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In this paper, an analytical model based on the modified couple stress theory and Timoshenko beam theory
is developed to study the vibrational power flow of a microbeam with a crack. The open edge crack on the
microbeam is modeled as a rotational spring, which connects the two segments of the microbeam separated by
the crack location. The governing equations of the cracked microbeam are derived from Hamilton's principle.
By introducing the differential operator method, the differential equations are transformed into algebraic
equations, and the governing equations are decoupled. The wave propagation method is applied to solve the
vibrational problem of a cracked microbeam under a transverse harmonic excitation. Both the input power
flow and the transmitted power flow in the cracked microbeam are computed and analyzed. The size effect of
the cracked microbeam in terms of material length scale is firstly analyzed. Subsequently, the effects of crack
depth and crack location on the input and transmitted power flows are investigated. It is found that the

existence of crack significantly changes the transmission characteristics of the power flow.
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1. Introduction

With the advanced development of modern manufacturing technology, miniaturized devices, such as
micro- and nano-electro-mechanical system (MEMS, NEMS) etc., has been rapidly applied in many
engineering areas. Energy dissipation in micro-/nano-resonators has always been a key problem and a major
handicap that restricts their performance and applications. When micro- and nano-structures are subjected to
internal or external excitation forces, damages may occur in some parts of the structural elements [1-6].
Therefore, there remains ongoing interests to study the vibration energy transmission mechanism of micro-
/nano- devices.

Mechanical structures subjected to internal or external loads will inevitably produce a certain degree of
structure-borne noise, which may induce damages to the structures. To analyze such structure-borne noise and
structural damage, it is necessary to evaluate the vibration intensity for each part of the structure. The
vibrational power flow not only includes amplitudes of velocity and force but also establishes a relationship
between them. It thus provides a new perspective and powerful tool for researchers to study the vibration
energy transfer mechanism. Up to now, a large number of research works had been focused on the analysis of
vibration power flow of macrostructures. However, to the best of authors’ knowledge, no work had been
reported on the vibration power flow analysis of micro-/nano-structures. Liu et al. [7] studied the vibrational
power flow in a cylindrical shell filled with fluid under a dynamic force loading. Cho et al. [8] developed the
structural intensity technique to analyze the vibrational energy flow in plates that are under a harmonic
excitation. Liu and Niu [9] established an energy flow model for functionally graded Euler-Bernoulli beams.
Sheng et al. [10] analyzed the effect of the distributive mass of spring on the vibrational power flow from
experimental tests. Zheng et al. [11] predicted the energy contribution of the interior vibrational noise in a
high-speed train using finite element method. Wang and Chen [12] studied the energy intensity of plates
subjected to thermal load. Ma et al. [13] applied the structural intensity method to analyze the energy flow
transmission behaviors in aero-engine casing structures. Li et al. [14] performed the vibrational power flow
analysis of the circular plate with a surface crack using the structure-borne sound method. Zhu et al. [15]
investigated the wave and power flow in a cylindrical shell with a surface circumferential crack. Xu et al. [16]
adopted the vibrational power flow to study nonlinear dynamic behaviors of the rotating blade with a
breathing crack. Zhu et al. [17] analyzed the vibrational power flow of cracked functionally graded beams and

highlighted the influence of crack location, crack depth and gradient index to the power flow. Zheng et al. [18]
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analyzed the dynamic response of the cracked fluid-filled cylindrical shell and presented a damage detection
method based on the energy flow.

Although no research works had been reported for the power flow analysis of microscale and nanoscale
structures, there have been many works that were performed on the vibration and wave propagation analysis
of microscale and nanoscale structures. The vibrations of micro-/nano- beams [20-26], plates [27-31] and
shells [32-34] have being analyzed by using nonlocal theories. Based on the modified couple stress theory
[19], Ma et al. [20] developed a model for Timoshenko microbeams and analyzed the size effects on the
vibration response, furthermore, the size effect on vibration of the functionally graded microbeams [21],
composite microbeams [22], and multiple-layer microbeams [23] were analyzed by various non-calssical
theories. Giannakopoulos and Stamoulis [24] analyzed the size effects of beam bending and cracked bar
tension by the gradient elasticity theory. Zhao et al. [25] proposed the analytical solution of coupled
thermoelastic forced vibration of nonlocal beams utilizing Green's functions. Kumar and Kumar [26] analyzed
the effect of temperature parameters on thermoelastic vibration in micro-/nano-beam resonators. The free
vibration analysis of Mindlin nanoplates [27], functionally graded micro-/nano-plates [28], graded porous
microplates [29], and three-layered microplates [30, 31] were analyzed in detail. Zhou and Wang [32]
analyzed the vibration behaviour of a cylindrical microshell filled with fluid based on the modified couple
stress theory. Gholami et al. [33] developed a size-dependent shear deformable shell model based on the strain
gradient elasticity theory and analyzed the size-dependent buckling and vibration of micro-/nano-shells.
Ghasemi and Mohandes [34] analyzed the frequencies of fiber-metal laminated cylindrical micro-/nano-shells.

All the reports listed above are for intact structures, and vibration analysis of cracked structures has also
been reported [35-39]. The vibration models of microbeams with crack by modified couple stress theory were
established and studied in references [35, 36]. Zhou et al. [37] studied the characteristics of vibrations of
electrostatically actuated microbeams with slant crack. Akbas [38] investigated the vibration of a cracked
functionally graded microbeam with damping effect. Ziaee [39] analyzed the thermal effect on the vibration of
micro-/nano-plates with a cut-out by the Ritz method. Wave propagation and reflection is a hot topic in the
analysis of energy transfer in micro-/nano-structures. Most recently, Bahrami and his co-authors studied the
wave propagation and reflection in intact nanobeams and nanoplates [40, 41, 42], cracked nanobeams [43] and
nanorods [44]. llkhani et al. [45] considered wave propagation in rectangular thin nanoplates. Ebrahimi et al.

[46] studied energy reflection and transmission in thermoelastic nanoplates using a novel nonlocal strain



gradient theory. Zeighampour et al. [47] presented wave propagation in fluid-conveying nanotubes by using
the nonlocal strain gradient theory. The introduction of the concept of power flow will overcome the
shortcoming that energy alone cannot reflect the vibration intensity of each part of the structure. The influence
of size effects on power flow will be presented for the first time in this paper.

In this paper, vibrational power flow in a cracked microbeam is studied based on the Timoshenko beam
theory and modified couple stress theory. The open edge crack is modelled as a rotational spring. The
Hamilton's principle is employed to derive the governing equations, which are six-order coupled partial
differential equations. By introducing the differential operator, the governing equations are decoupled, and the
analytical solution are obtained. The wave propagation method is applied to analyze the vibrational response
of the cracked microbeam under a harmonic excitation. Both the input and transmitted power flows are
derived and analyzed. The influences of the scale parameter, crack location and crack depth on the input and

transmitted power flows are investigated in detail.

2. The modified couple stress theory

In 2002, Yang and his co-authors first proposed the modified couple stress theory, from which we have the

following equations [19]

gijzé(u,ﬁu“), (1)
Zi :%(eui +‘91-)' (2)
0, =2 b ®

Ojj :lgkkéij +2,u<9ij , (4)
m; =2l y;, ()

where ¢ and ¢ are Cauchy stress tensor and strain tensor, respectively; u and @ are displacement and rotation
angle, respectively; y is the symmetric curvature tensor; m is the deviatoric part of the couple stress tensor; 4

and u are Lame’s constants; | is material length scale parameter.

3. The cracked beam model

A cracked microbeam subjected to an excitation force F=Fo &“* is shown in Fig. 1 where Q is the

vibrational frequency. The open edge crack with depth a is located away L from the location of the excitation



force. The thickness and width of the microbeam are h and b, respectively. External excitation is applied at the
origin of the coordinate system. The coordinate system (X, z) is established with respect to that z-axis is
oriented vertically downward, and x-axis is along the mid-plane of the microbeam.

As shown in Fig. 2, the crack position is modeled as a rotational spring. For beam structures with
transverse bending vibration, the bending moment dominates the vibrational behavior, therefore the bending
stiffness at the crack section can be approximated by the stiffness of the rotating spring [17]. The premises of
this spring modelling approach are that the crack does not propagate, always remains open and is
perpendicular to the upper surface of the beam. Taking the crack as a dividing point, the beam is separated
into two segments, which are connected by a rotating spring. The bending stiffness St of the spring is defined

as

S; =—, (6)
where W is the flexibility. The differential relationship between the crack depth a and the flexibility W is given
by

(1-0°)K! M2 dw -
E 2 da’

In Eq. (7), M is the bending moment at the cracked section; K1 denotes the stress intensity factor subjected to
the bending load. In the present analysis, we employ the stress intensity factors (SIFs) of the cracked
macroscale beam to approximately evaluate the SIFs of the cracked microbeam. Therefore, the relation

between SIFs and crack depth is expressed as [17]

_ 6Mzhg

h a
K, 2 f() ¢ =1 (8)

where
f (¢)=1.150-1.662¢ + 21.6675* —192.451¢° + 909.375¢*
~2124.310¢° +2395.8305° —1031.750¢ .
Then, the flexibility W is obtained from Egs. (7)-(8)
B 727 (1- 1)
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0

4. Timoshenko beam model



In the Timoshenko beam theory, the displacement of an arbitrary point in the beam along the x- and z-axes,

represented as U and W respectively, are expressed as
u(x,z,t) =z (x,t), W(x,z,t)=w(x,t), (10)

where w(x, t) is the displacement component in the mid-plane; y(x, t) is the rotation of beam cross-section; t is

time. The linear strain-displacement relation is defined as

oy 1 ow
Ey=L—, E, == W+— |, &, =6, =&, =&, =0. 11
= ox 2 (’// ox j W y ()
From Eq. (4), the normal stress ox and shear stress ox. are given by
E E
Oy =56y Oy =""7""""E (12)

XX 1_02 XX ! XZ 2(1+U) Xz

where E is Young’s modulus, v is Poisson’s ratio. Substituting Eq. (10) into Eq. (3) gives

1 ow
==ly——|, 6, =6,=0. 13
y Z(V/ axj © 13)
Applying Egs. (2) and (13) leads to
1( oy o*w
= T | Xa = X = X = Xw = X =0 14
Xy 4(8)( axz} Xx =Xy = Xuo = Xa = Xy (14)

Considering the locations of the external excitation force and crack, the microbeam can be separated into
three segments along the axial direction, which are (—o0,0], [0, L], [L,+o0), respectively.
The strain energy ITs of the cracked Timoshenko microbeam over the entire domain A of the infinite long

beam is expressed as

XX XX X2~ Xz XX XX XZ Xz

I, ZETIA(O' &, +20,,¢ +2me;(Xy)dAdX+%JL‘J.A(a &, +20,,& +2mxnyy)dAdX
° (15)

XX XX XZ ™ XZ

2 [ (0t 20,0, 4 2m ) Ak 25, [ow (L]

where A is the cross-section area of the beam. The first and last terms in Eq. (15) are improper integral, and
the third term denotes the elastic potential energy of a rotational spring. Herein, dw(L) denotes the angle
variational between the two sides of the section at the crack.

From the energy point of view, the wave propagation will eventually dissipate the strain energy of the

beam. Therefore, XILTOO A(a &, +20,€ +2mxy;gxy)dA=0, which indicates that the improper integrals in Eq.

XX XX X2 Xz



(15) are integrable. Substituting Egs. (11) and (14) into Eq. (15) gives
1t oy ow ) 1 dy, 0w

[,==||M, —L+ +—2|+2Y, | Lt —— || dx
; 2J{ "o Q“(% ax) 2 *”L x o

L[ 2
+1j M., %+sz(% +%j+lyxy2 [5% _%H dX+%ST [6w ()] (16)

250 ox x ) 2 ox  oxt
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+=|| M, 2+ +—= |+, 3= 2 | dx,
2{ " Q“(% axj 2 *V{ x X ﬂ

where A represents the area of the beam cross-section. The subscripts “17”, “2” and “3” in Myz, My2, My3, Qa,
Qz, Qzz and Y1, Yxz, Yxys are used to denote the variable for each section. In general, the bending moment My,

transverse shear force Q: and couple moment Yy are given by

0
M, = [ ozdA= Dlla—"x’, (17)
ow
Q, =IA0XZdA= kSAS{y/JF&j, (18)
~ 1,, (oy ow
Y, = IAmedA—EI A (5_ 8x2j’ (19)

where ks =5/ 6 represents the shear correction factor. A1, Dz and Ass are given by

Ebh Ebh® Ebh
Dy, t = , , =—. 20
{An 11} {1_02 12(1_02)} Ass 2(l+l)) ( )
The kinetic energy Ilr is given by
0 2 2 L 2 2
HT:l 3[6‘”1) +|1(%j dX+lj |3(8V/2j +|1(%j dx
2 ot ot 24
(21)

where

(1,15} =IAp{1,ZZ}dA={pbh,%}.

iQt
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7



Applying the Hamilton’s principle
t
[ (o115 + T, = 11, )dt =0, (23)
0

and substituting Egs. (16), (21) and (22) into Eq. (23) yields

t +oo

0
0= [ A, dxdt+[[A, dxdt+ j j A, dxdt + j F.e'®swdt + j S, Sy (L)SSy (L)dt

O ey

t 4o

@, dxdt + j j @, dxdt + j Fe ™ ow,dt

1 0 1 aY L 1 aY +o0

+- M Isw| + +Z 292 05w + +Z 293 5w dt 24
(Q“ 2 8xj 1,00 22 o 20 B2 ox 3L 24)
0 1 L +o0
( (b, o }
—o L

—2ST5w<L)5[w2(L)—ws(L)]}dt

Ol ™ O ey

1
+(M y3+Eny3]5W3

0

L +00
LY, (85W3 j
0 OX

L

0
OOW,
w”*”( axzj

where

. oy, +— |+ ,
P at oot tot et o 2 Y ox Ox?

2
Ay 0w 00y, | oW oow 85'//'+Qz.[ agw] 1, (am_wwi],
X

2y OM oY, 2\ . GZY
@_:(.3%_ ., __l_ijgwi{llaatvzv._a;aﬂ_; . ]M (i-12.3).
X X

Setting the coefficients of dwi and dwi (i = 1, 2, 3) to zero, the governing equations of the three sub-beams are

expressed as

. 0%, 2w,
6QZI+1 Xyl = an

, 25
ox 2 ox2 ' oot? (29)
oM., 10Y,, 0w

U o Sl R L 4N (26)
OX 2 OX ot

The continuous conditions at the location of the excitation force x =0 are

1Y, : 1 0Y.
W, =W, Q, +=—L+Fe"=Q,+=—22, 27a
1 2 Qzl 2 6X 0 sz 2 8X ( )

1 1

Vi =V, Myl +Eny1 = Myz +5ny2’ (27b)
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The continuous conditions at the crack location x = L are

10Y oY,

1
+__xyZ: 4+ -2
QZZ 2 OX Qz3 2 8X

1
ST (l//S_VIZ) M +2ny3’ny2:ny3’ Eza

Substituting Egs. (17)-(19) into Egs. (25) and (26) yields

oy, o'w | I’A, (%, o'w o°w,
ksAss t—= |T As 3 Aud | I, 2 1
OX OX 4 OX OX ot

82
1182

OX 4 | ox ox®

Introducing the dimensionless quantities

Egs. (29) and (30) are expressed in dimensionless forms as

ca 62W+8l/1, +I02a55 %y, o'W, :_azwi
*loac? oc 4 \ac® oct 2’

2~
2% s

1184, aé/ aé/Z 84/3

kAas( awij_{_leSSLazwzi_as\NiJ:| %

oW, j+ lsa, [a%ﬁi oW, j _7 9%

(27¢)

(28a)

(28b)

(29)

(30)

(31a)

(31b)

(32)

(33)

According to the wave propagation theory [42], the displacement and rotation of the microbeam under a

harmonic excitation are expressed as

(¢ 7) = F($)e", W(S 1) =W, (e

(34)

With the method of variable separation, the following amplitude equations are obtained by substituting Eqg.

(34) into Eqs. (32) and (33)

2

k.2 (DW, + D&Ui)+a5%|°(D3¥’. ~D'W,) = —w?TW,

(35)



|2

d,,D*%, —kag (DW, + %)+ 5Z°(D2Y%—D3\Ni)=—a)2EY4, (36)

where the differential operator D = d / d{. The introduction of differential operator transforms the differential

equation into “algebraic equation”, Eq. (35) can be further rewritten as
2 a‘55'02 4 27 a55|02 3
k.a;;D _TD +o°l, W, +| k.a,,D+—=>=~ 4 D° |¥ =0. (37)
Substituting Eq. (37) into Eg. (36), we have

2 2_ 27
agsdy, 1) DGWi +(%_ksa§5|§ _assksdllJ DAWi

4
(38)
—(ksassl_sa)z LBl I_la)zdnj D, — (1, 0" —k, T2’ W, =0,
assjllo D°Y + (ass o kall; a55|<sdnjo4yfi
(39)
—[ksas5|_3w2+%rlwz+l_la)2dnJD2¥’i—(I_ll_sa) —k a0 )% =0.

By introducing differential operators, the complex high-order differential equations are decoupled, which
makes it very convenient to obtain their analytical solutions. This method was also originally applied by
Lekhnitskii to obtain analytical solutions for anisotropic plates [48]. The characteristic equation of the

ordinary differential equations (38) and (39) is

aA®+a,1*+a 1% +a,=0, (40)
where
a..d, 1?2 12?1,
— 554110 ,a2:a55° 3_ka525|02_ 55k dll,
2T 2
a = _ksa‘ssl_sa)2 _M - I_la)zdn' a, = _I_ll_sa)4 + ksl_lassa)z-

The general solutions for Egs. (35) and (36) are assumed as
W, = f e + f,e™ + fe + f, e + f e + f,e™, (41)
¥ =q,f e —q fe ™ +0,f,e% —q,f,e™ +q,fe —q,fe™, (42)

where
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k1: Ylé-l-Yz%—%, k2 =\/C¥Y1%+CZZY2%_%1 k3 Z\/azYlé_FaYzé_;_z’ (43)

Ch
2 3 3

Yi|_9aaa, -27a/a,—2a,  |(9aa,a,-27a/3,-2a; |  (8aa,—a, 2 (44)

Y, 543’ B 543} 9a; ’
S (45)

2
Substituting Eqgs. (41) and (42) into Eq. (35), we can get
21,4 2 _ 21

- aglok' —4ka k-4l i=1273, (46)

a55|02ki3 + 4ksa'55ki

5. The intact microbeam

As shown in Fig. 3(a), an infinite intact microbeam subjected to a transverse harmonic excitation Fo e“* is
firstly studied. There are two kinds of waves diffused away from the excitation force. The intact microbeam is
separated into two segments at the location of the driving source. The rotation and transverse responses of

each segment are expressed in the following dimensionless form

ek1§
(W1] = ( ot o } e |, (47)
# 9, f, 0, f31 s fSl okt
for < O0and
e’klg
(sz _ [ f, fh fo2 ] ekes | (48)
l112 —0, f22 -0, f42 —0s fez p k¢
for > 0.

The subscripts “1” and “2” in Wi, W2 and 1, ¥ are used to distinguish between sections. When the
wavenumber ki (i= 1, 2, 3) is a real number, the vibration of the microbeam is a decaying motion, while if the
wavenumber is a pure imaginary number, it indicates that the microbeam is a propagating motion with the

constant amplitude. The continuity conditions for intact microbeam at the point = 0 can be given as

lewz,y/l:yfz,%—%, (49a)

oc o
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2 2
ksass(?’l+awlj+ IOZSS [6 A _83\Nl)+i:

o¢ st agt ) A,
(49b)
2
ksa55 SUZ+ a yj 83\/\/32 1
st o¢
2
dllyj 0a55 5[/1 dlly/2+|0a55 aTZ_aZV\QZ , (490)
o¢ 4 {o¢ 0o¢
asv azvv _lag (0%, oW, (@9d)
2 o¢ ag
Substituting Egs. (47) and (48) into Egs. (49), we have
Cf=Q, (50)
where
f=(fu Fo fou fio fo fe)
Q=(0,0,0,F,/A,,0,0)",
1 -1 1 -1 1 -1]
g & 9 9, O G
C— k, k Kk, k, kg Kk ,
Yiu 7u Yo YV Y Va
Vie V12 V22 TV 22 V32 T Va2
| 713 =V13 V23 =V 23 Va3 ~ V33 |
with

12 I2a .
7/|1=ksa55(ki+qi)+%a55(ki2qi_ki3), 7., = Ay, K + 0455(qu k? ) 7is =kiq, —k2,(i=1,2,3).
Then, the unknown coefficients fi1, f2, fa1, fa2, fs1, fs2 can be obtained by solving Eqg. (50).

6. The cracked microbeam

The forced waves and reflected waves around crack location in the cracked microbeam that is driven by the
external force are illustrated in Fig. 3(b). The crack changes the propagation path of traveling waves, some of
which are reflected when they arrive the crack. The cracked beam is divided into three segments with respect
to locations of the crack and excitation position. The characteristics of wave propagation in each section are

different. Segment “1” only contains the wave propagating to the left from the location of excitation; segment
12



“2” contains both the wave propagating to the right from the location of excitation and part of the wave
reflected by the crack; and segment “3” only contains part of the wave propagating to the right through the
crack.

For each segment, the vibration response of the microbeam is assumed in a dimensionless form as

W| fi f i f i f i f i f i
( j :[ 1 2 3 4 5 6 j{n} ' (51)
Ti ql fli _Q1 f2i qz f3i _Q2 f4i q3 f5i _qs f6i

where
{n}= {eklg,e’klg,ekzg,e’kzg,e"g,e‘k3§ }T ,i=12,3. (52)

The dimensionless forms of the continuous conditions at the crack location (=L /h = L1) are

2 2 2 2
ksass(yjz_F&WZj_i_ I06"55 (a y/2 _aMIZj:kSaSS(%+aW3j+ I06"55 [a T?; _83\N3]’ (533.)

o¢ 4 \oc* ol o¢ 4 \o¢c* oct
2 2
W, :W3,dllag/2+|0a55 ay’z_‘az\sz :dllayjs+|0a55 a%_az\/\? , (53b)
oc 4 \o¢c  oc o 4 (og o¢
S 0¥, |la. (0¥, 0*W
AlTh (51/3 _%) =d,, a; n 0255 ( a; _ 8423}, (53c¢)
1
I2a,, ( 0%, B o°W, _ I2a, (0%, 3 oW, ) oW, _ oW, . (53d)
2 \o¢ ac? 2 \o¢ oc?) oc oc

Since the beam is assumed to be infinitely long, there are no reflected waves at infinity on each side. As a

result, f21 = fa1 = fe1 = 0 and f13 = f33 = fs3 = 0. Thus, the vector of unknown coefficients is written as

r3 T
f :( fll’ f31’ fSl’ f12’ f227 f32’ f42’ f52’ f627 f237 f43’ f63) : (54)
Substituting Egs. (51) and (52) into Eq. (53), we have

Cf=Q, (55)

where
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(111 -1 -1 -1 -1 -1 -1 0 0 0
G 9 4G G G -G, G, —0, G, 0 0 0
k, K, ky =k k, -k, k, —k, k, 0 0 0
TuVala ~Ta T —Va Va1 7V Va1 0 0 0
Y2V2 V2 “Ta ~712 V2 TV TV TVa 0 0 0

C— VsVas Vs ~Ti3 ~713 Vs Vs Vw7 0 0 0

00 0 7.9, ~%1/9% 729 ~7a/% Va9 ~Va/9: Yu V2 Va ,
coo g Yg. 9 Yo 9 Yo -1 -1 -1
000 _ktqlga ktql/ga _ktngb ktqZ/gb _ktq3gc ktq3/gc _ktql ~ 712 _ktqz 72 _ktq3 ~ 73
00 0 739, 7s/9 729 72/9% 79 7/ s 723 733
000 qulga qul/ga kzngb kzqz/gb k3q3gc k3q3/gc _k1q1 _kzqz _k3q3

L 000 klga _kl/ga kng _kz/gb kagc _ka/gc kl kz k3 i

Q=(0,0,0,F,/A,,0,0,0,0,0,0,0,0)",

where the elements yi1, yiz, yi3, ga, gb, gc in C are given by,

=T =k (K +6) 22 (g, K
Aﬂh’ il s55 i i 4 i i i)

2
0

55
4

Vip = O,k G + (kiqi _ki2)17i3 =k, _kiz’(i =1 2’3)’

kily koly

g — ek3L1
1 c .

g,=¢"",0,=¢

7. Vibrational power flow analysis

As a new measurement method of vibration intensity, the power flow has been widely concerned by
scientists. In the vibration of structures, the existence of cracks disturbs the propagation path of original waves,
which will change the vibrational power flow accordingly. By means of analyzing the changes of vibrational
power flow, it can enable us to estimate the characteristics and distribution of cracks, and even for structural
damage identification.

If the force and velocity of excitation accompanied by response are both in harmonic forms, the variations

of force and velocity can be expressed as

F(t)=Re{F e},
(56)
V(t)=Re{V~'e‘Qt}.

The time-averaged power flow is given by
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p=2[ Re(F e} RefV-e™ dt, (57)

T Jo
where T=2n/Q; F and V are complex numbers which contain the phase angle; ( * ) denotes the complex

conjugate; (~) denotes the complex form. The real part and the imaginary part of F andV are expressed as

F=F +iF,,V =V, +iV,,

- N (58)
F =F -iF,V =V, -iV,,
where the subscripts “a” and “b” represent the real part and imaginary part, respectively. Therefore,
P= TELT [F, cosQt —F, sinQt]-[V, cosQt -V, sin Qt]dt
(59)

:%(Fava+ Fbe)=%Re{lf -\7*}=%Re{lf*-\/~}.

Based on the conversion relation (V =iQY ) between displacement and velocity under the harmonic

excitation, the time-averaged input power flow is given by
P = L Re {-iQFY"}. (60)
2
The input power flow is given by

R, = Re{-i0F, [} (61)

where (| « |) denotes the norm.

The transmitted power flow propagates in three forms: the shear force, couple moment and bending

-|W|*}+3Re{—ig *}+lRe{in
2 2 2

Substituting Egs. (17)-(19) into Eq. (62), the transmitted power flow is expressed as

moment:
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Substituting (47) or (48), (51) into Egs. (61) and (63), the input and transmitted power flows of intact and

cracked microbeams are derived which are showed in appendix A.

8. Numerical results

Both input and transmitted power flows of cracked microbeams are computed in this section. The beam is
made of aluminum with the material properties: E = 70 GPa, p = 2780 kg/m?®and » = 0.33. Unless otherwise
stated, the beam thickness takes h = 200 um and the amplitude of the excitation force is Fo = 1 N. The input
and transmitted power flows are expressed in dimensionless forms of 10 log (Pin / Fo?) and Py / Pin ,
respectively.

Up to now, to the best of the authors’ knowledge, there is no research that has analyzed the vibrational
power flow of microbeams. To verify the proposed microbeam model, we degrade our model to an isotropic
homogeneous macroscale beam by setting the scale parameter as zero. The parameters of the cracked beam
are given as: h=0.1 m, E = 70 GPa, p = 2780 kg/m® Fo=100 N, L/h =20 and a / h = 0.3. Fig. 4 compares
the present results of the input power flow with the results obtained by Zhu et al. [17]. It shows a perfect

agreement between Zhu et al.’s results and the present results.

8.1 Input power flow analysis

Fig. 5 shows the input power flow in both the intact and cracked microbeams, which have L/ h =100, a /
h=05and h /1 =2. The frequency range of excitation varies from 1 Hz to 20000 Hz. The increase of
excitation frequency leads to a decrease of the input power flow for both intact and cracked microbeams. It is
observed that the crack does not significantly change the input power flow of the microbeam. Indeed, it is not
observed the obvious fluctuation of the input power flow in cracked microbeams.

It had been well known that the change of the excitation frequency will lead to the fluctuation of the input

power flow for macroscale cracked beams [17]. This is because the crack can interrupt the original wave
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propagation path, that is, a part of traveling waves will be reflected when they meet the crack. This reflection
wave results in a variation of the beam displacement at the excitation position, and in turn changes the
characteristics of the input power flow. However, different with the macroscale cracked beam, the input power
flow in cracked microbeams has barely fluctuation when the excitation frequency changes. To further study
this fluctuation in input power flow, we introduce a value ¢ to quantify the difference of input power flow

between intact and cracked beams:
&=10[log,, (P3 /Ry )~ log,, (Re/F7) . (64)
where P! denotes the input power flow in an intact microbeam; P¢ is the input power flow in a cracked

microbeam. Fig. 6 presents the relation of the difference value ¢ versus the excitation frequency for the
microbeam with a / h = 0.5 and h / | = 2. Interestingly, it is observed that the fluctuation of the difference
value ¢ becomes clearly with the increase of frequency. Moreover, the fluctuation amplitude of ¢ is increased
and the fluctuation frequency decreases with the increase of the excitation frequency.

Fig. 7 illustrates the influences of the scale parameter h / | on the input power flow (Fig. 7(a)) and the
difference value ¢ (Fig. 7(b)) in cracked microbeams with L/ h =100 and a/ h = 0.5. In Fig. 7(a), larger scale
parameters lead to higher input power flows for a given frequency. As shown in Fig. 7(b), larger scale
parameters will decrease the amplitude and the wavelength of the ¢ curve.

Fig. 8 shows the influences of the crack depth on the input power flow (Fig. 8(a)) and the difference value
¢ (Fig. 8(b)) in cracked microbeams with L/ h =100 and h /| = 2. In Fig. 8(a), it was found that the crack
depth does not lead to any obvious change to the input power flow. As shown in Fig. 8(b), the increase of the
crack depth leads to larger fluctuation amplitude of the ¢ curve. We can observe that there are many
intersections among the ¢ curves with different crack depths, such as at 425Hz, 1706Hz, 3837Hz, 6820 Hz,
10652Hz and 15330Hz. At these intersection frequencies, one can conclude the power flow is not influenced
by the variation of the crack depth due to ¢ = 0. However, the change of the crack depth does not affect the
frequency of the & curves.

Fig. 9 presents the influences of the crack location on the input power flow and the difference value ¢ in
cracked microbeams with h /1 =2 and a/ h = 0.5. The fluctuation frequency and amplitude of the ¢ curve are
enlarged when the distance between the crack location and the excitation position increases.

Figs. 10-12 illustrate the correlation between the crack location and input power flow by considering

different scale parameters, crack depths, crack locations and excitation frequencies, respectively. It was
17



observed in Figs. 10-12 that the input power flow with crack location L / h is a periodic fluctuant function. In
Fig. 10, a larger scale parameter h / | will lead to a smaller input power flow for a given crack location. The
increase of the scale parameter can cause the increase of the fluctuation amplitude and frequency. The increase
of crack depth leads to the increase of the fluctuation amplitude of curves, as shown in Fig. 11. Interestingly,
the crack depth does not affect the frequency of curves, as illustrated by Fig. 11. In Fig. 12, a larger driving
frequency will lead to a smaller input power flow for a given crack location. The increase of the excitation

frequency causes the increase of the fluctuation amplitude and frequency of the curve.

8.2 Transmitted power flow analysis

Fig. 13 shows the influence of the scale parameter h / | on the transmitted power flow Px / Pin in the
cracked microbeams with L / h = 100 and a / h = 0.5. Different with the input power flow, the transmitted
power flow exhibits the fluctuation much obviously. It is found that a large scale parameter will lead to the
decrease of the amplitude and wavelength of the transmitted power flow curve.

Fig. 14 presents the influence of the crack depth on the transmitted power flow P« / Pin in cracked
microbeam with L/ h =100 and h /I = 2. The transmitted power flow P« / Pin remains unchanged at 0.5 for an
intact microbeam. It implies that the energy input into the microbeam from the external excitation is equally
divided according to the direction of propagation. The transmitted power flow curves of the cracked
microbeam fluctuate around the constant 0.5 of the intact microbeam. The amplitude of the curves increases
with the increase of the crack depth. The crack depth does not affect the wave frequencies of transmitted
power flow, as illustrated by cracked curves. Similar with the input power flow, the transmitted power flow is
not influenced by the crack depth at some frequencies, such as 425Hz, 1706Hz, 3837Hz, 6820 Hz, 10652Hz
and 15330Hz.

The influences of the crack location on the transmitted power flow in cracked microbeams witha /h=0.5
and h /1 =2 are shown in Fig. 15. The crack location has a significant influence on the transmitted power flow.
It is indicated that the increase of the crack location leads to the increase of fluctuation frequency of
transmitted power flow curves.

Figs. 16-18 show the influences of the scale parameters, the excitation frequencies, and the crack depths
on the curves of transmitted power flow vs. crack location, respectively. It is revealed that the transmitted
power flow is a periodic function as the same with the input power flow. As shown in Fig. 16, the increase of

the scale parameter pulls down the amplitude and wavelength of transmitted power flow curves. Fig. 17 shows
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that the increase of the crack depth leads to the increase of the amplitude of transmitted power flow curves. In
Fig. 18, the increase of the frequency enlarges the amplitude of transmitted power flow curves, while reduces

the wavelength of transmitted power flow curves.

9. Conclusions

In this paper, an analytical model is developed for the analysis of vibrational power flow in cracked
microbeams based on the Timoshenko beam theory and modified couple stress theory. The crack is modelled
as a rotational spring, the stiffness of which is determined using the stress intensity factors. The vibrational
response of a cracked microbeam under a transverse harmonic excitation is solved by the wave propagation
method. The influences of the scale parameter, the crack location and the crack depth on the input and
transmitted power flows are discussed. The following points are arrived from our simulation and analysis:

(1) The input and transmitted power flows are the periodic functions with respect to the crack location.

(2) The input power flow of cracked microbeams has barely fluctuations with the variation of the excitation
frequency. However, the difference value ¢ of the input power flow between intact and cracked
microbeams exhibits obvious fluctuations.

(3) The transmitted power flow of cracked microbeams exhibits the obvious fluctuation.

(4) A large scale parameter will lead to the decrease of the amplitude and wavelength of transmitted power
flow curves.

(5) With the increase of the crack depth, the amplitude of the transmitted power flow curve increases, while it

does not affect the wavelength of curves.
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Appendix A. Expression of power flow
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Fig. 1. A cracked microbeam subjected to an excitation force.
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Fig. 2. The massless elastic rotational spring model.
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Fig. 3. The propagating and evanescent waves under a harmonic excitation

in a microbeam without a crack (a) and with a crack (b).
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Fig. 4. The relation between the input power flow and frequency for the intact and cracked macrobeams.
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Fig. 5. The relation between the input power flow and frequency for microbeams with L/ h =100,a/h=0.5

andh/1=2.
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Fig. 6. The difference value ¢ of the input power flow between intact and cracked microbeams with L/ h =

100,a/h=05andh/1=2.
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Fig. 7. Influence of h / | on the input power flow (a) and ¢ (b) versus frequency curves of cracked microbeams

witha/h=05and L/h=100.

32



(@)

(b)
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Fig. 9. Influence of L / h on the input power flow (a) and ¢ (b) versus frequency curves of cracked microbeams

withh/I=2anda/h=0.5.
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Fig. 13. Influence of h / | on the transmitted power flow versus frequency curves with L/h=100anda/h =
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Fig. 14. Influence of a / h on the transmitted power flow versus frequency curveswith L/h=100and h /1= 2.
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Fig. 15. Influence of L / h on the transmitted power flow versus frequency curves with h/1=2anda/h=0.5.
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Fig. 18. Influence of f on the transmitted power flow versus crack location curveswith h/1=2,L/h =100

anda/h=0.5.
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