BNl  ORCA - Online Research @ Cardiff

PRIFYSGOL

CARDYB

This is an Open Access document downloaded from ORCA, Cardiff University's
institutional repository:https://orca.cardiff.ac.uk/id/eprint/154719/

This is the author’s version of a work that was submitted to / accepted for
publication.

Citation for final published version:

Evans, David and Pugh, Mathew 2024. Spectral measures for Sp(2). Pure and
Applied Mathematics Quarterly 5, pp. 2249-2305. 10.4310/PAMQ.2023.v19.n5.al

Publishers page: https://dx.doi.org/10.4310/PAMQ.2023.v19.n5.al

Please note:
Changes made as a result of publishing processes such as copy-editing, formatting
and page numbers may not be reflected in this version. For the definitive version of
this publication, please refer to the published source. You are advised to consult the
publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for
publications made available in ORCA are retained by the copyright holders.




Spectral Measures for Sp(2)

DaAviD E. EVANS AND MATHEW PUGH
School of Mathematics, Cardiff University,
Senghennydd Road, Cardiff CF24 4AG, Wales, U.K.

Dedicated to the memory of Vaughan Jones

November 17, 2022

Abstract

Spectral measures provide invariants for braided subfactors via fusion modules.
In this paper we study joint spectral measures associated to the compact connected
rank two Lie group SO(5) and its double cover the compact connected, simply-
connected rank two Lie group Sp(2), including the McKay graphs for the irreducible
representations of Sp(2) and SO(5) and their maximal tori, and fusion modules
associated to the Sp(2) modular invariants.

1 Introduction

Spectral measures associated to the compact Lie groups SU(2), SU(3) and G, their
maximal tori, nimrep graphs associated to the SU(2), SU(3) and G5 modular invariants,
and the McKay graphs for finite subgroups of SU(2), SU(3) and G5 were studied in
[1, 22, 23, 25, 26]. Spectral measures associated to other compact rank two Lie groups
and their maximal tori are studied in [27].

For the SU(2) and SU(3) graphs, the spectral measures distill onto very special sub-
sets of the semicircle/circle for SU(2) (which are both one-dimensional spaces) and dis-
coid/torus for SU(3) (which are both two-dimensional spaces), and the theory of nimreps
allowed us to compute these measures precisely. Our methods gave an alternative ap-
proach to deriving the results of Banica and Bisch [1] for ADE graphs and subgroups
of SU(2), and explained the connection between their results for affine ADFE graphs and
the Kostant polynomials. In the case of G, the spectral measures distill onto subsets
of R and the torus T?, which are one-dimensional and two-dimensional respectively, re-
sulting in an infinite family of pullback measures over T? for any spectral measure on R.
This ambiguity was removed by considering instead joint spectral measures for pairs of
graphs corresponding to the two fundamental representations of G5. Such joint spectral
measures, which have support in R?, yield a unique pullback measure over T2, and the
spectral measures are obtained as pushforward measures.

In this paper we study spectral measures for the compact, connected, simply-connected
rank two Lie group Sp(2), the group of 4 X 4 unitary symplectic matrices with entries
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in C. We also study spectral measures for the (non-simply-connected) compact rank
two Lie group SO(5), the group of 5 x 5 real orthogonal matrices, whose double cover
is Sp(2). In particular we determine the joint spectral measures associated to the Lie
groups themselves and their maximal tori, and joint spectral measures for nimrep graphs
associated to the Sp(2) modular invariants.

In Cy = sp(2) (the Lie algebra of Sp(2)) conformal field theories, one considers the
Verlinde algebra at a finite level k, which is represented by a non-degenerately braided
system yAXn of irreducible endomorphisms on a type III; factor N, whose fusion rules
{N{,} reproduce exactly those of the positive energy representations of the loop group
of Sp(2) at level k, NN, = > N{ N,. The statistics generators S, T for the braided
tensor category yXy match exactly those of the Kac-Peterson modular S, T matrices
which perform the conformal character transformations (see footnote 2 in [6]). The fusion
graph for these irreducible endomorphisms are truncated versions of the representation
graphs of Sp(2) itself (see Section 4.1). From the Verlinde formula (1) we see that this
family {N,} of commuting normal matrices can be simultaneously diagonalised:

Na=)_ %5(,5;, (1)
u 0,0

where the summation is over each ¢ € yXn and 0 is the trivial representation. It is

intriguing that the eigenvalues S, /S, and eigenvectors S, = {S,,}, are described by

the modular S matrix.

A braided subfactor is an inclusion N C M where the dual canonical endomorphism
decomposes as a finite combination of endomorphisms in yAXy, and yields a modular
invariant partition function through the procedure of a-induction which allows two ex-
tensions of A on N, depending on the use of the braiding or its opposite, to endomorphisms
ay € yXj; of M, so that the matrix Zy, = (af, a;,) is a modular invariant [8, 5, 18]. The
systems ;X Ajj are called the chiral systems, whilst the intersection p; X%, = y X3, N Xy,
is the neutral system. Then p XY, C MXJ\i/I C mXy, where Xy C End(M) denotes a
system of endomorphisms consisting of a choice of representative endomorphisms of each
irreducible subsector of sectors of the from [tA7], A € y Xy, where ¢ : N < M is the inclu-
sion map. Although yAXy is assumed to be braided, the systems ;X Ajj or pr X are not
braided in general. The action of the N-N sectors yXn on the M-N sectors ;X and
produces a nimrep (non-negative integer matrix representation of the original Verlinde
algebra) Gy = ((EX,))egreran, 1-6. GAG, =" N{ G, whose spectrum reproduces ex-
actly the diagonal part of the modular invariant [9]. In the case of the trivial embedding
of N in itself, the nimrep G is simply the trivial representation N. Since the nimreps are
a family of commuting matrices, they can be simultaneously diagonalised and thus the
eigenvectors 1, of GG are the same for each A € yXy. We have

SO',)\

p—t o *7 2
G)\ . So.70¢ ¢a’ ( )

where the summation is over each ¢ € yAXx with multiplicity given by the modular
invariant, i.e. the spectrum of G, is given by {S, /S, 0 with multiplicity Z,,}. We call
the set {p with multiplicity Z, ,} the set of exponents of G.

Along with the identity invariants for Sp(2), there are orbifold invariants for all levels
k [2]. There are three exceptional invariants due to conformal embeddings at levels 3,



7, 12 [12], (Sp(2))s C (SO(10))1, (Sp(2))7 C (SO(14)); and (Sp(2))12 C (Es);. These
three conformal embedding invariants correspond to type I extensions in [11, 5] and this
list is complete by recent work of Gannon [30]. Type II extensions arise from extensions
of the nets without locality. In general [5] for a physical modular invariant Z there are
local chiral extensions N (I) C M, (I) and N(I) C M_(I) with local Q-systems naturally
associated to the vacuum column {Z,,} and vacuum row {Z;,} respectively. These
extensions are indeed maximal and should be regarded as the subfactor version of left and
right maximal extensions of the chiral algebra. The representation theories or modular
tensor categories of M, are then identified. For example, the E7 conformal net or module
category is then a twist or auto-equivalence on the local D extension which form the
type I parents. This reduces the analysis to understanding first local extensions and then
classifying auto-equivalences to identify the two left and right local extensions. Schopieray
[38], using a-induction, found bounds for levels of exceptional invariants for rank 2 Lie
groups, and Gannon [30] extended this for higher rank with improved lower bounds using
Galois transformations as a further tool. Edie-Michell has undertaken extensive studies
of auto-equivalences [16]. There is an exceptional Type II invariant at level 8 [42] which
is a twist of the orbifold invariant at level 8. These are all the known Sp(2) modular
invariants.

This paper is organised as follows. In Section 2 we describe the representation theory
of Sp(2) and SO(5), and their maximal torus T?, and in particular focus on their fun-
damental representations. In Sections 2.1-2.3 we determine the (joint) spectral measures
associated to the (adjacency matrices of the) McKay graphs given by the action of the
irreducible characters of Sp(2) on its maximal torus T2, and the analogous results for
SO(5). In Section 3 we determine the (joint) spectral measures associated to the (adja-
cency matrices of the) McKay graphs of Sp(2) and SO(5) themselves. In all these cases
we focus on the fundamental representations of Sp(2), SO(5) respectively, and determine
these (joint) spectral measures over both T? and the (joint) spectrum of these adjacency
matrices. Finally in Section 4 we determine joint spectral measures over T? for nimrep
graphs arising from Sp(2) braided subfactors.

2 Spectral measures for YA, (Sp(2)), YA (SO(5))

The irreducible representations A, .,) of Sp(2) are indexed by pairs (1, uo) € N? such
that p; > po. Let the fundamental representation p, = A(1,0) be the standard represen-
tation of Sp(2), p.(Sp(2)) = Sp(2), the group of 4 x 4 unitary symplectic matrices with
entries in C. The maximal torus of Sp(2) is T' = diag(t,,to,t; ', 15 "), for ¢; € T, which is
isomorphic to T?, so that the restriction of p, to T? is given by the 4 x 4 diagonal matrix

(px”JI‘Q)(wla w2) = diag<w17 W2, wflv w;l), (3)

for (wl,wQ) € T2.

Let the fundamental representation p, = A1) be the standard representation of
SO(5), py(Sp(2)) = SO(5), the group of 5 x 5 real orthogonal matrices. The restric-
tion of p, to T? is given by the 5 x 5 diagonal matrix

(pylr2) (w1, ws) = diag(wiws, wy 'wy ', wiwy ' wy ws, 1), (4)
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Figure 1: Multiplication by x,, |12, X,,|r> and x,_|r2

for (wy,wy) € T2

The irreducible representations of SO(5) are given by the representations A, .,) of
Sp(2) for which py + po is even. In order to study spectral measures associated to SO(5),
we take p, and a second fundamental representation p., = A2,y of SO(5), which is the
adjoint representation of Sp(2) of dimension 10. The restriction of p, to T? is given by
the 10 x 10 diagonal matrix
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(,Oz|’]I‘2)(W1; WQ) = diag(w% w§7 wl_ ) w2_27 Wiz, WIWQ_la wl_l('u?) w1_1w2_17 1’ 1)7 (5)

for (wy,wy) € T2

Let {X (u1,2) iz eNeps >pins 10 (a1 o) bua oz, b€ the irreducible characters of Sp(2), T?
respectively, where X (u, ;) 1= X, ., 1he characters x(u, u,) of Sp(2) are self-conjugate
and thus are maps from the torus T? to an interval I, := x,(T?) C R. Forw; € T, ; € Z,
the characters of T? are given by oy, ) (w1, ws) = Wi wh?, and satisly 7, ) = O,

If o, is the restriction of x,, to T2, u = z,y, z, then from (3)-(5)

Oy = X(1,0)|1r2 = 0(1,0) T 0(-1,0) T 0(0,1) + T(0,—1), (6
Oy = X(1,1)|1r2 = 00,0 + 011 +0(-1,-1) +0@a,-1) +0(-1,1), (7
0. = X012 = 2000,0) + 0(2,0) + T(—2,0) + T(0,2) + T0,—2) + T(11) + 0(—1,-1) + 01,-1) + 0=

(8)

)
)
1)

Then
020 (p1pz) = O(pr+lp2) T O(ui—1pz) T O(uruo+1) T O(uipa—1)s (9)

for any pu1, o € Z, where multiplication by o, = X, |12 corresponds to the edges illustrated
in the first diagram in Figure 1. The representation graph of T? for the first fundamental
representation p, is identified with the infinite graph "A?=(Sp(2)), which is the first figure
illustrated in Figure 2, whose vertices may be labeled by pairs (uy, po) € Z* such that

there is an edge from (s, p2) to (p1 + 1, p2), (1 — 1, pr2), (pa, p2 + 1) and (g1, p2 — 1).
Similarly, the representation graph of T? for the irreducible representations p,, p, are

identified with the infinite graphs "A4%(Sp(2)) and "A%:(Sp(2)), which are the second,
third figures illustrated in Figure 2 respectively, where multiplication by o, = x,, |2,
0. = Xp. |r2 corresponds to the edges illustrated in the second, third diagram respectively



(-1,1) (0,1) (1,1)

(-1,0) (0,0) (1,0)

(-1,-1) (0,-1) (1,-1)

Figure 2: Infinite graphs A2 (Sp(2)), "A%(Sp(2)) and A% (Sp(2))

in Figure 1. Both these graphs are in fact a disjoint union of two infinite graphs, coloured
black, grey respectively, whose vertex sets consists of all A such that \; + \s is even, odd
respectively. These graphs "A?_ (Sp(2)) are essentially W-unfolded versions of the graphs
AP (Sp(2)) (see Figures 11-14), where W denotes the Weyl group Dg of Sp(2).

We consider first the fixed point algebra of @)y Mi, Qy Ms, @y Mo under the conju-
gate action of the torus T? given by the restrictions of p,, p,, p. respectively to T? given
in (3), (4), (5) respectively. Here T? acts by conjugation on each factor in the infinite
tensor product. Thus by [19, §3.5] we have (®y Ma)™ = A(WA%(Sp(2))), (R Ms)™ =
A(WAB(Sp(2))) and (@ M10)™ = A(WAZ(Sp(2))). Here A(G) = U, A(G)y is the path
algebra of the graph G, where A(G) is the algebra generated by pairs (1, 72) of paths
from the distinguished vertex * such that the ranges r(n;) and r(1n) are equal, and
[m| = [m2] = k, with multiplication defined by (11,12) - (1}, 75) = Oy (71, 75)-

We now define commuting self-adjoint operators which may be identified with the
adjacency matrix of A2 (Sp(2)). We define operators v% in (?(Z) @ (*(Z), for u = z,y, z,
by

vV =5sR1+s®1+10s+1® 57, (10)
1, =1014+sQs+s5 Qs +sRs +s®s, (11)
053 =2(101)+®@1+(s)’R1+10s+10 (s’ +sRs+sRs"+s5Rs" +5°®s,

(12)

where s is the bilateral shift on (*(Z). Let Q denote the vector (d;0);. Then v} is
identified with the adjacency matrix of A2« (Sp(2)), u = x,y, 2, where we regard the
vector 0 ® 2 as corresponding to the vertex (0,0) of A2« (Sp(2)), and the operators of
the form s'®s™ which appear as terms in v% as corresponding to the edges on 'A% (Sp(2)).
Then (s ®s2)(Q®Q) corresponds to the vertex (A1, Ag) of WAL« (Sp(2)) for any A\, Ay € Z,
and applying (v%)™ to Q®Q gives a vector y = (Y, xy)) in (AL (Sp(2))), where y(y, 1)
gives the number of paths of length m on "A42:(Sp(2)) from (0,0) to the vertex (A, Az).
We define a state ¢ on C*(v%) by ¢(-) = (- (2 ® Q),Q ® Q). We use the notation



(a1,as,...,a;)! to denote the multinomial coefficient (325, a;)!/ [1+_,(a;!). Then

P(W)™) = D (ki iy, m =Y ki)l p(s @ 7%)

= Z (ks ..., ki), m — Zkz)' 0,0 Org 0,

where [(u) = 3,4, 9 for u = x,y, z respectively, and

Tf:]{?l—k‘g, r§:k1+k2+2k3—m, (13)
T%:kl—kz—i-kg—kz;, 7“12/:/{)1—/{)2—/{}3—1-]{4, (14)
7“;:2]{51—2]{?2—{—]{75—{—]{6—]67—]68, T§:2k3—2]{?4+k5—k6+k7—k8, (15)
When u = x, we get a non-zero contribution when ko = k1 and k3 = —k; + m/2. So we
obtain
(W)™ = (k1 ke, —ky +m/2, ki +m/2)! (16)
k1

where the summation is over all integers 0 < k; < m/2. When u = y, we get a non-zero
contribution when ky = k; and ks = k3. So we obtain

(W)™ = (kr, ky, ks, ks, m — 2k — 2k3)! (17)

k1,ks

where the summation is over all integers ki, k3 > 0 such that 2k; +2k3 < m. When u = z,
we get a non-zero contribution when k; = ki —ko+ks—ks+ks and kg = k1 —ko—ks+k4+ke.
So we obtain

p((vz)™) = Z(kbk27k37k47k57kﬁaplap%k%m_gkl+k2_k3_k4_2k5_2k6_k9)! (18)
k;

where py = k1 — ko + k3 — ks + k5, po = k1 — ko — k3 + k4 + kg, and the summation is over
all integers ki, ko, ..., kg, kg > 0 such that 3k; — ko + k3 + kg + 2k5 + 2k + kg < m.

2.1 Joint spectral measure for A, (Sp(2)), YA (SO(5)) over T?

The ranges of the restrictions (6)-(8) of the characters x,, of the irreducible representa-
tions p, of Sp(2) to T?, for u = z,y, z, are given by I, := {2Re(w;) + 2Re(ws)| wy,ws €
T} = [-4,4], I, = {1 + 2Re(wiws) + 2Re(wiw; )|wi,wy € T} = [-3,5] and I, =
{2 + 2Re(w?) + 2Re(w?) + 2Re(wiwy) + 2Re(wiwy )| wi, we € T} = [2,10)]:

Xpw (W1, w2) = w1 +wi! + we +wy ' = 2cos(270;) + 2 cos(276y), (19)
Xpy (w1, ws) =14 wiws + wflwgl + wlwgl + wl_lwg
=1+ 2cos(2m (61 + 02)) + 2 cos(2m (0, — b)), (20)

Xp. (W1, wa) = Xp, (W1, wa)* — Xp, (w1, w2) — 1
= 2+ 2cos(4m0;) + 2 cos(4mls) + 2 cos(2m (01 + 02)) + 2 cos(2m (6 — 05)),
(21)



where w; = €*™% € T for 0; € [0,1], j = 1,2. We will write z,y,z for the elements
Xpo (W1, W2), Xp, (W1, w2), Xp. (w1, ws) respectively. Since the spectrum o(s) of s is T, the
spectrum o(v%) of v is I, u = z,y, 2.

The Weyl group of Sp(2) is the dihedral group Dg of order 8. If we consider Dg as the
subgroup of GL(2,7Z) generated by the matrices Ty, Ty, of orders 2, 4 respectively, given

by
01 0 1

then the action of Dg on T? given by T'(wy,ws) = (wiws'?, wi*ws?), for T = (a;) € Ds,
leaves X, (w1, wy) invariant, for v = z,y, z. Then for u = x,y, 2, any Dg-invariant measure
e on T? produces a probability measure y, on I, by

@ ta / (01, w2)) e (w1, ), (23)

for any continuous function ¢ : I, — C, where de(wy,wy) = de(g(wy,ws)) for all g € Ds.
There is a loss of dimension here, in the sense that the integral on the right hand side is
over the two-dimensional torus T?, whereas the spectrum of "A?«(Sp(2)) is real and lives
on the interval I,. We introduce an intermediate probability measure v in Section 2.2
which lives over the joint spectrum @, , C I, x I, C R? for irreducible representations ),
1, where there is no loss of dimension.

The spectral measure on T? for the graph "A2:(Sp(2)) is easily seen to be the uniform
Lebesgue measure de(wy, wy) = dw; dw, /472 for u = 2,7y, 2, since the m'™ moment is given

by

— | (Xpu (w1, w2))"dwy dwy = — Z (ky, ko, .., ,m — Z k;) / Wy wy? dwy dwsy
472 Jopo 472 =
> ki<m
= Z <k17k27"'7 , M — Zk '57‘“067”2‘,07
k; >0

where 7Y, r¥ are as in (13)-(15) and l(u) = 3,4,9 for u = z,y, z respectively, which is
equal to p((v%)™) given in (16)-(18).

A fundamental domain C' of T? under the action of the dihedral group Dy is illustrated
in Figure 3, where the axes are labelled by the parameters 0y, 6, in (€271 e27i%2) ¢ T2,
In Figure 3, the lines #; = 0 and 6, = 0 are also boundaries of copies of the fundamental
domain C under the action of Ds. The torus T? contains 8 copies of C, so that

gb(wl,wg)ds(wl,wg) = 8/C¢(QJ17WQ)C1€(W1,W2), (24)

'ﬂ‘Q

for any Dg-invariant function ¢ : T? — C. The fixed points of T? under the action of
Dyg are the points (1,1) and (—1,—1), which map to the points 4, —4 respectively in
the interval I, whilst both map to the points 5, 10 in the intervals I, I, respectively.
The point (—1,1) (and its orbit under Dg) maps to 0, —3, 2 in the intervals I, 1, I,
respectively.
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Figure 3: A fundamental domain C' of T?/Ds.

2.2 Joint spectral measure for A, (Sp(2)), A (SO(5)) on R?

Let W), be the map (wi,ws) — (2x,2,) = (xa(w1,w2), Xu(wi,ws)). We denote by D, ,
the image of U, ,(C) (= ¥, ,(T?)) in R% Note that we can identify D, , with D, by
reflecting about the line ) = x,,. The joint spectral measure v, , is the measure on ®, ,
uniquely determined by its cross-moments <y ,(m,n) = fgwx’;‘dey,w(mA,xu). Then

there is a unique Dg-invariant pullback measure £, , on T? such that

w<x)\7x,u)d§)\,u(x)\7x,u) = w<X)\<wlaw2)7X/L(wbe))dS)\,,u(wlan)a (25)

Dy T2

for any continuous function ¢ : ©, , — C.
Any probability measure on ®, ,, yields a probability measure on the interval I, given
by the pushforward (py).(7y,) of the joint spectral measure 7y, under the orthogonal

projection py onto the spectrum o(\) = I,. In particular, when ¢ (x, z,) = ¥ (x,) is only
a function of one variable x,, then

J(xA>d;>\,u($>wxu) = ; J(-CCA)/@ dﬂ)\#(:v)\,xﬂ) = J(mA)dV/\(x/\)

Dap AulTa) Iy

where the measure dvy(zy) = [ €0, (22)
m e

Oapu(zy) = {z, € L] (zr,2,) € Dy,}. Since the spectral measure vy over I is also
uniquely determined by its (one-dimensional) moments ¢y(m) = [ 1, Tadva(zy) for all

dvy . (za, x,) is given by the integral over z, €

m € N, one could alternatively consider the moments gy ,(m, 0) to determine the measure
vy over I,. For more detailed discussion on joint spectral measures in the context of
braided subfactors associated to compact connected rank two Lie groups, see e.g. [25].

In particular, we will consider the joint spectral measure of the fundamental repre-
sentations p, and p, of Sp(2) over D, , := D, , , and the joint spectral measure of the
fundamental representations p, and p, of SO(5) over ®, . := D, ,_, illustrated in Figure
4.

We first describe ©,,. The boundaries of C' given by 6, = 0, 6; = 1/2 respectively,
yield the lines ¢;, ¢y respectively, whilst the boundary 6; = 0y of C yields the curve cs.
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Figure 4: The domains ®,, and ®, ., for Sp(2).

These curves are given by given by (c.f. [41, §6.3])
oy =2x—3, co: Y= —2x—3, cg: 4y =4+ 2% (26)

For ©, ., the boundaries of C' given by 6, = 0 and #; = 1/2 both yield the curve ¢y,
whilst the boundary 6; = 65 of C yields the line ¢5. Additionally, the line ; = 1/2 — 6,
which bisects C' yields the third boundary of ®, ., the line ¢s. These curves are given by

ch: Az =9y +2y+5, cs: z=3y—>5, cg: z=—y— 1. (27)

Note that there is a two-to-one mapping from the fundamental domain C to ®,, ..
Under the change of variables © = x,, (w1,w2), ¥ = X,, (w1, w2), the Jacobian J,, =
det(9(x,y)/0(61,02)) is given by

Joy(01,02) = 87%(cos(2m (0 + 20)) + cos(2m(20;, — 0y)) — cos(27 (261 + 62))
— cos(2m (6, — 26,)). (28)

The Jacobian J,, is real and is illustrated in Figures 5, 6, where its values are plotted
over the torus T?2.

With w; = €?™% j = 1,2, the Jacobian is given in terms of wy,ws € T by

2 2 2 -1 2 —2
Joy(wr,w2) = 8T Re(wiwy + wiwy = — wiws — wiwy *)
2 1 2 1 2
Wy — Wiy~ — Wy wj).

(29)

2 2 -1 -2, 2 1 2 2 -
= A (Wi + W] Wy © + wiwy T 4 wy Wy — Wiws — Wy

The Jacobian J,, is invariant under T} € Dg, but T(J,,) = —J,, for T = Ty, T,. Thus
JZ , is invariant under the action of Ds. An expression for J7 , in terms of the Dg-invariant
variables x, y may be obtained as a product of the roots appearing as the equations of
the boundary of ©, , in (26), and is given as (see also [41])

Try(@,y) = 1674y + 22 + 3)(y — 22 + 3)(dy — 2” — 4), (30)

9
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Figure 5: The Jacobian J,, over T Figure 6: Contour plot of J,., over T?

for (z,y) € ©,,. Thus we see that the Jacobian vanishes only on the boundary of ©,,,
which is equivalent to vanishing only on the boundaries of the images of the fundamental
domain in T? under Ds.

The factorizations of J,, in (30) and the equations for the boundaries of ®,, given
in (26) will be used in Sections 2.3, 3.2 to determine explicit expressions for the weights
which appear in the spectral measures p,» over I, in terms of elliptic integrals.

Similarly, under the change of variables y = x,, (w1, ws), 2 = X,, (w1, ws), the Jacobian
Jy. = det(d(y, 2)/0(6:,62)) is given by

Jy2(01,05) = 167 (cos(2m(6; — 3602)) + cos(2m (30 + 02)) — cos(2m(6; + 365))
— cos(2m (30, — 6,)). (31)

The Jacobian J, , is real and is illustrated in Figures 7, 8, where its values are plotted
over the torus T2. The Jacobian is given in terms of wy,w,; € T by

3 3

2 3, -1 3, 3 -3 -1 3 -1 — -1_ -3
Jyz(wr,we) = 8T (wiwy ° +wy Wy +wiws +wi "Wy —wiwy —wy Wy ® —WiWy T — Wy

LUQ).

(32)
The Jacobian J, . is again invariant under 77 € Dg, and T'(J,,) = —J, . for T = T5, T}.
An expression for Jiz in terms of the Dg-invariant variables x, y may be obtained as a
product of the roots appearing as the equations of the boundary of ©,, . in (27), and is
given as

Jo (y,z) = 647" (2 = By +5)(z + y + 1) (3 + 2y + 5 — 42), (33)

for (y,z) € ®,.. Thus we see that the Jacobian vanishes only on the boundary of ®, .,
which is equivalent to vanishing on the boundaries of the images of the fundamental
domain in T? under Dg as well as on the lines 6, = 1/2 + ;. The lines 6, = 1/2 + 6,
denote the lines of reflection of the additional symmetry of ,,, which corresponds to the
fact that there is a two-to-one mapping from the fundamental domain C' to D, ..

Note that since z = z2—y—1, we find that |.J , (v, 2)| = 472/ (z — 3y + 5) (v + 2y + 5 — 42),
and thus J,, and J, , are related by J, ,(y,z) = 2y/z + y + 1J, (v, z). Thus J,,(y, 2) is

10



Figure 7: The Jacobian J, , over T Figure 8: Contour plot of J, , over T?.

zero only on the boundaries of ©,, . given by the curves cq4, ¢5 in (27), but is not zero on
the boundary given by cg.

Since J, y, Jy - arereal, J? ,J2 > 0 and we have the following expressions (c.f. [22, 25]

for the corresponding expressions for the Jacobian for the cases of SU(3) and G3):
Juy(01,00) = 872 (cos(2m (0 + 20)) + cos(2m (20, — 63)) — cos(27(26; + 65))
— cos(2m(0; — 205))),
Joy(wi,wa) = 472 (wiws + wi 'wy? 4+ wiws '+ witws — wiws — witwy T — wiwy 2 — wy ws),
[ oa(@,y)| = 47/ (y + 22 + 3)(y — 20+ 3)(dy — 22 — 4),
Jy.2(01,05) = 167 (cos(27 (01 — 362)) + cos(2m (30, + 05)) — cos(2m (0 + 362))
— cos(2m (360, — 602))),
Jyz (w1, w2) = 87 (wiwy ® + witwh + wiws + wiPwy ! — wiwh — witwy? — Wiy ! — witwy),
[Jyx(y, 2)| = 87/ (2 = 3y +5)(2 +y + 1) (42 + 2y + 5 — 42),

where 0 < 61,0, < 1, wi,ws € T and (x,y) € Dyy, (y,2) € Dy .
Then

/C D (w1, w2)s Xy (@, w))don dws = [ (e, Juy () dedy,  (34)
D,y

/ ¢(Xpy (Wla w2), Xp- (wl,wz))dwl dwy = 2 ¢(ya z)‘!]y,z(?% z)|_1dy dz, (35)
c Dy.z

and from (24) we obtain

Theorem 2.1 The joint spectral measure v,,, (over ®,,) for "A?z(Sp(2)), WAL (Sp(2))
18

Av (2, y) = 8 Juy(x,y)| " dz dy,
whilst the joint spectral measure v, , (over ®, ) for WA (Sp(2)), A% (Sp(2)) is

dvy . (y,2) =16 |J,.(y, 2) |_1dy dz.

11



2.3 Spectral measure for "A, (Sp(2)), "A,.(SO(5)) on R

. G .
We now determine the spectral measure puy,™ = pu uG Over L, uw = z,y, 2z, where G is

Sp(2) or SO(5), which is determined by its moments o((ve%)™) = [ u udpC (u) for all
m € N.

Thus for 1"

we set ¥ (z,y) = 2™ in (34) and integrate with respect to y. Similarly,
setting ¢ (z,y) = y™ in (34), the measure uyZ’Sp@) is obtained by integrating with respect to
x. More explicitly, using the expressions for the boundaries of ® given in (26), the spectral
measure /iy 2 (over [—4, 4]) for the graph WA= (Sp(2)) is duy P2 (1) = JT(z) dz, where
JT(z) is given by

I (z) = 8f(2x+§/4ijxy y)|~tdy for x € [—4,0],
’ 8 [V 1 (@) dy  for € [0,4).

The weight ng (x) is the integral of the reciprocal of the square root of a cubic in v,
and thus can be written in terms of the complete elliptic integral K (m) of the first kind,

K(m) = [7*(1 — msin®#)7/2d9. Using [10, Equ. 235.00], JT°(z) is given by

4 —4v(z)1/?

K(v(r)) = ————5 K@)

P (@) = e

for x € [—4,0], where v(z) = (z + 4)%/(x — 4)2, whilst for = € [0,4], JT* () is given by

4

sz(l’):m

K(v(z)™).
The weight J°(z) is illustrated in Figure 9.

The spectral measure 15°"®) (over [3,5]) for the graph WA (Sp(2)) is dus™"® (y) =
J;f (y) dy, where J;T (y) is given by

+3 2 _
I (y) = f(yy+3§/2|<]xy y)|tde  fory e [-3,1],
16f2y+3>/2|ny< y)|"tdz  for y € [L,5],

where the value of the square root is taken to be positive. Note that the Jacobian is an
even function of x. The weight JEQ (y) is the integral of the reciprocal of the square root
of a quadratic in 22 and thus can also be written in terms of the complete elliptic integral
of the first kind. In fact, using [10, Eqn. 214.00] for y € [-3,1] and [10, Eqn. 218.00]
for y € [1,5], we obtain that JEQ(y) = J™(y—1) for all y € [=3,5]. This is a surprising
result, since there is no obvious symmetry between x and y in the Jacobian J, ,(x,y) — for
one thing J2  is a quartic in 2 but only a cubic in y — and yet the integral of [.J, ,(z, y)|™"
over x € D and over y € D yields identical weights JT* and J;TQ, up to a shift.

Moving to the case of SO(5), the spectral measure M%’SO@) (over [—3,5]) for the graph
WAZL(SO(5)) is du? SO6) () = ng(y) dy, where J;TQ( ) is as above, since A% (SO(5)) is
simply the connected component of (0, 0) in A8 (Sp(2)), thus the moments o((v% 5(2)ym )=

12



Figure 9: JI*(z) Figure 10: JT°(2)

@((U%’SO( ))™). The spectral measure ,u;SO(B) (over [—2,10]) for the graph Y42 (SO(5)) is
duZZSO( )(z) = JT(2) dz, where JT*(z) is given by

16 f(z+5 / |Jy z<y7 )‘_1 dy for z € [—2, 1],
2 —1- 2\/ 2 3
JE(2) =S 16 [ ey o) Ay + 16 [y, 2) My fory € [1,2),
16 :éf’* =y, 2)[ 7 dy for y € [2,10],

where the value of the square root is taken to be positive. A numerical plot of the weight
JT(2) is illustrated in Figure 10.

3 Spectral measures for A, (Sp(2)), Ax(SO(5))

We now consider the fixed point algebra of @y M, @y Ms under the product action
of the group Sp(2) given by the fundamental representations p,, p, respectively, where
Sp(2) acts by conjugation on each factor in the infinite tensor product.

The characters {X (. us) 1 poeNi e of SD(2) satisfy

X(L,0)X (p1.p2) = X(pa+luz) T X(pr—1u2) T X(urpz+1) T X(ur,u2—1)>

X)X (p,p2) =
{ X(p141u2+1) T X(p1—1p2—1) T X(ur+1,02-1) T X(p1—1u2+1) if f11 = pia,
X(uomz) T X(ui+1a+1) T X(u—1u—-1) T X(ua+1,u2-1) T X(ui—1ua+1)  Otherwise,

X(2,0)X (p1,12) =

X(prp2) T X —2,2) T X(a+2,2) T X(ur—1,p2+1) T X(u1+1,02+1) if pp =0,
X(p1pz) T Xua+2,u2) T X(papz—2) T X(pa+1,u2-1) if p = po # 0,
2X (p1pa) T X —2,02) T X(ua+2,2) T X(pau2-2) F X(p1,2+2)

TX (1 —-1,02-1) T X(pa—1pa+1) T X(pa+1,u2—1) T X(u1+1,u2+1) otherwise,

where X, u0) = 0 if 12 < 0 or pg < pio.

The representation graph of Sp(2) for the first fundamental representation p, is iden-
tified with the infinite graph A%z (Sp(2)), illustrated in Figure 11, where we have made
a change of labeling to the Dynkin labels (A1, A2) = (1 — pi2, p2). This labeling is more

13



0.3)

(0,2) (1.2)

©.1) @D 2.1

o 00 1.0 (2,0) (3.,0)

Figure 11: Infinite graph A% (Sp(2)) Figure 12: Infinite graph A% (Sp(2))

convenient in order to be able to define self-adjoint operators v, v% in (*(N) @ (*(N)
below. The dashed lines in Figure 11 indicate edges that are removed when one restricts
to the graph Ax(Sp(2)) at finite level k, c.f. Section 4.1.

Similarly, the representation graph of Sp(2) for the second fundamental representation
py is identified with the infinite graph A% (Sp(2)), illustrated in Figure 12, again using the
Dynkin labels (A, \a) = (u1 — p2, pt2). Note that as with the infinite graph A% (Sp(2)),
the graph A% (Sp(2)) is a disjoint union of two infinite graphs.

By [19, §3.5] we have (®y Ma)*"®) = A(A%(Sp(2))) and (®y Ms)*P®) = A(AZ(Sp(2))).

We define self-adjoint operators v5"*® | v%57® in (2(N) ® (2(N) by

VP @1+ @1+ RI+1Q 1, (36)
Y @1l 1ol + el + (1) el (37)

identified with the adjacency matrix of A% (Sp(2)), v = x,y, where [ is the unilateral
shift to the right on ¢?(N).

Let Q2 denote the vector (6;¢);. The vector 2 ®  is cyclic in (?(N) ® ¢*(N) since any
vector I"'Q @ [72Q) € (*(N) ® (*(N) can be written as a linear combination of elements

of the form (vaSp( )ym 1(1}5{}51)(2))7”2(9 ® Q) so that C*(vy @ 5p( ),v]yVSp Q2 Q) =(N)®

(*(N). We define a state ¢ on C’*(vji,"gp(2 ySp ) by ¢(-) = (- (2®Q),Q2® Q). Since

C*(viy ,5p(2) U?VSP( )) is abelian and 2 ® €2 is cychc, we have that ¢ is a faithful state on

* xS S
C (UN (2 )7051\[ (2 )>‘

The moments ¢((vy ,5p(2 )) ) count the number of closed paths of length m on the graph
APe(Sp(2)) which start and end at the apex vertex (0,0).

Turning our attention to SO(5), the representation graph A% (SO(5)) of SO(5) for the
first fundamental representation p, of SO(5) is identified with the connected component
of the apex vertex (0,0) in the infinite graph A% (Sp(2)). The graph A% (SO(5)) is
illustrated in Figure 13, where we now use the Dynkin labels for SO(5), (A1, A2) = ((p1 —
t2)/2, pie), where (1, pio) label the irreducible representations of Sp(2) as in Section 2. The
representation graph of SO(5) for the second fundamental representation p, is identified
with the infinite graph A% (SO(5)), illustrated in Figure 14, again using the Dynkin labels
for SO(5).
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Figure 13: Infinite graph A% (SO(5)) Figure 14: Infinite graph A?:(SO(5))

We define self-adjoint operators v%°°® v%°®) in (2(N) ® (2(N) by

WD) SRl 1RI+ IR+ + I ®, (38)
VPP 1 1@ IR I+ PRI HIQF + PRI+ I QI+ QU + @ P+ 1o (I')?,

(39)

identified with the adjacency matrix of A2 (SO(5)), u =y, 2.

3.1 Joint spectral measure for A, (Sp(2)), A (SO(5)) over T?

We will prove in Section 4.1 that the joint spectral measure over T? of va’Sp @ v}{}s‘n @) i

the measure ¢ given by

1

ij,y(wh w2)2dw1 dws,

dé(wl, (A)Q) =

where dw; is the uniform Lebesgue measure on T, [ = 1,2, and that the joint spectral
measure over T- of vy , UN is also €.

3.2 Spectral measure for A4,,(5p(2)) on R

. G
We now determine the spectral measure py~ := fLyuc over I,, where u = z,y for G =

Sp(2) and u =y, z for G = SO(5). We first consider the case of Sp(2). From (24) and
(34), with the measure given in Section 3.1, we have that

1
12874

1
1674

/ (X (@1, 02)) T (1, )Py vy = / ()| a2, y)dady,  (40)
C Doy

where C is a fundamental domain of T?/Dg and D, is as in Section 2.3. Thus the joint
spectral measure over D, , is | J, ,(x,y)|dx dy/167*, which is the reduced Haar measure on
Sp(2) [41, §6.2]. The measure /ﬁ\}sp @) over I, is obtained by integrating with respect to y in

(40), whilst the measure ,u‘}’\}sp @ over I, is obtained by integrating with respect to « in (40).
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More explicitly, using the expressions for the boundaries of ©, , given in (26), the spectral

measure ,uf\}Sp@) (over [—4,4]) for the graph A?*(Sp(2)) is d,uf\}Sp(Q) (x) = Jore) (z)dz/167*,
Sp(2) ‘S o

where J;"7(x) is given by

(a2+4)/4
/ (e, y)ldy  for o€ [~4,0],

2x—3

(z2+4)/4
/ | Jay(2,y)|dy  for z € [0,4].
2x—3

The spectral measure ,u?j\}Sp(Z) (over [—3,5]) for the graph A% (Sp(2)) is d#?\;sp(z)(?/) =
pr@)(y) dy/167*, where Jg}gp@) (y) is given by

(y+3)/2
/( y |Ja:,y(x7 y)| dx for ye [_3a ]-]a
—(y+3)/2

—2¢/y—1 (y+3)/2 (y+3)/2
/ oy, )] da + / oy ()| de = 2 / (@ y)lde  fory € [L,3]

(y+3)/2 2vy—1 2/y—1

The weight J5P (2)(1’) is the integral of the square root of a cubic in y, and thus can be
written in terms of the complete elliptic integrals K (m), E(m) of the first, second kind

respectively, where K(m) = Ow/z(l —msin?0)~Y2df and E(m) = Oﬂ/z(l —msin?9)'/2d6.
Using [10, Eqn. 235.14], J:?®(2) is given by

2

71T—5(4 — ) {(1‘4 + 2242° 4 256) E(v(z)) + 8z(2* — 24x + 12) K('U(:c))} ,

for © € [—4,0], where v(z) = (z + 4)%/(z — 4)%, whilst for = € [0,4], J:"®(z) is given by
2

%(m +4) [(m4 + 2242% + 256) E(v(x) ™) — 8x(z? + 242 + 12) K(U(x)_l)} ,

The weight J5”? (z) is illustrated in Figure 15.

Similarly, the weight J; P (2)(y) is the integral of the square root of a quadratic in 22,
and can also be written in terms of the complete elliptic integrals of the first and second
kinds. Using [10, Eqn. 214.12], J?7® (y) is given by

272

25 =) 16001 =) Ko(y = 1) + 07 + 220 = T) oy~ 1)

for y € [—3,1], whilst for y € [1,5], J;7®(y) is given by

2

2+ 3)3201 - ) Ko(y = 17) 4 0 + 229 =) Bluly - 17|

using [10, Eqn. 217.09]. The weight pr(Q)(y) is illustrated in Figure 16.
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Figure 15: pr@)(a:) Figure 16: J{fp@)(y)

We now consider the measures for SO(5). From (24) and (35), with the measure given
in Section 3.1, we have that

1
12874

1 _
/C¢(Xpu (W17w2))<]m,y(wlvw2)2dwl dwy = [y o (u)J%y(y, 2)2 |Jy12(y, Z)| ! dydz
1 —1/2
L[ @l 9]y )y e
Dy,z

The spectral measure ,LL‘}{}SO@ (over [—3,5]) for the graph A%(SO(5)) is d/ﬁ'\}so(g’) (y) =
JoP@ (y) dy/167*, where J;7® () is as above. The spectral measure 15> (over [—2, 10])
for the graph A2 (SO(5)) is du ?®(2) = JPP@(2) dz/874, where J7?(2) is given by

(#+5)/3
/ ey, 2) (2 +y+ 1) dy for z € [-2,1],
—z—1
—1-2vz-1 (2+5)/3
/ |Jx,y(y,Z)|(Z+y+1)‘1/2dy+/ [ Lo, 2)| (z+y+ 1) dy  for 2 € [1,2],
—z—1 —1+2v2z—1
(z+5)/3
/ [T (y, 2)] (= +y + 1) dy for 2 € [2,10],
—14+2v/2—1

where the value of the square root is taken to be positive. A numerical plot of the weight
27 (2) is illustrated in Figure 17.
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Figure 17: J:7@)(2)

4 Spectral Measures for Nimrep Graphs associated
to Sp(2) Modular Invariants

We now determine joint spectral measures for nimrep graphs associated to Sp(2) modular
invariants, where we will focus in particular on the nimrep graphs for the fundamental
generators p;, j = 1,2, which have quantum dimensions [2][6]/[3], [5][6]/[2][3] respectively,
where [m] denotes the quantum integer [m] = (¢™ — ¢~™)/(q — ¢ !) for q = e™™/2(k+3),
The nimrep graphs G, were found in [14] for the conformal embeddings at levels 3, 7, 12.
The realisation of modular invariants for Sp(2) by braided subfactors is parallel to the
realisation of SU(2) and SU(3) modular invariants by a-induction for a suitable braided
subfactors [33, 35, 44, 3, 4, 8, 9], [34, 35, 44, 3, 4, 8, 6, 7, 20, 21] respectively. The
realisation of modular invariants for SO(3) was done in [28], and the realisation for G is
also under way [25].

Let G be the nimrep associated to a braided subfactor N C M. Then the graphs G,
A € Ay are finite (undirected) graphs which share the same set of vertices yX),. Their
adjacency matrices (which we also denote by G,) are clearly self-adjoint. The m,n'®
moment fi’u x&”x?duA7C(a:,\,x<) is given by <G§”G?el,el>, where e; is the basis vector
in (*(Gy) (= (*(G¢)) corresponding to the distinguished vertex x of G, with lowest
Perron-Frobenius weight.

Let B% be the eigenvalues of G, indexed by v € Exp(G), which are ratios of the S-
matrix given by 85 = Sx,/So,, with corresponding eigenvectors (¢f)¢ersp(c) (note that as
the nimreps are a family of commuting matrices they can be simultaneously diagonalised,
and thus the eigenvectors of G are the same for all A). Then GYGY = UATATU™,
where A, is the diagonal matrix A, = diag(8y", 532, ..., 0y") and U is the unitary matrix
U= P 7=, p7e), for 1v; € Exp(G), so that

/ (O (Wi, wa)) ™ (Xe(wr, w2)) "den c(wr, wo) = UATAFU ey, e1) = (A AU e, U ey)
T2

= D BO"E (41)
veExp(G)
The following Dg-invariant measure on T? will be useful in what follows.
Definition 4.1 We denote by %) the uniform Dirac measure on the Dg-orbit of the
pomt (627”:01’62#1'92)’ (ewi(Q—Gg), ewi(2—91)) cC C T2,
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0 1

Figure 18: Supp(d+f2))

The set of points (61,6,) € [0,1]? such that (e*™® ¢*™%) is in the support of the
measure d-%) is illustrated in Figure 18. For (A,60,) ¢ OC, |Supp(d?+2)| = 16,
whilst [Supp(d®?)| = |Supp(d/2¥/?)| = 2 and [Supp(d®¥/2-%))| = 8. For all other
(61,02) € OC, |Supp(d®192))| = 4.

4.1 Graphs A;(Sp(2)), k < 00

The graphs Ay (Sp(2)), u = x,y, are associated to the trivial inclusion N — N, and are
the trivial nimrep graphs Gy, = N,, where A € yXy for Sp(2) at level k. The graphs
AP (Sp(2)) are illustrated in Figures 11, 12, where the set of vertices yXy = Pf’sp @ .=
{(A1, A2)| A1, A2 > 0; 0 + Ao < k}, and the set of edges is given by the edges between
these vertices.

The eigenvalues ﬁgf of A*(G), where u = z,y for G = Sp(2) are given by the
ratio S,,,/So, With corresponding eigenvectors ¢ = S, , for Ax(Sp(2)) with exponents
Exp(Ax(Sp(2))) = PP The eigenvalues 3,:%, A € Exp(Ax(G)), are given by §,:¢ =
Xpu (w1, ws), where w; = exp?™%i, j = 1,2 are related to A € Exp(Ax(Sp(2))) by

91 = 5\2/2/‘%, 92 = (5\1 + 3\2)/2/‘% 54 5\1 = 2/1((92 — 91), 5\2 = 2/4)01. (42)

The S-matrix at level k, indexed by A € Pf’Sp (2), is given by [29]:
1 “ PN R N “ I R N
S = — [ c08(E((M +22) (i + 2fi2) + Mfn)) — cos(E((Ar + 2A0) (fua + 2f22) — Aifun))

+cos(E((M + 2X)fin — M (fun + 2f12))) — cos(E((M + 2Xa)fun + M (fu + 2/22)))

where § = 7/2k, K =k + 3, A = (A1, X2), 0 = (pua, pi2), and A= Ni+1, fl; = p; + 1 for
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i =1,2. Then for yu the distinguished vertex * = (0,0), we obtain

ooy = % [cos(%(% +32)) + cos(26(A1 — o)) — cos(26(A1 + 32a)) — cos(2£(2X; + Ao))
(43)
1

==y (Ag /26, (A + o) /%) , (44)

where in (44) we have J, (01, 0) with (6;, 62) related to A € Exp(Ax(Sp(2))) by (42).

Since the S-matrix is unitary, the eigenvector 1* defined by (43) has norm 1. Recall
that the Perron-Frobenius eigenvector for A;(Sp(2)) can also be written in the Kac-Weyl
factorized form [14]:

00 sin(A€) sin(2208) sin((A + 240)€) sin((2A; + 2X9)€)
A sin(&) sin(2¢) sin(3¢) sin(4¢) ’

Now ¢ = 1 whilst ¥ = 16sin(§) sin(2¢) sin(3¢) sin(4€)/k, and thus we have ki, =
16 sin(&) sin(2€) sin(3¢) sin(4€)¢*. Then from (44) we have

(45)

J%y(eb 0y) = —8k7? ¢£X2/257(X1+5\2)/2H)
} _128/17]—2 Sln<§> Sln(2§) Sln(3§) Sln(4§) ¢?X2/2H,(5\1+5\2)/2H)
= 128k7? sin(2m0; ) sin(2760,) sin(7 (0, + 0y)) sin(w(0; — 62)),

so that the Jacobian J,,(61,62) can also be written as a product of sine functions. A
similar argument show that

Jy 2(617 92) = _4/€7T2 ¢£5‘1+25‘2)/4”7*5\1/4n
= —64wn” sin(€) sin(2€) sin(3€) sin(4€) G5 o5, /405, /e

= 64k sin(276, ) sin(276,) sin(27 (0, + 65)) sin(27(60; — 65)),

so that the Jacobian J, (0, 602) can also be written as a product of sine functions.
We now compute the joint spectral measure for A7 (Sp(2)), Ay (Sp(2)). Summing

over all (A1, A2) € Exp(A,(Sp(2))) corresponds to summing over all (6, 65) € {(Aa/2k, (\+
X2)/2K)] A1, A2 > 1A + Ay < Kk — 1}, or equivalently, over all (0,6;) € M,fp(z) =
{(q1/2kK,q2/2K)| q1,q2 = 0,1,...,2Kk — 1} such that

0y = Xo/2k > 1/26, 01— 0y = —\/26 < —1/25 (46)
0y = (M + Xo) /26 < (K —1)/26 = 1/2 — 1/2k. (47)
Denote by C,fp@) the set of all (wy,wsy) € T? such that (6, 6,) € MkSp(z) satisfies these
conditions. Then from (41) and (44) we obtain
/(pr(whwﬂ)m()(py(whW2))"d5x,y(w17w2)
"]1‘2

1 i R o )
= D (B (a2, O+ D) f2x)
AeExp(Ag(Sp(2)))

== D DGO CES) L (PN CONS) AR

(w1 ,wQ)ECfp@)
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Figure 19: The points (6;,6;) such that (e*™1 ¢?mi%2) ¢ CIV.

If we let C°P®) be the limit of C,fp(z) as k — oo, then CP? is identified with the
fundamental domain C' of T? under the action of the group Dy, illustrated in Figure 3.
Since J,, = 0 along the boundary of C, which is mapped to the boundary of ®,, under
the map ¥, , : T?> = D, ,,, we can include points on the boundary of C' in the summation
n (48). Since J7, is invariant under the action of Ds, we have

| o 1,20, s, 0) "y )

1 1 m "
= RGAR2At Z (X (w1, w2))™ (X, (w1 w2))" Ty (w1, w2)?

(wi,wa)ec, 5P
(49)
where
CIIC/V,SP(Q) — {(627r7,q1/25’ 6271'1(12/2/@) € T2| q1,Go = O, 1’ e Ve — 1}’ (50)

whose intersection with the complement of the image of the boundary of the fundamental
domain C' is the image of Cksp ? under the action of the Weyl group W = Dg. We
illustrate the points (6, 6) such that (e?71 e27i2) ¢ C;V’Sp@) in Figure 19. The points in
the interior of the fundamental domain C, those enclosed by the dashed line, correspond
to the vertices of the graph A3(Sp(2)).

Clearly ]C,ZV’SPQ)\ = 4(k + 3)* = 4x%. Thus from (49), we obtain (c.f. [22]):

Theorem 4.2 The joint spectral measure of Ay (Sp(2)), Ay (Sp(2)), (over T?) is given

by
1

degy(wi,ws) = ij,y(wl, w2)? dart3) wi dara) W, (51)

where d,, is the uniform Dirac measure over the m'"

roots of unity.
In fact, egp(2) := €4,y I the joint spectral measure over T? for any A7 (Sp(2)), AL (Sp(2)).

We can now easily deduce the joint spectral measures (over T?) for A, (Sp(2)) claimed
in Section 3.1. Letting k& — oo in Theorem 4.2 we obtain:

21



Figure 20: Statistical phase w; ;)

Theorem 4.3 The joint spectral measure of any pair of infinite Sp(2) graphs A (Sp(2)),
AL (Sp(2)) (over T?) are identical and are both given by

1
de(wr,ws) = 1987 4ny(wl>w2)2dwl dws, (52)

where dw is the uniform Lebesque measure over T.

4.2 Graphs Dy(Sp(2)), k < o0

The centre of Sp(2) is Zy. The graphs Dy*(Sp(2)), u = x,y, are associated to the orbifold
inclusion N — N X, Zy, where 7 = A ) is a non-trivial simple current of order 2. For
such an orbifold inclusion to exist, one needs an automorphism 7y such that [r] = [7] and

= id [3, §3], which exists precisely when the statistics phase w, of 7 satisfies w? = 1
[37, Lemma 4.4]. Kuperberg’s Sp(2) spider [32] involves two types of strands, Sp(2)
and SO(5). Using this, one can construct a semisimple braided modular tensor category
whose simple objects are generalised Jones-Wenzl projections f; ), (i,) € Pf’Sp ) (see
[43] for (SU(2)) Jones-Wenzl projections and [39, 32, 36] for generalised SU(3) Jones-
Wenzl projections) and whose morphisms are intertwiners between these projections (see
[40, 45, 13, 24] for a similar construction in the case of SU(2) and [13, 24] for SU(3)).
The statistics phase w; ;) = wy,, 18 obtained by evaluating the twist applied to the
generalised Jones-Wenzl projection f; j) (see Figure 20, where the single strand drawn
here represents i Sp(2)-strands and j SO(5)-strands). Then we see that w(or = (—1)F,
thus the orbifold inclusion exists. Further details will be given in a future publication.
See [40, Chapter XII] for a similar discussion in the case of SO(3) and its double cover
SU(2).

Following a similar method to [9, §5.2], one finds with [0] = [A0)] @ [Aox)] that
Dy (Sp(2)), u = x,y, are the nimrep graphs associated to the orbifold modular invariant

l

2 2
Zp, = E |X(m.n) + X(@—m—n,20—-m-n)|" + 2 E X (2125,
(m.m)epP2H5P() (g) j=0
m-+2n<2l
Zp, .. = | | + ’
’D21+1 - X(m,n) X(m,n)X(leJrlfmfn)?
(m, n)€P2l+1 SP(Q)( 0) (mm)epil:—dl,SP(Q)
m o

where P/’C 2@ (0) = {(m, n) € Pf’Sp @ |m even}. This modular invariant appeared in [2).
The graphs Dy*(Sp(2)) are are Zy-orbifolds of the graphs Dy*(Sp(2)), and are illustrated
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(3.0),

0.2), (1,2),

DIHC)) oo DH(C) ‘ o

@), 3.1,
(0,1) (0,1) (1,1) 2
2.1), (3.1),

(4,0), (5,0),
o (0.0) (1,0) (2,0) (3,0) 4,

3
——  Gun. ® oG

0,0) (1,0) (2,0)

al

Figure 21: Orbifold graph D}*(Sp(2)) for k = 2,3,4,5

(0,1),

DI(C,) D(C,)

©.1),

(2,0),

DI(Cy) D(C)

2.0), ’ o ’ \'\:m

Figure 22: Orbifold graph D;*(Sp(2)) for k = 2,3,4,5

in Figures 21, 22, where we have labeled the vertices by the corresponding Dynkin labels
from the A;(Sp(2)) graphs.

The exponents of Dy (Sp(2)) are given by Exp(Dy(Sp(2))) = {(m,n) € Pil’Sp(Q)(OH m #
2] — 2n} U {twice (20 —24,j)|j = 0,1,...,1} for k = 2l even, whilst Exp(Dq41(Sp(2))) =
PSPy U {204+ 1 —24,5)|j = 0,1,...,1} for k = 21+ 1 odd. For A € PP
(which label the vertices of Ax(Sp(2))) not a fixed point under the Zs-action, i.e. \ &
{(k—=27,7)]7=0,1,...,|k/2]} where |z| denotes the integer part of =, the normalized
eigenvector satisfies [¢}> = 257,. However for X € {(k —24,5)|j = 0,1,...,[k/2]},
[W| = 122 = v/2S,.,/2, where )\;, j = 1,2, denote the two copies of the fixed point in
the orbifold graph Dy(Sp(2)), so that [ [> + |22 = SZ,.

With 6;,0, as in (42), summing over all A = (A, \y) € Pf’Sp(z)(O) corresponds to
summing over all (wy,ws) € C,fp @ Such that wiwy = e2@m+D/25 for m € 7, where C,fp @
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is as in Section 4.1. Then from (41) and (44), with ¢, = 1 for k£ odd and ¢ = 3/2 for k
even, we obtain

| o 1,20, )" ()

2 . .
= G4r2nd Z (Xpa (W1, w2)) ™ (X, (W1, w2)) J@y(wl,wz)Q
(w17w2)601‘jp(2>:

wlw2:627ri(2m+l)/2n

Ch m n
o 2 (o (n,6) O, (w1, w2)) g (w1, 02’
Sp(2),

(w1,w2)eCy

1

w]=—wg or “"'1:*“"27

1 1
8 39k27d Z (Xpo (w1, w2)) ™ (X, (W1, W2))" Ty (w1, wo)?
(wlquQ)eCZV’Sp(Q):
2mi(2m+1)/2k

wijwg=e

i 1 Ck Z (sz(wlvw2>)m(Xpy<w17w2))an,y(wlaw2>2-

8 64K2md
(w17w2)ECZV’Sp(2)=
1

W]=—Wwy Or W]=—Wy

Thus

Theorem 4.4 The joint spectral measure of D" (Sp(2)), Ay (Sp(2)), (over T?) is given
by

1
de = o Ta (w1 w2)? (de X (dae — ) + (dae = o) x o)
¢ k—1
k 2 (4/2k,(k—J)/2K
+ me,y(Wl, wa) ; dv/ DI, (53)

where k =k +3, (s = 1 for k odd and (. = 3/2 for k even, d%%) is as in Definition 4.1
and d,, is the uniform Dirac measure over the m'™ roots of unity.

Letting k — oo we easily obtain the following corollary:

Corollary 4.5 The joint spectral measure of D= (Sp(2)), D%(Sp(2)), (over T?) is pre-
cisely the joint spectral measure of the infinite Sp(2) graphs A%=(Sp(2)), A% (Sp(2)), given
in Theorem 4.5.

4.3 Exceptional Graph &;(Sp(2)): (Sp(2))3 — (SO(10)),

The graphs £3(Sp(2)) are associated to the conformal embedding (Sp(2)); — (SO(10)),
and are one of two nimreps associated to the modular invariant

Ze, = |X(00) + Xen* + X0 + X037+ 2lxan |

which is at level 3 and has exponents Exp(&3(Sp(2))) = {(0,0), (2,1),(2,0),(0,3), and (1,1) twice}.
The other family £M(Sp(2)) are considered in the next section. The graphs &3’ (Sp(2))
are illustrated in Figures 23, 24. Note that ££*(Sp(2)) has two connected components.
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Figure 23: Exceptional Graph £§'(Sp(2)) Figure 24: Exceptional Graph £§*(Sp(2))

Following [4, §6] we can compute the principal graph and dual principal graph of
the inclusion (Sp(2))s — (SO(10));. The chiral induced sector bases pX;: C Sect(M)
and full induced sector basis y; Xy C Sect(M), the sector bases given by all irreducible
subsectors of [af] and [af o aj,] respectively, for A\, ' € yXy, along with the neutral
system XY =y Xy N Xy, are given by

1 1 2
wXii = {loawo). [0 o)) [ad 1) [y [a i) [y}
1 1 2
w5 = {lao). [all): ol [y,
_ _ 1 1 2

MXM = {[a(0,0)]a {aﬁ,o)]a [@(1,0)]7 [Oé(+071)]7 [04(0,1)}7 [aEQ?O)]7 [agl?l)]a [0421’)1)], [51}7 [62]7 [771}7 [772]}?

here [a3s o ] = o | Blalyy), [0f )] = [of gl@lal @l ], [af o g o] = [01]®]5]
WRHETE [X5,0)) = 1X0,)| P 1¥2,0)): (¥, = [¥1,0) PO P11 1¥1,0%1,0) 1]@2102),
and [aao)a(_oyl)} = [m] & [m], for auy) = ay,,,- The fusion graphs of [aao)] (solid

lines) and [ov; ] (dashed lines) are given in Figure 25, see also [14, Figure 7(a)]. The
marked vertices corresponding to sectors in the neutral system ;XY have been circled.
These sectors obey Zg X Zg fusion rules, corresponding to SO(10) at level 1. Note that
multiplication by [O‘zrl,O)] (or [e; y]) does not give two copies of the nimrep graph &5(Sp(2))

as one might expect, but rather one copy each of £ (Sp(2)) and £/ (Sp(2)). This is
similar to the situation for the SU(3) conformal embedding SU(3)g — (FE¢)1 [17, §5.2].
Let ¢ : N — M denote the injection map ¢(n) =n € M, n € N and 7 its conjugate.
The dual canonical endomorphism 6 = 7. for the conformal embedding can be read from
the vacuum block of the modular invariant: [0] = [Ag0)] @ [A2,1)]. By [4, Corollary 3.19]
and the fact that (v,v)y = (0,0)n = 2, the canonical endomorphism ~ =« is given by

V] = 0] @ [61]- (54)

Then by [4, Theorem 4.2], the principal graph of the inclusion (Sp(2)); — (SO(10)),
of index 3 4+ v/3 & 4.73 is given by the connected component of [\ € yXy of the
induction-restriction graph, and the dual principal graph is given by the connected com-
ponent of [ ] € p&y of the y-multiplication graph. The principal graph and dual
principal graph are the same, and we illustrate the principal graph in Figure 26. These are
the principal graphs for the 3311 Goodman-de la Harpe-Jones subfactor [31]. The prin-
cipal graph in Figure 26 appears as the intertwiner for the quantum subgroup £3(Sp(2))
in [14, Figure 9.

One can also construct a subfactor a(iLO)(M) C M with index (1++/3)? = 2(2++/3) ~
7.46, where M is a type III factor. Its principal graph is the nimrep graph &£§'(Sp(2))
illustrated in Figure 23. The dual principal graph is isomorphic to the principal graph as
abstract graphs [44, Corollary 3.7].
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[Dl(o,m]
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[eihy]

[aa,())] “:1«“ [ai0)

[aon]

[aon] .,

[m]

Figure 25: &(Sp(2)): Multiplication by [ozao)] (solid lines) and [av; ] (dashed lines)

We now determine the joint spectral measure of £5'(Sp(2)), E8*(Sp(2)). With 64,6,
as in (42) for A = (A1, A2) € Exp(&3(Sp(2))), we have the following values:

A€ Exp | (61,02) € [0,1] | [2* | gz (61, 02)]
0.0 | G |50 50
(2,1) (5 (%2 =2
(2,0 (3 | %P 22
(0,3) (8 |52 52
(1.1) (5 1) 2 3
where the eigenvectors ¢* have been normalized so that |[¢)*|| = 1, and for the exponent

(1,1) which has multiplicity two, the value listed in the table for |1\""[2 is [ V12 +

"2 [2. Note that

12 1 1
92 = Grag ] (5)

where () =1 for A € {(0,0),(2,1),(2,0),(0,3)} and (q 1) = 2.
The orbit under Dg of the points (6;,60s) € {( 3) (2 5) (1 4) (4 )} are
i

12012/ 0 \12 12/ > \12° 12/ > \127 12
illustrated in Figure 27, whilst the orbit of (% % is illustrated by the black points in
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Figure 26: £(Sp(2)): Principal graph of (Sp(2))s — (SO(10)),
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Figure 27: Orbit of (0y,60) # (l i). Figure 28: Orbit of (0y,60;) = (l i).

127 12 127 12

Figure 28. The orbits of the first four points support the measure d(*/122/12) 4 (1/12,4/12)
where d(?1:%2) is the discrete uniform measure given in Definition 4.1. Since the hollow
points in Figure 28 lie on the boundary of the orbit of fundamental domain, J = 0 at
these points, thus we see that the orbit of (2/12,4/12) supports the measure |J| dg X ds,
where d,, is the uniform Dirac measure on the n'® roots of unity. Note that when taking
the orbit under Dg, the associated weight in (55) is now counted 8 times, thus we must
divide (55) by 8. Thus the joint spectral measure for £3(Sp(2)) is

de =162 = L jg| (@22 g qoeany g6l 2

1
171 de x de.
8 12 812 3 12 g 71 do < do

Then we have obtained the following result:

Theorem 4.6 The joint spectral measure of EY*(Sp(2)), EL2(Sp(2)) (over T?) is

B 1
4872

1

d
c 38472

1
[J]AC/ 22 | T A0 7| dg x dg, (56)

where d992) is as in Definition 4.1 and dg is the uniform Dirac measure on the 6% roots
of unity.
4.4 Exceptional Graph £ (Sp(2)): (Sp(2))3 — (SO(10)); x Zsy

The graphs 5;\4 ?7(Sp(2)), illustrated in Figures 29, 30, are the nimrep graphs for the type

IT inclusion (Sp(2)); — (SO(10)); 1, Zy with index 2(3 + v/3) &~ 9.46, where T = 048,)0)
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Figure 29: Graph £ (Sp(2)) Figure 30: Graph &7 (Sp(2))

Figure 31: £M(Sp(2)): Principal graph of (Sp(2))s — (SO(10)); x Z,

is a non-trivial simple current of order 2 in the ambichiral system »;X};, see Figure 25.
Now w20y = —1 [15], thus the orbifold inclusion exists (c.f. Section 4.2). Note that
7] = [O‘E&)] € XY, j = 1,2, are also simple currents of order 2 in XY, and are
subsectors of [ai}l)], where w1y = €™™/* [15]. Then wf, ;) = ™/ # 1, and hence the
orbifold inclusion (Sp(2))y — (SO(10)); X Zs does not exist.

The principal graph for this inclusion is illustrated in Figure 31. This will be discussed
in a future publication using a generalised Goodman-de la Harpe-Jones construction anal-
ogous to that for the Dyqq and E7 modular invariants for SU(2) [9, §5.2,5.3] and the type
IT inclusions for SU(3) [21, §5]. It is not clear what the dual principal graph is in this
case.

The associated modular invariant is again Zg, and the graphs are isospectral to
E3(Sp(2)). The eigenvectors ¥ are not identical to those for £(Sp(2)), however, as
seen in the following table, the values of |¢}|? are equal (up to a factor 2) to those for
E3(Sp(2)), for A # (1,1). With 6,05 as in (42) for A = (A1, A2) € Exp, we have:

A€ Exp | (01,02) € 0,17 | [2° | ghz[J(61,62)]
0.0 | (5 || 5°
(2,1) (Fof) [ HP] 8
(2,0) G el B
(0.3) () |5 52
(1,1) (5 15) 2 3
where the eigenvectors 1* have been normalized so that |[1)*|| = 1. Then (55) becomes

[0} ? = (gaz|J |, where ¢y is as for £5(Sp(2)). Thus we have the following result:
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Figure  32: Graph Figure 33: Graph &7*(Sp(2))
&' (Sp(2))

Theorem 4.7 The joint spectral measure of £ (Sp(2)), Es "> (Sp(2)) (over T?) is

B 1
 24x2

1
38472

1

d
c 2472

17| d(/12:2/12) | 17| q(/12:4/12) |

|J|d6 X dﬁ, (57)

where d92) is as in Definition 4.1 and dg is the uniform Dirac measure on the 6% roots
of unity.

4.5 Exceptional Graph &;(Sp(2)): (Sp(2))7 — (SO(14)),

The graphs £7(G,), illustrated in Figures 32, 33, are the nimrep graphs associated to
the conformal embedding (Sp(2)); — (SO(14)); and are one of two nimreps associated
to the modular invariant

Ze, = ‘X(o,o) + X(6,1) T X(2,2) T X(o,5)‘2 + ’X(G,O) + X(0,2) T X(2,3) T )((0,7)’2 + 2|X(3,1) + X(3,3)’2

which is at level 7 and has 12 exponents
Exp(&7(Sp(2))) = {(0,0), (6, 1),(2,2),(0,5), (6,0),(0,2), (2,3), (0, 7) and twice (3,1),(3,3).}

Note again that for the second fundamental representation ps, the graph (Figure 33) has
two connected components.

As in Section 4.3, we can compute the principal graph and dual principal graph of
the inclusion (Sp(2))7 — (SO(14));. The chiral induced sector bases X7, the neutral
system ;X ]?4 = yX ;[ N pm &y, and full induced sector basis /Xy, are given by

i)+ 1 1)+ i)+ ] .
uii = {lowol [0 o) [ ) 0G0 0G5 oo s )]s RG] Gyl for j=1,2}
1 1 2
My = {[ov0)]; [O‘Eo,)Q)]v [aES?l)]v [045331)]}’
) )E 1 1)e j)e i —
wXar = {leo). [0f )], (0501, [050)], [l 5 (o] [l )]s oy [ [ 000
[

2
[04?170)0[(0,1)]7 O'/?E),l)a_l,O)]’ [aa,o)a(},O)]’ [a&,o)a(_l,O)]? [nj]7 [gj]’ [¢j]’ [w;]’ [6]7 [gl]v [90]7
[/73']7 [7}']7 [6j]7 [)‘]7 [)‘/]7 [wj ) [(bj]? for e = +, = and J=1 2}7

(3,
2 _ _ _
2l lag o) = [l @ ). [0hgapel = (Gl @ Q) [0hgap] = [
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Figure 34: &(Sp(2)): Multiplication by [aao)] (solid lines) and [ov; ] (dashed lines)

O‘EBJ)O‘(_,())] = [y1] @ [¥5], [Oz?i 1 O‘(_Lo)] = [§] @ [¢], [aao)a@g)] = [¢'] @ [¥], [O‘GJ)O‘(_OJ)] =
o) [ Y )] [a&)g)a@,o)]@hﬂ@hﬂ’ [aa,1)a(z,o)] = [O‘ao)o‘(},o)]e9
], [04(1,0)0‘&,,0)] = [{]o[N], [aé,o)a&),1)] = m]@ ] ®wi]®

wo] and [azrz 1)04(_1,0)] = [0426,1)04(_1,0)] ® O‘a,o)a(—m)] D [¢1] @ [¢a].

The fusion graphs of [aao)] (solid lines) and [a, (] (dashed lines) are given in Figure
34, where we have circled the marked vertices. Here multiplication by [aaﬂ)] (or [y )
gives two copies each of £/(Sp(2)) and EM(Sp(2)). The ambichiral part ;XY obeys
Zsy X Zs fusion rules, corresponding to SO(14) at level 1.

We find

—— ==
=
¥
=
>
o’

(SR,
©
(=]
e
Q
=
e
|
¥
>~

] = [ev00)] @ oy gy 01,0)] © [m] @ [Gal, (58)

and the principal graph of the inclusion (Sp(2)); — (SO(14)); of index 5(3 + v/5) +

V250 4+ 110v/5 = 48.45 is illustrated in Figure 35, where the thick lines denote double
edges.

Again, we can construct a subfactor aao)(M) C M of index 4 + /5 + 2v/5 + 2¢/5 ~
12.39, where M is a type III factor. Its principal graph is the nimrep graph ' (Sp(2))
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Figure 35: &(Sp(2)): Principal graph of (Sp(2)); — (SO(14)),

Figure 36: Orbit of (61, 63) for A € Exp(&E;(Sp(2))).

illustrated in Figure 32. The dual principal graph is again isomorphic to the principal
graph as abstract graphs.

We now determine the joint spectral measure of E¥*(Sp(2)), ££2(Sp(2)). With 64,0,
as in (42) for A = (A1, A2) € Exp(&7(Sp(2))), we have the following values:

AcExp | (61,6,) €[0, 1] 22 L17(6,,65)]
0.0, 0.7) | (.3). (5. ) | =Lgo2ss | fyionk
(6,10, 6.0) | (G 3). (. 35) | =020 | F=omgems?
2.2, (2.3) | G d), (3 %) | g™l | Sl
(0,5), (0,2) | (&, 1), (2, 2) 5+\/5—}£10+2\/5 5+\/S—\4/10+2\/5
3D 63| (B o) hd) |

where the eigenvectors 1/* have been normalized so that ||[¢)}|| = 1. Note that
92 = G o (59)

where (, = 1 for A € {(0,0),(6,1),(2,2),(0,5),(6,0),(0,2),(2,3),(0,7)} and (31) =

(33) = 2.
The orbits under Dg of the points (6;,62) € {(2—10, 2%) , (2%, 2%) Y (2%, 2%) , (%, 2%) Y
3 6 4 7 6 7 3 4 2 6 4 8 - gt
(%, %) , (%, %) . (%, %) , (%, 2—0) ° (%, 2—0) , (2—0, 2—0) : } are illustrated in Figure 36. The
orbits of each successive pair of points support the measures d(1/20:2/20) ' (1/20.8/20) - 4(3/20,6/20)
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Figure  3T: Graph Figure 38: Graph E;V‘[’”(Sp@))
777 (Sp(2))

dB3/204/20) and d(2/206/20) respectively. Thus, using (59), we see that the joint spectral
measure for £(Sp(2)) is

16t L L|J| (A/202/20) | qO/202/9) | q/208/10) 4 (3/201/5) 4 9q(/103/10))

8 20 872
Then we have obtained the following result:
Theorem 4.8 The joint spectral measure of EF'(Sp(2)), EF*(Sp(2)) (over T?) is

1
8072

de |J| (d(1/20,2/20) +d(1/20’2/5) +d(3/20,3/10) +d(3/20’1/5) + 2d(1/10,3/10)) ’ (60)

where d9092) is as in Definition 4.1.

4.6 Exceptional Graph £Y(Sp(2)): (Sp(2))7 — (SO(14))1 x Zy

The graphs £ (Sp(2)), illustrated in Figures 37 and 38 are the nimrep graphs for the
type IT inclusion (Sp(2))7 — (SO(14)); - Zy with index 10(3 +v/5) 4+21/250 + 110v/5 ~

96.90, where 7 = oz((l) 2) is a non-trivial simple current of order 2 in the ambichiral system

m XY, see Figure 34. From Section 4.5, [7] is a subsector of [0462)]. Now wo2) = —1 [15],
which satisfies w(2072) = 1, thus the orbifold inclusion exists (c.f. Section 4.2). Note that

[7'] = [ozg?l)} € uXyY, j = 1,2, are also non-trivial simple currents of order 2 in 5, XY, and
are subsectors of [aal)], for which wz 1) = €™™/* [15]. Then w(2371) = €"™/2 % 1, and hence
the orbifold inclusion (Sp(2))7 — (SO(14)); X+ Zy does not exist.

The principal graph for this inclusion would be the graph obtained by composing the
principal graph for (Sp(2)); — (SO(14)), illustrated in Figure 35 with the graph for the
Zo-action, illustrated in Figure 39. This will be discussed in a future publication using a
generalised Goodman-de la Harpe-Jones construction (c.f. the comments in Section 4.4).
Again, it is not clear what the dual principal graph is in this case.

The associated modular invariant is again Zg, and the graphs are isospectral to
E:(Sp(2)). The eigenvectors 1»* are not identical to those for £(Sp(2)). However, as
seen in the following table, the values of [¢}|? are equal (up to a factor 2) to those for

E3(Sp(2)), for A # (3,1),(3,3). With 01,605 as in (42) for A = (A1, \2) € Exp, we have:
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— —* - E o) o (2) o)
[z] [“’(V(o.l)] [L%V(zm] [L"a(z.!)] [L"a(z.!)] [LOO‘(O.Z)]

Figure 39: EM(Sp(2)): Zy-action on (SO(14)),

0
Figure 40: Graph &' (Sp(2)) Figure 41: Graph &{*(Sp(2))
A € Exp (61,62) € [0,1]? |2 | J(601,02)]
(0.0 0.7) | (), (3, &) | =0 | =2t
(6,10, 6.0) | (G 3), (G &) | =220 | 2=t
2.2, (23) | (), (3 ) | "ol | eelompens
(0.5, (0:2) | (1 5), (G &) | "=l | 2/t
(3.1). 3:3) | G5 30): (550 30) 0 >
where the eigenvectors 1»* have been normalized so that |[1/*|| = 1. Then (59) becomes

021> = (g || where Gy = Lfor A € {(0,0), (6,1), (2,2),(0,5),(6,0), (0,2),(2,3), (0,7)}
as for £7(Sp(2)), and (31) = (3,3 = 0. Thus we have the following result:

Theorem 4.9 The joint spectral measure of E27(Sp(2)), EX72(Sp(2)) (over T2) is

1

de =
© 7 30n2

7] (d(1/20,2/20) 1 q(1/202/5) 4 §(3/203/10) 4 d(3/20,1/5)) ’ (61)
where d%%2) 4s as in Definition 4.1.

4.7 Exceptional Graph &(Sp(2))

The graphs £’ (Gy) are illustrated in Figures 40 and 41. To our knowledge neither graph
has appeared in the literature before in the context of nimrep graphs or subfactors. The
associated modular invariant is [42, (3.1)]

Ze, = |X0,0) + X(0,8)|2 + |x02) + X(o,ﬁ)|2 + X0 + X(4,4)|2 + X1 + )((4,3)|2

+Ixe2 + xXewl” + (e X0, Xon) + (Xe: X0, X05) T (Xa2) X Xes)
+ (X(2,3) X(6,0), X(6,2)) T (X(0.4)» X(2,0), X(2,6) )
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where (X, Xu> Xv) = IXal? + xa(Xu + X0)* + (Xu + Xo)x3- This modular invariant is at
level 8 and has exponents

Exp(&(5p(2))) = {(0,0),(0,8),(0,2),(0,6), (4,0), (4,4), (4, 1), (4,3),(2,2), (2,4),
(8,0),(6,1),(4,2),(2,3),(0,4)}.

Since the modular invariant associated with this family of graphs does not come from a
conformal embedding, it has not yet been shown that the graphs Ep;(Sp(2)) arises from
a braided subfactor. This modular invariant is a twist of the Dg(Sp(2)) = As(Sp(2))/Zs
orbifold invariant discussed in Section 4.2, and is analogous to the £ modular invariant for
SU(2) [9, §5.3] and the Moore-Seiberg 5](\/1[? invariant for SU(3) [21, §5.4]. The realisation
of this nimrep by a braided subfactor will be discussed in a future publication, usin
a generalised Goodman-de la Harpe-Jones construction analogous to that for E-, 51(\}23
in [9, 21]. This construction produces &’ (Gs) as nimrep graphs. It is expected that
Esp;(Sp(2)) does indeed arise as the nimrep for a type II inclusion with index 4(cos(7/11)+
cos(2w/11))? =~ 12.97.

However, for our purposes it is sufficient to know the eigenvalues and corresponding
eigenvectors for these graphs, and it is not necessary for the graph to be a nimrep graph.
With 6y, 6, as in (42) for A = (A, A2) € Exp(E(Sp(2))), we have the following values:

A€Exp | (01.6) € 0,17 | V2 | gamz = (01, 62)°
(0,0), (0.8) | (53:33): (33:32) | 5 G5
(0,2), (0,6) | (55:35) (55:33) | a4 5as
(4.0), (4.4) | (33) (55 3) | a3 5 as
(4.1). (4.3) | (5 3): (530m) | @ 5
(2,2), 24 | (5503): (3303) | @ T
(8.0) (%) |1 0
(6,1) (%.3) 1105 0
(4,2) (5.3 | b 0
(2,3) (4:%) | ubs 0
(0,4) (Z,2) 11b; 0

where a; is the i*" largest root of 566899522° — 154608962 +152266423 —63888224-968x — 1,
b; is the i largest root of x° — 112* + 442% — 772% + 552 — 11, and the eigenvectors ¢*
have been normalized so that ||[¢|| = 1.

Tgle 01rbitsoumde1r2 D78 of t4he 9points3 (6’%,92) € i(2—12, 22—2) , (%, %) . (%, %) , (%, 28—2) .

1 5 1 5 . g F

(ﬁ’ ﬁ) s (57 ﬁ) s (57 ﬁ) s (ﬁ, ﬁ) Y (ﬁ, E) s (57 ﬁ) Y } are illustrated in Flgure 42. The
orbits of each successive pair of points support the measures d(1/20:2/22)  ((3/22:4/22) - 4(1/22,6/22)
d®/227/22) and d©®/226/22) respectively. The orbits under Dg of the points (61,6,) €

{(%, %) , (%, %) , (%, %) , (%, %) , (%, 2%)} are the black points illustrated in Figure
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Figure 42: Orbit of (01, 65) for A € Exp(&(Sp(2))).

Figure  43: Graph Figure 44: Graph &5 (Sp(2))
&1 (5p(2))

42. Thus we see that the joint spectral measure for E(Sp(2)) is

12 1,
8 121 6474 ¥*
+8 é 11 (b1 q(1/22.10/22) | by q(3/22:8/22) 4 b q(5/22:6/22) | by q4/227/22) 4 bs d(2/22,9/22)) .

(d(1/22,2/22) 4 d3/224/22) 4 4(1/22,6/22) | §(3/22:6/22) +2d(2/22’7/22))

Then we have the following result:

Theorem 4.10 The joint spectral measure of E§*(Sp(2)), EL2(Sp(2)) (over T?) is

de — 19316 4Jy2z (d(1/22,2/22) 4 d3/224/22) 4 4(1/22,6/22) | 4(3/226/22) | 2d(2/22,7/22)) (62)
7T b

+11 (b1 q(/22.10/22) by q(3/22:8/22) | by 4(5/22:6/22) | by q@/227/22) | bs d(2/22,9/22)) ’

(63)

where b; is the i™ largest root of x° — 11a* + 442> — 7722 + 552 — 11, and d%) is as in
Definition 4.1.

4.8 Exceptional Graph &2(Sp(2)): (Sp(2))12 — (Es)

The graphs £/3(Sp(2)), illustrated in Figures 43, 44, are the nimrep graphs associated to
the conformal embedding (Sp(2))12 — (Es)1 and are the graphs associated to the modular
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invariant

Zer, = |X0,0) T X6,0) T X81) T X23) T X(8,3) + X@©.6) + X27) + X(012) + 2X(4,4)|2
which is at level 12 and has exponents
Exp(&12(Sp(2))) = {(0,0),(6,0),(8,1),(2,3),(8,3),(6,6),(2,7),(0,12), and four times (4,4).}

The graphs &3 (Sp(2)) are illustrated in Figures 43, 44. Note again that £72(Sp(2)) has
two connected components.
The chiral induced sector bases ;X ]\iJ are given by

)E= DE= .
i = {lowal o) ] o) i) ) G G ), for =12},

1+ 2)+ 1)+ 2)+
where [af5 o] = [a(30)] ® )], [0f5 )] = [0]5.2) ® la))] @ o). and [af; )] = [a

ol ol a2

One can in principle compute the principal graph and dual principal graph of the
inclusion (Sp(2))12 — (Es)1, as in Section 4.3, but we do not do that here due to their
size (the principal graph for instance has 55 vertices). It is only possible to determine the
edge set of the pair of vertices [t o ag)lj;] and [z o ag)li)] together, but not which edges are
attached to either vertex individually. However, the correct choice could be verified by
the generalised Goodman-de la Harpe-Jones method referred to in Section 4.3, where the

principal graph appears as the intertwining graph.

The subfactor afj o (M) C M of index 3(10 +3v/5 4+ /75 + 30v/5) ~ 14.31, where M
is a type III factor, has principal graph the nimrep graph £} (Sp(2)) illustrated in Figure
43, and the dual principal graph is again isomorphic to the principal graph as abstract
graphs.

We now determine the joint spectral measure of 3 (Sp(2)), E75(Sp(2)). With 6,6,
as in (42) for A = (A1, A2) € Exp(&;(Sp(2))), we have the following values:

Lyl @

AE€Exp | (61,02) €[0,1] 922 L17(6:,65)]
(0.0, 0.12) | (o). (§38) | =0g™ee? | Bt
(6.0, 6. | G ). (G- 3) | "I | /oo
8.1), (8:3) | (G 4). (i 33) | “o0gl | 2/t
2.8). (2.7) | (). (1) | S0Rpoest | Svnund
(4,4) (36 30) 2 3
where the eigenvectors 1/* have been normalized so that |[¢)*|| = 1, and for the exponent

(4,4) which has multiplicity four, the value listed in the table for |w£4’4) |? is Z?Zl ]wil’l)j 2.

Note that
1 1

W;\|2 = C’\ﬁﬁ
m
where ¢, =1 for A € Exp(&(Sp(2))) \ {(4,4)} and 4,4y = 10/3.

J| (64)
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Figure 45: Orbit of (0y,0) for A € Exp(&12(Sp(2))) \ {(4,4)}.

The orbits under Dg of the points (61,60;) € {(310, 320) (%, %) (310, 380) (370, %) ,

(%, %) , (%, :1)’_3) , (%, %) (30, %) } are illustrated in Figure 45. The orbits of the first

four pairs of points support the measures d(1/30:2/30) - 4(1/30,8/30) © 4(2/30,11/30) 5y q(4/30,7/30)

respectively. The orbit of the last pair has appeared before and supports the measure
|J]dg x dg. Thus, using (64), we see that the joint spectral measure for £2(Sp(2)) is

de— 16+ L L Ji (d(1/3o,1/15) 1 qO/30A19) | qO/1511/30) | q2/157/30))

8 15 8n?

1101

Then we have obtained the following result:

Theorem 4.11 The joint spectral measure of E75(Sp(2)), E73(Sp(2)) (over T?) is

de =

= 2|J| (d(1/3o A/15) 4 q(1/30.4/15) 4 4(1/15,11/30) | §(2/15, 7/30)) i _|J| de x dg, (65)
m

where d92) is as in Definition 4.1 and dg is the uniform Dirac measure on the 6% roots
of unity.
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