQ by

p(z) =z — ba(x)Vba(z), (3.7)
for all x € Sgh(8Q) If f S CO(OQ) we write (f)aQ = (f Op)|6g.
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Definition 2. Let Q be an bounded open set of class C? and let h > 0 be such that
bo € C?(S2,(09)). Let f € CL(O) and let F € C'(S2,(09Q)) be a C* extension of
f to S (09) (that is, Floq = f). We define the tangential gradient of f on 0 by

oF
Vagf = VF|aQ - (‘3771
mn

Definition 3. Let N > 1, v € C*(0Q)N. We define the tangential Jacobian matriz
of v by Dagqu = D(vop)laq and the tangential divergence of v by divan(vop)|an =
tr(Daqu). Assume now Q is of class C3 and f € C?(0Q). We define the Laplace-
Beltrami operator of f by

Asaf = A(f op)loa = divea(Vaalf),
and similarly we define the tangential Hessian matriz by D3¢, f = Daa(Vaaf).

We conclude this section recalling the following important

Theorem 2 (Tangential Divergence Theorem). Let Q2 be a bounded open set of
class C? and let v € C1(OQ)N. Let H be the trace of the second fundamental form
of Q. Then

/ divgqu dS = H(v-n)dS. (3.8)
a0 a0
Let f € CY(09). Then
/ (f divoov + Voo -v)dS = | Hf(v-n)ds. (3.9)
a0 a0
Proof. We refer to [19, §5.5 Chapter 9]. O

4. SPECTRAL EXACTNESS AND SPECTRAL STABILITY

Let (Hc)eeo,1) be a family of Hilbert spaces. Let (&)ce(o,1) be a connecting
system for (Hc)eejo,1), that is, & € L(Ho, He), € € (0,1], and

lim | £.u]

n. = llull#,

for every u € Hy.
We recall the following definitions.

Definition 4. Let (Hc)ccjo,1) and & be as above.

(i) Let u. € He, € > 0. We say that ue & -converges to u as € — 0 if ||ue —

Eeulln, — 0 as e — 0. We write u, £,
(i) Let B. € L(H.), € > 0. We say that B, £ & -converges to a linear operator
By € L(Hy) if Beu, £, Bou whenever u. Liue Ho. We write B, £&
By.
(iii) Let B. € L(H.), € > 0. We say that B. compactly converges to By € L(Ho)
(and we write B. < By) if the following two conditions are satisfied:
(a) BGQBO as € — 0;
(b) for any family u. € He, € > 0, such that ||ucl|lyg, = 1 for all € €
(0,1), there exists a subsequence Be, u, of Beue and @ € Hy such that

. _
B, ue, — 4 as k — oo.

Definition 5. Let T, T,, be closed operators in H, H,, respectively, n € N.

(1) The sequence (T,)nen is called spectrally inclusive if for every A € o(T),
there ezists a sequence (Ay)nen, An € 0(T},), n € N such that A, — A.

(2) We say that spectral pollution occurs for (T, )nen if there exists A € o(T)
and A, € o(Ty,), n € N such that A\, — .
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(8) The sequence (Ty,)nen is called spectrally exact if it is spectrally inclusive
and no spectral pollution occurs.

Let (Ac)eeo,1] be a family of closed densely defined linear operators, A € C(He),
€ [0,1]. Assume that:

(Al)(a): INg € m 0(A.), (Ac — Xo) ™! compact ¢ € [0,1],
e€[0,1]

(A1) (Ac — X)) S (Ag — Ao) L as € — 0.

Then [6, Theorem 2.6] implies that (Ac)ce(o,1) is a spectrally exact approximation
of Ap. Consider now the following setting. Let m € N, and let {2 be an open set
of RY. Let M be the number of multi-indices @ = (v, ...,ay) € N}V with length
la| = |ai| + - + |an| = m. For all o, € N}V with |a| = |8] = m let c,p5 be
bounded measureable real-valued functions defined on RY, c4g = g, such that

Z Caﬁ(x)éagﬁ >0,

lal=[B]=m

for all z € RN, (£4)|aj=m € R™. For all measurable open sets Q € RY we define

Qalu,v) = /Q <cagDauDﬂv + uv) dx (4.1)

Let V() be a linear subspace of H™ () containing HJ*(€2). Assume that V(£2)
endowed with the norm Qq(-)'/? is complete. Then there exists a unique self-adjoint
operator Ay (q) such that

Qa(u,v) = (A u, A v) (4.2)

for all u,v € V().
For € > 0, let Q. be a bounded domain of R, In this setting we can give the
following

Definition 6. Let W () be a linear subspace of H™ (o) containing H(Qo).
Assume that W () endowed with the norm Q;{f is complete. The sequence of
operators (Av(a.))e>0 U {Aw .}, defined as in with Q replaced by Q., and
Qq. as in for all € > 0, is said to be spectrally stable if (Ay(q.))eso 5 a
spectrally exact approzimation of Ay (q,) and W () =V (Qo).

With Definition [6 [2, Theorem 3.5| can be rephrased as:

Theorem 3. Assume that Condition (C), see |2, Definition 3.1], is satisfied by the
sequence of operators Ay q.), Avq) associated with the quadratic forms Qq., Qq.
Then the sequence of operators (Av (q.))eso is spectrally stable.

5. PROOF oF THEOREM [I|(111), (1V)

To prove (iii) and (iv) in Theorem [I} we will show that Condition (C), see |2
Definition 3.1], holds for the operators Aq_ associated to (1.2). An application of
Theorem [3] will then prove the claims.

Establishing Condition (C') will require several lemmata. We first establish a
general lemma concerning the limiting boundary behaviour of sequences (u.), such
that ue € H3(Q) N Hg(Q) and ||uc|| ga(q.) < oo, for all € > 0.

For € > 0, we define

O ={(Z,2n) eRN :Z e W, -1 <y < g(T)}, Q=W x[-1,0),
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and for any [ € N, € > 0 we set

————H'(Q) —————HY(Q
i) =cx@h) T, Hh @) =cren”
In the case of sequence of functions in (u.)cso, ue € H3(Q) N H(Qe), we have
the following result

Lemma 4. Let Y = [-1/2,1/2]" "1, a € R, a > 0. Let Q = W x (—1,0), where
W c RN~ is bounded domain of class C3. Let Q. be as in (L.1). Let (uc)eso be
such that H3(Q) N Hy (Q) for all € > 0 and uclo — u weakly in H*(2). Let also
e L2(W,H3(Y x (=1,0))) be defined by (5.18). Then:
(i) If o > 5/2 then u € H*(Q) N Hy . ();
(i) If o =5/2 then uw € H*(Q) N Hj (Q) and fori,j € {1,...,N —1},
?a , ou ,_  0%b(y)

x,Y, =5 \Y, .
dys0y; Y dn VY Bysdy;

(ii) If 0 < oo < 5/2 then uw € H3(Q) N Hf ();
(iv) If 0 < a <1 then u € Hy ()

(5.1)

Proof. Fix 0 < ¢ < 1. We find convenient to treat first the case @ > 3/2. Since
U € H& (Qe)

uc(Z, 9:.(Z)) =0, forae zeW. (5.2)

Note that the function u(-, g.(-)) € H>2(W) c H?(W). Differentiation (5.2) with
respect to ; and then with respect to x;, ¢,j € {1,..., N — 1} gives

Puc Pue o 09(@)  Pue o 0ge(7)
0?u, 0g(z) Og(z) N Ou, 0?g.(z) '

for a.e. T € W. For v € HY(Q.), let 6(z,y) for all z € WE, yevY, yy €
(—1/€,¢*71b(y)) be as in Definition [1} It is understood that o is set to be zero for
all z € W\ W..
To shorten the notation, define y. := €¢*~b(y), € > 0, ¥ € W, and note that by
periodicity of b, b(y) = b([Z/e] + §) = € ?ge(z,y) for all (z,y) € CF x Y.

An application of the unfolding operator to equality , with the help of
Lemma [2] gives

1 0%, el 0%, ob(y) el 9%, ob(9)

& Byidy; (T, 9e) + — e R (Z,9, Ye) P
€2272 924, ob(y) ob(y) €2 i, 02b(y)
+— j? 77 € ja 77 € =Y,
A T T T T
for a.e. z € W, for a.e. § € Y. Define
. 1 8%, el 924, () et 924, ab(7)

L) L) B L)
2 0y3 Y oy oy, e oy P oy0y;”

€

for a.e. T € W, for a.e. § €Y. Let also YV := lyeRVN i eV, -1 <yn <
€~ 1b(3)}. Then W, € L2(W, H*(Y)).
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Since W (Z,y,ye) = 0 we have that [U(z,7,0)| < [V |0y, Ve(z,7,t)| dt for ae.
zeW,yeY, from which we deduce

. 1 34
be(2,5,0)] < (M blloo) | || 5 (2,7
o300 < ()| 3 e .
60471 83 o a 1 83A o
+ IVl | o 309 L P
yN LQ(O,yE) L2(0,y.)
E204 2 8 ue o (9 o
MaaytSE \ .7,") bl | 25 2.5 7
X L2(07y5) N L2(0,y.)

(5.4)

Let us define Yoo := Y N {yn € R : yy > 0}. We square both hand sides of (5.4)
and integrate over W x Y to get

] 1@ 5.00Pdidz < CUMIE gy + 19V )e [ AR

2a—2 da—4 2a 4

€ 3. E 3 A
| D, — D “€||L2(WxY>o Ho”'yN

+

E||L2 W><Y 0) L2 W><Y>())‘|

(5.5)

Due to (3.4) and some basic estimates, (5.5)) implies that

”\i/e(i'vgao)H%P(WxY)

0%u,

< C||D3u6|\%2(95)(6a + 63a_2 4 6E>(x—4) +Ce3a—4 5 (5.6)

L2(Q2:\0)
< C(Ea + e40474) —|—O(€a)

where in the last inequality we used the classical one-dimensional Sobolev estimate
162, u6||L2(Q ) < Cl9 \Q|||('922 wel|3, 2(q,y» for some C' > 0, which holds since

9%, uc is in H'(Q), € > 0, w1th uniformly bounded norm. Note that since o >
N

3/2 > 1, (5.6) implies

/ /e*l I i:gj,())f/ U (,20)dz
wJY Y

as € — 0. We can rewrite (5.7)) as

dydz = O(e*™1) =0,  (5.7)

//‘T1+---—|—T5|2d§d§:—>0, as e — 0, (5.8)
wJy
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where
1 9% D%
T = — — (.Y — T.Z zZ|:
1 65/2 <ayzayj (x,y,O) v aylay] ($7Za0)dz>7
et 0%, ob(y)) 0?1, ob(2)
Ty = Z,y - T,7 AL
2 65/2 <8yzayN x?y70 ay] v ayzayN J?,Z,O 82/] dz 3
et 9%, 0b(g) 0%, Ob(Z)
Ty = Z, - 7,z z);
3 65/2 (5’yj3yN($ 0 ayz Yay]ayN $7270) ayl dz )
€272 (%0, Ob(y) Ob(y) 0h. . Ob(2) Ob(2) ,_
T, = TR <3y?v (z,7,0 By Oy, - o7 (z, 2,0 By Oy, dz |;
B Ot 0%b(y) ot . 0%*(2) ,_
T5 - 6.3/2 <8yN (‘T7y7 53/13% - v 83}]\/’ xazvo 8y16deZ .
Recall that the function U, defined by
Uia,y) = iulew) - [ (ae(:c,c, > [ ppida.co) d<> Ca
Y =2
/VuEmQOdC y—Z/D"uexCOdC
[n|=2

is such that the sequence (e~%/2U,) is uniformly bounded in L*(W, H3(Y x (d,0)),
for any d < 0, see Lemma Note also that D)U, = Djli. — [, Djic(-, z, -)dz for
any |n| = 2. Using these facts we deduce that

//\T1I2dydf=
wJY

<

5j2 PT
Oy;0y;

52 0°Uc |2
Oy 0y,

< COlle™®? D] T2 xy x (—1,00) < ClID el 72

2
(2,9,0)| dydz

L2(W,H'(Y x(—1,0))

where we have used a trace inequality, the Poincaré-Wirtinger inequality, and the
exact integration formula (3.4). Hence Ty is bounded in L?(W x Y'), uniformly in

e> 0.
Consider now T5. Note that the function By, 9% hag null average over Y because of

periodicity. Hence,

0?4, ob(z) / ob(z) [ 0% / 0?4, -
—(7, 2,0 dz = —(x,2,0)— 7,t,0)dt |dz
/Y 0y;0yn (@,2,0) 0y, ? y 0y; \ 0y;0yn (@,2,0) y 0y;0yn (,4,0) ‘

and
2a—2—5 (2) 82115 _ 82’&6 _ T - _
) 70 - 7t70 dt |d
/ / /y Oy <8y13y1\r (@20) y 0y:0yn @,,0) ?

5% ’

/2 — = Ue _ T T i 1—

— — t,0)dt dzdyd 5.9
< Ce 20‘72“ 75/235 Ue(, 0720w v

2a—2 —5/2 3 ~
< Ce le=*/*D; UeHL2(WxYx( 1,0y — 0,

2

dydz
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as € — 0, for all « > 1. We deduce that

2
~ 4y 20)
2 <
/ / |T2| dydx C/ /Y 65/2 <8y ayN (3371/70) ayj >

2

0214 ob(z)
+C// @1-5/2 ‘< (z,2,0 dz
wJy 0y;:0yn ) 3yj

dydz

dyds

2
e (1 0%, 0b(y)
< 1 _ _
- C/W\/Y €3/2 (62 6yi8yN (.’ﬂ, y,O) 89]‘ dydz + 0(1)7
(5.10)
as € — 0. We claim that
1 0%, ob(y) 0%u ob(y)
—- T,y T 11
€2 Oy; Oyn Y dy; 0z, 0z N 337 y; (5.11)

in L2(W x Y) as € — 0. Since uc|q — u weakly in H3(Q2), by the compactness of
the trace operator we have that

02u, 9%u

(7,0) =

020N (z,0), (5.12)

in L2(W), as e — 0. Now define

92, 2
8“€@y:4ii/ Oue (7 0)d,
C

0x;0x N eN—1 (z) 070N

where C¢(Z) is as in (3.3). Note that, by a change of variable,

_Puc_ Puc 1 A,
9707 N (:C)—/YaxiaxN(lf,z,O)d = ?/)/ayiay]v (z,2,0)dz.
- 0%u. 5%u

6mi8xN - a’EZaCEN

N

By (5.12) we deduce that

<'7O)a

strongly in L?(W) as € — 0. Here, we have used the fact that if a sequence of
functions v, converges strongly in L? to v then 7, converges strongly in L? to
v. We give a proof of this in Lemma [§f in Appendix (B). Since €=°/20,,,, U, is
uniformly bounded in L2(W x Y), for all € > 0 due to Lemma [2] it follows that

;( e (-,-,0) — O (.2 )dz)

0y;0yn y 0yi0yn

in L2(W x Y) as € — 0. Hence, 5%(@,@,0) — Bxaax (z, O) in L2(W xY) as
€ — 0, which proves the claim. Since a > 3/2, by recalling (5 we then deduce
that Ty vanishes in L2(W x Y) as € — 0.

Ty is exactly Ty with swapped indexes i and j, hence also T3 vanishes in L?(W x
Y) as e — 0.

We then consider 7. By arguing as in we deduce that

1, 9b(g) b(g) = 0w, 9b(7) 9b(7)
— TR — z,0 ,
( dyi Oy; Yk (#0) dy; y;

[e=)
=

E O (5.13)
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in L2(W x Y) as € — 0, so the integral in Y of the left-hand side of (5.13) is
convergent. Thus,

(2o <1 0%, 9b(7) b(y) / 1 9%t 0b(2) ab(z)dz) 50
Y

T, = Y ) _7 0 ) _7 _v 0
4 €2 dy3; (@9 dy; Oy; €2 Oy, (2,2,0) dy; 0Oy,

T €5/2

~

(5.14)
in L2(W x Y) as € — 0 for all a > 5/4, hence in particular for any a > 3/2.
Finally, we consider T5. Arguing as in the proof of Claim ([5.11)) we can prove that

1 01, 9%b(%) ou ?b(y)
- Z,7,0 — z,0 : 5.15
<o " Vagay; " oy, (49)
in L2(W x Y) as € — 0 and
1 o1, 02b(z) ou 02b(z)
- 7,70 dz — z,0 dz =0, 5.16
f im0 o) [ oo (10

in L2(W xY) as € — 0, where the right-hand side of (5.16)) is zero due to periodicity
of b. We now consider different cases according to the value of «.

Case 3/2 < a < 5/2. In this case, by summarising the previous results we have
that Ty is uniformly bounded in L?2(W x Y) as € — 0, whereas T5, T3, Ty tend to
zero in L2(W x Y) as € — 0. Then implies that there exists a constant M > 0
such that

1/2

1/2
(/ / |T5|2dydl‘> < </ / |T1 + T + T3+ T4|2dyd$> + 0(1) <M,
wJY wJY

as € — 0. Thus,

~ 2 — A~ 2 —
194 o 0)200) / L o (z ‘70)a bE) 4
Y

7 _ -0 65/27o¢ ,
€ ayN y 6y18yj € 8yN (’*)ylayj ( )

L2(WXY)

as ¢ — 0. By letting ¢ — 0 and recalling (5.15) and (5.16) we deduce that
2 —

%(E,O) gyfézz = 0, for a.e. T € W, for a.e. § € Y, and since b is not affine

we deduce that

ou ,_
. (z,0) =0, (5.17)

for a.e. z € W. We conclude that v € H3() N HE ,.

Case o = 5/2. In this case, we have the estimate
1/2

1/2
</ /T1+T52dgdgj~> < (/ /|T2+T3+T4|2dyd5c> +o(1) = o(1),
wJY wJY

as € — 0. Thus,

2.4 25 . 27 (=
1 <8u6 o 0%, E,Z,O)di) lauef_oab(y)

579 ) - - v Yy — 0,
/2 \ dy;0y; oY y 040y, te dyn 0y 0y,

as ¢ — 0. Now since (e~/2U,) is uniformly bounded in L*(W x Y x (d,0)), there
exists a subsequence of (¢7°/2U,) and a function @ € L*(W, H3>(Y x (d,0))) such
that

e 20U, —~a, (5.18)
in L2(W, H3(Y x (d,0))). implies that

1 Pu. Pue o?a
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strongly in L2(W x Y) as € — 0. Moreover, according to (5.15) we deduce that
a ou ,_  0*b(y

] (‘ray70):_ (1‘70) ( )7
0y;0y; oyn 0y;0y;

for a.e. T € W, ae. g €Y, which is (5.1).

(5.19)

Case a < 1. In this case we give a more direct proof based on a different definition
of the unfolding operator. We define

YV ={(yn):G€Y.~1<yy <b@)} (5.20)

and

z
ae(jag7yN) = u€< |:;i| +6ya€ayN>7 (521)
for all (z,y) € W x Y, for all u, € H3(.). Note that @, e € (0,1], are defined
on a fixed domain of RY. Then, starting from the identity (5.2) we deduce the
analogous of (|5.3), which namely reads

. 8?;; E.5.00) + et g (3:000) 2
- 5 (o) S+ 22% @) GETE G2
-
If o = 1, by arguing as in below, we have
0~ 5o (2.0),
S U 3 @0l
3 g7 RO G G s S0 o

as € — 0, where the limits are taken in L?(W x Y). According to (5.22)), we
immediately discover that

1 Otie
1 (2, 9,b(7)) < Ce, (5.23)
€ Oyn .
L2(WXY)
for all € > 0. By (5.23) we deduce that
ou
-—(2,0) =0, 5.24

and that there exists a function ¢ € L?(W) such that, up to a subsequence,

1 0te ,_ _,, _ _
2 (B0:00) = (@),

in L2(W xY) as € — 0. The fact that ¢ does not depend on  is an easy consequence
of the following argument. Let ¢ € C°(W x Y). Then

1 Qe 0 OP T
/ny 6anN @9 b(y))ayi drdy = /ny 6728311\73% (@5, 5@))p dady,
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and passing to the limit as ¢ — 0 we deduce that

do . _ / u o
dzdy = — Z,0)pdxdy = 0, 5.25
/ny Cayz' Y WxY 3961\13331'( Jo dedy (5:25)

where we have used that %(f, 0) = 0 because of (5.24). Equation(5.25) implies
that ¢ is weakly differentiable in y; and that g—; =0.
Taking the limit as € — 0 in L2(W x Y) in (5.22)) we deduce that
0? 0? Ob(y 0? 0b(y
7“(52,0) + " (z,0) ) + Y (7,0 )
O0x;0x; O0x;0x N Ody;  Oz;0xn 0y;
0? 0b(y) 0b(y 02b(y
" (z,0) () 9b(3) () @) _,
Iy Ay Oy; Ay 0y,
Because of (5.24)) the first three summands in (5.26) are zero. Hence, (|5.26) implies
that
Pu - 9b(G) b(G) .\ 0*b(7)
TN Yi Yj YiOY;
Recall now that since b is Y-periodic, its derivatives are periodic and with null
average on Y. An integration in Y in (5.27) yields

OPu oy [ 0@ @)

(5.26)

(5.27)

25 (T, ———F —dy =0,
am?\l( ) y Oy Oy,
for almost all Z € W. Since this holds for all 4,5 = 1,..., N —1 we can in particular
2
choose i = j so that ngu (z,0) [,|Vb*dyj = 0, and since b is non constant it must
N

be g%‘(:i,O) =0 for almost all z € W.
N

If @« < 1 we can argue in a similar way. Namely, we multiply each side of ([5.22))

by €272% in order to obtain
i o ) + S (@ (0)
e @ B+ T e JE G s
e (a6 5~

Since u(Z,0) = 0, a.a € W, the first three summands in (5.28) are vanishing as
€ — 0. Then we deduce that

2 - = - 20 (5
0*u 0 0b(y) 0b(y) + lim 1 0t ,_ _ 0°b(y)

_a Da ’ 7b y =0.
0z (,0) dy; Oy Db 2a Oyn @y (y))ayiayj
This first implies that

1 0te ,_ ., .. 0% o

670‘8 (xay7b(y))a O SCE y

YN Yi0Y; L2(WxY)
hence %(5,0) = 0. Moreover, we deduce that up to a subsequence there exists
¢ € LA(W) such that 5% (z,4,b(5)) — ((z) in L*(W x Y) as € — 0. Then
arguing as in the case @ = 1 we deduce that g%‘(a‘:, 0) =0. d
N

Proof of Theorem [1)(iii), (iv). We first prove Claim (iii). We will show that the
Condition (C), defined in [2 Def. 3.1] holds with V(Q) = H3(Q2.) N H(Q) and
V(Q) = H*(Q) N Hi () N HE (). In [2, Def. 3.1] we choose

Ko={zxeQ:ay < —€},
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e € (0,1, T. : V(Q) — V() as in and E. : V() — H™(Q) as the
restriction operator F.u, = uclq, € € (0,1]. With this choices it is not difficult to
verify that conditions (C1), (C2)(i), (C2)(iii), (C3)(i) and (C3)(ii) hold true. Then
it is sufficient to prove the validity of conditions (C2)(i%) and (C3)(iii).

In order to show that (C2)(ii) holds it is sufficient to use Lemma [4]iii) and its
proof. Indeed, if o > 3/2 then lim |/ Tee| g3\ k) = 0 for all ¢ € V(Q).

Condition (C3)(iii) now follows directly from Lemmal[d(iii), since we have proved
that if u. € V() is such that u.Jo — v and 3/2 < a < 5/2, then u € V().

Hence Condition (C) holds and [2, Thm 3.5] now yields the claim.
The proof of Claim (4v) is similar. We show that Condition (C) holds with V' (Q,) =
H?*(Qe) N Hg(Q), € € (0,1], V() = H¥(Q) N Hg(Q) N Hj ,(Q), T. the extension-
by-zero operator, and E. the restriction operator defined above. Then conditions
(C1)-(C3) hold true. Note that Condition (C3)(iii) follows directly from Lemma
[4fiv).

O

6. PrRoOF OoF THEOREM [I|11)

In this section, we shall consider the case o = 5/2 of Theorem [1] We refer to
Sectionfor the notation about @, h., T,, C¥, 4, wi’;;y (Y x (—00,0)). We divide
the proof in two subsections. Since the proof follows the same strategy as [21], [2],
we will only sketch the proofs and refer to [2] for further details in the case of the
biharmonic operator with SBC.

6.1. Macroscopic limit. Let f. € L?(Q.) and f € L?(Q) be such that f. — f in
L*(RY) as € — 0, with the understanding that the functions are extended by zero
outside their natural domains. Let v, € V() = H3(Q.) N Hi(Qe) be such that

AQé'UC = fe, (6.1)

for all € > 0 small enough. Then |ve||gso.) < M for all € > 0 sufficiently small,
hence, possibly passing to a subsequence there exists v € H3(2) N HZ (2) such that
ve = v in H3(Q) and v, — v in L?(Q).

Let p € V(Q) = H3(2) N HE(Q) be a fixed test function. Since T.p € V(Q), by
we get

/ D3v, : D3(T.p) da:—|—/ UeTﬁgod$:/ feTepde, (6.2)

and passing to the limit as ¢ — 0 we have that

/ UETecpdx%/vcpdx, / feTEgodx%/fgadx.
Q. Q Q. Q

Now consider the first integral in the right-hand side of (6.2)). Let us define
K. = W x (—1,—¢). By splitting the integral in three terms corresponding to
2\ Q, 2\ K. and K, and by arguing as in [2], Section 8.3] one can show that

/ D3y, : D¥(T.p)dx — [ D3v: D*pdu, D3y, : D3(T.p)dz — 0,
K. Q Q\Q

as € — 0. Let Q. = W, x (—€,0). We split again the remaining integral in two
summands,

/ D3y, : D3(T.p)da = / D3v : D*(T.p)da+ | D3v.: D?(T.p) dz.
Q\K. Q\(KeUQe) Qe
(6.3)
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Again, by arguing as in [2 Section 8.3] it is possible to prove that
/ D3y, : D¥(T.p)dx — 0,
Q\ (KUQo)

as € — 0. We now require two technical lemmata.

Lemma 5. For ally € Y x (71 0) and i,j,k = 1,..., N the functions fze(f,y),

gz; (Z,y), 6gfg;j (Z,y) and (%%I%(x y) are independent of T. Moreover,
' Oh, Ph,
he(x =0 5/2 o) 3/27 € /- -0 1/2
(@) = O, T (w) = O, 52 (@) = O/,
ase€— 0, foralli,j=1,...,N, uniformly iny € Y x (—1,0), and
12 Phe - 0@ (yv +1)")

—(z,y) =
0x;0x 0z, @y 0y;0y; 0y
ase€— 0, for alli,j,k=1,...,N, uniformly iny € Y x (—=1,0).

Proof. We refer to [2I], Lemma 4] and [2, Lemma 8.27], where similar computations
were carried out in the case of strong intermediate boundary conditions. (]

Lemma 6. Let v. € V(Q) = H3(Q) N H{(Q) be such that ||[ve|| gz < M for
all € > 0. Assume that up to a subsequence v.|q — v in H3(Y). Let ¢ be a fized
function in V(). Let © € L*(W, wl?;’egry (Y x (—00,0))) be as in Lemma @ Then

D3v6 D3(T.o)dz —

o (6.4)

- / [ 040 D@+ ) dy 5 (2,00
Y x(—1,0) TN

Proof. In the following calculations we use the index notation and we drop the
summation symbols. We calculate

e 3 (po d.)

D3 : D*(T. =
( @)dl‘ Q. 6xi6xj8:ch 8$i8m]‘81‘h

Py 20™ 90" oo™
8x18xj(9xh 0z 0x10Tm © r Ox; Ox; Oxp v
/ Po. Py [aq:ﬁ’“) &2l N o 2ol N oo a%g”]
0x;0x;0x 0x10x Ox; Ox;0xp Ox; Ox:0zh Oxp Ox0x;

/ T go (@ 83q>(k) e
8@81']83% oz, 0x;0z;0xH,

(6.5)
It is not difficult to prove that the first integral in the right-hand side of
vanishes as € — 0, see the proof of [2I], Proposition 2]. We then consider the second
integral in the right hand side of . Note that all the terms with [ # N vanish.
Thus, without loss of generality we set [ = N. Consider separately the case k # N,
and k= N.
Case k # N: by the exact integration formula we obtain

9% o*o")
®.(2)) 6pi—r—d
8x18x33xh unday L) dkig g d
o
1/2 5 2A
S Ce / ||€ / 5||W3 2(W XY x(—1,0)) 81’k6.’£]\[ 20 — 0,
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as e — 0.
Case k = N: in this case (3.4) applied to (6.5)) gives

%0, 0%p —~

D3y, : D3(T.p)da = 675/ ————(P(y)) -
Q. WY x(—1,0) iy 0yn 0%, 66
— — — — _ — 6.6
00, 25, 93, 25 93, o2, .
X )
dy;  Oy;Oyn dyj  OyiOyn Oyn 0y;0y; Y
and since we are summing on the indexes ¢,5,h € 1,..., N, equals
s P Plo@.(y) 08, 28,
3e 5 dzdy.
W xY x (—1,0) OYi0Y;0yn Ozyy dyi  0y;0yn
Note now that
(k) ‘ ) (k) .
05, €S, itk£N, 0%, 0, if k# N,
Oyi — \eoni—ede, ifk=N.  Oudy; | -@5%h—, ifk=N.
Thus, we have
‘ ———  _~(N) _—~(N
. Pi Ple®y) 0o e
3e 5 dzdy
W xY x (—1,0) 9Yi0y;0yp, Ozyy dyi  0y;0yn
0%, 0 (p(®. oh.\ 0%h,
_ 3 2/ v (o 2(y))) Sars — didy.
W xY x(~1,0) 9% 0y;0yn a3, Ox; | Ox;0xy,
(6.7)

It is not difficult to see that the right-hand side of (6.7) vanishes as e — 0, due to
(3.4) and Lemma [5| It remains to treat only the third integral in the right hand
side of (6.5). We apply the exact integration formula (3.4) in order to obtain

o)

03v, dp ,—~ _
T (D (y)) s dEd
E/M/ZxYx(—l,o) 8xiaa:j8zh 3501\/( (y)) 8xi3xj8xh vy

835, dp —~ Ph,
__ /2 : o, 29N | qzqy.
/I/V/\EXYX(LO) [ 0y;0y;0yn, 8ilCN( @) Ox;0x 0y, Y

By Lemma [3|it is clear that e 5/2 0, 0% weakly in L2(W x Y x

0yi0y;Oyn Oy;0y; Oyn’

1/2_o%e) - 2@ (+yn)")

(—00,0)) as e — 0. Moreover, by Lemma 5| € 5% 00 Oar By Dy O
i 0% iOYj

uniformly in W x Y x (—1,0) as ¢ — 0. Hence,

3~ _ ﬁ)
J e s )] TN PERY
W xY x(—1,0)

3%’3%‘3% Oz N 8xi6xj8a;h
Fo Iy POy +yn)?)
- z,0 dzdy.
Wxy x(—1,0) 9%:i0y;0yn 5331\7( ) dy;0y; 0y, 4
as € — 0. [l

The previous discussion yields the following

Theorem 4. Let f. € L?(Q2.) and f € L?(Q) be such that f.|q — f in L*(2). Let
ve € H3(Q) N HE(,) be the solutions to Aq ve = f.. Then, possibly passing to a
subsequence, there exists v € H*(Q) N HL(Q) and © € L*(W, w?},’gry (Y x (00,0)))
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such that ve|q — v in H3(Q), v|q — v in L*() and such that statements (a) and
(b) in Lemmal[3 hold. Moreover,

- )2 D01+ y)*) dy 2 (7, 0)d7
Y x(—1,0) TN

+/D3U:D3<p+ugpdx=/fcpdx,
Q Q
for all o € H3(Q) N HL(Q).

6.2. Microscopic limit. Let ¢ € C°°(W xY x]—00,0]) be such that suppy C C'x
Y x [d, 0] for some compact set C C W, d €] — o0, 0[, and assume that 1 (Z, 7,0) = 0
for all (z,5) € W x Y. Let ¢ be Y-periodic in the variable 5. We set

T JL‘N)

bola) = dy(z. 2,28

for all € > 0, z € Wx] — 00,0]. Then T.1p. € V() for sufficiently small €, hence
we can plug it in the weak formulation of the problem in €2, in order to get

/ D3v, : D3(Top.) dx +/ veT b da = / feToape d. (6.8)
It is not difficult to prove that
/ vl dx — 0, / feTvedr — 0, (6.9)
Q. Q.
as € — 0, and by arguing as in [2] Eq. (8.20), p. 29] we deduce that
D3v, : D3(Tap.) dx — 0, (6.10)
QA\Q

as e — 0. Moreover, by arguing as in [2, Lemma 8.47] it is possible to prove that

/ D3v, : D3(Toape) dx — D}i(z,y) : Djv(z,y)dzdy,  (6.11)
Q W XY X (—00,0)

as € = 0. Then we have the following

Theorem 5. Let © € L*(W, wf';zry (Y x (—00,0))) be the function from Theorem .
Then

3a/— _ _
/ D;o(z,y) : Dy (z,y)dzdy = 0,
W XY % (—00,0)

for all 1 € L*(W, w%ﬁw (Y x (=00,0))) such that ¥(Z,y5,0) =0 on W x Y. More-

over, for anyi,j=1,...,N — 1, we have
0%0 0%b ov
z,y,0) = — y z,0 on W xY, 6.12
8%8%( y,0) iy, (y)axN( ) (6.12)

Proof We need only to prove (6.12) since the first part of the statement follows from

, (6.10), (6.11) (see also the proof of [2, Theorem 8.53]). By applying
Lemma I case o = 5/2 to v. € H3(Qe) N H () we deduce the validity of (6.12).

O
Lemma 7. There exists V € w%?ry (Y x (—00,0)) satisfying the equation
/ D3V : D3 dy =0, (6.13)
Y x(—00,0)

for all ¢ € w%?ry (Y x (—00,0)) such that ¥(y,0) = 0 on Y, and the boundary
condition
V(y,0)=b(y), onY.
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Function V is unique up to a sum of a monomial in yy of the form ay3;. Moreover
Ve ngTy (Y x (d,0)) for any d < 0 and it satisfies the equation

AV =0, in Y x (d,0),

subject to the boundary conditions

82 (AV) +2%(AN71V) =0, onY,

Pl
oy N

%@, 0) =0, onY.

Proof. Existence, uniqueness and regularity of V follows as in [2, Lemma 8.60].
Note that in order to find the boundary conditions satisfied by V on Y we need to
use the Triharmonic Green Formula, with V in place of f and 1 in place of
. We choose test functions v as in the statement with bounded support in the
yn-direction. We then deduce that

3V 92 _
/ DV Dy = - | sy + [ 99 ag
Y X (—00,0) Y X (—00,0) Yy OYn OUNn

D2(AV) <a?v> o
- +2An 1 ( 25 ) | 52— d7,
/y( Oy Yok ) ) oun Y

hence V is triharmonic and satisfies the boundary conditions in the statement. [

Theorem 6 (Characterisation of the strange term). Let V be the function defined
in Lemma[7 Let v, o be as in Theorem[] Then

8(E,y) = ~V(g)

= -\, 2
e (@.0) + a(@)h

for some function a € L?>(W). Moreover we have the following equalities:

/ DAV 2dy = / DOV = DA (b(3)(1 + y))dy
Y x(—00,0) Y X (—00,0)

-/ (a(aﬁ;")+AN_1(%§X)+A2N_1(§;J/V)>IJ(@>@. (6.14)

Proof. Let ¢ be the real-valued function defined on Y x| — o0, 0] by
b()(1+yn)*, if =1 <yny <0,
- [f90 52

0, if yy < —1.

Then ¢ € H3(Y x (—00,0)), and ¢(3,0) = 0 for all § € Y. Now note that the
function ¢y = V — ¢ is a suitable test-function in equation (6.13); by plugging it in
we get
[ pvRa= [ DViDewa )y
Y X (—00,0) Y X (—00,0)

By applying (7.4) on the right-hand side of the former equation, and by keeping in
account that V' is as in Lemma 50 A3V =01in Y x (d,0) for all d < 0, we deduce
that

/ DV : DY(b(7)(1 + yw)*) dy =
Y X (—00,0)

/Y <8(8A;VV) +AN_1(3((9§:]/)> +A§V_1(§;]/v)>b(g) dy.
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By Lemma [7] and Theorem [f]it is now easy to deduce (iii) of Theorem

Proof of Theorem [1(iti). Note that the function v of Theorem [ satisfies

[ ] W) D)+ ) dy 5 (.0
W JY x(—1,0) TN

+/D3v:D3<p+ug0dx:/fg0dx, (6.15)
Q Q

for all ¢ € H3(Q) N H} (). By Theorem |§| the first integral in the left-hand side of
(6.15)) can be equivalently rewritten as

: ov dp
D3V |*d z,0)——(z,0)dz,
/W (/Yx(oo,0)| | y) &vzv( )GmN( )

where V is defined in Lemma [7] By (7.4)

O’f e

3. N3 _ 3

/QD v Dlpdr = /QA vpdet a0 On3 On? ds

+/ (((nTD3v)an : Doqn) — ( 2”) - 2divaa(D*v[n @n])m> % 4s,
Elo) on on

for all ¢ € H3(Q) N HE(Q). In particular, we deduce that on W x {0} we have the
following boundary integral

/ <_ O(29) (7 0) — 28, ( il )(f, 0) + Klg"(:fc,ﬂ)> 22 5,00z, (6.17)
w N

03, oz drN

where K; = fo(—oo 0) |D3V|2. Then, by (6.15)), (6.16)), (6.17) and the arbitrariness
of ¢ we deduce the statement of Theorem (1} part (iii). O

7. APPENDIX (A)

We give here a proof of the Triharmonic Green Formula. We refer to Section [3]
for the tangential calculus notation and related results. We first note that by using
tangential calculus it is possible to prove that

Df(x) = (D (o) + o)

on
0%f(z) Of (x)

+ 2 n(m)@n(x))—l— o Dogn(x), (7.1)

for all z € 9Q. Then formula (7.1) can be equivalently rewritten as

ag?) ® n(x) +n(x) ® Voo <8J;Ef)>

9 f(x) of (z)
on? on

for all z € 9. Finally, note that if we take the trace on both hand sides of (7.2))
we recover the classical decomposition formula for the Laplacian at the boundary

2 xT x
Af(w) = don(e) + L 4 gy 20

for all z € 09, where H is the curvature of 0f.

Df() = (D3 f(a) + Ton

+ n(z) ® n(x)) — (Daan(x))(Voa f(z)) @ n(z) + Daaon(z), (7.2)

+ H(x)
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Theorem 7 (Triharmonic Green Formula - general domain). Let Q be a bounded
domain of RN of class CO1. Let f € C%(Q), ¢ € C3(Q2). Then

3p. 13 _ 3 T D3
/QDf.Dapd:E— /QAfgodx—i—/f)( D3f): D*pdS

D*(Af) Dy (A%f)
*/m(nTDz(Af))aa~Van<pdsf/m = %d5+/m =S-Seds. (1.3)

If moreover Q is of class C® then

/D3f:D3gadx:—/A3f<pd:c+/ —f—“’ds
o o an® on?

- /69 <((nTD3f)m  Doan) - é‘jf) — 2divoe(D* fln @ ”])m) g% ds

(7.4)
+ / (div?m ((n"D3f)oq) + divaa (Daan(D? fin @ n])aq)
a0
I(AZf) .
+ =5+ divoa (n" D*(Af)) 5 |0 dS.
Proof. Repeated integrations by parts establish that
By
3 3
/D fiDrpde _/ amlax]axk 0x;0x;0x de
3 T 3 2 T 2 8(A2f)
—/Afcpdx+/ (n"D°f): DpdS — (n" D°(Af)) - VedS + pdS,
Q a0 a0 o On (75)

where summation symbols on i, j,k from 1 to N have been dropped. Then
follows from by decomposing the gradient appearing in the third integral on
the right-hand side of in tangential and normal components, see Definition
In order to prove we need first to decompose the hessian matrix appearing in
the first boundary integral on the right-hand side of . By using formula
on D?p we deduce that

/ (n"D*f) : D*pdS = / (nTD* o : D3qpds
o0 o0

+2/69(D3f[n®n 99 Van( >
_ /8 ) (Doan(D*fln e

) o0 dS
T3 e
—I—/ ((n D f)ag Dagn)f ds +
29 on

>
50 871‘3 (9712
(7.6)

In the symbol D3 f[n ® n] stands for the vector having as i-th component
Wfa”njnk, where sums over ] and k are understood. Note also that the third
integral on the right-hand side of (| is deduced from

—/ (nTDSf) : (DaQﬂ(VaQ(ﬁ) (24 n) dS,
o
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by using the following equalities
T
(n"D3f) : (Doan(Voap) ® n) = (Daan(Vaayp)) (n' D?f)n

= (Vaay)" ((Daan)" (D fIn @ n)aq)

= ((Dagn)(DSf[n & n])ag) . v(')QgO.
In the third equality we have used the fact that Dgqn is a symmetric matrix. Now,
since Q is of class C?, we plan to apply the Tangential Divergence theorem (see
Theorem [2) to the first, the second, and the third integral in the right-hand side of
(7.6). We consider separately the first integral. Let us note that for every matrix
A = (ai;(z));; with coefficients a;; € C?(Q2) and for every function ¢ € C?(12), we
have

/ divaa ((A)aa(Vaay)) dS =0
a0
by (B.8). Here ((A)sq)i; = (ai; o p)loa, where p is defined in Section [3} Hence,

/39((11\/89(14)69) - Voot + (A)aQ : DgSﬂb dS = 0. (7.7)

Finally, a further application of the Tangential Green formula (see (3.9)) on the
first summand on the right-hand side of (7.7) yields

/ (div3o(A)on)d dS = / (A)oq : Db dS (78)
o0 o0

for all matrix A € C2(Q)N*N | for every function ¢ € C?(2). Then, by applying
Formula to the first integral in the right-hand side of with A = (nT D3f)
and ¥ = f, and by using on the second and third integral in the right-hand
side of we deduce that

/ (nTD3f) : D2pdS = / divge ((n"D*fag)p dS

00 a0

B 2/ divag ((D3f[n ® n])aﬂ) 8£ ds + / divaq (Dann(D?’f[n ® n])an)sﬂds
. a0

on
O O3f 0%
T 13 ) op A
+ /SQ ((n" D’ f)aq : Daan) o ds + o o onz 05 o
7.9

where we have denoted with (V)gq the projection of V' on the tangent plane to 0€2,
as defined in By applying the Tangential Divergence Theorem to the second
boundary integral on the right-hand side of ([7.3)) we finally deduce that

— / (n"D*(Af))oq - VoapdS = / divao (n" D*(Af)) ,, 0 dS. (7.10)
oN onN

By (7.9) and (7.10) we get (7.4), concluding the proof. O
8. APPENDIX (B)

Proposition 1. Let u € H*(Q) N H}(Q) be the function defined in the statement
of Lemma . If1 < a<?2 then 8%\,(@’0) =0 for almost all T € W.

Proof. In this proof we use the definition of ¥ and @ introduced in (5.20) and (5.21)).
Olie

Note that
1 1
e - V’A 2 o
‘ /w/y 2l Vol + 5 dyn

where we have used formula (3.4). Since a < 2 we deduce that V,4. — 0 in
L*(W xY)N. In a similar way one proves that Dg @ — O for all the multiindexes

2
da’;dyz/ |Vu,|? dr, (8.1)
Q€
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such that 1 < || < 3. Now note that [y, [} |4e(Z,7,0)[*dydz = [y, |ue(z,0)[?dz <
C, uniformly in € > 0. Thus,

/ / [te(z, y)[*dydz

< 2/ / | (Z,y) — (T, 7, )|2dydx+2 / / i (Z,7,0)|*dydz

N | 90
<),
wJy Jo

a;‘; (2,7.1)
hence i is uniformly bounded in L*(W, H 3(Y)) and up to a subsequence 4. — @ in
L2(W, H3(Y)), for some function & € L2(W, H3(Y)). Actually @ does not depend
on y; indeed Vi — 0in L*(W x V)N implies that V, @ = 0. Since u, — u weakly
in H3(Q), by the Trace Theorem, u.(z,0) — u(z,0) strongly in L?(W). By Lemma
Bl below, we deduce that

dt|yN\dyd:E +0 <,

1 _ _
TH(E) = /C vl 0T = (. 0) (3.2)

strongly in L?(W) as € — 0. By a change of variable it is easy to see that u.(Z) =
fy (T, 2,0) dz for almost all Z € W. By Poincaré inequality it is also easy to
< O Vel oy 0. (83)

prove that
ﬁe—/ Ue(+, 2,0)dz
Y L2(WxY)

as € — 0, according to (8.1). Then, by (8.2) and (8.3) we have

<

”'LALE - u(jao)”L?(fo’)
— 0,
L2(WXY)

ﬂe*/ ﬂe(‘72,0)df
Y
(8.4)

as € — 0, which implies that 4(Z) = u(z,0) for almost all Z € W. Now we unfold
the following identity
82’“’6 _ _ 62“6 _ _ 8g6(.f) 82“6 _ _ age(j)
fziaz; B9 @)+ Gy B9 @) =g =t ey @ 9@ =5
u, ,_ 09c(Z) 0gc(Z) = Oue 9?g.(z )
83:?\, (!)3795({13)) 8IZ 81’]’ + 69:1\; (.’L’ Je ( 8x18x3 ’

in order to obtain

"

/yﬂE(" %,0)dz — u(%,0)

L2(WxY)

+

1 0% ,_ ., et dPa. . oby) et d*a. . 9b(%)

gm(%%“@)*‘ @m(%y,b(y)) By, g By, 0yn (@, 9,0()) Bys
720, . Ob(g) Ob(g) €T Ot ,_ ., .. 9°b(%)

+627a6y12\7 ($7y7b(y)) 81/1 5yj P 8yN (mvyvb(y))ayzayj -

(8.5)

2~ 2
Note that 5%8?/ 32 (i,g,b(gj)) — afax (z,0) = 0, and ea+1ajm(x 7,b(3)) —

2
Trony (1,0); @ g2 (2,5,6(7))
L?*(W x Y). Hence, if 1 < a < 2 we deduce that all the summands in (8.5) are

vanishing in L2(W x Y) with the possible exception of 6:;2 %—ﬁ;(g’c,g, b(g))gy%gi.
Since equality (8.5) must hold, this implies that also this last summand is bounded;

hence,

8fo +(z,0) as € — 0, where the limits are in

1 O,
€* QYN

9°b(y)

j? 77b y
(z,9 (y))ayiayj

— 0,
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in L2(W x Y) as ¢ — 0, and consequently %(j,()) g;fégi = 0 for almost all
(Z,9) € (W xY). Then a(iiijv (z,0) = 0 for almost all z € W, concluding the proof.
O

Lemma 8. Let (v.). be a sequence of functions in L?(©), for a given bounded open
set © C RYN. Let v € L?(©), and assume that v, — v in L*(0). For all € > 0 let
Cc(z) ={y e RN : |z —y| < €} and we define

_ 1
W@ =y [ e

for almost all z € ©. Then v; — v in L*(0) as e — 0.

Proof. We claim that
_ 1
o(z) == — v(y)dy — v(x), (8.6)
€ Ce(x)
strongly in L?(©) as e — 0. Let § > 0 be fixed and let w € C*(©) N L?(O) such
that [|v — w12y < 0. Then

)=o) = = [ (u(y) — v(z)) dy
€ C.(z)
1 1
=N Csm(v(y) —w(y))dy + (w(z) —v(@)) + o /Ce(l_) (w(y) — w(z)) dy.

Let us define ©°¢ = {z € O : dist(x, 90) > €}. Note that

J.

1

eN

2
1
dz < / 1 / () — w(y) P dydz
Qc € C.(z)

= v —w 2 i X 2
~ [ o)~ wtw) <€N/C€(y)d )dyé“

where we have used Jensen’s inequality and Tonelli Theorem. Moreover, it is clear
that

[ )~ )iy
Ce(x)

1
L / (w(y) —w@)dy| < Ce.
< o 12(@)

Hence, [|[v — v||12(0¢) < C(6 + €) < C'4, concluding the proof of claim (8.6). Now

note that
) 1/2
Ve — P 12(0¢) < </ <N/ |’Ue(y)7f(y)|2dy>d$> .
e \ ¢ Jo. ()

By Tonelli Theorem we can exchange the order of the integrals in order to obtain

1 / 9 9 1 / 9
— ve(y) —v(y)|"dy |dx < ||ve —v — dx = ||[ve — v .
/e <€N Ce(a:)l ( ) ( )l ) H ||L2(®) N c.w) ” ||L2(@)

Hence, [[Tc —7|[z2(0¢) < ||ve — v[|2(0); consequently,

Ve = vll20¢) < Ve = Pl L2(0¢) + [V = vllL2(0¢) < [[ve = vl[12(0) + [V — V| L2(04),
and the right-hand side tends to zero as e — 0. ]
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