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Abstract

This thesis presents a theoretical study of static and dynamic inflation, and fi-
nite amplitude oscillatory motion of inhomogeneous spherical shells and cylin-
drical tubes of stochastic hyperelastic material. These bodies are deformed by
radially symmetric uniform inflation, and, in the dynamic case, are subject to
either a surface dead load or an impulse traction, applied uniformly in the radial
direction. We consider composite shells and tubes with two concentric stochas-
tic homogeneous neo-Hookean phases, and inhomogeneous bodies of stochastic
neo-Hookean material with constitutive parameters varying continuously in the
radial direction. For the homogeneous materials, we define the elastic parameters
as spatially-independent random variables, while for the radially inhomogeneous
bodies, we take the parameters as spatially-dependent random fields, described by
Gamma probability density functions. Under radially symmetric dynamic defor-
mation treated as quasi-equilibrated motion, we show that these bodies oscillate,
i.e., their radius increases up to a point, then decreases, then increases again,
and so on, and the amplitude and period of the oscillations are characterised by
probability distributions, depending on the initial conditions, geometry, and the

probabilistic material properties.
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Chapter 1

Introduction

Extensive studies of oscillatory motions of cylindrical or spherical shells of lin-
ear elastic material have been driven by a wide range of industrial applications
[5,6,20,31]. In contrast, time-dependent finite oscillations of cylindrical tubes and
spherical shells of nonlinear elastic material have received less attention. Inter-
nally pressurised hollow cylinders and spheres are relevant in many biological and
engineering structures [3,11,30,52-54, 72].

The first experimental observations of inflation instabilities in cylindrical and
spherical balloons of rubber-like material were reported in [75]. Cylindrical tubes
of homogeneous isotropic incompressible hyperelastic material subject to finite
symmetric inflation and stretching were analysed for the first time in [105]. For
elastic spherical shells, finite radially symmetric inflation was investigated first
in [47], then in [2,114]. For both elastic tubes and spherical shells, in [26], it was
shown that, depending on the particular material and initial geometry, the internal
pressure may increase monotonically, or increase and then decrease, or increase,
decrease, and then increase again. Further studies examining these deformations
for different constitutive descriptions can be found in [9, 44,94, 141]. Localised
bulging in long inflated isotropic hyperelastic tubes of arbitrary thickness was
modelled and analysed within the framework of nonlinear elasticity in [34, 37,38,

55,138).



Large amplitude oscillations of spherical shells and tubes of homogeneous
isotropic incompressible nonlinear hyperelastic material were formulated as spe-
cial cases of quasi-equilibrated motions in [132]. These are the class of motions
for which, at every time instant, the deformed configuration is a possible static
configuration under the given forces.

Free and forced axially symmetric radial oscillations of infinitely long, isotropic
incompressible cylindrical tubes, with arbitrary wall thickness, were described for
the first time in [68,69]. For spherical shells, oscillatory motions were derived anal-
ogously in [56,70,135]. For the combined radial-axial large amplitude oscillations
of hyperelastic cylindrical tubes, in [109], the surface tractions necessary to main-
tain the periodic motions were discussed, and the results were applied to a tube
sealed at both ends and filled with an incompressible fluid. The dynamic defor-
mation of cylindrical tubes of Mooney-Rivlin material [92,106] in finite amplitude
radial oscillation was obtained in [109,111,112]. Theoretical and experimental
studies of cylindrical and spherical shells of rubberlike material under external
pressure were presented in [137]. The finite amplitude radial oscillations of ho-
mogeneous isotropic incompressible hyperelastic spherical and cylindrical shells
under a constant pressure difference between the inner and the outer surface were
studied theoretically in [25].

In [60], the dynamic problem of axially symmetric oscillations of cylindri-
cal tubes of transversely isotropic incompressible material, with radial transverse
isotropy, was considered. The dynamic deformation of a longitudinally anisotropic
thin-walled cylindrical tube under radial oscillations was obtained in [110]. Ra-
dial oscillations of inhomogeneous thick-walled cylindrical and spherical shells of
neo-Hookean material, with a material parameter varying continuously along the
radial direction, were examined in [35].

In [4], for pressurised homogeneous isotropic compressible hyperelastic tubes

of arbitrary wall thickness under uniform radial dead-load traction, the stability of
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the finitely deformed state and small radial vibrations about this state were treated
using the theory of small deformations superposed on large elastic deformations,
while the governing equations were solved numerically. In [134], the dynamic in-
flation of hyperelastic spherical membranes of Mooney-Rivlin material subjected
to a uniform step pressure was considered, and the absence of damping in these
models was discussed. It was concluded that, as the amplitude and period of os-
cillations are strongly influenced by the rate of internal pressure, if the pressure
was suddenly imposed and the inflation process was short, then sustained oscil-
lations due to the dominant elastic effects could be observed. For many systems
under slowly increasing pressure, strong damping would typically prevent oscilla-
tory motion [29]. The dynamic response of incompressible hyperelastic cylindrical
and spherical shells subjected to periodic loading was examined in [103,104].

Radial oscillations of cylindrical tubes and spherical shells of Mooney-Rivlin
and Gent hyperelastic materials were analysed in [17,18], for both thick-walled and
thin-walled structures. It was found that, generally, both the amplitude and period
of oscillations decrease when the stiffness of the material increases. The influence
of material constitutive law on the dynamic behaviour of cylindrical and spherical
shells was investigated also in [10,12,108,140] where the results for Yeoh [139] and
Mooney-Rivlin material models were compared. In [21], the static and dynamic
behaviour of circular cylindrical shells of homogeneous isotropic incompressible
hyperelastic material modelling arterial walls were considered. In [116], the non-
linear static and dynamic behaviour of a spherical membrane of neo-Hookean or
Mooney-Rivlin material, subject to a uniformly distributed radial pressure on the
inner surface, was analysed, and the influence of the material constants was dis-
cussed.

However, deterministic approaches, which are based on average data values,
can greatly underestimate or overestimate mechanical responses, and stochastic

representations accounting also for data dispersion are needed to improve assess-
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ment and predictions [40,59,67,98,100,121,129].

Recently, radial oscillations of cylindrical and spherical shells of hyperelastic
material, treated as quasi-equilibrated motions, were reviewed and extended to
stochastic hyperelastic bodies in [83,91]. Namely, spherical and cylindrical shells
of stochastic isotropic incompressible hyperelastic material were analysed in [83]
where particular attention was given to the periodic (oscillatory) motion and time-
dependent stresses taking into account the probabilistic model parameters. In [91],
the cavitation and finite amplitude oscillations under radially symmetric finite
deformation of homogeneous and radially inhomogeneous spheres of stochastic
hyperelastic material was studied analytically.

Stochastic hyperelastic models are described by strain-energy densities with
the parameters characterised by probability density functions (see [50,51,124—128]
and also [36,88]). These are advanced phenomenological models that rely on the
finite elasticity theory and on the notion of entropy [62-64,113,122] to enable the
propagation of uncertainties from input data to output quantities of interest [120].
They can be also combined with Bayesian approaches [16,80] for model selection
(36,88, 98,107].

For stochastic homogeneous incompressible hyperelastic bodies, the effect of
probabilistic model parameters on predicted mechanical responses was demon-
strated theoretically on the various instability problems: the static cavitation of a
sphere under uniform tensile dead load [84], the inflation of pressurised spherical
and cylindrical shells [82], the classic problem of the Rivlin cube [89], the rota-
tion and perversion of stochastic incompressible anisotropic hyperelastic cylindri-
cal tubes [90]. In [84], in addition to the well-known case of stable cavitation
post-bifurcation at the critical dead load, it was shown, for the first time, the exis-
tence of unstable (snap) cavitation for some (deterministic or stochastic) isotropic
incompressible materials satisfying Baker-Ericksen inequalities [14]. These prob-

lems, for which the elastic solutions are obtained explicitly, can offer significant
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insight into how the uncertainties in input parameters are propagated to output
quantities.

A similar stochastic methodology was developed to study instabilities in liquid
crystal elastomers in [86,87]. To investigate the effect of probabilistic parameters in
the case of more complex geometries and loading conditions, numerical approaches
have been proposed in [127,128].

The scope of this thesis is to extend the analysis of [83,91] to large strain defor-
mations and oscillatory motions of inhomogeneous cylindrical tubes and spherical
shells of stochastic hyperelastic material. Chapter 2 provides a summary of the
stochastic elasticity prerequisites, and introduces the notion of quasi-equilibrated
motion. Chapters 3 and 4 present an analysis of radially symmetric deformations of
composite cylindrical tubes and spherical shells, respectively, with thin walls con-
sisting of two concentric homogeneous stochastic neo-Hookean phases. Chapter 5
is devoted to the analysis of finite amplitude oscillations of a composite formed
from two concentric homogeneous tubes of different stochastic neo-Hookean ma-
terial, and of inhomogeneous tubes with radially varying material properties. For
spherical shells, a similar analysis is carried out in Chapter 6. Results are sum-
marised and concluding remarks are drawn in the last chapter. Some of these

results were published in [81].
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Chapter 2

Prerequisites

In this chapter, we summarise fundamental elements of finite elasticity and proba-
bility theory, which are then combined to produce stochastic finite elasticity. This
is the main theoretical framework for this thesis. We also include a summary
of the cylindrical and spherical polar coordinate systems, which are extensively
used in the following chapters. Classical texts on the theory of nonlinear elasticity
include [13,48,99,133]. A comprehensive review on nonlinear elastic material pa-
rameters is provided in [85]. The elasticity theory is applied to biological growth
in [43], and to engineering problems in [57]. A recent introductory text focus-
ing on linear elasticity, plasticity, viscoelasticity, and coupled field theories, such
as thermoelasticity, chemoelasticity, poroelasticity, and piezoelectricity, with two
chapters devoted to finite elasticity is [8]. For probability theory, we refer to [49].

Relevant books on uncertainty quantification in solids are [32,33,121].

2.1 Finite elasticity

The main objective of finite elasticity is to predict reversible mechanical changes
that occur in solid material bodies under internal or external forces. The following

are preliminary concepts in nonlinear finite elasticity.

Definition 2.1.1 A finite elastic deformation of the body from the reference con-
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2.1. FINITE ELASTICITY

figuration By to the current configuration B is defined by a one-to-one, orientation-
PTresServing mapping

x: 2 — R (2.1)

We denote

z = x(X), (2.2)

where X is the Lagrangian variable, for the reference configuration, and x is the
Eulerian variable, for the deformed configuration. The one-to-one condition on
Q) guarantees that interpenetration of matter is avoided. However, self-contact on

the body’s surface is permitted, hence, this transformation need not be injective on

Q (see Figure 2.1).

0-0

Figure 2.1: Schematic of an elastic body in the reference state (left) and the
deformed state with self-contact (right).

Definition 2.1.2 The first derivative of the deformation x with respect to the

reference configuration, known as the gradient tensor, is defined as follows,

Ox1/0X1 O0x1/0Xs Ox1/0X3
F=Vyx=Grad x = [0y,/0X, 0x2/0Xs Ox2/0X3] - (2.3)
8X3/8X1 8X3/8X2 8X3/8X3
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2.1. FINITE ELASTICITY

This has a positive determinant, i.e., J = det F > 0 on ). The deformation
gradient F measures local changes in distance, while the Jacobian J measures vol-
umetric changes. Changes in areas are measured by the cofactor Cof F = JF T,
where “T'” denotes the transpose and “—T7 the inverse of the transpose, or equiv-

alently, the transpose of the inverse.

Definition 2.1.3 The displacement field is defined by

uX)=z— X (2.4)

and its gradient is equal to

Vu=Grad u=F— I, (2.5)

where I = diag(1,1,1) is the identity tensor.

Definition 2.1.4 The following tensors are symmetric and positive definite by
construction: the right Cauchy-Green tensor C = F' F, and the left Cauchy-Green

tensor B = FF'.

Definition 2.1.5 The principal invariants satisfy

I(B) =trB = I,(C), (2.6)
I(B) = %[(u«B)2 —tr(B?)] = tr(Cof B) = I,(C), (2.7)
I3(B) = det B = I3(C), (2.8)

where Cof F = (det F) F~T is the cofactor of the tensor F and det F is the de-

terminant. FEquivalently, the principal invariants can be expressed in terms of the
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2.1. FINITE ELASTICITY

principal stretches as follows:

L(B) = X} + A3 + A3, (2.9)
L(B) = N)\3 + A3A5 + A3AT, (2.10)
I;(B) = M\ (2.11)

Definition 2.1.6 A homogeneous material is a material for which there exists
a reference configuration such that all of the material particles respond in the
same way to the deformations described with respect to this configuration, i.e., the

material properties are independent of position.

Definition 2.1.7 An isotropic material is a material that has the same mechan-

1cal behaviour in all directions.

Definition 2.1.8 An incompressible material is a material that can undertake

only volume preserving (isochoric) deformations, for which J = 1.

Definition 2.1.9 Hyperelastic materials, or Green elastic materials, are the class
of elastic material models that are described by a strain energy density function.
In particular, for homogeneous isotropic hyperelastic materials, having the same
properties in all directions, the strain-energy function depends only on the defor-

mation gradient F, i.e.,

W = W(F). (2.12)

These strain-energy functions are usually assumed to be equal to zero in the refer-

ence configuration, i.e., W (I) = 0.

Definition 2.1.10 The Cauchy stress tensor of a homogeneous isotropic incom-

pressible hyperelastic material takes the form

oW
T = J’la—FFT —pl=—pI+ BB+ B3_B " (2.13)
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2.1. FINITE ELASTICITY

where p 1s the Lagrange multiplier associated with the incompressibility condition

(Is=1), and

2 OW ow
= o By = —2/I;— (2.14)

o)) o,
are scalar functions of the principal invariants. This stress tensor is symmetric,
and is co-axial (i.e., it has the same eigenvectors) with the left Cauchy-Green ten-
sor B. The physical interpretation of the Cauchy stress tensor is that it represents

the internal force per unit of deformed area acting within the solid.

Definition 2.1.11 The first Piola-Kirchhoff stress tensor of a homogeneous isotropic

incompressible hyperelastic material is defined by

ow

P=JTF ' ="—
/ OF

—pF T, (2.15)

This stress tensor is not symmetric in general, and the physical interpretation of
this stress tensor is that it represents the internal force per unit of reference area
acting within the deformed solid. Its transpose P! is known as the nominal (or

engineering) stress tensor.

Definition 2.1.12 The second Piola-Kirchhoff stress tensor of a homogeneous

1sotropic incompressible hyperelastic material is defined by

S=F'P= JFlTFT:2g—MC/—p01. (2.16)

This stress tensor is symmetric, and is coaxial with the right Cauchy-Green tensor

C.

When the displacement is infinitesimally small, the Cauchy stress tensor and

the two Piola-Kirchhoff stress tensors coincide.
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2.2. QUASI-EQUILIBRATED MOTION

2.2 Quasi-equilibrated motion

For the large strain dynamic deformation of an elastic solid, Cauchy’s laws of mo-
tion (balance laws of linear and angular momentum) are governed by the following

Eulerian field equations [133, p. 40],

px = div T + pb, (2.17)

T =17, (2.18)

where p is the material density, which is assumed constant, x = x(X,¢) is the
motion of the elastic solid, with velocity x = 0x(X,t)/0t and acceleration x =
D*x(X,t)/0t*, b = b(x,t) is the body force, T = T(x,t) is the Cauchy stress

tensor, and the superscript 1" defines the transpose.

Definition 2.2.1 [133, p. 208] A quasi-equilibrated motion, x = x(X,t), is the
motion of a homogeneous incompressible elastic solid subject to a given body force,
b= b(x,t), whereby, for each value of t, * = x(X,t) defines a static deformation

that satisfies the equilibrium conditions under the body force b = b(x,t).

Theorem 2.2.2 [133, p. 208] (see also [83] for a proof) A quasi-equilibrated
motion, x = x(X,t), of a homogeneous incompressible elastic solid subject to a
given body force, b = b(x,t), is dynamically possible, subject to the same body force,
if and only if the motion is circulation preserving with a single-valued acceleration
potential &, i.e.,

T = —grad . (2.19)

For the condition (2.19) to be satisfied, it is necessary that

curl = 0. (2.20)
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2.3. POLAR SYSTEMS OF COORDINATES

Then, the Cauchy stress tensor takes the form
T=—pcl+ TV, (2.21)

where T s the Cauchy stress for the equilibrium state at time t and I =
diag(1,1,1) is the identity tensor. In this case, the stress field is determined by
the present configuration alone. In particular, the shear stresses in the motion are

the same as those of the equilibrium state at time t.

2.3 Polar systems of coordinates

2.3.1 Cylindrical Coordinates

We denote by (7,0, z) the cylindrical polar coordinates consisting of the radius
r € [0,00], the azimuth 6 € (—m, 7], and the height z € (—o00,00), and the
associated basis vectors by (e, ep,e,). The cylindrical coordinates are defined
with respect to a set of Cartesian (rectangular) coordinates (z,y,z), with the

basis vectors (e,, ey, e,), and the two sets of coordinates are related as follows,
xr =rcosb, y =rsinf, z =z,

and

r=+z%+y>? Hzarctang, z=z.
T

Their corresponding basis vectors are related by
e, =e,costl —epsinb, e, = e,sinf + egcos b, e, =e,,
and

e, = e, cost +e,sinb, eyg = —e,sint + e, cos 0, e, —e,.
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2.3. POLAR SYSTEMS OF COORDINATES

For time-dependent systems, we have r = r(t), 8 = 0(t) and z = z(t), where ¢
denotes the time variable, and differentiating the cylindrical basis vectors with

respect to time gives
e, =fey, ép=—0e,, &, =0.
The position, velocity and acceleration in cylindrical coordinates are, respectively,

P =re, + ze,,
p=re.+ T9e9 + ze,,

p= <7’ — r9'2> e, + (ré + 27*9'> ey + Ze..

The gradient of a scalar function f in cylindrical polar coordinates is

of, ,10f Of

VIi=gret g% " 3,

The divergence of a vector field f = (f,, fs, fz)T is

_19(f) 190, O

vt r or r 00 0z

The curl of a vector field £ = (f,, fo, fZ)T is

C(10f. 0, of,  df. 1 /00 fy) O,
V”‘(Fae‘&%”(&‘m)eﬁF(W_%)ez'

2.3.2 Spherical Coordinates

We denote by (r,6,¢) the spherical polar coordinates consisting of the radius
r € [0,00], the azimuth 6 € (—m, x|, and the inclination ¢ € [0,7], and the
associated basis vectors by (e,, ey, es). The spherical coordinates are defined with

respect to a set of Cartesian coordinates (x,y, z), with the basis vectors (e,, e, e.),
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2.3. POLAR SYSTEMS OF COORDINATES

and the two sets of coordinates are related as follows,
x = rcosfsin @, y = rsinfsin ¢, Z = 1Cos @,

and

z
r =2+ y>+ 22, 0= arctany, ¢ = arccos—.
x r
Their corresponding basis vectors are related as follows,
e, = €,cosfsin¢g — eysinb + e, cos b cos ¢,

e, = e, sinfsin ¢ + e cos 0 + e, sin d cos ¢,

e, = €,C08 ) — €4sin o,
and

e, = e, coslsing + e, sinfsin ¢ + e, cos ¢,
eyp = —e,sinf + e, cosl,

e, = €, cos b cos ¢ + e, sinb cos ¢ — e, sin .

For time-dependent systems, r = r(t), § = 0(t) and ¢ = ¢(t), and differentiating
the spherical basis vectors with respect to time gives

e = <9 sin (b) ey + ¢e¢,,

€ = — <9 sin gb) e, — (9 oS gb) ey,

€y = —gz.ﬁer + (0 cos gb) €ey.
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2.4. PROBABILITY THEORY

The position, velocity and acceleration in spherical coordinates are, respectively,

p = re,

p = re.+ <r9 sin ¢> ey + réed,,
<1’”’ — rf?sin® ¢ — T(b2) e,

+ <r9 sin ¢ + 270 sin ¢ + 27’995 COS qb) e
<rq5 + 27’"@{5 — rf%sin ¢ cos gzﬁ) €s.

The gradient of a scalar function f in spherical polar coordinates is

_af 18f 1 of
Vf—a et 30 +rsin9%e¢'

The divergence of a vector field f = (f,, fo, f¢,)T is

1 o(r*f) 1 Ofy 1 O(fssinb)
v'f_ﬁ or +rsin9w+rsin0 oy

The curl of a vector field £ = (f,, fo, f¢)T is

1 [0Uesing) 9f) . 1[ 1 9L 0(f)
VXf_rsine[ 90 E)gb} F[smeaqs_ ar |
+1{0(rf9) afr}
r or 00

2.4 Probability theory

Definition 2.4.1 A probability space is a mathematical model of an experiment
characterised by a triple (©,F, P), where © is the space of possible outcomes, or
the sample space, with each outcome being the result of a single experimental test,
F is a collection of events, with each event being a subset of ©, and P : F — [0, 1]
1 a function that assigns probabilities to individual events, such that events that
almost certainly will not happen have probability 0, and events that will happen

almost surely have probability 1.
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2.4. PROBABILITY THEORY

Definition 2.4.2 Given a probability space (©, F, P), a random variable is a real-
valued function, X : © — R, mapping a sample space © into the real line R, such
that (X <z)={0€© : X(0) <z} e F, for every real number x € R. For any
fizred 0 € O, the deterministic value X (0) € R is called a realisation, or a sample,

of the random variable X. The corresponding (cumulative) distribution function

is Fx : R — [0, 1], defined by Fx(z) = P(X < z).

Definition 2.4.3 The random variable X s called continuous if there exists a
non-negative function fx : R — [0,00), such that the corresponding cumulative

distribution function takes the form
Fx(z)=P(X <z)= / fx(u)du, r € R.

The function fx is called the probability density function (pdf) of X.

Definition 2.4.4 The random wvariable X is called discrete if the range of its
possible values is a countable set {x1,xo,...} C R. Its distribution function takes

the form

i i<z

Definition 2.4.5 A random vector of length n is a vector X = (X1, Xo, ..., X)),
where, X; : © — R is a random variable, for all i = 1,2,...n. The corre-
sponding joint distribution function is a function Fx : R" — [0,1], given by
Fx(xi,29,...,2,) = P(Xy < 21, Xo < 29,.., X, < 2,). If ¢ = (21,29,...,2,),

then the joint probability function can be written in the form Fx(x) = P(X < x).

Definition 2.4.6 The random variables X, Xo, ..., X,, are called jointly continu-
ous if there ezists a joint non-negative function fx(x), with X = (X1, Xs, ..., Xp)
and = (1, Xa, ..., ), such that the corresponding distribution function takes the

form

Tn 2 1
Fx(x) :/ / / Fx(uy, ug, ...y up)dugdus...duy, e R"
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2.4. PROBABILITY THEORY

The function fx is called the joint probability density function of X1, Xo, ..., X,,.

Definition 2.4.7 The random variables X1, X5, ..., X,, are called jointly discrete
if the range of its possible values of the random vector X = (X1, X, ..., X,,) is a

countable subset of R™. Its joint distribution function takes the form
Fx(m)= ) P(X=a").
i<

Definition 2.4.8 The random variables X1, Xo, ..., X,, are independent if the events

(X; = x;) are independent for alli=1,2,....,n, i.e.,
P(Xl = Il,XQ = X9, an = ZL’n) = P(Xl = ZEl)P(XQ = J]Q)P(Xn = ZEn),

for all sets {x1,xs,...,2,} € R and all their finite subsets.

Definition 2.4.9 The mean value, or expected value, or mathematical expectation

of a continuous random variable X with probability function fx is

BIX) = [ afc(o)s

o

provided that
/ |z| fx(z)dx < oo.

Definition 2.4.10 The moment generating function of a random variable X is
the function Mx : R — [0,00), given by Mx(t) = Ele'X]. This function may be

approximated by the Taylor’s expansion

where E[X*], k > 1, is called the kth moment. X is a q-order random variable if

E[X1 < 0.
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2.4. PROBABILITY THEORY

Definition 2.4.11 For a continuous random variable X, the kth central moment

is (X — E[X))*, k> 1, and its expected value is given by

B[ - EX)| = [ (o BX) fx(a)d,

o0

/_oo )(x - E[X])k’ fx(z)da < cc.

[e.9]

Definition 2.4.12 For a random variable X, the 2nd central moment is the vari-

ance, defined by

Var[X] = E [(X — E[X])’] = E [X?] = E[X]* =) (2 — E[X])* P(X; = z;).

The square root of the variance, \/Var[X], is called the standard deviation of X .

Definition 2.4.13 The mean value, or expected value, or mathematical expec-
tation of a discrete random wvariable X, with possible values in a countable set
{x1,29,..} €R, is

E[X] =) P(X; =)

i>1
provided that

Z |z | P(X; = x;) < 0.

i>1
Definition 2.4.14 In general, for a discrete random wvariable X, the expected

value of the kth central moment (X — E[X])*, k > 1, is
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Definition 2.4.15 The covariance of two random variables X1 and X5 is defined

by

Cov[X1, Xs] = E (X1 — E[X1]) (X2 — E[Xa])] = E[X1X,] — E[X1]E[X,].

Definition 2.4.16 A random field U(x) is an uncountable family of random vari-
ables depending on a deterministic variable * = (x1,...,x4)T € Q C RL. When
d =1 and the deterministic variable is time, x = t, the random field is a random

function of time, U(t), known as a stochastic process.

Definition 2.4.17 The mean function of a random field U(x) is a real-valued
function depending on a deterministic variable x € Q C R4, E[U(z)] : Q — R,

where E[-] denotes the mathematical expectation (mean value).

2.5 Stochastic strain-energy functions for hyper-
elastic materials

For our general definition of stochastic isotropic incompressible hyperelastic ma-

terials, we rely on the following assumptions [36,82-84,88,89,91]:

(A1) Material objectivity [43,99,133]: the constitutive equations must be invari-
ant under changes of frame of reference. This requires that the scalar strain-
energy function, W = W (F'), depending only on the deformation gradient F,
with respect to the reference configuration, is unaffected by a superimposed
rigid-body transformation (involving a change of position) after deforma-
tion, i.e., W(R'F) = W(F), where R € SO(3) is a proper orthogonal ten-
sor (rotation). Material objectivity is guaranteed by defining strain-energy

functions in terms of the scalar invariants.

(A2) Material isotropy [43,99,133]: the strain-energy function is unaffected by a

superimposed rigid-body transformation prior to deformation, i.e., W(FR) =
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W(F), where R € SO(3). For isotropic materials, the strain-energy func-
tion is a symmetric function of the principal stretches {\;};—123 of F, i.e.,

W(F) = W(/\l, )\2, )\3)

(A3) Baker-Ericksen (BE) inequalities [14,77]: the greater principal Cauchy stress

occurs in the direction of the greater principal stretch, or equivalently,

<)\ ow ow

ia_AfAfa_A) M= A) >0 if AN, =123 (222)

When any two principal stretches are equal, the strict inequality “>" in

(2.22) is replaced by “>".

(A4) For any given finite deformation, at any point in the material, the shear
modulus, p, and its inverse, 1/u, are second-order random variables, i.e.,

they have finite mean value and finite variance [124-128].

Assumptions (A1)-(A3) are inherited from the finite elasticity theory [43, 85,99,
133]. In particular, (A3) guarantees that the shear modulus is positive [85]. As-
sumption (A4) places random variables at the foundation of stochastic hyperelastic
models [88,124-126]. A random variable is usually described in terms of its mean
value and its variance, which contains information about the range of values about
the mean value [22,27,59,79,95].

In order to derive analytical results for the instability problems presented in
this thesis, we confine our attention to a class of stochastic hyperelastic models

defined by the strain-energy density

WA Ao, \s) = g (A2 4+ A2+ 22 —-3), (2.23)

where the shear modulus, p = p(R) > 0, is a random field depending on the radius
R in a system of cylindrical or spherical polar coordinates, and \;, Ay, and A3 are

the principal stretch ratios. When p is independent of R, the material model
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(2.23) reduces to the stochastic (homogeneous) neo-Hookean model [88,124].
For the shear modulus, p = p(R), at any fixed R, we rely on the following

available information, which guarantees that assumption (A4) holds [117-119,121],

- (2.24)
Elog pu] =v, such that |v] < +o0.

By the principle of maximum entropy [62-64], for any fixed R, p follows a Gamma
probability distribution with the shape and scale parameters p; = p;(R) > 0 and
p2 = p2(R) > 0, respectively. Hence,

p=pip2,  Varlu] = pip3, (2.25)

where y is the mean value, Var[u] = ||p||® is the variance, and ||| is the standard

deviation of . The corresponding probability density function takes the form

[1,49, 65]

p1—=1leo—n/p2

B forpu>0and pp,pe >0, 2.26
Pglr(m) % P1, P2 ( )

g(; p1, p2) =

where I' : R7, — R is the complete Gamma function
+oo
[(z) = / t*~le tdt. (2.27)
0

The word ‘hyperparameters’ is also used for the parameters p; and ps of the
Gamma distribution, to distinguish them from the material parameter p and other
material constants [121, p. §].

In the limiting case when p; — oo, the Gamma distribution can be approxi-
mated by the Gaussian (normal) distribution with mean value p;p, and standard
deviation /pip2 [36,82] (see Appendix A for a proof).

When p = pq + po, setting a fixed constant value b > —oo, such that u; > b,
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2.5. STOCHASTIC STRAIN-ENERGY FUNCTIONS FOR HYPERELASTIC
MATERIALS

i=1,2 (e.g., b=01if g3 > 0 and ps > 0, although b is not unique in general), we

define the auxiliary random variable

:Ml—b

R
1 /L—Zb’

(2.28)

such that 0 < R; < 1. Then, the random model parameters can be expressed

equivalently as follows,

It is reasonable to assume

Elog Ri] = vy, such that |11] < 400,
(2.30)

Elog(1 — Ry)] = 1o, such that || < 400,

in which case, the random variable R; follows a standard Beta distribution, with

hyperparameters & > 0 and & > 0 satisfying

&

_ §162
= &1+ &7

(&1 + 52)2 (& +&+ 1>’

Var|R,| =

(2.31)

where R, is the mean value and Var|R;| is the variance of R;. The associated

probability density function is

7“51_1(1 — T>£2_1

B(ri&1,&) = BlE6)

for r € (0,1) and &;,& > 0, (2.32)

where B : R} x R% — R is the Beta function

B(z,y) = /01 71—yt (2.33)

Then, for the random coefficients given by (2.29), the corresponding mean values
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are

By =Ry(p—20) +b,  p,=p—p = (1—-R)(pu—2b)+b, (2.34)

and the variances and covariance take the form, respectively,

Var 1] = (u — 2b)*Var[R,] + (R,)*Var[u] + Var[u]Var[Ry], (2.35)
Var [ps] = (u — 2b)*Var[R,] + (1 — R,)*Var[u] 4 Var[u]Var[R;], (2.36)

Covljun, ] = 5 (Varly] — Vaxfpu] — Varlps]). (2.37)

Throughout this thesis, numerical computations were carried out in Matlab,
where we made specific use of inbuilt functions for random number generation.

The particular values for the stochastic parameters were taken from [82,83].
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Chapter 3

Radially symmetric inflation of

cylindrical tubes

In this chapter, we study uniform inflation instabilities under radially symmetric
finite deformation in two concentric thin-walled homogeneous cylindrical tubes of
stochastic neo-Hookean material, which are continuously attached to each other
throughout the deformation. We find that, in order to increase the chance of stable
inflation, the outer tube must be sufficiently softer than the inner tube. First, we
review the problem of radially symmetric inflation instability in homogeneous
incompressible hyperelastic tubes presented in [82], then extend the analysis to

two concentric homogeneous tubes.

3.1 Homogeneous tube

We consider a circular cylindrical tube of homogeneous isotropic incompressible

hyperelastic material described by the strain-energy function [82]

WO, A, As) = 2“—7;2 (AZ7 4 A2 A2 3) 2’% (A A2 A2 = 3) | (3.1)
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3.1. HOMOGENEOUS TUBE

where m and n are deterministic constants, and p; and ps are random variables
defined by probability distributions.
The tube is deformed through the combined effects of inflation and extension
(see Figure 3.1)
r= f(R)R, 6 =0, z=al, (3.2)

where (R,0, 7) and (r,0, z) are the cylindrical polar coordinates in the reference
and current configurations, respectively, such that A < R < B, and a > 0, with
A, B and « given deterministic constants, and f(R) > 0 a given deterministic

function.

Figure 3.1: Schematic of a cylindrical tube, with undeformed inner and outer radii
A and B, respectively, showing the reference state (left), and the deformed state,
with inner and outer radii a and b, respectively (right).

The deformation gradient is F = diag(A;, A2, A3), where

A= f(R) + R% Ao, M =f(R) =X M=a, (3.3)

with A;, Ay and A3 representing the radial, tangential and longitudinal stretch
ratio, respectively.

For the cylindrical tube, the equilibrium equation in the reference configuration
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3.1. HOMOGENEOUS TUBE

reads [82]

dPll 1 -1
)\ Pl
N R e

—0, (3.4)

where P = (P;;); ;=123 denotes the first Piola-Kirchhoff stress tensor. For an

incompressible material,

oW p ow p

Pp=2— -, Pp=——"—+— ,
11 0)\1 )\1a 22 8)\2 )\27 (3 5)

where p is the Lagrange multiplier for the incompressibility constraint (det F = 1).
We denote

W) =W a™l )\ ), (3.6)

where A =7/R and a = z/Z. Then, by (3.1),

W(\) = i(}\meaf%n_i_)\Zm_'_aZm_S) +ﬂ<)\72na72n+)\2n+a2n_3).

- 2m?2 n2
(3.7)
By (3.5), since
0
_ H1y—2m41 —2mi1 4 H2 \—2n41 , —2n+1
m n
and
0
OV _ 1 yamet y H2 20
_ &)\Qm—l + @)\2n—1’
m n
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3.1. HOMOGENEOUS TUBE

we obtain

AW _ oW A OW X,
I 9 On T an, o
oW oW
_ —2 —1_ e

= A e TN

1
= —% <P11+)\£) —I—P22—|—)\£ (3‘10)
1 2

1
= 5 (Pu+pha) + Pn+ 5

Hence,

—_ = __04+P22' (311)

Setting the external pressure, at R = B, equal to zero, by (3.4) and (3.11), the

internal pressure expressed in terms of the Cauchy stress, at R = A, is equal to

(3.12)

where A\, = a/A and A\, = b/B are the stretches for the inner and outer radii.
By the incompressibility constraint, the material volume in the cylindrical tube

is conserved,, that is, ma (b*> — a?) = 7 (B? — A?), or equivalently, a = A\, and

A= (Az - é) (%)2 + é (3.13)

Therefore, the internal pressure can be described in terms of the inner stretch

b= B\,. Hence,

ratio, A4, only.

For the cylindrical tube, if there is a change in the monotonicity of 7', then a
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3.2. TWO CONCENTRIC TUBES

limit-point instability occurs. Assuming that the tube is thin, so that

0<e—
¢ A

<1, (3.14)

the internal pressure, T', is a function of inner stretch ratio, \,, and it can be

approximated by
e dW

(\) = o (3.15)

That is,

T(\) = g [% (22 4 \~2m=2g-2m) % (A2 — )\—Qn—Qa—Qn)] . (3.16)

To find the critical value of A where a limit-point of instability occurs, we solve

for A > 1, the equation
dT
— ) 3.17
0 (3.17)
3.2 Two concentric tubes

Next, we take a composite formed from two concentric tubes (see Figure 3.2), with

strain-energy density

W(l)()\l, )\2, )\3), fC<R< A,
W()\l, )\2, )\3) - (318)

W (A, Ag, A3), if A< R< B,

where

M

WO (AL, Ao, As) = # (AZ™ 4 AZ™ 4 2™ —3) (3.19)
1@

WO (A, Mg, As) = o3 (A" + A"+ A" —3). (3.20)

with m, n deterministic constants and ), 4 random variables. For the compos-

ite tube, we assume continuity of the displacement across the interface between
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3.2. TWO CONCENTRIC TUBES

the two concentric tubes.

&

Figure 3.2: Schematic of a composite cylindrical tube made of two concentric
homogeneous tubes, with undeformed outer radii A and B, respectively, showing
the reference state (left), and the deformed state, with outer radii @ and b of the

concentric tubes, respectively (right).

We denote

WO 1ot N\ a), ifC<R<A,
WA\ ta" N\ a), if A< R< B,

where

(1) p’(l) —2m  —2m 2m 2m

(2)
W\ = % (A a4+ N+ o = 3).

In this case, the internal pressure is equal to

Ao g g\ Mm@ da
- o
A Aa

dA 1 - N« dh 1-— X%’

where A\, = ¢/C, A\, = a/A, and A\, = b/B.
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3.2. TWO CONCENTRIC TUBES

When the composite tube is thin, so that

¢ B-A_A-C

0< = ~ 1 3.25
S27 A c <5 (3.25)
the internal pressure can be approximated by
awm Ee)
T\ = e dW . e dW
2 a dA 2 a dA
_ ¢ ﬂ(_)\—Qm—la—Qm Azl 4 ﬁ(_A—Qn—la—Qn P
20 a | m n
(1) (2)
_ & {N_(_)\zm%ézm ATy M_(_)\72n72a72n 4 )\2n2):| .
20 | m n
(3.26)
Thus
dT (1
_ :L’U_ [(2m + 2))\—2m—3a—2m + (2m o 2))\2771—3}
d\ 2 a m (3.27)
(2) :
€ H —2n-3 —9n m—3
+m7 [(2n+2)A a P+ (2n — 2)N0
and equation
dT
-~ =0 3.28
5 (3.28)
is equivalent
p 2m—3 2 2m—3
— [2m 4+ 2)A7" P 4 (2m — 2)N*" 0]
" ©) (3.29)
+I%f[@n%—%A_%’%MQ”+(%z—Q)V”%}:0.
Next, similarly to [82], we specialise to the case when m = 1/2, n = —3/2, and
a = 1, and obtain
W 1+ 5\°
H +
@ — 1) = : 3.30
p® + p@) A S S e (3:30)

Instability occurs if the equation (3.30) has a solution.
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3.3. STOCHASTIC ELASTIC TUBES

The minimum value of the function

Mo+ 5
\) =
"N = 355 3n o

A>1, (3.31)

iS Min = minn(A) = 0.8035, attained at A\ = 2.4895. This minimum was derived
numerically,

Hence, instability occurs if

I 0.8035 (3.32)
g = i = 08035, -
or equivalently,
) min 0.8035
Aoy min = 4.0890. (3.33)

p® T 1=y, 1—0.8035
Therefore, the condition for the existence of limit-point instability is that the outer

tube is softer than the inner tube.

3.3 Stochastic elastic tubes

For a cylindrical tube of stochastic hyperelastic material described by the strain-
energy function (3.18) with m = 1/2 and n = —3/2, by (3.33), the probability
distribution of stable inflation, such that the internal pressure always increases as

the radial stretch increases, is equal to
4.0890u(2)
P (M < 4.0890p@) = / p1(u)du, (3.34)
0
and the probability distribution of inflation instability occurring is
4.08904(2)
Py(p > 4.0890p@) = 1— Py (V) < 4.0890p?) = 1— / p1(u)du, (3.35)
0

where py(u) = g(u;p1,p2) is defined by (2.26) if the random variable follows a

Gamma distribution, or p; = f(u;u, ||u||) if the random variable follows a normal
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distribution with mean value u and standard deviation ||u||.

1 ™~ 7
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= 0.6 \y -
’—C-é >/
5 04 ,.\\ _
A FAAN
Y 4 1

o
N
X,
/
Y ;
y

X
I

2.0454

o
-
o
=)

50
N

Figure 3.3: Probability distributions (3.34)-(3.35) of whether instability can occur
or not for a composite with two concentric cylindrical tubes of stochastic material
described by (3.21) with m = 1/2 and n = —3/2, and the shear modulus, u),

following either a Gamma distribution (2.26) with shape and scale parameters

pgl) = 405.0214 and pg) = 0.0101, respectively (continuous lines), or a normal

distribution with mean value g = 4.0907 and standard deviation ||u"|| = 0.2302
(dashed lines). Darker colours represent analytically derived solutions, given by
equation (3.34)-(3.35), and lighter ones show stochastically generated data. The
vertical line at the critical value, u® = 4.0907/4.0890 = 1.0004, separates the
expected regions based only on the mean value H(l) = 4.0907.

The probability distributions given by equations (3.34)-(3.35) are illustrated
in Figure 3.3, where blue lines are for P; and red lines for P,. For the numerical
approximation, (0, H(l) /2) was divided into 100 steps, then for each value of u(?),
100 random values of ;") were numerically generated from a specified Gamma (or
normal) distribution and compared with the inequalities defining the two intervals
for values of u™. For the deterministic case, which is based on the mean value
of the shear modulus, E(l) = pgl)pgl) = 4.0907, the critical value of x® = 1.0004
strictly separates the cases where inflation instability can occur or not. For the
stochastic problem, for the same critical value, there is, by definition, exactly 50%
chance of stable inflation (blue solid or dashed line if the shear modulus is Gamma
or normal distributed, respectively), and 50% chance of a limit-point instability
(red solid or dashed line). To increase the probability of stable inflation (P, ~ 1),
one must consider sufficiently large values of (%), above the expected critical value,
whereas a limit-point instability has better chance to occur (P ~ 1) if u® is small

enough. However, there will always be competition between the two cases.
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Figure 3.4: The normalised internal pressure, T'(A), for the inflation of cylindrical

tubes of hyperelastic materials, defined by (3.18), with m = 1/2 and n = —3/2.
In this deterministic case, inflation instability occurs if ™ /u® > 4.0890.
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Figure 3.5: Probability distribution of the normalised internal pressure, T'(\) de-
fined by (3.26), for the inflation of a cylindrical tube of stochastic hyperelastic
material, given by (3.18) with m = 1/2 and n = —3/2, when p*) follows a Gamma
distribution with pgl) = 405.0214, pg) = 0.0101 and p® follows a Gamma distri-

bution with p§2) = pgl), p§2) = pél) /4. The dashed black line corresponds to the
expected pressure based only on mean parameter values.
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3.3. STOCHASTIC ELASTIC TUBES

Figure 3.5 shows the probability distribution of the normalised internal pres-
sure, T'(\) defined by (3.26), for the inflation of a cylindrical tube of stochastic
hyperelastic material, given by (3.18) with m = 1/2 and n = —3/2, when p"
follows a Gamma distribution with pgl) = 405.0214, pgl) = 0.0101 and p® fol-
lows a Gamma distribution with p§2) = pgl), p(22) = pgl) /4. The dashed black line
corresponds to the expected pressure based only on mean parameter values.

Note that, in Figures 3.4 and 3.5, there is more variability in the responses
for smaller values of A and less variability for large values of X\. This is the exact
opposite behaviour compared to that obtained in [82], where a single homogeneous
tube was treated, and it was found that there was less variability in the responses
for smaller values of A\ and more variability for larger values of A\. The different
stochastic behaviours of the two cases is due to the different probability distri-
butions characterising the respective material parameters. Namely, in [82], the a
homogeneous stochastic Mooney-Rivlin material was treated, where the two mate-
rial components followed Beta distributions, while here, two concentric stochastic
neo-Hookean are considered, with the respective shear moduli following Gamma

distributions.
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Chapter 4

Radially symmetric inflation of

spherical shells

In this chapter, we study uniform inflation instabilities under radially symmetric
finite deformation in two concentric thin-walled homogeneous spherical shells of
stochastic neo-Hookean material, which are continuously attached to each other
throughout the deformation. For these shells also, we find that, in order to in-
crease the probability of stable inflation, the outer shell must be sufficiently softer
than the inner shell. First, we review the problem of radially symmetric inflation
instability in homogeneous incompressible hyperelastic shells presented in [82],

then extend the analysis to two concentric homogeneous shells.

4.1 Homogeneous spherical shell

We consider a spherical shell of homogeneous isotropic incompressible hyperelastic
material described by the strain-energy function defined by (3.1), subject to the

following radially symmetric deformation (see Figure 4.1)

r=f(R)R, 0=, ¢=2, (4.1)

36



4.1. HOMOGENEOUS SPHERICAL SHELL

where (R, 0, ®) and (r,6, ¢) are the spherical polar coordinates in the reference
and current configurations, respectively, such that A < R < B, with A and B

given deterministic constants and f(R) > 0 a given deterministic function.

Figure 4.1: Schematic of a spherical shell with undeformed inner and outer radii
A and B, respectively, showing the reference state (left), and the deformed state,
with inner and outer radii a and b, respectively (right).

The deformation gradient is F = diag(Ay, Ao, A3), where

A= f(R) + Rg—]{i =\ Ao =A3 = f(R) =\, (4.2)

where A\;, Ay and A3 representing the radial, tangential and longitudinal stretch
ratio, respectively, and df/dR denotes differentiation of f with respect to R.
For the spherical shell, the equilibrium equation in the reference configuration
is [82]
dPp; 1 Py — Py

9l Tt 4.
dA A2 1— A3 0 (43)

where P = (P;;); j=123 is the first Piola-Kirchhoff stress tensor. For an incom-

pressible material,

oW p P ow p

Py="_2Z = =
TN N S ) VW

(4.4)

where p is the Lagrange multiplier for the incompressibility constraint (det F = 1).
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4.1. HOMOGENEOUS SPHERICAL SHELL

We denote

W(A) = WA 2N, (4.5)

where A = r/R > 1. Then, by (3.1),

W) = 25 (T 2nm = 3) £ IS (e —5). (46)

By (3.5), since

o m
_ ﬂ)\—4m+2 + @/\—4n+2
m n

ow
&/\%m—l + %)\%n—l

and

OW 1 gmo1 | M2 2
- _)\ m— _/\ n—1
Oy m’ 2 * n 2
_ H1yom— 4 @/\271—1’
m n

(4.8)

we obtain

AW _ OW N | OW 9,
dx 0N OX 9N O
oW oW

_ g3V IWV
N o
2

p p
=-% (P11 + A_l) + 2P + 24 (4.9)

2

2
(PH + >\2p) + 2P22 + Tp

Hence,

Setting the external pressure, at R = B, equal to zero, by (4.3) and (4.10), the
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4.1. HOMOGENEOUS SPHERICAL SHELL

internal pressure expressed in terms of the Cauchy stress, at R = A, is equal to

Py
S N
Ao Py Ao dPpy
= -2 —d\ A72d\
/Aa Ag —"_ /A(l dA
» p M Py — P,
— 9 Lt 9 11 22
/a )\gd)\+ /Aa T dA
:_2/)\27 Pll(l_)\3)+P11)\3_P22>\3d)\ (411)
Ay A3 (1 —\3)
_ _2/)\1’ Py —pzz)\SdA
A, A1 =A%)

Mo —2P) dA
= 2 _C
/a ( 3 + P22> 1=
AW dA
L, A 1=
where A\, = a/A and )\, = b/B are the stretches ratios for the inner and outer
radii, respectively. By the material incompressibility condition, the material vol-

ume in the spherical shell is conserved, that is, 47 (b®> — a®) = 47 (B3 — A3), or

equivalently, a = A\, and b = B)\,. Hence,

A=\ —1) (%)3 + 1. (4.12)

Therefore, the internal pressure can be described in terms of the inner stretch
ratio, \,, only.
For the spherical shell, lzmit-point instability occurs if there is a change in the

monotonicity of 7. When the spherical shell is thin, so that

0<e=
¢ A

<1, (4.13)

the internal pressure, T, is a function of inner stretch ratio, \,, and it can be

approximated as follows
e dW

T = 541 (4.14)
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That is,

4u®

- (At —2x )L (4.15)

To find the critical value of A where a limit-point of instability occurs,we solve for

A > 1, the equation
dr

= =0. 4.1
o =0 (4.16)

4.2 'Two concentric spherical shells

We also consider a composite formed from two concentric spheres (see Figure 4.2),
with the strain-energy density given by equations (3.18)- (3.20). For the composite
sphere, we assume continuity of the displacement across the interface between the

two concentric spheres.

Figure 4.2: Schematic of a composite spherical shell made of two concentric ho-
mogeneous shells, with undeformed outer radii A and B, respectively, showing
the reference state (left), and the deformed state, with outer radii a and b of the
concentric shells, respectively (right).

We denote

W2 AN, if O <R<A,
W) = (4.17)
W2 NN, if A<R< B,
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4.2. TWO CONCENTRIC SPHERICAL SHELLS

where

(1)

W) = £ (atm oy 3 4.18

W) =5 ( + ) (4.18)

WA\ = n® (AT 4 227" — 3) (4.19)
53 : .

In this case, the internal pressure is equal to

A A

a dW®  dx b AW @ d)

o [T (20
Ae Aa

dh 1—-A3 dx 1— 2%

where . = ¢/C, A\, = a/A, and A\, = b/B.
When the sphere is thin, so that
e B-—-A A-C

€ _ ~ 1 421
0<3=72 o <h (4.21)

the internal pressure can be approximated by

e dW® e dW®

TW=%—ao e o
— i ﬁ(_Q}\—4m—1 4 2)\2m—1) 4 ﬁ(_2)\—4n—1 + 2)\2n—1) (4 22)
A m n )
1) (2)
=€ [%( AT4m=3 | \2m=3) | Mn (—A~in=3 4 y2n 3)]
Thus
dT )
=i [m + 9N (2m = 3]
s (4.23)
e (n + BN (20 - 3N

and equation
drT

== 4.24
o =Y (4.24)
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4.3. STOCHASTIC SPHERICAL SHELLS

is equivalent to

)
B [(m 4 3N 4 (2m — )]
m
o (4.25)
+ “T [(4n + 3)A~"=% 1 (20 — 3)A2"~1] = 0.

Next, we specialise to the case when m =1 and n = —1, and obtain

p o A 5N
p® + @ X8 L BEX2 N6 T

(4.26)

Instability occurs if the equation (4.26) has a solution.
The minimum value of p(/ (u(l) + ,u(Q)) such that instability occurs is the
minimum of the function

_ A® 4507
NS BN N T

() A1 (4.27)

which i8 9 = minn(A) = 0.8234. This minimum was obtained numerically.

Hence, instability occurs if

LA 0.8234 4.28
1) ¢ @ = Mhwin = B-029%, (4.28)
or equivalently,
(1) min 0.8234
r_ 5 1 = 4.6625. (4.29)

0@ = 1o 1—0.8234
So the condition for the existence of limit-point instability is that the outer sphere

is softer than the inner sphere.

4.3 Stochastic spherical shells

For a spherical shell of stochastic hyperelastic material described by the strain-
energy function (3.18) with m = 1 and n = —1 (see also [82]), by (4.29), the

probability of stable inflation, such that the internal pressure always increases as
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4.3. STOCHASTIC SPHERICAL SHELLS

the radial stretch increases, is equal to
4.6625u2)
P (pV < 4.6625u?) = / p1(u)du, (4.30)
0

and the probability of inflation instability occurring is

4.66254(2)

Py(uM > 4.66251@) = 1— Py (pV) < 4.66250%) = 1— / p1(u)du, (4.31)
0

where py(u) = g(u; p1, p2) is defined by (2.26) if the random variable follows a
Gamma distribution, or p; = f(u;u, ||u||) if the random variable follows a normal

distribution with mean value u and standard deviation ||ul|.

1 — ; .
S
N\
A 1
0.8 [-{—— Analytical probability of stable shels inflati \ 4 ]
= i e shells in \ \//
= 0.6 \y’
=
Z 0.
Z
504 A
2
ol Simulated probability of unstable sh ibuti W\
= = D istic critical value for shells inflation instabilit; 71 |
0.2 y 7\
0 _,// i \
0 0.8774 2.0454

Figure 4.3: Probability distributions (4.30)-(4.31) of whether instability can occur
or not for a composite with two concentric spherical shells of stochastic mate-
rial described by (4.17) with m = 1 and n = —1, and the shear modulus p*
following either a Gamma distribution (2.26) with shape and scale parameters
pgl) = 405.0214 and pgl) = 0.0101, respectively (continuous lines), or a normal dis-
tribution with mean value p(!) = 4.0907 and standard deviation ||u(V|| = 0.2302
(dashed lines). Darker colours represent analytically derived solutions, given by
equation (4.30)-(4.31), whereas lighter colour show stochastically generated data.
The vertical line at the critical value, pu(? = 4.0907/4.6625 = 0.8774, separates

the expected regions based only on the mean value H(l) = 4.0907.

The probability distributions given by equations (4.30)-(4.31) are illustrated
in Figure 4.3, where blue lines are for P; and red lines for P,. For the numerical
approximation, (0, M) /2) was divided into 100 steps, then for cach value of u,
100 random values of ;") were numerically generated from a specified Gamma (or
normal) distribution and compared with the inequalities defining the two intervals

for values of u(V.
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12 ,
— (15,
10 0¥
W =4u
— ) _ 5,0
8 H|— 1" —6,@

TN/ (en)

0 2 4 6 8 10
A
Figure 4.4: The normalised internal pressure, T'(\), for the inflation of spherical

shells of hyperelastic materials, defined by (4.17), with m = 1 and n = —1. In
this deterministic case, inflation instability occurs if x™1 /u® > 4.6625.

Probability
— 1

10.8

10.6

0.4

T(N)/(en®)

0.2

Figure 4.5: Probability distribution of the normalised internal pressure, T'()\),
for the inflation of a spherical shells of stochastic hyperelastic material, given
by (4.17) with m = 1 and n = —1, when p" follows a Gamma distribution
with pgl) = 405.0214, pgl) = 0.0101 and pu® follows a Gamma distribution with

,052) = pgl),pg) = pgl) /4 . The dashed black line corresponds to the expected

pressure based only on mean parameter values.
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For the deterministic case, which is based on the mean value of the shear
modulus, H(l) = pgl)pg) = 4.0907, the critical value of u® = 0.8774 strictly
separates the cases where inflation instability can occur or not. For the stochastic
problem, for the same critical value, there is, by definition, exactly 50% chance
of stable inflation (blue solid or dashed line if the shear modulus is Gamma or
normal distributed, respectively), and 50% chance of a limit-point instability (red
solid or dashed line). To increase the probability of stable inflation (P, ~ 1), one
must consider sufficiently large values of u(?), above the expected critical value,
whereas a limit-point instability has better chance to occur (P & 1) if u® is small
enough. However, there will always be competition between the two cases.

Figure 4.5 shows the probability distribution of the normalised internal pres-
sure, T'(\), for the inflation of a spherical shells of stochastic hyperelastic material,
given by (4.17) with m = 1 and n = —1, when ™ follows a Gamma distribu-
tion with pgl) = 405.0214, pgl) = 0.0101 and p® follows a Gamma distribution
with p§2) = pgl), pg) = pél)/él. The dashed black line corresponds to the expected
pressure based only on mean parameter values.

Similarly to the case of concentric tubes, in Figures (4.4) and (4.5), there
is more variability in the responses for smaller values of A and less variability
for larger values of A\. This is the exact opposite behaviour compared to that
obtained in [82], where a single homogeneous shell was treated, for which there
was less variability in the responses for smaller values of A and more variability
for larger values of A. The different stochastic behaviours of the two cases is due
to the different probability distributions characterising the respective material

parameters.
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Chapter 5

Quasi-equilibrated radial-axial
motion of stochastic hyperlastic

tubes

In this chapter, we examine the behaviour under quasi-equilibrated radial mo-
tion of two concentric homogeneous tubes, which are continuously attached to
each other throughout the deformation, and of a radially inhomogeneous tube
of stochastic incompressible hyperelastic material. These tubes are deformed by
radially symmetric inflation when subject to either a surface dead load (which
is constant in the reference configuration) or an impulse traction (which is kept
constant in the current configuration), applied uniformly in the radial direction.
For these tubes, we demonstrate that the amplitude and period of the oscillations
are characterised by probability distributions, depending on the initial conditions
and the probabilistic material properties. Our analysis confirms and extends the
analysis for stochastic homogeneous incompressible hyperelastic tubes presented

in [83].
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5.1. RADIAL-AXIAL MOTION OF STOCHASTIC HYPERELASTIC
CYLINDRICAL TUBES

5.1 Radial-axial motion of stochastic hyperelas-
tic cylindrical tubes

For a circular cylindrical tube, the combined radial and axial motion is described

by
2 2 R? - C?

rt=c" +

, =0, 2 =al, (5.1)

o
where (R,0,7) and (r,0,z) = (r(t),0(t), 2(t)), with ¢ the time variable, are the
cylindrical polar coordinates in the reference and current configuration, respec-

tively, such that ' < R < B, C' and B are the inner and outer radii in the

undeformed state, respectively, ¢ = c(t) and b = b(t) = /2 + (B? — C?) /a are
the inner and outer radius at time ¢, respectively, and o > 0 is a given constant.
When « = 1, the time-dependent deformation (5.1) simplifies to that studied also
in [17,68,69]. The case when « is time-dependent was considered in [109)].

The radial-axial motion (5.1) of the cylindrical tube is fully determined by the
inner radius ¢ at time ¢, which in turn is obtained from the initial conditions.
Thus, the acceleration # can be computed in terms of the acceleration ¢ on the
inner surface. By the governing equations (5.1), condition (2.20) is valid for x =
(r,0,2)T, since

% — (r _ r92> e+ (ré n 27'«9'> e + e,

and

0 owl g (L08=  Dde\ (i i) 1(0(ri) 0i
o x = r 00 0z e 0z or o r or 00 C2

where X = (&, Ty, xz)T Hence, (5.1) describes na quasi-equilibrated motion, such
that

Kyl e f (5.2)

where ¢ is the acceleration potential satisfying (2.19), i.e., the energy or potential
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CYLINDRICAL TUBES

applied in the system to increase the energy and accelerate the radial speed.

Integrating (5.2) gives [133, p. 215]

2:2

1
ce _ logr + ritlogr + =72 (5.3)

.9 .
& =21 1
¢E=c"logr + cclogr + 2 5

The deformation gradient of (5.1), with respect to the polar coordinates (R, O, Z),

is equal to
R r
F =di —, = 5.4
148 <ar’R’&)’ (54)

the Cauchy-Green deformation tensor is
) R? r?
B = F2 = dlag <W7 ﬁ’ 062) y (55)

and the principal invariants take the form

R2 T2 )
[1 =tr (B)_a2r2+§+a,
1 9 ) a’r?  R?
I, = [(trB)* — tr (B?)] = 2t T (5.6)

I3 =detB = 1.

The principal components of the equilibrium Cauchy stress tensor at time t are

R2 o2
0) _ 0
TO = —p©® 4 51@ +/B_1F’
2 2
(0) _ (0 n (1 R

2 2
0) _ (0 r 2 R
T =T+ (61 - ﬁﬂﬁ) (a B a2r2) ’

where p(® is the Lagrangian multiplier for the incompressibility constraint (I3 =

1), and

ow ow

P = 28_11’ fo1=— ol (5.8)

are the nonlinear material parameters, with I; and I, given by (5.6). For a cylin-
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5.2. OSCILLATORY MOTION OF A COMPOSITE WITH TWO
CONCENTRIC HOMOGENEOUS CYLINDRICAL TUBES

drical tube made of a homogeneous incompressible neo-Hookean material, _; = 0.
As the stress components depend only on the radius r, the system of equilib-
rium equations reduces to

oY TN — T
or r )

(5.9)

Hence, by (5.7) and (5.9), the radial Cauchy stress for the equilibrium state at

time ¢ is equal to

2

TO(r t) = / (81 — B-10?) (% i ) dr +9(t), (5.10)

a?r? | r

where ¢ = 1(t) is an arbitrary function of time. Substitution of (5.3) and (5.10)

into (2.21) then gives the principal Cauchy stress components at time ¢ as follows,

1300 = p S )+ -0 (- ) L vt

Tee(?”, t) =T (7“, t)

%) (= )
) ()

5.2 Oscillatory motion of a composite with two

Lo (rit) = T(rt) + (

(5.11)

concentric homogeneous cylindrical tubes

To study explicitly the behaviour under the quasi-equilibrated radial motion of
a composite formed from two concentric homogeneous cylindrical tubes (see Fig-
ure 3.2), we focus on composite tubes with two stochastic neo-Hookean phases.
In this case, we define the following strain-energy function,

2N+ A4+ -3), C<R<A,

W()\]_,)\Q,)\g) - @ (512)
E-(M+XM+X-3), A<R<B,
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where C' < R < A and A < R < B denote the radii of the inner and outer tube
in the reference configuration, respectively, and the corresponding shear moduli
p and p® are (spatially-independent) random variables characterised by the
Gamma distributions g(u; pgl), pgl)) and g(u; pf),pg)), defined by (2.26).

For the composite tube, we assume continuity of the displacement across the
interface between the two concentric tubes. We denote the radial pressures acting
on the curvilinear surfaces r = ¢(t) and r = b(t) at time t as T1(¢t) and Ty(t),
respectively, and impose the continuity condition for the stress components across
their interface, r = a(t). Evaluating T'(t) = —T,.(c,t) and T5(t) = —T,..(b,t) at

r = c and r = b, respectively, and subtracting the results, gives

p . b2 .9 b2 .2 C2
Ti(t) — Tx(t) =3 {cclogc—2 +c logc—2 +¢ o 1

‘o r? R? N\ dr b @) r? R? \ dr
+C,u R o2 TJFGM R o2?)

5.13
(e BN B E(E o1
o |[\ccTc2) %22\ B
a 2 2 b 2 2
(- K\ dr / @ (r _ 7 \dr
—i—/c,u (R2 a2r2>r+ a,u R o2 ) 1
We set the notation
r? r? c B?
S == -2 5.14
S mTaodier “To YTt bh BW

cé & oo o2 il 2o
(65+E)log§+a<ﬁ‘l)‘(f’“"g““*x)log(”mz)—x1+$
1d [, gl
=or 1z [x x“log (1 + ozx2>] .
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By (5.1) and (5.14), we obtain

C (P BNdr P e (P R\ dr
/C a <R2 a27“2) r /G,u (R2 a2r2> r
_/“ ) [ r? a(r? — c?) —i—C’Q} dr
. a a(r? —c?) 4+ C? B ar? r
+/bu(2) [ r? B a(r2—c2)+02} dr
" a(r? —c?) 4+ C? a?r? r

a2 /A2 b2 2
:_1/ / uu)”o‘“du_l/ - POERCIEN
29,2 29,2
2 2/C? a“u 2 a? /A2 a“u

202 |1 c? =+ 4
1 2 Sra(-%) 1 1 [T+ 1
_ _/ A SRR W 5/ ! PR

2 ou?
2 202
2

]_ z (1)1+au 1 TTA +é< 7ﬁ> (2)1+Oéu
- S dut PGy,

1
z20—2+l(1—c—2) o?u? @247 a?u?
A2 T« A2 14y
In the above calculations, we used the following relations,

. [u(cﬂ - ac2>}1/27

1 —oau

dr C? —ac® [u(C?— ac?) —1/2 _ r
1—au 2u(

@:2(1_04@2 -~ 2u(l — au)’

1 1 ?u? — 1 1+ au
u— = - :
a?u ) 2u(l — au) 2a2u2(1 — au) 2a2u?

We now express equation (5.13) equivalently as follows,

)
v pC? 2dzx s\t ar?
A amlrav,,
pC? J,2c2 1(1_c2 o?u?
A2+a(1 A2>
2 2
X I2%+é<17%) (2) 1 + au
+ W 2247 ol o2 du.

In the static case, where ¢ = 0 and ¢ = 0, (5.13) becomes

a 2 2 b 2 2
B n(lr R dr n ([T R dr
() - Ta(?) _/C ut (ﬁ B 0427'2) r +/a p (ﬁ B a2r2) N
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and (5.20) reduces to

pC? pC? Jy S+i(1-%) a?u?
X i g;+;<1_£) X (5.22)
+—/ st el taty,
pC? xfjl a?u?
vy
For the dynamic tube, we define
1 z CQ (1) 1 + au
G(x>7) = " ¢ ) o H Tdu d¢
pC . il (1-9) o’y
2?1 (1 2 (5.23)
1 x ¢ A2+a(1 AQ) (2)1+C(u
+W B ¢ +3 P o duj dc.
Vo 14~

This function will be used to establish whether the radial motion of the tube is

oscillatory or not.

5.2.1 Composite with two concentric homogeneous tubes

subject to impulse traction

We set the pressure impulse (suddenly applied pressure difference)

_ 0 ift<o,
9o 1) — Ta(t) _ s (5.24)

2

with py constant in time. Integrating (5.20) implies

Lo v Po (2 1
= 1 1+ — ) +G(z,7) = — —— |+ 2
2" " og( ax2> (z,7) 2a (x Q Co, (5:25)

where G(x,7) is defined by (5.23) and

1. y Po 1
Co = 596337% log (1 + a_x%) + G(w0,7) — %0 (953 - a) ’ (5.26)
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with the initial conditions x(0) = xy and #(0) = @. By (5.25), the velocity is

equal to

Po(p2 L —_
P j:\/ D (22— =) +2Cy — 2G(x, ) (5.27)

z2log(1 + -13) '
This nonlinear elastic system is analogous to the motion of a point mass with

energy

E = %m(l’)j?Q + V(x), (5.28)

where the energy is E' = Cy, the potential is given by V(z) = G(z,7) -2 (932 — é)
and the position-dependent mass is m(z) = x°log (1 + ﬁ) The solutions of
interest are either static or periodic solutions.

The radial motion is periodic if and only if the frequency equation

Glz,y) = 20 (gﬂ - é) + G (5.29)

C 2a

has exactly two distinct solutions, representing the amplitudes of the oscillation,
x = x1 and = x9, such that 0 < z1 < x5 < 0o. Then, by (5.14), the minimum
and maximum radii of the inner surface in the oscillation are equal to x;C and

x9C', respectively, and by (5.27), the period of oscillation is equal to

72 dg 2 x? log (1 + ﬁ)
[H- e r e o

«
For the stochastic composite tube, the amplitude and period of the oscillation are

T =2 =2

random variables described by probability distributions.

To examine G(x,) defined by (5.23), we rewrite this function equivalently as

G(ZL‘7 ,Y) = Gl(xa 7) + GQ(xa 7)7 (531)
where
1 £ ¢ 14+ ou
Gi(em)=—= [ ¢ [/ iV —duldC (5.32)
pPCT )L el (1-9) U
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and

1 x
Gz(xa’Y):W/l C[
Va

Proceeding as in [83], we obtain

W71 cr o1 5
1%

and

2) 1 c? 1 C? 1+
1 v

By (5.34) and (5.35), the function G(x,~) defined by (5.31) takes the form

1 1 C? 1 C?
60 = gy (7= ) 07 =01 [+ 2 (1- )

(5.36)

This function is monotonically decreasing for 0 < x < 1/y/a and increasing for
r > 1/y/a. In particular, when p® = p® the function corresponding to the
homogeneous tube is recovered [83].

Assuming that the shear moduli (") and x(® have a lower bound

pM > u® s, (5.37)
for some constant n > 0, it follows that
lim G(z,7) = lim G(z,7) = oo (5.38)

We examine the following two cases:
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(i) If po =0 and Cy > 0, then equation (5.29) has exactly two solutions, x = x4
and x = xy, satisfying 0 < 27 < 1/{/a < x5 < 00, for any positive constant Cj.
Note that these oscillations are not ‘free’ in general, since, by (5.11), if T,.,.(r,t) = 0
at r = c and r = b, so that T1(t) = Ty(t) = 0, then Tyy(r,t) # 0 and T,.(r,t) # 0
at r = cand r = b, unless &« — 1 and r*/R* — 1 [109]. In Figure 5.1, we represent
the stochastic function G(x,7), defined by (5.36), intersecting the line Cy = 7,
and the associated velocity, given by (5.27), when @ = 1, p = 1, and the shear
modulus of the inner phase, pM, follows a Gamma distribution with pgl) = 405
and pgl) = 4.05/p§1) = 0.01, while the shear modulus of the outer phase, u®, is

drawn from a Gamma distribution with p§2) = 405 and ,052) =42/ p(12).

(ii) When py # 0 and Cy > 0, substitution of (5.36) in (5.29) gives

20 (G — C
po = M (5.39)

xTré — =
«

The right-hand side of the above equation is a monotonically increasing function
of z, implying that there exists a unique positive x satisfying (5.39) if and only if

the following condition holds,

20 (G — Cy)
lim ————— lim .
a:l—>0 gj2—é <p0<x1—>oo xz—é

2a(G =G (5.40)

By (5.14) and (5.40), the necessary and sufficient condition that oscillatory mo-

tions occur is that

W42 @ pe
+ —; log 2 (5.41)

—OO<p0<WlOgE pC2

where 1 and u® are described by the Gamma probability density functions

g(u;pgl),pg)) and g(u; p§2),p;2)), respectively. After rescaling, p(!) logg—z follows

the Gamma distribution with shape parameter pgl) and scale parameter pél) log é—z

and p® logi—i follows the Gamma distribution with shape parameter pf) and
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Figure 5.1: The function G(z,7), defined by (5.36), intersecting the (dashed red)
line Cy = 7 (left), and the associated velocity, given by (5.27) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner
radii A = 1 and C' = 1/2, respectively, assuming that o = 1, p = 1, and p"
follows a Gamma distribution with pgl) = 405 and pgl) = 4.05/ pgl) = 0.01, while
p?) is drawn from a Gamma distribution with p§2) = 405 and pg) =4.2/ p§2). The
dashed black lines correspond to the expected values based only on mean values,
pt) = 4.05 and pu® = 4.2. Each distribution was calculated from the average of
1000 stochastic simulations.

o

N

EN

Probability
1

0.8

0.6

0.4

0.2

0.8 1 1.2 1.4
@ z

Figure 5.2: The function G(z, ), defined by (5.36), intersecting the (dashed red)
line 2o (332 — é) + Cp when py = 1 and Cy = 2 (left), and the associated veloc-
ity, given by (5.27) (right), for a dynamic composite tube with two concentric
stochastic neo-Hookean phases, with inner radii A = 1 and C' = 1/2, respectively,
under impulse traction, assuming that o = 1, p = 1, and ™ follows a Gamma
distribution with p{" = 405 and p{" = 4.05/p" = 0.01, while x® is drawn from
a Gamma distribution with ,052) = 405 and péQ) =42/ p?). The dashed black lines
correspond to the expected values based only on mean values, E(l) = 4.05 and
u? = 4.2, Each distribution was calculated from the average of 1000 stochastic
simulations.
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scale parameter pég) log f—;. Then, Y log é—z + 11 log f—z is a random variable
characterised by the sum of the two rescaled Gamma distributions [78,93] (see
Appendix B). An example is shown in Figure 5.2, where py = 1 and Cy = 2,
while the geometric and material parameters for the composite tube are as in the

previous case.

Thin-walled tube. In particular, when the tube wall is thin, such that 0 <
v < 1 and a = 1, if we assume that A%/C? = B%/A? = /2 + 1, then (5.36)

becomes

(5.42)

In this case, the problem reduces to that of a thin-walled homogeneous cylindrical

tube with shear modulus (p® + u®) /2 [83].

5.2.2 Composite with two concentric homogeneous tubes

subject to dead-load traction

We now assume that the outer circular surface of the composite tube is free, such

that T5(t) = 0, while the inner surface is subject to a dead-load pressure P(t)

satisfying
Py(t Ty(t 0 ift<0,
2% = 204:6% = (5.43)
P P Po if t > O,
with py constant in time. Integrating (5.20) implies
lisz log | 1+ S, G(z,v) = Bo iy L + Cy (5.44)
2 ax? ’ a Va ’
where G(z,7) is defined by (5.23) and
Co= lx'2x2 log (14 ) G(zo,7) — Do o — 2+ (5.45)
2700 axd 7 a va) '
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with the initial conditions x(0) = x¢ and #(0) = &¢. By (5.25), the velocity is

2po (o _ 1 _
b oy o va) + 200 — 26 (@) (5.46)
r?log(1 + -13)
The radial motion is periodic if and only if the frequency equation
Gy =2 (22 4 (5.47)
« Va

has exactly two distinct solutions, representing the amplitudes of the oscillation,
x = 1 and & = xy, such that 0 < x; < x5 < co. By (5.14), the minimum and
maximum radii of the inner surface in the oscillation are equal to x;C and z,C,

respectively, and by (5.27), the period of oscillation is equal to

/ 2 dx
1 z

For the stochastic composite tube, the amplitude and period of the oscillation are

T=2

T 2] 1 e
—9 / 2 #log (14 52) dz|.  (5.48)
1 2P0 (x — %) +2Cy — 2G(z,7)

random variables described by probability distributions.
The case with py = 0 is similar to that when an impulse traction was assumed.

For pg # 0 and Cj > 0, substitution of (5.36) in (5.47) implies

a(G—C
Po= % (5.49)
T =7

The right-hand side of the above equation is a monotonically increasing function
of z, implying that there exists a unique positive x satisfying (5.49) if and only if

the following condition holds,

—00 = lima(G—_lco) < pg < lim O[(G—_loo) = 00, (5.50)
z—0 x—\/—a T—00 gj—\/—a

An example is shown in Figure 5.3, where py = 5 and Cy = 0, and the geometric
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Probability
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-1
0
1 1.2 1.4
T

Figure 5.3: The function G(z,7), defined by (5.36), intersecting the (dashed red)
line 20 <x — %&) + Cy when pg = 5 and Cy = 0 (left), and the associated ve-

«

locity, given by (5.27) (right), for a dynamic composite tube with two concentric
stochastic neo-Hookean phases, with inner radii A = 1 and C' = 1/2, respectively,
under dead-load traction, assuming that o = 1, p = 1, and pY follows a Gamma
distribution with p{" = 405 and p{" = 4.05/p{" = 0.01, while x® is drawn from
a Gamma distribution with p§2) = 405 and péQ) =42/ p§2). The dashed black lines
correspond to the expected values based only on mean values, E(l) = 4.05 and

H(Q) = 4.2. Each distribution was calculated from the average of 1000 stochastic
simulations.

and material parameters for the composite tube are as in the previous case.

5.3 Oscillatory motion of a radially inhomoge-
neous cylindrical tube

We further consider the inflation of a radially inhomogeneous tube of stochastic
neo-Hookean-like hyperelastic material characterised by the strain-energy func-
tion (2.23). Intuitively, one can regard the radially inhomogeneous tube as an
extension of the composite with two concentric phases to the case with infinitely
many concentric layers and continuous inhomogeneity. Our inhomogeneous model
is similar to those proposed in [35] where the dynamic inflation of cylindrical tubes
and spherical shells was treated explicitly. Clearly, different models will lead to
different results. However, the purpose here is to illustrate our stochastic ap-

proach in a mathematically transparent manner by combining it with analytical
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approaches for the mechanical solution whenever possible.

w
o

—R/B=025
| —R/B =050
R/B=0.75

()
o

n
o

n
o

"
o

-
o

o

Gamma probability distribution

o

J

w(R)

g
o0

45

Figure 5.4: Examples of Gamma distribution, with hyperparameters p; = 405 -
B*/R* and p, = 0.01 - R*/B*, for the nonlinear shear modulus pu(R) given by
(5.51).

Specifically, we assume a class of stochastic inhomogeneous hyperelastic models

defined by(2.23), where p = u(R) takes the form

2

R

such that u(R) > 0, for all C < R < B, (4 > 0 is a single-valued (deterministic)
constant, and C5 is a random value defined by a given probability distribution.
This function form was chosen for convenience, so that the problem of oscillatory
motion for the cylindrical tube could be treated explicitly.

When the mean value of the shear modulus p(R) described by (5.51) does not

depend on R, as (1, R and C' are deterministic and C5 is probabilistic, we have

4

R
p=Ch, Var|u] = Var[Cg]@, (5.52)

where Var[(5] is the variance of Cy, while the mean value of Cs is C, = 0.

By (2.25) and (5.52), the hyperparameters of the corresponding Gamma dis-
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tribution, defined by (2.26), take the form

G _ Var[u]  Var|Cy R_4

P1 = 02 s P2 Cl Cl C4. (553)

For example, we can choose two constant values, Cy > 0 and C; > 0, and set the
hyperparameters for the Gamma distribution at any given R as follows,
C, C* R*

P1 = Eoﬁ’ P2 = CO@ (554)

By (5.51), Cy = (u(R) — C1) C*/R? is the shifted Gamma-distributed random
variable with mean value C, = 0 and variance Var|Cy] = p;p3C*/R* = CyC}.

In Figure 5.4, we show Gamma distributions with p; = 405 - B*/R* and p, =
0.01- R*/B*. By (5.51) and (5.54), Cy = 0.01 - C*/B*, Cy = pu = p1p, = 4.05 and
Cy = pu(C) — Cy. In particular, for a tube with infinitely thick wall, as R decreases
to C, p; increases, while py decreases, and the Gamma distribution converges to

a normal distribution [36, 82].

The shear modulus given by (5.51) takes the equivalent form

g2 -1
,LL(U) = Cl + Cgrf, (555)
where u = r?/R? and = = ¢/C, as denoted in (5.14).
Next, writing the invariants given by (5.6) in the equivalent form
1 , , 1 1
L =—+u+a’, Lh=aou+ -+ —, I3y =1, (5.56)
a?u U«
and substituting these in (5.8) gives
ow dp du
o5t :2—=,u+—'u—(11—3),
611 du d[l
(5.57)
5, = 28W_ dudu(I 3)
%L dwdl
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where p is defined by (5.55). Therefore,

2 1 31,2002 _
pr=Cr+C f[—u+u fag 3)—1'—(12;
E (u_a) (u—’_a) (558)
i)+
—1 = 09 )
u=g (=2 (utd)
and
2_ 1 3 2 2 _ U
51—5—1Oé2201+202x T l_u+u(042 R (5.59)
—a 12 (w-2) (uty)

Recalling that the stress components are described by (5.11), and following
a similar procedure as in the previous section, we set the pressure impulse as in

(5.24). Then, similarly to (5.23), using (5.59), we define the function

Ccy [* ¢ 14au
G(x77) B ﬁ /1 (C ﬂ%l a2y’ du) dg
Ve T+

+2_C’2/x C3—£ /<2 1+ au 1_u3+u2(a2—3)+%
pC? | L a %oﬂu?(u—i) 2 (u—é)Q(u—i—l)

du} ¢

Ve «
_ G 362_1 g 17
20pC? a 1 + -1
Cy [* 1+ a?—3a+2 o—3a+2
+—“’2/ G i A 4 | b dc.
pC? J L a?  al*+7v  (aC®-1) <a¢2+7_1>
ve 14

(5.60)

We restrict our attention on the following limiting cases:

Thick-walled tube. If the tube has an infinitely thick wall, such that v — oo

and o = 1, then (5.60) takes the form

Gy Ch / (¢ —1)°
Gx)= — (22 = 1) logz — d
( ) pCQ( ) s pC? J ¢ ¢ (5 61)
C1 Cs 4 2 ‘
_W(IQ_l)logm_élpCQ (J: — 4z +4logx+3).
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Probability Probability
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Figure 5.5: The function G(z,7), defined by (5.61), intersecting the (dashed red)
line Cy = 2 (left), and the associated velocity, given by (5.27) (right), for a dynamic
radially inhomogeneous tube with infinitely thick wall having inner radius C' = 1,
assuming that o = 1, p = 1, and p follows a Gamma distribution with p; = 405/ R*
and po = 0.01-R*. The dashed black lines correspond to the expected values based
only on mean values. Each distribution was calculated from the average of 1000
stochastic simulations.
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Figure 5.6: The function G(z, ), defined by (5.61), intersecting the (dashed red)
line 22 (:I:2 — é) + Co when pg = 1 and Cy = 1 (left), and the associated velocity,
given by (5.27) (right), for a dynamic radially inhomogeneous tube with infinitely
thick wall having inner radius C' = 1 under impulse traction, assuming that o = 1,
p = 1, and p follows a Gamma distribution with p; = 405/R* and p, = 0.01 -
R* The dashed black lines correspond to the expected values based only on
mean values. Each distribution was calculated from the average of 1000 stochastic
simulations.

0 1 2 3
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Probability
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Figure 5.7: The function G(z,7), defined by (5.61), intersecting the (dashed red)
line £ (x — \/L&) + Cy when pg = 5 and Cy = 0 (left), and the associated velocity,

given by (5.27) (right), for a dynamic radially inhomogeneous tube with infinitely
thick wall having inner radius C' = 1 under dead-load traction, assuming that
a =1, p=1, and u follows a Gamma distribution with p; = 405/R* and py =
0.01- R*. The dashed black lines correspond to the expected values based only on
mean values. Each distribution was calculated from the average of 1000 stochastic
simulations.

Examples are presented in Figure 5.5 for the case with no impulse or dead-load
traction, in Figure 5.6 for the case when the pressure impulse is given by (5.24),
and in Figure 5.7 for the case when the dead-load traction is given by (5.43). The
problem reduces to that of a homogeneous tube if Co5 = 0 (see [83]). For both
homogeneous and inhomogeneous tubes, the amplitude and period of the oscilla-
tions depend on the initial conditions and the probabilistic material properties.

However, a less detailed explicit analysis is possible for the inhomogeneous case.

Thin-walled tube. If the tube wall is thin, such that 0 < v < 1 and a = 1,
then the shear modulus defined by (5.51) takes the form pu = Cy + Cy, and the

problem reduces to that of a homogeneous tube with thin wall (see [83]).
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Chapter 6

Quasi-equilibrated radial-axial
motion of stochastic hyperelastic

spherical shells

In this chapter, we analyse the behaviour under quasi-equilibrated radial motion
of two concentric homogeneous spherical shells, which are continuously attached
to each other throughout the deformation, and of radially inhomogeneous shells
of stochastic incompressible hyperelastic material. These spherical shells are also
deformed by radially symmetric inflation when subject to either a surface dead
load (which is constant in the reference configuration) or an impulse traction
(which is kept constant in the current configuration), applied uniformly in the
radial direction. For these shells as well, we find that the amplitude and period
of the oscillations are characterised by probability distributions, depending on the
initial conditions and the probabilistic material properties. Our results confirm
and extend the results for stochastic homogeneous incompressible hyperelastic

spherical shells presented in [83] where a similar analytical approach is employed.
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6.1 Radial-axial motion of stochastic hyperelas-
tic spherical shells

For a spherical shell, the radial motion is described by [15, 18,56, 70]
=+ R~ C°, 6 =0, ¢ =, (6.1)

where (R,0,®) and (r,0,¢) = (r(t),0(t), #(t)), with ¢ the time variable, are the
spherical polar coordinates in the reference and current configuration, respectively,
such that C' < R < B, C' and B are the inner and outer radii in the undeformed
state, and ¢ = ¢(t) and b = b(t) = V/c3 + B3 — C3 are the inner and outer radii at
time t, respectively.

As for the cylindrical tube, the radial motion (6.1) of the spherical shell is
determined entirely by the inner radius ¢ at time t. By the governing equations

(6.1), condition (2.20) is valid for x = (7,6, ¢)*, since

X = (7‘ — r6?sin? ¢ — rgz?) e,
+ (r@ sin ¢ + 270 sin o+ 2r9<b cos ¢) ey

+ (rqb + 27 — 167 sin ¢ cos qb) e

and

O=curl x =

1 [0 (igsing) iy
rsind | o6 96 | <
1[ 1 8%, a(rjj¢)]

€9

r

sinf 0¢ or

L[0(ri) i,
or 00 4

r

where X = (ir,ig,i¢)T. Hence, (6.1) describes a quasi-equilibrated motion, such

that

2 -2 2.. 4.2
—%:f: cé +cc_260 (6.2)
or r2 rd
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where ¢ is the acceleration potential satisfying (2.19). Integrating (6.2) gives [133,

p. 217]
2c? + *¢ P 3.5

For the deformation (6.1), the gradient tensor with respect to the polar coordinates

, R r r
F = dlag (ﬁ, E, E) N (64)

(R,©, ®) takes the form

the Cauchy-Green tensor is equal to

RY 2 42
2 .
B = F* = diag (F’ﬁ’ﬁ) , (6.5)
and the corresponding principal invariants are
R4 7,2
Il =tr (B) = 7"_4 —f- Qﬁ,
1 2 2 7”4 R2
=5 [(trB)” —tr (B?)] = 47 + 25, (6.6)
[3 =detB = 1.

Then, the principal components of the equilibrium Cauchy stress at time ¢ are

4

Y =%+ 61%1 + 6_1%,
T =T+ (51 - ﬂ_lg) (% - fif) , (6.7)
-y
where p® is the Lagrangian multiplier for the incompressibility constraint (I3 =
1), and
R . o

with [, and I, given by (6.6). For a spherical shell made of a homogeneous
incompressible neo-Hookean material, 5_; = 0.

As the stress components depend only on the radius r, the system of equilib-
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CONCENTRIC HOMOGENEOUS SPHERICAL SHELLS

rium equations reduces to

0 0 0
oL _ 2T9(9) — 1 (6.9)
or r ' '

Hence, by (6.7) and (6.9), the radial Cauchy stress for the equilibrium state at ¢

is equal to

2 2 4
T (r,t) = 2/ (61 - 5_1%) (% - %) % +(b), (6.10)

where 1 = 1(t) is an arbitrary function of time. Substitution of (6.3) and (6.10)

into (2.21) gives the following principal Cauchy stresses at time ¢,

To(rt) = —p (026 + 2¢¢? B c4c'2>

r 24

2 2 4
o f (ﬁl —5_1%) (% - %) T )

2 2 4
T99<T7 t) = Trr<7n7 t) + (51 - 51%) (% - R_) )

rd

T¢¢(T, t) = TQQ(T, t).

6.2 Oscillatory motion of a composite with two
concentric homogeneous spherical shells

We investigate the behaviour under quasi-equilibrated radial motion of a composite
formed from two stochastic neo-Hookean phases, similar to those containing two
concentric spheres of different neo-Hookean material treated deterministically in
[58] and [115], and stochastically in [91] (see Figure 4.2). We define the following
strain-energy function,

B2 (N 4N+ -3), C<R<A,

W, o, 08) =4 2 (6.12)
E-(AM+X+X\-3), A<R<B,

Page 68



6.2. OSCILLATORY MOTION OF A COMPOSITE WITH TWO
CONCENTRIC HOMOGENEOUS SPHERICAL SHELLS

where ' < R < A and A < R < B denote the radii of the inner and outer
sphere in the reference configuration, and the corresponding shear moduli p"
and () are (spatially-independent) random variables characterised by the Gamma
distributions g(u; pgl), pgl)) and g(u; p?), péz)), respectively.

For the composite spherical shell deforming by (6.1), we assume continuity of
the displacement across the interface between the two concentric spheres. We set
the inner and outer radial pressures acting on the curvilinear surfaces, r = ¢(t)
and r = b(t) at time ¢, as T1(¢) and T5(t), respectively [133, pp. 217-219]. Then,
evaluating 11 (t) = —T,.(c,t) and Ty(t) = —T,,(b,t), using (6.11), with » = ¢ and

r = b, respectively, and subtracting the results, gives
1 1 et 1 1
_ R -2
7uw—7xwp[@c+2w)<g_g>__5_&;_ga}

. 2 RY\ dr ’ r? R dr
o [ o (1 R\ dr 2/ @ (r _f\dr
+ /C,u (R2 rt ) r + u a R ) r

-2 4
N P N - W S
_p[(cc+20)<1 b> 5 (1 b4)} (6 13)
@ (1) 7"2 R4 d?“ b (2) T2 R4 d’r‘ .
. r r “ r r
-2 -2 4
9 c ¢ & c ¢ c
=rC [(55”02) (1_5)_2 2<1_b4)}
a 2 4 b 2 4
w (r-_R\dr @ (r _f\dr
[0 E) Tee [ () S
Setting the notation
3 3 B3
w=— = L v = v = 1, (6.14)
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we rewrite

cé 2 c 2 ct
(55*2@) (1=3) -5 (“34)

(Fx + 247) [1 —(1+-

. 3 ) Y —-1/3 T y Y —4/3
%“W”C)[“(“ﬁ) i)
1 d[.,54 v\ —1/3
o)
202 dx {x v [ N x3
By (6.1) and (6.14), we obtain
a 2 4 b 2 4
J (I BN ey (B dr
. R r ) r u R ) r
(" rs 2/3 8 — 3+ O\ dr
). a r3—c 4+ C3 a r3 r
. b o 73 2/3 - R B 4/3 dr
“ K r3—c3+ (O3 r3 r
a3/A3 b3/B3
:_1/ it u_l/ @ltu,
3 3/C3 u7/3 3 a3 /A3 u?/3
3 ac3
_ _1 %(1371)4»1 M(l) ]. +u u— 1 / 1:7’\/ ILL(2) 1 + ud'u/
3 3 U7/3 3 %2(323_1)_’_1 U7/3
3 c3 (.3
1 [ 4w, 1 (ol 14y
I O Zdu+ = @~ qu.
3 /§§<x31>+1 P8 e ST
In the above calculations, we used the following relations,
u(C? — ¢3) 1/3
S [ S 6.15
=M= (6.15)
dr  C* = [u(C®—¢%) 72/3_ r (6.16)
du  3(1—w)?| 1-wu 3u(l —u)’ ‘
1 1 u?—1 14+u
23 _ = = — : 6.17
(u u4/3) 3u(l—wu)  3u™3(1 —u) 3u’/3 (6.17)
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We then express (6.13) equivalently as follows

g2 ) —Bt) _ d {:&%3 {1 - (1+ 13)_1/1 }

pC? dz
42 (7 1+u
O B |
+ 302 /f;z(:v?’l)ﬂ w4y (6.18)
A2 &3 (a*-1)+1 ol +u
+ 3,00 W A
3[)0 23+ u’/

T+y

In the static case, where ¢ = 0 and ¢ = 0, (6.13) reduces to

a r? R*\ dr b r? R*\ dr
Ti(t) — Tr(t) = 2/ ) <§ - F) - + 2/ p® (@ - F) R (6.19)

and (6.18) becomes

3
o, T1(t) — T5(t) 4 /z3 ol . /ig(ﬂCS_l)H @ltu,
pA2 3p02 %g(m?’—l)—i-l H u’/3 iﬁ H u?/3
Y
(6.20)
For the dynamic shell, we define
3
4 ¢ 1+u SE)R 1y
H _ 2 1) d / (2) dul dc.
(z,7) 3p02/1 ¢ [/Zi’(@—nﬂu I u+ s pe s Gl ¢
- Y
(6.21)

This function will be used to establish whether the radial motion of the composite

shell is oscillatory or not.

6.2.1 Composite with two concentric homogeneous spher-

ical shells subject to impulse traction

We set the pressure impulse

T (t) = T 0 ift <O,
2% - (6.22)
P po ift >0,
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with pg constant in time. Integrating (6.18) implies
2 3 YN\ TYB _DPo /3
e’ |1— (14— +H(x,7)_§(x — 1) + Cy, (6.23)
x

where H(x,7) is given by (6.21), and

~1/3

0 3

with the initial conditions x(0) = xy and #(0) = @,. By (6.23), the velocity is

equal to

8@ 1) +Co—Hz)

r==4 |2 (6.25)
3 [1 —(1+ %)‘”3}
This system is analogous to the motion of a point mass with energy
1 9
E = im(:pn + V(x), (6.26)

where the energy is E = Cp, the potential is given by V(z) = H(x,7y) — & (2* — 1)
and the position-dependent mass is m(z) = 22° [1 —(1+ g—g)_l/g]. The solutions
of interest are either static or periodic solutions.

Oscillatory motion of the composite spherical shell occurs if and only if the

frequency equation

H(z,v) = % (° — 1) + Cy, (6.27)

has exactly two distinct solutions, representing the amplitudes of the oscillation,
r = x; and x = w9, such that 0 < 1 < 9 < oco. In this case, the minimum and
maximum radii of the inner surface in the oscillation are given by ;A and x5 A,

respectively, and the period of oscillation is equal to

/‘T2 dz
1 x

T=2

T2 1‘3 1-— 1—|—1371/3
:2/ [ (1t 3) ]dx. (6.28)

B@ 1)+ Co—H@.)
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For the stochastic composite shell, the amplitude and period of the oscillation are
random variables characterised by probability distributions.

To examine H (x, ) defined by (6.21), we rewrite this function in the equivalent

form
H(‘r)f)/) :Hl('r7/y)+H2<x’7>7 (629)
where
44 /x 9 ¢ I1+u
Hi(x,v)= ¢ / ——=du| d¢ 6.30
1( ) 3[)02 1 %((3—1)4-1 u7/3 ( )
and
3
4#(2) T 9 %(43_1)"‘1 1 _'_ u Cg 1 + U

Proceeding as in [83], we obtain

) 22 — 1
H L R .
1(,7) C?2 e S
u@)(g ) 2[3—2(333—1)“}—1
pC? (€0 (23— 1) + 1] + [S (@8 — 1)+ 1] + [ (23 — 1) +1]°
(6.32)
and
o) u<2)(3 ) 2[$ -1 +1] -1
2(,7) = —5 («* —
e (G @ =D+ + [ e -0+ [F e -0+
e 1 2241 — ]
—— (z° — .
(2 ot B\ N1/3
() ()

(6.33)
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By (6.32) and (6.33), the function H(z,) defined by (6.29) takes the form

(1) 22% — 1
I x
H - £ —
(z,7) pC? ( B+t
CI 2 [A—i (3 —1)+ 1] -1
— -1
0C2 (I ) o3 o3 2/3 N [0_3 (9 — 1) 1} 1/3

PO 2[G @ -1 +1] -1
T 0O2 (9: - 1) 3 4 3 3 23 o, 4 1/3
P [ (@ =)+ 1]+ [F (@ = D) +1]77 + [F (@® = 1) + 1]
ac3+7 _
_,u(z) ( 3_1) 21+7 1
pC? zy | <$3ﬂ>2/ ( 3+w>1/3
1+~ 1+~ 14

(6.34)

The above function is monotonically decreasing for 0 < x < 1 and increasing for
x > 1. In particular, when ™ = 4, the function corresponding to homogeneous
spherical shell is obtained [83].

We consider the following two cases:

(i) If po =0 and Cy > 0, then equation (6.27) has exactly two solutions, x = x4
and x = zo, satisfying 0 < 1 < 1 < x5 < oo, for any positive constant Cj.
An example is shown in Figure 6.1, where Cy = 7. These oscillations are not
‘free’ in general, since, by (6.11), if T,..(r,t) = 0 at r = ¢ and r = b, so that
Ti(t) = To(t) = 0, then Typg(r,t) = Tys(r,t) # 0 at r = ¢ and r = b, unless

r?/R? — 1.

(ii) When py # 0 and Cy > 0, substitution of (6.34) in (6.27) implies that
the necessary and sufficient condition for the motion to be oscillatory is that py

satisfies

3(H —C H —
—o0 = lim (H(z,7) 0) < pg < sup 3 (H(z,7) CO),
x—0 3 —1 0<z<0o 3 —1

(6.35)
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Figure 6.1: The function H (z,7), defined by (6.34), intersecting the (dashed red)
line Cy = 7 (left), and the associated velocity, given by (6.25) (right), for a dynamic
composite tube with two concentric stochastic neo-Hookean phases, with inner
radii A = 1 and C = 1/2, respectively, assuming that p = 1 and p) follows
a Gamma distribution with p{" = 405 and p" = 4.05/p{" = 0.01, while u®
is drawn from a Gamma distribution with ,052) = 405 and pg) = 4.2/ p§2). The
dashed black lines correspond to the expected values based only on mean values,
pt) = 4.05 and @ = 4.2. Each distribution was calculated from the average of
1000 stochastic simulations.
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Figure 6.2: The function H(z,~), defined by (6.34), intersecting the (dashed red)
line B (2° — 1) 4+ Cyy when py = 1 and Cy = 1 (left), and the associated velocity,
given by (6.25) (right), for a dynamic composite tube with two concentric stochas-
tic neo-Hookean phases, with inner radii A = 1 and C' = 1/2, respectively, under
im%)ulse traction, assuming that p = 1 and ) follows a Gamma distribution with
pgl = 405 and pgl) = 4.05/,051) = 0.01, while p® is drawn from a Gamma distri-
bution with p§2) = 405 and pg) =4.2/ p?). The dashed black lines correspond to
the expected values based only on mean values, u = 4.05 and ;® = 4.2. Each
distribution was calculated from the average of 1000 stochastic simulations.
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6.2. OSCILLATORY MOTION OF A COMPOSITE WITH TWO
CONCENTRIC HOMOGENEOUS SPHERICAL SHELLS

where “sup” denotes supremum. This case is exemplified in Figure 6.2 where

po=1and Cy = 1.

Thin-walled shell. In particular, when the shell wall is thin, such that 0 <

v < 1, if we assume that A®/C® = B3/A% = v/2 + 1, then (6.34) becomes

H(z,7) pl («* - 1) 207~ 1 o1
r,Y) = —F/——5— (2~ —
Y 202 B+r2+r iy i) 23 iy /3
14 +<1+’y> +<1+’7)
(6.36)

In this case, the problem reduces to that of a thin-walled homogeneous spherical

shell with shear modulus (u™® + ) /2 [83].

6.2.2 Composite with two concentric homogeneous spher-

ical shells subject to dead-load traction

We further assume that the outer circular surface of the composite sphere is free,
such that Ty(t) = 0, while the inner surface is subject to a dead-load pressure

P () satisfying

P (t T, (¢ 0 ift<o0,
2 lc<*2) = 227 lc(m) = (6.37)
P P po ift >0,
with py constant in time. Integrating (6.18) implies
2.3 v\ Y3
#2081 — (1+5) + H(z,7) = po (x — 1) + Co, (6.38)
where H (z,7) is given by (6.21), and
N
Co = o [1 (1 + ) + H(xo,v) —po(zo—1), (6.39)
3
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6.2. OSCILLATORY MOTION OF A COMPOSITE WITH TWO
CONCENTRIC HOMOGENEOUS SPHERICAL SHELLS

with the initial conditions x(0) = x¢ and #(0) = &¢. By (6.23), the velocity is

po(x—1)+Co— H(x,7)

b=+
3 [1 —(1+ %)*1/3}

(6.40)

Oscillatory motion of the composite spherical shell occurs if and only if the fre-
quency equation

H(z,v) = po(z— 1)+ Co, (6.41)

has exactly two distinct solutions, representing the amplitudes of the oscillation,
r = x; and x = w9, such that 0 < x1 < 9 < oco. In this case, the minimum and
maximum radii of the inner surface in the oscillation are given by ;A and z9A,

respectively, and the period of oscillation is equal to

@ 23 [1—(1+ J—g)_l/g
-2\ <x[— DTG H(sjv)dx ' (6.42)

1 1.2 1.4

Figure 6.3: The function H (z,7), defined by (6.34), intersecting the (dashed red)
line po (x — 1) + Cy when py = 10 and Cy = 0 (left), and the associated velocity,
given by (6.25) (right), for a dynamic composite tube with two concentric stochas-
tic neo-Hookean phases, with inner radii A = 1 and C' = 1/2, respectively, under
dead-load traction, assuming that p = 1 and p(V follows a Gamma distribution
with pgl) = 405 and pgl) = 4.05/,051) = 0.01, while x® is drawn from a Gamma dis-
tribution with p§2) = 405 and péQ) =42/ ,052). The dashed black lines correspond
to the expected values based only on mean values, ") = 4.05 and p® = 4.2.
Each distribution was calculated from the average of 1000 stochastic simulations.
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6.3. OSCILLATORY MOTION OF A RADIALLY INHOMOGENEOUS
SPHERICAL SHELL

The case with py = 0 is similar to that when an impulse traction was assume.
For py # 0 and Cj > 0, substitution of (6.34) in (6.27) implies that the necessary

and sufficient condition for the motion to be oscillatory is that pg satisfies

H — H —
—o0 = lim (H(2,7) = Co) <po < sup (H(z,7) = Co) = 400. (6.43)
x—0 x—1 0<z <00 r—1

An example is shown in Figure 6.3, where py = 5 and Cy = 0, and the geometric

and material parameters for the composite tube are as in the previous case.

6.3 Oscillatory motion of a radially inhomoge-
neous spherical shell

We also examine the oscillatory motion of radially inhomogeneous incompressible
spherical shells of stochastic hyperelastic material described by a neo-Hookean-like
strain-energy function, with the constitutive parameter varying continuously along
the radial direction. Similarly to the case of a radially inhomogeneous tube, the
radially inhomogeneous sphere can be regarded as an extension of the composite
with two concentric phases to the case with infinitely many concentric layers and
continuous inhomogeneity. Our inhomogeneous model is similar to those proposed
in [91], where the cavitation and radial oscillatory motion of a stochastic sphere
was treated explicitly.

As in [91] where the cavitation of radially inhomogeneous spheres was treated
analytically, here, we define the class of stochastic inhomogeneous hyperelastic
models (2.23) with the shear modulus taking the form (see also [35])

R3

where u(R) > 0, for all C < R < B, C} > 0 is a single-valued (deterministic)

constant, and C5 is a random value defined by a given probability distribution.
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6.3. OSCILLATORY MOTION OF A RADIALLY INHOMOGENEOUS
SPHERICAL SHELL
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Figure 6.4: Examples of Gamma distribution, with hyperparameters p; = 405 -
BY/RS and p, = 0.01 - R®/BS, for the shear modulus u(R) given by (6.44).

This function form was chosen so that the problem of oscillatory motion for the
spherical shell could be treated explicitly. We note that C could also be chosen
to be probabilistic, but this case would be more involved.

When the mean value of the shear modulus p(R), described by (6.44), does
not depend on R, as (1, R and C' are deterministic and C5 is probabilistic, we
have

6

R
p=Ch, Var|u| = Var[Cg]@, (6.45)

where Var[C}] is the variance of Cy, while the mean value of Cs is C, = 0.

By (2.25) and (6.45), the hyperparameters of the corresponding Gamma dis-

tribution, defined by (2.26), take the form

G _ Var[u] _ Var[Cy] R

. 6.46
P1 P P2 c; c, (S ( )

For example, we can choose two constant values, Cy > 0 and C; > 0, and set the

hyperparameters for the Gamma distribution at any given R as follows,

C, C" RS
P1 = F;ﬁ’ P2 = COE (647)

By (6.44), Cy = (u(R) — C1) C3/R? is the shifted Gamma-distributed random
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6.3. OSCILLATORY MOTION OF A RADIALLY INHOMOGENEOUS
SPHERICAL SHELL

variable with mean value C, = 0 and variance Var[Cy] = p;p3C°®/R® = C,C}.

In Figure 6.4, we show Gamma distributions with p; = 405 - BS/R% and p, =
0.01- R°/B°. By (6.44) and (6.47), Cy = 0.01 - C®/B®, Cy = pu = p1p, = 4.05 and
Cy = pu(C) — Cy. In particular, for a shell with infinitely thick wall, as R decreases
to C, p; increases, while py decreases, and the Gamma distribution converges to

a normal distribution [36, 82].

The shear modulus defined by (6.44) can be expressed equivalently as

-1
u—1
where u = r3/R? and z = ¢/C, as denoted in (6.14).
Next, writing the invariants given by (6.6) in the equivalent form
L=u"P4+223,  L=uP+207% L =1, (6.49)
and substituting these in (6.8) gives
ow dp du
B =25 = p+ (1 —3),
5, = 28W_ dp du (1, — 3) '
e 812 N du dIQ ! ’
where p is defined by (6.48). Therefore,
3Cy2® — 1[4 2u®—3u™3 +u
51 - Cl + _2 |:_ - P} :| )
4 u—=113 (u—1)"(u+1) (6.51)
5 _302933—12u7/3—3u5/3+u1/3 .
T4 u-1 w1 (u+1)
and
r? 3Cy 7% — 1 {2 2u3 — 3u"/3 + u}
—B—=C +—== - — . 6.52
b B1R2 T2 u—1 |3 (u—17%(u+1) (6:52)

Recalling the stress components described by (6.11), and following a similar

approach as in the previous section, we set the pressure impulse as in (6.22). Then,
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6.3. OSCILLATORY MOTION OF A RADIALLY INHOMOGENEOUS
SPHERICAL SHELL
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Figure 6.5: The function H(z,~), defined by (6.54), intersecting the (dashed red)
line Cy = 3 (left), and the associated velocity, given by (6.25) (right), for a dynamic
radially inhomogeneous shell with infinitely thick wall having inner radius C' = 1,
assuming that p = 1 and yu follows a Gamma distribution with p; = 405/R% and
p2 = 0.01 - R%. The dashed black lines correspond to the expected values based
only on mean values. Each distribution was calculated from the average of 1000
stochastic simulations.
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Figure 6.6: The function H (z,7), defined by (6.54), intersecting the (dashed red)
line B (2* — 1) 4+ Cyy when py = 1 and Cy = 1 (left), and the associated velocity,
given by (6.25) (right), for a dynamic radially inhomogeneous shell with infinitely
thick wall having inner radius C' = 1, under impulse traction, assuming that p = 1
and p follows a Gamma distribution with p; = 405/R® and p, = 0.01 - R%. The
dashed black lines correspond to the expected values based only on mean values.
Each distribution was calculated from the average of 1000 stochastic simulations.

Page 81



6.3. OSCILLATORY MOTION OF A RADIALLY INHOMOGENEOUS
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Figure 6.7: The function H(z,~), defined by (6.54), intersecting the (dashed red)
line pg (x — 1)+Cp when py = 5 and Cy = 0 (left), and the associated velocity, given
by (6.25) (right), for a dynamic radially inhomogeneous shell with infinitely thick
wall having inner radius C' = 1, under dead-load traction, assuming that p = 1
and p follows a Gamma distribution with p; = 405/R® and p, = 0.01 - R®. The
dashed black lines correspond to the expected values based only on mean values.
Each distribution was calculated from the average of 1000 stochastic simulations.

similarly to (6.21), using (6.52), we define the function

acy [, ¢ L+u,
H(x”):?,pc?/l (C ﬂsﬂ Wi )dC

205 [* c ¢ 1+ 2 2ud — 3uT3 4+ u
+W/1 {(C —C)/ﬁm{g—(u_l)%u“)}du d¢

3+

_ﬁ(x3_> 22° — 1 25 1
B pC'2 3+ 22+ :C 3 23 2/3 23 1/3
1++’;Y + ( 1:3) +’Y>
Gy 43
6 4
4 %/ (<5 _ Cz) 2§4 (4335 14)—21 ( ) e ) . ac.
(%) ( 1)
(6.53)

We focus our attention on the following limiting cases:
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6.3. OSCILLATORY MOTION OF A RADIALLY INHOMOGENEOUS
SPHERICAL SHELL

Thick-walled shell. If the shell has an infinitely thick wall, such that v — oo,

then (6.53) takes the form

H(z) = 2 (3 —1) (22—~ =
(z) pC? (:1: ) (x?’ + 22+ 3)

Cy ["2¢5—3¢C*+1
e
Oy (2D

pC? 42 +zx 3

Cg 2 1 2 2¢+ 1 7
+— |2+ - -1 +2+1) + v3arct —2+3logV3— —
p02[ 5 og (x x ) arctan 73 og 73

(6.54)

Examples are presented in Figure 6.5 for the case without impulse or dead-load
traction, in Figure 6.6 for the case when the pressure impulse is given by (6.22),
and in Figure 6.7 for the case when the dead-load traction is given by (6.37). The
problem reduces to that of a homogeneous sphere if Cy = 0 (see [83]). For both
homogeneous and inhomogeneous spheres, the amplitude and period of the oscil-
lations depend on the initial conditions and the probabilistic material properties.

However, a less detailed explicit analysis is possible for the inhomogeneous case.

Thin-walled shell. If the shell wall is thin, such that 0 < v < 1, then the shear
modulus defined by (6.44) takes the form p = C) + Cy, and the problem reduces

to that of a homogeneous shell with thin wall (see [83]).
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Chapter 7

Conclusion

In this thesis, we studied analytically the static and dynamic finite deformation
and oscillatory motion for: (1) composite cylindrical tubes and spherical shells
with two concentric stochastic homogeneous neo-Hookean phases, and (2) inho-
mogeneous tubes and shells of neo-Hookean-like material with the constitutive
parameter varying continuously in the radial direction. For the homogeneous ma-
terials, the shear moduli are spatially-independent random variables, while for the
radially inhomogeneous bodies, the shear moduli are spatially-dependent random
fields. Under the physically realistic assumptions that, for any given finite defor-
mation, at any point in the material, the shear modulus and its inverse are positive
and have finite mean value and finite variance, by the principle of maximum en-
tropy, this modulus follows a Gamma probability density function.

These results extend previous theoretical findings for cylindrical tubes and
spherical shells of stochastic hyperelastic material with homogeneous, i.e., spatially-
independent, elastic parameters [82,83]. Similarly to the homogeneous case, al-
beit after more involved calculations, we obtain that, under radially-symmetric
dynamic deformation, treated as quasi-equilibrated motion, the bodies oscillate
(i.e., their radius increases up to a point, then decreases, then increases again,
and so on), and the amplitude and period of the oscillations are characterised by

probability distributions, depending on the initial conditions, the geometry, and
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the probabilistic material properties.

The particular values for the stochastic parameters in our numerical calcu-
lations are for illustrative purposes only, and chosen similar to those in [82,83].
Other stochastic hyperelastic models, such as those defined in [88], can also be
used instead of the neo-Hookean model. However, for compressible materials, the
theorem on quasi-equilibrated dynamics is not applicable [133, p. 209]. As our
analytical approach relies on the notion of quasi-equilibrated motion for incom-
pressible cylindrical tubes and spherical shells, the same approach cannot be used
for the compressible case. Nevertheless, standard elastodynamic problems can be
formulated, which can then be treated numerically. Extensions to more realistic
models of stochastic heterogeneous bodies also require computational tools.

The present study (see also [81] where some of our results have been pub-
lished) is a continuation of the explicit investigation of how the elastic solutions of
fundamental nonlinear elasticity problems can be extended to stochastic hyperelas-
tic materials where the parameters follow probability distributions, as developed
in [82-84,89-91]. For these problems, which include random variables as basic
concepts along with mechanical stresses and strains, the propagation of stochastic
variation from input material parameters to output mechanical behaviour is math-
ematically tractable, offering valuable insights into how probabilistic approaches
can be incorporated into nonlinear elasticity theory.

Our stochastic analysis can further be extended, for example, to:

e Localised bulging in inflated circular cylindrical tubes, which is likely to
occur for all isotropic material models when the axial stretch is fixed and

below a certain threshold value that is dependent on the material mode;

e Asymmetric inflations of spheres leading to aspherical configurations (see [99,

Sec. 6.3.4]);

e Inflation instabilities in cylindrical tubes or spheres of anisotropic material,

such as fibre-reinforced composites.
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Potential applications of this theoretical work include, for example, the study
of plant stems and blood vessels, and the design of biomedical and engineering

devices, such as medical or whether balloons.
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Appendix A

Normal distribution as the limit

of a Gamma distribution

Theorem A.0.1 The limiting distribution of the Gamma distribution with shape
and scale parameters py and ps, respectively, such that p; — 00, is the normal

(Gaussian) distribution with mean value pyps and standard deviation \/pips.

Proof: If X is a random variable following a Gamma probability distribution
with shape parameter p; > 0 and scale parameter p, > 0, then its mean value and

standard deviation, respectively, are equal to

X = p1pa, | X = /p1pa.

Its probability density function takes the form

p1—1 _pi
) (A.1)

9x (2 p1, p2) = —r5—— >
P5 T (p1)

where I' : R}, — R is the complete Gamma function

I'(z) = /000 t*~le'dt. (A.2)
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The corresponding cumulative distribution function is equal to

The moment generating function of X is defined by

Mx(t) = E [e"] = (1 — pat) ™",

Gx(fﬁ):/ gx (u; p1, p2)du.
0

1
t< —.
P2

(A.3)

Subtracting the mean value X from X and dividing the result by the standard

deviation || X || gives the following one-to-one transformation,

or equivalently,

X —

~

Y:——

Y —

X

X
p2+/P1

N

The moment generating function of Y is then

My(t)=FE [ety] = e WhE [etﬂXiﬁ] 4 (

1— ——

t

VP1

—P1
) : t < \/pi1.

Thus, the limiting moment generating function of Y when p; — oo takes the form

lim My (t) = lim e "V

pP1—>00

P1—00

t

(“ﬁ

The above limit can be calculated as follows,

t —P1
lim e tVPr (1 — —) = lim
p1—00 \/p_l y=1/\/p1—01
where
—ty —In(1 —¢ —t+t/(1—t
P n?( Y) _ /A - ty)
y—04 Y y—0 2y
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e Y (1—153/) = ™Mo+
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Therefore,

o
N

lim My (t) =e?, —00 < t < 00,

pP1—00

which is the moment generating function of a normally-distributed random vari-
able.

For a normally-distributed random variable Y € (—o00,00) with mean value
Y = 0 and standard deviation ||Y|| = 1, the probability density function takes the

form

y2

1
fr(y;0,1) = ez, —00 < Y < 00. (A4)

V2r

The associated normal cumulative distribution function is

(A.5)

where

erf(y) = 2Fy (yv/2) — 1 "
A6
e

is the error function, giving the probability that a random variable with normal
distribution of mean 0 and variance 1/2 falls in the range [—y,y]. The error

function has the following properties

erf(0) =0, erf(oco) =1, erf(—oo0) = —1, erf(—y) = —erf(y).
(A7)
For —1 < z < 1, there exists a unique erf ' (2) satisfying erf (erf_l(z)) = z. Thus,
the limiting distribution of a Gamma distribution with shape parameter p; — oo

is the normal distribution. O
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Appendix B

Linear combination of
independent Gamma

distributions

In this appendix, we state without proof a result concerning the summation of
two independent Gamma-distributed variables (see also Appendix of [90] for the
result stated in the general case of n independent Gamma-distributed variables,
and Theorem 1 of [93] for a proof). The following theorem is applicable also
to linear combinations of independent Gamma-distributed random variables by

rescaling.

Theorem B.0.1 If {Ry, Re} are mutually independent Gamma-distributed ran-
dom variables, with the corresponding shape and scale hyperparameters, pgi) and
péi), 1 = 1,2, respectively, such that pgl) < ,052), then the density of R = Ry + Rs

can be expressed as follows,

g(R> - CZ p+kr<p+ ]C) )

k=0 1

R >0, (B.1)
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where

and O satisfies

with

1
i+

1
2

2
.

2
A

)

(=) gy, (1-p0) "
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Stochastic Finite Strain Analysis of
Inhomogeneous Hyperelastic Bodies

Introduction

o Stochastic hyperelastic models are material models
with the elastic moduli following probability laws.
Stochastic approaches are continually growing in
importance as a tool in materials science, engineering,
and biomechanics, where understanding the variability in
the mechanical behaviour of materials i crucial
Stochastic elasticity combines elasticity theory,
statistics and probabilities in order to model the
mechanical properties of materials, which are rarely
deterministic

& A

Uncertainties typically arise from
o micro-structural inhomogeneity;

o sample-to-sample intrinsic variability;
o observational data (sparse, indirect, polluted by noise)

Challenges of information

Q1 How should uncertainties be included in constitutive
models derived from sparse and approximate data?

Q2 How should a model be selected among competing
models that adequately represent the data?

Q3 What is the influence of parameter uncertainties on the
predicted mechanical responses?

Stochastic elasticity framework

Elastic setting
AL Objectivity.
W (RF) = W (F), R € SO(3)
A2 Isotropy
W (FR") = W(F), R € SO(3)
A3 Baker-Ericksen inequalities
(i —05) (\i = Aj) > 0if A # Aj, 65
Stochastic setting
A4 Finite mean and variance for the random nonlinear shear
modulus and its inverse.

1,2,3

Stochastic isotropic hyperelastic model.

Neo-Hookean type strain energy function

W) = £ (M + X3+ 33 —3)

A stochastic elastic body can be interpreted as a set of bod-
ies, with the elastic moduli of each body drawn from known
probability distributions.

References
[1] Guilleminot ., Soize C. 2017

Manal Alamoudi, L. Angela Mihai
School of Mathematics, Cardiff University, UK

Quasi-equilibrated motion of stochastic tubes
Combined radial and axial motion

R?-C?

- e, z=az

The stochastic function:

e = g (=
{500 e[

where 7 =

Oscillatory motion of a composite with two c
tric tubes under impulse traction

a1
G(x,7) :% (m‘—;) +Co

has two distinct solutions, such that 0< ) < @3 < 00,

The velocity is

The radial motion is periodic if and only if the equation
Po 1
Gayy) =2 (z— C
Ea== (z ﬁ) +Co

has two distinct solutions, such that 0< @) < @ < oo

The velocity is

scillatory motion of a radially inhomogeneous
tubs

05
050

on I

The nonlinear shear modulus is

R
o
where C; > 0 is a single-valued (deterministic) constant,
and O is a random value defined by a given probability
distribution.

The stochastic function

G(z)

n(R) = Ci + Cx

TC‘,(EZ —1)logx

4 — 42® + 4logz + 3)

Conclusion

@ We study large strain deformations of stochastic
isotropic hyperelastic bodes;

o Radially inhomogeneous cylindrical tubes are considered;

@ Dynamic inflation and finite amplitude oscillatory
motions are treated explicitly;

o The material parameters are defined by non-Gaussian
probabilty densites;

o Our probabilstic results demonstrate the nonlinear
propagation of uncertainties

(a? — ) +2C0 — 2G(z,7)

2?log(1 + )

Non-Gaussian random fields in multiscale mechanics of heterogeneous materials, in Encyclopedia of Continuum Mechanics, Springer, Berlin Heidelberg.

2] Mihai LA, Woolley TE, Goriely A. 2018. Stochastic isotropic hyperelastic materials: constitutive calibration and model selection, Proceedings of the Royal Society A 474, 20170858
3] Mihai LA, Alamoudi M. 2020. Likely oscillatory motions of stochastic hyperelastic spherical shells and tubes, International Journal of Non-Linear Mechanics 130, 10367.
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Appendix D

Matlab codes

inflation ir
M=le3;
lambda=linspace(1.001,12,M) ;

bility of two-layer cylindrical tube

datacl=2*[1.77; 1.89; 2.01; 1.68; 1.76];
datac2=2*[0.2; 0.23; 0.21; 0.29; 0.21];
data=datacl+datac2;

rho=gamfit (data);
rhol=rho(1); rho2=rho(2);

N=le2;

mul=gamrnd (rhol, rho2,N, 1) ;
Mean_mul=rhol*rho2;
mu2=gamrnd (rhol, rho2/4,N,1);
Mean_mu2=Mean_mul/4;

T=linspace(0,5,50);

f=mul./mu2* (1./lambda-1./lambda.”3)+1/3* (lambda-1./lambda.”5);

plot (lambda, f, 'linewidth',2)

for i=1:
h(:,i)=histcounts(f(:,1),T, 'normalizat

end

, 'probability');

pcolor (lambda, T (1:end-1)+diff(T)/2,h)
shading interp

colorbar

hold on

Mean_f=1/Mean_mu2*Mean_mul* (1./lambda-1./lambda.”3)+1/3* (lambda-1./lambda."5);

plot (lambda,Mean_f,'--k','lin
xlabel ('$\1e

/(\ on\m ,'interpreter', 'latex')

set (gca,
hcb=colorbar;

caxis ([0 17)

set (get (hcb, 'Title'), "'

ing', 'Probability', 'interpreter', 'latex')
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% inflation and stretching of two-layer cylindrical tube

lambda=1.01:0.01:12;

for i=1:5
R=1+i;
£2=1/3* (lambda-1./lambda."5) ;
f1=R* (1./lambda-1./lambda."3);

f=f1+£2;

plot (lambda, £, 'linewidth',2)

hold on

S{it=["\mu"{ (1)} = ',num2str(R), '\mu"{(2)}"'];

end

xlabel ('$\lambda$', 'interpreter', 'latex')

ylabel ('$T (\lambda)/ (\epsilon\mu~{(2)})$', 'interpreter','latex')
set(gca, 'fontsize',20)

L=legend (S, 'location', 'nw")

set (L, 'fontsize',14)
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% inflation instability for two-layer cylindrical tube
rhol=405.0214; rho2=0.0101; % Rivlin & Saunders

% mean value and standard deviation of shear modulus
mu0=rhol*rho2;

%std0=sqrt (rhol) *rho2;

std0=0.2302; % Rivlin & Saunders

N=le2;

% critical value for inflation instability
ver=1/4.0890;

clmean=mu0*vcr;

Lb=[135,206,250]/255;
Lr=[240,128,128]/255;

figure ('units', 'normalized', 'position', [0 1/3 1 1/3])
Cl=linspace (0,mu0/2);

plot (Cl,gamcdf (Cl/ver, rhol, rho2), 'b', 'linewidth',2
hold on

plot (Cl,1l-gamcdf (Cl/ver,rhol, rho2), 'r', 'linewidth',2)
plot (Cl,normedf (C1/ver, mu0, std0), '--b', 'linewidth', 2)
plot (Cl,1l-normedf (C1/vcr,mu0,std0), '--r', 'linewidth',2)

umerical solution

il
!

Gl=normrnd (mu0, std0,N, 1) ;
G2=gamrnd (rhol,rho2,N,1);
Hmnorm(:,1)=1* (Gl<t/vcr);
Hmgamm (:,1)=1* (G2<t/vcr);
1=1+1;

A(1,:)=sum(Hmgamm==1) ;
A(2,:)=sum(Hmgamm ;
plot(C1,A(1,:)/N,'-','color',Lb, 'linewidth',2
hold on
plot(Cl,A(2,:)/N,'-"','color',Lr, " 'linewidth"',2

A(1l,:)=sum(Hmnorm==1) ;
A(2,:)=sum(Hmnorm )i

plot(Cl,A(1,:)/N,'--','color',Lb, 'linewidth',2)
hold on
plot(Cl,A(2,:)/N,'-=','color',Lr, 'linewidth',2)

plot (clmean*ones(1,100),linspace(0,1), 'k--"', 'linewidth',2)
axis ([0,mu0/2,0,1])

xticks ([0 clmean mu0/2])

xlabel ('$\mu~{(2)}$"', "interpreter', 'latex")

ylabel ('Probability', 'interpreter', 'latex')

set(gca, 'fontsize',20)

L=legend('Analytical probability of stable tubes inflation (gamma distribution)',...

'Analytical probability of unstable tubes inflation (gamma distribution)',...
'Analytical probability of stable tubes inflation (normal distribution)',...
'Analytical probability of unstable tubes inflation (normal distribution)',...
'Simulated probability of stable tubes inflation (gamma distribution)',
'Simulated probability of unstable tubes inflation (gamma distribution)',
'Simulated probability of stable tubes inflation (normal distribution)',...
'Simulated probability of unstable tubes inflation (normal distribution)',...
'Deterministic critical value for tubes inflation instability',...
'location','w');

set (L, 'fontsize',12)
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% inflation of two-layer stochastic spherical shell
M=le3;

lambda=1linspace(1.001,10,M) ;

datacl=2*[1.77; 1.89; 2.01; 1.68; 1.76];
datac2=2*(0.2; 0.23; 0.21; 0.29; 0.21];
data=datacl+datac2;

rho=gamfit (data) ;

rhol=rho(l); rho2=rho(2);
N=le2;
mul=gamrnd(rhol,rho2,N,1);
Mean_mul=rhol*rho2;
mu2=gamrnd (rhol, rho2/4.7,N,1);
Mean_mu2=Mean_mul/4.7;

T=linspace (0,12,60);
f=mul./mu2*(1./lambda-1./lambda.”7)+ (lambda-1./lambda.”"5);
plot (lambda, f, 'linewidth',2)
for i=1:M
h(:,i)=histcounts(f(:,1i),T, 'normalization', 'probability"');
end
pcolor (lambda, T (1l:end-1)+diff(T)/2,h)
shading interp
colorbar
hold on
Mean_f=Mean_mul/Mean_mu2*(1./lambda-1./lambda."7)+(lambda-1./lambda."5);
plot (lambda,Mean_f, '--k', 'linewidth',1)
xlabel ('$\lambda$', 'interpreter', 'latex')
ylabel ('$T(\lambda)/ (\epsilon\mu~{(2)})$', 'interpreter', 'latex"'
set (gca, 'fontsize',20)
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
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% inflation and stretching of two-layer spherical shell

lambda=1.01:0.01:10;

for i=1:5
R=1+i;
f£1=R* (1./lambda-1./lambda."7);
f2=(lambda-1./lambda.”5) ;

f=f1+£2;

plot (lambda, £, 'linewidth',2)

hold on

S{it=["\mu"{ (1)} = ',num2str(R), '\mu"{(2)}"'];

end

xlabel ('$\lambda$', 'interpreter', 'latex')

ylabel ('$T (\lambda)/ (\epsilon\mu~{(2)})$', 'interpreter','latex')
set(gca, 'fontsize',20)

L=legend (S, 'location', 'nw")

set (L, 'fontsize',14)
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% inflation instability for spherical shell
rhol=405.0214; rho2=0.0101; % Rivlin & Saunders
% mean value and standard deviation of shear modulus
mu0=rhol*rho2;

%std0=sqrt (rhol) *rho2;

std0=0.2302; % Rivlin & Saunders

N=le2;

% critical value for inflation instability
ver=1/4.6625;

clmean=mu0*vcr;

Lb=[135,206,250]/255;
Lr=[240,128,128]/255;

figure ('units', 'normalized', 'position', [0 1/3 1 1/3])
Cl=linspace (0,mu0/2);

plot (Cl,gamcdf (Cl/ver, rhol, rho2), 'b', 'linewidth',2
hold on

plot (Cl,1l-gamcdf (Cl/ver,rhol, rho2), 'r', 'linewidth',2)
plot (Cl,normedf (C1/ver, mu0, std0), '--b', 'linewidth', 2)
plot (Cl,1l-normedf (C1/vcr,mu0,std0), '--r', 'linewidth',2)
% numerical solution
1=1;
for t=Cl
Gl=normrnd (mu0, std0,N, 1) ;
G2=gamrnd (rhol,rho2,N,1);
Hmnorm(:,1)=1* (Gl<t/vcr);
Hmgamm (:,1)=1* (G2<t/vcr);
1=1+1;

end

A(1,:)=sum(Hmgamm==1) ;

A(2,:)=sum (Hmgamm==0) ;
plot(C1,A(1,:)/N,'-','color',Lb, 'linewidth',2
hold on
plot(Cl,A(2,:)/N,'-"','color',Lr, " 'linewidth"',2

A(1l,:)=sum(Hmnorm==1) ;
A(2,:)=sum(Hmnorm==0) ;

plot(Cl,A(1,:)/N,'--','color',Lb, 'linewidth',2)
hold on
plot(Cl,A(2,:)/N,'-=','color',Lr, 'linewidth',2)

plot (clmean*ones(1,100),linspace(0,1), 'k--"', 'linewidth',2)
axis ([0,mu0/2,0,1])

xticks ([0 clmean mu0/2])

xlabel ('$\mu~{(2)}$"', "interpreter', 'latex")

ylabel ('Probability', 'interpreter', 'latex')

set(gca, 'fontsize',20)

L=legend('Analytical probability of stable shells inflation (gamma distribution)',...

'Analytical probability of unstable shells inflation (gamma distribution)',...
'Analytical probability of stable shells inflation (normal distribution)',.
'Analytical probability of unstable shells inflation (normal distribution)',...
'Simulated probability of stable shells inflation (gamma distribution)',...
'Simulated probability of unstable shells inflation (gamma distribution)',...
'Simulated probability of stable shells inflation (normal distribution)',...
'Simulated probability of unstable shells inflation (normal distribution)',...
'Deterministic critical value for shells inflation instability',...
'location','w');

set (L, 'fontsize',12)
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% gamma probability density function inhomogeneous tube

figure (2)
for R=0.25:0.25:0.75
rhol=405./R."4; rho2=0.01*R"4;
L=linspace(3.5,4.5);
plot (L, gampdf (L, rhol, rho2), 'LineWidth', 2)
hold on
end
set (gca, 'fontsize',15)
L=legend('$R/B= 0.25%',...
'$R/B= 0.50$',.
'$R/B = 0.75%"',...
'"location', 'nw');
set (L, 'interpreter', 'latex', 'fontsize',20)
hold on
axis([3.5 4.5 0 35])
xlabel ('$\mu(R)$', 'interpreter', 'latex','fontsize',24)
ylabel ('Gamma probability distribution','interpreter', 'latex','fontsize',24)
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% gamma probability density function inhomogeneous sphere

figure (3)
for R=0.25:0.25:0.75
rhol=405./R.%6; rho2=0.01*R"6;
L=linspace(3.5,4.5);
plot (L, gampdf (L, rhol, rho2), 'LineWidth', 2)
hold on
end
set (gca, 'fontsize',15)
L=legend('$R/B= 0.25%',...
'$R/B= 0.50$',.
'$R/B = 0.75%"',...
'"location', 'nw');
set (L, 'interpreter', 'latex', 'fontsize',20)
hold on
axis([3.5 4.5 0 50])
xlabel ('$\mu(R)$', 'interpreter', 'latex','fontsize',24)
ylabel ('Gamma probability distribution','interpreter', 'latex','fontsize',24)
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% free radial oscillations of radially inhomogeneous cylindrical tubes of stochastic NH material
£s=20; rho=1; gamma=1; alpha=1; C=1;
N=le3;
rhol=405; rho2=0.01;
mu=gamrnd (rhol, rho2,N,1);
Mean_mu=rhol*rho2;
Cl=Mean_mu;
Mean_C1=Cl;
C2=mu-C1;
Mean_C2=0;
M=1le3;
x=linspace (0.001,4,M);
G=C1/C"2* (x.72-1) .*log (x);
G=G-C2/4/C 2% (x."4=-4*x."2+3+4*1og (x));
G_mean=Mean_C1/C"2* (x.72-1) .*log(x);
G_mean=G_mean-Mean_C2/4/C"2* (x."4-4*x."2+3+4*1log (x)) ;
% FREE OSCILLATIONS
Cc0=2;
figure (1)
plot (x,G, 'linewidth',2)
P=linspace (-5,35,50);
for i=1:M
h(:,i)=histcounts(G(:,1i),P, 'normalization', 'probability"');
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on

plot (x,G_mean, 'k--', 'linewidth',2)

xticks (0:4)

yticks (0:10:30)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$G$', "interpreter', 'latex', 'fontsize', fs)
axis ([0 4 -1 30])
set (gca, 'fontsize', fs)
plot (linspace (min (x) ,max (x)),CO*ones (1,100), 'r--", 'linewidth',2)
% velocity
figure (2)
vx=sqrt ((2*C0-2*G) ./x.”2./log(l+gamma./ (alpha*x."2)));
vx=real (vx);
plot ([x(110:386),x(110:386) ], [vx(:,110:386),-vx(:,110:386)], 'linewidth',2)
Pv=linspace(-3.5,3.5,50);
for i=1:277
hv(:,i)=histcounts ([vx(:,1+109),-vx(:,1+109)],Pv, 'normalization', 'probability");
end
pcolor (x(110:386) ,Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((2*C0-2*G_mean) ./x."2./log(l+gamma./ (alpha*x."2)));
vx_mean=real (vx_mean) ;
fv] find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean(fvn),0];
plot ([min(x (fvp)),x (fvp),x (fvn) ,min (x (fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex','fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,3.5,100),zeros(1,100), 'k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.5:2.5)
yticks(-3:2:3)
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% forced radial oscillations radially inhomogeneous cylindrical tubes of stochastic NH material
£s=20; rho=1; gamma=1; alpha=1; C=1;
N=le3;
rhol=405; rho2=0.01;
mu=gamrnd (rhol, rho2,N,1);
Mean_mu=rhol*rho2;
Cl=Mean_mu;
Mean_C1=Cl;
C2=mu-C1;
Mean_C2=0;
M=1le3;
x=linspace (0.001,5,M);
G=C1/C"2* (x.72-1) .*log (x);
G=G-C2/4/C 2% (x."4=-4*x."2+3+4*1og (x));
G_mean=Mean_C1/C"2* (x.72-1) .*log(x);
G_mean=G_mean-Mean_C2/4/C"2* (x."4-4*x."2+3+4*1log (x)) ;
% FORCED OSCILLATIONS
p0=1; C0=1;
figure (1)
plot (x,G, 'linewidth',2)
P=linspace(-2,12,50);
for i=1:M
h(:,i)=histcounts(G(:,1i),P, 'normalization', 'probability"');
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on

plot (x,G_mean, 'k--', 'linewidth',2)

xticks (0:3)

yticks (0:2:10)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$G$', "interpreter', 'latex', 'fontsize', fs)
axis ([0 3 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0/2* (x.”2-1/alpha)+C0, 'r--', 'linewidth',2)
% velocity
figure (2)
vx=sqrt ((p0* (x.”2-1/alpha)+2*C0-2*G) ./x."2./log (l+gamma./ (alpha*x."2)));
vx=real (vx);
plot ([x(130:300),x(130:300)], [vx(:,130:300),-vx(:,130:300)], 'linewidth',2)
Pv=linspace(-2.5,2.5,30);
for i=1:171
hv(:,i)=histcounts ([vx(:,1+129),-vx(:,1+129)],Pv, 'normalization', 'probability");
end
pcolor (x(130:300) ,Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((p0* (x.”2-1/alpha) +2*C0-2*G_mean) ./x."2./log (l+gamma./ (alpha*x.”2)));
vx_mean=real (vx_mean) ;
fv] find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean(fvn),0];
plot ([min(x (fvp)),x (fvp),x (fvn) ,min (x (fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex','fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:1.6)
yticks(-2:1:2)
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% forced radial oscillations radially inhomogeneous cylindrical tubes of stochastic NH material
£s=20; rho=1; gamma=1; alpha=1; C=1;
N=le3;
rhol=405; rho2=0.01;
mu=gamrnd (rhol, rho2,N,1);
Mean_mu=rhol*rho2;
Cl=Mean_mu;
Mean_C1=Cl;
C2=mu-C1;
Mean_C2=0;
M=1le3;
x=linspace (0.001,5,M);
G=C1/C"2* (x.72-1) .*log (x);
G=G-C2/4/C 2% (x."4=-4*x."2+3+4*1og (x));
G_mean=Mean_C1/C"2* (x.72-1) .*log(x);
G_mean=G_mean-Mean_C2/4/C"2* (x."4-4*x."2+3+4*1log (x)) ;
% FORCED OSCILLATIONS
p0=5; C0=0;
figure (1)
plot (x,G, 'linewidth',2)
P=linspace(-2,12,50);
for i=1:M
h(:,i)=histcounts(G(:,1i),P, 'normalization', 'probability"');
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
plot (x,G_mean, 'k--', 'linewidth',2)
xticks (0:0.5:3)
yticks (0:2:10)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$G$', "interpreter', 'latex', 'fontsize', fs)
axis ([0 2.5 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0* (x-1/sqgrt (alpha))+CO, 'r--"', 'linewidth"',2)
% velocity
figure (2)
vx=sqrt ((2*p0* (x-1/sqrt (alpha)) +2*C0-2*G) ./x."2./log(l+gamma./ (alpha*x."2)));
vx=real (vx);
plot ([x(190:330),x(190:330) ], [vx(:,190:330),-vx(:,190:330)], 'linewidth',2)
Pv=linspace(-2,2,30);
for i=1:141
hv(:,i)=histcounts ([vx(:,1+189),-vx(:,1+189)],Pv, 'normalization', 'probability");
end
pcolor (x(190:330) ,Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((2*p0* (x-1/sqrt (alpha)) +2*C0-2*G_mean) ./x.”2./log(l+gamma./ (alpha*x."2)));
vx_mean=real (vx_mean) ;
fv] find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean(fvn),0];
plot ([min(x (fvp)),x (fvp),x (fvn) ,min (x (fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex','fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:1.6)
yticks(-2:0.5:2)
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% free radial oscillations of radially inhomogeneous cylindrical tubes of stochastic NH material
£s=20; rho=1; gamma=1; C=1;
N=le3;
rhol=405; rho2=0.01;
mu=gamrnd (rhol, rho2,N,1);
Mean_mu=rhol*rho2;
Cl=Mean_mu;
Mean_C1=Cl;
C2=mu-C1;
Mean_C2=0;
M=1le3;
x=linspace (0.001,5,M);
H=C1/C"2* (x.73-1) .* ((2*x.73-1) ./ (x."3+x.%2+x) -1/3) ;
H=H+C2/C"2* (3/2*1log (3) -pi/sqrt (3) -2-3/2*log (x."2+x+1) +sqrt (3) *atan ((2*x+1) /sqrt (3) ) +x."2+1./x) ;
H_mean=Mean_C1/C"2%*(x."3-1) .*((2*x."3-1)./(x."3+x.%2+x)-1/3);
H_mean=H_mean+Mean_C2/C"2*(3/2*1log (3)-pi/sqrt (3) -2~
3/2*1log (x."2+x+1) +sqrt (3) *atan ( (2*x+1) /sqrt (3))+x."2+1./x);
% FREE OSCILLATIONS
C0=3;
figure (1)
plot (x,H, 'linewidth',2)
P=linspace (-5,35,50);
for i=1:M
h(:,i)=histcounts(H(:,1i),P, 'normalization', 'probability");
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
hold on

plot (x,H_mean, 'k--', 'linewidth',2)

xticks(0:3)

yticks (0:10:30)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$H$', 'interpreter', 'latex', 'fontsize', fs)
axis ([0 2.5 -1 30])
set (gca, 'fontsize', fs)
plot (linspace (min (x) ,max (x)),CO*ones (1,100), 'r--"', 'linewidth',2)
% velocity
figure(2)
vx=sqrt ((CO0-H)./x.”3./(1-(l+gamma./x."3) .~ (-1/3)));
vx=real (vx);
plot ([x(90:306),x(90:306)], [vx(:,90:306),-vx(:,90:306)], " 'linewidth',2)
Pv=linspace(-4.5,4.5,50);
for i=1:217
hv(:,i)=histcounts ([vx(:,1+89),-vx(:,1+89)],Pv, 'normalization', 'probability');
end
pcolor (x(90:306),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((CO-H_mean)./x.”3./(1-(l+gamma./x.”3)."(-1/3)));
vx_mean=real (vx_mean) ;
fvp=[find(vx_mean>0)];
fvn=fvp (end:-1:1) ;
pmvx_mean=[0,vx_mean (fvp),-vx_mean (fvn),0];
plot ([min(x(fvp)),x(fvp),x(fvn),min(x(fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex', 'fontsize', fs)
ylabel ('$\dot{x}$', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,4.5,100),zeros(1,100),'k', " 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.5:2.5)
yticks (-4:2:4)
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% forced radial oscillations radially inhomogeneous cylindrical tubes of stochastic NH material
£s=20; rho=1; gamma=1; C=1;
N=le3;
rhol=405; rho2=0.01;
mu=gamrnd (rhol, rho2,N,1);
Mean_mu=rhol*rho2;
Cl=Mean_mu;
Mean_C1=Cl;
C2=mu-C1;
Mean_C2=0;
M=1le3;
x=linspace (0.001,5,M);
H=C1/C"2* (x.73-1) .* ((2*x.73-1) ./ (x."3+x.%2+x) -1/3) ;
H=H+C2/C"2* (3/2*1log (3) -pi/sqrt (3) -2-3/2*log (x."2+x+1) +sqrt (3) *atan ((2*x+1) /sqrt (3) ) +x."2+1./x) ;
H_mean=Mean_C1/C"2%*(x."3-1) .*((2*x."3-1)./(x."3+x.%2+x)-1/3);
H_mean=H_mean+Mean_C2/C"2*(3/2*1log (3)-pi/sqrt (3) -2~
3/2*1log (x."2+x+1) +sqrt (3) *atan ( (2*x+1) /sqrt (3))+x."2+1./x);
% FORCED OSCILLATIONS
p0=1; CO0=1;
figure (1)
plot (x,H, 'linewidth',2)
P=linspace(-2,12,50);
for i=1:M
h(:,i)=histcounts(H(:,1i),P, 'normalization', 'probability");
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
hold on

plot (x,H_mean, 'k--', 'linewidth',2)

xticks(0:2)

yticks(0:2:10)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$H$', 'interpreter', 'latex', 'fontsize', fs)
axis ([0 2 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0/3* (x.73-1)+CO, 'r--", 'linewidth',2)
% velocity
figure(2)
vx=sqrt ((p0/3* (x.”3-1)+C0-H) ./x.”3./ (1-(l+gamma./x."3) .~ (-1/3)));
vx=real (vx);
plot ([x(144:270),x(144:270) ], [vx(:,144:270),-vx(:,144:270)], "linewidth',2)
Pv=linspace (-3,3,30);
for i=1:127
hv(:,i)=histcounts ([vx(:,1+143),-vx(:,1+143)],Pv, 'normalization', 'probability"');
end
pcolor (x(144:270),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((p0/3* (x."3-1)+C0-H_mean)./x.”3./(1-(l+gamma./x."3)."(-1/3)));
vx_mean=real (vx_mean) ;
fvp=[find(vx_mean>0)];
fvn=fvp (end:-1:1) ;
pmvx_mean=[0,vx_mean (fvp),-vx_mean (fvn),0];
plot ([min(x(fvp)),x(fvp),x(fvn),min(x(fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex', 'fontsize', fs)
ylabel ('$\dot{x}$', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k','linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:1.6)
yticks (=3:1:3)
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% forced radial oscillations radially inhomogeneous cylindrical tubes of stochastic NH material
£s=20; rho=1; gamma=1; C=1;
N=le3;
rhol=405; rho2=0.01;
mu=gamrnd (rhol, rho2,N,1);
Mean_mu=rhol*rho2;
Cl=Mean_mu;
Mean_C1=Cl;
C2=mu-C1;
Mean_C2=0;
M=1le3;
x=linspace (0.001,5,M);
H=C1/C"2* (x.73-1) .* ((2*x.73-1) ./ (x."3+x.%2+x) -1/3) ;
H=H+C2/C"2* (3/2*1log (3) -pi/sqrt (3) -2-3/2*log (x."2+x+1) +sqrt (3) *atan ((2*x+1) /sqrt (3) ) +x."2+1./x) ;
H_mean=Mean_C1/C"2%*(x."3-1) .*((2*x."3-1)./(x."3+x.%2+x)-1/3);
H_mean=H_mean+Mean_C2/C"2*(3/2*1log (3)-pi/sqrt (3) -2~
3/2*1log (x."2+x+1) +sqrt (3) *atan ( (2*x+1) /sqrt (3))+x."2+1./x);
% FORCED OSCILLATIONS
p0=5; C0=0;
figure (1)
plot (x,H, 'linewidth',2)
P=linspace(-2,12,50);
for i=1:M

h(:,i)=histcounts(H(:,1i),P, 'normalization', 'probability");
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
hold on
plot (x,H_mean, 'k--', 'linewidth',2)
xticks(0:0.5:2)
yticks(0:2:10)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$H$', 'interpreter', 'latex', 'fontsize', fs)
axis ([0 2 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0/3* (x.73-1)+CO, 'r--", 'linewidth',2)
% velocity
figure(2)
vx=sqrt ((p0* (x-1) +CO0-H) ./x.”3./ (1-(l+gamma./x."3) .~ (=1/3)));
vx=real (vx);
plot ([x(195:265),x(195:265) 1, [vx(:,195:265),-vx(:,195:265)], "linewidth',2)
Pv=linspace(-2,2,30);
for i=1:71

hv(:,i)=histcounts ([vx(:,1+194),-vx(:,1+194)],Pv, 'normalization', 'probability");
end
pcolor (x(195:265),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((p0* (x-1) +CO-H_mean) ./x.”3./ (1-(l+gamma./x."3) .~ (-1/3)));
vx_mean=real (vx_mean) ;
fvp=[find(vx_mean>0)];
fvn=fvp (end:-1:1) ;
pmvx_mean=[0,vx_mean (fvp),-vx_mean (fvn),0];
plot ([min(x(fvp)),x(fvp),x(fvn),min(x(fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex', 'fontsize', fs)
ylabel ('$\dot{x}$', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k','linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:1.6)
yticks (=2:0.5:2)
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% free radial oscillations of concentric cylindrical tubes of stochastic NH material
£s=20; rho=1; A=1; C=1/2; gamma=1; alpha=1;
N=le3;
rhol=405;
mul=gamrnd (rhol,4.05/rhol,N,1);
Mean_mul=4.05;
mu2=gamrnd (rhol,4.2/rhol,N,1);
Mean_mu2=4.2;
M=le3;
x=linspace (0.001,5,M);
G=(mu2-mul) *log (C*2/A"2+1./ (alpha*x."2)* (1-C*2/A"2)) ;
G=G+mu2.* (log (l+gamma) -log (l+gamma./ (alpha*x.”2)));
G_mean= (Mean_mu2-Mean_mul)*log (C"2/A"2+1./ (alpha*x."2)* (1-C"2/A"2));
G_mean=Mean_mu2* (log (l+gamma)-log(l+gamma./ (alpha*x.”2)));
G=G/ (2*C"2) .*(x.”2-1/alpha) ;
G_mean=G_mean/ (2*C"2) . * (x."~2-1/alpha) ;
% FREE OSCILLATIONS
co=7;
figure (1)
plot (x,G, 'linewidth',2)
P=linspace (-5,35,100);
for i=1:M
h(:,i)=histcounts(G(:,1i),P, 'normalization', 'probability"');
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on

plot (x,G_mean, 'k--', 'linewidth',2)

xticks (0:3)

yticks (0:10:30)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$G$', "interpreter', 'latex', 'fontsize', fs)
axis ([0 3 -1 30])
set (gca, 'fontsize', fs)
plot (linspace (min (x) ,max (x)),CO*ones (1,100), 'r--", 'linewidth',2)
% velocity
figure (2)
vx=sqrt ((2*C0-2*G) ./x."2./log(l+gamma./ (alpha*x."2)));
vx=real (vx);
plot ([x(82:386),x(82:386)], [vx(:,82:386),-vx(:,82:386)], " 'linewidth',2)
Pv=linspace(-6.5,6.5,100);
for i=1:305
hv(:,i)=histcounts ([vx(:,1+81),-vx(:,1+81)],Pv, 'normalization', 'probability"');
end
pcolor (x(82:386),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability"', 'interpreter', 'latex")
hold on
vx_mean=sqrt ((2*C0-2*G_mean) ./x."2./log(l+gamma./ (alpha*x.”2)));
vx_mean=real (vx_mean) ;
fv] find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean(fvn),0];
plot ([min(x (fvp)),x (fvp),x (fvn) ,min (x (fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex','fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,3.5,100),zeros(1,100), 'k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.5:2.5)
yticks(-6:2:6)
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% forced radial oscillations of concentric cylindrical tubes of stochastic NH material
£s=20; rho=1; A=1; C=1/2; gamma=1; alpha=1;
N=le3;
rhol=405;
mul=gamrnd (rhol,4.05/rhol,N,1);
Mean_mul=4.05;
mu2=gamrnd (rhol,4.2/rhol,N,1);
Mean_mu2=4.2;
M=le3;
x=linspace (0.001,5,M);
G=(mu2-mul) *log (C*2/A"2+1./ (alpha*x."2)* (1-C*2/A"2)) ;
G=G+mu2.* (log (l+gamma) -log (l+gamma./ (alpha*x.”2)));
G_mean= (Mean_mu2-Mean_mul)*log (C"2/A"2+1./ (alpha*x."2)* (1-C"2/A"2));
G_mean=Mean_mu2* (log (l+gamma)-log(l+gamma./ (alpha*x.”2)));
G=G/ (2*C"2) .*(x.”2-1/alpha) ;
G_mean=G_mean/ (2*C"2) . * (x."~2-1/alpha) ;
% FORCED OSCILLATIONS
p0=1; C0=2;
figure (1)
plot (x,G, 'linewidth',2)
P=linspace(-2,12,100);
for i=1:M
h(:,i)=histcounts(G(:,1i),P, 'normalization', 'probability"');
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on

plot (x,G_mean, 'k--', 'linewidth',2)

xticks (0:3)

yticks (0:2:10)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$G$', "interpreter', 'latex', 'fontsize', fs)
axis ([0 3 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0/2* (x.”2-1/alpha)+C0, 'r-="', 'linewidth',2)
% velocity
figure (2)
vx=sqrt ((p0* (x.”2-1/alpha)+2*C0-2*G) ./x."2./log (l+gamma./ (alpha*x."2)));
vx=real (vx);
plot ([x(135:300),x(135:300) ], [vx(:,135:300),-vx(:,135:300)], 'linewidth',2)
Pv=linspace(-3,3,100);
for i=1:166
hv(:,i)=histcounts ([vx(:,1+134),-vx(:,1+134)],Pv, 'normalization', 'probability");
end
pcolor (x(135:300) ,Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability"', 'interpreter', 'latex")
hold on
vx_mean=sqrt ((p0* (x.”2-1/alpha) +2*C0-2*G_mean) ./x."2./log (l+gamma./ (alpha*x.”2)));
vx_mean=real (vx_mean) ;
fv] find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean(fvn),0];
plot ([min(x (fvp)),x (fvp),x (fvn) ,min (x (fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex','fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:1.4)
yticks (-3:3)
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% forced radial oscillations of concentric cylindrical tubes of stochastic NH material
£s=20; rho=1; A=1; C=1/2; gamma=1; alpha=1;
N=le3;
rhol=405;
mul=gamrnd (rhol,4.05/rhol,N,1);
Mean_mul=4.05;
mu2=gamrnd (rhol,4.2/rhol,N,1);
Mean_mu2=4.2;
M=le3;
x=linspace (0.001,5,M);
G=(mu2-mul) *log (C*2/A"2+1./ (alpha*x."2)* (1-C*2/A"2)) ;
G=G+mu2.* (log (l+gamma) -log (l+gamma./ (alpha*x.”2)));
G_mean= (Mean_mu2-Mean_mul)*log (C"2/A"2+1./ (alpha*x."2)* (1-C"2/A"2));
G_mean=Mean_mu2* (log (l+gamma)-log(l+gamma./ (alpha*x.”2)));
G=G/ (2*C"2) .*(x.”2-1/alpha) ;
G_mean=G_mean/ (2*C"2) . * (x."~2-1/alpha) ;
% FORCED OSCILLATIONS
p0=5; C0=0;
figure (1)
plot (x,G, 'linewidth',2)
P=linspace(-2,12,100);
for i=1:M
h(:,i)=histcounts(G(:,1i),P, 'normalization', 'probability"');
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
plot (x,G_mean, 'k--', 'linewidth',2)
xticks (0:0.5:2)
yticks (0:2:10)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$G$', "interpreter', 'latex', 'fontsize', fs)
axis ([0 2 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0* (x-1/sqgrt (alpha))+CO, 'r--"', 'linewidth"',2)
% velocity
figure (2)
vx=sqrt ((2*p0* (x-1/sqrt (alpha)) +2*C0-2*G) ./x."2./log(l+gamma./ (alpha*x."2)));
vx=real (vx);
plot ([x(195:285),x(195:285) ], [vx(:,195:285),-vx(:,195:285)], 'linewidth',2)
Pv=linspace(-1.5,1.5,100);
for i=1:91
hv(:,i)=histcounts ([vx(:,1+194),-vx(:,1+194)],Pv, 'normalization', 'probability");
end
pcolor (x(195:285) ,Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability"', 'interpreter', 'latex")
hold on
vx_mean=sqrt ((2*p0* (x-1/sqrt (alpha)) +2*C0-2*G_mean) ./x.”2./log(l+gamma./ (alpha*x."2)));
vx_mean=real (vx_mean) ;
fv] find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean(fvn),0];
plot ([min(x (fvp)),x (fvp),x (fvn) ,min (x (fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', 'interpreter', 'latex','fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:1.4)
yticks(-1:0.5:1)
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% free radial oscillations of concentric cylindrical shells of stochastic NH material
fs=20; rho=1; A=1l; C=1/2; gamma=1l;
N=le3;
rhol=405;
mul=gamrnd (rhol,4.05/rhol,N,1);
Mean_mul=4.05;
mu2=gamrnd (rhol,4.2/rhol,N,1);
Mean_mu2=4.2;
M=le3;
x=linspace (0.001,5,M);
H=mul/C 2% (x.73-1) .* (2*x.73-1) ./ (x."3+x."2+x) ;
H=H+ (mu2-mul) /C"2* (x.73=1) . * (2% (C"3/A"3* (x."3-1)+1) 1) ./ ((C"3/A"3* (x."3-1)+1) + (C"3/A"3* (x."3~
1)+1) .7 (2/3) +(C"3/AM3* (x.73-1)+1) .~ (1/3));
H=H-mu2/C"2* (x.”3-1) .* (2* (x."3+gamma) / (1+gamma) -
1) ./ ((x.”3+tgamma) / (1+gamma) + (x. " 3+gamma) .~ (2/3) / (1+gamma) .~ (2/3) + (x."3+gamma) .~ (1/3) / (1+gamma) . " (
1/3));
H_mean=Mean_mul/C"2* (x."3-1) .*(2*x."3-1) ./ (x."3+x."2+x) ;
H_mean=H_mean+ (Mean_mu2-Mean_mul) /C"2* (x."3-1) .* (2% (C"3/A"3* (x."3-1)+1)-1) ./ ((C"3/A"3* (x."3-
1)+1)+(C3/AM3* (x."3=1)+1) .~ (2/3)+(C"3/A"3* (x.73=1)+1) .~ (1/3));
H_mean=H_mean-Mean_mu2/C"2* (x.”3-1).* (2* (x."3+gamma) / (1+gamma) -
1) ./ ((x.”3+gamma) / (l+gamma) + (x.~3+gamma) .~ (2/3) / (1+gamma) .~ (2/3) + (x.*3+gamma) .~ (1/3) / (1+gamma) . " (
1/3));
% FREE OSCILLATIONS
co=7;
figure (1)
plot (x,H, 'linewidth',2)
P=linspace (-5,35,100);
for i=1:M
h(:,i)=histcounts(H(:,1),P, 'normalization', 'probability");
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])

set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
hold on

plot (x,H_mean, 'k--', 'linewidth',2)

xticks(0:3)

yticks (0:10:30)

xlabel ('$x$', 'interpreter', 'latex', 'fontsize', fs)

ylabel ('$H$', 'interpreter', 'latex', 'fontsize', fs)
axis ([0 3 -1 30])
set (gca, 'fontsize', fs)
plot (linspace (min (x) ,max (x)),C0*ones (1,100), 'r--', 'linewidth',2)
% velocity
figure (2)
vx=sqrt ((CO-H) ./x.”3./(1-(l+gamma./x.”3)."(-1/3)));
vx=real (vx);
plot ([x(115:340),x(115:340) ], [vx(:,115:340),-vx(:,115:340)], "linewidth',2)
Pv=linspace(-8.5,8.5,100);
for i=1:226
hv(:,i)=histcounts ([vx(:,i+114),-vx(:,1+114)],Pv, 'normalization’, 'probability");
end
pcolor (x(115:340),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((CO-H_mean)./x.”3./(1l-(l+gamma./x.”3) .~ (-1/3)));
vx_mean=real (vx_mean) ;
fvp=[find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean (fvn),0];
plot ([min(x(fvp)),x(fvp),x(fvn),min(x(fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,3.5,100),zeros(1,100), k', 'linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.5:2.5)
yticks (-8:2:8)
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% forced radial oscillations of concentric cylindrical tubes of stochastic NH material
fs=20; rho=1; A=1l; C=1/2; gamma=1l;
N=le3;
rhol=405;
mul=gamrnd (rhol,4.05/rhol,N,1);
Mean_mul=4.05;
mu2=gamrnd (rhol,4.2/rhol,N,1);
Mean_mu2=4.2;
M=le3;
x=linspace (0.001,5,M);
H=mul/C 2% (x.73-1) .* (2*x.73-1) ./ (x."3+x."2+x) ;
H=H+ (mu2-mul) /C 2% (x."3-1) . * (2* (C"3/A"3* (x."3-1)+1) =1) ./ ((C"3/A"3* (x.73-1)+1) + (C"3/A"3* (x."3~
1)+1) .7 (2/3) +(C"3/AM3* (x.73-1)+1) .~ (1/3));
H=H-mu2/C"2* (x.”3-1) .* (2* (x."3+gamma) / (1+gamma) -
1) ./ ((x.”3+tgamma) / (1+gamma) + (x. " 3+gamma) .~ (2/3) / (1+gamma) .~ (2/3) + (x."3+gamma) .~ (1/3) / (1+gamma) . " (
1/3));
H_mean=Mean_mul/C"2* (x."3-1) .*(2*x."3-1) ./ (x."3+x."2+x) ;
H_mean=H_mean+ (Mean_mu2-Mean_mul) /C"2* (x."3-1) .* (2% (C"3/A"3* (x."3-1)+1)-1) ./ ((C"3/A"3* (x."3-
1)+1)+(C3/AM3* (x."3=1)+1) .~ (2/3)+(C"3/A"3* (x.73=1)+1) .~ (1/3));
H_mean=H_mean-Mean_mu2/C"2* (x.”3-1).* (2* (x."3+gamma) / (1+gamma) -
1) ./ ((x.”3+gamma) / (l+gamma) + (x.~3+gamma) .~ (2/3) / (1+gamma) .~ (2/3) + (x.*3+gamma) .~ (1/3) / (1+gamma) . " (
1/3));
% FORCED OSCILLATIONS
p0=1; CO0=1;
figure (1)
plot (x,H, 'linewidth',2)
P=linspace(-2,12,100);
for i=1:M
h(:,i)=histcounts(H(:,1),P, 'normalization', 'probability");
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
hold on
plot (x,H_mean, 'k--', 'linewidth',2)
xticks(0:0.5:2)
yticks(0:2:10)
xlabel ('$x$', 'interpreter', 'latex', 'fontsize', fs)
ylabel ('$H$', 'interpreter', 'latex', 'fontsize', fs)
axis ([0 2 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0/3* (x.73-1)+CO, 'r--", 'linewidth',2)
% velocity
figure (2)
vx=sqrt ((p0/3*(x."3-1)+C0-H) ./x."3./(1-(1l+gamma./x."3) .~ (-1/3)));
vx=real (vx);
plot ([x(160:255),x(160:255)], [vx(:,160:255),-vx(:,160:255)], 'linewidth',2)
Pv=linspace(-2.5,2.5,100);
for i=1:96
hv(:,i)=histcounts ([vx(:,1i+159),-vx(:,1+159)],Pv, 'normalization’, 'probability");
end
pcolor (x(160:255),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((p0/3* (x."3-1)+C0-H_mean)./x.”3./(1-(l+gamma./x."3) .~ (-1/3)));
vx_mean=real (vx_mean) ;
fvp=[find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean (fvn),0];
plot ([min(x(fvp)),x(fvp),x(fvn),min(x(fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k','linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:2)
yticks (-2:2)
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% forced radial oscillations of concentric cylindrical tubes of stochastic NH material
fs=20; rho=1; A=1l; C=1/2; gamma=1l;
N=le3;
rhol=405;
mul=gamrnd (rhol,4.05/rhol,N,1);
Mean_mul=4.05;
mu2=gamrnd (rhol,4.2/rhol,N,1);
Mean_mu2=4.2;
M=le3;
x=linspace (0.001,5,M);
H=mul/C 2% (x.73-1) .* (2*x.73-1) ./ (x."3+x."2+x) ;
H=H+ (mu2-mul) /C 2% (x."3-1) . * (2* (C"3/A"3* (x."3-1)+1) =1) ./ ((C"3/A"3* (x.73-1)+1) + (C"3/A"3* (x."3~
1)+1) .7 (2/3) +(C"3/AM3* (x.73-1)+1) .~ (1/3));
H=H-mu2/C"2* (x.”3-1) .* (2* (x."3+gamma) / (1+gamma) -
1) ./ ((x.”3+tgamma) / (1+gamma) + (x. " 3+gamma) .~ (2/3) / (1+gamma) .~ (2/3) + (x."3+gamma) .~ (1/3) / (1+gamma) . " (
1/3));
H_mean=Mean_mul/C"2* (x."3-1) .*(2*x."3-1) ./ (x."3+x."2+x) ;
H_mean=H_mean+ (Mean_mu2-Mean_mul) /C"2* (x."3-1) .* (2% (C"3/A"3* (x."3-1)+1)-1) ./ ((C"3/A"3* (x."3-
1)+1)+(C3/AM3* (x."3=1)+1) .~ (2/3)+(C"3/A"3* (x.73=1)+1) .~ (1/3));
H_mean=H_mean-Mean_mu2/C"2* (x.”3-1).* (2* (x."3+gamma) / (1+gamma) -
1) ./ ((x.”3+gamma) / (l+gamma) + (x.~3+gamma) .~ (2/3) / (1+gamma) .~ (2/3) + (x.*3+gamma) .~ (1/3) / (1+gamma) . " (
1/3));
% FORCED OSCILLATIONS
p0=10; C0=0;
figure (1)
plot (x,H, 'linewidth',2)
P=linspace(-2,12,100);
for i=1:M
h(:,i)=histcounts(H(:,1),P, 'normalization', 'probability");
end
pcolor (x,P(l:end-1)+diff (P)/2,h)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex"')
hold on
plot (x,H_mean, 'k--', 'linewidth',2)
xticks(0:0.5:2)
yticks(0:2:10)
xlabel ('$x$', 'interpreter', 'latex', 'fontsize', fs)
ylabel ('$H$', 'interpreter', 'latex', 'fontsize', fs)
axis ([0 2 -1 10])
set (gca, 'fontsize', fs)
plot (x,p0* (x-1)+C0O, 'r--", "linewidth',2)
% velocity
figure (2)
vx=sqrt ((p0* (x-1) +C0-H) ./x.”3./(1-(l+gamma./x."3) .~ (=1/3)));
vx=real (vx);
plot ([x(190:300),x(190:300) ], [vx(:,190:300),-vx(:,190:300)], "linewidth',2)
Pv=linspace(-2.5,2.5,100);
for i=1:111
hv(:,i)=histcounts ([vx(:,1+189),-vx(:,1+189)],Pv, 'normalization’, 'probability");
end
pcolor (x(190:300),Pv(l:end-1)+diff (Pv)/2,hv)
shading interp
hcb=colorbar;
caxis ([0 1])
set (get (hcb, 'Title'), 'String', 'Probability', 'interpreter', 'latex')
hold on
vx_mean=sqrt ((p0* (x-1) +CO-H_mean) ./x.”3./ (1-(l+gamma./x."3) .~ (-1/3)));
vx_mean=real (vx_mean) ;
fvp=[find(vx_mean>0)];
fvn=fvp (end:-1:1);
pmvx_mean=[0,vx_mean (fvp),-vx_mean (fvn),0];
plot ([min(x(fvp)),x(fvp),x(fvn),min(x(fvp))],pmvx_mean, 'k--','linewidth',2)
xlabel ('$x$', "interpreter', 'latex', 'fontsize', fs)
ylabel ('$\dot{x}$"', 'interpreter', 'latex', 'fontsize', fs)
plot (linspace(0,5,100),zeros(1,100), 'k','linewidth',1)
set (gca, 'fontsize', fs)
xticks(0:0.2:2)
yticks (-2:2)
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