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Abstract

In this thesis, short distance scaling limits of integrable quantum field theoretic models are ex-
plored. We consider an integrable model as a representation of two abstract Zamolodchikov-
Faddeev algebras on an S-symmetric Fock space which are related in a specific manner.
The defining datum of such an algebra is an R-matrix, namely an involutive, unitary solu-
tion of the Yang-Baxter equation with spectral parameters. We show how such R-matrices
S (on the tensor product of Hilbert spaces H®#H) and R (on K®K) can be combined
into a box-sum S @ R and how this operation is reflected on the level of the Fock spaces
Fs(H), Fr(K), Fsar(H @ K). The construction of chiral models as the short-distance scal-
ing limit of such integrable models is outlined and the implications of such equivalences are
discussed in this one-dimensional setting. In particular, we investigate the local observable
content of the resulting chiral models. It is shown how the R-matrix relates to an algebra of
observables localised at infinity, and how this algebra encodes the local observable content.
In a specific example, we show how a deformation procedure produces strongly non-local

models without strictly local observables.



Chapter 1

Introduction

In recent years the landscape of quantum field theory (QFT) research has grown in breadth.
Results in mathematics from seemingly unrelated fields are being realised as relevant to the
study of high energy physics. The application of abstract group theory provides interesting
insights into the underlying data of scattering theory |[CL21,LPW19|, while free probability
theory yields applications to abstract algebraic formulations of QFT.

It is true that the predictions of QFT thus far seem to be accurate when compared to
experimental results. However, it hasn’t yet been settled the most convenient manner in
which to describe and construct a framework for QFT, though currently many exist and are
frequently exploited. The most common is reminiscent of a classical mechanical approach
whereby a Lagrangian is studied. Though, this methodology is rife with problems that have
plagued physicists for many years, a prominent one being the divergence of a perturbative
series arising from the expansion of a Lagrangian.

The algebraic approach is one that is more recent [HK64, Haa96] which we will exploit in
this current work. To condense the finer points for now, the system works by considering an
inverse scattering problem (in a similar fashion to other constructive QFT processes such as
the Form Factor program [KTTW77,BKW79, KW78|). We then characterise observables as
self-adjoint elements of algebras given by a local net which assigns to each bounded region
of the chosen spacetime an algebra of operators.

The model described via any framework is open to scrutiny in many directions. A relevant
analysis is the ultraviolet scaling limit of the resulting theory, importantly profiting answers
to asymptotic freedom of quantum chromodynamics (QCD). First proposed in the algebraic

framework in [BV95] then advanced in [BDM09, BDM10] (with further applications found



in [DM06,DMV04]) a scaling limit of a QFT model can be calculated via the function A - Ay
of scaling algebras. The resulting theory is described by the GNS representation of the algebra
generated by the scaling limit of the vacuum state on the starting algebra at a finite scale.
As previously mentioned, the property of asymptotic freedom was shown for QCD via such
scaling limits (though not in the algebraic framework) and it is then natural to wonder if the
same may be shown for other models. The most prominent of which perhaps is the O(N) o-
models which thus far have only hinted asymptotic freedom in generality [AFPT10], although
not yet proved. This analysis is not purely restricted to the algebraic setting, however, with
relations to the Lagrangian description being found in [BDMO0Y).

The existence of locally measurable observables in a theory is another problem one may
face in the constructive process for any program, though some headway has been made in
this direction in recent years [Lec08,BC15,BDL90|. The question is equivalent to the size of
an algebra A(Q) of a bounded region of spacetime generated by the net O ~ A(O) in the
algebraic framework. Furthermore, this can be written as a problem in abstract algebra, in
particular relative commutants of von Neumann algebras [Wie93,|GLW97, BL04|. Examples
have been constructed (Poincaré covariant models, and also chiral conformal models on the
real line) where the algebras A(Q) are isomorphic to the unique hyperfinite factor type
I11; |LecO5,BDF87]. As we will later describe, this is not the only possibility [BLM11],
though it is the most desirable. The opposite extreme is that of a singular inclusion, meaning
that the algebra A(OQ) = C1 with 1 is the identity. This case is actually pathological from
a quantum field theoretic perspective, implying that there are no measurable observables,
but it is a fruitful area of investigation in the context of half-sided modular inclusions of von
Neumann algebras. The existence of such a trivial object was only theorised until recently
when in [LTU19] the authors constructed such a singular inclusion by exploiting the methods

of free probability.

In the present work, we analyse the problems discussed above in the context of integrable
models, and chiral models on the light ray. This thesis is organised as follows. In Chapter
2 we start from the definition of a two-particle scattering (S-)matrix S and construct an
integrable QFT on two dimensional Minkowski space mirroring those described in more
detail in |LS12]. In contrast to Lechner and Schiitzenhofer however, we suppress discussions
of gauge symmetries which we briefly describe in Appendix . This description will serve

as a brief overview of constructive quantum field theory, as well as describing the types of



models under consideration for our short distance scaling procedure later on.

In Chapter 3 we define an abstract Zamolodchikov-Faddeev (ZF) algebra [Z2Z79,[SE7§]
and discuss the case of constant S-matrices. Applying results found in [LPW19,/CL21] we
show that S-matrices can exhibit a natural equivalence arising from representations of the
symmetric group. This then induces an isomorphism between the representations governed
by two equivalent S-matrices. The material here is found in the joint work [LS20] previously
published with G. Lechner.

Chapter 4 is concerned with the scaling limits of the integrable models outlined in Chapter
2, a problem considered in the scalar case in [BLM11]. In particular, we first consider the
limits of two-particle S-matrices where the limit values (constant matrices) can be thought
of as similar objects to the constant S-matrices analysed in Chapter 3. Moving further,
we construct a chiral theory on the light ray, expanding on the constructions in [BLM11]
by considering multiple particle species. We then define multi-component fields that are
localised in only the wedge-local sense. The fields we build are then used to derive potential
obstructions to the existence of local observables. That is, we calculate operators that lead
to a sufficient condition on the size of the local algebras A(Q) showing that in the setting
we find ourselves in, the spectrum of possibilities is greater than that in the scalar case.

In Chapter 5 we take the idea of obstructions to local operators as inspiration and describe
this in the abstract setting via the algebra at infinity. In the context of von Neumann algebras
and half-sided modular inclusions, we recall the notion of a Borchers triple in both one and two
dimensions and how this relates to quantum field theory as a Hilbert space representation.
Via a two dimensional Borchers triple, we illustrate a natural deformation procedure first
introduced in |[GLO7] and extended in |BS08,[BLS10] known as warped convolution. In the
representation, the von Neumann algebras of a Borchers triple play the role of our algebra of
observables and we analyse the continuity of such objects under deformation. We illustrate
examples of discontinuity with respect to the algebra of observables and outline a framework
for constructing a singular inclusion, providing further examples to the one existing already
in the literature in an arguably simpler fashion. The results in this Chapter appear in the
joint publication [LS22] with G. Lechner.

The results presented in this thesis and the cited joint articles with G. Lechner have

already provided inspiration for further research in this area, for example in |[dSL22].



Chapter 2

Operator Algebraic Quantum Field
Theory

In this chapter, we will describe and construct a general two-particle S-matrix and use it to
build a suitably symmetrised Fock space. Closely following the constructions in [LS12], we
define data on such a Fock space and illustrate the relations they satisfy before showing how
this relates to the operator algebraic formulation. The latter is described by the intersections
of von Neumann algebras and may be split into three possible scenarios concerning the relative
size of these algebras. We briefly outline these possibilities to give an overview of the subject

matter under analysis in this work.

2.1 Two-Particle S-Matrices and S-Symmetric Fock Spaces

We restrict ourselves to two (1 + 1) dimensional Minkowski Space, on which we identify the
single particle space for a fixed species as L2(R,du(p)), where u(p) = (p? + m?)"Y2dp is
the usual Lorentz invariant measure (see Appendix A for a description of Minkowski space
geometry). However, it is more convenient to describe wavefunctions of particles in terms
of the rapidity 6 which is a parameterisation of the one dimensional upper mass shall H, :=
{((p*+m?)~12,p), pe R} for m > 0. The rapidity is then related to the on-shell momentum
by

cosh(0)
sinh(#) '



Let H be a finite dimensional Hilbert space of dimension d;, then our single particle space

for several particle species is given by
H:=L*(R,df) ® H = L*(R - H,db).

On L?(RR,df), we have a spacetime symmetry given by an irreducible, unitary representation

of the proper, orthochronus Poincaré group P! [LS12]
(Ur(a, ) (0) = eP @0 A),  (a,) e PL.

As one may observe, the action of Uy (a, \) is to act by a translation a € R? and boost ) € R.

The extension to a representation on H is natural:
Ul((l,)\) = Ul(a, /\) ® 17_2

We choose an orthonormal basis e,, a € {1,...,dy} of H then denote components of

vectors Wy € H by 0 - U§(0). Moreover, our conventions for multi-index notation is
V¥ =(€n, ® - ®€q,, V)53, =(ai,...,0)

for vectors v e H . Throughout this work, we will denote by B(#) the set of bounded linear
operators over a Hilbert space H, then for a tensor R € B (7-[®n) (n € N), we write its matrix
elements as

RE =(ca,® " ®¢€q,, Res ®®ep, )y

In addition, for linear operators R € B(?’:l@n) we will use the shorthand notation Ry, :=
®k-1 @n—k-1
I eRel] :
The single particle structure is fully understood with the description of the TCP oper-
ator J; on H. This is product of a space-time reflection acting by complex conjugation on
L2(R,d#) and an index conjugation on H, that is we have an involutive automorphism « — @

for e {1,...,dy}. Therefore, the TCP operator reads
(J101)" (0) := UF(0)

and one can easily see this is an antiunitary involution which extends the representation Uy
to the proper Poincaré group with the space-time reflection j(xg,x1) := (-9, —z1) by setting
Ui(j) :=Jy [LS12].

We now wish to describe the notion of an S-matrix. In massive integrable models, an

S-matrix is a bounded linear operator which describes the scattering of two particles in



interactions. The example of a factorising S-matrix describes interactions of two incoming
and two outgoing particles where momenta are preserved. To aid the following definition,
we use the notation S(a,b) := {z € C : a < Im(z) < b} for strips in the complex plane.

Furthermore, we denote by S(a,b):={z€C : a<Im(z) <b} the closure of the set.

Definition 2.1. An S-matrix is a continuous bounded function S : S(0,7) - B(H®H)

which is analytic in the interior of the strip and satisfies for arbitrary 6,6’ € R and «, 3,0, €

{1,...,dg},
i) Unitarity:
S(0)*=8(0)",
ii) Hermitian Analyticity :
S(0)™ = 8(-0),
iii) Yang-Baxter Equation:
(5(0) @ 13)(15;©5(0 +60)(S(0') ® 157) = (15, © S(60))(S(6 +0") ® 157) (15, ® 5(0)),
iv) TCP Invariance:
S5 (0) = ST(0),
v) Crossing Symmetry:
S5, (im = 0) = S (0),
vi) Translational Invariance:

[S(0),Ui(a,\) ® Ui(a,\)] =0, forallaeR* \eR.

The family of all S-matrices on H will be denoted by S(#).

Physically, we interpret the S-matrix as an operator that describes the scattering be-
haviour of particles. Indeed, particles are described by their states which may change upon
interaction with another particle. The incoming states before an interaction are connected
to the outgoing states after an interaction by the scattering matrix of the theory. As we
are exclusively working in the integrable setting with a factoring S-matrix, multi-particle
interactions can be described by numerous two-particle interactions with the multi-particle

S-matrix decomposing into a product of two-particle S-matrices (as is defined in Definition

9



(2.1)). With momentum and particle number conserved through an interaction of two par-
ticles, the transition between in(coming) and out(going) states is completely described via
S.

It is worth noting that though we have described the properties above in a basis-dependent
manner, it is possible to define the same operator on the same Hilbert space in a manifestly
basis-independent manner [AL17]. For a full analysis and description of the physical reasoning
behind the properties outlined above, we refer the interested reader to [lag76,/AARO1].

For dy > 1 the general solution to Definition is unknown, however for the scalar case
dy = 1 the solutions are all known [BLM11|. In the case of d > 1 there do however exist

model-specific examples. A simple one would be
S(0)57 = w(6)s25;

where the function w(#) is a solution to Definition (2.1 with dim(#) =1 (a scalar scattering
function). Again, this may take many forms such as that governing the Sinh-Gordon model
with coupling constant g € R [AFZ79]

sinh(9) - isin (255 )

sinh(0) + z'sin( mg? )

47 +g2

w(f) =

We consider n-fold tensor products H®" of the single particle space H and introduce the

permutation operators p3, : H®" - H®"

(p;j’k\lfn)(O) = S(9k+1 — Hk)mk\lfn(@l, e 79k:+1; Gk, e ,Gn) (22)

where neN, ke{l,....n-1}, U, e H*" and 0 = (6,,...,0,).

Nearest neighbour transpositions 7, swapping the k and (k+1)-th elements are generating
elements for the symmetric group &,, of n letters, and for arbitrary 4;...,4. € {1,...,n—1}
we define

Pi(Til"‘Tir) = Piz‘l“'ﬂf,ir (2.3)
which is a unitary representation of &,, on H®" [LM95].

The operator P? := 7% Y e, P4 () is then the orthogonal projection onto the p,, invariant

subspace and we define the S-symmetric Fock space Fg(H) over H as
‘7_—5(%) ::@7—[”’ Hy :=P§H®n7 nx1, Ho =C.
n=1

10



Elements of the Fock space Fg(H) are then sequences ¥ = (Uy, ¥y, ...), where ¥, ¢ H®"

which is subject to the symmetry
\I/g(e) Sg:g:? (0k+1 - Qk)\Ijgl...ak_lﬁk6k+lak+2..'an(917 s 70k+1) eka s 76)71)7 (24)

with norm
[wp=3 [ a6 Ug(@)va(6) < oo
n=0
We will occasionally make reference to the orthogonal projection P : @, H®" — Fs(H),
and the subspace Dg ¢ Fg(H) of finite particle number where for ¥ € Dg, the sequence
(Wo, ¥y,...) terminates for some finite n.

The space Fs(H) can be equipped with the second quantisation of the operators Uy, J;

which leave it invariant [LS12] and take the natural definiton:

(U(a,\)¥)2(0) —exp( Zp(&) a) e (6; - S0, =), (2.5)

(JU)X(O) = T (0, ... 0)) (2.6)

for ¥ € Dg and (a,\) € PL. It is straightforward to notice that JU(a,\).J = U(-a,\) from
these definitions.

On Fs(H) we have the unique (up to scalar multiplication) U-invariant vector Qg =
(1,0,0,...) which we call the vacuum vector (so called as it represents the physical, empty
vacuum of particle number zero).

On the unsymmetrised (Boltzmann) Fock space H = @,, H®", we have creation/annihilation
operators af (¢),a(¢) (¢ € H) which raise and lower the particle number by one, respectively,

and they are linearly extended from
GT(QO)% @ ®U,=Vn+1lp®iY @Yy,
a(Q)y ® - @1y, = Vn (@, V1) Yy ® -+ ® Yy, a(p)Qs := 0.

for ¥1,...,1, € H to H, and then to the subspace of finite particle number Dg where they

satisfy a(p)* o af(p).

The projections of the creation/annihilation operators onto Fg(#) are denoted by
2(p) = PYal(p)P® and  zs(p) = Pa(p)P%,  (peH).

Their explicit action on ¥ € Dy is given by

1 & .
T Zps(ak)ﬁél On— 190(076)5\1[51 on- 1(917' e 79k7' e 7971) (27&)

]

[25(0) 0] (0) =

11



[25()¥15 (8) = Vv 1 [ a0 (0)0)%,(6',6), (2.7b)
where 0, indicates that this variable is omitted, and the permutations o, € G,, is defined as
Th_1Tk—2+-11 for k> 1 and oy =id.

From the above, we can also read off the explicit action of the respective distributional

kernels
A0) = [ 404, (0)pa®) and 25(9) = [ db25a(0)2a(0) 23)

as

n

BROYING Z S(01)%, s, 000(0 = )T (0, O, ., 0,)  (2.99)

[25,6(0") V]2 (8) = Vn+ 1052

n+1

(¢',0). (2.9b)

The projected creation/annihilation operators z;, zg together with the identity 14 and their

polynomials form an algebra denoted by Pg.
Lemma 2.2. [LS12] The distributional kernels 2 (0) satisfy
25.0(0)25,5(0") = S5 (0= 0')25,(0") 25.6(0) (2.10a)
zs,a(ﬁ)zgﬁ(e ) =Sgs (0 Q)zSW(G )25,5(0) +050(0" = 0) - 1y (2.10b)
forall a, B e{l,...,dg}.

Remark 1. These relations are similar to those that define the Zamolodchikov-Faddeev alge-
bra |Z779] however here a spectral parameter is included. We will describe this algebra in

more detail in the scalar case in the next chapter.

As an aside and for use later on, we also define the TCP-reflected creation/annihilation

operators on Fg(H)

2L(p) = J2L (), zs(p) = Jzs(Jip) . (2.11)

We refer the reader to [LS12] for a deeper analysis into these operators and the proof of the

following results.
Lemma 2.3. [LS12| Let p,9) € H, V€ Dg and n € Ng. Then
a) For (a,\) € P! we have
U0, \)2s(9)U(a,A)* = 25(U(a, 1))
and similarly for zg and their TCP reflected versions.

12



b)

[25(¢)", 25(1¥)] W, = 0, (2.12a)
[25(p)", ()] W, =0, (2.12b)
[25(9), 2L(0)] W, = K00, (2.12¢)
[25(0), 25(0)] W = LV W, (2.12d)

where the multiplication operators Ky ’w, L2V on D,, have the action

Ke(0) =+ [ a0, (@0 (0053050, (2.12)

LEY(0)g = - [ a0's(8)p51 (0 )0 ta (0, (2.126)

Proposition 2.4. The vacuum vector Qg is cyclic for the algebra Ps. That is, PsQs is dense

Proof. Assume ¥ € Fg(H) is orthogonal to Ps{ds. For any n € Ny and f1,..., f,, € H, we have

0= (W, zL(f1)=5(f)0s)
=Vil(0, P} (fr®® f.))
=Vl(, fi@-® f)
where we have used the fact that the projections P? are self-adjoint, and the vector ¥ is

symmetrized as in (2.4). Now, since f; ® - ® f,, forms a total set in H®" we must conclude
that ¥ = 0. O

2.2 Multi-Component Fields and Algebraic QFT

Now that we have an understanding of the data available in an S-symmetric Fock space,
we advance further to the definition of two quantum fields ¢ and ¢’ on two dimensional
Minkowski space and discuss the algebraic aspects of this construction.

We take test functions f € .(R2?) ® H having several components f,(z) := (eq, f(2)).
Their positive and negative frequency wave functions in rapidity space are given in terms of

a Fourier transform:

F0) = ulap(8) = o [ P fuw)esn O (2.13)

13



Clearly, the above expression is a linear and well-defined transformation, moreover, the com-
ponent functions f# are in L2(R,d6) for f, € ./ (RR?).
We then define our quantum fields for f .7 (R?) ® # by

¢s(f) = 2L(f7) + 2s(If), (2.14)
Os(F) = 24(f*) + 2s(Nf)' (2.15)
Proposition 2.5. [LS12] Let f € .7 (R2) ® H and ¥ € Dg. Then

a) The map [~ ¢s(f)V is linear and continuous.

b) All vectors in Dg are entire analytic for ¢ps(f). For f = f* (where (f*)a(2) = fz(x)),
the operator ¢s(f) is essentially self-adjoint.

¢) ¢s transforms covariantly with PL, that is
ds(Ur(a, \) ) =U(a,\)os(f)U(a,\)*¥, (a,\) e Pl

d) os(Jif) =Jos(f)J.
e) The vacuum vector Qg is cyclic for ¢g.

f) @s is local if and only if S = F.
All statements are analogous for the reflected field ¢Y.

As stated above, the fields ¢g, ¢ are local in the usual sense for the free case, however
it can be shown that they are relatively wedge-local as in the scalar case [Lec03,LS12]. We

recall the definition of the right wedge region in Minkowski space
Wr={zeR? : x> x|} (2.16)

and the set of all wedges are denoted by VW which consist of all wedges produced by the
orbit of W5x under the natural action of P, on R?. It is clear by the definition of Wpg that
is invariant under boosts and hence W consists of all translations of W and the left wedge
Wi = gWg=-Whg.

Since a point localisation is not possible, we instead show that the fields ¢g, ¢’ are localised
in these wedge regions by assigning ¢ (f) the localisation region (Wg +supp(f))” where the
dash indicates the causal complement - this region amounts to the smallest wedge region con-
taining the support of f. Similarly, we assign ¢5(g) the localisation region (W +supp(g))”.
The relevant locality property is described below.

14



Theorem 2.6. [LS12| The fields ¢g and ¢ are relatively wedge-local. That is, for any
aeR2 feS(Wr+a)®H, ge (W, +a)®H and U e Dg we have

[¢5(f), ¢s(9)] = 0. (2.17)

With these notions in hand we may begin to connect this construction with the ideas
of the algebraic framework of quantum field theory as described in Appendix A. The wedge
regions in W will act as our regions O and we can construct von Neumann algebras from

them. For any z € R?:
As(Wr +z) = {e?s) : f=fre (W +z) ®7—~l}”, (2.18)

As(Wr+z) = {0« f= e (We+a)oH). (2.19)

In the context of algebras the dash indicates the commutant with respect to B(#), and by
the Double Commutant Theorem |Arv76], the double commutant A” of an algebra A is a
von Neumann algebra. So, to any wedge region W € W, we associate a von Neumann algebra

Ags (W) which has a number of basic properties.

Proposition 2.7. [LS12] Let S € S(H) and W1, Wy e W. Then

a) Isotony: As(W) c As(Wy) for Wy c W,

b) Covariance: U(a, \)As(W1)U(a,\)* = As(AyWi+a), (a,\)ePl,
¢) Locality: As(Wy) c A(Wa)' for Wy c W3,

d) Cyclicity: The vacuum vector Qg is cyclic and separating for As(W).

Given this understanding of defining algebras of observables localised in wedge regions, it
is natural to question how to construct an algebra of observables that are localised in smaller
regions O of spacetime, and to do so we consider a double cone O, , = (W +z)n (Wg+y)

for x —y € Wx (to ensure a non-empty intersection). We then take
AS(OW) = As(WL+x) ﬂAs(WR+y) (2.20)

and define algebras associated with arbitrary regions O c R? by additivity of those above.
This construction then defines a local net O — Ag(O) on R2.

The relative size of the algebras Ag(Q) for general S is an open question, however progress
has been made in this direction [BL04}Lec08]. There are three cases surrounding this ques-

tion:

15



1) “The cyclic case”: The vacuum vector {2g is cyclic for Ag(QO), and therefore the algebra

is non-trivial.
2) “The intermediate case”: Ag(O) is non-trivial, but it does not have Qg as a cyclic vector.
3) “The singular case”: Ag(O) is trivial, that is As(O) =C- 1.

The first case is what one would find in a local field theory, examples include [Jos65,|Ara].
The nuclear modularity condition [BL04,Lec0§| is a sufficient condition for a field theory
to belong to this class, however, the calculations are difficult to carry out for theories that
are less simplistic. The second case has been observed in local theories with gauge charges
[BE82|. The third case is pathological and not something one would observe in a local field
theory. Such an example has been constructed previously by applying free probabilities
[LTU19]. Though this scenario is not desirable, it has applications and intrigue in its own
right, particularly in the analysis of half-sided modular inclusions. In Chapter 5 we construct

further examples of these singular cases.

16



Chapter 3

Constant S-matrices and Isomorphic

ZF Algebras

In the previous chapter, we dealt with the general construction that appears in the Fock
representation of a ZF algebra (on a Hilbert space). In particular, we had the presence of a
spectral parameter 6 as an independent variable of an S-matrix S understood as the rapidity
of a particle. Though a number of interesting and physically relevant examples are indeed
described by a #-dependent S-matrix, one may also consider a constant S. The constant cases
provide more simple examples of quantum field theories. On the other hand, the matrices
themselves can instead be thought of as specific constant values of a #-dependent version,
in particular, the value S(0) and the limits limy_ .., S(f) which play roles in the scaling
limits of integrable models. In their own right, it has been shown that rapidity independent
S-matrices have been derived as results of the Yang-Baxter equation with defects [CAFGO02].

The results in this chapter are the central discussion in the joint work |[LS20] with G.

Lechner.

3.1 An Abstract ZF Algebra

We begin by abstractly defining a version of the well-known Zamolodchikov-Faddeev (ZF')
algebra (cf. [2279,Fad95]). Let £ be a separable Hilbert space (of arbitrary dimension) and
S a set of d* (d € N) complex numbers whose elements are labelled by the symbols Sg‘f

where o, 3,6,7 € {1,...,d}. The symbols 1zsz), Z1(f), Z2(f),--., Za(f) (f € L) generate
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the unital *-algebra Z (S, L) and obey the following exchange relations:
Za(1)25(9) = S5y 2,(9) Zs(f), (3.1)

Zo()Z5(9) = S35 25(9) Zs(f) + 65 - {f, 9)c - Lz(s.0), (3.2)
where we adopt Einstein summation convention over the repeated indices.

Remark 2. To connect with the discussions of the previous chapter, we could instead consider
the single particle Hilbert space to be a finite dimensional Hilbert space H (i.e., the scalar
case). Then S can be viewed as a linear map over H with dimension d. The numbers
S?f are the matrix elements (e, ® ez, S(es ® e,)) if (ea)i”;‘l is an orthonormal basis of .
ZF algebras are relevant to many areas of mathematics, in particular integrable models of
quantum field theory, see for example [LS12]. A variation of this algebra can be defined
by omitting , which is known as a Wick algebra. Their representations have also been
studied in [KOP*+22,|[JSW94, DVL18].

There is no implication from this abstract definition that there exists a Hilbert space
representation of Z (.9, L). For example, in [JSW94] p. 18] it is shown that S can be chosen
in such a way that the generated Wick algebra admits no Hilbert space representation. It will
become clear that properties of S indicate whether or not a GNS representation of Z(S, L)
can be constructed.

Wick ordering (also referred to as “normal” ordering in some works) is useful in the
analysis of algebras of this type. For an arbitrary element X € Z(S, L), the relations
and allow one to shift the ordering of the individual generating elements of Z(.S, L) in
X. Repeatedly doing so transforms X into Wick ordered form with an additional additive

constant:
Z CneZn(fn)Ze(9e) + 0 - 1z(s.2) (3.3)
n,€

where ¢, ¢ € C and o € C. The multi-index notation we have adopted here can be read as, for

example,
Z;;(fn) = Z;;l (fm)Z;2(f772)"'Z;;N(an)a

where all f, € £ and |n| = N € N. Note that every element of Z(S,L) can be written in
the form (3.3). The Wick ordered form is typically not unique; if there exist multiple Z or
Z* elements in a product, the application of (3.2)) gives a distinct, but equally Wick ordered

element. However, the term with |n| = €| = 0 s unique.
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To complete the description of the algebra Z(S, L), we describe a linear functional over
it.
Definition 3.1. We define a normalised linear functional w: Z(.S, L) - C by the properties

i)

w(lg(svﬁ)) = 1, (34)

ii)
w(Za(f)-X) =0, (3.5)

iii)
W(X - Za(f)) =0, (3.6)

for all e {1,...,d}, fe L any X € Z(S,L).

Defining a second functional as A(X) := w(X*) and applying uniqueness, we see that w

is Hermitian, but it is not positive.

Ezamples 3.1. We consider here some simple examples of Z(S,L).

Choosing S?::‘ = i5§“55 (the tensor flip in finite dimensions), where ¢ is the Kronecker

delta, the relations and now read (for f,ge L)
Za(1)Z5(9) = £25(9) Za([), (3.7)
Za(f)25(9) = £25(9) Za(f) + 05 - ([, 9)c (3.8)
Let (e4)?_, be an orthonormal basis of C?, then we may realise that
Za(f) = alea ® [)

satisfy the governing relations of the CCR(C?® L) (+) and CAR(C?® L) (-) algebras [BR&1,
EK9§|, respectively. In the Fock representation, these correspond to the Bose (+) and Fermi
(-) Fock spaces.

If instead we choose Sg‘f = —5;5@3, we have
Za(1)Z5(9) = =Za(9)Z5([) (3.9)

2A0Z30) =5 (- 22 00 #1200 (3.10)
5
This example is explored in detail for the case of £ = C in [JSW94, p. 48] in a Wick algebraic

setting where it is known as a “degenerate case”.

19



3.2 Constant S-matrices and Binary Operations

Definition ({2.1)) outlines the properties of a #-dependent S-matrix, which indicates how we
may define a constant analogue. Throughout this work we will use a tilde to denote finite
dimensional Hilbert spaces such as H and K (with no tilde indicating a more general space),

and also operators over these spaces such as S and R.

Definition 3.2. A constant S-matrix S € B(H®H) is a constant dj x dj; matrix which for

all a, B,0,ve{1,...,dy} satisfies:

i) Unitarity:

ii) Involutivity:

iii) Yang-Baxter equation:
(Se1y) (g8 9)(Sely) = (10 9)(Sely)(15©9),

iv) TCP Invariance :

~af3 ~~0

S&y = SB&’
v) Crossing Symmetry:

zaB _ g0

55’7 = S(;B

The family of all constant S-matrices on H will be denoted by S.(#).

It is worth remarking that if a matrix is crossing symmetric, it is also then TCP invariant
by the above definition. The latter is the result of applying the crossing symmetry relation
twice, however, due to their physical interpretations, we make specific mention of each.

We recall that an R-matrix is a unitary solution to the (quantum) Yang-Baxter equa-
tion and here we denote the family of R-matrices on H as R(#) and the set of involutive
R-matrices as Ro(H) ¢ R(H). A constant S-matrix is therefore an involutive R-matrix
satisfying additional symmetries implying that S.(H) c Ro(H).

On these sets we can define two binary operations |[LPW19| which we recall below.
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Definition 3.3. Let #H,/C be Hilbert spaces and let S € B(H®H), R € B(K®K). Then we
define

i) SBReB(HoK)® (HeK)) as
SeR=SeReFon (HoeK)®(HeK)=(HeH)e(KeK)e (HeK)s (KoH),
where the operator I' = Fiygr)e(cen) is the tensor flip, and in the case above acts
on the space (H®K) ® (K®H). More explicitly we may describe this operator as
Fauexyecern) = Finokx) ® Fixeon)-
i) SRReB(HIK®H®K) as
SKRR= FQ(S® R)F2
where F; is a tensor flip acting on the second and third tensor slots.
We remark here that the S-matrix on H = L2(R)®# considered in Chapter 2 can actually
be written more explicitly as S = F ®.S where F is the tensor flip on L2(R) and S € S.(#).
These two operations give a notion of addition and multiplication for involutive R-matrices

and in analogy to that of scalar operations, we have the distributivity property of multipli-

cation across a sum.

Lemma 3.4. Let H,KC, L be Hilbert spaces, S € B(H®H), Re B(K®K), and F, be the tensor
flip on L& L. Then
Fre(SBR)=(FrrS)B(FRR). (3.11)
Proof. We first note that the domains of the left and right of are isomorphic:
D(Fr=(S@R))=(Le(HaK))®
~((LoH)® (LOK))®*?=D((F,=S)®m(F:x®R)),

whereby D(S) we mean the domain of S.

In order to check that each side of does indeed map to the same vector from a vector
in their respective domain, we analyse each orthogonal component of their domains and check
how each operator acts. These separate components are (£L®H)®2, (L®K)®2, LOH ® LK

and LIK® L H.
Let hy,ho € H, ki, ko € K, 11,15 € £ and we firstly consider the case of (£L®H)®2. The left

hand side of acts as
(Fer(SBR))((LL®h)®(la®hy))=(F(SER)) ((I1®13) ® (h1 ® hs))
= (lg ® ll) ® S(hl & hg)
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Similarly for the right hand side of (3.11)) we note that by definition of the box-sum, the

F:® R) term drops out and we calculate

(FLS)(h@hl@lQ@hg): (Fc@s)(l1®l2®h1®h2)
= (lg@ll) ®S(h1 ®h2).

In this case, we can see we have equality between the two operators.
For the space (£ ®K)®? the arguments are identical by taking S — R, hy > kq, hy = k.
The “mixed” cases are those remaining: LOH ® LK and LK ® L ® H. Due to the
presence of only one H and K factor in both spaces, by definition of the box-sum, the operators

reduce to a series of tensor flips and it is easy to realise that we have

Fy(Fr ® Fuerx)Fo = Flrenye(cor) and Fo(Fr ® Fren)Fs = Firek)s(con)-

Both sides of (3.11)) then act in the same way on each orthogonal part of their isomorphic

domains, therefore they are equal. O

In the specific case at hand of finite-dimensional R-matrices, these operations also preserve

a number of desirable properties.

Proposition 3.5. Let H,K be finite dimensional Hilbert spaces and let S € S,(H), R € S.(K).
Then

i) SEReS.(Hak),
i) SRReRy(H®K).

Proof. i) Unitarity and involutivity (and therefore also self-adjointness and invertibility) all
follow once one realises that [’ possesses all of these properties and the flip on (7:[ ® I@) ®
(K ®H) leaves its domain and the spaces H®H and K ® K invariant. The inheritance
of crossing symmetry (and therefore TCP symmetry) is also clear given that S @ R is
crossing symmetric in each part of its domain. Finally, [LPW19, Prop 4.3] shows that

S® R as defined here solves the Yang-Baxter equation.

ii) Similarly to the previous part, unitarity, self-adjointness, involutivity and invertibility
are inherited from the box product, moreover the Yang-Baxter equation is stable under

tensor products and conjugation by the self-adjoint tensor flip Fy [LPW19|.
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It is worth noting that it is not true in general that S® R € S.(H®K) — as a counter-

example, one may take S, R = F', then
L= SER = SR =0

violating crossing symmetry.

3.3 Equivalences of S-matrices and Induced Isomor-
phisms

With an understanding of constant S-matrices, R-matrices and the operations on them, we
now analyse equivalences that arise between such objects. From motivations originating in
[Tho64], it was discussed in [AL17] and later more concretely examined in [LPW19,/CL21| that
involutive R-matrices exhibit a natural equivalence. The derivation of such an equivalence is
outside the subject matter of this thesis, but we refer the interested reader to [LPW19,CL21]
for a detailed analysis of this.

In the case of R-matrices over H for dim(#H) = 2, all equivalence relations are known
and understood |[LPW19] and can be described by three types (which we define later). The
results in this direction can be compared and verified with that of [Hie92] where all solutions
to the Yang-Baxter equation in this two-dimensional setting were calculated and one may
easily further restrict to the involutive setting from this.

For arbitrary dimension, these three types of equivalence relations still remain valid, and
one may use them to generate equivalence classes of involutive R-matrices, however, it is not

yet understood if there exists other forms of equivalence relations beyond these three types.

Before describing the nature of this equivalence, we first make note of a particular form
of R-matrix which will form a basis of such for the set of equivalence classes we will generate.

For the following, we will write 1,2 for the identity on a vector space of dimension a.

Definition 3.6. Let H be a finite dimensional Hilbert space of dimension dg, n € Ny and

g;={-1,+1} for i e {1,...,n}. Then a normal form R-matrix N is of the form
N = Heilp (3.12)
i=1 ‘

where Y7, df = diz.
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We will mainly concern ourselves with three forms of equivalences which we may work
with explicitly by considering the representations of the symmetric group generated by the
R-matrix under consideration. Similarly to the parameter dependent case in ([2.2), a
representation of the symmetric group of n letters pf is defined on the generating transposition
elements 7; for 0 <7 <n by

p3(1;) =191 g S @1 L,

Definition 3.7. Let 7, K be finite dimensional Hilbert spaces and S € Ro(#H), R € Ro(K),
then S and R are said to be equivalent, denoted as S ~ R, if and only if for each n € N the

representations pf and an are unitarily equivalent.
In a more specific description, for S € Ro(#) and R € Ro(K), if S ~ R, the definition says
that for all n € N there exists a unitary intertwining operator Yfﬁ :H,, - K, such that

YRS () = pB(m) VSR, (me6,). (3.13)

n

The second quantisation of the above we denote as Y5 = D50 V2R,
In the general case, the form of V2R s unknown, however as mentioned previously, there
are some known examples which we will describe - the following three types of equivalences

also generate the full set of equivalence relations for the case of dim(H) = dim(K) = 2.

e Type 1: There exists a unitary operator U on H such that (U e U)S(U* ® U*) = R.
Then S ~ R and we may choose

YS,R — U®n'

n

e Type 2: There exists a unitary U on H whose tensor square commutes with S, ie.

[S,U®U]=0,and (1®U)S(1®U*) = R. Then S ~ R and we may choose

YSER-1@Ue o UL,

e Type 3: Let Fj; be the tensor flip on # such that F; S'Fﬁ = R. Then S ~ R and we

may choose

N F;SF;, _ 5
YnS,R = an H(Lnl)pg(bn)’

where ¢,, is the total inversion permutation of n letters.
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In two dimensions, any involutive R-matrix is equivalent to a normal form R-matrix by
either types 1,2 or 3 [LPW19] and as mentioned, further examples of equivalences in higher
dimensions and the description of the full set Ro(#) is not known.

In Chapter 1 we saw how a parameter dependent S-matrix governed the exchange relations
for a ZF algebra and was deeply imprinted in the data produced by a Fock representation. We
consider now finite dimensional Hilbert spaces H, K with dimensions dg, dg, respectively, and
a more general (separable) Hilbert space £ (as in Chapter 2, one may identify this specifically
with L2(R), however for our needs here it is not necessary to specify this space). We take
SeS.(H) and R € S,(K) such that S ~ R and define S.(#)>3S:=FrS,S(K)>R:=F®R
on H:=L®H and K := L& K, respectively, where we now write F' to be the tensor flip on £

dropping the subscript for simplicity.

To show the stability of our notion of equivalence over a box-multiplication, we introduce
the following operator §, : H®" — L ® 7" acting explicitly by
5 (@ron) - (®1)e(®n). secn <. (5.14)
i=1 i=1 i=1
It should be clear from the above expression that §, is a product of unitary, involutive

operators [;; and is therefore unitary itself for any n. Moreover, we define the second

quantisation of §,:

S::@Sn. (3.15)

n>0

Lemma 3.8. Let H,K be separable Hilbert spaces, and S € Ro(H),R € Ro(K). Then the
representation of the symmetric group, ps®E, generated by S ® R is unitarily equivalent to

P ® pE for any n e N.

Proof. Tt is enough to show the result for the generating elements 7, of &, and the rest
follows by the properties of a representation. Let (A4 )aeny and (kg)sey be orthonormal bases
of H and K respectively then by employing the permutation operator §, an element in the
domain of p2®F is mapped to an element in the domain of p ® pf. The action of the latter

operator is given by

i) & ) () o (@1
k-1 n
= Syt R (( ' h%.) ®hs ® hy ® ( ® hai))

i=k+2

k-1 n
®(( kﬂi)®kﬂ®k§®(® kﬂi))?
=1 i=k+2
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where the implicit sums converge in the norm topology. Applying §; and its linearity gives

the action of pS®% as stated. O

Proposition 3.9. Let Hi, Ho, K1, Ko be Hilbert spaces and St € Ro(H1),Ss € Ro(Hz), Ry €
RO(’Cl),RQ € RO(]CQ) such that Sl ~ SQ and R1 ~ RQ. Then Sl Rl ~ Sg R2 with an

intertwiner Y S$18F1528 2 yhich is given by
YSlRl,SQRQ — 80(- (Ysl,Sg ® YRl,RQ) S

Proof. This is clear from the definition of §, and Lemma (3.8)). ]

Returning for the moment to the discussion of representations as in Chapter 2, one may

show how these equivalences interact in the representation.

Ezample 3.1. Let H,K be finite dimensional Hilbert spaces and S ¢ RO(’J:[), Re Ro(/%) such

that S ~ R in the type 1 sense. We may then choose their intertwiner to be of the form
5 = & B\
vER = (v (3.16)

For a separable Hilbert space £ we write H=L®H,K=L®Rand S=F®rS,R=F&R and
we then have an expression for the intertwiner V2" from Proposition (3.9). Then

Y3 s (Za(N)) (YS7) = mr (VP Za( ). (3.17)
We can verify this by calculation - let f € £, then
5 (V52 ®1)F25a(NF ((YSF) ©1)5
=5 (Y5 e1) z5(e) @ 20() ((Y5F) ©1)5
=5 (Y5 R25(e0) (YIR) @ 20(1))F
It remains to calculate the action of Y5#25(e,) (YSR)". Let ¢ € Fs(#H) then

YRt (e,) (Yné,zé)* Y =YSRPS o 0 ([Yfﬁ]*)m Un

n+l ©g n+1

Thus the intertwiner Y5 also acts as an isomorphism between elements of the polynomial

algebras Pg, Pg.
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Though the above illustrates how a type 1 equivalence gives rise to an isomorphism of
representations, it is not true that any equivalence type gives rise to such an isomorphism
between representations. As a counter-example, consider S = —F3 ~-18-1 = R in the two
dimensional setting which are type 2 equivalent. In the Fock representation of Z(S,H), we

have anti-commutation between all annihilation operators as in the Fermi case [Lec03], i.e.

{25.0(f) 255(9)} =0

for o, 8 € {1,2} and all f,g € L. Such an anti-commutation should be preserved if there
were to exist an isomorphism between the representations mg, mg, however, the definition of
R implies this is not the case. For some choices of o and 3, we actually have commutation

between mr(Za(f)), 7r(Z5(g)), for example:

[zR,l(f)a 2112(9)] =0

for all f,g e L. Clearly the product zz,(f)2z,(g) is not zero and thus the representations

g, T are not isomorphic in this case.

3.4 Exponential Relations and Generalisations

In addition to a natural isomorphism arising via equivalent R-matrices, the box-sum operation

indicates a generalisation to the well-known relation [BPS97]

Fr,,(HoK) 2 Fp (H) ® Fr (K) (3.18)
for finite dimensional #,K which extends to an isomorphism of the representing data. In
particular, we find that for Hilbert spaces H,K and S € Ro(H), R € Ro(K) that

Fser(HeK) 2 Fs(H) ® Fr(K) (3.19)

where as before the isomorphism extends to one between the data on each space.

The representation of the Zamolodchikov algebra Z(S @ R,H® K) on the left hand side
of is already described in Chapter 2 via the GNS construction (more transparently
by applying the distributivity property of the box-times over the box-sum as in Lemma
(3.4)). This comes with a pre-equipped vacuum vector Qgzr upon which we can generate a
polynomial algebra Pggr from the identity element 14 ¢« and creation/annihilation operators

zgm R 2ssr. The latter obey exchange relations according to the following

ZSER,a(f (&) O)ZSR,B(Q D 0) = S?;IZSE,R’«,(Q (&) 0)253,5(.]0 (&) 0), (320)
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zSR,a(f ® O)ZgR,g(g ®0) = SggZ;Rﬁ(g ©® O)ZSR,é(f ®0)+ 5§(f,9) Ayer, (3.21)

25are (00 [)zsarn(0© 9) = RE250r,2(0 ® gx) zsare: (0 f), (3.22)

zsere(0® f)ZLR,n(O ®g) = REQZLRJ(O ® 9)zswre (0@ f) +05(f,9) - Inex, (3.23)
zsar,a(f © 0)2sarn (0@ g) = 2sarn (0 ® g)2zsera(f @ 0), (3.24)

zsana(f ®0)2lgr, (0@ 9) = 2Lyp (00 9)zsmra(f ®0). (3.25)

This data provides us with the natural representation mggr: Z(S® R, H®K) - Psgr.

Consider now the tensor product
Fs(H) ® Fr(K)

where on the individual Fock spaces Fs(#), Fr(K) there act creation/annihilation operators

zg, Zs, Z;r%, zr (endomorphically on the spaces of finite particle number Dg, Dg) and there exist

unique vacuum vectors €2g, {2g.

Using this prerequisite data, we may define analogous operators to zggr and zgg r on the

space Fs(H) ® Fr(K):
28R (fa®ge) i=250(f) ® L+ 1y ® 2re(9), f.geL, (3.26)

Q&R =g @ Np. (327)

As before, the polynomial algebra Pg g is then defined as the algebra generated by the

identity element 13 ® 1x and the creation/annihilation operators z}; R %SR-

Lemma 3.10. The vacuum vector Sdg r is cyclic for the polynomial algebra Psr. That is,

Ps rfds r is dense in Fs(H) ® Fr(K).

Proof. Let ¢ € Fs(H)® Fr(K) be orthogonal to Pg g€2s r. Then for any i, j € Ny and vectors
fl,...,fiE%,gl,...,nglC

(Vi Z;,R(fl ® O)"'Z;,R(fi ® O)Z;R(O ® 91)"‘75;3(0 @ g;)2s ® QR)

=Vilj!{vi; , B ® PjR (fi®e®fi®g @ ®yg;))

= W(%g , [ie®fi®eg ey,
where 1; ; is the 7, j-th component of 1) and each index corresponds to the particle number in
each tensor slot in Fg(H)® Fr(K) and we have used the self-adjoint property of PS® P and
that the vector 1 is invariant under this projection. Vectors of the form f1®--® f;® g1 ®---®g;

form a total set in H® ® K® and hence we conclude that v = 0. O
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Finally, we are now able to construct a representation of the algebra Z(S@® R, H & K) on

Fs(H) ® Fr(K) and prove the relation (3.19)).

Theorem 3.11. Let H,K be Hilbert spaces of finite dimensions dg,dg, respectively, and
Se Ro(H), Re Ro(IC), then:

a) The map rsp: Z(SBR,H®K) > Psr
TS,R (15(553,5)) =lyer,

25 r(fa ®0), ae{l,...,dg}

ZS,R(O@fa—dﬁ); &E{dﬂ+1,...,d7_~t+d,€}

Ts.r(Za(f)) =

extends to a unital *-representation of Z(S® R, L) on Fo(H) ® FH(K) with cyclic vector

QS,R and
(JJSJ%(X):(QS,R , WS,R(X)QS,R>a XEZ(SR,H@’C) (328)

b) There exists a unitary operator V : Fsar(H®K) - Fs(H) ® Fr(K) such that
VQSRZQS,R, VWSE,R(X)V*ZTFS’R(X), XEZ(SR,,H@IC) (329)
Proof. a) We show first that the operators zg R» 2s,r satisfy the same relations as zj; R ZSER
as outlined in (3.20))-(3.25)), firstly noting that

25 r(fa ®0) = 250(f) ® 1k, 25r(00 fe) =1k ® 2re(f), (feL),

and similarly for z:rg A

A priori, the operators zg, zg and z};, zr and their distributional kernels satisfy exchange

relations (2.10a)), (2.10b)) governed by S and R, respectively. Let f, g€ £ then

25,R(fa ®0)25r(9 ®0) = 250(f)25,5(9) ® 1
= Sffzsﬁ(g)zs,g(f) ®lg
= 53 25.1(9, ® 0)z5.r(f5 @0),
which gives . The relation follows in an analogous way. Similarly
zs,r(fo ® O)Z;,R(gﬂ ®0) = zS,a(f)ZL,g(g) ® I
= So7zl (9)zs5(f) ® 1 + 05(f,g) 15 ® Lic

= S5 2k (9, ®0)2s r(f5 @ 0) +03(f, 9) 1y ® L.
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As for - we see that since zg R( fa®0) and 25 (0 ® g,) operate on different
tensor slots, they commute. Lemma (3.10|) and the action of the annihilation operator zg g
on Qg p implies that the functional wg p as defined in satisfies 1)-iii) in Definition
and this coincides with w.

Let X e Z(SBR,H&K). Then

|75,r(X)Qs,r|? = (75,r(X)Qs, 7, 5. (X) s, R)
= (Qs,r, Ts,rR(X" X )5 )
=w(X*X)
= [ Tsar(X)Qsarl”.

This shows that the map V : PsarQsar = Psrflsr, Vsar(X)Qser = msr(X)Qsr
(X € Z(SBR,H®K)) is well-defined and isometric. Moreover, for X,Y € Z(SeR, Ho K)
Visar(X)V 1 r(Y)Qsr = Vsar(X)msar(Y)sar

= Vrsar(XY)Qsar
=msr(XY)Qsr
= ms,r(X)Ts,r(Y ) s R-
Cyclicity of Q2smr, {ls r for the representations msgr and g 5, respectively, indicates that

V extends to a unitary Fsar(H & K) - Fs(H) ® Fr(K) satistying (3.29).
UJ

For simple R-matrices, this result decomposes Fock spaces over higher dimensional Hilbert

spaces into a tensor product of many Fock spaces over smaller dimensional Hilbert spaces.

This is, in particular, applicable to matrices in normal form (3.12]).

Corollary 3.12. Let H = @, H;, dim(H;) = d; and let B, el = N € Ry(H) be an

nvolutive R-matrix in normal form. Then there exists a unitary

V:Fs(H) ~ ®f (Hs).

As in Chapter 2 where we have the specific choice of £ = L?(R), the Definitions ([2.13]),

(4.41)) provides us with a definition of fields ¢ggr. The isomorphism is now of relevance in

this context and we have the necessary data to construct a field operator unitarily equivalent

to ¢sar

dsr(f®g)=0s(f)® 1k + 1y ® dr(9),

30



for f ¢ #(R?)®H and g € .7 (R?)® K. By definition, it should be clear that this field inherits
many properties from ¢sgr as in Proposition (2.5). Moreover, defining the reflected field as

Psr(f@9) = ¢s(f) ® 1k + 19 ® Pr(9),

it is straightforward to see that the fields ¢g g, ¢ 5 are relatively wedge local given the correct
localisation properties of their arguments as in Theorem ({2.6). Moving to the algebraic aspect,

we recall these form part of a definition of von Neumann algebras, in particular for any x € R?
Asar(Wp +1) = {e0serl®) + f= f<e Z(Wp+2)® H, o g=g' e S (W,+2)® l@}”, (3.30)
Asar(Wr+1) = {¥5srlf®) + f= e Z(Wr+a)@H, g=g" € S (Wr+2)® I@}”, (3.31)

with these being subject to the same properties as in Proposition . Moreover we define

Asp(Wy + ) = {520« f= f e Z(Wy+a)0H, g=g" ¢ S (W +2)® I@}" (3.32)
As r(Wg+ ) := {ei‘b'SvR(f@g) S f=freSWr+a)OH, g=g" € S(Wr+1)® l@}”. (3.33)

The latter algebras are generated by exponentials of fields which have the form of a sum

of operators which clearly commute, in particular

05, r(f@9) — i(ds(fOlc+1nu®dr(9)) = (i(¢s(f)®1k) pi(11®PR(9))

by standard properties of the exponential.

Lemma 3.13. Let H,K be Hilbert spaces and A€ B(H),B € B(K). Then
i) e®lr = e @ i,
i) em®B =15 ®eB.

Proof. We proceed by calculation

= (Aol & (Anely) (& A
6A®1K:Z(—®"C) :Z(;el’c):(zﬁ)@l;czef‘@ﬂic
n=0 n. n=0 n: n:

n=0

The proof for ii) follows in an identical way. ]

This idea can also be extended to the operators ei(¢s()®lc) ¢i(1x®br(9)) by the properties
listed in Proposition (2.5). In particular, we note that on the subspaces of finite particle
number Dg ¢ Fg(H), Dr ¢ Fr(K) the field operators ¢s(f), pr(g) are essentially self-adjoint
for the choice of input vectors f = f*,g = ¢* as in . Moreover, the elements of Dg, Dg

contain entire analytic vectors for ¢g(f),¢r(g), respectively, on which the expressions in

Lemma (3.13]) converge.
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Theorem 3.14. Let S ¢ SC(’;Q), Re Sc(l%), x € R? and the von Neumann algebra Asgr(Wp +
x) be defined as in (3.30). Then

Asar(Wr + ) 2 As(Wp, + ) ® Ar(W, + 7).

Proof. Clearly the algebras Asgr(Wr +x), As r(Wy +z) are isomorphic given that the gener-
ating fields ¢sar, ¢s g are unitarily equivalent. Lemma (3.13)) then provides the isomorphism
between Ag gr(Wp, + ) and the tensor product Ag(Wp +2) ® Ap(Wy + ). N

This theorem with corollary (3.12]) implies that given a model described by a tensor
product of Bose/Fermi spaces the resulting local algebra is nothing more than an algebraic

tensor product of better understood algebras [Lec07] simplifying matters greatly.

In conclusion for this Chapter, we have outlined a possible simplification for potentially
complicated quantum field theories - beginning with a constant S-matrix that is type one
equivalent to its normal form, by isomorphisms we may describe the theory on a tensor
product of Bose/Fermi Fock spaces. Though this hints towards the method of [Luk95|, our

method is slightly more natural arising only from isomorphisms of R-matrices.
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Chapter 4

Scaling Limits of Integrable Models

Having discussed simplistic constant S-matrices in the previous chapter, we advance to the
more general situation touched upon briefly in Chapter 2 of rapidity dependent S-matrices as
in Definition . Though many specific examples of integrable models in (1+1)-dimensions
are known [BR18, BFK05, BK03|, in some cases the details of the resulting theory are ill
understood and open questions surround them.

A fruitful area of discussion in this direction is in analysing the ultraviolet scaling limit of
a model. A well studied application of such investigations is the proof of asymptotic freedom
of the theory of Quantum Chromodynamics (QCD) |[GW73] which is now accepted as the
theory of strong interactions. Though there exist many methods to calculate a scaling limit
depending on the description of the theory presented, we will study the scaling algebras, and
in particular the scaling of the generating wedge-local field operators. That is, the algebra
generated by functions A — A, of the scaling parameter A whose values take on that of
observables of the base theory. The scaling limit of the theory is then identified as the GNS
representation of the scaling algebra generated from the scaling limit of the vacuum state on

the unscaled algebra.

4.1 Limits of S-matrices

In the general analysis of quantum field theories the limits of the governing S-matrix is not
necessary data, nor particularly informative. However, in the context of the short distance
scaling limit it becomes an important quantity describing the twisting between the tensor

product of chiral components and their structure [BLM11].

33



Scaling distances in Minkowski space as x — Ax momenta are then scaled as p — A~lp
and hence the rapidity variable (the dependent parameter of an S-matrix in our description)
scales according to 6 = sinh™'(£) + sinh™'(52) which implies we are concerned with the
limits S, :=limy_. S(#) in our analysis.

Throughout this chapter, we will again consider a Hilbert space H := L?(R) ® H where we
identify the previously more general and separable Hilbert space £ with L?(R) for simplicity

and H is of finite dimension.

Definition 4.1.

a) An S-matrix S € S(H) is called regular if there exists a k > 0 such that S (and its
constituent elements) continues to a bounded analytic function in the strip S(-x, 7 + k).

The subset of all regular S-matrices is denoted by Seg(H) ¢ S(H).

b) A regular S-matrix S € Syeg(H) is called an S-matriz with a limit if the two limits S, =
limg_, .0, S(0) exist. The set of all S-matrices with a limit is denoted by Shm(’}:l) c rCg(’;':l).

The question of the size of Sym(H) is not a trivial one in the higher dimensional (in terms
of the S-matrix) case we consider here. In the scalar case, this is already settled - in fact,
one may write down the complete set Sy, (C) and show a number of further results, such as
the limits of any such function having coinciding limits [BLM11|. For the higher dimensional

case, we have no such clear cut result and the situation is a much richer one.

For reference, we note that the definition of a scalar scattering function can be retrieved
from Definition (2.1)) by setting #H = C. The properties of a scalar scattering function can be

written in one line as:
S(Q)zS(Q)_l=S(¢9+i7r)=S(—0), 0 eR. (4.1)

We state the following result already alluded to.
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Proposition 4.2. [BLM1]|

a) The set Sim(C) consists precisely of the functions

N sinh(z) - sinh(by)

S(z)=¢- S(0 4.2

(z)=¢ ,Qsinh(z)+sinh(bk)’ 2€5(0,m), (42)

where € = £1,N € Ny and {by,...,by} is a set of complex numbers in the strip 0 <
Im(by), ..., Im(bx) <Z such that for each by, also —by, is also contained in {b,...,by}.

b) For each S € S (C), the two limits S_, S, coincide and are equal to +1.

An analogous result for any finite dimensional H and arbitrary S € Siim (H) is unknown
and would be a difficult feat given that the Yang-Baxter equation results in a set of (dy)8
cubic equations for the elements of S. Instead, we consider a simple, but non-trivial form of

S-matrices, the so-called diagonal ones.

Definition 4.3. A diagonal S-matrix Sp is of the form

Sp(0)25 = was(0)0557 (4.3)

(with no summation over a and ). The continuous, bounded functions wyg : S(0,7) - C

are analytic in the interior of the strip and satisfy
wag(e) = waﬁ(ﬁ)‘l = wﬁa(—Q) = wﬁa(e + ’LT(') (44)

It has been shown that matrices of this form solve the Yang-Baxter equation with no
further restriction on the functions w,s [AL17], hence these are really examples of S-matrices
as defined by Definition (2.1)).

For a = 8 we see that read exactly , however for the remaining cases we have a

slightly different set of symmetry conditions which we now discuss.

Definition 4.4. The set of functions Gy, is the set of regular, bounded and continuous

functions G : S(0,7) — C that are analytic in the interior of the strip and satisfy for all § € R:
|IG(9)| =1, G(9) =G(ir +0), elim G(0) exist. (4.5)
—+00

As it turns out, these functions can also be completely classified in a similar fashion to

the scalar scattering functions.
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Proposition 4.5. The set Gy, consists precisely of the functions

G(z)=¢]] e

k=1 €%

_ ebk 62 _ eg+iﬂ'

(4.6)

_ bk €7 —ebrin’
wheree = +1, N € Ng and {by,...,bx} is a set of complex numbers in the strip 0 < ITm(by),...,Im(by) <
/2.

Moreover, for each G € Gy we have that limg_,., G(0) = limg_,_, G(0) = £1, 0 € R.

Proof. For z € R each factor

e? — Gbk ez — 6E+iﬂ'

(P £ — - -
by, C or _ obr € — cbn—im

satisfies |gs, (2)| = 1 (which is trivial to see) and also gy, (2) = gs, (i7 + 2). Indeed,

—e% — €bk —e% — 6E+i7r

I+ 2Z) =+ — . :
gbk( ) o7 — b —e* — gba—im
€% + ebk  e* + ebrtim
=+

e + €Q e? + ebn—im
e — ebk—iw e? — ech

- iez _€E+i7r ' e% — ebn = gbk(z)

Given the location of the poles in the above expression, we can surmise that for a sufficiently
small 6 > 0, the factor g,, is analytic and bounded in the strip S(-Im(zx)+0,7+Im(z;)-3) o
S(0,7). The product is finite, so there exists a x > 0 such that G is analytic and
bounded in the strip S(-k, 7 + k). Clearly the limits limgy_ ., G(0),limy. ., G(6) coincide
from the expression which shows that G € Gjp,.

Now we pick an arbitrary G € Gy, and show that it is of the form . Let ¢ =
limg_o G(0),e2 := limg,_o, G(A), then from the regularity properties of GG, we have that
G(0 +i\) —» €1 as § - oo uniformly in A € [0,7] [Tit39] and similar for the opposite limit
given that the strip S(0, ) is biholomorphic to the unit disc. Moreover, since |G(6)| =1 for
all real 6, then |e;| = 1, but since G(0) = G(ir +0) also, it must mean that &, = £1 since
limg,eo G (i + 0) = limg_co G (i + 0).

The function G is continuous on the closed strip Wﬂr) and of unit modulus on the
boundary a priori. These properties together with the uniformity of the limit throughout
the strip allows us to conclude that G has only finitely many zeroes in S(0,7) [Fat23]. Let
bi,...,by be the zeroes of G whose imaginary parts u satisfy 0 < 4 < 7 then for every zero

b;, there is also a corresponding zero b; + im. We construct the finite Blaschke product

ez — €a+iﬂ'

N e? — ebk
B(Z) =£&1 H
k

1 e — 65 e? — ebn—iﬂ'
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and note that it has precisely the same number of zeroes as G and also B(6 +i)\) — ¢, for
0 - oo uniformly in A € [0, 7].

Now define a new function F' by
F=G -B™.

Clearly F' has no zeroes in S(0,7) and also F'( +i)\) - 1 for § - co uniformly for A € [0, 7]
as regularity is clearly inherited by this product. As F is continuous on m and of unit
modulus on the boundary of the strip (these two properties hold for G and B~!, hence also
holds for their product) so it is bounded above and below, and there exists a K > 0 such
that K < |[F(0)| <1 for 6 € m We may meromorphically extend F', however since F
has no zeroes in m it is actually an analytic continuation. On this continuation, the

boundedness of F' on S(0,7) it implies that it also holds that |F({)| < K~! < oo for all
¢ e S(—m,m). Taking 6 — 0 —im in (4.5 we have that

G0 -ir)=G(0+1irm)

for 6 € R and the same clearly holds for B='. Hence F extends to a 2mi-periodic, entire
function which is bounded and so constant by Liouville’s Theorem] Thus we have that
F(0) =limy_ F(#)=1,s0 G=FB=B. O

As one can see, the sets Sjim(C), Gim are somewhat comparable in that they both consist
entirely of functions in the form of finite Blaschke products. Furthermore, given the symme-

tries satisfied by the functions belonging to each set, we can observe that Sy, (C) ¢ G-

Theorem 4.6. The limits limy_o, Sp(0), limy__o, Sp(0) ezist if and only if Waa € Sim(C)
and wap € Gim (a0 # ,wap(0) = wpa(=0)) for all o, B.

Proof. The conditions in (4.4) for o = 5 read
Waa(0) = Waa(0) ™ = Waa(=0) = Wan (0 +im), (0 €eR)

which with the existence of the limits limg_, o Waa (0),limg, o Wae (@) implies that w,, must
belong to Sym(C).

For a # § we have in particular

wap(0) = waa (im = 0) = wsa(=0),

!Liouville’s Theorem states that any bounded, entire function must be constant.
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hence we have functions that satisfy
lwap(0) =1,  wap(0) =wap(im+0)

for 6 € R. Since the limits limg_, o wap(0), limg_, o wap(0) exist, they have the form of (4.6)).
The opposite direction is trivial by the definition of functions in Sy, (C) and Gy, O

This analysis of diagonal S-matrices can be viewed as a generalisation to the previous
results in the scalar case as they are simple, but non-trivial examples of an S-matrix. An
example of a more complex form would be the S-matrix S, y governing the O(N) o-models

which has the explicit form

Son(0)5152 = 01(0)05265! + 02(0)051652 + 03(0)651 052, (4.7)

with the functions

72(0) = Q(O)Qim - 0), Q(0) = (N__ f (_) ,
U(5+ 5 i) T (~iss)
2w 0a(0)
)=~ Ny —o
21 09(6)

where I' denotes the complex Gamma function.
It is well known that this S-matrix satisfies our definition, and in particular the Yang-

Baxter equation and one may also calculate its limiting behaviour since it is regular in our
sense |LS12].

Before proceeding, we recall that for z € C\Z_ (where Z_ denotes all non-positive integers)

P(z+1) = 2(2), T(z)T (z " %) _ 912 /2 (22).

Moreover, for large enough |z| and |arg(z)| < m —e (¢ > 0) then we have Stirling’s formula:

2 (2

V4 €

where ~ indicates that the ratio of both sides converges to one or asymptotically converges.
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Proposition 4.7. Let S, n be defined as in (4.7)) for any N > 2, then

lim SgyN(G) = FH
f—+o00

Proof. Let z:= 75 +iZ and w = i =Im(z), then

0
TE(5+@) T (5+2)0(1+w)
T (3+2)T(@)L(1+2) (2 +w)
_TET (3+®)T (5 +2)wl(w)
['(L+2)0(w)I () (3 +w)
_ @) wl(w)T(3+2) T (3+)
2I'(z) T(w) T (3+2)T (3 +w)
(D(2))” w(T(w))?2'-2:T(22) 21-2T(2w)
2(T(2))? (D(w))? 27T (2z) 22T (2w)
(D'(2))* w(T(w))? 270 (22) 24T (2w)
)2
)

0'2(0)

2(I(2))* (T(w))* T(22) T(2w)
(T(2))* w(I(w))*I'(22) T (2w)
2(T(2))* (T(w))* T'(22) I'(2w)
O @(%)Qwﬁ(%)zfﬁ(?)Zw
2(2)7 (2)" V2 (BE) VB ()"

|w|2—2?+222—2w+2ﬁ

2]
[w] 9]
N2y 0

From the definitions of o1, 03 given in terms of o9, it is then straightforward to see that
0'1(9),0'3(0)%0 (9—>:t00)
[

The complex seeming nature of the model defined by S, x therefore has a very simple
limiting behaviour implying that their ultraviolet scaling limit is simpler in some respects. In
particular, we can deduce that the resulting model of a short distance scaling limit results in
an untwisted tensor product of chiral models. Despite this example having coinciding limits,
it is not immediately clear that this is always the case, however generally speaking the limit

values S, S_ enjoy a number of symmetries.

39



Proposition 4.8. Let S € Sjin(H) and S, :=limg_ .00 S(0) then
i) St =S5%,

ii) S¢ = Ss, where (SC)?f = Sf/%,

« af . & r\oP . _ asd
i) (82)57 = (SL)5 = (9203 (805 = (S0 = (85,
in addition to being unitary solutions to the Yang-Baxter equation.

Proof. By definition, S is unitary on the real line. That is, S(0)* = S(0)~! for 6 € R and
in the limit # - +oo this property remains for both S,, clearly. Similarly, S satisfies the

Yang-Baxter equation:
(18 5(0))(S(0+0) 1) (18 S(0) = (SO") 1) (1 S(0+0))(S(0) @ 1)
for 0,0 € R. We're free to take 6 = 0 for example, and in this case, the above now reads
(18 5(6))(S(20) 8 1)(1® S(0)) = (S(0) © 1)(1® S(20))(S(0) & 1)
which in the limit # — oo becomes
(1®5(x00))(S(x00) ®1)(1® 5(200)) = (S(200) @ 1)(1® S(x00))(5(00) ® 1)

showing that S, also solve the Yang-Baxter equation.

Unitarity and Hermitian analyticity of S culminate to S(6)* = S(-6) which gives (i) in
the limit - +oo.

The crossing symmetry of S reads as S(6) = S¢(im —6) and now by regularity in the limit
we arrive at

5= i SO) = im S -0) = Jim 5°()

showing (ii).

Part (iii) is a direct consequence of parts (i) and (ii) and can be easily retrieved by

calculating (S¢)*. O

Corollary 4.9. Let S € Sy and Sy :=limg_ 1o, S(0) then the following statements are equiv-

alent.
i) S. is involutive,
i) Sy is crossing symmetric, i.e. S¢=1S,,

40



iii) S, =S_.
Proof. i) = ii): If S, is involutive, together with unitarity implies that S, = SI, which
combining parts i), ii) of Proposition (4.8]) gives S, = S¢.

ii) = iii): This follows immediately from Proposition (4.8]) ii).

iii) = 1i): Since S, is self-adjoint and unitary, this immediately follows. ]

We denote the set of all constant R-matrices R such that R = limgy_., S(f) for some
S eSim(H) as an('?:l). Of course, this also includes the opposite limit of S as § - —oo if we
note that also S_ € S (H).

In preparation for calculating the short distance scaling behaviour of quantum fields, we
must note the behaviour of the space-time scaling z — Az on an element S € Sy, (H). For
such data, it is easier to work with the momenta p = msinh(f),q = msinh(6’) as arguments

for S rather than the rapidities which more clearly maintains a mass dependency. Indeed,

0 -0 =sinh™ (2) —sinh™ (i) =sinh™* (M)

m m m2

where we define the energies wi* = \/p? + m?, wi* := \/¢? + m?. Now, for any m > 0 and
S € Siim(H) we have a modified matrix-valued function S, : R? - B(’;’:l ®7%)

Sm(p,q) =S (sinh_1 (w)) :
m
The properties of S, are irrelevant to our needs, however, we do note that clearly, we have
the scaling relation
SN, A1) = Sam(p,q), A>0. (4.8)
The mass zero limit can be calculated in precisely the same manner as in the scalar case

[BLM11] when each element of S, is considered individually, however, care must be taken

with the potential for distinct limits at each infinity unlike the scalar case.

Proposition 4.10. Let S € Sy, (H) and m > 0. Then for p,q € R:

S(log(p) —log(q)) »  »>0,4>0;
S(log(-q) ~log(-p)) , 1p<0,q<0;
So(p,q) = lAii%SAm(p7Q)= S(0) , p=q=0;
Sy, p>0,q=0, p=0,q<0, orp<0,qg>0;
S, p>0,¢=0, p=0,¢g>0 orp>0,¢<0.

(4.9)
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Proof. For any p,q € R, we have the limit

2pq, p<0,q>0;

lim(pwy™ = qup™) = plal = alpl = {-2pg ,  p> 0,4 <0;

0, p-q=>0.
Hence

5 onols \ —oo, p<0,q>0;
(A*m?)~H(pw™ - quy™) -

oo p>0,q<0
for A - 0 and the limit for S),, for this configuration of momenta is justified. For the

remaining cases, we apply I'Hospital’s rule to calculate the limit

pAm>2 _ gAm?

Am Am
. pw —qw X w>\m w)\m 1 . p q
1 q D — l q P — _1 s T
pw) A2m?2 pw) 2 \m? 2 pw (wAm wfg\m)
0, p=q=0;
sign(p) -0,  p#0,q=0;

—sign(g)-oo, p=0,q%0;
1(p _ g .
2(\q| \p|) ,  pg>0.

Inputting these expressions into the composite function S osinh™ gives the result. [

The limit Sy is clearly not independent of S and from this, we deduce that the short
distance limit behaviour of the model will depend on the original scattering matrix.
Following a similar structure as was described in Chapter 2, we again may rewrite all

data in terms of momenta to track the mass m, in particular for ¢ € H,V € Dg
dq
(s (VI (0) = Vi1 [ “Lios(q)wie,(q.p)
q

and similarly for y;rn’s(cp) = Ym,s(J10)*.

Remark 3. We note that the operators defined above are related to the operators zg, zg by

Ym,s () = 25(0)-

As is the case in rapidity space, the distributional kernels are related to these operators

by integrating against a function

dp dp
hns(@) = [ “Eimsa®eal®). vhis@) = [ Lyl cam)ea®)
wp Cdp

For completeness, we write down the exchange relations obeyed by these operators in mo-

mentum space as an analogy to those in ([2.10a]), (2.10b)):
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Y50 (D) 2m.5,8(0) = Sm(D: 0 gs Y50 (0)Ym.5.6(p) = 0 (4.10a)

Y50 (D)W 5.5(0) = S (D, D) 53Y8, 5. (D Ym.s.5(p) = WG58 (p - q) - 1y (4.10D)

We also rewrite our transformations of test functions (2.13) for f €. (R?) ® H as
m+ 1 2 +i(w,p)-x
[ ) =5 [ dafula)esieis
2m
and our explicitly mass-dependent field operator is given by
Om5 (1) = s (/") + Yms (f7).

In a similar approach to [BLM11] we wish to analyse the effect of a short distance scaling on

quantum fields and consider the rescaled, unsmeared field operators
Om,s(AT)
and evaluate on a scaled test function f),
N x) =22 fu(N ), A>0,7eR%
In momentum space the scaling has the effect of scaling the mass and the momentum:
e = P (\p).
It is relevant now to consider the n-point functions of these rescaled fields
WA (- o) = Qs Om,s ((F1)2)Om,s((fn)2)2s) (4.11)

for fi,..., fn € H. By the reconstruction theorem [SWO00] one may completely recover a field
theory from the n-point functions defined above, hence the short distance scaling limit of
these then provides an indication of the state of the scaling limit of the model, prompting

the following result.

Theorem 4.11. Let m > 0, S € Syn(H) and f1,..., fn € L(R2 — H) with (f;)%(0) = 0 for
allje{l,....,n} and a e {1,...,dg}. Then

o A2 (fro oo f) = 5 (Froeo o).

The same result holds for the n-point functions generated by the reflected fields ¢, ¢, & -
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Proof. The field operators ¢, s, ¢o s are both defined as sums of creation/annihilation opera-
tors which raise and lower the particle numbers by one, respectively. As such, a product of an
odd number of field operators gives a vacuum expectation value of zero, hence we may assume
that n = 2k for some k € Ny. Moreover, we first consider a product of 2k creation/annihilation
operators ordered in reverse Wick ordered form |[Wich0] - that is, all annihilation operators
on the left, and all creation on the right. Recalling that the projection P9 is self-adjoint, we

compute

(s, Ym.s (LT Yms (FTYE s (Fre) T yb, (o) 7)) 70y

= (s (L (FOR) -t s ()R yh, ()00, 5 ((Far)5)Q8) 752
=k{(fo)p @@ (f1)0, PO ((fre) 3 @+ ® (for) 1) )

- [ dp1~--ipk<<fk> “88 (A)5) Ot A (fe)§ 070 (Fa) ) -

m
w Pk
d)\p _dp
=t

we proceed by a

change of variables A\p; — p;:

(s, Y5 (LT Y ()Y s ()Tl o ((for) 7))

_k;lf dp: . Spk ((f )/\m—® ®(f1)>\m )(pk;,m,p1)(P,f’"((fk+1)Am+®"'®(f2k;)km+))(p1,..‘

w)\m Pk

We look to apply Lebesgue dominated convergence to compute this limit, and as such we first
apply the triangle inequality and consider the boundedness of one of the integrands in the
above sums. We further note that the integrand tends to the same expression for m = 0 in the
limit - the divergence from the contributions of the reciprocals of the energy quantities wz);;”
in this limit are corrected by our assumption on the test functions. In particular, for m =0
the energy expression wy simplifies to [p;| which vanishes at zero. However, we assume that
each component of the test functions also vanishes at zero and so we avoid any divergence.

The Schwartz class of functions come with an a priori A-independent bound, the S-matrix
S is unitary, and hence all components are bounded by at most 1. Finally, noting that

\wj’\m| > |p;| we can produce a A-independent bound on the integrand and apply dominated

convergence to conclude

10 (2s, g5 () U5 (LT ()30 ()82

%’“T;p]? () @8 (1)) (Prs - 2B ((fre1)™ @@ (for) ")) (D1, k)

= (25, 50.5 ()" v0.5((F) g s ((frer1) )-8 o (o) ") Qs )av.
(4.12)

44

Apk)

apk)



In general, an element of the 2k point function will not have this particular ordering, however,
the creation/annihilation operators obey specific exchange relations that we may invoke to
reshuffle these operators into a form similar to the above. Starting from the general 2k point

function

W2 fr o Faw) = Q5 Wi ()T ) 408, s (FDT)) s (o) 37) + 9l (o) 5))0s).

Expanding out and applying linearity of the scalar product, this amounts to a sum of 22¢
expectation values, each involving a product of 2k creation/annihilation operators. Clearly,
those which do not contain an identical number of both creation and annihilation operators
give zero in the vacuum expectation (this should be obvious given that the annihilation
operator acting on the vacuum gives zero), hence we need only consider the cases where we
have k many creation operators and k& many annihilation operators in no particular order.

Focusing on one of these terms, we recall the exchange relations these operators obey

(4.104)), (4.10b)) allowing us to shuffle the order until we arrive at a product in reverse Wick
ordered form. FEach exchange as in (4.10a) introduces a multiplicative S term (which is

bounded by at most one by the unitarity of the S-matrix) and a reshuffling of indices and
momenta. As already discussed, the former can be bounded independently of A and is of
no concern to the dominated convergence argument, and the latter simply introduces a sum
over many terms, all of which can be bounded in the same way as those previously and
these indices and momenta orderings remain unchanged in the expression for both m > 0 and
m = 0. Therefore, neither of these disrupts the conditions for dominated convergence as in
the previous argument.

Applying the relation introduces a similar multiplicative S factor and further
reshuffling of indices and momenta, however, we further gain an additive contraction term
of the form w;”ég&p - q) - 13;. These extra integrations are subject to the same bounding
conditions as those considered previously and hence we may apply dominated convergence
to these inner integrals in the same fashion. Thus, the limit applies analogously to the

arbitrarily ordered products of v, ¢ and yjn ¢ and the assertion holds. ]

This result indicates that the short distance scaling limit of the n-point functions of the
finite scale fields ¢, ¢ is given by the n-point functions of the fields ¢y ¢ and hence by the
reconstruction theorem, the scaling limit of the (m,S) model is really the (0,5) model.

The proceeding discussion here is identical to the scalar case in [BLM11] so we keep things
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Figure 4.1: The fields ¢o,s,¢) ¢ and their localisation regions which then decompose into

half-line localised chiral fields.

brief, outlining our motivation for the following section.
As in the scalar case the wedge-localised fields ¢, ¢ obtained via the scaling limit are chiral

and split into sums of half-line localised fields on the light ray which we illustrate in Figure

().

In Figure (4.1]), the subscripts of r,[ indicate right/left moving field components. As
in [BLM11] the field ¢y ¢ written in terms of its operator valued distributional form can be

written as a sum of the fields illustrated above, in particular

d.5(z) = %27 (o) +24(z) (4.13)

where z; = g + 1,2, = ¥y — x1 are the left /right components of the coordinate x = (xq,x;)
and the chiral fields

ors(2r) = 0o Varp (e yh s(p) + ey 5(p)) (4.14a)
! = dp ipxy, T —ipxy
vis(@) = [0 Vorp (ePyg o(=p) + € P yyo s (~p)) (4.14Db)

are one-dimensional and are localised on the right /left light ray components on two-dimensional
Minkowski space. In calculations later needed for these fields, one should consider the deriva-
tive of these field distributions to avoid the infrared divergence arising from the 1/p terms
in the integrands. In the proceeding section, we will do just that but for now, we content

ourselves with the above definitions.
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Previously having calculated the limit of S in momentum space (4.9) and recalling the

exchange relations outlined in (4.10a]) and (4.10b)), it is easy to see that

Yo,5.0(~P)Y0,5,5(q) — (&)fﬁ Yo.5~(20)Y0,5.5(=D), (4.15a)

Y0.5.0 (=P 5.5(0) = (S2)57 b 5., (D)v0.5.6(-P)- (4.15b)

A significant difference we can notice to the scalar case here is that the relations are no longer
governed by the same quantity - instead the first involves the positive limit S, and the second
its adjoint S_, the opposite limit. In the case of an involutive limit, we know that these are
one and the same (Corollary ([£.9)) and we are in a similar situation. Moreover, for the cases
of Sy = Fy, S. = —Fy we see that the above relations are nothing more than the CCR/CAR
relations, respectively implying that the fields ©] g+ Pr,g commute /anticommute.

For the latter, simple cases we arrive at the same conclusion as for the scalar case - the
scaled model can be written as the (twisted for S, = —Fy) tensor product of two chiral models
defined as a representation of a ZF algebra. For other involutive limits, we can apply the
results of Chapter 2 to see that such an argument may still be possible if the limit S, is Type
1 equivalent to its normal form - in which case, the tensor product decomposition constructed
previously holds and we may consider again these chiral models as a further step on each
tensor slot.

For more complicated limit values that are not involutive, very little is known and will

therefore not be discussed.

4.2 Constructing a Chiral Theory for a (General S-matrix

Independently of previous discussions, we construct a one dimensional model on the real
line which largely mirrors that of the two-dimensional case constructed in Chapter 2. There
are, however, changes to the structure - for example, we will see that we gain a translation-
dilation covariant model, and the localisation regions of the fields and algebras will instead
be half-lines and intervals as opposed to wedges and double cones.

Our starting data is a finite dimensional Hilbert space H of dimension dg, a single particle
Hilbert space

H:=L*(R,dp) ® H
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where the variable [ is related to the momentum by

_of

and an S-matrix S € S (#). On L2(R,dS) we have a representation V; of the affine group
Go which consists of translations and dilations on the real line, i.e. for a group element

Jap € Go,a,b € R a point is transformed by x +— ez + b. The action of the representation is

(Vi(gap) )(B) = € - f(B+a), (4.16)

where g, € Go.
To see this is indeed a representation, we check that the group law is preserved. To this

end, let g.q4 € Gy with ¢, d € R, then

(Vi(90) Vi (9ea) ) (B) = € (Vi(gea) ) (B + )

— eibeﬁeie“deﬁf(ﬁ +a+ C)
| (4.17)
— ez(b+e“d)eﬁf(ﬁ +a+ C)

= (‘N/l (ga+c,e“d+b)f) (B) .

Lemma 4.12. The representation of Gy defined in (4.16)) on L2(R,dp) is strongly continuous,
wrreducible, unitary and the restriction to only translations has a generator with spectrum

within R, (positive energy).

Proof. First we prove the unitarity: Let f,g e .”(R) and g, € Gy, then we compute

(1. Th(gur)g) = [ aBFB)(Va(g00)9) ()
- fR dBf(B)e™ g(B +a)
= /R dBe=” f(B)g(B +a)
= [age T R (5 - a)g(8) = (V7 (900)f-9):

Thus we can see that the adjoint acts as
Vi (906) = Vo (g-acies) = Vil

By the group law, we observed in equation (4.17) we conclude we have unitarity.
Next, we prove the strong continuity, but note that a unitary representation is strongly

continuous if and only if it is weakly continuous [Casl3|. Let Gy 3 ga, b, = gap € Go (n = 0),
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then for any f,ge¢ .7 (R)

lm (£ Vi, )9) = lim [ dGF(B)e™ (5 +a,)
= [ a8 Jim TR (5 + an)
- [ asF@)e™ g(5+a)
= (£, Vi(gap)9).

where we have used Lebesgue’s dominated convergence theorem with |e?¢”| = 1 and an a
priori bound on the functions f, g as they are both of Schwartz class. In particular, we may

pick
Cy

909)|< 15

[f(B+an)| < Cs,

for C'1,C5 € R, and the resulting product of bounds is integrable and we may exchange the
limit and integral. This now holds on a dense set of functions in L?(R,dS) and hence the
representation is weakly continuous and thus strongly continuous.

Irreducibility for this particular representation on this Hilbert space is shown in [Vil68§]
but we outline the proof here. A unitary representation on L?(R,df) is irreducible if and
only if the only bounded linear operators on L2(R,df) that commute with all Vi(g,,) are
multiples of the identity [BAIH19]. Now, let A € B(L?(R,d)) and we note that to commute
with all f/l(ga,b) for all g, € Gy, it means that it must commute with both 171(g07b), beR and
Vi(gao), a € R. Focusing on the former initially, we have that for any f € L%(R,dg)

(A‘Nﬁ(go,b)f) (B) = (‘h(go,b)Af) (3).

By definition, V;(go,) acts by multiplying by the function e®¢”| and for an arbitrary operator
A to commute with all multiplication operators of this form, A itself must be a multiplication
operator [Nas82|, acting as (Af) (8) = z(8) f(B) for some z € L>*(R). Commuting with the

translations then implies

2B)f(B+a)=2(B+a)f(B+a) Vfel*(R,dp).

This indicates that z(8) = z(8 + a) for all a € R, implying that z must be constant and
moreover, A acts by multiplying by a constant and so it is simply a multiple of the identity.
So we conclude that the only operators commuting with all fﬁ(g&b) are multiples of the

identity and hence the representation is irreducible.
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To see that we have positivity of the generator of translations, we again note that trans-
lations (denoting this restriction of V;(gas) to translations as Vi(go.) = V7 (x)) act as a

multiplication operator
(V7 (@) F)(B) = e f(B),

from which we can identify the generator as being the multiplication operator that operates

by multiplying by e which is positive. O

This symmetry representation can be extended to the full single particle Hilbert space H

by way of a tensor product

Vi(Gap) = ‘N/I(ga,b) ®1ly, Gap €Yo (4.18)

which clearly retains all features of V; as stated in Lemma .

We retain the same conventions as in Chapter 2 index notation - choosing an orthonormal
basis e for av € {1,...,dg} of # and denote components of vectors ¥, € H by 3 e (B)
and similarly for multi-index notation of vectors and tensors.

We can implement a reflection in the affine symmetry with j(x) := —x which acts antiu-
nitarily on H

(Vi)W (B) = (L)1 (B) = ¥ (B), WieH,.

This can be seen to act reflectively by its commutation relations with the translations,

ie for feH,aeR

Vi)V (@ Vi) H5(B) = VT (@)Vi(5) HF ()
= e’ (Vi(5) )7 (8)
= e f2(8)
= (W (=) )3 ().

On the n-fold tensor space H, = H®" = L?>(R",dB) ® H™" for n > 1 we can naturally

extend this representation by defining

[V(900) W12 (B) = " Zin VW2 (By +a,. .., + a)

and the reflection

[JE] (8) = 22" ™ (Bus -, B1).
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Our chosen S-matrix defines a representation of the symmetric group on n letters S,
defined first on the generating transposition elements 7 for 0 < k < n which swap the k and

(k + 1)-th elements

(P ()W) (B) = S (Brn = Br)gre, W 8812 (B, B, By - Bn)-

As before, this produces a unitary representation of &, on #,. Since any [-dependence is
suppressed in the notation of the left hand side, in future calculations we will explicitly write
(pS(m)V),(B) = ST(B) for transparency, but for constant S we retain the former notation.

We also note the following useful result.

Lemma 4.13. [LS12]
LetneN and ke {l,...,n}. Then
k-1
ST = X dueon TTSqus (Be = B) - 005y (119)
N1y-57k =1
Proof. We proceed by induction in k& and begin with the base step of k£ = 1. Here we have
that oy = id implying that p3(o1) = 1 and so Sp'(B) = 1,. Checking this against (4.19) we
see that

ST(B)S = 250‘15”150‘2~~53: = pte-00m = (1) -

m onTv2
it

We move to the induction step and assume the formula (4.19)) holds for some k, taking into

account that o, = 7,0, we calculate on some V¥,, € H,,.

(05 (00:1) 0] (B)
= ngjﬁlfﬂ(ﬁkﬂ - 5’6) I:ps(Uk)\Iln]almak_lfukﬂman (617 ey Brrt, Brsy - - 7Bn)

k-1
= Sep® (B = Br) > 5,%5;,? [T Spumet(Brer = Br) Wit rssrsezan (B g Br, o Bty - - Bn)
M55k =1

-----

k-1
- Z 63::1155137?:5::11 (B’”l - /Bk) H Sgllgl-:ll (Blﬁl N Bl)qulmykﬂakgman (6k+17 By Brets e 7571)
n5--Mk =1
k ~
- Z 57?::11571ﬁ H S??lllzl:ll (ﬁk+1 - ﬁl)qjl;zlmykﬂak”man(5]%—17 ﬂla s 76k+17 s >ﬁn)7

Ny Nk =1

which coincides with formula (4.19)). O

Defining the orthogonal projection PS := # Y res,, Po(m) onto the S-symmetric subspace

of H,, we construct the S-symmetric Fock space Fg(H) over H as



on which we have a V] invariant vacuum vector 2¢ = 1®0® 0@ ... and the space of finite
particle number DS (the space of terminating sequences (Vo, ¥y,...,¥,,0,0,...) for some
n>0).

Elements of this Fock space are subject to the symmetry condition

\Ijg(ﬁ) Sgekgcl:f:l (5k+1 - 5k)\pg1‘..£k£k+1man(ﬂla s 75k+1a 6/&’7 s 7671,)7

and having finite norm

=Y % [ 8@ <o

n=0 o

In this mode the S-symmetrised creation and annihilation operators yg, y; take a similar
form to those discussed previously, but we define them fully here. For ¢ € H and ¥ € D5 they

act as
(L) T)y = VP (0@ Uyit). ys(e) =yk(9)", (4.20)

with explicit action given by [LS12]:

[s(2) V15 (B) = Vi + T [ a3 (F)Wie,(5,8), (4:21)

[yl ()] = ZS%(B%& e BV (B, Bra - B) (4.22)

k=1

for n > 1, where Bk indicates this variable is omitted and the permutations o € &,, are defined

as oy = Tp_1Tk—2---71 and oy = 1. For n =0,

[yl ()], =

The distributional kernels 27 (ﬁ ) related to these operators by

wi(#) = [ a8 0a(®)ka(8) s ws(#) = [ 48 GalBysa(?) (4.23)

and by comparing these to expressions (4.21]), (4.22)) we can see the explicit action of the

distributional kernels:

150DV (B) = Vi + TWEE(5, ), (4.24)
[y;a(ﬁ)‘lf]i(ﬁ)=%gsak(ﬁ)m o O86(B = BT (B B Ba)  (4.25)
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From these expressions, it is easy to see that these operators transform covariantly under

the symmetry V. Indeed, let g, € Go and U, € D2, then

[V (900)ys(2)V (902) U1 (B) = € Z51 7 [ys(9)V (gap) WIS (B +a,. .., By + )
= Vn o+ LT e [ AB0s(B) [V (9a0) U103, (B, Br + 4., B+ a)
~ Vi1 [ dge ™ (B (5 - 0. 8)
Vi T [ agenT oy (5 v a)uie, (8, 8)
= [ys(Vi(gap)) V] (B).

Covariance of yg follows by taking the adjoint.

Proposition 4.14. The distributional kernels v () satisfy

Ys.a(B)yse(B) = S5 (B = B")ys~ (8)yss(B) =0, (4.26)
yh o (B)yle(B) =SB - B)yh (B)yhs(8) =0 (4.27)
Ys.a(B)yhe(B) = Se (B = Bk (B)yss(B) = 626(B - B) - 1y (4.28)

Proof. Let W e Dg, then
[Ys.a(B)yse(B)T] (B) = Vn+2vVn+ 1055 (8, 8, B)
=Vn+2Vn+ 1S5 (B - B (B, 8. B)
= S52(B-B) [ysH(8)yss(B)V]% (B)

which shows (4.26]). By taking adjoints of (4.26]) and applying the Hermitian analyticity and
unitarity of S one can easily show (4.27)).

Similarly, we proceed by calculation for
(5.0 (B)ul (BYY] (B) - [S&5 (B - By, (B)ss(B)¥] (B)
=V L[y (80 (8.8)

\/—5?57(5 5)25°k(ﬁ)ugl o 0MO(B = Br) [yss(B) W] N B B Ba)
n+1

=205 = WI(B) + 35 ST (B, B LS8 = B Ve (B, B, Bty )
- S5 (B - ﬁ)zsok(ﬁ)ugl 1 ONO(B" = Br) Wit (3, B17-~-7§k7~--7ﬁ~n)'

(4.29)
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We may shift the index in the first sum by extracting the first permutation term. This means

that

n+1

5 o) - (Z le p§<ok>) o517,

Applying this to the first sum in the final line of the above, we have

n+1

Z Sgkl(ﬁﬂg),ugl gn(sg(s(ﬁ/ - Bk_l)qj%l"fn(ﬂ, Bla T 75’6—17 s 7511)

k=2

= S?(SCI (6, - 6) kﬁ: Szk (B):@Cnéglé(ﬂl - /ék)qjiC2<n(ﬁa Bla s agk—h s 7371)-
=1

One can see the position of the indices in the above match with that of the final term in

(4.29) and they cancel leaving just the contraction term g0 (B’ - B) - 14 as required. ]

We also define TCP-transformed creation and annihilation operators by employing the

operator J:
yh(9) = Ty5(Je) T, ys(p) = Jys(Je) . (4.30)

We observe the explicit action of these operators before proceeding with their relative

commutation relations. Let U,, € H,, and f € H then

[vk () O]7(B) = [Tyk(Te) TT]" (B)

= [k () JU] ™ (B, Br)

(iS"’“<ﬁ>3$;:?f.mw>v<ﬁk> O] wn,.--,ék,---,ﬁl))

- (B SO e (W Br )
and
[us(£) VI3 (8) = [Jys(J) J¥ (B)
= s VLT (B )
= Vs 1 [ AT B VI ™ (8B 51)
=VieT [ aged (YU (8.9,

In analogy to the massive model previously described, we can see that these operators cre-
ate/annihilate “from the right” as opposed to the left. The description of these operators

working in opposite directions motivates us to calculate their commutation relations.
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Proposition 4.15. Let f,ge Hy and V,, € H,,. Then

[ys(f)' ys(9)] ¥n =0, (4.31)
5 (1), 9i(9)] wn =0, (4.32)
[ys (). ub(9)] W0 = K00, (4.33)
[W5(f)  ys(9)] Wa = L)W, (4.34)

where K" and L9 are multiplication operators which multiply by the tensors
(19)7 = [ asTe(B)S5 (8. 8')5kas(8), (4:35)

(Lf2); = - [ 48 1(8) ST (B)3Eon(P) (1.36)

Proof. From the explicit actions of ys(f),ys(f)’ it is clear they commute, but we compute

for clarity - let ¥, e H,, and f,g € H, then

[ys(f)'ys(g)q’]a (8) - [?Js(g)ys(f)lq’]a (8)
~ Vi1 [ a8 ys(o) WIS, (8,80 V= 1 [ dfign(B) lus(£) W13, (B.8)

~Var 1 [ A8 43150, (B)W%5(5.8. )
Vi v [ a3, (5) fe(B) V255, 8,6) =0

Clearly, all functions in the integrand are measurable and hence Fubini’s theorem allows us

to exchange the order of integration giving (4.31]) and taking adjoints gives (4.32)).
For (4.33) we calculate

lus () ys (@) V] (B) - [yh(9)ys(£) ] (B)
-Vl [ Bt fe Bort) [95() W], (B, Brsn)

! ;S”’“(ﬁ)m 5B s T (B B )
1
n+1l
[dﬁn‘*lff(ﬁn‘#l)ZSZf—l(B 51) 95(616)\]:’7(517 s 7"->ﬁn7ﬁn+l)

_ngk(lg)éa'ylnwyn_lg(S(Bk)/d/Bn+1f’yn(/8n+1)\Ilg(/817-"7Bka"'7ﬁna6n+1)-
k=1

The permutation o, for £ < n+ 1 is a permutation of at most n letters, so we can view

it as leaving the (n + 1)-th letter fixed while permuting the others with S;* (3, ﬁml)g’f =
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(5§n5§k (B)(‘;"n”%f1 hence all terms in the first sum with & < n get cancelled by the second

sum. This leaves

(lys() 51 0) (B = [ Abnar Fe(Brr) S22 (B B 3505 (B V(B B2)
= (Kj;’g\ll):

For the final commutation relation, we observe that y(f)* 2 yT(f) and y(f)™ > y'(f)" [LS12],
hence, by taking the adjoint of (4.33):

(W @] ) (8) = ([ (@)] W) (8) = - (K£2(8)° )7 3(8) = KT (B2 v3(B).
so we have L9 (B)s = K9 (8)& which we can read off the multiplication operator LY. O

Remark. Note that in the above we have found an explicit formula for the tensors appearing

in (I35) and (E30)
STBOE = T 80 TS - ) (4.37)

4.3 Multi-Component Fields

Before constructing a chiral field, we define two maps and discuss their properties. Let
feZR)eH and ¢ € CF(R) @ H (where CF(R) is the space of complex-valued, smooth

functions with compact support), then

+ el ai B F _ ﬂ +izeP
(F*1)a(0) = e fo (e = 2 JRACE (4.38)

(

\/;_W [Rda: Valz)e™es (4.39)
where f is the usual Fourier transform of f.

Lemma 4.16.

a) F*:.7(R)®H - H is linear and well-defined,

b) F* is injective,

c) F* has dense range for any interval I c R.

c ()

Proof. All proofs will be for F'* since the statements for F'~ are analogous.
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a)

Linearity is obvious by linearity of the integral. To show the transform is well-defined,
we must show that F' does indeed map into H;. Let f ¢ .(R) ® H, then by applying the

substitution p = e?

2wl (FPal?= [ dofp [infa)” = [ dpplfa@)f <o

The last integral is finite since the Fourier transform is bijective on .#(R). That is, f, is
more rapidly decreasing than polynomials of any order, hence there exists a C' > 0 such

that for all p e R, we have
= C
[faP) < ——

1+p?

and so we can see that |(F*f)a] < 0o. Thus F*feH for any fe.(R)®H.

To show injectivity, assume that F*f = 0. This implies that f,(p) = 0 for p> 0 and all o
However for f, € C°(R) the transformed function fa is entire, and so we can conclude
that f, is constant for each o [McM13| and since it vanishes on the positive real half-line,
it must vanish everywhere. It follows for all f, € #(R) since C$°(R) is dense in . (R).

Finally, injectivity of the Fourier Transform implies f = 0.

We proceed by contradiction and let I ¢ R and ¢ € H be non-zero such that (¢, F* f)y =0
for all f e C2(I)® H. Then set p(B) = H(B)w(B) (H the Heaviside function) we can
apply the Plancherel theorem for distributions:

0=20(0, F* flu=3 [ dp 0a@)ifo®) =% [ dp a)ifulp) = Xi [ dp 2a(0)fal0)

where ¢ denotes the inverse Fourier transform of . Since f, has compact support, say

on the interval I = [a,b], the last integral then reduces to

[ a2 fatr) -0,

from which we can see that ¢ must vanish on the interval [a,b]. The inverse Fourier

transform of ¢ (by our conventions) is given by

2a@) = [ _dppalp)e = [ dp va(p)e,

which we can analytically extend to the upper complex half plane. The Caley transform
g(z) = ﬁ biholomorphically maps the upper half plane to the unit disc, and hence the
function go is analytic in the unit disc and vanishes on some finite interval. By Liouville’s
theorem, we conclude that ¢ = 0 and thus ¢ = 0. We have reached a contradiction and

+
F o) has dense range.
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[

From now on we simplify notation by setting F*f =: f* and describe more analytic

properties of both of the transforms defined.

Lemma 4.17.

a) Let fo'(x) = fa(e™(z = b)) and fi(x) = fa(-z), then

(FoNE(B) = e f2(B+a), (f)E(B) = -f2(B). (4.40)

b) Let f,g € .Z(R) ® H with supp(f,) c R, supp(ga) ¢ R_ for all a. Then f* and g
have bounded analytic extensions to the strip S(0,7) and |fi (B +ia)|,|g(B +ia)| = 0 as

B — +oo. The boundary values are given by
fa(B+im) = [o(B), ga(B+im)=ga(B), BeR.

¢) Let ¢ e CF(R) ® H, then
(G*); =ta,  (G*¢), =0.

Proof. a) We show by calculation:

Var(fo)i(B) = xie’ fR Ao fo(e(x - b))’
= +jeP fR dz e f, (z)e*i(e arb)e”
_ sicPragribe’ [R dr f(x)esimes
= V2re* f2(3 + a).
and
VIR(F)5(8) = xie? [ do Ta(-ayest
_ TieB L Ao a(@)erie
_ 3ieh L T falx)esive?
=~ f2(5).

b) We will prove all statements for f* only as the proofs for g~ are analogous by taking

fa(x) == go(—). We can make an appropriate estimate to bound each component function
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f& in the strip:

2B+ i)l =i [ do fy()es”
= fR ) dz fa(x)%emﬁw
= o dz (((j—xfa(x)) pivel it

< [ da |fa)]e e
R+
<[ 2l

In the last line, we have used that = > 0 and that 0 < g < 7. Finally, since each f, € . (R)
it certainly has a bounded derivative and hence f; is bounded in the strip. We also have
analyticity of f in the strip S(0, ) since the transform f, — f amounts to multiplying
the Fourier transform of f, with e?. Moreover, the boundary values at y = 7 are easy to

see by computation.

From this we conclude that since (/) converges to zero for § — +oo on the two bound-
aries of the strip and that it is bounded and analytic in the interior, it then follows that

|f2(B+ip)] = 0 as B — oo for all ye[0,].

c) Let Y e C(R) ® H. We compute by substitution

B A ;
(Giw)z (B) - 5_ f dl‘d§ ¢a(x)eiz§e5€¥€e
m JR2
B ' .
"o f ddg gy (x)e "7
21 JR2
B ‘ .
=2 [ audg a(e) [ et
21 JR R
= fdx a(2)5 (6P 7 7).
R

This quantity equals zero for all values of f and = except when [ = x and so the first

relation follows. Similarly for the second relation

(4#), (8) = —% fR dadg g (z)eTie e
= —g fw ded€ g ()eEE )
- —% [ g () [ et
— = [ do ga(0)i(ze’ 7 ¢7)
= [ do va(@)o(a- ).
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This equation always is equal to zero for every 3 and z since it can never happen that e?

is equal to —e® by positivity of the exponential.

]

We now define two field operators ¢g, ¢ on Fg(H) for feH
0s(f) = y5(f) +ys(f), (4.41)
s (f) =y (f*) +ys(Jif) (4.42)

which are both well-defined by Lemma (4.16)) and act covariantly under the symmetry V'

given that the constituent creation/annihilation operators have the same property.

In Chapter 2 we saw that analogously defined massive fields in two spacetime dimensions

were not generally local in the usual sense, and instead, we found that they were wedge-local,

taking their localisation regions as wedges in Minkowski space. Similarly, here we find we

again have locality only in a specific sense.

Theorem 4.18.

9

b)

d)

The map [~ ¢s(f) is an operator valued tempered distribution with D contained in the
domain of ¢s(f) for all f € S(R)®H. For f = f* the operator ¢s(f) is essentially

self-adjoint and has all elements of D as entire analytic vectors.
The operator ¢g is covariant with respect to the representation V', i.e.
V(90505 (F)V (gap)” = d5(f").

The fields ¢s and ¢ are relatively half-local in the following sense: For any a € R, let
feZ(a,0))®H, ge.((-00,a)) ®H and U e DS. Then

[¢5(f), ¢s(9)] ¥ =0 (4.43)
Let f,g € H with supp(fa) Nnsupp(ga) = @ for all o, then ¢r is local, i.e.

[¢r(f), dr(g)] =0.

The Fock vacuum Qg is cyclic for the field ¢g, i.e. for any open interval I c R, the

subspace

Dy i=span{¢s(f1)ds(fa)2s + fr,... foe Hsupp(fa) € T Va,n e N}

is dense in Fs(H).
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All of the above statements hold also for ¢'.

Proof. a) The proof for this is identical to the scalar case [BLM11|.

b)

This is a direct consequence of the linearity of the representation V', the covariance of

ys,y:rg under V' and Lemma (4.17)).

By applying (4.31))-(4.34) we can see that the commutator between the two fields reduces
to

[65(F) bs(D] W = [yE(F) ys(ig) | Wat[ys(J D) yl(g?) | W, = LI 0, + K90,

What needs to be shown is that

n

KM@= [agf8) ¥ 85,00, 1S (5 - 5) -6 (5) (4.44)

1seesTIn+1 =1

coincides with

n

LB)g = [ A X 850 TSI (B -8)-g5(8). (445)

1y-+yTIn+1 =1

Due to the support properties of the components of f and g, by [Lec03, pg. 13] and [MR75]
and their Fourier transforms continue to analytic functions in the upper-half complex
plane, and moreover the composition of this with the exponential function implies the
functions f* and g* are entire analytic in each component. Furthermore, by these
extensions are bounded in the strip S(0,7) and fZ-(8'+in) and gf (5'+iu) decay rapidly as
f' - o0 in the strip p € [0, 7] with the boundary values given by fg(ﬁ'-l—iﬂ') = fg(ﬂ’) and
g (p'+im) = g5 (B"). Applying the analyticity properties of S and also crossing symmetry,
we shift the contour of integration from R to R + ¢ which now reads

K1 @)= [ag i) % 80 [T (- 80 -65(9)
- [y w88 TS, G )65 ().
n =1

Lyeeey Nn+1

By Hermitian analyticity, we finally have that S5 (8, - 8') = Shiet(B' = ;) and the

proof is finished.
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d) By standard commutation relations we have that

(F7 g =g [ )

I RAOHOR RPAOHO

> [ dedyde - f Fal@)ga(y) (070 - im0
% %: f dazdy fa(r)ga(y) f dp p (P — e Plv=0)
2 2 [ dedy fu@)gae) [ dp per) - per
7%: fRQ dady fa(2)ga(y) fR dp pe)

= Z R? dzdy fa(x)ga(y)(_i(sl(y - JJ))

=—iy /H;d:cdy fa(2)ga(z)de.

[0£(f), 0r(9)]

We can see that this disappears if supp(f.)n supp(g.) = @.

e) Let Pg(I) denote the algebra generated by all polynomials in the field ¢g(f) with supp(f.) c
I for all a. We look to apply a Reeh Schlieder type argument and assume that Pg(1){2s
is not dense in H and so (g is not cyclic for Pg(I). By positivity of its generator, we can

consider translations V7(z) for z in the upper half-plane, so define a function

h(z) = {u,V7(2)9s(f) Qs ),

which is holomorphic in the upper half-plane. We can then also define a function for some

u € H by
9(2) = h(z),
to be holomorphic on the lower half-plane and also g(x) = f(x) for z € R, i.e. the two

complex values functions agree on the real line. Let 1) € Fg(H) be such that

(0, V7 (2)ds(f)$2) =

for all ¢pg(f) € Ps(I). In particular, if we take the interval Iy c I such that Iy +¢ =1 for

some small positive e. Then for all ¢s(fy) € Ps(ly) and x < e

h(w) = (0, VT (2)bs(f0)s) = (¢, VT (2) s (fo) VT ()" Q) =

We can see from the consideration made previously that there is a holomorphic function

in the upper half complex plane and also another in the lower half complex plane which
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coincide on the real line, vanish on an interval on that line and so must vanish everywhere
by the Edge-Of-The-Wedge theorem [Rud71]. Hence we can conclude that the above
actually holds for arbitrary translations V7(z), 2z € R so it must be that (¢, ps(f)2s) =0
for supp(f,) = R for all «, but since Pg(R)S2s is dense in Fgs(H) we have a contradiction
and thus Pg(1)2s is dense in Fg(H) if and only if Ps(R)Qg is dense.

O

With the definition of these fields and an understanding of their locality properties, we
now look to the algebraic formulation and in particular the von Neumann algebras generated
by the exponentiated version of these fields. To this end, we denote the self-adjoint closures

of ¢s(f) and ¢ (f) (for f = f*) by the same symbols and define the following
As(R,) = {5« f=f e s(R)oH}"
Ag(R.) = {e¥s) : f=f e S(R)SH).

Proposition 4.19. Let S € Sy (H), then the algebras Ag(R.), As(R_) have the following

properties:

a) Fora>0,beR
‘/(ga,b)-AS(IR+)‘/(QCL,b)>€ C AS(R+)

b) The vacuum vector Qg is cyclic and separating for As(R.).

Proof. a) The algebra Ag(R,) is generated by the elements ¢@s(f) (for f = f* € S (R,))
which by linearity of the representation V' and Theorem (4.18)) transforms as V (ga)e'?s(NV (gap)* =
eis(/*") | Since it is clear that fob e (R,) ® H the result follows.

b) As we have taken the self-adjoint closure of ¢g(f) the cyclicity of Qg for As(R,) follows
from standard Reeh-Schlieder type arguments (as in, for example, [BY90]) together with
the cyclicity of Qg for ¢s(f) given by Theorem (4.18)) (e).

Given the commutation relations between ¢g(f) and ¢s(g) as in Theorem (4.18]) (c) for
feZ(R,)®H and g € .#(R_) ® #, hence the unitaries e/?5() | ¢i¢si(9) commute for the
same f, g implying that Ag(R_) c Ag(R,)’. Since Qg is cyclic for Ag(R_) by the same

arguments as above, it is then separating for Ag(R,)
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4.4 Local Operators

Here we look into the question of the size of the local algebras A(Z) for an interval Z c R. Tt
will become increasingly clear that the size of A(Z) depends on the limit values of S.

One may wonder for which cases these interval algebras are trivial (where only multiples
of the identity exist), if they contain a richer spectrum of observables, or even if they are
isomorphic to interval algebras present in a free field theory.

The local algebras Ag([) are analogous to the algebras generated by double cones con-
structed in Chapter 2, however with the geometry altered in this setting, we consider the

algebras on intervals instead. However, we define them in a similar way:
As(a,b) =V (a)As(R)V7(-a) n V7 (b)As(R_)V7(-b). (4.46)

For more general subsets, we construct by additivity. To assess the size of these algebras,
we look to derive potential obstructions to the existence of local operators and analyse the
results.

Firstly, we recall the notion of a partial trace of finite dimensional operators - an operation
prevalent in quantum mechanics (and particularly quantum computing) where it is used to
calculate reduced density matrices in multi-partite systems, thereby formulating a method
of decoherence in quantum measurements. We refer the interested reader to [Maz16,[Par12,

NCO00| for more in-depth discussions on the partial trace and its applications.

Definition 4.20. Let #,K be finite dimensional Hilbert spaces and A € B(H), B € B(K).
Then we define the left partial trace pt; : B(H®K) - B(K) as the unique linear map
satisfying

ptr(A® B) =Tr(A)B,

or similarly the right partial trace ptp: B(H®K) - B(H) as
ptr(A® B) =Tr(B)A.

A subscript of “L” and “R” simply indicates which tensor slot we apply the trace operation
to. In other literature, it is common to see a subscript of the space involved, such as pty,
but we will be concerning ourselves with tensor products of a single Hilbert space this would

lead to ambiguity.
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For arbitrary tensor powers of finite dimensional Hilbert spaces, it may be unclear how
to extend this idea - many possibilities exist, all of which give rise to other well-defined

operations. We fix our conventions with the following.

Definition 4.21. Let H be a finite dimensional Hilbert space, A; € B(H) for i € {1,...,n}
and some n € N. Then we define the partial trace pt; : B(’}:[m) - B(?—N[@’(n_l)) as the linear

extension
ptL (® Az) = TI‘(Al) ®Az
= =2
®(n-1)
):
n n—1
=1 i=1

We furthermore define a helpful map for future discussions.

and similarly ptp, : B(?—Nlm) - B(H

Definition 4.22. The sesquilinear map m : H x # — M (dy, C) (the space of dj; xdy; complex

valued matrices) is defined component-wise by

(m(f,g))%‘ = <faagB>L2(]R)-

Some simple properties of this map can be spotted from the definition - for example,
Tr(m(f,q)) = (f,g) and m(f,g) is self-adjoint if f = g. It is also possible to choose vector-
valued functions f, g to give specific m(f, g) - for example, if we take f = g such that {f,} is
an orthonormal set then m(f, f) = 1, the identity matrix.

With this map, we define an operator we will later show produces an obstruction to the
existence of local observable in the interval algebras Ag([) - an operator which is dependent

on the limits S,.

Definition 4.23. Let S_ ¢ Rhm(’;’:l) and f,g € H. Then we define an operator 529 on 7"
(n € No)
S59 = pty| (m(f,9) ® 1°7) g (07,4 )™ (o) | (4.47)

With S defined for all n, we take its direct sum over all n:
GB 1L2(R)

Lemma 4.24. Let 11,15 € ./ (R) ® H and n € Ny. The following operators converge to zero

in the weak operator topology as A — oo.

Praays(Vi(0, \)eo1) Jys (Vi (0, A)2) F (4.48)
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Prazy5 (Vi (0, \)eo0) Jy5 (Vi (0, A)2) P (4.49)
Puy&(Va(0, A1) Jys(Va(0, \) o) P (4.50)
(s (Vi (0, \)eo0), 5§ (Va (0, \)epr)'] = S0, (4.51)
Proof. Let ¥,, e H,n.L(R") ® #°" then using the definition of the annihilation operator we
find that for k£ =1,2, and |a| =n -1,
[ys(Vi(0, o) W[ = (ys (Vi (0, A) ) W, ys (Vi(0, \)or) W)

n ¥ [ A8 Gor N (60, 8), [ AT+ N W(5,0)

@0,70

—n Y [ A5dBidBu (B + NUT (B + VR (o, BYW 3 (65, ).

0,70,
Pointwise, the integral goes to zero as A - oo due to the properties of the Schwartz class
functions. Moreover, since all functions are of this class, we may apply dominated convergence
(for every index) to show that yg(V1(0,A)¢,) ¥, — 0 in the Hilbert space norm. In addition,
we always have the norm bound [ys(Vi(0,\)r)P.| < V/n|¢k| independent of A, hence
ys(V1(0, \)Yx) P, tends to 0 as A — oo in the strong operator topology. This together with
|J]| =1 implies that does indeed vanish in the strong operator topology. differs
from the adjoint of by only redefinitions of the involved functions, and so we can
immediately conclude that it vanishes in the weak operator topology. To show that

vanishes in the weak operator topology we look to the scalar product

(y;(vl(Q A)@Dl)JyS(Vl(O, )‘)@Z)Z)Pn‘ljm (Dn> = (JyS(Vl(O7 A)¢2)anjn7 yS(Vl(Ov A)wk)Pn(Dn>

for U, € H, n.#(R") ® H which converges to 0 as A - oo on account of yg(V;(0, A1) P,
vanishing strongly.

For the final operator, we note that we know the value of the commutator from SO
we expand the scalar product for ®,,, ¥, € H,, n .S (R") ® He"

(@, ([ys (Vi(X,0)81) gk (Vi(X,0)¢h) ] = SP¥2) w,,)
-3 [ 4" BT (B) (VI (B + N ST (B, B)TLWI(B + A) - Sy ) ()

=Y [ @85 ®s(8) (v3(8) ST (8,5~ Ned(7) - S ) wi(s)

where we have used a substitution in the functions’ arguments.
We again apply dominated convergence for the limit A\ — oo; as argued previously, the

functions ®,,, 9,15 are of Schwartz class and so have bounded norm. The tensor S 7' (3, /-
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A) is unitary and so have unit norm. Similarly U2 g g partial trace of products of unitary
representations of &,, and a finite scalar product and so clearly has bounded norm, also.

With the requirements of dominated convergence satisfied, what remains to be shown is that

tim [ 48" (3) ST (B.F - VITRENWE(B) = (S10,)4(8).

Evaluating the limit by dominated convergence and expanding the left hand side according

to (4.37)) gives

R R Y AT GO )
- [ Y o T i e),

51 ~~~~~ fn-%—l

(4.52)

We can read off here the expression for n = 0 easily:

SV Qg = (1, 109) Qg

For n >0, by (4.8) iii) we can simplify slightly by applying (S_)gfl‘“ = (S_)gf]ll“:

P (onin )5l = 2; 0, sIH(S e
Tyeeey n+1 I=1

- Z 5§n+1 511—1(5 )275771

= pS+1(0n+1)6n

With this cosmetic simplification in mind, we illustrate the action of S§™*? to realise it

coincides with that of (4.52)). Let U,,,1 € Hpp1 N (R @ ﬁ®n+1 then

((m(a,12) 81%7) P (0705 (000) W) ()
= (005 2y (P (072 ) P (001) Waad) " (B)
= (U, 03) 2y (P57 (0001) Waa) ™ (B)
= (U7 03) 2y P (0 )S205m T 0,1 (B)-

The partial trace introduces a 65} term, and (4.37)) gives the full expression for (S_)7"\" (3, ') =

n+1

Pt (0p41) to coincide with (4.52)). O

Proposition 4.25. Let A € A(I) for some bounded interval I = (a,b), S € Sum(#), then
[A, 5979 =0 for any g€ S (b,0) @ H, ¢' €. (~00,a) ® H.
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Proof. Set fl'l = (gl'1)%* for X > 0. Then the closed field operator ¢g(f) is affiliated with
VT (b)As(R,)V7(b)* and ¢'(f’) with V7(a)Ag(R_)V7(a)*. This implies that their product
os(f)ds(f’) must commute with

As(I) =V (a)As(R)V7(a) n VT (b)As(R)VT(b)".

We have
05N = ys(FIsU™) +y5(Fys (I
+ys(F ) ys () +ys(hf)zs (I f7)
+ [ys(Jf ), yk(F)'].
By we know that the first four terms vanish in the weak operator topology, and we

are left with S7/19 9" as claimed. O

This gives us some insight into the size of these interval algebras, though the problem
is still not transparent. The above commutation relation between algebra elements and the
obstruction operator is a necessary condition, but not a sufficient one and in addition, S
may be an extremely complicated operator - though its action is purely on (the tensor powers
of) the finite dimensional space H. We can, of course, immediately construct operators that
commute with Si9. For example, let A, € B(L*(R®") for all n > 0 and take Ay = 172(g), then

the operator

A=PA,®1F

n>0

commutes with SJ9.

We can also consider simple examples of 519 _ the case of S_ = F (as is the case for the
O(N) o-models, for example) the obstruction reduces to S49 = (f, g) - 13 for all n. This is
analogous to the findings in [BLM11] for the free Bose case where such an obstruction is no
longer present. In [BLM11] it is found to always be the case that S, = S_ in the scalar case,
but for d > 2 this is no longer necessarily the case by the definition of S and we so far have
seen a possible obstruction involving S_, but S, has not played a role. It would be natural to
wonder if there exists a similar obstruction governed by the opposite limit. Part (i) of .

offers help in this direction and we insert this relation into (4.52)) for ¥,, € H,, n.(R") oH""

n

JECLCOND IR A (CRLATHENL )

€1bnst - (4.53)
K (COORATR | (ESHRHEIHE)

gl 77777 £n+l
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Definition 4.26. Let S, ¢ Rhm(ﬁ), with f, g€ H. For n € Ny we define the operator S19 on
~ Qn

H
$59¢, = pta| (15" @ m(7, 1)) o (0n1)p2 (0741) [ (454)

We briefly compare Si¥ to Si“ to point out the subtle differences - firstly we take a
partial trace in a different tensor slot, which is reflected in the change of position of m in the
formula. Moreover, the arguments of m undergo an exchange in position and gain an extra
conjugation. Finally, the arguments of both p%! and pgjl are inverted.

Analogously to S79 we take the direct sum of S{*¥ over all n
519 .= SPO 1%%1{) ® S
and we now show that SJ does indeed coincide with the expected ([.53).

Corollary 4.27. Let S, € Rum(H), f,9€ L*(R) ® H then

(S2w) @)= [a50(5) T 0, 0TI PGB, W et

617"'75”4’1

Proof. To show this, we will analyse the operator (4.54]), in particular the quantity within
the partial trace. To this end, let ¥,, € H,,, then

o3
[ (1= 0 m(£,9)) P (0 )pE (031) T | ()
- — +1 1/ -1 ag...ond
= (G, PYrae | P (0ne)P5 (00 ) T | (B)
I 1, day...am
= (T, P [ (0nt) Wan | (B)
= (g%, ) 2m) P8 (i ol O™ (B).
Taking the partial trace in the right-most tensor slot introduces a §5"*' term which proves

the assertion. O]

As mentioned briefly before, these obstruction operators provide a necessary condition on
the size of the interval algebras Ag(I),I c R, but the commutativity condition is not entirely
transparent for the even the simplest cases and would prove incalculable in generality.

In some cases of S_, the obstruction operator S/¢ has a much simpler form.

Proposition 4.28. Let A,B € 5(7:[) be commuting involutive, orthogonal matrices. Then

R:= F(A® B) is a unitary R-matrixz and R* = R°.
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Proof. We begin by showing that R satisfies the Yang-Baxter equations which reads
(Rel)(1®eR)(Re1)=(19 R)(R®1)(1® R). (4.55)

Focusing attention first on the left hand side, we can rewrite it as

(Re1l)(1®R)(R®l)=(F(A®B)®1)(1®9 F(A®B))(F(A®B)®1)
=(Fel)(leF)(Fel)(AeBel)(leA®B)(A®1le®eB)(A®B®l)
=(Fel)(1e F)(F®1)(A*® AB® B?).

Repeating the same procedure for the right hand side we have the similar expression
(1o R)(R®1)(1®@R)=(10 F)(F®1)(1® F)(A*’® BA® B?).

It is well known that the tensor flip solves the Yang-Baxter equation in any dimension, and

given that it is involutive (4.55) simplifies to
A’® AB® B*>= A>® BA® B?

which is satisfied by the commutativity condition between A and B.
Unitarity of R follows from A, B being orthogonal and F' being unitary and self-adjoint.
From Proposition (4.8)) the condition R* = R¢ is equivalent to R' = R” = R which we can

compute with matrix operations more explicitly. Indeed
R'=F(A*®B)=F(A® B),

since A is involutive and orthogonal (implying it is self-adjoint) and B being real-valued due
to orthogonality. In an identical fashion, we find also R" = R.

]

The above shows that given certain conditions on A, B the matrix F(A® B) is a feasible
limit of a rapidity-dependent S-matrix. We define the subset R, (K) ¢ Rim(K) to be the
elements R € Ry, (K) which can be written as R = F(A ® B) for commuting involutive,
orthogonal matrices A, B € B(K).

Proposition 4.29. Let F(A® B) =2 S_ e R}, (K) then

Sh9=Tr(m(f,9)A) A®" @ B" forall fgel*(R)®K,n>1.
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Proof. The result follows from the expression (4.47) once we show that
P (i) PE (On) = A" ® B" (4.56)

and we proceed by induction on n. For n =0, oy = id and the statement is trivial. We assume
(4.56)) holds for some n = k and approach the case of n =k + 1.

The representations pg, ps. decompose according to the following expression

Pi(Oigr2) = 1571 @ pl (0hai),

and similarly for pgs_. For ¢ < k + 2 yielding the simplification

P (04i2) P52 (0142) = P2 (05 410T1) P2 (T102 ger2)
= /)]1?2(02 o) (F @ 19F) (F(A® B) ® 1°7) p" (09,42)
=(1® o (011)) (A® Be 1°") (1@ pk (0441))

~ (40157 @ B) (1 ol (071, )k (011))
=(A®1°"® B)(1® A®" ® B")
— A®n+1 ®Bn+1

and so it follows for all n. Inserting this into (4.47) we now reach the assertion.
O

So far, this description has been heavily dependent on general test functions, whereas the
operator ST itself is a multiplication operator acting on the finite dimensional Hilbert space
H. For a more general expression, one may formulate in a function-independent manner

which motivates the following preparatory result.
Lemma 4.30. Let g € .#(—00,-1) be non-negative. Then
(9%, 9" ) 12@w) # 0.
Proof. Initially, we expand the scalar product and express ¢g* in terms of g by :

2m(9", 9" hr2w) = f » f [ dzdydp g(x)g(y)e =)

_Lo f _ dady g(2)g(y) fR 48 e2Peie’ @)

All functions appearing in the integrand are measurable, hence we may invoke Fubini’s Theo-

rem followed by the substitution p = . Prior to continuing calculations, recall the definition
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of the Heaviside function

L, p20,
H(p) =
0, otherwise

whose Fourier transform is well-documented (see, for example [Bell9]) and has a distribu-

tional expression:
~ 1
H()=m0(&) - =
GRGE
where % is understood as the principle value.

Now
29, 9" Vo) = f f 9(x)g(y) fo peP ) dpdady
- [ [ ot [ H@er dpry

_ [;1 [;1 g(fE)g(y) d(xd+ y) (W(S(IL‘ + y) - Z(Qll—l- y) ) d{Edy

Given the support of f, the contribution given by the delta distribution vanishes leaving just

0" =5 [ 0@ ey

The kernel appearing is always positive, and g is a positive function thus (g%, g*)r2r) # 0.

]

Lemma 4.31. Let M € B(H) and S- € Rym(#H) then the operator X (M) : H — H defined by

X(M) =P Xn(M),

n>0

Xo(M) =0, (4.57)
X (M) = pty, [(M & 1) pip (07,21) p (0me1) | = Tr(M)1,

is an element of As(I)'.

Proof. Fix I =(-1,1) without loss of generality, and let f € .%(—c0, ~1)®H, g € .7 (1, 00) ®H.
Then the operator X, (M) differs from that of S;*/ " by a ~Tr(M)1 term, and the labelled
matrix M. Note that we can write Xo(M) = Tr(M)1 - Tr(M)1 so the previous observation
is true for n > 0.

Let the functions f, g now be real-valued, positive functions such that f,(-z) = g,(z) for
fixed v, € {1,...d;;} and all other components zero. Now m(Jif~,g%) = (g}, 9;) 2 ) EY,
where E} has only the v, u-th entry equal to one, and everywhere else zero. Suitable nor-

malisation of g, can be chosen such that (g%, g) 12y = 1 and such m(Jyf~, g*) then form an
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orthonormal basis for B(#H). Linearity of the trace and the closure of Ag(I)’ under linear
combinations implies that we may write any M € B(H) as a linear combination of suitably
chosen m(Jyf~,¢*) and hence X (M) e Ag(I)" for M € B(H).

UJ

This now gives us the freedom to consider X (M) as a potential obstruction to local
operators for any M € B (7—2) which needs no reference to analyticity properties of functions.
A cyclic vacuum vector is the ideal situation we would find ourselves in for a local algebra.
With the definition of X (M) we find a restriction on potential values of S, for this to be the

case.
Theorem 4.32. Let S € Sym(H) and I c R, then if Qg is cyclic for Ag(I), S, = F.

Proof. Let Qg be cyclic for Ag (1), then in particular it is separating for Ag(7)’. By definition
X(M)Qg =0 for any M, and hence X,(M) must vanish for all n. Let S_ € Rhm(’;’:[), and
choose M = EY for any v, e {1,...,d;} then

X\(M)§ = Ef(FS_)"S - 8405 =0

We read off that (S-)q7 = 07,05 which is precisely S_ = F.
[

With Qg cyclic for Ag(I) it is known that Ag([) is isomorphic to a unique hyperfinite
Type 11, factor for any I |[BL0O4, BDF87|. This is one possible case for Ag(7), and is the
case where we find the largest possible algebra. The opposite extreme is when Ag () contains

only multiples of the identity which is now the direction of focus.

In the abstract algebraic setting, the notion of obstructions to local observables can be
described by projections onto certain subspaces. Analysis of such projections is an equiv-
alent problem to analysis of obstruction operators. We can consider the intersection of all
commutants of interval algebras Ag(/)" and define what we will refer to as an algebra at
infinity:

AT = () As(]).

ZeR

We describe this in much more detail in the following Chapter.
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Chapter 5

Deformations of Chiral Theories and

Trivial Inclusions

In the previous chapter, we alluded to the possibility of a trivial local algebra - that is, an
algebra where the only local observables for the model that exist are multiples of the identity.
Though this case is pathological for a physically relevant quantum field theory, the problem
is a relevant one in other contexts. In particular, this idea is deeply rooted in the analysis
of half-sided modular inclusions (which we will formally define in the next section) in which
context they are referred to as a singular inclusion.

The first example of a singular inclusion was found recently by [LTU19] in the context of
free probability. However, we present here the findings as in |[L.S22] using simpler tools in the
context of field theory deformations, and in particular warped convolutions. We will speak

of a Hilbert space H (for now remaining general) with a (vacuum) vector €.

5.1 Half-Sided Modular Inclusions

We begin by defining a half-sided modular inclusion in its own right together with the notion
of a Borchers triple, before aligning it with our understanding of the chiral models we have
previously constructed. The results presented here are some of those that have been published

in the joint paper [LS22] with G. Lechner.

We begin with preliminary definitions in our abstract setting, in particular, we use the
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shorthand notation
oi(7) = A (YA
where A is the modular operator associated with a von Neumann algebra M (for more on

Tomita-Takesaki theory, see Appendix D).

Definition 5.1. For von Neumann algebras M, N on H with © a cyclic and separating
vector, the inclusion N' c M is called half-sided modular if o,(N') ¢ N for all ¢ <O0.

Definition 5.2. A one-dimensional Borchers triple (M, V7 Q) consists of a von Neumann
algebra M, a strongly continuous, unitary one-parameter group V7 with positive generator
such that

Vi(@a)MV™(2) e M, for x>0
and a vector {2 which is cyclic and separating for M and invariant under V7, that is V7 (z)Q =

Q for all z € R.

We recall that for a one-dimensional Borchers triple (M, V7, Q) Borchers theorem [Bor92]

says that

AV (AT = VT (e ), JVT(2)J =V (-2), t,xeR
where J, A are the modular data of M (see Appendix D). Thus V7 extends to an anti-unitary
representation of the affine group.

To link with previous discussions in Chapter 3, we can realise the von Neumann algebra M
as the half-line algebra Ag(RR,), the unitary group V7 as the restriction of the representation
V' of the affine group to the translations, and the vector 2 as the vacuum €2g. We then realise
that in this model we have a Borchers triple, with an example of a half-sided modular inclusion
given by Ag(1,00) c Ag(R,). The results in this Chapter will be described in the former
context of a more abstract algebraic structure, but as we can see they are still applicable to
the specific quantum field theoretic setting we have previously analysed. Moreover, we will
be restricting our setting by tacitly choosing the finite dimensional component H=C (the
scalar case) and dropping any explicit dependence on an underlying S-matrix S.

Similarly to (4.46)) we define
A(a,b) =V (a) MV (a) n V(L) M' V7 (b)! (5.1)

and call the mapping R > I — A([) € B(H) the “local net associated with (M,V,Q)". It is
clear from the definition that € is separating for A(a,b), however, cyclicity is not inherited

and hence we have no immediate notion of size.
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We define the “local subspace”

,Hloc = A(I)QCH, ICR
which is the smallest space on which we have cyclicity of €2 by definition.
Lemma 5.3. [LS22] The subspace Ho. is independent of the choice of I.

As discussed in Chapter 2 for the analogous case for massive integral models and the
von Neumann algebras , there are three possibilities we consider for the size of the
algebras A(I) and we describe these in this context by way of the projection P,. onto the
local subspace Hjo. and the projection Py onto C:

1) “The Standard Case”: Py = 1,
2) “The Intermediate Case”: Py § Poc $ 1,
3) “The Singular Case”: B, = Pq.

By (4.46]) and Lemma ([5.3) we can see that the algebra .4(0, 1) and the relative commutant
N'n M coincide, and so the three cases above can also be described in terms of the commutant

N'n M. In particular, these descriptions coincide with those for cases 1)-3) listed in Chapter
2 when Ag(O) is replaced by N'n M.

In the previous Chapter, we derived an expression for an obstruction operator
X (M) taking arguments in the space of complex valued matrices. By calculating the short
distance scaling limit of a certain product of field operators, it was shown that all local
observables must commute with such an operator, and in an abstract algebraic setting we
describe this by the notion of an “algebra at infinity” |[BR87]. This may be defined in a

number of ways, but we choose the following.

Definition 5.4. Let N' ¢ M be a half-sided modular inclusion and I —» A(I) (I c R) the
local net associated to it. The algebra at infinity is then the von Neumann algebra

A = (AU (5.2)

IcR

The relevance of A., comes into play when one considers its elements, and its relative size
to A(I). Any element X € A, can be interpreted as an obstruction to local observables, and
it may then be concluded that the operator X (M) defined in (4.57)) belongs to the algebra

at infinity. As we look to analyse the singular case, we note the following result.
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Proposition 5.5. Let N ¢ M be a half-sided modular inclusion and its algebra at infinity be

Ae. Then the following statements are equivalent:

i) The inclusion N c M is singular, i.e. Po. = Pq.

i1) The algebra at infinity contains all bounded linear operators on H, i.e. As =B(H).
iii) Py € Ao

Proof. i)=ii) In the singular case the interval algebras are trivial (that is, they consist only
of constant multiples of the identity), and hence A(I)" = (Cly)" = B(H). By definition then
it is clear that A = B(H).
ii)=>iii): Given that all orthogonal projections are naturally bounded, this is trivial.
iii)=>1): As previously mentioned the relative commutant A" n M and the algebra Ag(I)
coincide, so let A € Ag(I). Moreover, given that Py € Ao, then Py € A(0,1)" and we calculate

AQ = APoQ) = PaAQ = w(A)Q.

The vector € is separating for A(/) a priori, so we conclude that A = w(A)1ly which implies

i) since all local observables are trivial. ]

The procedure to derive the obstruction operator S/ considered previously can be re-
formulated to suit this more abstract setting. In general, we begin by taking an operator
A e NvJN J which by definition is localised in the region (—oco,-1]uU[1,00). Similar to the
short distance scaling limits formerly implemented, we scale by modular action to operators
0.(A) which are then localised in the region (—oo,—e?™] U [e72™ o0) and then consider the

limit ¢ - —o0, resulting in elements of A...

Before proceeding we note first that any strongly continuous one-parameter group W
whose generator has a purely absolutely continuous spectrum satisfies W—liim W(x) =0 [Yaf92,

Page 30], which implies
w-lim V7 (x) = Py. (5.3)

Tr—>+00
The von Neumann algebra M is also type 111} [Wie93|, which via the Connes’ char-
acterisation implies that the spectrum of log(A) is purely absolutely continuous up to an

eigenvalue 0 with eigenspace C(2 which further implies that

w-limA" = P, (5.4)

T—>+00
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by the same arguments as the previous assertion. We now collect some results on these weak

limits and the operators in A.
Lemma 5.6. Let Ac NvJN J and L € B(H) be such that
\;V_—)l_lgl o (A)=L.
Then:
i) LeAs,
ii) [L,A"*] =0 for allteR,
i) LQ = w(A)Q.

Proof. i) For a fixed ¢ € R the shifted operator o,(A) is an element of the shifted algebra
o(NVvJN J), but the latter is no more than

V(e YMV(e2™) vV (=e ™Y M 'V (e 2™)* =2 M, .

Clearly we have M; c M, for all t < s so the limit ¢ - —oo is equivalent to N M; = Aw
t<0

which implies L € A,.
ii) By assumption \’tV;l_iofgl(Ut(A)) = L, and so for fixed s € R it is also true that o;,s(A) > L
in the weak sense as t - —oco. But by definition o,,,(A) = A%0,(A)A™ - o4(L) as

t - —oo from which we conclude that o,(L) = L.

iii) Taking into account the assumption of the weak limit of 0y(A) and the invariance of 2
under V7 we see that A?AQ = A¥AA-UQ = ,(A)Q2 > LS weakly as t - —oo. In parallel,
the application of implies that A~ AQ - Py AQ = w(A)Q. The separating property
of Q2 being inherited by intersections gives us the required conclusion that L = w(A)SQ.

O]

Having now discussed the algebra at infinity and analysed properties of its elements, we
now move on to describe our framework for constructing an example of a singular inclusion.
This construction will be similar to those considered previously in chiral field theory models,
however, we will restrict ourselves to the scalar case, but the extension to more complicated

settings could be possible in future investigations.
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5.2 Model Deformations and Warped Convolutions

In this section we present our description of a deformation of a half-sided modular inclusion,
and in particular that of a warped convolution [BLS10,BS08]. To do so, we first describe
the previous data of a Borchers’ triple in terms of a standard subspace before moving to
the Hilbert space representation which is linked closely to the chiral models in the previous

Chapter.
Definition 5.7. Let H be a Hilbert space, then a standard pair (V;", H) over H is both

i) a closed real standard subspace H c H. That is, H is cyclic for H: H +¢H is dense in
M, and H is separating for H: H niH = {0}.

ii) astrongly continuous one-parameter group V" (z) with positive generator P, with ker(P) =

{0} such that V"(x)H c H for all = >0,

A standard pair may give rise to a one-dimensional Borchers triple by second quantisation.
To see this we consider the standard Bose Fock space F(H) over H on which we have a
vacuum vector €. The Weyl unitaries W (h),h € H generate a von Neumann algebra M(H)
by double commutant

M(H) = {W(h) : heH}"

which aligns with our previous definition of A4g(R,) where the exponentiated field op-
erators play the role of Weyl operators. This algebra, together with the second quan-
tised translational operators V7 and the vacuum §2 form a one-dimensional Borchers triple
(M(H),V™,Q). Furthermore, we may construct modular data J, A for (M(H),V7,Q) by
taking the second quantisation of the modular data .J;, A; of H which is defined in the usual
way by polar decomposition of the operator Sy : H +iH — H +iH,S1(h+ih) = h—ih.

If the one-parameter groups V" (z), A# are irreducible, then the standard pair (V" (x), H)
is also called irreducible and it is unique up to a unitary equivalence. To align with our
previous constructions, we may present this data in the following way |LL15|.

We take a specific Hilbert space in rapidity space, and note the explicit action of the one-
parameter group V/"(z) as translations in position space acting by multiplication in rapidity

space similar to (4.16)):

H=L(R,df), (Vi (2))(8) =™ (6).
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In this case, the standard subspace H has the explicit form

H={p e H*(S(0,7)) : ¥(0+in)=(0) a.e.}

where

H2(S(0,7)) = {(p : 5(0,7) - C analytic | sup [ df |o(0 +i)\)|* < oo}
R

O<A<m

then an ¢ € H are boundary values of some ¢ € H?(S(0,7)).

Recalling the definitions of the creation/annihilation and field operators in the massive
case in Chapter 2 setting S = F and taking H = C, we introduce a deformation
parameter x and restrict to the scalar setting. That is, we consider the annihilation operator

2z, as a linear map on the space of finite particle number D c F(#H) defined explicitly as
(2e()0)a(0) = Vi + 1 [ 40 5@ [] e, (6,6) (5.5)
R j=1

for ¢ € H, and similarly the creation operator 2} which here coincides with the adjoint of z.

Moreover, we define the field operator

0:(&) = 2L(6) + 2.(1€), e H+iH.

Similarly to Theorem , the field ¢, is essentially self-adjoint and we denote its closure
by the same symbol. Moreover, ¢, transforms covariently under the symmetry V' and the
conjugation operator acts by J,.(£)J = ¢_.(J1€). For k>0 we have [ei¢=(8) ¢i¢-+(€)] = ( for
&e H ¢ € H' and finally 2 is cyclic for the polynomial algebra generated by ¢,.

We note the following proposition from [LS22].

Proposition 5.8. Let k>0 and
M, = {® : he HY c B(H) (5.6)

Then (M, V,Q) is a one-dimensional Borchers triple with unique vacuum vector ) on the
Bose Fock space F(H). For k =0 we have Mg = M(H), the second quantisation of the
irreducible standard pair (Vi, H).

Following this we will use similar notation of a subscript £ meaning the “deformed version”
throughout - particularly the subalgebra N, = T'(1) M, T(-1), the algebra at infinity A, o

etc.
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Having described a one-dimensional Borchers triple depending on a deformation param-
eter we require more to apply a suitable deformation scheme, in particular a warped convo-
lution [BSO08]. In this direction we now look to construct a two-dimensional Borchers triple,
which can be viewed as a one-dimensional Borchers triple [LST13[BT13].

Analogously to the one-dimensional case, a two-dimensional Borchers triple (M, T, (2)
consists of a von Neumann algebra M over a Hilbert space H with standard vector {2 and
a two-parameter unitary representation 7' of the translation group which leaves §2 invariant.

The algebra M acts under translations as
T(z,y) MT(z,y)" c M

for z > 0,9 <0 and both one-parameter groups 7'(x,0) and T'(0,y) have positive generators.
Geometrically, the parameters x,y are light-ray coordinates of general vectors £ € R? which
decomposes as = = (& + &) and y = (& — &) where & is the temporal coordinate, and &;
the spatial.

Restricting T to a one-parameter group by choosing V7 (x) := T'(x,0) gives rise to a one-
dimensional Borchers triple, and similarly one may also construct a two-dimensional Borchers

triple from a one-dimensional one by taking the simple definition T'(z,y) := V7 (x).
Lemma 5.9. [LS22|

i) The unitary R2-representation on L*(R,d0) given by

(T1(&)Y)(0) = e %y(0), EeR?, p(6) = (cosh(h),sinh(0)) (5.7)
has positive energy and satisfies

Ti(§HcH, §eWs

it) The second quantisation T of Ty, the von Neumann algebra M(H) and the Fock vacuum

Q form a two-dimensional Borchers triple.

The representation 7" and the modular operator A, ¢ € R together form a representation
of the Poincaré group on two dimensional Minkowski space, precisely the representation used

in Chapter 2.

Within the context of a two-dimensional Borchers triple, we are now able to consider a

more specific deformation procedure, in particular, that of a warped convolution which was

81



first introduced in [BS08]. We concern ourselves with smooth operators which are defined as
operators A € B(H) such that the map xz — T'(x)AT (-z) is smooth in the strong topology.
Similarly, we say a vector ¢ € H is smooth if z — T'(x)t in norm.

We label by ). a 2 x 2 matrix that is antisymmetric with respect to the Minkowski scalar

product, conditions which fix the form to

0 kK
Qr = , KeR
k O

and then take elements of the von Neumann algebra
M, ={A. : Ae M smooth}"”
to be the oscillatory integrals

A= L [ dady eV T(Qup) AT(-Quy)T (). (5.8)

(27 )2
It is straightforward to immediately notice that Ay = A: With & = 0 the translations T'(Qoy) =
T(-Qoy) = T(0) = 14 by definition of @), and the remaining integral we calculate using (5.7)).

1 )
ApU = @) [ dzdy e AT (2)V = [ dzdy e = AePO 2 = AV / dzdy ' PO)-v)=
m

(2 )? (2 )?

which then equals AV after we note the remaining integral evaluates to 1 by applying

f dr e = 276 (y)

where ¢ is the dirac delta function.
A second simple property is A.£2 = A€} for all k € R. Noting the translational invariance

of the vacuum Q (5.8) reduces to

1 , 1 o
A= f dedy e T (Quy) AQ = —— f drdy e i@ AQ)
@) zdy e (Qry) @) xdy e e

and the explicit form of (), and the Minkowski scalar product implies we may rewrite the sec-
ond exponential as e @+2(®) and the assertion follows with similar arguments to the previous
property. For further properties, we refer the reader to [BLS10].

With this definition in hand, we now turn back to the context of Borchers triples and
construct data in a more concrete way. In particular, for a triple (M,T,Q2) we define the

deformed von Neumann algebra
M, ={A, : Ae M is smooth}”. (5.9)
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Proposition 5.10. Let (M, T,Q) be a Borchers triple, then Q) is standard (cyclic and sepa-
rating) for M, for k > 0.

Proof. Since A, = AQ) and Q is cyclic for M, cyclicity for M,, follows immediately. For
the separating property, let A € M and A’ € M’, then for all x € Wg and y € W, we have
[T(z)AT(z)*,T(y)A'T(y)*] = 0. The positivity of the spectrum of 7" and the assumption
that x > 0 implies that Q.spectrum(7T") ¢ Wx and thus by [BLS10, Prop 2.10] it follows that
[A., A’ ] = 0 from which we can conclude that (M")_, ¢ (M,)". Cyclicity of  for M’
together with A,Q = AQ implies that Q is also cyclic for (M")_, and thus since (M')_, c
(M,)" it is also cyclic for the latter showing that €2 is separating for its commutant M. O

Noticing that this deformation procedure does not affect the group 7', it is clear from
Proposition (5.9) that the triple (M,,T,Q) is a Borchers triple. Moreover, the deformed
operators z, initially defined independently of the deformation procedure (5.8)) is the result
of deforming the operator z:

(Zo((p)ﬁlp)n(e) = ;;2 [dxdxd@’e yz i Lo P )Q“ygo(e’)e i(p(0")-Qry+ X P(05)-Qry) i Xioy p(0;) -2y ((9/ 9)
= 5 [ et 3666, - y)e PG, (@ 0)
7=1
I/ﬁyfkwwmmmw@mamm
j=1
:fdel Hemsinh(e’féj)man(GCO)
j=1

= (2(9)¥)n(0)

where we have used that
p(0") - Qup(8;) = ksinh(0;) cosh(0") — ksinh(#") cosh(f;) = —ksinh (0’ - 6,)

and setting m =1 (the mass is of no importance to our current discussions).

In analogy to the one-dimensional setting, we can generate elements of the standard

subspace H via test functions .7 (R?) > f — f* e H:
) = [ do fa)e O,
R2
We then define the field operator ¢q as

do(f) = 20 (f*) + 20(f7)
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which is affiliated with the algebra M and moreover if interpreted as the free scalar field
of unit mass on two-dimensional Minkowski space. The deformed version ¢, (f) for x > 0
is then affiliated with the algebra M, - the quantum field theory built from such data we
then consider as being restricted to the chiral light ray, a context we examined for closely in

Chapter 4.

5.3 Deformed and Singular Inclusions

We now look to proving the main result of this Chapter which we state here, and the proof

will come in a number of parts.

Theorem 5.11. Let (M., T,2) be the Borchers triple as defined in (5.6 for k > 0. Then

for k =0, the inclusion is standard (case 1), and for any x>0 the inclusion is singular (case

As a preliminary step, we consider some properties of the field ¢, to facilitate further
calculations (more can be found in [GLO8]). We make use of the kernel theorem by taking
vectors W(F') for F' e ((R?)") and taking their definitions to be the linear and continuous

extensions of a product of free scalar fields acting on the vacuum, that is

V(f1®® fn)=do(f1)Po(fn)S (5.10)

for f1,..., fu € L (RR?).

On these vectors, we can more easily write down the explicit action of the deformed fields,
and in particular keep track of all multiplicative factors that arise as in . Explicitly, we
write the action of ¢, as [Sol08,GLOS|

be(@)W(F)=W(g98: F), geS(R),Fes(R™), (5.11)

where the deformed tensor product ®, is a variation of the Moyal tensor product [GLOS|
accounting for every necessary exponential factor between momenta. For F' € % (R?*"),G ¢

Z(R?™) we define it in momentum space as

(G ®I€ F)(p17 ce oy Pmsqr, - 7Qn) = eizgnzlpl.@ﬁzquké(ph e 7pm)ﬁ1(Q17 s 7qn) (512)

It is clear from the above definition that the deformed tensor product ®, is invariant under

Poincaré group transformations - translations follow immediately, whereas boosts are clear
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once it is noted that a matrix boost transformation of parameter A
cosh(A) sinh(\)
sinh(A) cosh(\)
commutes with any .. This in particular, together with the translational invariance of the

vacuum state, implies that

w(Fe,G)=w(FeGq).

By Wick’s theorem [Wic50], the vacuum state is described in terms of the n-point functions
of the theory, and the reconstruction theorem illustrates how all information of a model is

encoded in such functions. In particular, we have
(QU(F)) = (U(F"),Q) =W, (F), FIR™M),

where F*(x1,...,2,) = F(x,,...,21) and the n-point functions W,, € .#(R?") can be written

in terms of a product of two-point functions in momentum space:

- 0, n odd,
Wa(p1y--,pn) = (5.13)

n/2 yx
PRW Hk‘il Wo(PaysPuy)s 1 even

where the two-point functions are given by

~ 1

Wa(p,q) = mcﬂpo —e(p))ilp+q), () =V()*+1 (5.14)
for p = (po,p1),q = (g, ). The above sum ¥, ,) runs over all partitions (A, pu) of {1,...,n}
which is split into n/2 disjoint pairs (g, ux) for £ =1,...,n/2 and Mg < pg. These partitions
are referred to here as “contractions” as a reference to the delta distributions present in ([5.14))

contracting momenta.

We now deal with these n-point functions in a specific weak limit.

Theorem 5.12. |LS22]
Let k 0, X be a polynomial in the field operators ¢.(f) (f € Z(R?)) and Y’ a polynomial
in the field operators ¢_.(g) (g € L (R?)). Then, for any vectors W, V' of finite particle

number

lim (U, 0, (XY')) = (0, (w(XY") Po + w(X)w(Y')PL) ). (5.15)

t—>+o00

Proof. The equation ([5.15)) is linear in both X and Y on both sides, and hence it is sufficient

to consider monomials in the field, that is we may choose X and Y’ to be of the form

X = qb,{(fl)"'(ﬁn(fn); Y'= ¢—m(gl)"'¢—n(9m)a
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for any n,m € Ny and functions fi,..., fu,01,.-.,9m € CP(R). Via the same arguments as
Lemma (3.10)) one can show that vectors of the form (5.10) form a dense subspace of the

n-particle space H®", and hence it is sufficient to choose
U=w((lr), W=wU(r)

for l € S (R?),r e #(R?) and arbitrary a,b € Ny.
To expand out and simplify the left hand side of (5.12)) we first introduce the following

compact notation
frl= N f1 8 @ A fuy g7 = A g1 @ i Al g
which with allows us to calculate
(W, 0 (XY )W) = (W(17), 0 (A f1) (A fr) D-n(Af 1)+ (Af g ) W (1))
= Whimsarn(1® (f* @ (97 ®-7))) (5.16)

= Whimsarn(([® f*1) @ (7' ®@_ 1))).

By the definition of W in (5.13), we can immediately see that this vanishes when N :=
n+m+a+0b is odd, and the right hand side may also vanish for some choices of n,m, a,b: for

example, for m = 0, then the right hand side reduces to
(U, Q0Q, V)w(X)

which is non-zero if all of n,a,b are even which is not the case if N is odd.
To more easily keep track of momenta and their affiliated functions in further calculations,

we use the shorthand notation for their sums:

a a+n a+n+m N
p() =2 e p(f)= Y pe p@)= 3 pr D)= D i (5.17)
k=1 k=a+1 k=a+n+1 k=a+n+m+1

Implementing now ((5.13) and its explicit form in terms of a sum over contractions in mo-
mentum space, we reformulate ([5.16]) for the case of even N
(W, 0 (XY)W') = 37 Wi (t)
(M)
where
W()\,,u) (t) = _ézN dp [(ph s 7pa)F(Atpa+lv s 7Atpa+n)g’:;i(Atpa+n+17 s 7Atpa+n+m)

(5.18)

. , N2 |
x f(pa+n+m+17 s 7pN) elp(l)'Q,{p(f)e—lp(q)~QKp(T) H WQ(_p/\ka _pﬂk)‘
k=1
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We can immediately see that the integrand above vanishes pointwise in the limit ¢ - oo
due to the compact support properties of f and g together with the non-divergence of the
remaining factors. The dependence on t in the integrals differs between partitions (A, i), and
in order to apply a dominated convergence argument we must analyse these individually and

so we introduce specific index sets

() ={1,....a},
I(f)={a+1,....,a+n},

I(g) = {a+n+1,...,a+n+m),
I(r)={a+n+m+1,... N}

which correspond to the indices on the momenta of F, g~ and 7, respectively. We now list

our criterion for four types of contractions distinguished using the above index sets.

(I) A contraction (A, u) is of type (I) if there exists a k € {1,..., N/2} such that either of
the indices A, pux lie in the union Z(1) uZ(r), but not both. In this case, a variable of

either F, ¢~* is contracted with a variable of either l,7.

(IT) A contraction (A, u) is of type (II) if it is not of type (I) and for all k e {1,...,N/2}
the indices Ay, i, are both elements of either Z(f) or Z(g). In this case we call the

contraction (Ag, ux) “f-internal” or “g-internal”, respectively.

(IIT) A contraction (\, u) is of type (III) if it is not of type (I) or (II) and if there exists a
ke{l,...,N/2} such that A\, € Z(I) and py, € Z(r). In this case, the contraction (\, )
contracts between F and ¢7*, and also between [,f, but there are no contractions

between deformed functions f#, ¢ and undeformed functions [, 7 as in type (I).

(IV) A contraction (A, p) is of type (IV) if it is not of type (I), (II) or (III). In this remaining
case, (A, i) contracts variables between F and g, but all variables of [ are contracted

with each other, and similarly for 7.

These four cases exhaust all possibilities for contractions.

(I): For this case we wish to show that

tliin Woun(t) =0, (A p) of type (I). (5.19)
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The expression for the two-point functions in momentum space contain a delta distribution,
namely Wa(p,q) = e(pt)-16(p° — (p'))d(p + q) - the second delta is responsible for the case-
specific contraction which set py, = —p,, , while the first restricts p,, to the upper-mass shell.

This latter transformation means that the momentum p,, = (¢(p,, ,p,, ) from which we may

dp;k
doy

make the substitution sinh(6}) := p;,, , into rapidity space. Here the boosts A; act as

translations in 6 and hence by applying the triangle inequality we may write

N/2
Wou @) < [ d0rdo,, F(0.6'~1,6"-1,6") [[6(0r, ~00)  (5:20)
k=1

where F' € . (RV) and the rapidities 8 = (61, ...6,) (and similarly for 8’,8",8") are the trans-
formed variables of [ (and Fr. g7, respectively) and also the notation 8"t := (¢;,...,6! —t)
has been introduced.

With F' being a Schwartz function, it a priori comes equipped with a bound formed by

seminorms allowing us to write
Wow@®)[<C [RN/Q de 1:[(1 +02) (1 + (0, - 2) 1;[(1 +02)2

where the first product is a result of the contraction (Ag,ux) of type (I), linking a ¢-
dependent variable with a t-independent one. The second product is the remaining contribu-
tions from the contractions (g, px) which link two variables that are both either ¢-dependent
or t-independent (for the former, a change of variables can leave the resulting term completely

t-independent). Clearly, this is sufficient to employ Lebesgue’s dominated convergence and

(5.19) holds.

(II): For this case we show that W, ,)(t) is independent of ¢. By definition, the variables
of F are contracted amongst themselves and similarly for ¢=%, whereas the variables of I, 7
are contracted in any combination and do not matter to this argument.

The delta distribution §(p + ¢) in the formula for the two-point functions W imply that
two variables, say py,, Py, , of f7 are then related by P, = —Py, (and similarly for g). Since
only variables of F are contracted with other variables of F, we conclude that the sums of
momenta p(f),p(g) vanish and the exponential factors in the integrand of drop out.

Given the description of contractions in type (II), the product of two point functions

ch\i/f Wy (Pr,» Py, ) can be split between a distinct product of contractions for the three func-
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tions [ -f,F and ¢=* giving
W()\,,u) (t) = fdpkkdpuk Z(plv s 7pa)7:(pa+n+m+17 cee apN) H WQ(_pAka _p,uk)
k { Ak yeZ(HUI(r)

X / dp)\kdp/.tk F(pa+17 R 7pa+n) H WZ(_p/\k7 _p,uk)
ko {Xkopr }eZ(f)

X f dp)\k dpuk ﬁ(pwmh e 7pa+n+m) H WQ(_p/\ka _puk)

ko { Ak iy Z(9)
The above expression indicates that W, ,)(t) for the case of type (II) contractions reduces
to the product of three sums - the first of these sums is of the contractions over Z(1) uZ(r).
By Wick’s theorem [Wich0] this coincides with w(¢po(1)¢o(r)) = (¥(1*), U(r)). Similarly, the
second sum is of the contractions over Z( f) which coincide with w(o.(f1)¢x(fn)) = w(X),
and also analogously for the final sum over Z(g) which coincides with w(Y”).
Thus we arrive at the compact expression

Y. Wou () =w(X)w(Y") (', ¥) (5.21)

(M) type (II)

(IIT): As in case (III) we claim that
tlirin Wi () =0, (A p) of type (III). (5.22)

Similarly to case (II) we may remove the ¢-dependence of F and ¢~* by making the substi-
tution Aypy — pi - as a result the exponential factors gain ¢-dependence. Moreover, since the
variables p, € Z(f)UZ(g) are contracted amongst each other, the support of the delta distri-
butions imply that we have p(f) +p(g) =0, and also p(l) + p(r) = 0. With the antisymmetry

of Q,, we calculate the resulting exponential factors:

eP(D)-Qup(f) p=ir(a)Qrp(r) = pip(1)QrA-tp(f) p=iA-tp(9)-Qup(r) = (2ip(1)-QrA-tp(f)

As in the argument for case (I) we make the appropriate substitutions to the rapidity
formulation obtaining
_ ik sinh (6,6}
W (t) = /d&d&’L(@l,...,Q%b)F( o m)ge sinh (6,61, +1), (5.23)
The functions L € . (RGT”)),F e #(R™3") are concatenated versions of the functions [ ® 7

and F, g~*, respectively, in the rapidity parameterisation and accounting for the support of

the delta distributions in the two-point functions.
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The remaining exponential factor arises from noting that any f-internal contractions
(Mg, fu;) mean that the py, +p,, contributions in the sum p(f) vanish, and similarly for p(l).
For the remaining contractions that are specifically not f- or [-internal, we relabel their sums
p(f)p(1)".

The previous calculation of p(6)-Q.A_;p(0") = ksinh(§ -6’ —t) the product sums over j, k
for the remaining contractions.

Thus far, the arguments are the same for both cases (I1I) and (IV), but we now distinguish

the two by noting that for case (III) the product over j is non-empty and we claim that
tlim Wou () =0, (A p) of type (III). (5.24)

Fixing a j in the product in (5.23) we rewrite the integral, apply integration by parts and

estimate via the triangle inequality

L(el,...,e%b)F(&{,...,@%ﬂ) o

%% )| = f dede’ 2 /Y 2ik sinh(6;-0) +t)
W ) Y 2ikcosh(0; -0, +1) 06, 5[ ‘ '

P L(@l,...,ﬁm)
! F ' /n+m an ; .
gfd@d@ (01, ’97)8@‘ i 2ikcosh(6; -0, +1)

Applying the product rule for the derivative, and taking the estimate

i L(917...70a7+b) ) 1
00; Y. 2ikcosh(0; - 0; +t)| ~ cosh(0; — 0 + 1)

it is clear that the integrand vanishes pointwise for ¢ - +oo. Furthermore, with the lower
bound cosh(z) > 1 the assumptions for dominated convergence are satisfied and we have the

limit as claimed.

(IV): Following the arguments for case (IIT) to (5.23)), we remark that the product over j, k
drops out considering there are no contractions between [ and 7 in this case. The remaining
integrand is t-independent and as in case (II) we split the result into three sums of distinct

contractions: The sum of contractions over [ clearly results in

wW(Po(l)¢o(la)) = (¥ ("), Q) = (¥, Q).

In analogy, the sum of contractions over 7 gives (Q, U(r)) = (¥, Q).
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The final sum is over contractions between F and ¢, but in particular not those that

are f- or g-internal. Thus, by accounting for the missing contractions we have

w(¢n(f1)"'¢n(fn)¢—n(gl)"'¢—n(gm)) - w(¢n(f1)¢n(fn)) ’ w(¢—n(gl)"'¢—n(gm))
- (XY — (X )(Y),
then summing over all type (IV) contractions
. > - Wi () = (w(XY") = w(X)w(Y")) (¥, Q)(Q, T').

With each case accounted for, we sum over them all to arrive at the assertion

lim (U’ oy (XY )U) = (¥, ((w(XY") —w(X)w(Y))Po+w(X)w(Y")1y) )

= (U, (w(XY")Po +w(X)w(Y")PLW).
u

We remark that though we employed functions f and g as arguments for the scaled field
operators, their support properties were irrelevant and not mentioned - in the context of
scaling limits of integrable models in Chapter 3, the derivation of the obstruction operator
paid particular heed to the support of the function arguments involved. Furthermore, the
previous construct employed the one-sided limit ¢ - —oo which corresponds to scaling points
x € R\{0} to oo and the support of the function arguments in the same direction. The
opposite limit ¢ - oo, also calculated in the above result taking points x to 0, is not one that
has a geometric sense but for the abstract setting provides additional information.

Next, we extend this result to arbitrary elements of the von Neumann algebras M, M...

Theorem 5.13. Let the Borchers triple M,,,T,Q) (k > 0) be defined as in (5.6). Then for
any Ae M,,Be M’

w-lim 0(AB) =w(AB)Po +w(A)w(B)FPS. (5.25)

Proof. We will write ¥4 = AQ and Pap = w(AB) Py + w(A)w(B)P3 as shorthand notation,
and similarly for other operators. We consider vectors of the form U/ = U;. U = U where
L and R are closed operators affiliated to the left and right algebras M/ and M,, respec-
tively. The domains D(L),D(R) of R and L, respectively, are such that 2 € D(L*) nD(R).
The algebras M, and M, are stable under the action of the modular group, meaning that
0(A*)Q2eD(L*),0(B) e D(R) and

L*O't(A*)Q = O't(A*)L*Q, RO't(B)Q = O't(B)RQ
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Consequently, we may simplify the scalar product appearing in the limit on the left hand

side of
(Ui, 00(AB) V) = (Y, 01(A)oy(B)VR)
= (0:(A")V s+, 0¢(B)YR)
= (L*0 (A", Roy(B)Q)
= (0 (L*)V g+, 0 (R)Up).
Comparing the second and fourth lines in the above we see a symmetry between A and L,

and also between B and R, one which can be replicated for the right hand side of (5.25)) in

scalar product
(Upe, PApVR) =w(AB)w(L)w(R) + w(A)w(B)w(LR) - w(A)w(B)w(L)w(R)
= (W 4+, PRV R).
Then

<O't(A*)\IfL*7O't(B)\I/R> - <\IJL*, PAB\I/R) = <O'_t(L*)\I/A*,O'_t(R)\I/B> - <\IJA*7PLR\I/B>. (526)

The implied symmetry in the above formula suggests that if the limit holds for t - —oc0
then it also holds for t - oo and vice versa.

We will first show that the right hand side of vanishes as t - +o0o for specific choices
of L, R, A and B. In particular, we take L and R to be arbitrary polynomials of field operators
¢ as in Theorem , each taking functions as arguments (smearing) with supports on
the left and right, hence the operators L and R are affiliated with the algebras M/ and
M, respectively. We also choose A, B to be bounded and smooth, hence A € M B e M/
which will generalise Theorem to vectors W, U’ that are not necessarily of finite particle
number but instead W' = W4, U = Ui, Moreover, denote by @, == P, ® P, & ---® P, the
orthogonal projection onto the particle space of at most n in the Fock space F(H). Given
the chosen form of L, the complement @)} leaves the domain of L* invariant - this is the result
of a field operator only changes the particle number by one, and hence a finite polynomial of
such operators alters the particle number by a finite amount. Hence there exists an m € N

such that for all n e Nt e R

{oe(L")Var, 0e(R) W) = (Vas, PLrV )]

<[(QnWar,00(LR = PLr)¥p)| + [(Qn¥ar, (0:(LR - Prr)V¥p)|

={Qn¥ar,00(LR = PLr)Quem ¥V p)| + [(QrV ar, 0:(LR - PLr) @y V)]
<[{@n¥ar,00(LR = PLr)Quem¥p)| + [00(L7) QY a+ || 0 (R) Qrn VB[ + | Q7 ¥ 4+

Prr||@n-n Vgl
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With the presence of the projection @,,, @+ in the first term, the vectors are of finite particle
number and thus this term vanishes in the limit by Theorem ([5.12)). Clearly the complements
L. Q% — 0 strongly in the limit n — oo and as an immediate consequence the third term

above vanishes in this limit.

All that remains is to show that the two norms [oy(L*)QLW 4+

e (R)QL_,, V| vanish
uniformly in ¢ € R for n - co. Both A, B are smooth, and hence the vectors W «, U are
elements of Nyso D(FY) (the intersection over all k of the domain of the k-th power of the
generator of the time translations Py - the second quantisation of 3(P + P-1) > 1). The
particle number operator N is the second quantisation of the identity operator and it then
follows that Py > N which in turn implies W 4+, ¥ € M50 D(NF).

For each field operators ¢.,.(f),f € #(R?) we have that the norm |¢..(f)N-1/2| is
finite [Lec03,Lecl12] and so there exists a k € N such that L*N~* and RN* are bounded. In
addition, it is clear that @} and A” commute with N for all n € Nt € R (given that neither

affects the particle number), choosing a large enough k£ we may make the estimate

loe(L)QuWas || = [ L*NTFATQuN Wa- | < |L*N7H||Qp N* W 4-

which vanishes as n — oo uniformly in ¢ as required. The second norm |o.(R)Q;}_,, V| can
be estimated in an analogous way.

Noting that V., Up range over dense subspaces of F(H) we may apply similar Reeh-
Schlieder arguments to those we have applied in previous results, together with the fact
that o,(AB - P4p) is uniformly bounded in norm for all ¢ € R to conclude the weak limit
0i(AB) — P4p for smooth A and B.

To generalise further we again consider smooth A, B but now an L € M), R € M, which
are bounded but not necessarily smooth. We know that the left hand side of goes to
zero in the limit ¢ - +oo and thus the desired limit (¥ 4+, 0 (LR - Prr)¥g) — 0 holds too.
Now, the smooth algebras M/ ¢ M|, M?® c M, are strongly dense, they have Q as a cyclic
vector and we conclude that the limit also holds for arbitrary vectors in the left and right

hand sides of the scalar product. O
The singularity of the inclusion N, n M, then follows from the following Lemma.

Lemma 5.14. [LS22]
Let H be a Hilbert space of dimensional dim(H) > 1 and N ¢ M a half-sided modular
inclusion on H. Then w(-) = (Q,-Q) is not a product state on NvJN J. That is, w(AB) #
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w(A)-w(B) for ABeNVJIN J.

Proof. Assume that w is a product state and let Ae N',Be JN J. Then T'(x)AT (x)' e N

for all > 0 also. Thus
(A*QT(-2)BQ) =w(T(x)AT(-x)B) = w(A)w(B) = (A*Q), P, BQ)

for = > 0. Since € is cyclic, this implies that T'(-z) = Py which is only possible if Py =1, i.e.

F(H) = CQ is one dimensional which is a contradiction. [
Finally, we return to the proof of our main result.

Proof of Theorem ([5.11]). The case of k = 0 follows immediately from the second quantisation
of M =M(H). For K>0,let Ae N, BeJN,J, then by Theorem and Lemma
part (i)

Pyp = (w(AB) —w(A)w(B))Po +w(A)w(B)1ly € Ay oo

We have freedom (by virtue of Lemma ([5.14))) to choose A, B such that w(AB)-w(A)w(B) #

0, and then
_ AB - w(A)w(B)1ly
- w(AB) - w(A)w(B)

is such that 0,(S) - Po weakly as ¢t - —oco. This weak limit lies in A, o by Lemma ({5.6)

eN.VIN,.J

which implies that the inclusion N, ¢ M,. by Proposition (5.5)). ]
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Chapter 6

Conclusion

In the present work, we have covered a number of topics in the area of quantum field theory,
and in particular, paying close attention to our understanding of the structure of models
with particular starting data. Having already a firm grasp on general models and how they
are realised as a representation of abstract ZF algebras, we have formulated and illustrated
a method whereby (for favourable, simple conditions) we may write the underlying data of a
model in a much simpler fashion.

Having already a great many resources for the description of the Bose/Fermi models in
the existing literature, our methodology presents a natural process to realise potentially more
complicated systems as a tensor product of these more well-understood ones. Though the
conditions under which this is possible are fairly limited in the general case, it seems it is
most relevant on the subject of short distance scaling limits of integrable models.

As in the scalar case [BLM11], the scaling limit results in the unscaled fields splitting
into a tensor product of chiral fields on the real line - the interplay of these one-dimensional
models is governed by the limit at the infinities of the S-matrix governing the unscaled model.
On the one hand, this limit may fall under the umbrella of constant S-matrix examples where
our previous discussions become relevant, in which case we may pass through our discussed
processes to read the scaling limit in a more transparent way. On the other hand, these chiral
models are still able to be described and examples of half-line local fields constructed within
them.

As in the massive case, we realise that not much can be said about the size of the resulting
local algebras in the general case, however, we can at least provide a sufficient condition for

operators to lie in these algebras by way of a commutation condition with an obstruction
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operator. Due to the involved nature of this operator, it is difficult to draw more conclusions
from this data alone, though it goes some way to highlight the vastly more complicated
nature of this setting in comparison to the scalar case.

In the quantum field theoretic setting, the most favourable result is to have a very large
local algebra containing many physically relevant observables. The opposite extreme of a
trivial algebra is less desired and actually pathological. In the context of half-sided mod-
ular inclusions and von Neumann algebras however it is a most prevalent question of the
existence of such objects. Though only a single example came through recently in [LTU19],
we have shown here many more examples as in |LS22] arising via our motivation from one-
dimensional chiral models. By applying a deformation procedure on models constructed from
two-dimensional Borchers triples it was shown that the result actually produces a singular
inclusion in a specific limit. It is also clear that half-sided modular inclusions can vary in a
discontinuous manner with deformations, perhaps motivating further discussions with defor-
mation procedures. Though this result does not provide constructive examples of quantum
field theories, it might inform us of methods that exclude the singular case.

The investigations we have undertaken may be viewed in a disjoint manner with each
Chapter providing further insights into areas of quantum field theory with problems in their
own right, or with each moving forward in the understanding of scaling limits of quantum
fields and their resulting models from varying standpoints and contexts. A full comprehension
of such an idea would be most enlightening for answers to questions surrounding QFT in
general, such as asymptotic freedom of models, but the results outlined here provide headway

in this direction.
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Appendix A

Minkowski Space (Geometry

We work in 1+1 dimensional Minkowski space as an analogue of the real plane R? endowed
with the Minkowski inner product with signature (+,—) meaning the scalar product of coor-
dinates x = (g, 1),y = (Yo,y1) is given by x -y = Toyo — T1Y1-

The plane may be separated into disjoint regions described by the inner product, in

particular, a point x € R? is called
e timelike if x-2 >0
o lightlike if 2 -z = 0
e spacelike if x -z <0.

This inner product is invariant under transformations of the Poincaré group P generated

by translations 7, acting as x — x + a for a € R? and the boost transformations

cosh(A) sinh()\)

ANz~
sinh(\) cosh()\)

AeR,
and the reflections j: x — (-xg,21) and —j : & — (x¢, —71).

The Poincaré group may be split into a number of subgroups, the first of mention being
the proper Poincaré group P, which is generated by the same translations and boosts, but
also the total reflection —1:z — —x.

The final subgroup we mention is the one used throughout this work on the subject
of massive integrable models - the proper orthochronous Poincaré group generated by the

translations and boosts only.

97



Figure A.1: The overlap of the wedges Wi (y) and Wg(z) describe the double cone region
o

m7y-

We move on to the description of relevant regions in this spacetime and recall our definition
of a right wedge as
Wr={zeR? : z;> x|}

and the left wedge W = -Wg. The set of all wedges is denoted by W.

The wedges Wy, Wg are invariant under the action of the boost transformations since the
eigenvectors of A(\) are lightlike.

A double cone O,, is the intersection of two overlapping wedges centred at x,y € R?

being defined as a set intersection as
Opy=Wgr+z)n (W +y)

which is non-empty for x —y € W and x; < y;. Geometrically, this is illustrated in Figure

(A1).
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Appendix B

Gauge Groups and Internal

Symmetries

The model described in Chapter 2 is described on the Hilbert space H = L2(R?) ® H where
H is some finite dimensional Hilbert space. To further enrich the physical interpretation
of this model, one may consider a compact Lie group G as the global gauge group and
identify charges of particles with equivalences classes ¢ of irreducible representations of G as
in |Lec07].

We consider a set of a finite number of possible charges labelled by Q and to account for
antiparticles whose charges are given by q according to some conjugacy class, we assume this

conjugation leaves Q invariant.

In addition to the symmetry described by the Poincaré group as in Chapter 2, we have the
additional “internal” symmetry W; as a representation of the group GG on H. This extends

to H in the usual way by trivial action on the L?(R?) component
Wl(g) = 1L2(R2) ® Wl.

This additional structure is mainly cosmetic to the mathematics, but physically is most
relevant to the structure of particle interactions allowing for a richer spectrum of particles
under description. This finally gives rise to an additional property in the definition of an
S-matrix in definition in this setting which is specific to the model under a chosen

gauge. It is referred to as gauge invariance:
[S(0),Wi(9) @ Wi(g)] =0, forall geG,0eR.
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For more on this subject we refer the reader to |[Lec07, AL17] and references therein.
An example of a chosen gauge may be the orthogonal matrices of order N as in the
O(N) o-models, or a non-abelian gauge theory taking a non-commutative group as a gauge

as is the case for Yang-Mills theory.
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Appendix C

Algebraic Quantum Field Theory

We now recall the framework for algebraic quantum field theory before applying what we have
described above and discussing its implications for this particular axiomatic paradigm. A
model in this context is described in terms of an algebra of local observables A over a Hilbert
Space H. This algebra A contains all subalgebras A(Q) which is the algebra of all observables
localised in the region O c R? of Minkowski space. It is usual to take A(Q) c B(H) to be a
von Neumann algebra, that is a *-subalgebra closed in the weak topology.

Algebraic quantum field theory is then concerned with the net generated by the map
R?*> 0~ A(O)

and the isotony axiom:

A(01) c A(Oy) for Oy c Os.

Relativity implies that two events that are space-like separated cannot interfere with each
other, a property known as causality. This physical phenomenon must be reflected in the
mathematical framework, and this is implemented by requiring that observables that are

localised in regions spacelike separated from each other must commute. That is
A(Ol) c A(Og), 01 c Oé

The stronger condition of Haag duality [BW76| is known to hold in the specific case of O
a wedge region such as Wg and the net is generated by Wightman fields [Mun01]:

A(O') = AO)".
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Similar to what we have seen already we demand that there exists a representation U of

the proper orthochronus Poincare group P! such that:
U(9)A(O)U(g)* = A(g0), for g PL.

The generators P* of the translation group U(z) = e« (the subgroup of P!) are
interpreted as the energy and momentum operators of the theory, and we demand that the
joint spectrum of P* be contained in the closed forward light cone V* := {(pg, p1) € R? : pg <
Ip1]} of Minkowski space - this is known as the condition of positive energy.

As we have already described, in the algebraic setup we must also have a vector that acts
as a representation of the physical vacuum, denoted previously as €2 € H having zero energy

and momentum. The vector €2 is invariant under U and is unique up to a constant scalar

multiple. It is also cyclic and separating for the local algebras, that is
A(0)Q=H, OcR?open

i.e. cyclic, and AQ =0 for A € A(O) if and only if A =0, i.e. separating. This is known in
quantum field theory as the Reeh-Schlieder property.
If the net A: O — A(O) has all the properties (except perhaps Haag duality) it is known

as a local net on R2.
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Appendix D

Tomita-Takesaki Modular Theory

A well known area of operator algebra with applications to mathematical physics is Tomita-
Takesaki modular theory [Tak79,Tak03]. We briefly outline the general theory and describe

the data appearing here.

Let M be a von Neumann algebra on a Hilbert space H containing a cyclic and separating

vector €). We define the operator S; on H as
S1AQ = A*Q

for all A € M. This operator can be extended to a closed and anti-linear operator S on a

dense subset of H which takes a polar decomposition
S=A"2]=JAV2,

The modular operator A is unique, positive and self-adjoint and the modular conjugation J
is unique, involutive and anti-unitary. We say that these operators are associated with the
pair (M, ). Further to this, one may extend the operator A by complex powers A¥ such
that the latter is a unitary operator for all ¢ € R and then {A# : t e R} forms a strongly
continuous one-parameter group.

This leads to the following well-known result.

Theorem D.1. Let M be a von Neumann algebra with cyclic and separating vector ). Then

JQ=Q = AQ and the following holds
IMI=M, A*MA=M
where M' is the commutant of M.

103



By way of naturally defined operators, we can observe a simple relationship between the
elements of a von Neumann algebra and its commutant, proving invaluable in the discussion
of local algebras in a quantum field theoretic context.

To touch with quantum field theory and the previous data described in Chapter 2, it can
be shown in favourable conditions that the Bisognano-Wichmann theorem [BW76,[Mun01].
For the von Neumann algebra (as in (2.19)) and vacuum vector pair (Ags(Wg),Qs) and

modular operator A associated with this pair we have

A" =U(0,27t), teR.
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