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POLARITY DRIVEN LAMINAR PATTERN FORMATION BY LATERAL-INHIBITION

IN 2D AND 3D BILAYER GEOMETRIES

JOSHUA W. MOORE1, TREVOR C. DALE2, AND THOMAS E. WOOLLEY1

Abstract. Fine-grain patterns produced by juxtacrine signalling, have previously been studied using static

monolayers as cellular domains. However, analytic results are usually restricted to a few cells due to the

algebraic complexity of nonlinear dynamical systems. Motivated by concentric patterning of Notch expression

observed in the mammary gland, we combine concepts from graph and control theory to represent cellular

connectivity and behaviour. The resulting theoretical framework allows us to exploit the symmetry of

multicellular bilayer structures in 2D and 3D, thereby deriving analytical conditions that drive the dynamical

system to form laminar patterns, consistent with the formation of cell polarity by activator localisation.

Critically, the patterning conditions are independent of the precise dynamical details, thus the framework

allows for generality in understanding the influence of cellular geometry and signal polarity on patterning

using lateral-inhibition systems. Applying the analytic conditions to mammary organoids suggests that

intense cell signalling polarity is required for the maintenance of stratified cell types within a static bilayer

using a lateral-inhibition mechanism. Furthermore, by employing 2D and 3D cell-based models, we highlight

that the cellular polarity conditions derived from static domains can generate laminar patterning in dynamic

environments. However, they are insufficient for the maintenance of patterning when subjected to substantial

morphological perturbations. In agreement with the mathematical implications of strict signalling polarity

induced on the cells, we propose an adhesion-dependent Notch-Delta biological process that has the potential

to initiate bilayer stratification in a developing mammary organoid.

Keywords: Pattern formation, Nonlinear systems, Lateral-inhibition, Bilayer structures, Mammary organoids,

Notch

1. Introduction

Lateral-inhibition is considered a fundamental driving process for the emergence of fine-grain pattern

formation in tissues [1]. At the resolution of the tissue, lateral-inhibition is the process in which the activation

of a cell is inhibited by the increased activity in neighbouring cells thereby preventing each other from

converging the same activity state [1]. The resultant fine-grain patterns are critical in the development

of many multicellular biological systems such as Drosophila eye formation, murine hair organisation in
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auditory epithelia and establishing blood vessels during human embryogenesis [2–4]. In contrast to the

approach of using reaction-diffusion systems that consider diffusive activator proteins over different signal

ranges to generate spatially continuous patterns [5, 6], systems of ordinary differential equations (ODEs)

can be used to generate a discretised description of the space, enabling the formation of fine-grain patterns

at the resolution of individual cells. These spatially discrete ODE systems seek to emulate the behaviour

of contact-dependent cell-cell non-diffusive signalling mechanism known as juxtacrine signalling, a common

form of cellular communication in epithelial tissue [1].

The juxtacrine signalling mechanism relies on membrane-bound signal proteins on a sender cell binding to

surface anchored receptors on a receiving cell, imposing a contact-dependence [1]. Critically, cells can only

use juxtacrine signalling to communicate with their direct neighbours in the absence of activator/receptor

extensions [7], as demonstrated in Figure 1a. Consequently, the spatial organisation of cells is of fundamental

importance in orchestrating signal protein patterning required for specific organ development [8].

Mathematically, juxtacrine signalling dependent pattern formation has been extensively studied over the

last two decades [7, 11–14], commonly focusing on lateral-inhibition mechanisms. An overarching conclusion

from the family of studies focused on juxtacrine pattern analysis of lateral-inhibition models is that linear

analysis techniques in isolation are insufficient to determine precise conditions for patterning, and are only

able to predict the existence of patterning [11]. In light of this, there has been a reliance on numerical

simulations to elucidate parameter regimes in which patterns occur.

However, the model parameters are not the only factors influencing the emergence of patterns. The

geometry of the cellular domain on which the juxtacrine model is being applied has a large impact on

the obtainable patterning. This was highlighted by Webb et al. (2004), where they compared a honeycomb

domain to a simple grid domain in 2D under a standard four-point connectivity stencil for cellular connectivity

(see Figure 2 and Figure 6a). In doing so, they show the considerable differences in parameter regimes required

to achieve similar patterns in different domain types [13]. The underlying features kinetics that describe a

lateral-inhibition model imply that adjacent cells do not converge to similar steady states, thus generating

salt-and-pepper type patterns Figure 2 [10]. Although, asymmetries in cellular geometry have the capacity

to produce unique patterning that are unobtainable on regular domains but are more biologically realistic,

namely clusters of cells with similar steady states [12]. In support of this, when coupling a mechanism for

cellular protrusions with a lateral-inhibition spatially discrete ODE system, a large family of distinct patterns

were observed over a regular 2D honeycomb spatial domain, specifically, the generation of laminar patterns

whereby the tissue converged to rows of alternating activity (Figure 2c) [7]. Such laminar patterns driven

by lateral-inhibition mechanisms have been observed in various biological systems such as in the mammary

gland and zebrafish skin pigments [15, 16]. Though, to achieve laminar patterns using the lateral-inhibition
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Figure 1. A schematic diagram of the canonical Notch pathway as an example juxtacrine
signalling mechanism. (a) Membrane-bound Delta ligands (purple rectangles) on a signal
sending cell bind to membrane-bound Notch receptors (green rectangles) on a receiving
cell. The activation of Notch receptors initiates the cleavage of Notch into the cytosol of
the receiving cell, known as NICD. The NICD then translocates to the nucleus where it
promotes the transcription of HES, an inhibitor of Delta ligand targets. Adapted from
[9]. (b) A minimal representation of the negative feedback dynamics of Notch and Delta in
coupled cells. This mathematical simplification was first conceived in [10].

model, the authors conclude cellular protrusions must be preferentially directed perpendicular to the active

row of cells to ensure contact with the inactivate cells to maintain their activity [7]. These results suggest

the existence of planar cell polarity (denoted by polarity herein) of cell-cell receptors and/or activators in

the absence of cellular protrusions to generate laminar patterns using a lateral-inhibition mechanism.

An alternative approach to pattern formation analysis in lateral-inhibition models was introduced by

[17], where they considered cells as vertices on a connected graph that interact using dynamic input-

output systems, known as interconnected dynamical systems. Namely, interconnected dynamical systems

are constructed from coupling ODE subsystems using networks, whereby the internal kinetics are embedded

within each node. This approach produced analytic conditions for the existence and stability of checkerboard

patterning in cyclic domains, independent of the number of cells, as demonstrated in Figure 2, thus, extending
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the analysis conducted in [11–13] that was restricted to only two cells due to the complexity of the systems

studied.

Moreover, the graph-theoretic approach to juxtacrine systems was later refined when graph partitioning

was applied to represent patterning within collections of cells [18], generalising the previous results of [17],

which developed a framework to prove the existence and stability of a family of patterns within periodic

domains in both grid and hexagonal lattices. These studies emphasise the relationship between how cells are

connected and the obtainable patterns.

Nonetheless, these conditions were derived using static domains and were heavily dependent on several

assumptions regarding the graph’s topology (reviewed in Section 2.3). These assumptions cannot always be

adhered to when investigating patterning on an evolving biological system, although they may be true in

certain quasi-steady stages of its development where static cellular geometries may be applicable.
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Figure 2. Activation patterns by lateral-inhibition mechanisms in hexagonal and grid
lattices. Salt-and-pepper patterns formed by lateral-inhibition in over a (a) hexagonal and
(b) grid cellular domains as demonstrated in [10]. An idealisation of the laminar patterns
produced in [7] by coupling active row perpendicular cellular protrusions to lateral-inhibition
mechanism over a hexagonal cellular domain.

The canonical Notch pathway is a well-studied example of a juxtacrine signalling pathway with an essential

role in cell fate determination and morphological bifurcations in developmental systems [15, 19–21]. The

Notch pathway describes a lateral-inhibition mechanism between neighbouring cells, whereby the activation

of the Notch receptor via membrane-anchored Delta ligands on adjacent cells leads to the accumulation of

Notch-intracellular-domain (NICD) within the cytosol. The build-up of NICD leads to the transcription of

members of the Hair-Enhancer of Split (HES) superfamily, which acts as an inhibitor of the target genes

that promote the downstream production of Delta ligands and lineage-specific gene repressor [22]. That is,

the activation of Notch leads to the inactivation of Delta within the same cell as shown in see Figure 1a.

Mammals exhibit four paralogues of the Notch receptor, Notch1 to Notch4, each with associated Delta-like

ligands that each observe the autoregulation mechanism outlined by the canonical pathway [22]. A detailed

description of the canonical Notch pathway can be found elsewhere [9].
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A particular biological system that is highly dependent on the Notch pathway is the mammary organoid.

Mammary organoids are three-dimensional tissue cultures that are currently the most accurate representation

of in vivo mammary gland biology [23]. Throughout its development, the mammary organoid retains a

consistent bilayer structure of cells as seen in Figure 3. That is, the outer layer holds the elongated, contractile

basal cells, whereas the inner layer consists of cuboidal luminal cells. Once these layers have been established,

a hollow lumen forms, surrounded by the bilayer of cells.

Notch1 signalling (denoted by Notch signalling hereafter) is a critical determinant of luminal cell differentiation

in mammary epithelial cells (MECs) [15]. It has been established that Notch activation is required to support

differentiation of the basal stem cells to the luminal population in the mammary organoid and therefore it

is a key component in the maintenance of a developing mammary system [24]. In addition, sudden Notch

activation within the basal coincides with the locations of symmetry-breaking events of embryonic MECs

[15]. Thus, it has been hypothesised that Notch activation via basal cells, or contact with the basement

membrane, is required to develop branched epithelia [22].

During any stage of development of the mammary gland and organoid, MECs are capable of self-organising

to form an outer layer of cells that highly express Delta (low Notch), and in contrast, inner layers of cells

that surround a hollow lumen that expresses low Delta (high Notch), see Figures 3b-3d [24, 25]. It is unclear

whether this spatial patterning is a consequence or cause of the morphology of developing mammary ducts,

although, it is clear that the concentric (laminar) patterning of the bilayer of cells is robust to morphological

perturbations. Critically, the observed laminar patterning of Notch expression in the mammary gland cannot

be achieved by the canonical intracellular lateral-inhibition mechanism in isolation [7, 24], which suggests

an intercellular intervention in signal transfer. Specifically, we investigate the existence of activator polarity

for the emergence of laminar pattern formation of Notch using a lateral-inhibition mechanism in the distinct

mammary cellular domains.

Conditions defining laminar pattern formation in bilayer geometries using a simple mathematical lateral-

inhibition model concerning activator anisotropy have yet to be derived. Here, we apply the general interconnected

systems framework to a previously developed ODE model of Notch-Delta and obtain conditions on Delta cell-

cell transmission that are sufficient for the bilayer laminar patterns to form in agreement with experimental

observations. Specifically, we induce activator polarity within each cell by introducing cell-type dependent

edge weights to the graph representing cellular connectivity, thus describing the signal anisotropy within the

network of cells. Using the cell type-dependent connectivity framework, we analyse the interplay of cellular

neighbourhood composition and activator polarity, independent of precise intracellular kinetics and physical

dimension, for the instability of the homogeneous steady state of the large-scale dynamical system.
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Figure 3. The structure of a mammary organoid and the spatial distribution of Notch
expression. (a) A simple 2D diagram of the structure of a developing mammary organoid,
highlighting lumen formation and maintenance of stratified bilayer. (b-c) Cross-sections
of mammary ducts of 6-week old mice, where Notch1-derived lineages are labelled in
green by (b) membrane-bound green fluorescent protein (GFP) and (c) nuclear GFP. (d)
Representative sections of embryonic mammary buds. The small red dots highlight the
presence of Notch1 protein which are clustered towards the centre of the bud. Scale bar,
20µm (10µm in magnifications). Images used with permission from Springer Nature and
originally printed in [15].

From properties of monotone dynamical systems, the instability of the homogeneous steady state ensures

the existence of pattern formation for the given bilayer template. We then demonstrate the applicability

and limitations of the analytic activator ligand polarity conditions for static domains to developing dynamic

cellular networks, highlighting the requirement of adaptive control mechanisms for pattern preservation in

stochastic connectivity graphs.

The study is structured as follows. In Section 2.1 we start with a classical ODE system used to study

cell-cell interactions and then demonstrate how to recast such kinetics as an interconnected dynamical system

using regular connected graphs in Section 2.2. In Section 2.3 we describe methods of graph partitioning for

large-scale system reduction that preserve global connectivity properties. Next, in Section 2.4, we review the

literature from interconnected dynamical systems that we apply in this study, particularly outlining the results

that allow us to derive analytic conditions on cell-type dependent weightings of Delta cell-cell transmission. In
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Section 3 we predict the existence and stability of laminar patterns in regular bilayer structures by exploiting

existing results in graph theory, monotone systems and control theory [17, 18]. We apply the analytic

conditions to mammary organoids in Section 4.1 using a Notch-Delta model (NDM), thereby employing a

family of fixed regular 2D and 3D structures to investigate the role of local neighbourhood composition

on laminar pattern formation. Finally, in Section 4.2, we use 2D and 3D cell-based modelling to highlight

the applicability and limitations of the static domains in pattern analysis of developing systems. Critically,

we show how the transient transitions of cellular connectivity in a lattice-free dynamic domain can prevent

robust pattern formation when considering only signal polarisation as a control mechanism.

2. Interconnected ODE systems for multicellular pattern formation by lateral-inhibition

In this section, we define a framework to investigate the interplay of domain geometry and cellular signalling

polarity in laminar pattern formation. To elucidate the dependence of cell-type transmission of Delta in

bilayer structures we consider the original lateral-inhibition ODE model constructed in [10]. By adapting the

spatial averaging term to include cell-type dependent weightings on Delta transmission to represent cellular

polarity, we impose signal transfer anisotropy within the cellular system to promote bilayer laminar pattern

formation of Notch-Delta that are experimentally observed (Figures 3b-3d).

In addition, we introduce the notion of the graphical representation of cellular connectivity and a framework

for cellular coupling. We later introduce and review the properties of the interconnected ODE system and

its associated graph that are used in pattern analysis for lateral-inhibition mechanisms.

2.1. A model of intercellular lateral-inhibition dynamics.

The spatially discrete NDM developed by Collier et al. (1996) was the first explicit lateral-inhibition model

that was used to investigate fine-grain patterns that are observed in a variety of biological systems [10].

The intracellular kinetics contains only two components, Notch (N) and Delta (D) activation, simplifying

the underlying biochemical processes, which allows freedom of interpretation of N and D. When studying

the dynamics of Notch-Delta in the mammary organoid, we will consider N to be the NICD active protein

concentration within the cytosol and D to be the amount of active membrane-bound Delta ligands on the

surface of the cell, see Figure 1a. The inverse relationship between intracellular Notch and Delta is the key

feature of the spatially discrete ODE model, which is described by the negative feedback loop depicted in

Figure 1b and thus is characterised by the following assumptions:

(i) Cells interact through Delta-Notch signalling only with cells with which they are in direct contact,

that is, adhering to the juxtacrine mechanism.

(ii) The rate of production of Notch activity is an increasing function of the level of Delta activity in

neighbouring cells.
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(iii) The rate of production of Delta activity is a decreasing function of the level of activated Notch in

the same cell.

(iv) Production of Notch and Delta activity is balanced by decay, described by a simple exponential decay

with fixed-rate constants.

(v) The activity of Notch and Delta are uniformly distributed throughout the cell.

(vi) Instantaneous transcription of downstream Notch targets such that the model assumes no delay in

Notch and Delta interactions.

These assumptions outline the Notch-Delta lateral-inhibition model, which can be formalised mathematically

as,

Ṅi = f (〈Di〉)
︸ ︷︷ ︸

NICD activation via
Delta binding from

adjacent cells

− µ1Ni
︸ ︷︷ ︸

NICD
degradation

, (2.1)

Ḋi = g (Ni)
︸ ︷︷ ︸

Delta inhibition
by NICD

− µ2Di
︸ ︷︷ ︸

Delta
degradation

, (2.2)

where f and g are bounded increasing and decreasing functions respectively. These functions have the form,

f(x) =
xk

a+ xr
and g(x) =

1

1 + bxs
, (2.3)

where parameters a, b, µ1, µ2 > 0 and Hill coefficients r, s ≥ 1. The subscript i corresponds to cell identity

within the system and the definition of the local spatial mechanism, 〈Di〉, will be discussed in Section 2.2 in

order to embed the NDM (2.1-2.2) system into a network of cells.

2.2. A network approach to cellular connectivity with signal anisotropy.

To recast the NDM (2.1-2.2) as an interconnected dynamical system we represent the cellular connections

as an undirected connected Nc-regular graph G = G (V,E), where vertices v ∈ V represent cells and edges

e ∈ E correspond to cellular connections, see Figure 4. The vertices vi and vj representing cells i and j are

considered to be connected if there exists an edge, ei,j , between vi and vj such that ei,j 6= ∅. Physically, we

say that ei,j 6= ∅ if the cell membranes of cell i and j are in contact. We represent the signal strength of

cellular connectivity between cells i and j using nonnegative cell-type dependent weighting coefficients wi,j .

Namely,

wi,j =







w1 if ei,j 6= ∅ ∧ τi = τj ,

w2 if ei,j 6= ∅ ∧ τi 6= τj ,

0 if ei,j = ∅,

(2.4)
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where w1, w2 ∈ R>0 and cell-type of cell i is denoted by τi. Explicitly, wi,j = 0 if cells i and j are not

connected. If cells i and j are connected and of the same type, wi,j = w1, and if cells i and j are connected

and are different types then wi,j = w2, as highlighted in Figure 4.

As we consider an undirected graph from we have that wi,j = wj,i, namely, we consider cells to be connected

if cell membranes are in contact and therefore there is a connectivity symmetry between any two connected

cells. The coefficients wi,j can be used to mediate Delta transmission between adjacent cells dependent on

cell-type inducing a membrane activator anisotropy within the cellular connectivity graph and thus wi,j will

be the focus of our study.

We introduce graph cellular connectivity to the NDM (2.1-2.2) using the associated weighted adjacency

matrix of G. We consider a system of N cells such that N ∈ {2n : n ∈ N} to account for bilayer regular

structures. Then the weighted adjacency matrix of G is defined by [wi,j ] = W ∈ R
N×N
≥0 as in [17, 18],

where we have included cell-type dependent edge weights here. To represent the cell-type stratified bilayer

structures of the mammary gland, we consider two cell types, basal and luminal cells, which are organised

into separate layers of the tissue as seen in Figure 3a. As G is an undirected connected Nc-regular graphs,

we are assuming the lattice structures representing cellular connectivity are symmetric with respect to each

layer and have periodic boundaries in 2D and 3D. Critically, the both of these properties are induced by the

regularity of the graph, that is, each vertex is equipped with the number of edges and associated weights.

Following from the bilayer structure of the graph G, the associated weighted adjacency matrix W can be

constructed from the matrices W1,W2 ∈ R
(N/2)×(N/2)
≥0 . Namely, W has the following form,

W =






W1 W2

W2 W1




 . (2.5)

Here row i of W1 represents the cellular connections of cell i to adjacent cells of the same type, and the rows

of W2 correspond to the cellular connections to cells of differing types where cells are numbered 1 to N/2

in the basal layer and N/2 + 1 to N in the luminal layer as in shown in Figure 4 in terms of Delta transfer

between cells. For example, for the standard orthogonal template for a bilayer of cells given in Figure 4, has
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connectivity matrices,

W1 = w1






















0 1 0 0 · · · 0 1

1 0 1 0 · · · 0 0

0 1 0 1 0 · · · 0

...
. . .

. . .
. . .

. . .
. . .

...

0 · · · 0 1 0 1 0

0 0 · · · 0 1 0 1

1 0 · · · 0 0 1 0






















and W2 = w2IN/2, (2.6)

where IN/2 is the (N/2)× (N/2) identity matrix.
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Figure 4. An illustrative computational template for cell-type dependent weighted graph
structure of a bilayer N cells. We consider the edge structure from the perspective of cell i
within a bilayer graph of luminal and basal cell types. The edge weights w1 and w2 determine
the strength of connectivity between cells of the same and different types, respectively.

The network representation of cellular connectivity is introduced to the NDM (2.1-2.2) via the averaging

operator 〈·〉. Explicitly, cell-type dependent Delta transmission between adjacent cells in static geometries is

described by

〈D(t)〉 = 1

n1w1 + n2w2
WD(t), (2.7)

where D(t) represents a vector of Delta concentrations for each cell in the system, D(t) = [D1(t), ..., DN (t)]T .

The value n1 corresponds to the number of cells of the same type adjacent to cell i, whereas n2 is the number

of cells adjacent of a different type, such that Nc = n1 + n2, for example, n1 = 2 and n2 = 1 in Figure 4. In

addition, we introduce notation for the total scale weighting for each cell, Nw = n1w1 + n2w2, for brevity.

The inclusion of the scaling term preserves the averaging process that is assumed for the spatially well-mixed

NDM (2.1-2.2) (assumption (v)) [10], and also enables the direct comparison of cellular connectivity to a

probability transition matrix of a reversible Markov chain, such that in each row (1/Nw)
∑

j wi,j = 1 for all

i as previously discussed in [17]. Each node within the network is now equipped with the lateral-inhibition
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dynamics, which defines a large-scale dynamical system composed of topologically connected subsystems,

thus, the establishment of equation (2.7) recasts the NDM (2.1-2.2) as an interconnected dynamical system.

By representing cells as vertices in the connected graph G, we can manipulate the geometry of the graph

to investigate parameter regimes of w1 and w2 producing an edge weight anisotropy, such that we obtain

the desired patterning. Here, we explore a variety of regular periodic (cyclic) fixed lattices 2D and 3D to

generate graphs that are shown in Figure 5. We assume that ei,j 6= ∅ if cell j lies within a circle (or sphere)

of radius ρc drawn around cell i where the rest length of the lattice is unitary. The circle (or sphere) can be

viewed as the cell membrane to which the Notch receptors and Delta ligands are anchored. In addition, we

introduce notation for the cell-type ratio for each cell, which is defined as,

Rτ =
# of adjacent cells of the same cell-type

# of adjacent cells of a different cell-type
=

n1

n2
, (2.8)

due to the symmetry of the domains (regular undirected graphs), Rτ is homogeneous for all cells in the system.

We chose three representative lattice structures in this study: (1) grid, (2) triangulated and (3) overlapped

grid, to characterise the quasi-steady cellular configurations that may occur during the development mammary

organoids. We then increase the connectivity radius, ρc, to obtain different neighbourhoods around each cell.

For example, when considering a unitary grid lattice, we examine two common cellular neighbourhoods

used within the field of Cellular Automata [26]. That is, taking ρc = 1 yields a Von Neumann neighbourhood,

which is defined by a central node, surrounded by 4 other nodes in the north, east, south and west directions

(Figure 6a) [27]. Whereas increasing the connectivity spheres radius such that ρc =
√
2, we obtain a Moore

neighbourhood, that includes the diagonal nodes missing from the Von Neumann neighbourhood (Figure 6b)

[27].

Illustrations of the various 2D and 3D bilayer geometries used considered in both analytical and numerical

investigations for laminar pattern formation in mammary organoids is given in Figure 5 with a summary of

the graph properties given in Table 1.

Lattice type Connectivity radius, ρc Cellular connectivity, Nc Cell-type ratio, Rτ

2D Von Neumann (2DVN) 1 3 2
2D Triangulated (2DT) 1 4 1

2D Moore (2DM)
√
2 5 2/3

3D Von Neumann (3DVM) 1 5 4
3D Overlapped (3DO1) 1 8 1
3D Triangulated (3DT) 1 9 2

3D Overlapped (3DO2)
√
2 12 2

3D Moore (3DM)
√
2 13 8/5

Table 1. A summary of the lattice geometries in 2D and 3D that can be found in Figure 5
outlining the cellular neighbourhoods.
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Figure 5. Connectivity diagrams of the bilayer mammary organoid. Basal cells are shaded
blue and luminal cells are shaded orange. (a) Representative diagrams of 2D geometries
studied, solid black lines correspond to cellular connections. (b) Schematics of 3D lattices,
grey lines correspond to connections between luminal cells, black lines are connections
between basal cells and purple lines represent connections between the layers.

In this section, we recast the classical NDM (2.1-2.2) into an interconnected dynamical system using cell-

type dependent weighted graphs and outlined the specific edge structures we consider in our computations.

This enables the analysis of cellular connectivity structure coupled to the intracellular kinetics in large-scale

systems, providing a general approach to intercellular interactions. In the following section, we discuss
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(a)
<latexit sha1_base64="5Us59uwvBrk2HTkSARVjlNJsQ2I=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvHisYFuhKWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJeC+iQyVCwShayfeRP2EQZlV6Pu2XK27NnYOsEi8nFcjR7Je//EHM0ogrZJIa0/XcBHsZ1SiY5NOSnxqeUDamQ961VNGIm142v3lKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuF1LxMqSZErtlgUppJgTGYBkIHQnKGcWEKZFvZWwkZUU4Y2ppINwVt+eZW06zXvola/u6w03DyOIpzAKVTBgytowC00oQUMEniGV3hzUufFeXc+Fq0FJ585hj9wPn8AzEmRdw==</latexit>

N
<latexit sha1_base64="PkYp/mn0tg6t42I63l5FhtAmues=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW8OJJKtgPaEPZbDft0s0m7k7EEvonvHhQxKt/x5v/xm0boYo+GHi8N8PMPD8WXIPjfFq5ldW19Y38ZmFre2d3r7h/0NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztjy9nfvueKc0jeQuTmHkhGUoecErASJ0esAdIr6f9Ysm1nTmwY9cMqpWM1Fz8bZVQhka/+NEbRDQJmQQqiNZd14nBS4kCTgWbFnqJZjGhYzJkXUMlCZn20vm9U3xqlAEOImVKAp6ryxMpCbWehL7pDAmM9G9vJv7ldRMILryUyzgBJuliUZAIDBGePY8HXDEKYmIIoYqbWzEdEUUomIgKyyH8T1pl2z23yzeVUv0kiyOPjtAxOkMuqqI6ukIN1EQUCfSIntGLdWc9Wa/W26I1Z2Uzh+gHrPcv5dCQdQ==</latexit>

E
<latexit sha1_base64="kwQeiacD4oWy/yojEoDKfSUIk1k=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZWEMFjBfsBbSib7aZdutnE3YlYQv+EFw+KePXvePPfuG0jVNEHA4/3ZpiZ58eCa3CcTyu3srq2vpHfLGxt7+zuFfcPWjpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX98eXMb98zpXkkb2ESMy8kQ8kDTgkYqdMD9gDp1bRfLLm2Mwd27JpBtZKRmou/rRLK0OgXP3qDiCYhk0AF0brrOjF4KVHAqWDTQi/RLCZ0TIasa6gkIdNeOr93ik+NMsBBpExJwHN1eSIlodaT0DedIYGR/u3NxL+8bgLBhZdyGSfAJF0sChKBIcKz5/GAK0ZBTAwhVHFzK6YjoggFE1FhOYT/Satsu+d2+aZSqp9kceTRETpGZ8hFVVRH16iBmogigR7RM3qx7qwn69V6W7TmrGzmEP2A9f4F2COQbA==</latexit>

S
<latexit sha1_base64="bi/ooY4Num8RUOFwuuFyjEhl8sc=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW8OKxov2ANpTNdtMu3Wzi7kQsoX/CiwdFvPp3vPlv3LYRquiDgcd7M8zM82PBNTjOp5VbWV1b38hvFra2d3b3ivsHLR0lirImjUSkOj7RTHDJmsBBsE6sGAl9wdr++HLmt++Z0jyStzCJmReSoeQBpwSM1OkBe4D0ZtovllzbmQM7ds2gWslIzcXfVgllaPSLH71BRJOQSaCCaN11nRi8lCjgVLBpoZdoFhM6JkPWNVSSkGkvnd87xadGGeAgUqYk4Lm6PJGSUOtJ6JvOkMBI//Zm4l9eN4Hgwku5jBNgki4WBYnAEOHZ83jAFaMgJoYQqri5FdMRUYSCiaiwHML/pFW23XO7fF0p1U+yOPLoCB2jM+SiKqqjK9RATUSRQI/oGb1Yd9aT9Wq9LVpzVjZziH7Aev8C7WmQeg==</latexit>

W
<latexit sha1_base64="p2v06gMoqhZ0zttnkrftUirnWkk=">AAAB73icdVDLSgNBEOyNrxhfUY9eBqPgKezGQMwt4MVjBPOAZAmzk9lkyOzDmV4xLPkJLx4U8ervePNvnCQrqGhBQ1HVTXeXF0uh0bY/rNzK6tr6Rn6zsLW9s7tX3D9o6yhRjLdYJCPV9ajmUoS8hQIl78aK08CTvONNLud+544rLaLwBqcxdwM6CoUvGEUjdfvI7zHtzAbFklO2FyB2uW5Qq2ak7pAvqwQZmoPie38YsSTgITJJte45doxuShUKJvms0E80jymb0BHvGRrSgGs3Xdw7I6dGGRI/UqZCJAv1+0RKA62ngWc6A4pj/dubi395vQT9CzcVYZwgD9lykZ9IghGZP0+GQnGGcmoIZUqYWwkbU0UZmogK30P4n7QrZee8XLmulhonWRx5OIJjOAMHatCAK2hCCxhIeIAneLZurUfrxXpdtuasbOYQfsB6+wTzfZB+</latexit>

C
<latexit sha1_base64="QOlHfgzKx12CFWkuoYABV2q1gRg=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW6MVjBfsBbSib7aZdutnE3YlYQv+EFw+KePXvePPfuG0jVNEHA4/3ZpiZ58eCa3CcTyu3tr6xuZXfLuzs7u0fFA+P2jpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX8SWPud+6Z0jyStzCNmReSkeQBpwSM1O0De4C0MRsUS67tLIAdu2ZQrWSk5uJvq4QyNAfFj/4woknIJFBBtO65TgxeShRwKtis0E80iwmdkBHrGSpJyLSXLu6d4XOjDHEQKVMS8EJdnUhJqPU09E1nSGCsf3tz8S+vl0Bw5aVcxgkwSZeLgkRgiPD8eTzkilEQU0MIVdzciumYKELBRFRYDeF/0i7b7qVdvqmU6mdZHHl0gk7RBXJRFdXRNWqiFqJIoEf0jF6sO+vJerXelq05K5s5Rj9gvX8B1RmQag==</latexit>

ρc = 1
<latexit sha1_base64="YMNZoXb/4aRJNexebvdBf94JvZQ="></latexit>

(b)
<latexit sha1_base64="MVkNEAKhCrMJnoq9Yf1ZE3IBNO8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvHisYFuhKWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJeC+iQyVCwShayfeRP2EQZtXgfNovV9yaOwdZJV5OKpCj2S9/+YOYpRFXyCQ1puu5CfYyqlEwyaclPzU8oWxMh7xrqaIRN71sfvOUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMPrXiZUkiJXbLEoTCXBmMwCIAOhOUM5sYQyLeythI2opgxtTCUbgrf88ipp12veRa1+d1lpuHkcRTiBU6iCB1fQgFtoQgsYJPAMr/DmpM6L8+58LFoLTj5zDH/gfP4Azc+ReA==</latexit>

NW
<latexit sha1_base64="Xf+uoiYRDTBPR8GnUP0QoV3fLS4=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW8OJJKtgPaUPZbDft0s0m7E7EEvorvHhQxKs/x5v/xm0boYo+GHi8N8PMPD8WXIPjfFq5ldW19Y38ZmFre2d3r7h/0NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztjy9nfvueKc0jeQuTmHkhGUoecErASHc9YA+QXren/WLJtZ05sGPXDKqVjNRc/G2VUIZGv/jRG0Q0CZkEKojWXdeJwUuJAk4FmxZ6iWYxoWMyZF1DJQmZ9tL5wVN8apQBDiJlSgKeq8sTKQm1noS+6QwJjPRvbyb+5XUTCC68lMs4ASbpYlGQCAwRnn2PB1wxCmJiCKGKm1sxHRFFKJiMCssh/E9aZds9t8s3lVL9JIsjj47QMTpDLqqiOrpCDdREFIXoET2jF0tZT9ar9bZozVnZzCH6Aev9C5HukNY=</latexit>

N
<latexit sha1_base64="PkYp/mn0tg6t42I63l5FhtAmues=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW8OJJKtgPaEPZbDft0s0m7k7EEvonvHhQxKt/x5v/xm0boYo+GHi8N8PMPD8WXIPjfFq5ldW19Y38ZmFre2d3r7h/0NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztjy9nfvueKc0jeQuTmHkhGUoecErASJ0esAdIr6f9Ysm1nTmwY9cMqpWM1Fz8bZVQhka/+NEbRDQJmQQqiNZd14nBS4kCTgWbFnqJZjGhYzJkXUMlCZn20vm9U3xqlAEOImVKAp6ryxMpCbWehL7pDAmM9G9vJv7ldRMILryUyzgBJuliUZAIDBGePY8HXDEKYmIIoYqbWzEdEUUomIgKyyH8T1pl2z23yzeVUv0kiyOPjtAxOkMuqqI6ukIN1EQUCfSIntGLdWc9Wa/W26I1Z2Uzh+gHrPcv5dCQdQ==</latexit>

E
<latexit sha1_base64="kwQeiacD4oWy/yojEoDKfSUIk1k=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZWEMFjBfsBbSib7aZdutnE3YlYQv+EFw+KePXvePPfuG0jVNEHA4/3ZpiZ58eCa3CcTyu3srq2vpHfLGxt7+zuFfcPWjpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX98eXMb98zpXkkb2ESMy8kQ8kDTgkYqdMD9gDp1bRfLLm2Mwd27JpBtZKRmou/rRLK0OgXP3qDiCYhk0AF0brrOjF4KVHAqWDTQi/RLCZ0TIasa6gkIdNeOr93ik+NMsBBpExJwHN1eSIlodaT0DedIYGR/u3NxL+8bgLBhZdyGSfAJF0sChKBIcKz5/GAK0ZBTAwhVHFzK6YjoggFE1FhOYT/Satsu+d2+aZSqp9kceTRETpGZ8hFVVRH16iBmogigR7RM3qx7qwn69V6W7TmrGzmEP2A9f4F2COQbA==</latexit>

S
<latexit sha1_base64="bi/ooY4Num8RUOFwuuFyjEhl8sc=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW8OKxov2ANpTNdtMu3Wzi7kQsoX/CiwdFvPp3vPlv3LYRquiDgcd7M8zM82PBNTjOp5VbWV1b38hvFra2d3b3ivsHLR0lirImjUSkOj7RTHDJmsBBsE6sGAl9wdr++HLmt++Z0jyStzCJmReSoeQBpwSM1OkBe4D0ZtovllzbmQM7ds2gWslIzcXfVgllaPSLH71BRJOQSaCCaN11nRi8lCjgVLBpoZdoFhM6JkPWNVSSkGkvnd87xadGGeAgUqYk4Lm6PJGSUOtJ6JvOkMBI//Zm4l9eN4Hgwku5jBNgki4WBYnAEOHZ83jAFaMgJoYQqri5FdMRUYSCiaiwHML/pFW23XO7fF0p1U+yOPLoCB2jM+SiKqqjK9RATUSRQI/oGb1Yd9aT9Wq9LVpzVjZziH7Aev8C7WmQeg==</latexit>

W
<latexit sha1_base64="p2v06gMoqhZ0zttnkrftUirnWkk=">AAAB73icdVDLSgNBEOyNrxhfUY9eBqPgKezGQMwt4MVjBPOAZAmzk9lkyOzDmV4xLPkJLx4U8ervePNvnCQrqGhBQ1HVTXeXF0uh0bY/rNzK6tr6Rn6zsLW9s7tX3D9o6yhRjLdYJCPV9ajmUoS8hQIl78aK08CTvONNLud+544rLaLwBqcxdwM6CoUvGEUjdfvI7zHtzAbFklO2FyB2uW5Qq2ak7pAvqwQZmoPie38YsSTgITJJte45doxuShUKJvms0E80jymb0BHvGRrSgGs3Xdw7I6dGGRI/UqZCJAv1+0RKA62ngWc6A4pj/dubi395vQT9CzcVYZwgD9lykZ9IghGZP0+GQnGGcmoIZUqYWwkbU0UZmogK30P4n7QrZee8XLmulhonWRx5OIJjOAMHatCAK2hCCxhIeIAneLZurUfrxXpdtuasbOYQfsB6+wTzfZB+</latexit>

SW
<latexit sha1_base64="Bzas/WTqC/XYU8Smmorac1fruJs=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW8OKxov2QNpTNdtMu3WzC7kQsob/CiwdFvPpzvPlv3LYRquiDgcd7M8zM82PBNTjOp5VbWV1b38hvFra2d3b3ivsHLR0lirImjUSkOj7RTHDJmsBBsE6sGAl9wdr++HLmt++Z0jyStzCJmReSoeQBpwSMdNcD9gDpTXvaL5Zc25kDO3bNoFrJSM3F31YJZWj0ix+9QUSTkEmggmjddZ0YvJQo4FSwaaGXaBYTOiZD1jVUkpBpL50fPMWnRhngIFKmJOC5ujyRklDrSeibzpDASP/2ZuJfXjeB4MJLuYwTYJIuFgWJwBDh2fd4wBWjICaGEKq4uRXTEVGEgsmosBzC/6RVtt1zu3xdKdVPsjjy6AgdozPkoiqqoyvUQE1EUYge0TN6sZT1ZL1ab4vWnJXNHKIfsN6/AJmMkNs=</latexit>

SE
<latexit sha1_base64="KXG8OktWMAWG0YG0jgeYG8RWAHE=">AAAB8HicdVBNS8NAEN34WetX1aOXxSp4Ckkt1N4KInisaD+kDWWz3bRLd5OwOxFL6K/w4kERr/4cb/4bt22EKvpg4PHeDDPz/FhwDY7zaS0tr6yurec28ptb2zu7hb39po4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/dDH1W/dMaR6FtzCOmSfJIOQBpwSMdNcF9gDpzeWkVyi6tjMDduyqQaWckaqLv60iylDvFT66/YgmkoVABdG64zoxeClRwKlgk3w30SwmdEQGrGNoSCTTXjo7eIJPjNLHQaRMhYBn6uJESqTWY+mbTklgqH97U/Evr5NAcO6lPIwTYCGdLwoSgSHC0+9xnytGQYwNIVRxcyumQ6IIBZNRfjGE/0mzZLtndum6XKwdZ3Hk0CE6QqfIRRVUQ1eojhqIIoke0TN6sZT1ZL1ab/PWJSubOUA/YL1/AX4ykMk=</latexit>

NE
<latexit sha1_base64="l9zbRT2TMRacFOVf99nTKjmKRAY=">AAAB8HicdVBNS8NAEN34WetX1aOXxSp4Ckkt1N4KIniSCvZD2lA22027dDcJuxOxhP4KLx4U8erP8ea/cdtGqKIPBh7vzTAzz48F1+A4n9bS8srq2npuI7+5tb2zW9jbb+ooUZQ1aCQi1faJZoKHrAEcBGvHihHpC9byRxdTv3XPlOZReAvjmHmSDEIecErASHddYA+QXl9OeoWiazszYMeuGlTKGam6+Nsqogz1XuGj249oIlkIVBCtO64Tg5cSBZwKNsl3E81iQkdkwDqGhkQy7aWzgyf4xCh9HETKVAh4pi5OpERqPZa+6ZQEhvq3NxX/8joJBOdeysM4ARbS+aIgERgiPP0e97liFMTYEEIVN7diOiSKUDAZ5RdD+J80S7Z7ZpduysXacRZHDh2iI3SKXFRBNXSF6qiBKJLoET2jF0tZT9ar9TZvXbKymQP0A9b7F3aUkMQ=</latexit>

C
<latexit sha1_base64="QOlHfgzKx12CFWkuoYABV2q1gRg=">AAAB73icdVBNS8NAEN3Ur1q/qh69LFbBU0hqofZW6MVjBfsBbSib7aZdutnE3YlYQv+EFw+KePXvePPfuG0jVNEHA4/3ZpiZ58eCa3CcTyu3tr6xuZXfLuzs7u0fFA+P2jpKFGUtGolIdX2imeCStYCDYN1YMRL6gnX8SWPud+6Z0jyStzCNmReSkeQBpwSM1O0De4C0MRsUS67tLIAdu2ZQrWSk5uJvq4QyNAfFj/4woknIJFBBtO65TgxeShRwKtis0E80iwmdkBHrGSpJyLSXLu6d4XOjDHEQKVMS8EJdnUhJqPU09E1nSGCsf3tz8S+vl0Bw5aVcxgkwSZeLgkRgiPD8eTzkilEQU0MIVdzciumYKELBRFRYDeF/0i7b7qVdvqmU6mdZHHl0gk7RBXJRFdXRNWqiFqJIoEf0jF6sO+vJerXelq05K5s5Rj9gvX8B1RmQag==</latexit>

ρc =
√

2
<latexit sha1_base64="B+c05J5J6qXNpeVPK0XYbWfzbg8="></latexit>

Figure 6. A diagram of the cellular neighbourhoods defined by (a) Von Neumann and (b)
Moore on an unitary static grid lattice.

methods of reducing the size of the large-scale systems, while preserving the connectivity structure of the

graphs.

2.3. Graph partitioning for large-scale system dimension reduction.

This study applies the pattern analysis framework of Ferreira et al. (2013) to edge weight anisotropic bilayer

graphs. Specifically, in [18] the symmetries of the cellular connectivity graph G = G(V,E) were used to develop

analytical conditions for the existence and stability of inhomogeneous steady states in lateral-inhibition ODE

models independent of the precise tissue geometry. These methods were employed by considering contrasting

pattern states of cells as partitions of the graph which can be viewed as a pre-defined pattern template. A

graph partition π is the grouping of vertices v ∈ V into the sets Pi ⊆ V such that the subsets Pi are disjoint

[28]. For example, each cell in G, represented by a vertex v ∈ V , can be collected into a set that converges to

the same biochemical state, thus producing subsets of V defining the graph partition π (Figure 7a). Using

graph partitions, we define two additional properties that are key for the analysis conducted in [17, 18] for

pattern analysis in large-scale interconnected systems.

Equitable partitions are those that preserve the underlying structure of a graph G by using the regularity

(symmetries) of the edge structure such that all vertices vj ∈ Pi have the same number of edges with identical

weights. Thereby selecting representative cells from each subset Pi we generate a quotient graph that has

the potential to reduce the number of vertices in the graph whilst retaining the topology of the original

connectivity. Figure 7a illustrates the reduction of a cell-type stratified bilayer regular graph to a quotient

graph of only two representative vertices.

Definition 2.1 (Equitable partitions and quotient graphs [29]). Let G = G (V,E) be a graph with adjacency

matrix W . Consider a partition of π of G that allocates each vertex v ∈ V into one of the sets P1, ..., Pk.
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The partition π is said to be equitable if there exists wij for all i, j ∈ {1, ..., k} such that

∑

v∈Pj

wuv = wij ∀u ∈ Pi, (2.9)

where wij are the elements of W . Moreover, the graph of a single representative vertex from each partition

P1, ..., Pk constructed from the reduced adjacency matrix [wij ] = W is called the quotient graph and is denoted

by G/π = Gπ.

PL
<latexit sha1_base64="Pl4QC+dxkeNLO54dankpptfUnvo=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CknbGL0VvHjwUMG0hTaUzXbbLt1swu5GKKG/wYsHRbz6g7z5b9x+CCr6YODx3gwz86KUM6Ud58NaWV1b39gsbBW3d3b39ksHh02VZJLQgCQ8ke0IK8qZoIFmmtN2KimOI05b0fhq5rfuqVQsEXd6ktIwxkPBBoxgbaSg0ctvpr1S2bGrXu38soYc23Uqnusb4nm+63vItZ05yrBEo1d67/YTksVUaMKxUh3XSXWYY6kZ4XRa7GaKppiM8ZB2DBU4pirM58dO0alR+miQSFNCo7n6fSLHsVKTODKdMdYj9dubiX95nUwPLsKciTTTVJDFokHGkU7Q7HPUZ5ISzSeGYCKZuRWREZaYaJNP0YTw9Sn6nzQrtlu1K7e1ct1ZxlGAYziBM3DBhzpcQwMCIMDgAZ7g2RLWo/VivS5aV6zlzBH8gPX2CSdejt4=</latexit>

PB
<latexit sha1_base64="pY2eT/pOS4lBxsgy/BF8xDyhmOE=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CkmbVr0VvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3bj8EFX0w8Hhvhpl5YcqZ0o7zYa2srq1vbBa2its7u3v7pYPDlkoySahPEp7ITogV5UxQXzPNaSeVFMchp+1wfD3z2/dUKpaIOz1JaRDjoWARI1gbyW/286tpv1R27Eq9Wq9fIsf2vJrrVQ1xa7WqW0Gu7cxRhiWa/dJ7b5CQLKZCE46V6rpOqoMcS80Ip9NiL1M0xWSMh7RrqMAxVUE+P3aKTo0yQFEiTQmN5ur3iRzHSk3i0HTGWI/Ub28m/uV1Mx1dBDkTaaapIItFUcaRTtDsczRgkhLNJ4ZgIpm5FZERlphok0/RhPD1KfqftCq2W7Urt1654SzjKMAxnMAZuHAODbiBJvhAgMEDPMGzJaxH68V6XbSuWMuZI/gB6+0TDpqOzQ==</latexit>

Symmetry
<latexit sha1_base64="nRnmPkTTalMITkmvOG5slc6QLQQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWpgh4LXjxWtB/QhrLZTtulu0nYnYgx9Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSy4Rtf9tgpr6xubW8Xt0s7u3n7ZPjhs6ShRDJosEpHqBFSD4CE0kaOATqyAykBAO5hcz/z2AyjNo/Ae0xh8SUchH3JG0Uh9u9xDeMTsLpUSUKXTvl1xq+4czirxclIhORp9+6s3iFgiIUQmqNZdz43Rz6hCzgRMS71EQ0zZhI6ga2hIJWg/mx8+dU6NMnCGkTIVojNXf09kVGqdysB0SopjvezNxP+8boLDKz/jYZwghGyxaJgIByNnloIz4AoYitQQyhQ3tzpsTBVlaLIqmRC85ZdXSatW9c6rtduLSt3N4yiSY3JCzohHLkmd3JAGaRJGEvJMXsmb9WS9WO/Wx6K1YOUzR+QPrM8ftO6Ttg==</latexit>
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Figure 7. Graph partitioning, symmetry reduction and example graphs. (a) A diagram
representing the partitioning and symmetry reduction process for a bilayer structure of two
subpopulations representing a mammary organoid, see Section 2.2. The graph defining the
bilayer is partitioned into layers, such that basal cells lie in the partition PB and luminal
cells lie in the partition PL. By exploiting the symmetries of edge connectivity, a reduction
of vertices is made to consider only representative cells from each partition, PB and PL,
generating a quotient graph. (b) An example graph with the equitable partitions property.
The partitions are highlighted using colours, the diagram highlights that the blue node always
has three connected orange nodes, and any orange node has only one blue node connected.
(c) An example graph with the bipartite property. The full graph consisting of both blue
and orange nodes can be decomposed into two disjoint sets of vertices highlighted by the
shaded regions.

Intuitively if π is an equitable partition of G, then the edge structure, namely, the number of edges and

associated edge weights are identical independent of the choice of vertices in the same set Pi. An example

of an equitable partition π with two vertex sets P1 and P2 is given in Figure 7b. Furthermore, we introduce

an additional graph property that is required for monotone system transformations that are discussed in the

following section.

Definition 2.2 (Bipartite graphs [28]). A graph G is said to be bipartite if G can be constructed by the union

of two disjoint sets of vertices such that no vertices within the same set are connected.
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Figure 7c depicts an example of a bipartite graph. The bipartite property of a graph G need not induce

the regular structure as is the case of an equitable partition however it can limit the types of connectivity

possible, which may detract from the biological relevance of the connectivity graphs in large-scale systems

as discussed in [17]. Although, it has been shown that the bipartite property of the quotient graph is not a

restriction in the case of two distinct subpopulations [18].

To apply the results of [18] to the bilayer tissue geometries that we consider in this study, we make the

following assumptions on the connectivity graphs:

(A1) There exists an equitable partition π2 of the graph G that groups the vertices into two sets P1 and

P2;

(A2) The quotient graph Gπ2
is bipartite omitting self-loops.

The 2D and 3D bilayer structures outlined in Section 2.2 conform to (A1) and (A2) as we assume each

layer of the Nc-regular graph is constructed from cells of the same type, for example see Figures 5 and 7a.

Critically, Ferreira et al. (2013) use (A1) and (A2) to develop methods of pattern templating, namely, using

quotient graphs to generate a pre-defined pattern structure for contrasting states of representative cells [18].

Specifically, the dimension reduction from the equitable partition π acts on the scaled weighted adjacency

matrix W0 = (1/Nw)W as constructed in Section 2.2 such that for two representative cells in the bilayer

system, the scaled reduced adjacency matrix has the form

W 0 =






n1w1

n1w1+n2w2

n2w2

n1w1+n2w2

n2w2

n1w1+n2w2

n1w1

n1w1+n2w2




 , (2.10)

following from the connectivity symmetry of G induced from the regular edge structure.

Informally, the reduced scaled adjacency matrix (2.10) represents the connectivity of the partitions as

proportional values between representative cells from each partition, where we consider each partition to

contain a single cell type (Figure 7a). Substituting the quotient graph for cellular connectivity into the

interconnected dynamical system constructed in sections 2.1 and 2.2 generates a quotient dynamical system

which is more amenable to deriving analytic bounds on signal polarity for laminar pattern formation.

We have shown that the large-scale interconnected ODE systems can be reduced to smaller, analytically

tractable quotient systems for bilayer regular structures of two distinct subpopulations. In the following

section, we further discuss interconnected systems in generality and existing results that leverage properties

of the intracellular kinetics and their associated connectivity graphs to isolate the spatial and temporal

influence on pattern convergence.
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2.4. Monotone interconnected dynamical systems.

The interconnected lateral-inhibition model constructed in sections 2.1 and 2.2 can be generalised to form

single-input-single-output system (SISO), a common representation of interconnected ODEs in control theory

with a single state variable connecting the respective subsystems [30]. Formally, the SISO of a lateral feedback

model has the form, for each cell i ∈ {1, ...,N},

ẋi = f (xi, ui) , (2.11)

yi = h (xi) , (2.12)

where xi ∈ X is a vector of reactants (e.g. Notch and Delta), ui ∈ U is the input value to each cell, determined

by the discrete spatial operator 〈·〉 and yi ∈ Y is the output of cell i to its connected neighbours. Namely, for

u = [u1, ..., uN ]T and y = [y1, ..., yN ]T , we have that u = W0y . The function f : X × U → X defines the

nonlinear dynamics of the feedback model, and h : X → Y is the function defining the relationship between

the intracellular kinetics and the output signals of the cell. It is assumed that both f and h are continuously

differentiable. A diagram of cell-cell lateral-inhibition interactions from the perspective of a SISO system are

given in Figure 8.

For example, for the lateral-inhibition model defined by the NDM (2.1-2.2), we have that xi = [Ni, Di]
T
,

where the internal kinetics are of the form,

f
(

[Ni, Di]
T
, ui

)

=






f (ui)− µ1Ni

g (Ni)− µ2Di,




 (2.13)

for f (·) and g (·) the increasing and decreasing functions as defined in Section 2.1. The output signal of each

cell is the current Delta value yi = h
(

[Ni, Di]
T
)

= Di, and thus the input signal of cell i is determined by

the connectivity structure of G such that ui = (W0D)i. As we consider the input signals ui to be composed

of only a linear combination of output signals yj from other cells, the interconnected system defined by the

NDM (2.1-2.2) is closed-loop with no external stimuli.

In order to summarise the internal dynamics of each cell, we introduce the characteristic transfer function

T : U → Y , which defines the input to output signal transfer of the dynamical system for each cell,

T (·) := h (S(·)) , (2.14)

where S : U → X maps the information from connected cells to the intracellular dynamical system (2.11).

Namely, the function S (·) is the solution to the intracellular dynamical system (2.11) for input signal u ∈ U .

As we consider the transfer function to emulate the cellular response to receptor activation, it is assumed that
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ui =
X

i∼j

wi,jyj
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Figure 8. A signal flow diagram for a single cell in a SISO interconnected lateral-inhibition
system. The scalar input signal ui is the determined by the output signals of the connected
cells to cell i via the connectivity graph G, namely, i ∼ j if cell i and cell j are in contact,
where each output signal strength yj is mediated by the edge weight wi,j . The input signal
ui then stimulates a response from cell i which is determined by the intracellular dynamical
system ẋi = f (x, ui). The resultant changes to the state variables xi update the output
signals of the cell yi thereby influencing the behaviour of those cells connected to cell i.

T (ui) is positive and bounded, and characteristically, T (ui) is a decreasing function for lateral-inhibition and

increasing for lateral-induction [17]. For the nonlinear dynamics required to produce patterning via lateral-

inhibition mechanisms [31], the characteristic transfer function, T (ui), is generally algebraically intractable

as it is constructed by the composition of nonlinear functions that define the intracellular kinetics [17].

Although directly intractable, we can use the standard method of linearisation to gain insights into the

behaviour of the transfer function (2.14). We do not present the derivation here (see [17] for details) but it

can be shown that the derivative of the transfer function (2.14) can be linearly approximated by

T ′ (u) = −
(
∂h

∂x

)(
∂f

∂x

)−1 (
∂f

∂u

)∣
∣
∣
∣
x=S(u)

= −CA−1B. (2.15)

Namely, the components A, B and C form the linearised SISO system

ẋi = Axi +Bui, (2.16)

yi = Cxi, (2.17)

near points of interest in the input, output and internal spaces U , Y and X respectively such that the

linearised components are evaluated with respect to a given input us by

A =

(
∂f

∂x

)∣
∣
∣
∣
x=S(us)

B =

(
∂f

∂u

)∣
∣
∣
∣
x=S(us)

C =

(
∂h

∂x

)∣
∣
∣
∣
x=S(us)

. (2.18)

A key property of SISO lateral-inhibition models is monotonicity of the transfer function T (ui). Monotone

interconnected systems preserve the order of trajectories within respective nonempty subsets of Banach spaces

[32]. Namely, if φ (x∗, t) = φt (x
∗), is the solution to a monotone dynamical system for initial condition x∗,

then φt (x1) ≤ φt (x2) for all x1 ≤ x2 and t ∈ (0,∞]. However to formerly define such ordering of solutions
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for interconnected systems, we first need to introduce the spaces that the input, output and internal kinetics

lie in, known as trajectory spaces.

The trajectory spaces, K ⊂ R
n, we consider are generalisations of orthants in Euclidean space and have

the following properties:

(1) K is a cone, that is, αk ∈ K for all α ∈ R≥0 and k ∈ K.

(2) K is convex, for any α, β ∈ R≥0 and k1, k2 ∈ K then αk1 + βk2 ∈ K.

(3) K is pointed, namely, {0} ∈ K.

An example the above properties of the trajectory space is shown in Figure 9. The systems we consider

represent intracellular protein activation an thus always lie in the positive orthant (i.e. xi, ui, yi ≥ 0) which

conforms to the properties of the pointed, convex cone, K. However, the positivity of these cones may alter

following a coordinate transformation thus requiring the general definition stated above. Given a cone K,

we define partial ordering of elements via “�” such that for x, x̂ ∈ K, then x � x̂ means that x̂ − x ∈ K

[17]. The trajectory spaces of the interconnected system (2.11-2.12) X, U and Y , can be defined as cones

KX ,KU and KY as they are closed and bounded vector spaces of Rn [32]. The monotonicity of SISO systems

(2.11-2.12) is defined as follows.

Definition 2.3 (Monotone SISO interconnected systems [32]). Given the cones KU ,KY ,KX for the input,

output and state spaces, respectively, the input-output ODE model ẋi = f(x, ui), yi = h(xi) is said to be

monotone if xi(0) � x̂i(0) and ui(t) � ûi(t) for all t ≥ 0 imply that the resulting solutions satisfy xi(t) � x̂i(t)

for all t ≥ 0, and the output map is such that xi � x̂i implies h(xi) � h (x̂i).

It has previously been shown that the interconnected system defined by the NDM (2.1-2.2) is monotone

with respect to the cones KU = R≥0, K
Y = R≤0 and KX = {x ∈ R

2 : x1 ≥ 0, x2 ≤ 0} [17]. These cones

outline the characteristic behaviour of the lateral-inhibition mechanism such that if the input signals of Delta

from adjacent cells are monotonically increasing, we expect the output signal of Delta in the central cell to

be monotonically decreasing.

The monotonicity of SISO systems (2.11-2.12) have previously been used to investigate the stability of

component-wise steady states in biological contexts [17, 18, 32]. Namely, monotone interconnected systems

yield predictable behaviour via the trajectory cones and thus the geometry of the cellular domain can be

manipulated using the connectivity graph G to achieve the desired states for the cells.

In control theory, the stability of SISO systems (2.11-2.12) can be assessed by analysing the transition

of inputs and output between components of the connected system. A particular measure of a connected

system is the L2-gain, which is a nonnegative quantity that describes the response of a system to an input.

We first provide a general definition of a Lp-gain.
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Figure 9. An example of a pointed, convex cone K in Euclidean space, where K = {x ∈
R

3 : x = a1v1 + a2v2 + a3v3 ∀ai ∈ R≥0}.

Definition 2.4 (Lp-gain of a SISO system [33]). The Lp-gain, qi,p > 0, of a SISO system (2.11-2.12) is

defined by

qi,p = sup
t≤t̃

( ||yi(t)||p
||ui(t)||p

)

(2.19)

for all yi and ui 6= 0 for i = 1, ..., N , and t̃ > 0 denotes the truncation of the Hilbert spaces for the input and

outputs of the system, Lp (U) and Lp (Y ), respectively.

The Lp-gain, qi,p, is the maximal ratio of output to input over a specified region of time for the output

and input domains defined generally by Hilbert spaces. In the biological systems we consider, all functions

are smooth, continuous and differentiable and thus satisfy these general conditions. However, the Lp-gains

of a interconnected system require analytic forms of inputs, ui(t), and outputs, yi (t) for each cell which are

not obtainable in large-scale nonlinear systems. Although, for monotone systems such that the output map

h (x) ≥ 0 for all x ∈ X, we have that the L2-gains of a nonlinear SISO system can be approximated by

qi,2 = | −CA−1B| = |T ′ (u∗
i ) | (2.20)

for the linearisation of the SISO system about the steady input state, u∗
i , as derived previously (see [34] for

derivation). Critically, the output signals we consider in the biological systems represent protein activation

and thus are nonnegative, i.e. we have that h (x) ≥ 0 for all x ∈ X is always satisfied. Therefore, by

demonstrating a nonlinear SISO system is monotone, we have a convenient procedure to compute the L2-

gains for each cell in order to measure the output signal response to input perturbations, providing a control

measure of cell state stability. For the remainder of the study, we consider only the L2-gains for each cell as

this is the standard norm for the Euclidean vector spaces, therefore we set qi,2 = qi.
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The L2-gains of interconnected SISO systems are particularly useful for understanding the stability of

the feedback between the connected components. The Small Gain theorem yields a sufficient bound on two

interconnected components for the global stability of feedback.

Theorem 2.1 (Small Gain theorem [33]). For all bounded inputs, a SISO system (2.11-2.12) of two interconnected

cells c1 and c2, in a closed-loop are locally asymptotically stable if c1 and c2 are independently stable and

q1q2 < 1, (2.21)

where q1 and q2 are the L2-gains of c1 and c2, respectively.

In terms of multicellular systems we consider, Theorem 2.1 states that given that intracellular kinetics are

not self-exciting in isolation, i.e. A is stable, then the interconnection of these two cells remain globally stable

provided their respective gains (transfer function dynamics, T ′ (ui)) are suitably bounded. The application

of an equitable partition π to generate a quotient graph Gπ consisting of only two representative cells allows

for the use of Theorem (2.1) in the quotient interconnected systems representing cell-type stratified bilayer

geometries that we consider in this study.

We now present the results previously derived in [18] that generate and maintain binary patterns in large-

scale interconnected SISO systems using the monotonicity of the lateral-inhibition mechanisms and regularity

of the cellular connectivity structures via equitable partitions. The first result we consider provides a simple

condition for the instability of the homogeneous steady state of the quotient interconnected SISO system.

Critically, provided the SISO system (2.11-2.12) is monotone with a bounded transfer function, the instability

of the homogeneous steady state yields the convergence to contrasting fixed states for each representative

cell.

Theorem 2.2 ([18]). Let π be an equitable partition of G such that (A2) is satisfied. Let λr the smallest

eigenvalue of reduced quotient matrix associated with Gπ. If the output characteristic function, T (ui), is

positive, bounded and decreasing, and if for the homogeneous input steady state, u∗, we have

|T ′(u∗)|λr < −1, (2.22)

then there exists heterogeneous steady states in the representative vertices of Gπ.

The second result derived in [18] that we consider defines conditions for the stability of heterogeneous

steady states via L2-gains of the representative cells within the quotient system. By exploiting the regularity

of the large-scale connectivity graph, and therefore assuming each cell within the same partition behaves

identically, the L2-gains for those cells will also be identical. Let Q = diag{q1, ..., qk} represent the L2-gains
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from each representative cell in each patterning partition P1, ..., Pk. In addition, if A is a square matrix with

the set of eigenvalues σ (A), then the spectral radius of A is defined by

ρ (A) = max{|λ| : λ ∈ σ (A)}. (2.23)

Using the spectral properties of the connected graph defined by the cellular domain, the stability criterion

for the heterogeneous steady states is stated as follows.

Theorem 2.3 ([18]). Consider the quotient system as defined in Theorem 2.2. The steady state pattern

defined by heterogeneous steady states are locally asymptotically stable if

ρ
(
M Q

)
< 1, (2.24)

where M is a reduced quotient adjacency matrix that satisfies (A1) and (A2), and ρ(·) represents the spectral

radius.

The application of Theorem 2.2 and Theorem 2.3 to the signal anisotropic bilayer geometries defined in

sections 2.2 and 2.3 allow us to derive conditions for the amount of signal polarisation for a given connectivity

structure that required to generate and maintain laminar patterns using lateral-inhibition kinetics.

3. Existence and stability of laminar pattern formation in quotient SISO systems

In this section we derive conditions on the cell-type signal weights w1 and w2 of the connectivity graphs

constructed in sections 2.2 and 2.3 that yield the existence and stability of heterogeneous states in quotient

bilayer systems. Specifically, by leveraging the monotone properties of the quotient SISO systems, we

significantly reduce the complexity involved in juxtacrine pattern analysis in multicellular systems to investigate

the role of anisotropic cellular connectivity in cell state stratification.

3.1. Conditions on cell-type signal strength for the existence of bilayer laminar patterns.

We apply Theorem 2.2 to the reduced geometry of a bilayer periodic lattice described in Section 2.3. The

following result yields a distinct monotonic relationship between homotypic and heterotypic signal weights

when we consider the vertex sets P1 and P2 of G to contain basal and luminal cells, respectively, as shown in

Figure 7a.

Theorem 3.1. Let G be an undirected, connected graph that satisfies (A1) and (A2) where the quotient

graph Gπ has the associated reduced scaled adjacency matrix as defined in (2.10). Consider T (·) the transfer

function of a lateral-inhibition SISO system (2.11-2.12) such that T (·) is positive, bounded and decreasing.
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Then there exists heterogeneous steady states between partitions P1 and P2 if

w1 <

( |T ′(u∗)| − 1

|T ′(u∗)|+ 1

)
w2

Rτ
, (3.1)

provided that n1w1 < n2w2.

Proof. The result follows directly from the application Theorem 2.2 to the regular bilayer structures with

layer stratified cells-types that define the sets P1 and P2. Specifically, we consider the general quotient

reduced matrix W 0 as defined in (2.10) and seek the smallest eigenvalue. By directed computation we have

that

σ
(
W 0

)
=

{

λ1 = 1, λ2 =
n1w1 − n2w2

n1w1 + n2w2

}

. (3.2)

As λ2 < λ1 independent of the bilayer geometry, and, we have λ2 < 0 from the assumption that n1w1 <

n2w2 then λ2 = λr in Theorem 2.2. Applying Theorem 2.2 to the bilayer geometry, we substitute λ2 into

inequality (2.22) as follows

|T ′(u∗)|
(
n1w1 − n2w2

n1w1 + n2w2

)

< −1, (3.3)

which can be rearranged to yield inequality (3.1). �

Inequality (3.1) bounds the cell-type dependent signal strength and highlights the influence of cellular

connectivity on pattern formation via the Rτ . For example, as we increase the number of connected cells

within the same partition (n1) then we require greater amounts of signal polarisation (edge weight anisotropy)

directed towards those cells within the other partition to induce laminar patterns, i.e. w1 must decrease.

3.2. Conditions on cell-type signal strength for the stability of bilayer laminar patterns.

By applying Theorem 2.3 to the geometry of the general quotient representation of the bilayer of cells

(2.10) yields the following restriction on the homotypic and heterotypic signal strength parameters, w1 and

w2, for the stability of the heterogeneous states that are produced by Theorem 3.1. Namely, the following

statement provides sufficient signal polarisation conditions for the maintenance of laminar pattern formation

between static cells in each partition P1 and P2.

Theorem 3.2. Let G be an undirected, connected graph that satisfies (A1) and (A2) where the quotient

graph Gπ has the associated reduced scaled adjacency matrix as defined in (2.10). Consider the L2-gains of

the representative cells, q1 and q2 from the partitions P1 and P2 associated with the heterogeneous steady

states x1 and x2, respectively. Then if any of the following gain relations hold:

(i) q1 + q2 ≤ 2
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(ii) q1 + q2 > 2 and w1 <
(

2
q1+q2−2

)
w2

Rτ

then the local asymptotic stability of the heterogeneous steady states x1 and x2 is guaranteed if

n1w1

n1w1 + n2w2
(q1 + q2 − 2q1q2) < 1− q1q2 (3.4)

is satisfied. Moreover if q1 > 1 and q2 < 1, or vice versa, then the laminar pattern stability criterion (3.4)

has the form

w1 <

(
1− q1q2

q1 + q2 − q1q2 − 1

)
w2

Rτ
. (3.5)

Proof. Consider the reduced scaled weighted adjacency matrix W 0 (2.10) associated with the cell-type

partitioned quotient graph Gπ. Let a = n1w1/Nw and b = n2w2/Nw and therefore we have,

W 0 Q =






aq1 (1− a)q2

(1− a)q1 aq2




 , (3.6)

where b = (1− a) due to the row stochastic property of the reduced adjacency matrix W 0. The matrix

W 0 Q is nonnegative as each entry is product of nonnegative values. By the Perron–Frobenius theorem

[35], ρ
(
W0 Q

)
is an eigenvalue of W0 Q, which is real due to the positivity of the matrix. Solving for the

eigenvalues of W0 Q yields

ρ
(
W0 Q

)
=

a (q1 + q2)

2
+

√

a2 (q1 − q2)
2
+ 4 (1− a)

2
q1q2

2
, (3.7)

and so by applying Theorem 2.3 to the spectral radius (3.7), we ensure for the local asymptotic stability of

the heterogeneous states associated with q1 and q2. If the necessary conditions (i) or (ii) for pattern stability

are satisfied, then we have that

√

a2 (q1 − q2)
2
+ 4(1− a)2q1q2 < 2− a (q1 + q2) (3.8)

is well-defined as the left most term of inequality (3.8) must be real and positive by the Perron–Frobenius

theorem. Namely, Theorem 2.3 can only be satisfied provided the conditions (i) or (ii) hold. Subsequently,

both sides of inequality (3.8) are positive and therefore squaring both sides perseveres the inequality, which

can be expanded and rearranged as follows

q1q2
(
(1− a)2 − a2

)
+ a (q1 + q2) < 1 (3.9)

which yields inequality (3.4) from further rearrangement.
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In the case where q1 > 1 and q2 < 1 (or q1 < 1 and q2 > 1), then (q1 − 1) (q2 − 1) < 0. Moreover, this

implies that

q1 + q2 > 1 + q1q2. (3.10)

after expansion. In addition, inequality (3.9) can be arranged to following form

n1w1 (q1 + q2 − q1q2 − 1) < (1− q1q2)n2w2. (3.11)

Therefore by inequality (3.10) the left most terms of inequality (3.11) are positive and so division of inequality

(3.11) by (q1 + q2 − q1q2 − 1) preserves direction of the inequality, producing the pattern stability criterion

explicitly in terms of signal weights w1 and w2. �

Corollary 3.1. If the homogeneous steady state u∗ of a monotone SISO system (2.11-2.12) yields |T ′ (u∗) | ≥

3, then the gain relation (ii) in Theorem 3.2 is always satisfied.

Proof. Without loss of generality, we have that q2 < |T ′ (u∗) | < q1 as the contrasting input states u1 and

u2 will diverge from u∗ in opposing directions by the monotonicity of the SISO reduced system [18]. From

inequality (3.1) we know that 1 < q1 must hold as w1 ∈ R≥0, that is |T ′ (u∗) | > 1 is required for the existence

of laminar patterns. Therefore, if we assume that the homogeneous steady state of the monotone SISO

system (2.11-2.12) is unstable, producing contrasting states in the representative cells, then inequality (3.1)

is satisfied. Comparing the pattern existence inequality (3.1) and the necessary condition (ii) for pattern

stability, we have that inequalityitem (ii) holds when

1

q1 − 1
<

2

q1 + q2 − 2
<

|T ′ (u∗) | − 1

|T ′ (u∗) |+ 1
, (3.12)

where the left-most term follows from q2 < q1. Rearranging inequality (3.12) yields

2|T ′ (u∗) |
|T ′ (u∗) | − 1

< q1, (3.13)

then applying our assumption |T ′ (u∗) | < q1, inequality (3.13) can be satified by solving the more restrictive

bound

2|T ′ (u∗) |
|T ′ (u∗) | − 1

< |T ′ (u∗) |, (3.14)

which has the minimum value of |T ′ (u∗) | = 3. Moreover, this implies that q1 > 3 which immediately satisfies

q1 + q2 > 2, and therefore condition (ii) holds. �

Inequality (3.4) outlines the relationship between cellular connectivity (n1, n2) and signal protein feedback

(w1, w2) that is required to be balanced to ensure the maintenance of pattern formation in bilayer static

geometries. However, we note that the L2-gains are dependent on the geometry, as they are a function



POLARITY DRIVEN LAMINAR PATTERN FORMATION 25

of the input value defined by the discrete spatial operator 〈·〉, see Definition 2.4. Thus, inequality (3.4)

cannot determine explicit conditions for the relationship between geometry and feedback model, as in the

existence inequality (3.1). However, provided the L2-gains of the representative cells satifsfy the appropriated

conditions outlined in Theorem 3.2, inequalities (3.1) and (3.5) are in a directly comparable form with respect

to signal transfer dynamics.

In addition, inequality (3.9) and therefore inequality (3.5) describes a relaxation of the Small Gain theorem

for closed-loop system, commonly used in control theory applications [36]. To demonstrate this relaxation

of the Small Gain a theorem, w.l.o.g. assume that q2 < q1, as we expect the partitions P1 and P2 of G to

obtain contrasting solution states. In this case, inequality (3.9) is bounded from above by setting q2 = q1,

q1q2 (1− 2a) + a (q1 + q2) < q1 ((1− 2a) q1 + 2a) , (3.15)

where a = n1w1/Nw as in Theorem 3.2 and noting that (1− 2a) > 0 from Theorem 3.1. Therefore if

q1 ((1− 2a) q1 + 2a) < 1 (3.16)

holds, then inequality (3.9) must also be satisfied. The positive parabola defined by inequality (3.16) has

roots q1,+ = 1 and q1,− = 2a− 1 < 0. Namely, if q1 < 1 then the dynamical system is locally asymptotically

stable. Moreover, if q1 < 1 then q21 < 1, which implies q1q2 < 1, thus satisfying the Small Gain theorem

(Theorem 2.1). As a special case of Theorem 3.2, if each cell in the cellular domain has no adjacent cell of the

same type, namely n1 = 0, then inequality (3.9) is equivalent to the Small Gain theorem, as demonstrated

previously for checkerboard patterns using lateral-inhibition models (Figure 2) [18], highlighting applicability

of the general form of cellular connectivity define in Section 2.3 to control mechanisms of lateral-inhibition

systems.

4. Application: Notch-Delta laminar pattern formation in mammary organoids

To illustrate the results of Section 3, we use the Notch-Delta lateral-inhibition model outlined in Section 2.1

that was recast as an interconnected dynamical system in sections 2.2 - 2.4. Namely, we seek cell-cell signal

polarity conditions between luminal and basal cells in the mammary organoid to achieve the experimentally

observed laminar pattern formation of Notch in a bilayer of cells (Figure 3b-3d). Specifically, we use the

laminar pattern existence and stability signal strength bounds derived in Section 3 to isolate regions of w1

and w2 that facilitate the aforementioned Notch patterns in quotient systems representing the family of static

regular graphs described in Section 2.2. Furthermore, we validate the analytic regions of w1 and w2 using

fixed lattice large-scale simulations for each graph (see Appendix A simulation methods). Furthermore, we
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then investigate the applicability of our static domain analytical results to dynamic cellular domains using

cell-based modelling in 2D and 3D (see Appendix B for a description of the cell-based model methods).

4.1. Cell-type dependent signal anisotropy regions using a Notch-Delta lateral-inhibition model

in static bilayer domains.

We consider the bilayer cellular domain described by the regular graph G to be partitioned by cell-type.

Namely, let π be an equitable partition of G such that all basal cells are allocated in P1 = PB and luminal

cells allocated in P2 = PL as in Figure 7a. To apply both Theorem 3.1 and Theorem 3.2 to define signal

strength parameter regimes for laminar patterning (Figure 11a), we first explicitly recast the spatially discrete

ODE (2.1-2.2) in the form of a quotient SISO system (2.11-2.12). Let xi = [Ni, Di]
T denote the vector of

state variables of the system, where i designates cellular identity. Then the input to each cell is the local

spatial information received via the 〈·〉 operator, such that ui = 〈Di〉 = W 0D. Similarly, the output of each

cell is the Delta expression yi = Di. To apply Theorem 3.1 to our biological model, we need to determine the

following: (i) the derivative of the transfer function, T , of the SISO system and (ii) the homogeneous steady

state, x∗, of the dynamical system.

(i) The derivative of the transfer function can be derived by taking the partial derivative of the SISO system

w.r.t. the inputs and state variables, as shown in equation (2.15). Thus, for NDM (2.1-2.2) as presented as

an interconnected system in Section 2.4,

∂h

∂xi
=

[

0 1

]

,
∂f

∂xi
=






−µN 0

− bsNs−1

i

(1+bNs
i )

2 −µD




 and

∂f

∂ui
=






arur−1

i

(a+ur
i )

2

0




 . (4.1)

Therefore, multiplying the matrices in equation (4.1) and making the substitution Ni = f(ui)/µN at steady

state, yields the following,

T ′(ui) = −
[

0 1

]






−µN 0

− bsNs−1

i

(1+bNs
i )

2 −µD






−1 




arur−1

i

(a+ur
i )

2

0




 ,

= −abrsµs
N (a+ ur

i )
s−1

urs−1
i

µD (µs
N (a+ ur

i ) + burs
i )

2 . (4.2)

(ii) We now solve the NDM (2.1-2.2) for the homogeneous steady state. This problem is reduced to solving

f (x∗, D∗) = 0 as u∗
i = D∗

i = D∗ for all i = 1, ..., N in the case of a system of identical cells. Solving the

system (2.1-2.2) for homogeneous steady states means solving the following polynomial for D∗,

bµD (D∗)
rs+1

+ µs
N (µDD∗ − 1) (a+ (D∗)

r
)
s
= 0. (4.3)
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We choose the parameter values a = 0.01, b = 100, µN = µD = 1, s = 1 and r = 2 selected previously

[10], with the only modification of s to simplify calculations for demonstration purposes. To be able to

apply Theorem 3.1, we require that |T ′(u∗)| > 1 because w1 > 0. This condition is equivalent to the

requirement derived by direct linear analysis of a single cell as in [10], where they show that the existence of

the homogeneous steady state instability can only occur when

f ′(u∗)g′(N∗) < −1. (4.4)

It can be shown that T ′(u∗) = f ′(u∗)g′ (f (u∗) /µN ) /(µNµD) for a closed-loop system of two cells [17], then

applying the same parameter groupings and values for µN and µD as in [10] yields the equivalent condition.

Moreover, |T ′ (u∗) | is a monotone increasing function with respect to r (see Figure 10), hence increasing

the nonlinearity of the ODE system relaxes the restrictions on w1 for the existence of pattern emergence

imposed by Theorem 3.1, therefore emphasising the relationship between the connectivity of the cells and

the characteristics of the intracellular ODE system.

Solving the cubic polynomial (4.3) when r = 2 yields a homogeneous steady state D∗ = 0.049, therefore,

we have both (i) and (ii). Applying Theorem 3.1 to the NDM system (2.1-2.2) using equation (4.2) and D∗

yields the following bound on signal strength parameters,

w1 < α
w2

Rτ
, (4.5)

for α = 0.21, which defines a strict (w1, w2) parameter space for the emergence of laminar patterning between

layers (region below black line in Figure 11b).

As we have found the necessary bound on w1 for pattern formation, we now seek to use Theorem 3.2

to impose a sufficient bound on w1 to ensure laminar pattern stability. To apply Theorem 3.2, we require

the L2-gains for each representative cell at steady state qB and qL from PB and PL, respectively. By

the monotonicity of the NDM system (2.1-2.2) with respect to the cones KU = R≥0, KY = −KU and

KX = {x ∈ R
2|x1 ≥ 0, x2 ≤ 0} [17], we are able to use the steady state relation (2.20). To determine the

L2-gains, we solve for the heterogeneous steady states xB and xL, with associated input steady states

uB =
n1w1DB + n2w2DL

Nw
and uL =

n1w1DL + n2w2DB

Nw
, (4.6)

then using equation (4.2), qB = |T ′ (uB) | and qL = |T ′ (uL) |. For each static geometry outlined in Table 1,

a parameter sweep of the signal strength parameter space (w1, w2) was conducted to highlight regions that

satisfy the conditions (i) or (ii) and inequality (3.4) from Theorem 3.2, where the heterogeneous steady
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Figure 10. Monotonicity |T ′(u∗)| with respect to r. Parameter values were chosen as
parameter values a = 0.01, b = 100, µN = µD = 1 and s = 1. For each r, the homogeneous
steady state was solved using equation (4.3). The shaded region represents the values of r
that satisfies |T ′(u∗)| > 1, which is required for the instability of the homogeneous steady
state in Theorem 3.1, highlighting a lower bound of rmin = 1.5.

states xB and xL were numerically solved (see Appendix A). The resulting stability regions in the (w1, w2)-

space (red shaded regions in Figure 11b) have the same linear form as the analytical existence bound (4.5).

Therefore, assuming the same form of relationship between w1, w2 and Rτ , a ubiquitous gradient parameter

β was extracted from each static lattice parameter sweep. That is, to ensure the local asymptotic stability

of the laminar bilayer patterns (Figure 11a) in both 2D and 3D,

w1 < β
w2

Rτ
(4.7)

must be satisfied, for β = 0.04. We have provided an improvement on equation (4.5) from necessary to

sufficient for laminar pattern formation using the NDM system (2.1-2.2), nevertheless, this defines a highly

restrictive parameter bound on w1 for the given intracellular kinetics parameters, implying that almost all

cell-cell signals must be directed towards cells of a different type, emphasising the requirement of apical-basal

layer contact.

Finally, using static lattice simulations for each of 2D and 3D geometries described in Table 1 (see

Appendix A) we conducted a parameter sweep over the (w1, w2)-space to verify the necessary bound of

inequality (4.5) and the sufficient bound of inequality (4.7). Namely, the NDM system (2.1-2.2) was

numerically solved for each of the connectivity graphs and allowed to converge to steady-state thereby the

difference in Notch activation was measured between the layers of cells to verify the existence of laminar

patterns. The parameter regions that exhibited the layered patterning using a pattern tolerance of δ = 0.1 (see

Appendix A) were consistent with the analytical inequalities (4.5) and (4.7), as demonstrated in Figure 11b by
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the blue-shaded regions. Furthermore, the regions defining the observed patterns from numerical simulations

had the same linear upper bound for w1 as a function of w2 for all 2D and 3D geometries. Therefore, as

conducted for the stability inequality (4.7), we extracted a ubiquitous gradient parameter γ. Namely, laminar

patterning in a bilayer of cells can be observed if w1 satisfies,

w1 < γ
w2

Rτ
(4.8)

where γ = 0.11. Note that due to the symmetry of the system, that is, each cell has identical internal kinetics

that are spatially coupled by a regular and undirected graph, then to achieve the laminar patterning in the

correct direction, the system required a small perturbation using initial conditions. Moreover, as the pattern

tolerance δ → 0 (see Appendix A) then γ → α, due to the contrast between the layers becoming weaker, see

Figure 12b. Thus the arbitrary choice of δ defines what is considered as acceptable patterning, though we

note that the necessary bound provided by Theorem 3.1 is always satisfied.

As the observed pattern regions lie within the existence bound regions (γ < α) and the sufficient stability

bound regions are a subset of the observed pattern regions (β < γ) in (w1, w2)-space (Figure 11b), we

numerically verify the analytical conditions imposed on the signal strength parameters w1 and w2 by

Theorem 3.1 and Theorem 3.2 using the NDM system (2.1-2.2). In each case, for existence, stability and

numerical observation, there exists a consistent form for the upper bound of the cell-type dependent signal

strength parameter w1, which relates cellular connectivity to signal strength polarisation, via Rτ , independent

of lattice dimension.

In summary, from the analytic and empirical upper bounds on the homotypic signal strength, w1, outlined

above reveal that the lattice geometries with the low Rτ values require the less active polarisation to generate

and maintain laminar patterns. For example, the 2DM lattice (see Table 1) has lowest neighbourhood cell-

type ratio withRτ = 2/3, and therefore has the largest regions in (w1, w2)-space for existence, stability and

observed laminar patterns (Figures 11b and 11c). In contrast, the 3DVN lattice has the largest Rτ value,

thus producing the smallest patterning regions and thus great amounts of polarisation are needed to produce

laminar patterns (Figure 11b). These findings highlight that laminar pattern formation using a lateral-

inhibition mechanism is highly sensitive neighbourhood composition of the bilayer structure, suggesting that

the contrasting phenotypes of the basal and luminal cells (elongated and cuboidal shapes, respectively)

may play a significant role in pattern maintenance during mammary development. Though the cell-type

composition is an important factor, we found that all 2D and 3D geometries we considered required signal

polarisation to achieve laminar patterning, such that w1 < w2 (Figure 11b), indicating the existence of a

polarity mechanism within the intracellular system.
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<latexit sha1_base64="5Us59uwvBrk2HTkSARVjlNJsQ2I=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvHisYFuhKWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJeC+iQyVCwShayfeRP2EQZlV6Pu2XK27NnYOsEi8nFcjR7Je//EHM0ogrZJIa0/XcBHsZ1SiY5NOSnxqeUDamQ961VNGIm142v3lKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuF1LxMqSZErtlgUppJgTGYBkIHQnKGcWEKZFvZWwkZUU4Y2ppINwVt+eZW06zXvola/u6w03DyOIpzAKVTBgytowC00oQUMEniGV3hzUufFeXc+Fq0FJ585hj9wPn8AzEmRdw==</latexit>

Observed
<latexit sha1_base64="3NdTXEE6LeVeO41OPIsP6P4QBoM=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9iNgh4DXrwZwTwgWcLsbCcZMvtgpjcYl3yJFw+KePVTvPk3TpI9aGJBQ1HVTXeXn0ih0XG+rbX1jc2t7cJOcXdv/6BkHx41dZwqDg0ey1i1faZBiggaKFBCO1HAQl9Cyx/dzPzWGJQWcfSAkwS8kA0i0RecoZF6dqmL8IjZna9BjSGY9uyyU3HmoKvEzUmZ5Kj37K9uEPM0hAi5ZFp3XCdBL2MKBZcwLXZTDQnjIzaAjqERC0F72fzwKT0zSkD7sTIVIZ2rvycyFmo9CX3TGTIc6mVvJv7ndVLsX3uZiJIUIeKLRf1UUozpLAUaCAUc5cQQxpUwt1I+ZIpxNFkVTQju8surpFmtuBeV6v1luebkcRTICTkl58QlV6RGbkmdNAgnKXkmr+TNerJerHfrY9G6ZuUzx+QPrM8fa3SThg==</latexit>

patterning
<latexit sha1_base64="0cslWYuFAnq8y2JEYKnCRoopmWQ=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRbBU0mqoMeCF48V7Ae0oWy2k3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAiu0XW/rcLa+sbmVnG7tLO7t39glw9bOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsbXM799D0rzWN7hJAE/okPJQ84oGqlvl3sIj5glFBGU5HI47dsVt+rO4awSLycVkqPRt796g5ilEUhkgmrd9dwE/Ywq5EzAtNRLNSSUjekQuoZKGoH2s/npU+fUKAMnjJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5tieOVnXCYpgmSLRWEqHIydWQ7OgCtgKCaGUKa4udVhI6ooMznokgnBW355lbRqVe+8Wru9qNTdPI4iOSYn5Ix45JLUyQ1pkCZh5IE8k1fyZj1ZL9a79bFoLVj5zBH5A+vzB0tMlJw=</latexit>

patterning
<latexit sha1_base64="0cslWYuFAnq8y2JEYKnCRoopmWQ=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRbBU0mqoMeCF48V7Ae0oWy2k3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAiu0XW/rcLa+sbmVnG7tLO7t39glw9bOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsbXM799D0rzWN7hJAE/okPJQ84oGqlvl3sIj5glFBGU5HI47dsVt+rO4awSLycVkqPRt796g5ilEUhkgmrd9dwE/Ywq5EzAtNRLNSSUjekQuoZKGoH2s/npU+fUKAMnjJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5tieOVnXCYpgmSLRWEqHIydWQ7OgCtgKCaGUKa4udVhI6ooMznokgnBW355lbRqVe+8Wru9qNTdPI4iOSYn5Ix45JLUyQ1pkCZh5IE8k1fyZj1ZL9a79bFoLVj5zBH5A+vzB0tMlJw=</latexit>

Stable
<latexit sha1_base64="RztfsZNXt1o5NaMh1RBGRRqCjkg=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJckblxilEcCE9IpBRo6nbG9QyQTvsONC41x68e4828sMAsFT9Lk5Jxz29sTxFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD48aJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzcxvjrk2IlIPOIm5H9KBEn3BKFrJ7yB/wvQeqc1Pu8WSW3bnIKvEy0gJMtS6xa9OL2JJyBUySY1pe26Mfko1CmbvK3QSw2PKRnTA25YqGnLjp/Olp+TMKj3Sj7Q9Cslc/T2R0tCYSRjYZEhxaJa9mfif106wf+2nQsUJcsUWD/UTSTAiswZIT2jOUE4soUwLuythQ6opQ9tTwZbgLX95lTQqZe+iXLm7LFXdrI48nMApnIMHV1CFW6hBHRg8wjO8wpszdl6cd+djEc052cwx/IHz+QNMZ5Ji</latexit>

No
<latexit sha1_base64="V1Rn1caCuvJu8E1Iy7x35iQLf6k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHgxZNEMA9JljA7mU2GzGOZ6RXDkq/w4kERr36ON//GSbIHTSxoKKq66e6KEsEt+P63t7K6tr6xWdgqbu/s7u2XDg6bVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxpdT/3WIzOWa3UP44SFkgwUjzkl4KSHLrAnyG71pFcq+xV/BrxMgpyUUY56r/TV7WuaSqaACmJtJ/ATCDNigFPBJsVuallC6IgMWMdRRSSzYTY7eIJPndLHsTauFOCZ+nsiI9LasYxcpyQwtIveVPzP66QQX4UZV0kKTNH5ojgVGDSefo/73DAKYuwIoYa7WzEdEkMouIyKLoRg8eVl0qxWgvNK9e6iXPPzOAroGJ2gMxSgS1RDN6iOGogiiZ7RK3rzjPfivXsf89YVL585Qn/gff4AM2SQnA==</latexit>

patterning
<latexit sha1_base64="0cslWYuFAnq8y2JEYKnCRoopmWQ=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRbBU0mqoMeCF48V7Ae0oWy2k3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAiu0XW/rcLa+sbmVnG7tLO7t39glw9bOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsbXM799D0rzWN7hJAE/okPJQ84oGqlvl3sIj5glFBGU5HI47dsVt+rO4awSLycVkqPRt796g5ilEUhkgmrd9dwE/Ywq5EzAtNRLNSSUjekQuoZKGoH2s/npU+fUKAMnjJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5tieOVnXCYpgmSLRWEqHIydWQ7OgCtgKCaGUKa4udVhI6ooMznokgnBW355lbRqVe+8Wru9qNTdPI4iOSYn5Ix45JLUyQ1pkCZh5IE8k1fyZj1ZL9a79bFoLVj5zBH5A+vzB0tMlJw=</latexit>

Possible
<latexit sha1_base64="017ytwXfTct4Ew0+9MEJpel9+1U=">AAAB+HicbVDLSgMxFL3js9ZHqy7dBIvgqsxUQZcFNy4r2Ae0Q8mkmTY0MxmSO2Id+iVuXCji1k9x59+YtrPQ1gOBwzn3JDcnSKQw6Lrfztr6xubWdmGnuLu3f1AqHx61jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4Zua3H7g2QsX3OEm4H9FhLELBKFqpXy71kD9i1lDGCJuZ9ssVt+rOQVaJl5MK5Gj0y1+9gWJpxGNkkhrT9dwE/YxqFMzeV+ylhieUjemQdy2NacSNn80Xn5IzqwxIqLQ9MZK5+juR0ciYSRTYyYjiyCx7M/E/r5tieO1nIk5S5DFbPBSmkqAisxbIQGjOUE4soUwLuythI6opQ9tV0ZbgLX95lbRqVe+iWru7rNTdvI4CnMApnIMHV1CHW2hAExik8Ayv8OY8OS/Ou/OxGF1z8swx/IHz+QN2aJON</latexit>

patterning
<latexit sha1_base64="0cslWYuFAnq8y2JEYKnCRoopmWQ=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRbBU0mqoMeCF48V7Ae0oWy2k3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZekAiu0XW/rcLa+sbmVnG7tLO7t39glw9bOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsbXM799D0rzWN7hJAE/okPJQ84oGqlvl3sIj5glFBGU5HI47dsVt+rO4awSLycVkqPRt796g5ilEUhkgmrd9dwE/Ywq5EzAtNRLNSSUjekQuoZKGoH2s/npU+fUKAMnjJUpic5c/T2R0UjrSRSYzojiSC97M/E/r5tieOVnXCYpgmSLRWEqHIydWQ7OgCtgKCaGUKa4udVhI6ooMznokgnBW355lbRqVe+8Wru9qNTdPI4iOSYn5Ix45JLUyQ1pkCZh5IE8k1fyZj1ZL9a79bFoLVj5zBH5A+vzB0tMlJw=</latexit>

...
<latexit sha1_base64="5exUT07XZVOtVwsfoiGbChTfLnU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FjQg8cK9gPbUDbbbbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKQw6Hnfzsrq2vrGZmGruL2zu7dfOjhsmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxH11O/+ci1EbG6x3HCg4gOlOgLRtFKDx3kT5i5rjvplsqe681AlomfkzLkqHVLX51ezNKIK2SSGtP2vQSDjGoUTPJJsZManlA2ogPetlTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8dor9qyATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K/+PIyaVRc/9yt3F2Uqzd5HAU4hhM4Ax8uoQq3UIM6MFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ABO1kIc=</latexit>

...
<latexit sha1_base64="5exUT07XZVOtVwsfoiGbChTfLnU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FjQg8cK9gPbUDbbbbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKQw6Hnfzsrq2vrGZmGruL2zu7dfOjhsmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxH11O/+ci1EbG6x3HCg4gOlOgLRtFKDx3kT5i5rjvplsqe681AlomfkzLkqHVLX51ezNKIK2SSGtP2vQSDjGoUTPJJsZManlA2ogPetlTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8dor9qyATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K/+PIyaVRc/9yt3F2Uqzd5HAU4hhM4Ax8uoQq3UIM6MFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ABO1kIc=</latexit>

... <latexit sha1_base64="5exUT07XZVOtVwsfoiGbChTfLnU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FjQg8cK9gPbUDbbbbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKQw6Hnfzsrq2vrGZmGruL2zu7dfOjhsmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxH11O/+ci1EbG6x3HCg4gOlOgLRtFKDx3kT5i5rjvplsqe681AlomfkzLkqHVLX51ezNKIK2SSGtP2vQSDjGoUTPJJsZManlA2ogPetlTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8dor9qyATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K/+PIyaVRc/9yt3F2Uqzd5HAU4hhM4Ax8uoQq3UIM6MFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ABO1kIc=</latexit>... <latexit sha1_base64="5exUT07XZVOtVwsfoiGbChTfLnU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FjQg8cK9gPbUDbbbbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKQw6Hnfzsrq2vrGZmGruL2zu7dfOjhsmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxH11O/+ci1EbG6x3HCg4gOlOgLRtFKDx3kT5i5rjvplsqe681AlomfkzLkqHVLX51ezNKIK2SSGtP2vQSDjGoUTPJJsZManlA2ogPetlTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8dor9qyATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K/+PIyaVRc/9yt3F2Uqzd5HAU4hhM4Ax8uoQq3UIM6MFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ABO1kIc=</latexit>

... <latexit sha1_base64="5exUT07XZVOtVwsfoiGbChTfLnU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FjQg8cK9gPbUDbbbbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKQw6Hnfzsrq2vrGZmGruL2zu7dfOjhsmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxH11O/+ci1EbG6x3HCg4gOlOgLRtFKDx3kT5i5rjvplsqe681AlomfkzLkqHVLX51ezNKIK2SSGtP2vQSDjGoUTPJJsZManlA2ogPetlTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8dor9qyATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K/+PIyaVRc/9yt3F2Uqzd5HAU4hhM4Ax8uoQq3UIM6MFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ABO1kIc=</latexit>... <latexit sha1_base64="5exUT07XZVOtVwsfoiGbChTfLnU=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkkV9FjQg8cK9gPbUDbbbbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKQw6Hnfzsrq2vrGZmGruL2zu7dfOjhsmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gxH11O/+ci1EbG6x3HCg4gOlOgLRtFKDx3kT5i5rjvplsqe681AlomfkzLkqHVLX51ezNKIK2SSGtP2vQSDjGoUTPJJsZManlA2ogPetlTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8dor9qyATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K/+PIyaVRc/9yt3F2Uqzd5HAU4hhM4Ax8uoQq3UIM6MFDwDK/w5hjnxXl3PuatK04+cwR/4Hz+ABO1kIc=</latexit>

w
1

<latexit sha1_base64="SdLNHmr/jWtb+F2G2nDfRxILEXg="></latexit>

w2
<latexit sha1_base64="IYB0Dp6CPCClhAYvdsGFeDqOLVo="></latexit>

··· <latexit sha1_base64="QIy2kXFFE3HxGqDJq22VH/1PFZM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7rNQoRlUqm7NnYOsEq8gVSjQHFS++qFiWcwTZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zNKExN34+v3ZKzq0SkkhpWwmSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz0WSZsgTtlgUZZKgIrPXSSg0ZygnllCmhb2VsBHVlKENqGxD8JZfXiXtes27rNXvr6oNt4ijBKdwBhfgwTU04A6a0AIGj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AqjuPIQ==</latexit>··· <latexit sha1_base64="QIy2kXFFE3HxGqDJq22VH/1PFZM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7rNQoRlUqm7NnYOsEq8gVSjQHFS++qFiWcwTZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zNKExN34+v3ZKzq0SkkhpWwmSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz0WSZsgTtlgUZZKgIrPXSSg0ZygnllCmhb2VsBHVlKENqGxD8JZfXiXtes27rNXvr6oNt4ijBKdwBhfgwTU04A6a0AIGj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AqjuPIQ==</latexit>

··· <latexit sha1_base64="QIy2kXFFE3HxGqDJq22VH/1PFZM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7rNQoRlUqm7NnYOsEq8gVSjQHFS++qFiWcwTZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zNKExN34+v3ZKzq0SkkhpWwmSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz0WSZsgTtlgUZZKgIrPXSSg0ZygnllCmhb2VsBHVlKENqGxD8JZfXiXtes27rNXvr6oNt4ijBKdwBhfgwTU04A6a0AIGj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AqjuPIQ==</latexit>··· <latexit sha1_base64="QIy2kXFFE3HxGqDJq22VH/1PFZM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7rNQoRlUqm7NnYOsEq8gVSjQHFS++qFiWcwTZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zNKExN34+v3ZKzq0SkkhpWwmSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz0WSZsgTtlgUZZKgIrPXSSg0ZygnllCmhb2VsBHVlKENqGxD8JZfXiXtes27rNXvr6oNt4ijBKdwBhfgwTU04A6a0AIGj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AqjuPIQ==</latexit>

··· <latexit sha1_base64="QIy2kXFFE3HxGqDJq22VH/1PFZM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7rNQoRlUqm7NnYOsEq8gVSjQHFS++qFiWcwTZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zNKExN34+v3ZKzq0SkkhpWwmSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz0WSZsgTtlgUZZKgIrPXSSg0ZygnllCmhb2VsBHVlKENqGxD8JZfXiXtes27rNXvr6oNt4ijBKdwBhfgwTU04A6a0AIGj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AqjuPIQ==</latexit>··· <latexit sha1_base64="QIy2kXFFE3HxGqDJq22VH/1PFZM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YA2lM1m067dZMPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluQA2XIuEtFCh5N9WcxoHknWB8O/M7T1wboZIHnKTcj+kwEZFgFK3U7rNQoRlUqm7NnYOsEq8gVSjQHFS++qFiWcwTZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zNKExN34+v3ZKzq0SkkhpWwmSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz0WSZsgTtlgUZZKgIrPXSSg0ZygnllCmhb2VsBHVlKENqGxD8JZfXiXtes27rNXvr6oNt4ijBKdwBhfgwTU04A6a0AIGj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AqjuPIQ==</latexit>

0
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Figure 11. Cell-type dependent Signal strength polarisation regions for laminar pattern
formation in static bilayer geometries. (a) The left diagram represents the (w1, w2) parameter
space that yields conditions for bilayer laminar patterning. The region above the black line
corresponds to stability of the steady state, where the black line is the upper bound of w1

provided by inequality (3.1) in Theorem 3.1. (Continued on the following page.)
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Figure 11. (Continued.) The blue line is the upper bound of w1 determined from numerical
simulations of the ODE system and the red line is the upper bound for analytical stability of
the heterogeneous steady states provided by inequality (3.4) in Theorem 3.2. Representative
patterns are embedded into the 2D Triangulated lattice. (b) (w1, w2) parameter space
highlighting laminar pattern regions shown in (a) for each static geometry outlined in Table 1
with example simulation results shown in (c) using the 2DM lattice (highlighted). The
magnified region of (w1, w2)-space demonstrates the high density of parameter values with
the capacity to produce laminar patterning, denoted by +, which defines the blue observed
regions in all static lattice simulations. Red points represent the parameter values used in
the example simulations on the right. (w1, w2)-space was discretised into 150× 150 regular
grid lattice for w1 ∈ (0, 0.25] and w2 ∈ (0, 1], resulting in 2.25 × 104 simulations per static
geometry. For further details on static simulations, see Appendix A.

The graph partitioning methods applied here highlight the flexibility of the cellular domain in pattern

formation analysis. Specifically, the only information required is the cell-type neighbourhood composition

for any given cells, independent of the physical dimension. Therefore, we propose such a neighbourhood

composition sensing mechanism could be used by cells to maintain the observed pattern formation in

developing systems where connectivity graphs are not regular and independent on time. That is, adaptive

activator ligand membrane localisation is dependent on current neighbours in contact with the cell.

4.2. Adaptive cell-type dependent signal anisotropy mechanisms using a Notch-Delta lateral-

inhibition model in dynamic bilayer domains.

In section 4.1, analytical and numerical bounds on w1 were derived for the existence and stability of Notch-

Delta polarisation in static bilayer cell domains. Motivated by the consistency of the laminar patterning of

Notch in the developing mammary gland (see Figure 3), we seek to test if the static bounds derived on w1 can

produce the same pattern formation in dynamic domains. In addition, we investigate the efficacy of using a

fixed and adaptive upper bound of w1 to ensure laminar pattern stability in bilayers.

We simulate dynamic cellular domains using cell-based modelling such that each cell is represented as

a point in space equipped with a connectivity radius that corresponds to the cell membrane. We say that

cells are connected if their connectivity regions overlap in space, which generates a connectivity graph as

described in Section 2.2. By embedding small amounts of stochastic motion in addition to spring-like

mechanical properties to a bilayer of cells, we generate a time-dependent stochastic connectivity network that

approximates junction transitions in developing tissues. Furthermore, each node is designated a cell type

which allows for the study of cell-type dependent signal edges for stochastic networks when coupled with the

NDM intracellular kinetics (2.1-2.2). As in the static geometry investigation, each cell-based simulation

is initiated with a bilayer of cells with luminal and basal on the inner and outer surface, respectively,

thereby representing the cell structure of the mammary organoid. For further information on the cell-based

simulations and NDM (2.1-2.2) integration, see Appendix B.
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When transitioning to dynamic domains, we cannot always satisfy the equitable property of the cell-type

partitions PB and PL in the bilayer connectivity graph due to the absence of regularity. Consequently, the

analytical conditions derived in Section 3 cannot be applied at each timestep of the simulations, instead, we

use the static domain inequalities (4.7-4.8) to gain an intuition for ligand activator polarisation conditions

in dynamic geometries to generate and maintain laminar patterns. In particular, we focus on how a cell

responds to the microenvironment via two cell-type signal strength mechanisms: (i) globally fixed values

of w1 and w2 and (ii) a locally adaptive w1 for a globally fixed w2. By investigating these two types of

signal strength mechanisms in the dynamic cellular domains, we can measure the influence of varying cellular

connections on pattern stability as the system evolves. Specifically, we determine efficacy of both pattern

control mechanisms by mean difference in Notch activation between each cell-type, ∆N , and is defined as

∆N =
1

NL

N∑

i

(1− δτ(i),τ(B))Ni −
1

NB

N∑

i

δτ(i),τ(B)Ni, (4.9)

where N is the total number of cells, NL is the number of luminal cells and NB is the number of basal cells.

The function δτ(i),τ(B) is the cell-type Kronecker delta function,

δτ(i),τ(B) =







1 if cell i is a basal cell,

0 if cell i is a luminal cell.
(4.10)

Specifically, ∆N ≈ 1 implies complete laminar patterns of Notch activation, whereas ∆N ≈ 0 is considered

as no consistent laminar patterns between the layers of cells.

The fixed mechanism for w1 (case (i)) is used to represent a high inertia of cellular adaptability to the

local environment of the cell, that is, that transmission strengths are defined at birth. Here, the w1 is set

to agree with the inequalities (4.7) or (4.8), designated as “Fixed β” (Fβ) or “Fixed γ” (Fγ), respectively.

Using the fixed mechanism in dynamics simulations, the Rτ value is defined by the initial connectivity of the

geometry and is constant throughout the simulation.

The adaptive mechanism for w1 (case (ii)) is used to represent a low inertia of cellular response to the

microenviroment. That is, for each cell, w1 is updated at each timestep to satisfy the observed static

inequality (4.8) by determining Rτ,i, i.e. the cell-type composition of the neighbourhood for each cell i (see

Appendix B). We denote this signal strength mechanism “Adaptive γ” (Aγ).

Simulating each signal strength mechanism, Fβ, Fγ, Aγ for 100 hours highlighted that conditions defining

laminar pattern regions in static geometrics, inequalities (4.7) and (4.8), allow for the emergence of laminar

patterns in dynamic cell geometries up to small spatial perturbations, Figure 12a. That is, each mechanism

initially (t < 50h) produced concentric contrasting layers of Notch expression, however, as the bilayer
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geometry became deformed due to the random perturbations of each cell, the definition between layers was

lost by 100 hours (Figures 12a-12c). Thus, information about cell-type signal polarisation is preserved when

partitions of the connected graph are no longer equitable, however, the retained information is insufficient

for the long-term stability of the Notch states.

In terms of pattern intensity and retention, using the Fixed β polarisation mechanism performed the best

(Figure 12a). Though due to the high contrast between layers, the variance in Notch expression quickly

becomes very large once consistent patterning is lost, Figures 12b-12c. The region of (w1, w2)-space, defined

by inequality (4.7), which is sufficient for stability of heterogeneous states between layers of static bilayers is

highly restrictive, such that w1 ≈ 0 for all 2D and 3D geometries. In the context of the mammary bilayer,

the simulation using Fixed β accounts for the situation of no almost Delta ligands are located on the luminal-

luminal and basal-basal interface, again indicating the existence of a Delta inhibition mechanism at these

membranes.

The Fixed γ signalling mechanism produced the least contrast of Notch expression between layers initially

and was quick to lose the consistency of expression, therefore performing the worst out of the signal strength

mechanisms (Figures 12b-12c). However, the Adaptive γ signal strength mechanism yielded the greatest

pattern retention over the total time, highlighted by the lowest variance from ∆N values Figures 12b-12c.

As Adaptive γ allows for w1 ≈ γ (see Figure 12d), this ability of the cell to update signal strength depends

on the local cell-type composition, enables cells to still signal to cells of the same type whilst maintaining

the concentric patterning. This highlights that if homotypic signalling is observed, then cells may be actively

adapting to the microenvironment to stabilise stratification.

Furthermore, using the Adaptive γ signal strength mechanism revealed that there are stricter polarisation

conditions in the basal cells than luminal cells while laminar patterning is maintained, for t < 50h (Figures

12a-12c). Subsequently, by the inverse relationship between the cell-type connectivity and lateral-inhibition

model (Theorem 3.1), the restricted cellular signalling imposed on the basal cells may induce laminar

pattern formation within the luminal cells, whilst allowing for greater luminal-luminal cell communication

(Figure 12d). Moreover, at t ≈ 50h, a basal cell was disconnected from the luminal layer, producing a transient

irregularity for w1 values (bounded above by inequality (4.5)), and therefore initiating the deterioration of

laminar patterning (Figure 12d.)
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Figure 12. 2D dynamic cellular domain simulation results of fixed and adaptive signal
strength polarisation with each simulation using a globally fixed value of w2 = 1. (a) Cell-
based simulations of a cross-section of a bilayer spheroid. The simulations were run for 100
hours, initialised with cell-type stratification (see Figure 15), and ODE initial conditions
xB(0) = [0.1, 0.2]T and xL(0) = [0.2, 0.1]T for basal and luminal cells, respectively. The
colour of each sphere represents the intracellular level of Notch. No noise was introduced to
the ODE systems for Notch and Delta dynamics, the variability in these values presented is
induced from the small spatial perturbations on each cell. (b) Violin plots summarising the
Notch values in (a) over four 25h periods. Shaded regions denote the probability density of
the ∆N values over each period. The black and red lines are the means and medians of the
∆N values, respectively. (c) A plot of the ∆N value for each signal polarity mechanism over
time. Shaded regions represent standard deviations from the mean Notch expression of each
cell type. (d) An additional output plot for the adaptive signalling mechanism demonstrating
the disparity of w1 values for basal and luminal cells over time. Shaded regions represent
standard deviations from the mean w1 of each cell type. For further information on the
cell-based model, see Appendix B.

Cell-based simulations investigating the efficacy of the static geometry polarisation conditions in dynamic

domains were initially conducted on 2D cross-sections of bilayer spheroids. Analysis conducted on static
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geometries suggested that the signal strength conditions on w1 are independent of the physical dimension.

We show in Figures 13a-13b that simulations of 3D spheroids are in agreement with 2D cross-sections, namely,

that both the fixed and adaptive signalling mechanisms are capable of generating laminar patterning but are

unable to retain the definition of the layers for long periods. Due to the increase of cells in the 3D simulations,

the variance of local connectivities is greater as random motion applied was to each cell at every timestep (see

Appendix B). Consequently, the time at which consistent laminar patterning is lost much earlier at t ≈ 20h

(Figure 13b) when using the same parameter values as in the 2D simulations.

1
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Figure 13. 3D cell-based simulation of a bilayer spheroid representing a developing
mammary organoid using examples of the adaptive and fixed signal strength mechanisms.
(a) The simulations were run for 100 hours, initialised with cell-type stratification (see
Figure 15b), and ODE initial conditions xB(0) = [0.1, 0.2]T and xL(0) = [0.2, 0.1]T . The
colour of each sphere represents the intracellular level of Notch. Only half of the spheroids
are visualised to show the dynamics of the internal luminal cells. (b) A plot of the ∆N
value for both Fixed γ and Adaptive γ signal polarity mechanisms over time for the 3D
simulations. Shaded regions represent standard deviations from the mean Notch expression
of each cell-type.

We note that initial spatial conditions are not identical as in the 2D simulations as currently there exists

no solution to map equidistant points that cover the surface of a sphere [37]. We instead use the Fibonacci

spiral method as an approximate solution, though, this produces clustering of cells at the poles of the sphere



36 MOORE, DALE, AND WOOLLEY

[38], and so introduces initial artefacts to cellular connectivity in the simulations which is a possible cause of

the reduced time to pattern degradation.

5. Discussion

We have developed a framework for investigating cell-type dependent juxtacrine signal strength polarisation

conditions for emergence and stability of laminar patterning in symmetric bilayer structures via lateral-

inhibition. Leveraging previous results of graph partitioning on monolayers, we show how the geometry of

the cellular domain has a large impact on the capacity of the system to produce heterogeneity. Moreover,

using this framework, we replace the algebraically demanding process of linear analysis of large multicellular

systems with an exploitation of the spectral properties of the quotient graphs, therefore addressing the

complexity issue discussed in previous juxtacrine pattern analysis studies [31].

In Section 3, we provide necessary and sufficient conditions for the existence of laminar patterns in a

bilayer of cells. Both existence and stability inequalities (3.1) and (3.4) highlight that increasing connectivity

with opposing cell-types allows for larger existence and stability regions in signal strength (w1, w2)-space. In

the context of a bilayer of cells, as global concavity of the structure increases, luminal cells have a greater

probability to connect with more basal cells, thereby relaxing the existence and stability conditions imposed

by Theorem 3.1 and Theorem 3.2 by decreasing Rτ . However, this would violate the symmetry between

partitions required to apply both Theorem 3.1 and Theorem 3.2, hence we propose investigating asymmetric

connections between layers of cells may allow for a relationship between global curvature of the cellular

structure and pattern stability. Specifically, allowing the global connectivity graph to be semi-regular such

that each of the basal and luminal subpopulations retain regular edge structure, though these structures may

differ between the partitions. Subsequently, the semi-regular structures conform with the equitable partition

requirement, thus enabling the analytical study of laminar pattern formation with more authentic cell-cell

interactions, i.e. preserving phenotypes and subpopulation sizes.

In addition, as the signal polarisation constraints, inequalities (3.1) and (3.4), are independent of the

lateral-inhibition model, Theorem 3.1 emphasises the influence of connectivity on pattern formation by

requiring cell-type signal strength heterogeneity. Therefore, in cell-type stratified bilayer geometries such

as those seen in Figure 5, cell-type dependent signal strength polarisation is required for the existence of

heterogeneous steady states, which is independent of the precise intracellular kinetics of the Notch pathway

in the mammary organoid. This indicates the critical role of cellular connectivity in juxtacrine systems as

initially highlighted in [12] and thus the geometry of the cellular domain should be carefully considered in

fine-grain pattern analysis.
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By studying a family of 2D and 3D static cellular domains of varying connectivity, we gain insight into the

emergence and stability of concentric layer pattern formation in dynamic domains. Namely, by employing the

bounds on w1 derived from the static simulations, we were able to generate the laminar patterns in 2D and 3D

bilayer spheroids when imposing random spatial perturbations on each cell. However, these patterns become

unstable as geometry deformation increases, producing disorganised layers of Notch expression even when

using an adaptive polarisation mechanism (Figure 12 and Figure 13). Therefore, the information obtained

from static domains is insufficient to fully characterise the behaviour of the lateral-inhibition model in a

developing mammary organoid.

In this study we assume that the laminar pattern formation is driven purely by signal strength polarisation

between the layers, thus neglecting the effect of the external environment on the biological system. That is,

we neglect the influence of stroma or extracellular matrix and the importance of the lumen to the luminal

cells in supporting the high contrast of Notch expression in vivo and in vitro, respectively [22]. Thus,

applying supplementary boundary conditions in dynamic domains in addition to signal polarisation may

achieve laminar patterning, invariant to morphological perturbations.

Furthermore, we note that the parameters chosen for the cell-based simulations were selected to preserve

a bilayer structure while perturbing the neighbourhood composition of each cell. Consequently, in Section

4.2 we highlight the sensitivity of our pattern analysis methods to the mechanical properties of the cells,

specifically in the instance of a bilayer disconnect resulting in sudden dissipation of laminar patterns (Figure

12). As cell-based models were used to demonstrate the limitations of static pattern analysis of developing

systems, more appropriate methods of neighbourhood composition perturbations, such as stochastic edge

structure in fixed vertex networks, should be employed to rigorously analyse the effect of cell-type composition

fluctuations on global pattern convergence and the development of pattern control mechanisms [39].

Applying the analytical polarisation conditions of Theorem 3.1 and Theorem 3.2 to the context of a

mammary organoid using the Collier et al. (1996) NDM we revealed that if patterns are to be experimentally

observed then we require almost no juxtacrine communication between cells within the same layer. A plausible

process to address the polarisation of Notch activators may involve Cadherins [40], which are transmembrane

proteins that mediate cell-cell adhesions. Differential expression of cadherins (E-cadherins are associated with

luminal cells and P-cadherins are associated with the basal cells) are suggested to promote self-organisation

to form bilayer structures in the mammary gland via cellular affinity to homophilic interactions [40]. There is

growing evidence for an inverse relationship between Notch and E-cadherins in biological systems, including

mammary epithelia [41–43]. In addition, it has been verified that E-cadherins located between luminal cells

promote lumen formation during mammary organoid development [44]. Therefore, we propose that there
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exists a Cadherin adhesion-dependent Notch inhibition mechanism that promotes the localisation of Delta

ligands on the luminal-basal interface (Figure 14).

Luminal cells
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Basal cells
<latexit sha1_base64="xbxmIpnJApQ7FWuoSkQKsYboH6A=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBT0GvXiMYB6QLGF20psMmX0w0ysJS37FiwdFvPoj3vwbJ8keNLGgoajqprvLT6TQ6DjfVmFjc2t7p7hb2ts/ODyyj8stHaeKQ5PHMlYdn2mQIoImCpTQSRSw0JfQ9sd3c7/9BEqLOHrEaQJeyIaRCARnaKS+Xe4hTDC7ZZpJykFKPevbFafqLEDXiZuTCsnR6NtfvUHM0xAi5JJp3XWdBL2MKRRcwqzUSzUkjI/ZELqGRiwE7WWL22f03CgDGsTKVIR0of6eyFio9TT0TWfIcKRXvbn4n9dNMbjxMhElKULEl4uCVFKM6TwIOhAKOMqpIYwrYW6lfMQU42jiKpkQ3NWX10mrVnUvq7WHq0rdyeMoklNyRi6IS65JndyTBmkSTibkmbySN2tmvVjv1seytWDlMyfkD6zPHzmJlIA=</latexit>

Cadherin junctions
<latexit sha1_base64="t0jvUqWg6fiM5X4FoMLSMpZKY5o=">AAACAnicbVA9SwNBEN2LXzF+Ra3EZjEIVuEuCloG0lhGMB+QhLC3mSRr9vaO3TkxHMHGv2JjoYitv8LOf+NekkITHww83pthZp4fSWHQdb+dzMrq2vpGdjO3tb2zu5ffP6ibMNYcajyUoW76zIAUCmooUEIz0sACX0LDH1VSv3EP2ohQ3eI4gk7ABkr0BWdopW7+qI3wgEmF9YaghaJ3seKpYybdfMEtulPQZeLNSYHMUe3mv9q9kMcBKOSSGdPy3Ag7CdMouIRJrh0biBgfsQG0LFUsANNJpi9M6KlVerQfalsK6VT9PZGwwJhx4NvOgOHQLHqp+J/XirF/1UmEimIExWeL+rGkGNI0D9oTGjjKsSWMa2FvpXzINONoU8vZELzFl5dJvVT0zoulm4tC2Z3HkSXH5IScEY9ckjK5JlVSI5w8kmfySt6cJ+fFeXc+Zq0ZZz5zSP7A+fwBDV6Xyw==</latexit>

Notch
<latexit sha1_base64="YiXckzDmMvlWhl5Ca3IzptNYNhU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF09SwX5AE8pmu22XbjZhdyKW0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDPz249cGxGrB5wkPIjoUImBYBSt5PvInzC7i5GNpr1yxa26c5BV4uWkAjkavfKX349ZGnGFTFJjup6bYJBRjYJJPi35qeEJZWM65F1LFY24CbL5zVNyZpU+GcTalkIyV39PZDQyZhKFtjOiODLL3kz8z+umOLgOMqGSFLlii0WDVBKMySwA0heaM5QTSyjTwt5K2IhqytDGVLIheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAsNaAKDBJ7hFd6c1Hlx3p2PRWvByWeO4Q+czx+SdZH5</latexit>

Delta
<latexit sha1_base64="ryER/EZQ8s+xGwOf0VG+UhipHM8=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QhLLZTtulm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzIDUihookAJnUQDi0IJ7XB8M/Pbj6CNiNUDThIIIjZUYiA4Qyv5PsITZrcgkU175Ypbdeegq8TLSYXkaPTKX34/5mkECrlkxnQ9N8EgYxoFlzAt+amBhPExG0LXUsUiMEE2v3lKz6zSp4NY21JI5+rviYxFxkyi0HZGDEdm2ZuJ/3ndFAfXQSZUkiIovlg0SCXFmM4CoH2hgaOcWMK4FvZWykdMM442ppINwVt+eZW0alXvolq7v6zU3TyOIjkhp+SceOSK1MkdaZAm4SQhz+SVvDmp8+K8Ox+L1oKTzxyTP3A+fwB21pHn</latexit>

Figure 14. Proposed spatial distribution of Notch, Delta and Cadherin junctions within
a developing mammary organoid. Due to the adhesion required to maintain the bilayer
structure with a hollow lumen, tight junctions form, inhibiting the function of the membrane-
bound Notch receptors and Delta ligands between cells in the same layers.
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Appendix A. Methods for static lattice simulations

The 2D fixed lattice geometries were considered as a 6 cell system, split equally as luminal and basal cells

as demonstrated in Figure 5a. This cyclic geometry generates a system of 12 ODEs that were coupled via

the scaled adjacency matrix (1/Nw)W as previously discussed in Section 2.2. Similarly, 3D fixed geometries

were treated as a cyclic 18 cell system and therefore producing a system of 36 ODEs. For both 2D and

3D geometries, the ODE systems were solved numerically using the ode45 function in Matlab 2019b. The

simulations were solved for 100 hours. If all solutions varied less than 1×10−4 over four consecutive iterations,

then we assume that the system was considered to have converged to a steady-state. We note that all

simulations presented in this study satisfied the convergence criteria.

To determine if the luminal and basal layers have converged to contrasting states of Notch-Delta expression,

the mean value of Delta expression was taken from each layer of cells. Explicitly, let dj denote the mean final

Delta values in each layer of cells, such that,

dj =
2

N
N∑

i

Di,j , (A.1)

where N is the total number of cells in the system. The difference ∆d = |d1 − d2| indicates the existence of

laminar bilayer pattern formation. Note that using Notch as the pattern indicator variable has an identical

effect due to the inverse relationship of Notch and Delta. We considered the system to have achieved a

laminar bilayer pattern if ∆d was greater than a prescribed tolerance, δ > 0.
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The static simulation parameter sweeps for w1 and w2 where conducted over a discretised 150×150 regular

grid lattice for w1 ∈ (0, 0.25] and w2 ∈ (0, 1], resulting in 22500 simulations per static geometry. In all static

lattice simulations, we choose a = 0.01, b = 100, µN = µD = 1, s = 1 and r = 2 as parameter values for the

NDM (2.1-2.2), as previously defined [10].

Appendix B. Methods for lattice free simulations using a cell-based model

Cell-based simulations were carried out using Chaste v2019.1 (Cancer, Heart and Soft Tissue Environment)

[45], where the Overlapping Spheres (OS) framework was used to enable seamless transition between 2D and

3D geometries. In addition, it has been previously demonstrated that OS models are highly applicable to

study short ranged signal-reaction networks in cellular systems due to the mechanical methods used to define

cellular contact [46]. Cells are connected by a mechanical force which is proportional to the region of overlap

of spheres defined around each cellular node, see Figure 15. Here, we used the OS force model as defined in

[47], where, the displacement of two nodes representing cell centres is represented by the vector rij = ri − rj

and the force between the cells is defined by,

Fij(t) =







ηijsij(t)r̂ij(t) log
(

1 +
||rij(t)||−sij(t)

sij(t)

)

, for ||rij(t)|| < sij(t),

ηij (||rij(t)|| − sij(t)) r̂ij(t) exp
(

−kc
||rij(t)||−sij(t)

sij(t)

)

, for sij(t) ≤ ||rij(t)|| < rmax,

0, for ||rij(t)|| > rmax,

(B.1)

where ηij , sij(t) > 0 are the spring constant and rest length between cells i and j. r̂ij(t) corresponds to

the unit vector of rij(t) and kc defines the decay of force between the cells. Upon cellular division, the rest

length sij(t) of both parent and daughter cells are set to sdivij = sij(t)/2 and will tend back to sij(t) in finite

time as the cell grows. In all simulations, random motion was introduced to each cell to stimulate a dynamic

cellular domain. The random motion was implemented by an additional force acting on each cell node at

each timestep,

F rand =

√

2ξ

∆t
ν, (B.2)

where ξ is a constant defining the size of random perturbation, ν is a vector of samples from a standard

multivariate normal distribution and ∆t the timestep of the simulation, as previously defined [46]. The

resultant force acting on cell i is defined by,

F res
i (t) = F rand

i +

Ni∑

j

Fij(t), (B.3)

for Ni is the number of cells within the cut-off distance, rmax. Using this resultant force acting upon each cell,

we relate this to cellular movement using the assumption that the inertia terms are small in comparison to
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the dissipative terms acting upon the cell. This is because both in vivo and in vitro cells move in dissipative

environments with small Reynolds number [48], thus the position of each cell is governed in the Aristotelian

regime, such that the velocity of a cell is proportional to the force acting on it. Namely, the spatial dynamics

of each cell is determined by,

ν
dri
dt

= F res
i (t), (B.4)

where ν > 0 denotes the damping constant of the spring force. Equation (B.4) is solved using the simple

forward Euler method to determine the location of each cell at each timestep, ∆t, see Table 2 [49].

Figure 15. The cell-based model using the Overlapping Spheres framework. (a) A
schematic of the mechanical dynamics that determines the motion of a cell using the
Overlapping Spheres framework. The mechanical force acting on each cell is proportional to
the region of overlapped space between any two nodes which are the centre of spheres with
radius rc. The mechanical force between cells i and j can be interpreted as a spring force
and due to the relevantly low viscosity of the medium, it is assumed that the motion of each
cell is governed in an Aristotelian regime, that is, the force is directly proportional to the
velocity of the cell. (b) An example of the 2D initial spatial conditions when simulating the
bilayer spheroid. The colours of the cells denote cell types, where the blue and orange cells
are the basal and luminal cells respectively. The present example has a spheroid radius of 3
cell diameters (CD).

Simulations were initialised with a bilayer structure, see Figure 15b. Basal and luminal cell types were

considered to be mechanically identical to isolate the effects of neighbourhood cell-type composition on Delta

patterning. Cells were assumed to not proliferate in both 2D and 3D simulations, this was done to control

the spatial organisation of cell types in each layer.

The NDM (2.1-2.2) was integrated into each cell in the population and was solved using the explicit

Runge-Kutta45 method [49], which is built into the Chaste software. At every timestep, each cell would

sweep through the population to determine the connectivity neighbourhood, which is defined by all nodes

within a radius of ρc, as in the fixed geometry simulations. In the simulations presented here, we assume the

connectivity radius, ρc, is equal to the mechanical cut-off length, rmax. Once a cellular neighbourhood has

been determined for each cell, the average Delta is calculated using equation (2.7), and then updated in the
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state variables to be used to solve the next timestep of the NDM (2.1-2.2). In all dynamic lattice simulations,

we choose a = 0.01, b = 100, µN = µD = 1, s = 1 and r = 2 as parameter values for the NDM (2.1-2.2), as

previously defined [10].

The seeds used to initialise the generation of the pseudo-random numbers were fixed for all simulations to

compare signal strength parameters on dynamic domains. In addition, w2 = 1 was fixed for each comparison

simulation. Parameter values used in all cell-based simulations can be found in Table 2.

Parameter Description Value Units Reference
ttot Total simulation time 100 h -
∆t Timestep 0.01 h -
ηij Spring constant 25∗ NCD−1 -
sij Spring rest length 1 CD -
rmax Force cut-off length 3/2∗ CD -
kc Decay of force 5 Dim’less [47]
ξ Random motion perturbation 0.0025∗ Dim’less -
ν Damping constant 1 NhCD−1 [50]

Table 2. Table of parameters used in each cell-based simulation. The unit of length CD
refers to the fixed cell diameter used in simulations. * indicates parameter values tuned for
bilayer structure maintenance, the rest of the simulation parameters used in this study were
extracted from [46].
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