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distance functions admit finitely many non-degenerate critical
points. This gives rise to our second contribution, which is that
shapes and textures can both now be quantified and rigorously
characterized in the language of persistent homology: signed
distance persistence modules of generic shapes admit a finite
barcode decomposition whose birth and death points can be
classified and described geometrically. We use this approach
to quantify shape textures on both simulated data and real
vascular data from biology.
© 2025 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

Information on the shape and texture of objects captured in images can provide
valuable insight to the context of study. For example, in a study to predict the sur-
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vival of patients diagnosed with glioblastoma multiforme—an extremely aggressive brain
cancer—it has been shown that both the shape and texture of tumor images is even more
informative in the prediction task than gene expression [37], which is a type of molecular
data obtained from surgery following biopsy and sequencing and is a mainstream type
of data used to study cancer. However, the task of feasibly quantifying shape and tex-
ture information for computational, statistical, and machine learning tasks in the most
informative yet interpretable manner remains challenging. This is especially true when
considering complex morphologies entailing porosity and branching behavior, which are
not easily represented by meshes [107]. Quantifying shape and texture in an interpretable
manner is the driving motivation and practical task of interest in our work. To answer
this practical question, we contribute novel, fundamental theoretical results in differential
topology with respect to distance functions.

Distance functions (or fields) are fundamental objects in geometry and topological
data analysis, [99,85,30,8], PDEs [5], as well as non-smooth analysis and singularity the-
ory [31,13]. They have become popular tools to represent geometry in multiple fields of
applications, ranging from computer graphics to shape analysis [81,87,105,100]. Given
a subset A C R", the unsigned distance function assigns to each point in space its dis-
tance to A. The signed distance function for a set A with non-empty interior is defined
by modifying the distance function to 0A, distinguishing points in the interior from
those outside by attributing a negative sign or a positive sign respectively. Signed dis-
tance fields are useful in shape representation and analysis [99]; since an object can be
implicitly represented as the zero sublevel set of its corresponding signed distance field,
an equivalent amount of geometric and topological information is contained in both the
shape and the field. Signed distance fields are useful tools to represent complex porous
and branching structures, which is a particular application interest in this work.

In this paper, we focus on a method combining signed distance fields and persistent
homology—signed distance persistent homology (SDPH) [43,44,68,93]—to rigorously de-
fine and quantify the texture of materials. Persistent homology is the leading algebraic
method in topological data analysis that measures multiscale features in data and fun-
damentally depends on a distance function [46,56,25]. By measuring the scale at which
components, cycles, voids, appear or disappear, persistent homology intrinsically cap-
tures heuristic geometric notions such as “shape” and “size” as topological (specifically,
homological) features. The lifetimes and algebraic relations between these features are
summarized in a barcode or persistence diagram, a collection of birth—death intervals
where each interval corresponds to a topological feature. Moreover, barcodes can be fur-
ther processed as features in statistical analysis, using either a variety of vectorization
methods available or methodology developed to intake persistence diagrams.

For the case of SDPH barcodes, there is a need for a precise interpretation of birth
and death events in terms of the geometry of the shape from which they are derived.
This lack of interpretability is a major obstacle to using SDPH in applications where
interpretability and geometric understanding are key. To achieve interpretability of birth
and death events of the barcode, we appeal to Morse theory [92], which is a framework
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relating the gradient dynamics of a smooth function to the topology of the underlying
manifold. For smooth functions with only non-degenerate critical points—Morse func-
tions—Morse theory implies that birth and death values in their persistence diagrams
correspond to critical values of the function. Furthermore, critical points of a Morse
function are classified by their Morse index, A: crossing a critical point with index X is
topologically equivalent to attaching a A-dimensional “handle,” which in terms of persis-
tence, corresponds to the creation or destruction of a homology generator, i.e., endpoints
of a birth—death interval. Moreover, smooth functions are generically Morse, in the sense
that Morse functions form a dense subset of smooth functions [69, Chapter 6].

An immediate impasse to applying Morse theory to achieve interpretability in our
setting is that distance functions are not smooth. This leads to our main theoretical
contribution, which is a generalization of Morse theory of smooth functions to the class
of general Euclidean distance functions f to smooth compact boundaries in R™. In par-
ticular, our results also adapt to the case of signed distance functions and we leverage
these results to systematically interpret SDPH diagrams, giving rise to an interpretable
quantifier of both shape and texture of complex morphologies.

Contributions. We generalize Morse theory to Euclidean distance functions (signed or
unsigned) of smooth compact boundaries in R™. To do this, we first show that the funda-
mental results of smooth Morse theory—the isotopy and handle attachment lemmas—can
also be generalized to topological Morse functions [95]. Such functions f admit either a
regular form (up to a homeomorphism) at topological regular points,

f ~ const. + z,,
homeo

or a normal form at topological critical points with index A,

A n
f o~ const.—E x? + Z z2.
i=1

homeo
i=A+1

Similar to the smooth case, we obtain the topological counterparts of the two fundamen-
tal Morse lemmas, the isotopy lemma (Theorem 4) and the handle attachment lemma
(Theorem 5). They state that the topology of the sublevel sets changes exactly when the
level crosses a critical value, at which a A-cell is attached.

Distance functions are, in fact, special cases of topological Morse functions, under
suitable geometric assumptions on the surface that we provide in Lemma 9. The essen-
tial idea is to express distance functions locally as Min-type functions [55], for which the
notion of non-degenerate critical points is well-defined and provides a topological nor-
mal form to distance functions (Theorem 7). This sequence of ideas can be figuratively
summarized as

. . geometric . . normal . .
distance functions Min-type functions t—> topological Morse functions.
orm

conditions
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As a key result, we prove that signed distance functions of generically embedded
compact surfaces in R? are topological Morse functions with finitely many critical points
(Theorem 13). We use transversality theory [1] to prove this result which echoes the fact
that smooth functions are generically Morse.

This theoretical investigation has important consequences on the interpretation of
SDPH in applications to data, which we present as our applied contribution. Our pre-
vious theoretical contributions imply that, for generic shapes in R3, the signed distance
persistence modules are tame and thus admit a finite barcode decomposition. Further-
more, we give a geometric description of the Min-type index of critical points and obtain
a classification of critical points as well as of birth—death points in persistence diagrams.
We demonstrate how the SDPH approach quantifies texture in shapes by applying it
to both simulated and real data: in particular, realizations of Gaussian random fields;
synthetic porous shapes generated by “curvatubes” [107]; and confocal images of bone
marrow vessels. From these case studies, we derive a general interpretation of SDPH
diagrams that is useful for shape texture analysis.

Outline. In Section 2, we provide the necessary background and prove results asso-
ciated with foundational concepts necessary for our work; we recall the essential facts
linking persistent homology to Morse theory and introduce the Min-type framework. In
particular, we focus on describing non-degenerate Min-type critical points of functions.
Section 3 is the theoretical pillar of this work and contains most of our theoretical con-
tributions. In Section 3.1, we first show that the fundamental lemmas of smooth Morse
theory also hold in the more general setting of topological Morse functions. Then, in
Section 3.2, we describe in Proposition 1 the geometric conditions where signed dis-
tance functions are topological Morse functions. Concluding with Section 3.3, we prove
that signed distance functions induced by generic embeddings of surfaces are topological
Morse functions in Theorem 13 by satisfying the conditions of Proposition 1.

Section 3 lays the foundations for Section 4, where we define the SDPH approach rig-
orously. In particular, Theorem 13 allows us to show for generic embeddings of surfaces,
the persistence module of the signed distance filtration admits a barcode decomposition
into finitely-many interval modules (Corollary 5). Moreover, as the topological critical
points of the signed distance filtration are shown to be generically non-degenerate, we
can classify and geometrically interpret birth—death pairs in the barcode using the index
of the critical points. We use this fact in Section 5, where we apply SDPH to analyze
synthetic and real data describing textures and derive a general interpretation of the
SDPH diagrams for applications. Readers solely interested in the practical applications
of SDPH may go to Sections 4 and 5 directly.

2. Background and foundational concepts

In this section, we focus on outlining foundational concepts in persistent homology,
smooth Morse theory, and Min-type Morse theory. The ideas and results described in this
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section motivate our study of topological Morse functions in Section 3.1, and give us the
theoretical framework for analyzing signed distance persistent homology in Section 3.2.

Morse theory [92] is an important tool in differential topology for studying topolog-
ical properties of manifolds, grounded on a fundamental relationship between gradient
dynamics of smooth functions and the homology of the underlying manifold. A thor-
ough account of applications of Morse theory to topology, differential geometry, and
mathematical physics is given by [20]. Within the scope of topological data analysis,
Morse theory also has foundational consequences; first, for theoretically understanding
sublevel sets filtrations; second, for deriving new computational algorithms; and third,
for generating new methods for data analysis. We outline below how Morse theory de-
scribes the persistence modules of filtrations of smooth functions in terms of relations
between critical points (see also Chapter 7 of [57]). Discrete Morse Theory—an exten-
sion of smooth Morse theory to monotone functions on simplicial complexes—underpins
efficient algorithms for computing the barcodes of filtered simplicial complexes [67] and
other topological invariants [39]. Beyond the manifold setting, Morse theory has been
generalized to describe functions on subsets of positive reach in Euclidean space [51],
and a related class of subsets called complementary regular sets [34]. Morse-theoretic
concepts have also been applied to methods for clustering data [28], shape analysis [26],
image analysis and partitioning [47], and topographical function simplification [12,111].

Min-type Morse theory—a variant of Morse theory for Min-type functions [55]—has
been instrumental in quantifying and bounding the homological behavior of geometric
complexes on point clouds, a natural setting in many applications that topological data
analysis is geared towards. A rich vein of research in this topic has been contributed
by [16,18,17,41], among others. In contrast to those approaches, which cast distance
functions to point clouds as Min-type functions, we focus on distance functions to surfaces
which may not be globally Min-type. Nevertheless, we show in Section 3.2 that the Min-
type Morse theory framework is a key tool for describing the critical points of distance
functions to generic surfaces. We give a summary of the relevant ideas from Min-type
theory in this section to build up to that result. However, we note that for a full Morse
theory for distance functions, we will require the more general framework of topological
Morse theory described in Section 3.1.

2.1. Persistent homology and Morse theory

We begin our discussion with a brief summary of basic notions in persistent homology,
the leading framework in topological data analysis. In particular, we highlight how clas-
sical Morse theory allows us to relate the barcode of a persistence module with critical
points of a smooth function, setting the stage for generalizations to persistence modules
induced by filtrations of Min-type or topological Morse functions.

We present how persistent homology relates to Morse theory in the smooth setting.
To do this, we introduce some essential facts and basic terminology related to persistent
homology and Morse theory in the smooth setting.
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Sublevel set filtrations and persistence diagrams. Given a topological space X and a
continuous function f : X — R, the sublevel set filtration of f is the sequence of inclusion
of sublevel sets X, = f~! (—o0,al, given by

X.: X,CX, VYa<becR.

The inclusion maps tqp @ X, — Xp induce by functoriality a sequence of homology
groups

PHL(f):  Hy(X,) 2xlet),

Hk(Xb), Va<beR

that describes the changes in the topology of sublevel sets. Here, k& > 0 refers to the
homology dimension. If the homology groups are taken with coefficients in a field F,
this sequence is called the persistence module of f [114,46]. Furthermore, if the vector
spaces Hy(f~! (—o0,a]) are finite-dimensional for all @ € R, the persistence module
is said to be pointwise finite dimensional (p.f.d.); in this case, the persistence module
can be specified up to isomorphism by a barcode, which is a multiset of (open—open,
closed—closed, closed—open, or open—closed) intervals in the extended real number line
R =R U{—00, 400},

Bari(f) = {(b,d) C R},

where R U {—00} 5 b < d € RU{+00}. Alternatively, the module can be characterized
by a persistence diagram, which is a multiset of birth—death points in the upper-diagonal
extended half-plane

Dgmy(f) = {(b,d) € (R)*}.

Each interval (or bar, or birth—death point) describes a k-dimensional homology class
being born at filtration value b and being trivialized at value d. This characterization is
possible due to the interval decomposition theorem of [38] for p.f.d. persistence modules:
algebraically, a persistence module can be uniquely decomposed into a direct sum of
interval modules, where each interval module is in one-to-one correspondence with an
interval in the barcode. Details can be found in [52] and [38].

Stability. Persistence diagrams exhibit a property which is fundamental to their use in
data analysis, namely, their stability with respect to perturbations of the input data, in
terms of the bottleneck distance. Let ng(l) and ng(z) be two persistence diagrams,
and II denote the set of all possible bijections 7 : ng(l) — ng(z) between them,
where it is assumed that any point on the diagonal {z = y} in the diagrams has infinite
multiplicity. The bottleneck distance between two persistence diagrams is

d(Dgm™, Dgm®) = inf  sup [l — 7(x) .
ﬂEHxEng(l)
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Here, we use the convention that co — co = 0 to deal with infinite death times.

The stability result holds for a broad class of functions called tame. A function f :
X — R on a topological space X is tame if the persistent homology of the sublevel set
filtration PH(f) = PH(X,), X; = {f < t}, has finite type. Equivalently, the persistence
module is p.f.d. and has finitely many homological critical values, at which, by definition,
there exists k such that for all sufficiently small ¢ > 0, the map Hy(f~1(—oc0,t —¢]) —
Hy(fY(—o0,t +¢€])) is not an isomorphism.

We suppose that X is triangulable, i.e., there is a (finite) simplicial complex K whose
underlying space | K| is homeomorphic to X.

Theorem 1 (Stability Theorem [33]). Let X be a triangulable space with continuous tame
functions f,g : X — R. Then the persistence diagrams of the sublevel set filtrations they
induce on X satisfy

dp(Dgm(f), Dgm(g)) < [f = glloo-

The Stability Theorem states that, if two input functions are geometrically close to
each other in L., norm, then necessarily their diagrams are also close to each other in
bottleneck distance dp. This is a crucial result for applicability of persistent homology
to real data: if the input is perturbed by noise, sampling error, and so on, the output
diagram will not be too different from the actual diagram. There are many other stability
results in different settings; an account of these works can be found in [24, Section 2.3].

Smooth Morse theory and persistent homology. If f is a Morse function [92], there is
a correspondence between the critical values of f (values where Vf = 0), and the end
points of the intervals in the barcode of f. A Morse function is a smooth, proper function
on a smooth manifold M, where any critical point ¢ is non-degenerate (i.e., the Hessian
evaluated at g has full rank). The correspondence between the end points of intervals in
the barcode of f and its critical values stem from the following fundamental theorems
of Morse theory.

Recall that a A-cell is a closed ball of dimension ), e* = {y € R* | ||y|| < 1}, and its
boundary is denoted de* = {y € R* | ||y|| = 1}. Attaching a A-cell to a topological space
Y consists of taking first the disjoint union of Y and e*, and then identifying points
y € de* to ®(y) € Y via a continuous map ® : de* — Y. The resulting space is endowed
with the quotient topology and denoted by Y Ug e?.

Theorem 2 ([92]). Let f : M — R be a smooth, proper function on an n-dimensional
manifold M and let Crit(f) denote the set of critical points of f.

(M0) If q is a non-degenerate critical point, there is a diffeomorphism ¢ : R™ — U onto
an open neighborhood U of q, such that $(0) = q, and
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A(q) n
fodla)=fla) =Y =i+ > i (1)
i=1

i=A(q)+1

The number of negative coefficients \(q) is the index of q.

(M1) If f=1[a,b] contains no critical points of f, then f='(—oc,a] is a deformation
retract of =1 (—o0,b] to; thus they are homotopy equivalent.

(M2) Furthermore, if Crit(f) N f~1[a,b] = {q1,...,qr} is a finite set of non-degenerate
critical points, and Crit(f) N f~'[a,b] C f=1 (c), then f=1 (—oc,b] has the homo-
topy type of f~ (—o0,a] with cells eM9%) of dimension \(q;) attached along the
boundaries of the cells:

F (=00, = f (=00, UM U ...y eMaw),

The two statements (M1) and (M2) are informally known as the “isotopy lemma”
and the “handle attachment lemma”. Equation (1) is known as the normal form of the
function at the critical point q.

As a consequence of the description of topological changes in sublevel sets of Morse
functions in Theorem 2, we can characterize the persistence modules of Morse functions
where the following finiteness conditions hold. Note that the conditions always hold if
the underlying manifold is compact.

Corollary 1. Let f : M — R be a smooth, proper Morse function on a manifold M with
finite dimensional homology groups He(M) with field coefficients. If f only has finitely
many critical points, then:

(i) The persistence module of the sublevel set filtration f is pointwise finite dimen-
sional (p.f.d.);
(i) For all k, the barcode Bary(f) is a finite multiset of intervals {[b,d) C R};
(iii) A critical point with index M\ either corresponds to the birth of an interval in
Bar) (f) with homology dimension X, or the death of an interval in Bary_1 (f)
with homology dimension A — 1.

Proof. Since f only has finitely many critical points, (M1) and (M2) together imply
Ho(f ! (—00,t]) — He(M) only has finite rank and kernel. Therefore He(f ™t (—o0, )
is finite dimensional, and PH, (f) are p.f.d. persistence modules. As each critical point
p of index \ corresponds to attaching a A-cell in the sublevel set filtration, the filtration
passing p will either correspond to the birth of an interval in Bary (f) with homology
dimension A, or the death of an interval in Bary_; (f) with homology dimension A — 1.
Finally (M1) and (M2) together with finite Crit(f) imply that homological features can
only be born and destroyed at finitely many critical values; thus any interval in the
barcode of f can only be of the form [b,d). O
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2.2. Min-type functions and their critical points

Two major components are needed here to generalize Morse theory to Euclidean dis-
tance functions: criticality and indez. [65] introduced a definition of critical points for
distance functions d, w.r.t. a single point on a Riemannian manifold, precisely to gen-
eralize Morse’s isotopy lemma (see [31,64]). However, no explicit notion of index was
declared. Later, [54] and [55] generalized Morse theory to the broad class of Min-type
functions, which allowed for the definition of an appropriate notion of index and non-
degeneracy of critical points.

Essentially, Min-type functions are functions that can be expressed as the minimum
of a finite number of smooth functions. [55] studied Min-type distance functions d, on
non-positively curved Riemannian manifolds M and showed that for compact M, the d,,
are even Morse-Min-type (i.e., have non-degenerate regular and non-degenerate critical
points only) for generic non-positively curved Riemannian metrics on M. Later, [73]
obtained similar results by rephrasing Min-type properties of the distance function d,
using more direct geometric arguments.

In topological data analysis, the Min-type framework had an important application
to distance functions dp defined w.r.t. a finite point cloud £ in R™ [16]. In particular,
the e-Cech complexes of P are homotopy equivalent to the sublevel sets {dp < €} of the
distance function, by the Nerve Theorem [19]. Therefore, if P has a generic configuration,
the critical points of dp are non-degenerate and determine the exact homological changes
in the Cech filtration. Yet, to the best of our knowledge, there has been no generalization
of Morse theory for Euclidean distance fields w.r.t. smooth boundaries, especially in the
context of persistent homology.

2.2.1. Min-type functions and their representations

We begin with an introduction to Min-type functions. For the sake of clarity and
conciseness, we only cover the necessary content from the Min-type function theory for
our goals; moreover, we rephrase it in simpler terms for the Euclidean case only. See
[55] for complete details of the Min-type framework in full generality. In what follows,
we borrow from [55] and provide some proofs with the goal of making this work self-
contained.

As mentioned previously, a Min-type function is a function which can be locally writ-
ten as the minimum of a finite number of smooth functions. As such, a Min-type function
itself may not be smooth even though it can be constructed from a collection of smooth
functions.

As Min-type functions are locally constructed, we first review some terminology re-
garding local equivalences of sets and functions before formally giving the definition of
Min-type functions. The properties stated below are only concerned with the behavior of
functions and sets in arbitrarily small neighborhoods of a point. We use the framework of
germs to describe such local behavior; we refer the reader to [21, 1.6.9-10] for a detailed
exposition. Given a topological space X, we say two maps f,g: X — R are germ equiv-
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alent at x € X if there is a neighborhood V' of z, such that the restrictions f|y = g|v
are equal. Similarly, if A and B are two subsets of X, then they are germ equivalent at
x if there is a neighborhood V' of x such that ANV = BN V. Germ equivalence at a
given point z is an equivalence relation (on maps or sets), and we call the equivalence
classes germs (of maps or of sets). We slightly abuse notation and use f = g “as germs
of functions” to denote germ equivalence of functions, and, similarly, A = B “as germs
of sets” to denote germ equivalence of sets. Given a function f or subset A, “the germ
of f” or “the germ of A” refers to the class of functions or subsets represented by f or
A respectively.

As a notational convenience, hereafter we use {f = ¢}, {f < ¢} and {f < ¢} to denote
level sets, sublevel sets, and strict sublevel sets of a function f at level c.

Definition 1 (Min-type functions [55]). Let f : R™ — R be a continuous function. f is a
C*-smooth Min-type function at q if there exists a finite family of C*-smooth functions
i, ..., Qmny, called a representation of f, such that

f=min{ay,...,am}
as germs of functions at q.

That is, there is a neighborhood N of ¢ on which f can be expressed as the minimum
of aq,..., . Given f is min-type and admits a representation f = min{aq,...,am},
the active set of a; at ¢ is defined to be the germ of the following set at ¢:

Ai ={z | f(z) = @)}

That is, the equivalence class of subsets of R™ whereby there is a neighborhood of ¢ on
which such subsets coincide with the level set f — a; = 0. Since f = min{aq,...,an},
we remark that the germ of A; can be equivalently expressed as the germ of

Ai = ﬂ{az — Oy S O}

i

The germ of the interior Ay of A; is called the open active set of «;.

The statement that f is a Min-type function at ¢ is equivalent to saying there exists
a neighborhood N of ¢ on which V = € N, f(x) = min; o;(z). In particular, N = U; A4,
(as germs of sets) and f is C*-smooth on A¢.

In general, a Min-type function can have more than one representation {c;}. A “most
concise” representation that uses the fewest constituent functions «; is said to be efficient.

Definition 2 (Efficient representation). The representation f = min{ay,...,q;,} as
germs of functions is efficient at q if m is the minimal number of functions necessary to
represent f around gq.
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Efficient representations were originally referred to as “minimal representations” by
[55]. To avoid confusing terminology, we use the term “efficient” instead of minimal in
this work.

While efficient representations may not be unique, it can be shown that if an effi-
cient representation admits linearly-independent gradients (LIG), then the efficient-LIG
representation is unique as a set of functions [55].

Recall that a set of vectors vy, ..., v, € R™ is said to be in general position in R™ if the
dimension of the affine subspace spanned by {v1,...,v,,} is equal to m — 1. Equivalently,
this means the collection vy, ...,v,, are in general position if vy — v1,...,v,, — v are

linearly independent. Notice that the origin may or may not belong to the affine subspace
(depending on whether vy, ..., v,, are linearly dependent or not).

Definition 3. A representation f = min{ay,...,an} at ¢ is efficient-LIG if it is efficient
and if the gradients {Vay, ..., Va,,} are in general position at g.

Note that the general position condition implies m < n+ 1. The condition also implies
V(a; — o) # 0 for all @ # j on an open neighborhood U of ¢. Since zero is a regular
value of a; — aj on U, the interior of the sublevel set a; — a; < 0 is the strict sublevel
set a; — a; < 0. Thus, we can express the open active site of «; as follows:

A? = ﬂ{al —oy5 < 0}
1#]

We can thus characterize the open active sites at ¢ by considering the functions o; — o;.

Lemma 1. Let f = min{ay,...,a,} be an efficient-LIG representation at q. For any
i€1,...,m, there is a C* map F; : (R",q) — (R™,0), and a connected neighborhood
U of q, such that the restriction F;|y : U — F;(U) is a diffeomorphism, and for any
j # 1, the function o; — aij on U is equivalent as germs to y; o Fi(x), where y; is the jth
Cartesian coordinate function on the codomain.

Proof. Without loss of generality consider ¢ = m, and set f;(z) := am(z) — a;(x) for
j=1....m—1If m < n, since Vf1(q),...,Vfm-1(¢) are linearly independent, let
Ty, - - -, &y be a set of orthogonal coordinates for the vector subspace orthogonal to that
spanned by Vfi(q),...,Vfm-1(q). Consider then F,,(z) = (f1(x),..., fm-1(2),Tm —
Gms -+ Tn —qn) (here g denotes the k'" coordinate of ¢). By construction, the Jacobian
dF,,(q) is invertible; thus the inverse function theorem [82, Theorem 4.5] implies that
F,, is a diffeomorphism on a connected neighborhood U of g. By construction, for j =
1,...,m—1, and = € U, the function (a,, — «;)(x) = f;(z) yields the jth coordinate of
Fn(z). O
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As a consequence we can characterize active sets via the diffeomorphism F; on a
neighborhood U of ¢, and Cartesian coordinates y;. Because a;(z) < a;(z) on U iff
y; o Fi(z) < 0, we have the equivalence as germs at ¢

Ai=F ' FEO)N({y <0} | and A =F ' | FOU)N({y; <0} |. (2
j#i j#i

The following two properties of open active sets follow directly from this representation.

Lemma 2. Let f = min{ay,...,an} be an efficient-LIG representation at q. Then A3 # ()
as germs of sets.

We say a subset Z C R" is locally connected at ¢ € R if there is a neighborhood V
of ¢ such that V' N Z is non-empty and connected. Note that in this particular setting we
do not require g € Z. Because this is a local property of Z in the neighborhood of ¢, local
connectedness at ¢ is a property shared across subsets with the same germ at g. The
following lemma states that germs of open active sets of an efficient-LIG representation
are locally connected at ¢ in this sense.

Lemma 3. Given an efficient-LIG representation f = min{ay,...,an} at q, open active
sets A7 are locally connected at q.

Proof. Let U, F;, and y be as described in Lemma 1 and eq. (2). We choose a sufficiently
small ball B C F'(U;) around the origin, and consider we note that BN (7, {y; <0} is
connected. Since

FU{Bn( My <0} | =F ' B)nF [ FU) N[y <0} | = FH(B)N 43,

(2 (2 K2

J#i J#i

because F; is a diffeomorphism on U D F. i_l (B) > ¢, we have found an open neighborhood
V= Fi_l(B ) of ¢ such that VN AS is connected. Thus, the germ of A? is locally connected
atg. O

Lemma 4. Let f = min{ay,...,an} be an efficient-LIG representation at q. Denote by
= the set of germs at q of connected open subsets on which f is C*. Then {AS} are the
mazimal elements of =.

Proof. The germ of set AY is locally connected (Lemma 3) and f is smooth on it, so
A? € =. There also exists a € AY # () (Lemma 2), with «;(a) = f(a). Let V € Z be
such that A9 C V. We need to show that V = A?. Suppose not, then V' \ A4; # 0 and
there exists b € V' \ A; and j # ¢ such that «;(b) > f(b) = a;(b). Then since V is
connected, consider a continuous path v(¢) € V joining a € A? to b. f coincides with
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on a but then a; becomes strictly greater than f around b. By continuity and definition
of Min-type functions, we can then find ¢ # i (which is not necessarily j) and a point y
on the path such that a,(y) = a;(y) = f(y),soy € Ay,NA;NV.

The previous arguments apply to any neighborhood of ¢. By extracting an index
ly # i, we can build a sequence (y,) € VN A; N Ay, converging to ¢. But since f, «;, and
vy, are C*-smooth on V and V j, A; = A_j, we get Vf(y,) = Vai(yy) = Vo, (y). At
the limit, we obtain Vea;(q) = Vay,(¢), which contradicts the LIG property. Therefore
V =A3.

To show that the sets A7 are the only maximal elements of =, consider V' € Z. There
exists 7 such that V N A; # () as germs of sets. We can re-use the previous argument to
show that V'\ A; =0, hence V C A;. O

It then follows that germs of efficient-LIG representations are uniquely defined up
to permutation since they induce the same maximal connected open sets on which f is
C*-smooth.

Corollary 2 (Uniqueness). Let f = min{ay,...,a;} = min{B1,...,Bn} be two efficient-
LIG representations at q. Then there exists a permutation of indices o such that the germs
of active sets and functions A; = B,(;y and a; = B,y are equal.

In subsequent discussions, we will find it useful to characterize the intersection of
active sets 4; = {f(z) = a;} given an efficient-LIG representation.

Definition 4. Given an efficient-LIG representation f = min{as,...an} at g, Gy(q) is
defined as the germ of set

Gf(q)z{alz...:am:f}:m/li,

where recall that A; = {f = a;}.

Notice that ¢ € Gf(¢) and that this definition does not depend on the choice of
representation due to Corollary 2.

The form of Gy(q) is locally a smooth submanifold of dimension n —m + 1 due to
the LIG property. In particular, if the number of functions m over which the minimum
is taken is equal to n + 1, then G;(q) may reduce to the point {¢} itself.

Lemma 5. Given an efficient-LIG representation f = min{ay,...an,} at q, the germ of
set Gy(q) is an (n —m + 1)-dimensional manifold.

Proof. Let U be a neighborhood of ¢ where f = min{ay, ..., }. As the representation
is efficient, G¢(¢) = Ni=1,...m{ai = f} = Ni=2..._ m{a; — a1 = 0}. Thus, we can express
Gy(q) as an intersection of (m — 1) level sets of smooth functions N;=2, . m{e; —a1 = 0}.
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Since the representation is LIG, the set of (m — 1) {V(a; — a1)}i=2,....m consists of
linearly independent vectors. Thus, due to the implicit function theorem, there is an open
neighborhood V' C U on which G(q) is a (n — (m — 1))-dimensional submanifold. O

We also remark that the germ of the restriction f|g, () is a smooth function, since it
coincides with the restriction of a; to G¢(g) for any i.

2.2.2. Non-degenerate critical points and index
We now define the critical points of Min-type functions.

Definition 5 (Min-type critical point). Let f be a C*¥ Min-type function that admits an
efficient-LIG representation f = min{ai,...,a;} at ¢. If 0 is contained in the convex
hull of gradients {Vay, ... Vau,} at g, then ¢ is said to be a Min-type critical point of f.

We use the terminology of “critical points” for points described in Definition 5 because
by restricting to the submanifold on which f is smooth, those points are indeed critical
points of the restricted smooth function.

Lemma 6. If g is a Min-type critical point of f then V fiq,(q)lq = 0 on the submanifold
G(q).

Proof. Recall G¢(q) is the germ of the (n —m + 1) dimensional submanifold (Lemma 5)
locally defined by the solution set a; — iy = 0 for i = 2,...,m. Since fig,(q) = % |G;(q)
and «; is smooth, the restriction f|g,(q) of f to Gf(q) is smooth.

If Vayly = 0, then Viciq =0 (notice that since the representation is LIG at most
one of Ve, vanish at ¢). Thus, consider the case where none of «; are critical at g. Then
q is a critical point of fig,(q) if and only if Vay|, L TyGf(q). Since Gy(q) is locally
defined by the solution set a; — a3 = 0 and the representation is LIG, the set of linearly
independent vectors {V (o —au)|q}i=2,....m is a basis of NyGf(q). Therefore, g is a critical
point of fiq(q) if and only if Vo[, is in the span of {V(a; — a1)|q}i=2,....m-

Now assume 0 is contained in the convex hull of gradients {Va;,...Va,} at ¢: i.e.,
there is a set of non-negative coefficients ¢; that sum to one, such that

0= ZtiVaAq = ZtiV(Oéi — a1)|q + VOé1|q.
=1 =2

Hence we have Vai|, € N,G(q) and thus ¢ is a critical point of the smooth function
fia on Gyla). O

We now turn to the notions of non-degeneracy and index in the context of Min-type
functions.
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Definition 6 (Non-degenerate critical point [55]). Let f be a C*-Min-type function. If ¢

is a Min-type critical point with an efficient-LIG representation f = min{ay,...,am,} at

q, such that

1. The origin lies strictly in the interior of the convex hull of the gradients Vay, ..., Vay,
at ¢; and

2. The restriction fig,(q) is a Morse function.

Then q is said to be a non-degenerate critical point (in the Min-type sense) of f.

Notice that the definition of non-degenerate critical points does not depend on the
choice of efficient representation f = min{aj,...,a:}, due to Corollary 2. Moreover, a
non-degenerate critical point ¢ of f is a non-degenerate critical point for the restriction
f1G;(q) In the sense of smooth Morse theory.

Definition 7 (Index of a Min-type function). Let f : R™ — R be a C*-Min-type function
with efficient representation f = min «; at g, and suppose that g is a non-degenerate

i=1,...,m

critical point. The indez of f at g is

index(g; f) := (m — 1) + index(q; fia,(q))-

The index has a geometric interpretation: it is the maximal dimension of a submanifold
in a neighborhood of ¢ such that the restriction of f on it has a strict maximum at ¢
[55, Section 3.1, Proposition 3].

The Min-type framework is interesting for our purpose of extending Morse theory to
distance functions because it allows us to write Min-type functions into a normal form
around non-degenerate critical points, similar to the setting of smooth Morse theory
(see Theorem 2). In classical Morse theory [92], smooth functions f have simple forms
at regular points and non-degenerate critical points. These forms are on the same orbit
as f under the action of the group of local diffeomorphisms of R™, and we either have
f ~ const.+x,, at regular points, or f ~ const. —Z;‘Zl x? —&—Z?:)\H x? at non-degenerate
critical points. However, for Min-type functions, another group of transformations is
needed [89,54].

Definition 8 (Group of almost smooth homeomorphisms). A homeomorphism ¢ : U — V|
where U and V' = ¢(U) are open neighborhoods of 0 in R™ and ¢(0) = 0, is said to be
almost smooth if ¢ and ¢~ ! are smooth except on a submanifold of codimension > 1.

The following normal form theorem for Min-type functions is due to [55] (Section 3.2,
Theorem 1) and [54] (Theorem 1.3).

Theorem 3 (Normal form [55]). Let f : R™ — R be a Min-type function with efficient
representation f = min{ay, ..., an} at g, and suppose that q is a non-degenerate critical
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point. Then there exists an almost smooth homeomorphism ¢ : U — V', where U and
V = ¢(U) are open neighborhoods of 0 and q in R™, such that ¢(0) = ¢ and for all
zeU,

A n
fop(x)=flg)=> al+ > i,
=1 1=X+1

where A = index(q; f).
This implies that non-degenerate critical points of a Min-type function are isolated.

Remark 1. [55] also defined a notion of non-degenerate regular points. The definition
is similar to Definition 6, where Condition 2 must be replaced by 2’: the origin does
not belong to the convex hull of the gradients Vag,...,Va,, at ¢, and a Condition
4’ must be added, which states that: any m — 1 gradients among Vay,...,Va,, are
linearly independent at g. Then they defined Morse Min-type functions to be Min-type
functions that only admit non-degenerate regular points and non-degenerate critical
points. These refinements will not be needed for our purpose, as we are only concerned
by non-degenerate critical points.

Remark 2. It can be shown that Min-type critical points (Definition 5) are also critical
points of the Clarke subgradient [32,4], a generalization of gradients for functions that
need only be locally Lipschitz continuous. For a compact interlevel set f~! [a, b] that con-
tains only regular points of the Clarke subgradient, it can be shown that f~!(—oc0o,a] is
a strong deformation retract of f~! (—oo, b] using the theory of weak slopes [35] (another
related generalization of gradients).

3. Morse theory for signed distance functions

In this section, we generalize Morse theory to signed distance functions d : R® — R to
smooth compact surfaces bounding an open set in R™. With the goal of computing SDPH
to analyze shapes, on the theoretical front, we investigate conditions under which the
persistence module PHy(d) is p.f.d. (see Section 2.1), and aim to find a correspondence
between homological births or deaths and geometric features of the surface. Since d is not
continuously differentiable on all of its domain, it is not a Morse function in the classical
sense. Therefore we cannot apply Theorem 2. However, we will show that d can be
framed as a topological Morse function that shares properties of smooth Morse functions
described by classical Morse theory. Topological Morse functions either have the form
f ~ const. + z,, at topological regular points, or f ~ const. — Zg\:l z? + ZLAH x?
at non-degenerate topological critical points, up to a homeomorphism between open
neighborhoods.

We first show in Section 3.1 that the fundamental Morse lemmas formulated in the
smooth setting also hold in the more general setting of topological Morse functions. This
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allows us to generalize the Morse lemmas to signed distance functions later on in Sec-
tion 3.2: the idea is to successively reframe them as C*-Min-type functions, under some
geometric assumptions, and then as topological Morse functions. Finally, in Section 3.3,
we show that these geometric assumptions are not restrictive and hold for generic signed
distance functions.

3.1. Topological Morse functions

The main obstruction to generalizing classical Morse theory to continuous functions
is the requirement of continuous gradients and gradient flows that underpin the results
of Theorem 2. This motivated the study of continuous functions that carry over gen-
eralized notions of critical and regular points from smooth functions. One such family
are topological Morse functions (originally called topological non-degenerate functions)
introduced by [95].

Definition 9 (Topological regular point [95]). Let f : X — R be a continuous function. A
point y € X is a topological regular point of f if there is a homeomorphism ¢ : M7 — M,
between open neighborhoods M; of 0 in R™ and M of y with ¢(0) = y, such that for
all x = (x1,...,2,) € My CR",

fop (x)=fy)+zn. (3)
For notational convenience, we write f < f(y) + z, where ¢ : (M;,0) — (My,y).

Definition 10 (Topological critical point [95]). Let f: R™ — R be a continuous function.
A point y € R™ is said to be a topological critical point of f if y is not a topological
regular point of f. Furthermore, y is a non-degenerate topological critical point of f if
there exists an integer 0 < A < n and a homeomorphism ¢ : Ny — Ny where N; and
Ny = ¢(N;) are open neighborhoods of 0 and y in R™, such that ¢(0) = y and for all
T € Ny,

A n
fod(x)=fly) =Y a7+ > af.
=1 i=A+1

For notational convenience, we write f 2 fly) — Zf‘zl a? + 37\ @7 where ¢ :
(N1,0) — (Na,y). Notice that a non-degenerate topological critical point cannot be
a topological regular point [95]. We also note that non-degenerate topological critical
points are isolated.

Definition 11 (Topological Morse function [95]). A continuous function f: R™ — R is a
topological Morse function if all the points y € R™ are either topological regular points
or non-degenerate topological critical points of f.
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The literature dealing with topological Morse functions appears to be sparse (see for
instance [23,94,79]); in particular, there does not currently exist full counterparts to the
isotopy and handle attachment lemmas in the same form as that given by [92]. Essay
III by [77] asserts that the handle attachment lemma is still true for topological Morse
functions, by mentioning that a proof by [104] based on mutually transverse foliations
exists. However some details of the proofs appear to be missing to allow their complete
reconstruction. For completeness, we provide the full proofs based on purely topological
arguments; some of them are similar to those found in [23] (see Lemma 3.1) and [36] (see
Theorem 2.8).

8.1.1. The isotopy lemma

We now show that the isotopy lemma that describes deformation retractions between
sublevel sets of smooth functions over intervals of regular values (Theorem 2(M1)) gen-
eralizes to topological Morse functions.

Unlike the smooth setting, we do not have gradient vector fields that generate a
flow to deform sublevel sets onto one another. To create a deformation retraction from
f~t(—o0,b] onto f~! (—oc0,a] without a vector field, we form an open cover of the inter-
level set f~![a,b], and perform successive f-decreasing deformations on the individual
cover elements, on each of which f is simply the projection onto a Euclidean axis as
specified in eq. (3) of Definition 9.

Recall that a continuous function f : R™ — R is proper if for any compact subset
K CR, f~}(K) C R" is compact.

Theorem 4 (Isotopy Lemma, topological version). Let f : R™ — R be a continuous proper
function, and a < b. Suppose that all points y € f~'[a,b] are topological reqular points
for f.

Then there exists a strong deformation retraction sending f~'(—o0,b] onto
fY(—o0,a]. As a consequence, f~(—o0,b] and f~1(—o0,a] are homotopy equivalent.

Proof. The strategy of the proof is to consider arbitrary level sets f~1(c), small enough
¢, and then apply successive deformations of R™ that only move points inside finitely
many subsets that form an open cover of the interlevel set f~![c — ¢, ¢ + ¢|. The aim
of these deformations is to deform the interlevel set f~![c — €, ¢ + €] into the level set
f~1(c — €) by lowering the values of f. To facilitate this construction, we consider the
open solid cylinder CL(b, s) C R™, which is the open set bounded by the cylinder whose
base disk is D"71(0,b) along the n — 1 first coordinates and side is D'(0, s) along the
last coordinate:

CL(b,s) ={x = (x1,...,2,) ER™ | 22 + ... 422 | <b? and 22 < s*}.

Finite open and compact covers of f~l[c — ¢ ,c+ €. Let ¢ € [a,b] and consider the
compact set f~!(c). It can be covered by open sets U, that are neighborhoods of points
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y € f71(c) where f can be written in a regular form over U,: f % ¢+ z, with Oy -
(V4,0) — (Uy,y). By choosing small enough ¢, > 0 and b, > 0, we may suppose
that V,, = CL(by,€,) are of open solid cylinder form. In particular, we have f(U,) =
floy(Vy)) = (c— €y, c+ey).

By compactness, f~!(c) may be covered by a finite number of the sets U,:

fFffoocw= |J u,.

i=1,...,I

Then there exists € > 0 small enough such that f~![c — ¢, ¢+ €] C W. Otherwise, there
exists sequences (y,), C R", (¢,), — 0 such that y, € f~l[c —e,,c+ €]\ W, ie,
flyw) € [c— €, e+ €] and y, ¢ W. This implies that f(y,) — ¢. Because f is proper,
there exists a compact set K such that for all v, y,, € K. Up to extracting a subsequence,
y,, converges to y € K \ W. By continuity f(y) = lim f(y,) = ¢, so then y € f~1(c)\ W,
a contradiction. Therefore, such an € exists and we have

f_l[c—e,c—i—e]CW: U Uy,. (4)
i=1,...,I

We can furthermore suppose that € < n{lin i Hence, for y = i, o, ' (f ' e—€,c+

1=1,...,
€] NUy) is a smaller closed solid cylinder C'L(by, €) included in Vi, = C'L(by, €).

For simplicity, we drop the y in the subscript of U,,, and simply write U; or V; instead,
where the understanding is that we are referring to y;.

In fact, the open covering in (4) can be refined into a compact covering. Indeed, there
exists a family of closed cylinders CL(b},€;) with 0 < b < b; and € < €, < €, with
= b; — b = ¢; — €; small enough such that they still cover the interlevel set up to the
homeomorphisms ¢;:

fHe—ec+eC U K;, (5)
=1,..,1

? )

where K; = ¢;(CL(b},€;)) C U; are compact sets. Otherwise, there exist sequences

(tty)y = 0, (y), € R™ such that we successively obtain the following:

wefe—ec+rd\ |J @@L, @)

i=1,...,I

we U @ilCLb,a)\ wi( CLIO)w, ()v))

i=1,...,]

Yy € U wi(DL; ),

i=1,...,]
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where DL;, = CL(b;,€;) \ CL((b}),, (€}),). This implies that dist(y,, (U;U;)¢) — 0.
Because f is proper, up to extracting a converging subsequence, we obtain y, — y €
f e —¢€ ¢+ €\ UU;, a contradiction. Therefore (5) holds for small enough .

Local deformations. We now define a family of local deformations corresponding to
each of the U;.

By convention, if © € R™, we write z = ((, z,) where ( = (z1,...,Zn_1)-

Consider the following map: For € R”, ¢t € [0, 1], let

Hio, 1) ifxg¢ViorzeV,n{z, <—¢}
i\ Ly =
(¢, max(—e€,z, —t0;(x))) fzeV,Nn{x, > —¢€}

where ¢; is defined similarly to the function introduced by [23]:

. 2
VeV, 5i(m):% (1%)( f—g>>o.

K2

Note that H;(z,0) = z. The quantity d;(x) can be understood as a maximal potential
amount of decrease in the last coordinate applied to x. For a given starting point x
at t = 0, the path formed by the points H;(z,-) moves down linearly in time along
the last dimension; at ¢ = 1 the last coordinate has decreased by §;(z), unless the
path hits the level {x,, = —e} NV, at an earlier timepoint t,;; < 1 (which means that
H;(z,thiy) = (§,—¢€)), in which case it stays there for ¢ > ty;.

By compactness, there exists some 1 > 0 such that Vi=1,...,I,V x € <pi_1(Ki),
di(z) = .

Let II,, (') = z), denote the projection onto the last coordinate.

H; : R™ x [0,1] — R™ is continuous and satisfies the following properties:

e VzeR" Hi(zx,0) =ux;

e Vo eVOU(Vin{x, < —€}),Vtel0,1], Hi(z,t) = x;
o VaxeVin{z, > —€}, —e <II,(Hi(z,1)) < xp;

o Ve N(K;), —e <1, (Hi(x,1)) < max(—e, z, — ).

We can carry this deformation H; into the original domain through the homeomor-
phism ¢;. We define:

pioHi(t)opr ! ify € pi(Vi)
G’L(y3t) = { .
y ify ¢ @i(Vi)-
G; : R™ x [0,1] — R"™ is continuous and satisfies the following:

e VyeR" Gi(y,0) =y;
® vyEUFU(Uim{fSC_e})7VtE[071]7G1(yat):y7
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e VyeUn{f>c—ehc—e< f(Gi(y, 1)) < f();
® VyeKi,c—egf(Gi(y,l))Smax(c—e, f(y)_n)

Composition of local deformations. Now consider the map G : R™ x [0, I], which results
from the successive concatenation of these finitely many local deformations: if ¢ € [0, 1],
we set G(z,t) = Gy(z,t); if t € [1,2], we set G(z,t) = Ga(-,t — 1) o Gy(z, 1), and so
on. If t € [I —1,1], we set G(z,t) = Gy(-,t — (I —1)) o Gr-1(-,1) o -+ 0 Gy(x,1). This
successive concatenation is denoted by G = G;0---0OG;.

G is continuous, and furthermore, using the compact covering f~l[c — e,c + €] C

U Kiv

i=1 I

yeeny

e VyeR" G(y,0) =vy;
e Vye fli(~o0c—¢,Vtel0,1],Gly,t) =y
e Vye flle—ec+e,

c—e< f(G(y,I)) <max(c—¢€ c+e—n)

because y belongs to some K; and then the value of f cannot be increased after
applying the other deformations.

The last inequalities mean that G(f ~![c—e,c+¢€],I) C f~1[c—€, max(c—¢,c+e—n)].
In fact, for the k-times self-concatenation of G denoted by GF*, we similarly obtain that
GEF(f e —e,c+e,I) C f e — e max(c — ¢ ¢+ e — kn)]. Then, for k large enough,
we have

GH(f e —ect e, 1) C 7 (e—o).

On the other hand, since the values of f cannot increase over time through deformation,
we have

Vie[0,kl], GZF(fl(—o0,c+€),t) C fH(—o0,c+ .

Therefore, GP* : R™ x [0, k I] — R”, when restricted to f~'(—oc, c+¢€] on the source and
target spaces, provides a strong deformation retraction of the space sending f~!(—o0, c+
€] onto f~1(—oc0,c— ¢

s VyeR", GT(y,0) =vy;
® Vy € fﬁl(_ooaC_G]th € [OaI]v GDk(yvt) =Y
o« Vye f (—o0,c+el, Gy, kI) € f~(—o0,c— €.

Homotopy equivalence of f~!(—oc, a] and f~!(—o0, b]. We return to the original prob-
lem and see that for any value ¢ € [a,b] and sufficiently small € > 0, the sublevel set
f71(—o00,c — €] is a deformation retract of f~! (—o0,c+ €.
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The compact interval [a,b] may be covered by a finite number of such intervals as-
sociated to ci,...,cy. We may suppose that the value a belongs to the last interval
[eN — €cps €N + €cy] Only. Then we obtain the desired strong deformation retraction, by
successively applying the strong deformation retractions associated to c¢1,...,cny—_1, and
then adapting the definition of the local deformations for the last value ¢y, for instance:

H‘(xt>:{x ifrgViorzxeVin{z, <—(cy —a)}
1\ & (C, maX(_(CN — a),xn — t51(33))) ifzeV;n {xn > _(CN - a)}

This completes the proof. O

3.1.2. The handle attachment lemma

We now derive the counterpart of the handle attachment lemma of smooth Morse
functions ((M2) of Theorem 2) for topological Morse functions. Having derived the iso-
topy lemma for topological Morse functions, we can adopt the proof in [92] for the smooth
case for our purposes here.

Theorem 5 (Handle Attachment Lemma, topological version). Let f : R™ — R be a
continuous proper function. Suppose that there exists ¢ € R and € > 0 such that all
points in f~[c— €, c+ €] are topological regular points for f, except a single point q that
is a non-degenerate critical point with index X and value d(q) = c. Then f~(—o0,c+ €
has the homotopy type of f~1(—o0,c — €| with a A-cell attached:

f Y —o0,c+ € ~ fH(—o0,c— e Ue.

Proof. Let ¢ : (N1,0) = (N2, q) be a homeomorphism such that

A
ffzc—Zx?—&— z": xf
i=1

i=A+1
Furthermore, assume that N7y = B(0,r) is a small open ball around 0. Denote the
quadratic part by h(z) := — Y0 22 + > a1 T

Notice that by applying the Isotopy Lemma of Theorem 4 as needed, we can assume
that € is small enough so that the ellipsoid & = {z = (21,...,2,) € R™ | 2} 4+ ... 423 +
2(x3,1 + ... +x}) < 2€} is strictly contained inside of B(0,r), while maintaining the
statement of the Handle Attachment Lemma in the same form as given above.

Auxiliary function. We construct an auxiliary function F' with respect to the set
U = ¢(B(0,r)), following the prescription of [92] for the smooth case. Let p1: R — R be
a smooth bump function such that

w(s) =0 for s > 2,



24 A. Song et al. / Advances in Applied Mathematics 166 (2025) 102857

W (s) € (0,1) VseR.
Let F': R™ — R be defined as follows:

() ify¢U,
Fy) = N 6
@) {f(y) —pu(h(6™(y)) ifyel, ©)

where h(z) = 2} + ...+ 23 +2 (2341 + .. +a2). For € B(0,r), (6) also rewrites as

F(d(a) = e+ h(a) - p(ha) =~ Y a2+ 3 a2 —u [ a2 42 30 22|,

i<A i>A+1 i< i>A+1

Because p1 vanishes beyond the ellipsoid &, which is equal to {z € R™ | h(z) < 2¢},
the auxiliary and original functions coincide outside ¢(&°): V y & ¢(E°), F(y) = f(y).

Retractions over regular points F'~![c — ¢, ¢ + ¢]. We can verify that the constructed
function F' is continuous and proper. We show that F' only admits topological regular
points in the interlevel set F~1[c — ¢, ¢+ €].

Lety € F7llc—e,c+e]. Ify € Fe—¢,c+e]\¢(E), or equivalently, y € f~c—e,c+
€]\ ¢(&), we know that F' and f coincide on a neighborhood of y. By assumption on f,
there exists ¢ : (M7,0) — (Ma,y) such that fop(z) = f(y)+xn,ie., Fop(z) = F(y)+z,
by taking Ms a small enough neighborhood around y such that F' = f on it.

On the other hand, if y € F~c—e¢, c+€|N@(E), then w = ¢~ (y) € (Fod)Lec—e,c+
elNE C B(0,r). Fog is smooth on B(0, ), so based on a local integral flow defined by the
non-vanishing gradient vector field around w, there exists 0 : (Mo, 0) — (M7, w), where
we can suppose My C B(0,r), such that Fo¢of(x) = F(w)+ a,. Then by composition,
F rewrites in regular form up to the homeomorphism ¢ o 6 : (M, 0) — (¢(My),y).

By Theorem 4 applied to F', the sublevel sets F'~!(—o00,c—¢] and F~!(—o0, c+ €] are
homotopy equivalent.

Handle of auxiliary function retracts into A-cell. As in [92], we have that {F < c+e} =
{f < c+€}. We also have that {F < c—¢} = {f < c— €} UL, where L = {F <
c—er\{f <c—e€} =¢(L') is the image via ¢ of a handle L’ in the “smooth” domain:
L' ={h—poh < —e}\{h < —€}) is homeomorphic to (D* x D"~*, §D* x D) (D*
refers to the unit disk in dimension s), is contained in the ellipsoid &, and is attached to
{h < —¢€}.

In the smooth case, [92] showed that the handle can be retracted into a A-cell, (e*)
attached to {h < —e}; more precisely, that {Fo¢p <c—¢e} ={fop <c—et UL =
{fop <c—e}uU(er). By composing the homeomorphism ¢, we obtain that there is a
M-cell e* such that the following spaces are homotopy equivalent:

{(f<c+e)={F<c+el={F<c—e~{f<c—elue

This completes the proof. O
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Remark 3. As in [92] (see Theorem 2, the proof of Theorem 5 may be adapted to show
that if all points in f~'[c — €, ¢ + €] are regular, except for a finite number of critical
points g1, ..., gy sharing the same critical value ¢ and with indices A1, ..., Ay, then

(=00, c+ €~ f Tl (—o0,c—JUerU...Ue,

Topological Morse functions and persistence modules. Having established the Morse
handle attachment and isotopy lemmas for topological Morse functions, we can make
the usual inferences on the persistence module of the sublevel set filtration of f, and
establish the same observations we had for smooth Morse functions in Corollary 1 for
topological Morse functions.

Corollary 3. Let f : R™ — R be a proper topological Morse function with finitely many
topological critical points. Then:

(i) The persistence module of the sublevel set filtration f is pointwise finite dimen-
sional (p.f.d.);
(i) For all k, the barcode Bary(f) is a finite multiset of intervals {[b,d) C R};
(iii) A critical point with index A either corresponds to the birth of an interval in
Bar)y (f) with homology dimension X\, or the death of an interval in Bary_1 (f)
with homology dimension A — 1.

3.2. Generalization to distance functions

We can now combine the results of the previous sections on Min-type functions and
topological Morse functions to eventually deduce the fundamental Morse lemmas for
signed distance functions.

In Section 3.2.1, we introduce the setting of general Euclidean distance functions
(signed and unsigned); we discuss their properties and in particular their (non)-
smoothness, and concentrate on the case of signed distance functions to smooth surfaces.
Then in Section 3.2.2, we specify some geometric conditions for Euclidean distance
functions to admit Min-type non-degenerate critical points, that in turn are also non-
degenerate in the topological sense (Definition 10). In Section 3.2.3, we extend Morse’s
isotopy and handle attachment lemmas to the signed distance, based on the topological
Morse theorems of Section 3.1 and the Min-type results of Section 2.2.

Distance functions, signed or unsigned, appear in many different fields, alongside
the medial axis, which is the set of points whose distance-to-boundary is realized by
at least two closest points. In topological data analysis, open sets were shown to be
homotopy equivalent to their medial axis, by considering an extended gradient flow of
the distance [85,30]. In the finite setting, the medial axis is simply the Voronoi diagram
of the point cloud [85,8]. In the field of PDEs, the distance is viewed as a viscosity
solution of the Eikonal equation |Vd| = 1, and the homotopy equivalence was shown in
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the more general Riemannian setting using a generalized gradient flow [5]. The medial
axis and distance function were also studied in non-smooth analysis and singularity
theory [31,13]. The distance field (signed or not) and medial axis are involved in multiple
fields of applications, ranging from computer graphics to shape analysis [81,87,105,100].
The signed version is also related to phase-field representations, that have numerous
applications [107].

3.2.1. Distance function to subsets of Fuclidean space

We first review some fundamental concepts and facts about distance functions to
subsets of Euclidean space. For A C R™, the distance function dist(-, 4) : R™ — [0, c0)
is given by

dist(g, 4) = inf Jlg -yl (7)

If A is compact, then for any ¢ the infimum over y € A is attained by some point in A.
If p € A realizes the distance from q to A, i.e., if dist(q, A) = ||¢ — p||, then p is a contact
point or closest point of ¢ in A. We let I'(¢) denote the set of contact points:

[(q) = {p € A | dist(q, p) = dist(q, A) }.

The medial axis of A is the set of points in R™ that admit more than one contact point
in A [48]

Ma={qeR" [ |T(q)] > 2}.

The closure of the medial axis in R™ is called the cut locus My of A. Off the medial
axis, we let £ : R\ M4 — A denote the projection map that sends a point in Euclidean
space to its unique contact point in A.

As the distance function is 1-Lipschitz, Rademacher’s theorem implies it is differen-
tiable almost everywhere. The following theorem by [48] describes where the distance
function is continuously differentiable and gives an expression of its derivatives.

Theorem 6. (Theorem 4.8(3-5), [48]). For A a non-empty, closed subset of R™, the nearest
neighbor map & : R" \ Ma — A is continuous, and the distance function dist(-, A) is
continuously differentiable on R™\ (AUM_,). Where dist(-, A) is differentiable and q ¢ A,
we have

Vdist(q, A) = a=&a) (8)

la =&l
In particular, where dist(-, A) is differentiable, the distance function satisfies the
Eikonal equation ||Vdist(:, A)|| = 1. In [85], a discontinuous vector field called the ez-
tended gradient Vdist(q, A) (with a slight abuse of notation) is defined on all of R,
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such that it vanishes on A, coincides with the gradient of the distance function on
R™\ (Ma U A). The extended gradient is given explicitly as

Vdist(q, 4) = ﬁ(—q(% 9)

for points on the cut locus My; ¢(q) denotes the center of the unique smallest closed ball
enclosing I'(g). [85] shows that if A is the boundary of a bounded open set, a discrete Euler
scheme integrating the extended gradient produces a continuous semi-flow in the limit of
step size going to zero; along such a flow, the distance function is non-decreasing. [85] also
shows that the points where the extended gradient vanishes obstruct the deformation
retraction of sublevel sets onto another along the aforementioned semi-flow.

Signed distance functions to surfaces. If a subset A is the boundary of a bounded
open subset, then we can modify the distance function to A to encompass this extra
information. Let © C R™ be a non-empty bounded open subset whose boundary S = 052
is C* with k > 2. Given 2, we partition the ambient Euclidean space as

R"=Q uSuQt (10)

where Q7 = Q and Q1 = (29)°. We let sgn : R® — {£1} be the function that labels
sgn(q) = —1if ¢ € Q= and sgn(q) = +1 if ¢ € Q.

The signed distance function d : R™ — R associated to an open subset 2 with bound-
ary S is given by d(q) = sgn(q) - dist(q, S). Equivalently,

d = dist(-, Q) — dist(-, Q%) = dist(-, Q™) — dist(-, Q). (11)

Note that the pure distance function dist(-,S) : R™ — R (i.e., unsigned distance function)
is related to the one-sided distances by addition:

dist(-,S) = dist(-, 27) + dist(-, QT).

The partition of the ambient Euclidean space given by eq. (10) induces a partition of
the medial axis into two disjoint subsets, the inner medial azis Mg = Q_N Mg, and the
outer medial axis M;f = Q4 N Ms. The inner and outer cut loci are similarly defined.
The medial axis is illustrated in Fig. 1.

On R™\ (SU Msg), where dist(-,S) is differentiable, the gradient of d is

q—£(q)

Vd(q) = sgn(q)Vdist(g, S) = sgn(q) Tla—c@l

(12)
On a tubular neighborhood of S, the pure and signed distance functions inherit the

smoothness of the surface: if S is C* for k > 2, there exists a tubular neighborhood
N, = {z € R" | dist(z,S) < u} of S, with x> 0, on which the signed distance d is C*
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Signed Distance

1.0+

0.5+

-1.0¢

Fig. 1. Signed distance field for a petal-shaped curve. Left: level sets of the field (gray) generated by the curve
(black), its cut locus (orange), and its critical points (green for local minima, blue for saddle points). The
curve is parameterized by r(6) = 2 + sin36 in polar coordinates. Right: profile of the signed distance,
restricted to the vertical axis of the left subfigure. Dots and orange portions indicate the presence of the
critical points and the cut locus, with blue dots for minima and green dots for saddle points. The signed
distance field is not smooth in R"™, in particular at points belonging to the cut locus. (For interpretation of
the colors in the figure(s), the reader is referred to the web version of this article.)

[42, Theorem 8.2]. In particular, the gradient of eq. (12) extends smoothly across the
surface S, and d satisfies the Eikonal equation |[Vd|| = 1 on R™ \ Ms. In contrast, the
pure distance dist(-,S) is C* only in N, \ S, with a discontinuous gradient across S [62,
Lemma 14.16], [78].

We can similarly define an extended gradient for d, building on the extended gradient
for the pure distance function. For ¢ € R™ \ S, the extended gradient Vd (via a slight
abuse of notation) of the signed distance function is given by

Vd(q) = sgn(q) - Vdist(q, ) = ——— (13)
These vector fields are illustrated in Fig. 2. Having associated an extended vector field
with the signed distance function, we can now use it to define critical points of the signed
distance function.

Definition 12 (Critical points of distance functions, signed and unsigned). A point ¢ € R™
is a critical point of the signed distance function d if its extended gradient vanishes at ¢:

Vd(q) = 0.

Notice that ¢ € M necessarily, since Vd is of unit norm outside the medial axis.

Similarly, a point ¢ € R™ is a critical point of the pure distance function dist(-,S) if
its extended gradient Vdist(-,S)(¢) = 0. In particular, any point on S is a critical point
of dist(-,S). On R™\ S, dist(+,S) and d share the same critical points.
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Fig. 2. Extended gradient field of the signed distance function. Left: the gradient field in R™ \ Mg, defined in the
classical sense, satisfies the Eikonal equation |Vd| = 1. Right: the extended gradient field on the cut locus
‘M. Critical points are represented as dots, where by definition the extended gradient field vanishes, with
blue for minima and green for saddle points.

We can distinguish inner and outer critical points that lie on Mg and M:'S', so that
Crit(dist(-,8)) = Crit~ US U Crit™, Crit(dist(-, Q7)) = SuU Crit™, Crit(dist(-, QT)) =
S U Crit™, and Crit(d) = Crit™ U Crit™.

Definition 12 can in fact be reformulated into several equivalent forms for dist(-, )
in the Euclidean setting [85,29], and for d, in the Riemannian setting [65,31].

Lemma 7. For ¢ ¢ S, the following are equivalent and characterize critical points for
both d and dist(-,S):

. Vd(q) =0;

. Vdist(-,S)(¢) = 0;

. q = c(q) is the center of the unique smallest closed ball containing T'(q);
. q belongs to the closed convex hull of its contact points T'(q);

there is no open half-space containing I'(q) — q;

. for any vector v € R™, there exists p € T'(q) such that v- (p —q) > 0.

SYRSIE NGRS

Proof. Conditions 1. and 2. are equivalent, due to eq. (13). Conditions 2. and 3. are
equivalent by definition of ¢(g). Conditions 2. and 4. are known to be equivalent [29,
Lemma 2.2]. Conditions 4. and 5. are equivalent due to the hyperplane separation theo-
rem. Finally, conditions 5. and 6. are equivalent: there is an open half-space containing
I'(q) — g = {P — q}per(q) if and only if we can find a vector v (perpendicular to the
hyperplane and pointing in the other direction) such that Vp € I'(g), v-(p—¢q) < 0. O

Condition 4. was proposed as a definition of critical point by [49] in R™. Conditions
5. and 6. are adapted from [65,31], where ¢ is critical if for any tangent vector v € T, M,
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there exists a geodesic joining g to p whose speed vector %(0) forms an angle less or equal
to 7/2 with v.

Remark 4. It can also be shown that the points where the extended gradient of the
(signed) distance function vanishes on the medial axis are precisely the critical points
of the Clarke subgradient of d [32]. As mentioned previously in Remark 2, the set of
critical points of the extended gradient is thus a superset of the points that obstruct the
deformation of sublevel sets of (signed) distance functions onto one another.

3.2.2. Min-type non-degenerate critical points of distance functions

We now give sufficient conditions where a distance function can be locally modeled
as a C*-Min-type function (Lemma 9). Using those conditions, we derive in conditions
where a critical point of the distance function is a Min-type non-degenerate critical
point (Definition 6) in Proposition 1 and Theorem 7, and consequently, a topological
non-degenerate critical point endowed with a Morse index (Definition 10). We restrict
to the setting where a point in R™ \ S can only have finitely many contact points on the
surface. Conditions on the surface S, the bounded open set €2 that the surface bounds,
and the signed distance function d are defined in Section 3.2.1.

We first establish conditions where the distance function dist(-, S) can be described as
locally Min-type at a point ¢, then consider additional constraints that allow us to find an
efficient representation (Definition 2) of dist(:,S) at ¢g. Recall an efficient representation
of a Min-type function f is a local expression

f=min{aq,...,am}

where m is the minimal number of functions for any expression of f as a minimum over
a collection of functions. We proceed with the following extension of Lemma 3.4 in [13],
which relates dist(-,S) at ¢ to local neighborhoods of contact points I'(¢) in S.

Lemma 8 (Ezistence of contact pieces). Let ¢ € R™\S and suppose that m = |T'(q)| < oo.
Denote the contact points of ¢ by p1,...,pm. Then there exists r > dist(q,S) such that
B(q,7) NS contains pairwise-disjoint connected closed subsets S; C S, and a single p;
belongs to the interior of S;:

B(g,r)nS > | |8 with pieS.. (14)
=1

Moreover, by setting a; = dist(+, S;), there exists a neighborhood N of q on which

VzeN, dist(z,S)= min ;). (15)

1=1,....m

The sets {S;} are said to form a family of contact pieces of q.
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ZAA\

Fig. 3. Contact pieces and induced level sets. This plot compares the level sets of dist(-,S) (left) v.s. the level
sets of min{ay, ..., o} (right). Red-colored portions of the isolines of min{a1, ..., a,} (right) are those
which coincide with the isolines generated by dist(:,S).

Proof. First, we show that r can be chosen such that the connected components of
B(q,7) N'S contain at most one point p; each.

Consider disjoint closed balls B; centered at each p;. There exists r > dist(g,S)
such that B(q,r) NS C U;(B; NS). Otherwise, there is a sequence (y,),en- such that
v, € B(q,d(q,8)+1/v)NS and staying in S\ U;(B; NS). Up to extracting a converging
subsequence, (y,) converges to some p € S with dist(q, p) = dist(q,S), while p does not
belong to U;(B; N'S). This means that p is a closest point of ¢ distinct from py, ..., pm,
which is a contradiction.

While fixing r, denote by S; the connected component of B(z,r) NS containing p;,
so that the inclusion (14) is satisfied. Note that necessarily, p; € (S;)° (for the induced
topology of S).

Now, we show that there exists a ball B(q,€) around ¢ such that the equality (15)
holds. First, notice that for any point x, dist(x,S) < min,; dist(x, S;). Suppose for con-
tradiction that there is no € such that dist(z,S) > min, dist(z, S;) on B(g,€). Then
there would exist a sequence (z,),en+, with z, € B(gq,1/v), such that V v,d(z,,S) <
min; d(x,, S;). Up to extraction, we find contact points y,, € S\ U;S; of z;, that converge
to some y € 8\ U;S;. Then y also realizes the distance d(g,S), so y is a contact point of
g, for instance p;. But then y € (S (51)°) N (S1)° = 0, a contradiction. O

This lemma states that, in the neighborhood of ¢, the distance field coincides with the
minimum of the distance fields generated by isolated contact pieces around I'(g): points
near q only “see” the pieces, as illustrated in Fig. 3.
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TV v

Fig. 4. Contact spheres and the strict ball condition. From left to right: contact spheres with 3, 2, 3 and 1 contact
points, respectively. The first three subfigures show critical points: a local minimum, a saddle point, a local
minimum, respectively, whose contact spheres all satisfy the strict ball condition. The final subfigure shows
two regular points belonging to Ms \ Ms, whose contact sphere violates the strict ball condition.

While |T(g)| < oo implies dist(-,S) is a Min-type function at g, whether it is a C*-
smooth Min-type function depends on the regularity of c;. The smoothness of «; will be
determined by the curvature of S at the points p;.

The extrinsic curvature of S is described by the shape operator: Given the Gauss map
n: S — S"! (which points inwards into Q= by our convention), the shape operator
dyn : T,§ — T,,S is diagonalizable in the principal directions:

dpn(ei) = —KRj; €4,

with eigenvalues being the opposite of the principal curvatures of S at p. We order them
asS Kmax = K1 > K2 = ... > Kp—1 = Kmin-

The factor determining whether «; is smooth at ¢ depends on the curvature at p and
the distance between p and q. We give the precise conditions below and an illustration
in Fig. 4.

Definition 13 (Ball conditions). Given a point ¢ € R™ \ 8 and p € T'(q), we say that ¢
satisfies the loose ball condition at p when

{Kmax (p)
Kmin (p)

When the inequalities are strict, we say that g satisfies the strict ball condition at p:

1 . _
dist(q,S) if q¢ Q ’ (16)

1 .
*m lfq € Q+.

Y

{ﬁma,{(p) < Geres Ta€Q, (17)
>

Kmin(p) _7dist(1q,8) if qc Q.

The lemma below says that the strict ball condition ensures that «; is differentiable
at q.

Lemma 9 (Distance as a C*-Min-type function). Consider ¢ € R™\' S and suppose that
m = |['(q)] < oo. Let {S;}, and {ca;} be as in Lemma 8. Then if q satisfies the strict ball
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condition (17) at any contact point p;, the functions o; are C* in a neighborhood of q.
Therefore, dist(-,S) is a C*-Min-type function at q, and furthermore the representation
dist(-,8) = min{ay, ..., an} is efficient at q.

Proof. We suppose without loss of generality that ¢ € Q7. Note that if m > 2, then
q € Ms. In any case, ¢ ¢ Mg, because g admits a unique closest point in each piece, by
construction of the contact pieces, but this does not say whether ¢ belongs to W or
not. In fact, the strict ball condition (17) implies that

Vi=1,...,m, q¢ Ms,. (18)

Indeed, suppose for contradiction that for some i, ¢ € W Then there is a sequence
of points (z,) converging to ¢ that have at least two contact points on S;. But it can
be shown that there must be a point y, € S; whose curvature is greater or equal to the
curvature of the contact ball of z,: Kmax(yy) > m, such that the sequence (y,)
converges to p; (using arguments similar to [97]). However, at the limit this contradicts
the condition.

Thus, there is a neighborhood N of ¢ that does not meet the closed set W Thus,
a; = dist(+, S;) is differentiable on N. Any point € N admits a unique projected point
IT;(z) on S; and we have Vo, (z) = I;(I;[é"f) = n(II;(z)) (see Section 3.2.1).

Next, to show that «; is C* in a neighborhood of g, we adapt the proof of [62, Lemma
14.16].

Choose a principal coordinate system (u, ¢(u)) of S around p; = (ug, ¢(up)). Recall
that S is locally the graph of the C* function ¢ : T,,S N U — R where U is an open
neighborhood of p; in R™, and Vp(ug) = 0, and that the axes may be chosen such that the

first n—1 coordinates are aligned with the principal directions. In this coordinate system

the Hessian matrix Hess p(ug) = diag (k1, K2, . . ., kn—1) gives the principal curvatures.
At a point y(u) = (u, p(u)) € S with u € T,,S N U, the inwards normal n(y(u)) is a
C*~! function w.r.t. u, since

n(y(w) = (~Op(w), .., ~Bn10(u), 1) [T+ V@],
With respect to the principal coordinate system, we have
Oh(ng o y)(up) = —Kg bqp fora,b=1,...,n—1.
Consider the function ¥ : (7),,S N U) x R — R"™ defined by
U(u,t) = y(u) +tn(y(w), y=(u,p(u)). (19)

Setting r = dist(q, S), we have ¥(ug,r) = p; + rn(p;) = ¢. We know that ¥ is C¥~1
w.r.t. (u,t) because n is C*~! w.r.t. u. The Jacobian of ¥ at (ug,r) is equal to
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DV (ug,r) =diag(1 — k1 7,...,1 —Kp_17,1)
and is invertible by the strict ball condition (17):
det(DY(ug, 7)) = (1 — Kmax ) - -- (1 — Kmin 1) > 0.

By the inverse mapping theorem, ¥ is invertible between neighborhoods of (ug,r) and
q and U~ is also C*~!. Thus, around ¢, the functions x + u(z) and = — y(u(z)) =
(u(z), p(u(z))) are C*~1. So Vo, (x) = n(Il;(z)) = n(y(u(z))) is also C*~1. We conclude
that there exists a neighborhood of ¢ on which «; is C*.

We now show that {ai,...,q,} is efficient. For any point 2 on the open ray (g, p;)
connecting ¢ and p;, the only closest point on S; U ... U S,, is p;. This yields that the
germ of (¢,p;) is a subset of {V j # i,a; < a;j} C AS. Hence, A9 # () as a germ of set.

Let dist(-,S) = min{f1, ..., i} be another representation. We write A4; = U;(A;NB;)
and since A # ), by the Baire category theorem, there exists j such that (4; N B;)° =
A nB3 # (), as germs of sets, up to extracting the index j. We can thus build a sequence
(x,) converging to ¢ such that Voy(z,) = VB;(z,). At the limit, Vo;(q) = VS;(q)
by smoothness. Since the gradients {Va;(¢q)} are pairwise distinct, the indices i are
injectively associated to the indices j, so m < [. This shows that {a1,...,qam,} is an
efficient representation. O

Remark 5. A point ¢ such that [I'(g)] < oo already satisfies a loose ball condition (16)
(see [97, Proposition 6.1]).

Lemma 9 establishes the conditions where the distance function is locally a C*-
Min-type function, equipped with an explicit efficient representation. Thus, combining
Lemma 9 and Definition 6, we can now give conditions where a point is a non-degenerate
Min-type critical point of pure and unsigned distance functions.

Proposition 1. (Min-type non-degenerate critical point of the distance function) Consider
g € R"\ S, where

(N1) T'(q) = {p1,---,Dm} is finite; and
(N2) The strict ball condition (eq. (17)) holds at any contact point p;.

Then q is a Min-type non-degenerate critical point of the pure distance function dist(-, S)
(and thus also of the signed distance function d), if and only if the following hold:

(N3a) T'(q) are in general position in R™ (efficient-LIG representation);

(N3b) q is strictly in the interior of the convex hull of T'(q); and

(N3c) The restriction dist(-,S)|q(q) 95 a Morse function in a neighborhood of q, where
G(q) is the germ of set {aq = ... = am} (Definition 4), and {a;} is the family
of distances to contact pieces of q.
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Fig. 5. Non-degenerate critical points and index. The index can be interpreted as the sum of two terms A\ =
(m —1)+ X\’ measuring how many directions where q is a local maximum, one term for the dimension of the
contact subspace spanned by I'(g), and one term for the restriction dist(-,S)|q(q)- Left: ¢ admits 2 contact
points in R?, is a local maximum of dist(-,S), with index A = 14+ 1 = 2. Middle: ¢ admits 2 contact points
in R?, is a saddle point of dist(-,S), with index A = 1 + 0 = 1. Right: ¢ admits 3 contacts points in R?,
is a critical point of dist(:,S), with index A\ = 2 4 0 = 2. Blue arrows are aligned with the gradient field
Vdist(-, S).

g— A§

Fig. 6. Degenerate critical points in R2. Three examples where conditions (N3a), (N3b), and (N3c) of Proposi-
tion 1 are violated, respectively. Left: ¢ admits 4 contact points that cannot form a 3-dimensional subspace
in R2. Middle: ¢ is located on the boundary of Conv(I'(g)), but not strictly inside. Right: the distance
function restricted on G(g) (which coincides with the medial axis here) is not Morse at g, as its Hessian is
degenerate. In the three plots, g is at the center of the contact sphere; the surface is represented in black,
the medial axis in orange, and the level sets in gray. Black arrows are aligned with Va;(q), blue arrows are
aligned with Vdist(-,S).

Note that (N3b) is a stronger condition than the one presented in Definition 12 that
defines the critical points of dist(-, S) and d via extended gradient vector fields. From here
on, a Min-type non-degenerate critical of either a pure or signed distance function will
refer to a point satisfying the conditions listed in Proposition 1. We give some examples
of non-degenerate critical points in Fig. 5 and contrast them with degenerate critical
points in Fig. 6.

Applying Theorem 3, we can thus obtain the Morse-like normal form for distance
functions at a Min-type non-degenerate critical point ¢. In other words, the pure and
signed distance functions at ¢ are locally homeomorphic to the normal form of a non-
degenerate critical point of a smooth function. This idea is illustrated in Fig. 7.
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\\\///
/ﬁ\\\

Fig. 7. Level sets around a non-degenerate critical point, for a distance field (left) or a smooth function (right).

In these examples defined in R2, the index is A = 1 (corresponding to m = 2 contact points and A = 0

on the medial axis G(g) on the left). In both cases, as soon as the level crosses the critical value at g, the
sublevel set encounters a topological change determined by a A-handle attachment.

Theorem 7 (Normal form for distance functions). Let f = dist(-,S) or f = d denote
either the pure or signed distance function. If ¢ € R™\ S satisfies the conditions listed in
Proposition 1, then q is a topological non-degenerate critical point (Definition 10): i.e.,
there exists an almost smooth homeomorphism ¢ : U — V with ¢$(0) = q, and U and
V = ¢(U) open neighborhoods of 0 and q in R™, such that for x € U,

A n
fod(x)=fla) =D =i+ Y af,
=1 i=A+1

where A = index(q; f). Furthermore, the index of q for the pure distance function is given
by

index(g; dist(+, S)) = (m — 1) + index(q; dist(-, S)|c(q) ) (20)

and the index of q for the signed distance function d is given by

index(¢; d) = n — index(q; dist(-, S)) if d(q) <0, (21)

As a consequence of the normal form, there can only be finitely many non-degenerate
critical points for a surface S.

Corollary 4. The set of non-degenerate Min-type critical points of the pure or signed
distance to the compact surface S (i.e., those that satisfy the conditions given in Propo-
sition 1) is finite.
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Proof. From Theorem 3, the non-degenerate critical points described in Proposition 1
are isolated. Because any such critical point is contained in the convex hull of a set of
points in S, all critical points are contained in the convex hull of S (note that some
critical points may belong to the outer set Q7). As the critical points are isolated and
contained in a compact subset, there can only be finitely many of them. O

Remark 6. We can compare the non-degeneracy conditions and the index from Propo-
sition 1 to those of the distance function dp to a point a cloud P [16], which is always
Ck-Min-type in R™ \ P. A point ¢ € R™\ P is (non-degenerate) critical with index m — 1
if it admits m contact points pi,...,pm € P that are in general position around ¢,
and ¢ is strictly in the interior of the convex hull spanned by the contact points. These
conditions match with conditions (N3a) and (N3b) of Proposition 1. Condition (N3c) is
always satisfied: G(¢) in that case is the cell of Voronoi diagram (medial axis) to which
q belongs. Moreover, the restriction admits a local minimum at ¢ and the index reduces
to m — 1, the first term of eq. (20). This observation is also true of single-point distance
functions d, defined on negatively curved Riemannian manifolds M [55,73].

3.2.3. Isotopy and handle attachment lemmas

We now show that Morse’s isotopy and handle attachment lemmas hold for signed
distance functions. We combine the results of Section 3.1 on topological Morse functions
to the existence of a normal form for d around non-degenerate points given by the Min-
type theory of Section 2.2. Recall that €2, S, and d are defined as in Section 3.2.1.

For a value a € R, we define the a-sublevel set

Ve =d Y (—o0,a] = {x € R" | d(z) < a}.
For two real values a < b, we define the [a, b]-interlevel set

VP =d ' a,b] = {z € R" | a < d(z) < b}.
As d is the signed distance function to a compact subset of Euclidean space, d is proper
and the sublevel sets are compact.

Theorem 8 (Isotopy lemma for signed distance functions). Let a < b be two real values.
Suppose that VP contains no critical point of d and that this set is compact. Then V¢ is
a deformation retract of V°, giving that V® and V° are homotopy-equivalent.

Proof. d is continuous and proper. Moreover, any point y € V? is in fact a topological
regular point (Definition 9), due to results given by [31] and [64]. There is a gradient-
like vector field W : R™ \ Crit(d) — TR™ such that for any point y € R™ \ Crit(d) —
TR™, W(y) defines an open half-space strictly containing all the contacts points: V p €
I'(y), W(y) - (p —y) < 0. In a neighborhood U, of y and for € > 0 small enough,
this vector field induces a homeomorphism V? N U, ~ (U, N {d = a}) x [a,b] where
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a =d(y) — € and b = d(y) + €, so that the values of d are locally represented as the
last coordinate (belonging to [a,b]) of some homeomorphic system of coordinates. We
conclude by applying Theorem 4. O

Remark 7. The same result can be obtained by applying [64, Proposition 1.8] multiple
times; they also show that all levels d~'(¢) are homeomorphic for ¢ € [a,b] and V? is
homeomorphic to d~*(a) x [a, b].

Theorem 9 (Handle attachment lemma for signed distance functions). Let ¢ € R™"\ S
be a non-degenerate critical point of d with index A and value d(q) = ¢ (i.e., one that
satisfies the conditions of Proposition 1). Suppose furthermore that, for some € > 0, the
interlevel set VST contains no other critical point than q and that it is a compact set.

Then V°t€ has the homotopy type of V¢ with a \-cell attached:
vete ~m et yet,

Proof. d is a continuous and proper function. By Theorem 7, d admits a normal form
d ~ cst — Zi\:l x? + Z?:/\H 2? at g, so ¢ is also non-degenerate in the topological sense
of Definition 10. On the other hand, any other point y € V¢ \ {¢} is a topological
regular point in the sense of Definition 9 (see the proof of Theorem 8).

By applying Theorem 5 we get

vete ~vemeyer. o

Remark 8. If the critical points of d are non-degenerate, then there are only finitely
many of them in any interlevel set V"¢, This is due to non-degenerate critical points
being isolated and the compactness of the interlevel set V%< which follows from S
being compact. As such, for the set of critical points qi, ..., qx that lie in d=1 (c), there
is a sufficiently small € such that they are the only critical points in V.*¢. We can use

Remark 3 to deduce

vete~yecyetu. uety
where \; denote the indices of g;.
3.3. Signed distance functions are Morse for generic surfaces

We have shown in Section 3.2.3 that Morse theory can be extended to the signed
distance function d if critical points of d are C*-Min-type non-degenerate; that is, if they
satisfy the geometric conditions (N1)-(N3c) outlined in Proposition 1. For surfaces in R3,
these conditions restrict the surface from forming spherical caps and cylindrical necks
around ¢. We show that not only are these conditions satisfied for some surfaces in R3,
but they are in fact satisfied for generic embeddings of a surface into R3. Heuristically,
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this means that the conditions are true for nearly every way of embedding the manifold
as a surface in R3.

Definition 14 (Generic property and residual sets). A property (P) is said to hold for
generic elements of a topological space E, or generically, if {e € E | P(e) is true} is a
residual set in F, i.e., is the countable intersection of dense open subsets of FE.

If E is a complete metric space, a residual set is nonempty; in fact, by the Baire cate-
gory theorem, a residual set is dense in E. Moreover, the intersection of countably many
residual sets is also residual, so that if a countable family of properties are individually
generic, then they are also simultaneously generic.

In this section, we prove that the signed distance function is a topological Morse func-
tion with finitely many critical points for generic embeddings of surfaces in Theorem 13.
Our proof relies on transversality theory [66]. Building up to the proof, we describe key
concepts in transversality theory, and summarize key results in the literature which de-
scribe the structure of the cut locus for generic embeddings. This allows us to derive
Theorem 13.

Before we begin, we make the class of surfaces that we are considering and the param-
eter space of manifold embeddings explicit. In this section, M refers to a two-dimensional
C*-smooth (k > 3) manifold, that is orientable and closed (i.e., compact without bound-
ary). We denote Emb* (M,R3) to be the space of embeddings of M into R? endowed with
the C*(M, R?) topology, defined in [69]. Note that for any embedding : € Emb" (M, R?),
the embedded surface S, = «(M) is closed and orientable.

3.8.1. Genericity of transversality
Transversality describes the fact that intersections of spaces are not tangential.

Definition 15 (Transversality). Two submanifolds M and N in a manifold Y intersect
transversely, denoted by M h N, if at each point of intersectiona € MNN, T,M+T,N =
T,Y. Similarly, let f: X — Y be a smooth map between smooth manifolds and denote
its differential map at x € X by D, f : T, X — Ty)Y. f is transversal to a submanifold
W of Y and written as f h W if for any « € X such that f(x) € W,

Do f(ToX) + Tpay)W =Ty Y.

In particular, if we have an empty intersection Im fNW = @), then we also have f h W.
Note that if the intersection is not void and contains f(x), transversality implies:

rank (D, f) +dim W > dimY.

It is important to note that transversality is a generic property. For example, two lines
in the plane generically intersect at one point and cross each transversely. In three dimen-
sions, two lines in R? generically never intersect, yet they are nevertheless transversal to
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each other. If two lines do intersect in R?, they can always be perturbed around their
intersection to avoid each other by arbitrarily small perturbations.

We begin by stating the parametric transversality theorem, which exists in various
forms for finite-dimensional [69] and infinite-dimensional manifolds [1].

Theorem 10 (Parametric transversality theorem [1]). Let E, X, Y be C° manifolds,
W CY a C?® submanifold (not necessarily closed), and F : E x X — Y such that the
following conditions are satisfied:

o X has finite dimension dimx and W has finite codimension codimy in Y ;
e E and X are second countable (i.e., their topology has a countable base);

o Fis(C%;

e s> max{0,dimx —codimyy };

o F rh W-

Then the set
{e€ E | F(e,-) h W}
is residual (hence dense) in E.

In particular, £, W and Y may be infinite-dimensional. If W and Y are also finite-
dimensional, then s must be strictly greater than max{0,dim X + dim W — dimY}.

Using the parametric transversality theorem, we adopt the following proof strategy
to show that the geometric conditions for the signed distance function to be topological
Morse with finitely many critical points are generically satisfied (Theorem 13): We will
express each condition as a transversal intersection F(e,-) m W between a map F :
E x X — Y and a submanifold W C Y where FE is set to be the space of embeddings
Emb* (M, R3) of a manifold M into R®. By carefully constructing the map so that the
conditions of Theorem 10 are satisfied, we can show that the set of embeddings on which
the geometric conditions are satisfied is residual. To set up the proof of Theorem 13, we
first describe the structure of the cut locus of generic surfaces.

3.8.2. Generic structure of the cut locus of surfaces

We aim to show that, for generic embeddings, the critical points of the signed distance
function d satisfy the conditions listed in Proposition 1 to be non-degenerate Min-type
critical points. These conditions describe geometric constraints between a critical point
on the medial axis and its contact points on the surface. Our first step to show that
these conditions are satisfied for a generic set of embeddings is to consider the possible
configurations of the contact set for general points on the cut locus that need not be
critical points of d. This subject is well studied in literature and we recall important
results on the finiteness of the contact set and the generic local shape of the medial
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axis [113,88,58,27,40]. These results are summarized in Theorem 12, which describes a
classification of points on generic cut loci into five possible contact set configurations.

Using this description of the geometric configurations of contact sets, we observe that
some of the conditions listed in Proposition 1 are already satisfied by some if not all types
of points on the cut loci, and restrict the verification of the remaining conditions to a
case-by-case analysis over a small number of contact set configurations. The following
theorem by [113] shows that (N1) and (N3a) are in fact generically satisfied by all points
on the cut locus.

Theorem 11 (Finiteness of the contact set [113]). For generic embeddings ¢ €
Emb"(M,R3) (where k < 2), a point ¢ € R\ S where S = «(M) only has a finitely
many contact points with |T'(q)| = 1,2,3 or 4, and T'(q) are in general position.

To study other constraints such as the strict ball condition (N2), we need a finer
description of the contact set I'(q) involving the singularity types of points in I'(¢). In
the following brief summary, we follow the classification of [88] and [22] and refer to
[27] for a detailed discussion. For a point ¢ € R? with finitely many contact points, and
p € T'(q), the squared distance function to g restricted to S can be expressed on the local
chart at p as

g(x1,20) = % + 22(1 — rr1) + 23(1 — rrg) + higher order terms, (22)

where (x1,292) are local coordinates along the principal directions of curvatures at
p = (0,0), and r = |[p — q||. A contact point p is an Ay singularity of ¢ if there is a
diffeomorphism on the chart at p, such that eq. (22) can be written as

g=r*+a®+y%

In other words, p is a non-degenerate critical point of g. Note that p is an A; singularity
of ¢ only if the strict ball condition (eq. (17)) is true. p is an As singularity of ¢ if there
is a diffeomorphism on the chart at p, such that eq. (22) can be written as

g=r*+a>+y%

Note that p is then a degenerate critical point of g and r = 1/k for one of the principal
curvatures , as one of the leading quadratic terms of eq. (22) vanishes. Note that p is
an As singularity of ¢ only if the strict ball condition (eq. (17)) is violated.

A complete list of singularities beyond types A; and Az can be found in [7], but
as we shall see in Theorem 12, points on the cut locus only possess contact points of
types A; and As for generic surfaces. We can thus classify points on the cut locus by
enumerating the number of A; and Aj singularities in its contact sets; ¢ € M is said
to be of A7 A% type if T'(q) contains j and k many A; and As singularities, respectively.
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In fact, the following lemma shows that Theorem 11 implies the set of A{ are (4 — j)-

dimensional submanifolds. The lemma also provides some intuition on the meaning of
G(q) (Definition 4).

Lemma 10. Consider a generic surface S satisfying the properties specified in Theo-

rem 11. Let q be an A} point for j =1,...,4. Then:

3.

There is an efficient-LIG representation of the distance function on a neighborhood
U of q

dist(-,S) = min{oy, ..., a5},

where {a; = dist(-,.5;)} are the distance functions to the contact pieces S; of q as
defined in Lemma 8;

There is a neighborhood Vi C U of q in R3, such that any point ¢’ € V1 has at most
j many contact points, all of which are A1 singularities; and

Leto={z €U | ai(z) = = a;(z) =dist(xz,S)} 3 q. Then there is a neighborhood
Va of q such that VoMo is a (4 — j)-dimensional manifold.

Hence, there is a meighborhood V.= Vi NV, of q, such that the set of A{ type points
in'V is the (4 — j)-dimensional manifold V N o. In other words, the set of Al points is

equivalent to the (4 — j) dimensional manifold G(q) (the germ of o at q as defined in

Definition 4) as germs of sets at q.

Proof.

1.

Since an A{ type point only has finitely many critical points and satisfy the strict ball
condition (eq. (17)) by definition, Lemma 9 implies dist(-, S) is C*-Min-type with an
efficient representation dist(-,S) = min{c,...,a;} on a neighborhood U of ¢, where
«a; are distance functions to disjoint subsets S; of S, each a neighborhood of p; € I'(q)
in S as given by Lemma 8. The representation is efficient due to I'(¢) being in general
position as given in Theorem 11.

. Consider ¢’ € U. Since we have on U an efficient-LIG representation of the distance

function, ¢’ has j° < j contact pieces Si,...,S;,, which are also the contact pieces
of q specified in the efficient-LIG representation; furthermore, since we have assumed
the conditions specified in Theorem 11, the contact set is finite I'(¢') = {p},...,p}}
and p; =T'(¢’) N .S;. We now investigate the singularity types of p,. Recall an isolated
point p; € I'(¢’) is an A; singularity of ¢’ iff the principal curvatures at p; € S are
less than ' = ||¢’ — p}||. We note that on U, the distance to the pieces o; = dist(-, S;)
and the nearest neighbor projection map & : U — S; onto the contact piece S; are
continuous. We also observe that the principal curvatures xy : S — R for £ = 1,2
are also continuous. We can thus construct a continuous map 7; : U — R given by
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Ni(x) =1 — (%) Kmax (i (x)), where Kpax := max{k1, ko }. Note that p, € I'(¢’) is an
A; singularity of ¢ iff n;(¢;) > 0. Since ¢ is A{ type, we have n;(q) > 0 for all i. By
continuity, there is a sufficiently small neighborhood W; of ¢ for each map 7;, such
that 7; > 0 on W; and the contact point p; of ¢’ € W; in S; is an A; singularity. We
can then take V; = ﬂzZIWi to be the neighborhood of ¢ on which any ¢’ € V; has at
most j many contact points, all of which are A; singularities.

3. Since the representation is efficient-LIG, Lemma 5 implies there is a neighborhood
Vo C U such that V2 No is a (4 — j)-dimensional manifold.

It follows that for V' = V; N V5, the submanifold V No are A{ type points; furthermore,
since A} points on U must belong to o by definition, V N o is precisely the set of A}
points in the neighborhood V of ¢. O

Lemma 10 shows that there are submanifolds in generic cut loci consisting of A{ points.
This is further developed by [88], who showed that generic cut loci can be decomposed
into manifolds of the same A{A’g type. Specifically, the decomposition is a Whitney
stratification: the manifolds in the decomposition, called strata, fit together following
local topological constraints that ensure the stratified space is well-behaved. The full
definition of Whitney stratification can be found in [63]; for our purposes, the theorem
below gives an explicit geometric picture of how the strata fit together for generic cut
loci of surfaces.

Theorem 12 (Generic shape of the cut locus [88,58,27,40]). The cut locus M of a generic
embedding v of a smooth surface into R® is a two-dimensional Whitney-stratified set
whose strata belong to one of five classes, distinguished by the number of contact points
q € M has on S and the types of singularities of dist(-,q)?|s at the contact points.
Specifically, a stratum of M can either be:

o A two-dimensional stratum (or sheet) of A? points, each of which having two contact
points on S of type A1;

o A one-dimensional stratum (or curve) of A3 points, each of which has three contact
points on S of type A1. They are curves which lie at the intersection of three A3
sheets;

e A zero-dimensional stratum consisting of an A} point which has four contact points
of type Ay. The A% strata are isolated and lie at the intersection of siz A? sheets and
four A3 curves along the boundaries of the A? sheets;

o A one-dimensional stratum of As edge points, each of which has one Az contact point
on S. Thus, they do not belong to the medial axis M itself. They bound A? sheets in
R3;

o A zero-dimensional stratum consisting of an A1 As ‘fin creation’ point, which has two
contact points on S of types Ay and As respectively. A fin creation point is a common
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end point of two one-dimensional strata of types A3 and As respectively, and the two
A3 and Az curves bound a common A? sheet. Fin creation points are isolated.

3.3.3. Distance critical points are generically non-degenerate

We are now in a position to prove our main result: generic signed distance functions are
topological Morse functions with finitely many critical points that are all non-degenerate
(Theorem 13). Our proof proceeds by showing that each of the conditions listed in
Proposition 1 holds on a residual set of embeddings. If this is the case, then the set of
embeddings on which all conditions hold is an intersection of residual sets, which is itself
residual. As we have shown in the previous section, some of the conditions are already
true as generic properties of points on the cut locus. Having validated that (N1) and
(N3a) hold for all points on generic cut loci in Theorem 11, we verify in Proposition 4
that the strict ball condition (N2) is generically satisfied by showing that only A7 points
may be critical, but not A; Az points.

Further, in Proposition 2 and Proposition 3, we also show that (N3b) and (N3¢) are
generic conditions on A%, A3, and A} type critical points.

Our proofs rely on the parametric transversality theorem (Theorem 10), which was
also used to derive the generic description of the cut locus in Theorem 12. We make
repeated use of the following transversality argument: We first show that, for a given
embedding ¢ € Emb® (M, R?), a property listed in Proposition 1 is true if some explicitly
constructed map f*: X — Y is transversal to a submanifold W C Y. To prove that
ft i W for generic ¢, we consider the function f* as a member of a family of maps
F : Emb*(M,R3) x X — Y parameterized over the space of embeddings Emb" (M, R3),
such that f* = F(¢,-). By concluding that F' is a submersion (and thus transversal to
any arbitrary submanifold of Y, in particular W), Theorem 10 then implies f* h W for
generic ¢. We note that the sufficient conditions for some properties listed in Proposition 1
correspond to having a void intersection Im f* N W = (). Showing this property for
generic ¢ can be simply achieved by finding a dimensional insufficiency of the form
rank Df* + dim W < dim X + dim W < dimY, as transversality of F' will then imply a
void intersection between Im f* and W.

We can then conclude that the set of sufficient conditions listed in Proposition 1 for
a critical point to be non-degenerate is satisfied on a residual subset of the space of
embeddings Emb"* (M, R3).

In the construction of the maps F, we choose manifolds X and Y such that the
other assumptions of the parametric transversality theorem (Theorem 10) are satisfied.
We choose finite-dimensional spaces for X, Y, and W so that either dim X + dim W —
dimY =0 or —1. E = Emb*(M,R?3) and X will be second countable, F will be C** with
s>k —2>max{0,dim X + dimW — dim Y} = 0. Our constructions of F' will also be
sufficiently smooth submersions for the situation at hand; this is shown in Lemma 11
(Appendix).

We set out the proof in several steps. The proof mainly deals with the pure distance
dist(-,S), which is sufficient to derive the results for the signed distance. Note that critical
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points of d directly correspond to those of dist(:,S) that are not on S (Definition 12),
so in what follows we consider critical points ¢ ¢ S. We make a few notational remarks
before we embark on the proofs.

Remark 9. To keep concise notations, we may drop the index from the notation of the
objects associated to an embedding ¢, such as from S, and €Q,.

Remark 10 (Notations for the Gauss map). We set up some shorthand notation for
denoting the Gauss map. By the Jordan-Brouwer separation theorem for hypersurfaces
[86,91], S, divides R3\S, into an “inside” region, denoted by Q, = Q,", which is a bounded
open set with possibly multiple connected components, and an “outside” region R*\Q, =
Q. For © € Emb*(M,R?), let n = n, : S — S? denote the Gauss map, i.e., the globally-
defined unit vector field normal to the surface that points inwards (in the direction of
Q™ if S = 0Q7). Note that n, is orthogonal to the image of Dy, ¢ : Ty, M — T, R3,
which is the tangent space of the surface T,(,,,)S = Im D,,¢. Since the embedding ¢ is
implicit in the notation n, we drop the index in n,. We abuse notation and also use n
to denote the Gauss map when we compose n : S — S? with the projection map of
the tubular neighborhood Tub(S) onto S, or the inclusion of S? into R®. Hence n is a
shorthand for four different maps, whose domain can either be S or Tub(S), and whose
codomain is either S2 or R3. We will specify the source and target spaces explicitly to
avoid ambiguity when we reference n in the subsequent proofs.

Proposition 2. Consider a critical point q of the distance function of type A{. Then it
is a Min-type critical point (Definition 5) of dist(-,S). Furthermore, there is a residual
subset of embeddings 1 € Embk(M, R3) such that A{ critical points q of the distance
function are non-degenerate critical points of dist(-,S)|q(q), the smooth function that is
the restriction of dist(-,S) to the germ G(q) of the submanifold of Al points (as given
in Lemma 10). Thus, A{ type distance critical points satisfy (NS5c).

Proof. Recall for ¢ an A{ type, we have an efficient-LIG representation dist(-,S) =
min{ay, ..., a;}, and the germ of the stratum G(q) is a (4 — j) dimensional submanifold
(Lemma 10). Recall Lemma 7 that ¢ is a distance critical point iff ¢ is in the convex hull
of its contact points: i.e., there is a set of non-negative coefficients ¢; that sum to one,
such that ¢ = Y77_, t;p;. Since Va;|q = (¢—p;)/r where r = [|p1—q[| = - - = [|p; —ql|, we
can rewrite this condition as Y 7_, t;Va;|, = 0. In other words, the origin is contained

in the convex hull of {Va|s}i=1,... ;. Thus, ¢ is a Min-type critical point of dist(-,S)

(Definition 5); furthermore, g is a critical point of dist(-,S)|q,(q) (Lemma 6).

We now show that the Riemannian Hessian of the pure distance restricted to the
submanifold G(q) is non-degenerate at g. Without loss of generality, we assume that ¢ €
Q. is “inside”. Note that the explicit expression of the Riemannian Hessian of distance
functions restricted on G(q) is given in Lemma 12 and Lemma 13 of the Appendix,
derived using the shape operator of offset surfaces. We proceed by a case by case analysis

for j =2,3,4.
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A? critical points. We start by establishing the proof for a point ¢ with two A; contact
points. In what follows, M () refers to the set of i-tuples of distinct points in M.

Let X = M® x Ry and Y = (S?)? x (R?)2. Consider the submanifold W = {y =
(y1,.--,94) €Y | y1 +y2 =0 and y3 — y4 = 0} of dimension 5 in Y. Define

p. Bmb (LR x X — Y (23)
© o (wmayma,r) = (1, ne,pr 1R, P2+ T Ng)
where p; = t(m;) and n; = n(p;). In the expression p; + rn;, n; is viewed in R3.
Let us explain the geometric meaning of f*(z) € W, where f* = F(¢,-): Given some
embedding ¢, if ¢ is of type A? with contact points {p1, p2}, then setting m; = = *(p;),
r = dist(q,S) and x = (mq, ma,r) = x(q), we have n1+ne = 0 and p1+rn; = pa+rng =
g. This implies that f*(z(q)) € W. However, note that the relationship f*(z) € W also
describes points € X that do not necessarily correspond to A? critical points, as it
does not specify, for instance, whether the p; should be the closest points on the surface.
We investigate what it means for f* to be transversal to W. For a fixed embedding ¢,
we compute the differential of F(¢,-) with respect to = (my, ms,r), obtaining

Ty M Ty M R
dp,nody, L 0 0 | T,S?
D.F(1,) = 0 dp,M 0 dpy it 0 | T,,S? .
(Id 4+ rdy,n) o dp,t 0 ni | R3
0 (Id+rdp,mn) odm,t  ng | R3

Then f*m W if and only if for x € X such that f*(z) € W, the following map is of
rank codim W = 5:

Loy M Ty M R

dp,nody, L dp, 0 dpy L 0 R3 )
(Id+rdpn)odm,t —(Id+rdy,n)ody,,t ny—ny| R3

Up to the isomorphism

T M Tp,M R
0 0 0] 7,8
0 Ayt 0 | Tp,S
0 0 1| R

we can consider this map instead
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T,,S T,,S R

dy,n dp,n 0 R?
(Id+rdpn) —(Id+rdyn) ny3—ng| R3

For z such that f*(x) € W, we have in particular that no = —n; so that ny —ns = 2n,,
and the tangent spaces T}, S ~ T,,,S are parallel so they may be identified as a single
space denoted T}, S. Still abusing notation, we may consider d, n and d,,n as maps
Tp,S = T, S.

The previous rank condition is then equivalent to the following ones:

ffhw e VaoeXst ff'(z) eW,
T, S Ty, S R

dp,n dp,n 0 15,8
ld+7rdyn —(Id+rd,n) n;—ns| R3

is of rank 5

& VaeXst ff'(z) e W,

Tp,S Tp,S R
dp, dp,n 0| 7,8
Id+rd,n —(Id+rdy,n) 0 | T,S isofrank5
0 0 2 Rnq

& VaeXst ff'(z) eW,
TmS TPiS

dpln dp2n
Id+rd,n —(Id+rd,,n)

Tp,S is of rank 4.
1S

The last condition involves a block matrix whose determinant can be expressed simply,
thanks to a formula due to [106]:

AC=CA = det(c D

A B) — det(AD — CB).
Since dj, n commutes with (Id + r d,, n), we have

AW eVeeXst ff(z) e W,
det (dp,no (Id + rdp,n) + (Id + rdy,n) o dy,n) # 0.
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By composing with the isomorphisms (Id+rd,,n)~! and (Id+7 dp,n) " on the left and
the right sides, this means

MW eVeeXst ff(z) e W,
det ((Id 4+ rdy,n) ' odp,n+dy,no (Id+rdy,n)~") £0.

Finally, d,,n also commutes with (Id + r dp, n)~!, and so

ffhAWeVeeXst ff(z) eW,
det (dp,no (Id +rdpn) "' +dy,no (Id + rdy,mn) ") #0.

Notice that the last inequality gives non-degeneracy of the Riemannian Hessian from
Lemma 13. So, for generic embeddings ¢, we obtain

ft W = Hess" ™ g(q) is non-degenerate for any critical point g of type A2.

It remains to verify that f* m W for generic embeddings ¢ € Embk(M, R3). But
this is true by the transversality argument stated above, because F' is a submersion
(Lemma 11).

A3 critical points. Likewise, for a point g of type A3, we define some well-chosen spaces
and maps.

Let X = M®) xRy and Y = (S?)% x (R?)3. For two vectors u,v € R?, we denote the
usual scalar product by u - v and the vector product by u x v. Consider the submanifold

W={y=1,.---»¥) €Y | ys-(y1 xy2) =0and ys = ys = ys }

which is of dimension in 8 and codimension 7 in Y. Note that the triple product is equal
to ys - (y1 X y2) = y1 - (Y2 X y3) = y2 - (y3 X y1), and that it vanishes if and only if
one of the three vectors belongs the subspace spanned by the two others (which is of
dimension 1 or 2). There is a map ¢ such that W = {{ =0} NY C E, with E = (R3)¢
and f(e1,...,e5) = (e3 - (e1 X e2),eq4 — e5,e4 — €5). The tangent space to {¢ = 0} at a
point in F is given by

Ker Vel = {(e1,...,66) € E | (ea X e3) - €1+ (e3 x e1) - €2 + (e1 X e2) - €3 = 0}
N{(e1,...,66) EE | e4— €5 =0 and e4 — eg = 0}.

Now, we introduce the following map:

Embx X — Y
o . (24)
(L7m17m27m377") — (’I’Lh’I’LQ,ng,pl +rn17p2+rn2’p3+,rn3)

Again, we study what it means for f* = F(¢,-) to be transversal to W.
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Given an embedding ¢, the differential at © = (my, m2, ms,r) is equal to

D, F(i,x) =
TmlM TmZM ngM R
[ dynodny,. 0 0 0] 7,82
0 dp,1 0 dyyyt 0 0 T,,S?
0 0 dp,n 0 dypgt 0 | T,,S? '
(Id 4+ rdp,n) odm,t 0 0 ny | R3
0 (Id+ rdp,n) o dpm,t 0 ny | R3
0 0 (Id +rdymn)odm,e nz | R3

Then, as before, we study its projection on Ker (V£)+ = Im ((V/)T) in E. We obtain
that f* M W if and only if V € X s.t. f(z) € W,

1,8 1,8 T,,S R
(ng xng)-dpyn  (n3xng)-dp,n (ng xXng)- -dp,n 0 R
Id+rd,n —(Id + rdp,n) 0 ny —no| R3 isofrank 7.
Id+rdpn 0 —(Id+rdy,n) ny—nz| R?

In particular, if ¢ is of type A} with contact points {p1,p2,p3}, we set m; = = (p;),
r = dist(¢,S) and = = (my, ma, m3,r) = x(q). By the geometric relations, we have
ns-(n1 xng) = 0 (because they span the same two-dimensional subspace) and p; +rn; =
p2 + rng = p3 + rng = ¢. This implies that f*(xz(q)) € W. Then, because the contact
points are of A; type and satisfy the strict ball condition (17), the following map is an
isomorphism:

T,.S T,,S T,,S R
Id +rdyn 0 0 0| 7,8
0 Id + rdy,n 0 0| 7,8
0 0 Id+rdy,n 0 | T,,8
0 0 0 1| R

By applying the inverse of this isomorphism to the previous map on the right side, we
obtain that, if f* M W, then at the point z(q),
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T, S 1,,S TS R
tog-ur t31-u2 ti1o-us 0 R
d —1d 0 ny —ny| R3 isofrank 7, ie., is full-rank,
Id 0 —Id ny —ns R3

where t; ; = n; x n; and u; = dp,no (Id + rd,n)~t.
Now, we use the block matrix formula

D invertible = det <é g) =det(A — BD™*C)det(D)

applied to
T, S T,,S T,y S R
A= t273 U1 t371 - U2 R B = tLQ s Uus 0 R
Id —Id R3 0 ny —ng| R3
T, S T,,S T,,S R

C—{Id 0 } R3 D—{Id n1n3:| R3 -

D is indeed invertible because ni; — n3 has a non-zero component along ns because

ny # n3 (otherwise p; = p3).

We consider generic embeddings in the sense of Theorem 12, which allows us to work
with the generic cut locus. Let us introduce ¢, a unit vector directing T,G(q) and known
to be perpendicular to the subspace spanned by {n1,ns,n3}. In the basis (¢,t x n3, n3),

we have then

t t X ng R
-1 0 0 t
D= 0 —1 t- t371 t X ng
0 0 ny-ng — 1 ns
so that
t t X ng ns3
-1 0 0 t
-1 = tt s
D 0 -1 nlnigg:l txXng -
0 0 ! R
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After some computations with compatible choices of bases, we can explicit the expressions
of B, C, and A as well. For instance, the product space T, S x T},S is spanned by the
basis loosely denoted by ((t,t x n1), (t,t X ng)). We obtain that

t t X ny t t X no

(@ () (9 (@ | R

A_pBp-lo—|1 0 -1 0 |t
0 (6) 0 -1 t X Ny
0 (f) o0 0 | n

where
(a) = t273 . Ul(t) — t271 . Ug(t)

(b) = t273 . ul(t X 77,1) — t271 . Ug(t X 713) <n1 ‘ng +

t-t3q)?
n(1 . n?;,lz 1)
(C) = t371 . ’U,g(t)
(d) = t371 . Ug(t X TLQ)
(t-to1)(t-t13)

ny-ng — 1

(t . tl,g)(nl s Ng — 1)
nl'n371 ’

() =ny -n2 —

(f)=t-ti2—
Therefore, for generic embeddings, being transversal to W means

fr W oat x(q)
= det(A—BD'C)#0

(a) (c) (d)
= (/|1 =1 0/[#0
0 0 -1
= () ((a)+(c)) #0
t-t1,2 t-t13

ditss- t)+1taq - t) +1t12- t 0
n oty 17 nyons 1 s ui(t) +t3,1 - ua(t) +t12 - us(t) #

Note that, if (n1,n2) denotes the algebraic angle formed by n1,ns in the plane orthogonal

to G(q) and oriented by ¢, we have ¢ - ¢ 2 = sin (nq1,n2) and nq - ng = cos (n1, na). Hence

sin 6
cos0—1

and (n1, ng) should be different, i.e., that ny # ng, which is true. In the second condition,
we recognize the result of Lemma 13, so that, for generic embeddings,

the first condition involves some function

and just means that the angles (ni,ns)
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ffw = HessRiemg(q) is non-degenerate for any critical point ¢ of type A3.

Here again, F' is a submersion by Lemma 11, thus f* f W for generic embeddings
. € Emb* (M,R3), by the transversality argument stated above.

A7 critical points. There is nothing to check here, because the stratum of medial axis
G(q) reduces to a single point {q} itself. O

Proposition 3. There is a residual subset of embeddings ¢ € Embk(M, R3) for which a

distance critical point q of type A3, A3, or A} lies strictly in the interior of the convex
hull of T'(q) (i.e., it satisfies (N3b)).

Proof. A critical point g of type A? always lies midway between the two points p; and
p2 in I'(g), so that the origin is always strictly inside of the convex hull spanned by
{Vai(q), Vaz(q)} = {n1,na}.

For a critical point ¢ of type A3, we re-introduce the same spaces and maps as above,
but with a slight modification to W. Let X = M®) x Ryq, Y = (S?)3 x (R3)3, W =
{fy=Wr,-- . v6) €Y | ys- (11 x y2) =0 and ys = y5 = ys} and

Embx X — Y

F: ,
(¢, m1,ma,m3,7) = (n1,n2,n3,p1 + rny, P2 + rng, ps + rng)

as before. Consider the subspace of W defined by
W172={U)€W ‘ w1 + Wy 20},

which is of dimension in 7 and codimension 8 in Y. If f*(x(¢q)) belongs to Wi o, this
corresponds geometrically to a right-angled triangle formed by ni,no,ns, where the
right angle sits on n3 while ny + no = 0.

Actually, we already know that F' is a submersion (Lemma 11), hence for generic ¢,
ftmh Wi o But rank D, f* < dim X = 7, so that rank D, f* + dimW <747 < 15 =
dim Y, which means that generically Im f* does not intersect Wi 2. Likewise, generically,
Im f* does not intersect any of Wi o, Wy 3 or Wy 3. In geometric terms, we get that for
generic embeddings, there is no A3 critical point lying on the boundary of the convex
hull.

Similarly, for the A} case, by introducing the relevant map F and spaces Wi ik, We
obtain a generic void intersection between images and spaces and conclude that for
generic embeddings, there is no A} critical point lying on the boundary of the convex
hull, i.e., belonging to a plane spanned by only 3 of the 4 contact points. O

Now, we move on to prove that for generic embeddings, critical points satisfy the
strict ball condition (17) at any of their contact points. In particular, this excludes A3
contact singularities (see [27]). We must therefore show that critical points only admit
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Ay contact points and no A3 contact points, or equivalently, that there are no critical
points of type A; As, but only of types 47, j = 2,3, 4.

Proposition 4. There is a residual subset of embeddings ¢ € Embk(M, R3) that not only
satisfies the properties set out in Theorem 12, but also the following: the critical points
of d = d, are of types A2, A3, or A} only, but not Ay Az (hence distance critical points
of S = (M) satisfy the strict ball condition (N2)).

Proof. We make a slight modification to the spaces and maps introduced previously
in the proof of Proposition 2 for A? critical points. Let X = M®) x Ryg and Y =
E x S? x R? x R?, where we define a fiber bundle (E,S?, 7, Sym((Ry;)*)) whose total
space is F, base space is S2, fiber is Sym((Ry;)*), and 7 : E — S2. Here, for a base point
y1 € S?, the notation Sym((Ry;)") refers to the space of symmetrical endomorphisms
of the two-dimensional subspace orthogonal to y;. Define the map

CEmb*(M,R?) x X — Y

F
(¢, mi,mo,r) = (ny,Id+7rdy n,ny, p1 +17n01,p2 +1n02)

(25)

where p; = «(m;) and n; = n(p;). Consider the submanifold W = {y = ((y1, %), y2, - - -,
ys) €Y | y1 + y2 = 0 and y3 — y4 = 0 and rank ¢ = 1} which is of dimension 7 in Y.

Geometrically, if ¢ is a critical point with one Az contact point p; and one A; contact
point pa, then the map Id + rd,,n € Sym((Rnq)t) is of rank 1 because the largest
principal curvature does not satisfy the strict ball condition, i.e., we have Kpax(p1) =
m, contrarily to the smallest principal curvature (we may suppose with loss of
generality that ¢ € Q7). Thus, for such ¢, we get f“(z(q)) € W.

But, with the same arguments as before, generically f* M W, but since rank D, f* +
dim W < dim X+dim W = 5+7 < 13 = dim Y, this means that the intersection between
Im f* and W is generically void, which shows what we need. O

Assembling Theorem 11, Theorem 13, Proposition 2, Proposition 3, Proposition 4,
and Corollary 4, we arrive at the main result of this section.

Theorem 13 (Signed distances are generically Morse with finitely many critical points).
There is a residual subset of embeddings . € Emb® (M,R3), such that the signed distance
function d to S = (M) is a topological Morse function with finitely many critical points.
In particular, for such embeddings, the critical points of d are non-degenerate Min-type
critical points, satisfying the conditions (N1)-(NS3c) in Proposition 1.

Proof. To show that d is a topological Morse function, we prove that the critical points of
d are topologically non-degenerate critical points; in particular, they are non-degenerate
Min-type critical points. We do so by verifying conditions (N1)-(N3¢) in Proposition 1
are individually true on a residual subset of embeddings; thus there is a residual subset of
embeddings where all the conditions (N1)-(N3c) are true. The finiteness of contact points
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(N1) and LIG Item (N3a) conditions shown to be generic in Theorem 11. Proposition 4
shows that any critical point on a generic set of embeddings is of A{ types and satisfies
the strict ball condition (N2); and Proposition 3 shows that the convex hull condition
(N3b) is also generic. Finally, as the critical points are non-degenerate, there are only
finitely many such critical points Corollary 4. O

4. Signed distance persistent homology (SDPH)

Given the generalized Morse theorems for generic shapes established in the previous
Section 3, we may now rigorously define SDPH. Our goal is to study the shape of an
object, which requires for it to be rigorously and interpretably quantified. The distance
and signed distance fields associated with the object, as well as persistent homology, are
tools well-suited to this task. SDPH computes persistent homology with respect to d
(previously introduced in Section 2.1).

Topology, in general, can be thought of as a pure mathematical study of shape and
topological approaches have been used to study porous materials and vascular networks.
For instance, porous materials were characterized by Vietoris—Rips persistent homology
[83,98], by cubical filtrations derived from the image itself [102], and by a max-flow study
in network models [6]. Discrete Morse theory has been used in conjunction with deep
learning to accurately segment thin vascular structures [71,72]. Recently, [108] showcased
how persistent homology, computed on a radial filtration or an alpha-complex filtration,
is able to characterize tumor vascular networks.

The signed distance field is particularly useful since it naturally delineates the bound-
ary of a shape, which happens when the value of the signed distance function is zero. In
the context of persistent homology, filtering the space by the sublevel sets of the signed
distance rather than the unsigned one allows features located inside the shape to be dis-
tinguished from those outside. The SDPH methodology appeared (under various names)
in the discrete cubical setting first and was used to study porous materials with complex
morphologies [43,44] and the interactions between fluid flow and microstructure [68,93].

In the works by [43,44,68,93], the SDPH method was described in a purely discrete
setting, which is suitable for carrying numerical computations. [68,93] proposed an em-
pirical interpretation of the SDPH diagrams, but without mathematical justification. To
mathematically study the SDPH diagrams arising in the discrete settings, several types
of discrete Morse theories may be useful [10,50] (see [84,15,11,103]). Here, we are inter-
ested in the behavior of SDPH in the smooth case, i.e., in the setting of smooth surfaces
as opposed to cubical complexes in existing literature.

We begin by recalling our setting (see Section 3.2.1): Let @ = Q~ be a bounded open
set of R? with C*-smooth boundary S. We write R? = Q= U S U QF. We furthermore
assume that S is a generic embedded surface in the sense of Theorem 13 (Section 3.3): in
particular, we assume k > 3. Recall that the associated signed distance field d is defined
by d = dist(-, Q) — dist(-, Q).
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Consider the sublevel set filtration of d, namely, the nested family of sublevel sets
X, ={z € R* | d(z) < r}rer,

Xo: X,CX, VYa<beR

endowed with the inclusion maps. Applying the homology functor with coefficients in Zo
to the filtration X, gives the persistence module

PH(X,): H(X,) — H(X;,), a<b.

In R3, we are interested in the persistent homologies in dimensions k = 0, 1, 2.
PH(X,) is in fact determined by a finite sequence:

PH(X,) : H(X,,) = ... = H(X,,)

where r1,...,7y are the critical values of d. Indeed, by combining Theorem 13 (signed
distances are generically Morse with finitely many critical points) with Theorem 8 (iso-
topy lemma) and Theorem 9 (handle attachment lemma), we obtain that the persistence
module is of finite type in the sense of [29, Section 3.8].

Corollary 5. For a generically embedded surface S (as defined in Theorem 13), the
corresponding signed distance d is a proper, lower-bounded, topological Morse function
(Definition 11) that admits finitely many critical points. By Corollary 3, the persistence
module PH(X,) is pointwise finite-dimensional; it can be decomposed into a finite direct
sum of birth-death intervals in closed—open form [b,d) C R; and a critical point with
index A corresponds to either a birth in homology dimension A, or a death in homology
dimension A — 1.

Recall from Section 2.1 that the collections of birth—death pairs in each homology
dimension are called the persistence diagrams. Here, the birth and death times correspond
to the critical values r1,...,7ryN.

If the critical level d=!(r;) contains a single critical point with index ), then crossing
that level consists of attaching a A-cell, which either creates a new homology generator in
dimension A (birth), or kills a homology generator in dimension A — 1 (death). Similarly,
if the critical level contains multiple critical points, each of them contributes to a handle.
Therefore, any birth-death point in the persistence diagrams corresponds to a pair of
creator—destroyer critical points. Conversely, any critical point is associated to a birth—
death point of the diagram, either as a creator or as a destroyer, except one critical point
that creates the homological component in PHy that has infinite lifetime and is paired
with no other critical point.

This allows for a rigorous mathematical definition of the SDPH methodology.
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Definition 16. Given a generic input binary shape Q with boundary S, the signed distance
persistent homology (SDPH) methodology consists of building the sublevel set filtration
X, and computing the persistence diagrams of PH(X,).

4.1. Six types of critical points

Based on the results of Section 3, we provide now a geometric interpretation of the non-
degenerate critical points of d and investigate the role of their index. This will enable us to
describe SDPH diagrams precisely, since they consist of pairings of critical points across
consecutive homology dimensions. Recall that the index is also the maximal dimension
of a submanifold around ¢ such that the restriction of the function has a maximum at g.

Non-degenerate critical points may be classified into 6 different types, denoted by A%&",
where A = 0,1,2,3 is the index of the critical point ¢ (Proposition 1), and sgn = +1
is the sign of d(q). By definition, if u refers to the index defined relative to the pure
distance function (Proposition 1), we have that A\=3—pif ¢ € Q~ and A = pif ¢ € Q7.
Locally, the shape of the surface around a critical point ¢ € QT of type AT is the same
as for a critical point ¢ € Q~ of type (3 — A)~, as can be seen by exchanging the roles of
Q~ and Q7 locally.

For each type, one or several subtypes may be distinguished further, knowing that
pw = (m—1)+ /', where m = 2,3,4 is the number of contact points and p’ is the
Morse index of dist(-,S) restricted to the stratum of medial axis G(q) (Proposition 1).
For example, u = 3 leads to three subtypes corresponding to 3 =1+ 2, 2+ 1, 3+ 0.
Because the index roughly corresponds to the number of directions in which the function
decreases from the point, the subtypes encode how many of these directions belong to the
subspace spanned by the contact points versus the stratum of medial axis. For instance,
points of type 27 (subtype 2 +0) have two decreasing directions in the contact subspace
and none along the medial axis, which locally corresponds to a “bottleneck” shape.

Finally, there are no critical points of type 07 or 37. Indeed, by definition p =
(m—1)+ ' > 1 since m > 2. Intuitively, this is because the signed distance admits no
local minimum in Q% (and equivalently, no local maximum in Q7).

In summary, we have 6 different types and a total of 12 subtypes, reported in Table 1
and depicted in Figs. 8 and 9. The plots were generated with Geogebra [70].

4.2. Seven types of birth—death persistence pairs

In SDPH, the critical points are paired into different types of birth—death persistence
intervals, which we explain now using the classification of critical points from the previous
section. Crossing a critical value with index A is topologically equivalent to attaching
a A-cell, which either creates a new homological component in dimension A, or kills a
previously-existing component in dimension A — 1. Therefore, we obtain the diagram
shown in Fig. 10, where we can distinguish seven types of persistence pairings.
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Table 1

Classification of non-degenerate critical points of the signed distance function in dimension 3. There are 6 types and
12 subtypes. The index A = index(q; d) is related to the index p = index(q;dist(-,S)) through A =3 —
ifge Q  and A = p if ¢ € QF (see Proposition 1). Geometrically, the local shape of the surface around
points of type A1 is the same as around those of type B=X".

A=0 A=1 A=2 A=3
type 0~ type 1™ type 27
d <0 3 subtypes 2 subtypes 1 subtype \
p=142,2+1,340 p=141,240 p=140
type 1t type 2t type 3t
d>0 \ 1 subtype 2 subtypes 3 subtypes
p=1+0 p=1+1,2+0 p=1+2,2+1,3+0

Fig. 8. Local shape of non-degenerate critical points of type 17 or 27 (subtype 1 + 0), type 27 or 1~ (subtype 1 4 1)
and type 27 or 1~ (subtype 2 + 0) respectively. The red dot is g, black dots are p1,...,pm € I'(q), the orange
plane or line is G(q). The type of point AT or (3 —A)~ depends on whether we consider ¢ € Q" or ¢ € Q™.

Fig. 9. Local shape of non-degenerate critical points of type 37 or 0™, with subtypes 1 + 2, 2+ 1 and 3 + O respectively.
The red dot is g, black dots are p1,...,pm € I'(q), the orange plane or line is G(gq). For subtype 3 + 0,
G(q) = q. The type of point 37 or 0~ depends on whether we consider ¢ € Q* or ¢ € Q™.

0~ I 1- 111 2-

17 YV ot VI a4

Fig. 10. 7 different types of birth-death persistence pairs in the SDPH diagrams, based on the classification of non-
degenerate critical points given in Table 1.

Pairings of types I and II contribute to PHg, types III, IV, V contribute to PH;,
and types VI and VII contribute to PHs. Recall that no critical points belong to S,
hence there is no zero critical value, and no birth or death point belonging to a main
axis b = 0 and d = 0 of the diagrams. Furthermore, the points on the persistence



58 A. Song et al. / Advances in Applied Mathematics 166 (2025) 102857

@ o0
’
] v Vv 4 ' Vil
’
’
4
’
4
— —
’ 4
| ’ 1] ’
’ ’
7 ’
’ ’
’ ’
’ ’
PH, PH, PH,

Fig. 11. Pairing types and quadrants in the SDPH persistence diagrams. birth—death points (not represented) are
located in the quadrants accordingly to their type (Fig. 10).

diagrams are bounded away from the axes by the positive reach of surface, as the critical
values of the distance functions must be greater than the reach [97]. Using the sign of
the critical values, we can break down the types into further relationships with respect
to the quadrants of the persistence diagrams. Before doing so, we observe that unlike
usual persistence diagrams (where filtrations are parameterized by some e > 0, as for
Vietoris—Rips filtrations) that contain birth—death points in the NE quadrants only of
each PHy, SDPH diagrams may contain points in the other quadrants as well since the
signed distance has negative critical values. Pairs of type I and II are located in PHy SW
and NW respectively; I11, IV, V pairs are in PH; SW, NW, and NE respectively; and VI,
VII pairs are in PH; NW, NE respectively. In particular, the absence of critical points
of type 0T or 3~ implies that no persistence pairs are located in the quadrants PHy NE
and PHy, NW. Because death times are strictly larger than birth times, all birth-death
points lie strictly above the diagonal. Additionally, there is a point with infinite death
time in PHy. Note that the number of components and the genus of S correspond to
the number of birth-death points of type II and IV, respectively. These properties are
summarized in Fig. 11 (generated with Geogebra [70]).

4.8. Numerical implementation

To compute SDPH diagrams, we follow Algorithm 1.

Algorithm 1 SDPH: quantify shape texture of binary shape 2.

1: procedure SDPH(Q)
output: persistence diagrams PHo, PH;, PHo

2: d + dist(-, Q) — dist(-, Q) > build signed distance field
3: K, < cubical complex filtered by sublevels of d > T-constructed
4: PHo, PH1,PH> + Dgm(K,) > compute persistence diagrams
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In practice, a 3D binary shape ) is encoded as a 3D binary digital image (i.e., discrete
array) with black and white values. We first used the scikit-fmm' Python package to
convert 2 into a discrete signed distance field d in the form of a 3D array. Next, we
considered a finite cubical complez filtered by the sublevel sets of d [75,112]:

Ky :Ki—...>Ky=K.

Cubical complexes are the natural representation of digital images. We then computed
the persistence diagrams (with coefficients in Zs)

PH(K,) : H(K}) = ... - H(K,,)

in dimensions 0, 1,2 with the giotto-tda Python package [109].

Giotto-tda uses the GUDHI package [110,45] as a back-end, and hence computes
a T-constructed filtration [14]. Informally, this corresponds to increasing a level and
considering each time the groups of voxels in d having value less than this level. By
adding groups of voxels at a time, components, loops, and voids are formed or destroyed.
In vascular patterns, for instance, loops outlining cycles in the vessels start to form at
negative values of d, before being filled out at positive values, which corresponds to
pairings of type IV in PH; NW (Fig. 11).

Note that the CubicalRipser [76] package may also be used to keep track of the
critical voxels giving rise to or terminating homological components. Hence, a spatial
analysis is also possible.

Remark 11. As seen in the Introduction, [44], [68] and [93] studied SDPH directly in the
setting of cubical complexes. A natural question to explore as future work is to relate
the discrete Morse theories [10,50,11,84,15,103] to our setting. In particular, it remains
to be understood how critical points in the discrete settings relate to the original critical
points, as the sampling resolution goes to infinity. Furthermore, how the gradient flow in
the continuous case relates to the gradient flow induced by a point-cloud distance field
dp may be studied. The latter, which was studied by [61,59,60], is useful in applications
such as surface reconstruction based on surface sampling.

5. Quantifying texture in porous shapes

In this section, we showcase several applications of SDPH for quantifying texture in
porous shapes. Such shapes may exhibit high morphological complexity and irregularity,
including tubular, membranous and spherical elements, or mixtures of them, forming
pores, cavities, channels, and so on.

1 Available at https://github.com /scikit-fmm /scikit-fmm.
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We computed SDPH diagrams for three case studies; two entail synthetic data and
the third entails real data. For the two case studies pertaining to synthetic data, the
first involved simulated data from realizations of Gaussian random fields (specifically,
level surfaces of GRFs), while the second involved simulated shapes generated using
curvatubes [107]; the third case study involves real samples of bone marrow vessels seg-
mented from 3D confocal images (data courtesy of Antoniana Batsivari and Dominique
Bonnet, The Francis Crick Institute, London). The choice of these three case studies is to
investigate the behavior where the randomness of the underlying data generating process
derives from a classical probability distribution, from a phase-field approximation, and
from real-world noise (such as measurement, errors), respectively. The data from each
of the case studies are described in Sections 5.1, 5.2, and 5.3 respectively. Their SDPH
diagrams are compared in Section 5.4, where a general interpretation of SDPH diagrams
is given. The case studies involving synthetic data suggest in Section 5.5 that SDPH
diagrams may be stable with respect to the texture of the input shape, which in turn is
related to the variability of its curvature.

Note on the output figures. The same layout is used in Figs. 12, 13, 14, 15, and 16.
The first column shows a 3D view of the surface bounding the binary shape, plotted
with ParaView [9]. The second column shows a 2D section taken in the middle of the
volume, after the shape has been smoothly closed near the boundaries of the simulation
domain. A scalar field (random field, phase-field, or binary segmentation, depending on
the data) is represented in there, whose zero level set gives the input surface. Finally,
the three last columns display the SDPH diagrams PHy, PH;, and PH, in the form
of scatter plots, where birth-death points are colored by density (Gaussian kernel with
o = 0.5). Birth-death points (birth, death ) with persistence death — birth less than 0.5
were thresholded out.

5.1. Gaussian random fields

We first computed SDPH diagrams on the zero level set of a Gaussian random field
(GRF) [3,53]. GRFs may be used to model the random morphology of porous materials,
such as rocks.

A GRF on R? is a real-valued stochastic process f(t) indexed over points ¢t € R9,
such that any finite dimensional distribution of f indexed over any arbitrary finite set
of points T' = {t1,...,tx} C R? is a multivariate normal distribution:

ft1),..., f(tn) ~ N(ur, X1).

A classical GRF model is the zero-mean squared exponential covariance model (a.k.a.
“Gaussian covariance model”), where p = 0 and (s, t) = Cov (f(s), f(t)) = e 2 .
The covariance between f(s) and f(t) is controlled by a lengthscale parameter A > 0: for
a given spatial separation ||s — ¢||, a larger A implies stronger correlation between f(s)
and f(t), hence lower frequency features in the level sets at this scale.
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Table 2
Parameters of the Gaussian covariance model used to generate
the random fields of Fig. 12.

GRF model 01 lo 03 other
Fy 8 8 8
¢ ‘
Fs 8 f =0.7 ﬁ = 0.85
F3 5 5 5
Fy fa=f3—-0.5
Fy fs=rfi+fs

For GRFs with Gaussian covariance model, any realization f (viewed as a function
R? — R) admits a smooth version f such that P(f(t) = f(t)) = 1 for all ¢. Indeed,
the continuity and differentiability of GRF samples are dictated by conditions on the
covariance function [3, Theorem 3.4.1], which in this case are satisfied by the Gaussian
covariance model.

We used GSTools [96] to generate 5 random fields fi,..., fs in a 100 x 100 x 100
domain size, using the parameter values presented in Table 2. The covariance kernel
here is defined by Cov (f(s), f(£)) = C(s—t) = o2 po(||A (s — 1)), where po(r) = e~ 5",
A= diag(%, é, %) x R and R is a rotation matrix. The lengthscales ¢1, ¢, {5 are given
in terms of voxel size units. The matrix A encodes the isotropy of the process: differences
in the lengthscales represent the anisotropy w.r.t. the orthonormal frame rotated by R.
In all simulations, we took ¢ = 1, since changing the variance does not statistically
affect the behavior of the zero level set.

The SDPH diagrams were computed with input shape Q = {f > 0}, the region of non-
negative values, after smoothly closing the shape near the boundaries of the simulation
domain. The results are displayed in Fig. 12.

5.2. Curvatubes

The curvatubes model [107] was constructed to randomly simulate a large variety of
organic-looking porous shapes. Here, the output of curvatubes is precisely the synthetic
realization of the shapes and textures that we aim to study with our SDPH framework
and its process to produce random realizations is different in nature to the GRF case
study. The curvatubes framework assumes that a porous shape optimizes some curva-
ture functional involving a second-degree polynomial of the principal curvatures of the
surface,

F(S) = / (a2,0 H% + a1 Kike + ag2 H% + a0 K1+ apg1 K2 + ao,o) dA,
S
with a constraint of constant volume enclosed. Effectively, this geometric problem is ap-

proximated by a phase-field problem that is parameterized by a transition scale € and a
mass m encoding the volume constraint. The optimization starts with random noise and
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Fig. 12. SDPH diagrams of the zero level set of 5 Gaussian random fields F1, ..

parameters shown in Table 2.

converges towards a local optimum. The output surface is then implicitly represented as

the zero level set of the phase-field.

We used curvatubes to generate 10 different shapes (S1,...,S10) in a 100 x 100 x
100 domain. The parameter values are presented in Tables 3 and 4, where € is defined
relative to the side of the domain supposed to be 1 unit. Their SDPH diagrams were
then computed after smoothly closing the shapes near the boundaries of the simulation

domain. The results are shown in Figs. 13 and 14.

10

., F5 generated with the
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Table 3
Parameters of the curvatubes model used for Fig. 13.
Shape  Coefficients m €
S1 (1,2, 6, —40, —40, 400) —0.6 0.02
S (1, —1.284,9.626, —77.283, 39.681, —633.849) —0.421  0.02
S5 (1,2.8,2, —10, —10, 25) —0.25  0.02
Sa (1,3.225,10.87, —146.309, 143.487, —2920.302) —0.499  0.02
Ss (1,—0.238,11.988, —175.909, —27.167, 2117.037)  —0.648  0.02
Table 4
Parameters of the curvatubes model used for Fig. 14.
Shape  Coefficients m €
Se (1,2.034, 11.166, 14.553, 28.829, —565.092) —0.356  0.02
Sz (1,0.63,4.399, 132.459, 195.066, —2378.53)  —0.364  0.02
Ss (1,1,1,0,0,0) —0.4 0.02
So (1,0.396, 1.095, —28.64, 190.906, 2062.082) —0.598 0.02
S1o (1,4.185,2.053,19.375, 29.607, 120.265) —0.534  0.02

5.8. Vascular data

As our final case study, we considered 3 samples Bj, Bo, B3 of bone marrow vessels
(“BM shapes”) taken from a healthy control mouse. These samples were selected at
different anatomical locations of the same femur bone, and segmented on 3D confocal
images. The selected vascular crops were 100 x 200 x 200 in size, where a voxel side
represents 2 pm in physical length. Due to noise in the signal, and the complexity of the
task, the segmentation may not be fully accurate.

5.4. Interpreting SDPH diagrams

From the classification of critical points and pairings described in Sections 4.1 and 4.2,
we may derive a general interpretation of SDPH diagrams, supported by a comparison
of the diagrams in Figs. 12, 13, 14, and 15.

SDPH may be interpreted as follows:

1. PHy SW measures variations of thicknesses in tubular and membranous structures.

2. PHy NW counts the number of components and measures their characteristic size and
separation.

3. PH; SW detects the presence of dimples (similar to the hollowed shape of red blood
cells).

4. PH; NW counts the number of loops and measures their characteristic thickness and
size.

5. PH; NE measures variations in the proximity of the structures, creating at a distance
curvy and non-convex loops.

6. PH> NW indicates the presence of small voids trapped inside the shape, which do not
exist in tubular shapes.
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Fig. 13. SDPH diagrams of 5 tubular shapes Si,...,Ss generated with curvatubes using the parameters

shown in Table 3.

7. PHs NE measures the characteristic sizes of interspaces separating plain structures
and the density of tubular branching, so that larger sizes mean sparser structures.

Each of these properties may be observed in the following examples. For instance,

1. Thicknesses are much more variable in the biological shapes B; than the synthetic

shapes S;.

2. Both of S; and S5 have a large number of disconnected components, but in Sy they

are typically separated by the same distance.
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Fig. 14. SDPH diagrams of 5 membranous and porous shapes Sg, ..., S10 generated with curvatubes using

the parameters shown in Table 4.

3. Dimples are mostly found in the GRF shapes F; and the BM shapes B;, but not in

the tubular shapes Si, ..., Ss.

4. There is an increasing number of loops forming in F3 than Fj, as the length scale

parameter to generate the GRFs is decreased.

5. When the shape is thinned, by considering different textures, as for Ss3, Sy4, S5, or by

considering different level sets, as for F5 = {f3 = 0} and Fy = {f3 = 0.5}, homological

loops tend to disappear from the initial structure, in favor of those that are formed

at a distance in a non-convex curvy way.
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PHO 0 10 0 10 20

Fig. 15. SDPH diagrams of 3 bone marrow vascular samples B, B2, B3 in a healthy mouse (data courtesy
of Antoniana Batsivari and Dominique Bonnet, The Francis Crick Institute, London).

6. Only rarely small voids are spotted inside the shape, except for shapes Sy, Fy and F5.

7. Finally, while homological voids formed at a distance are mostly of the same size in
the densely windowed shapes Sg and S1g, they are found at much larger and variable
sizes in the sparse vascular BM shapes By and Bs.

Finally, note that multi-scale texture can be quantified by SDPH, as can be seen in the
diagram of Sy, where most loops form at similar critical sizes, but a few of them appear
at variable larger scales; or for Fs, which by construction mixes features taken from F}
and Fj at different scales. Generally, mixtures of different textures in space or in scale are
apparent in the SDPH diagrams. Further observations can be made: In all quadrants, a
concentration (or spread) of the scatter plot indicates (in)homogeneities, not only in the
distribution of the critical sizes, but particularly in terms of the morphological patterns
described above for each respective quadrant. For instance, the shapes S7, Sg, Sg9 form
cycles of irregular sizes, in contrast to the shapes S3 and Sy; Bs forms irregular-sized
loops compared to Bs. Moreover, birth—death points close to the main axes arise in noisy
structures whose topological features have close to zero critical sizes, whereas smooth
structures induce a clearer gap from the axes. This effect is apparent here: curvatubes
shapes are smooth and lead to clearly distinct diagrams, compared to GRF shapes which
are topologically noisy and whose diagrams are more difficult to interpret, which may
be expected due to the difference in the nature of their randomness.
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5.5. Texture, curvatures, and stability of SDPH

Texture in shapes may be characterized as spatially repeated patterns of the surface,
subject to some randomness, but not easily discriminated by visual perception [74,101,
80]. There is hence some quantity, left unchanged by some type of geometric randomness,
that represents texture. In a previous work, we suggested that one possible texture
descriptor is the behavior of the curvatures on the surface, or “curvature diagram” [107].
Given the same choice of generation parameters a, but with random initializations in
curvatubes, we illustrated that the output curvature diagram was regularly stable with
respect to a.

Here, it is natural to ask whether SDPH diagrams also quantify texture and exhibit
a similar stability behavior. We generated five synthetic shapes with the same choice of
curvatubes parameters a but random initializations of the optimization flow. The results
are shown in Fig. 16, where we used a 150 x 150 x 150 simulation grid, with mass m =
—0.5, € = 0.02 (one pixel being of size 0.01) and coefficients a = (6, 2.5, 6, —230, 20, 2350).
These values correspond to the non-reduced curvature polynomial p(k1, ko) = (H—15)*+
S5 K +5(k; —20)2 +5 (k2 +5)? where H = k1 + ko and K = K1 ko.

We found that, for a given choice of texture, the SDPH method produced very similar-
looking output diagrams, especially in contrast to those produced for other generation
parameters, shown in Figs. 13 and 14. Empirically, we observed the same consistent
behavior for other choices of shape textures (data not shown here, but is available on our
GitHub repository). In other words, despite the shapes being very different geometrically,
the distribution of their topological patterns as measured by SDPH appears to be very
similar.

The well-known Stability Theorem [33] from classical persistent homology theory
states that two functions which are close in infinity-norm lead to persistence diagrams
which are close in bottleneck distance (see Section 2.1, Theorem 1); namely, that sim-
ilar shapes lead to similar persistence diagrams. This guarantees stability when the
input shapes are geometrically perturbed by noise (which results in a small infinity-
norm between them), a property consequently satisfied by SDPH diagrams. Here, our
observations suggest that “SDPH diagrams are stable with respect to texture”, which
may give rise to a new kind of stability result that extends beyond the existing stabil-
ity results in classical persistent homology. The novelty of this kind of stability study
lies in a more geometric and probabilistic direction, as well as the fact that there is no
existing stability result entailing SDPH, to the best of our knowledge, since SDPH has
been comparatively less studied than classical persistence. Finally, it will be interesting
to explore as future work how curvature diagrams relate to SDPH diagrams.

6. Discussion

Morse theory is about the study of critical points of a function, and how they charac-
terize geometric and topological information from the underlying space. While classical
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Fig. 16. Five random shapes sharing a similar texture and similar SDPH diagrams. They were generated with cur-
vatubes using the same parameters but different initializations.

Morse theory deals with smooth functions, this paper generalizes it to a broad class of
(signed and unsigned) Euclidean distance functions.

We have successfully established the two basic Morse lemmas (isotopy lemma and
handle attachment lemma), namely, that the topological changes encountered by the
sublevel sets of Euclidean distance functions (signed or not) with non-degenerate critical
points are exactly dictated by the latter ones. To do this, we reframed Euclidean distances
as Min-type functions (signed distances are then locally Min-type outside the shape and
Max-type inside), which in turn may be recast as topological Morse functions. As a
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further contribution, we have also provided complete proofs extending the Morse lemmas
to topological Morse functions.

As a focal crux of our study, we have identified the correct geometric conditions
corresponding to the Min-type non-degeneracy at a critical point, and shown that, in
R3, for generic embeddings of the shape, the signed distance field only admits a finite
number of critical points that are all non-degenerate. In other words, generic signed
distances are topological Morse functions with finitely many critical points. This has
important implications, since it guarantees that essentially any shape may be filtered
by the sublevel sets of its signed distance field and that the persistent homology of
this filtration may be computed, namely the “signed distance persistent homology”
(SDPH).

We have demonstrated how to use SDPH as a quantifier of texture in shapes, based
on the patterns of birth—death pairs in persistence diagrams. We have proposed a rigor-
ous geometric interpretation of the critical points involved in the diagrams, alongside a
classification of persistence pairs, which leads to a practical guide for interpreting SDPH
diagrams in real applications. Furthermore, SDPH seems to attribute similar diagrams
to shapes with similar texture.

Case studies have been carried out on both simulated and real data, demonstrating
that our proposed framework may be readily applied to several fields, including shape
analysis, imaging, computer graphics, materials science, biology, environmental science
and geospatial science to rigorously and interpretably quantify shapes and textures.

Software and data availability

The code to compute SDPH, generate the synthetic data, and the real data are all
publicly available on the GitHub repository https://github.com/annasongmaths/SDPH.
Details of the numerical implementation are as above in Section 4.3.
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Appendix A. Technical lemmas for the genericity theorem

In this Appendix, we present three important components that were used to prove
Theorem 13. As before, we make use of simplified notations for the Gauss map (see
Remark 10).

Lemma 11 (The functions F are submersions). The functions F introduced in the proof
of Theorem 13 are sufficiently smooth submersions. More precisely,

e Let X = M®) xRy and Y = (S?)? x (R3)2. Define

CEmb*(M,R?) x X — Y

F
(¢, m1,ma,7) — (n1,n2,p1 + 701, P2 + 7 N2)

(A1)

where p; = 1(m;) and n; = n(p;). In the expression p; +rn;, n; is viewed in R3.
Then F is a C*=1 submersion.
o Likewise, define a function F(t,my, ma,ms,r) = (n1,n9,n3,p1 +rn1,ps + rna, ps +
rnz). Then F is a C*~1 submersion.
e Let X = M@ xRyg and Y = Z x S? x R3 x R3. Here, (E,S?, 7, Sym((Rn)t)) is
a fiber bundle of base space S® and fiber space Sym((Rn)L), the space of symmetric
endomorphisms defined on the subspace of R3 orthogonal to n € S2. Define the map

CEmb"(M,R3) x X — Y

F
(L,ml,mQ,T) — (n171d+rdp1n7n27pl +7"n1ap2+Tn2)

(A.2)

where p; = t(m;) and n; = n(p;).
Then F is a C*~2 submersion.

Proof. We show first that the following simplified function is a submersion; in fact, D, F’
alone will already be surjective. Consider the fiber bundle = having base space S? and
fiber space Sym((Rn)>t).

P Emb*(M,R3) x M — R3x = (A3)
(¢, m) — (p,n,dn),
where p = ¢«(m), n = n(p), dn = dpn.

First, F is a C*~2 map. Let us fix (o and mg. Now, given some arbitrary element
(v,N, A) tangential to R® x = at (po,no,dno) = F(w9,mp), where v € T, R? ~ R3
N € T,,S?%, A € Ty, Sym((Rng)t) ~ Sym((R ng)*), the aim is to find some tangential
element V € T,Emb*(M,R3) ~ C¥(M,R?) such that D,F(19,mg)[V] = (v, N, A), by
local perturbations of the embedding. We can decompose this into three independent
problems, by finding preimages of (v,0,0), (0, N,0), and (0,0, A).
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Set p(t) = po + tv: we have p(0) = po and p'(0) = v. We want to find a path ¢(¢)
such that ¢(0) = ¢, ¢/(t) = V, and satisfying F(c(¢),mo) = (p(t),0,0). Let U be some
neighborhood of mg in M and K C U a compact subset. There exists a bump function
g € C*(M,R) such that g = 1 in K and g = 0 outside U. Apply a small translation in the
direction of v € R? on ¢ in the neighborhood of myg, by introducing «(t) = 1o+t g v, which
for small ¢ belongs to Emb® (M, R3) since it is open in C*(M,R3). Then F(u(t), mq) =
(p(t),0,0), and the first problem is solved by taking V = gv € C¥(M,R?).

There exists a path n(t) in the sphere such that n(0) = ng and n’(0) = N, which
defines a rotation in R?, denoted by R;, whose axis is (ng, N)* and angle ¢ | N'||. Applying
a small such rotation in the neighborhood of mg, we define ¢(t) = (1 — g) to + g Rt (t0),
which brings the normal ng to n(t) while fixing py and dng (g is the same as in the
previous paragraph). Thus, F(c(t), mg) = (0,n(t),0), which solves the second problem.

For the third problem, we can work with principal coordinate systems. There exists a
C* function hg : T, S N U — R such that S is locally the graph of hg, where U is an open
neighborhood of p, and the embedding is described by to(m) = p = (a,b, ho(a,b)) € S
where a,b € T,,S N U. We may assume that d,h = dh = 0 at (0,0), so that the
normal is (0,0, 1), and that the principal directions at pg are (1,0,0) and (0,1,0), with
Oabh = Opoh = 0 and agvah = K1, 8§,bh = Kg. Define a bump function (still denoted by g)
relative to the neighborhood 7;,,S N U, which is in correspondence to some neighborhood
U of mg in M.

Now, the tangential element A is represented as a 2 X 2 symmetric matrix in the
chosen basis of T,,S and has the form A = Rydiag()\, 1) R, with A, u € R. Define
¢ : Tp,S — R such that ¢(a,b) = % a’ + %bQ, whose graph is a surface with curvatures
Aand pat 0. Set hy = hg +t g ¢ o Ry, and finally ¢;(m) = (a(m), b(m), hi(a(m), b(m)))
it m e U, vt(m) = 1o(m) elsewhere on M. Then one can show that the perturbed surface
fixes pg and ng, but that its shape operator is dn; = dng+t A, which is what we wanted.

To conclude, one can see that the proofs for the various forms of F' are similar. If m,
and msy are distinct points in M, one can choose non-intersecting neighborhoods and
respective bump functions to apply local perturbations to the embedding. O

Lemma 12 (Shape operator of offset level surfaces). Let q be a point in R3\' S and p
one contact point with normal n and at distance r such that q satisfies the strict ball
condition (17) at p. We have ¢ = p+rn. Let o be the distance function to an associated
contact piece. Then the shape operator at q of the offset surface {a =r} is

dno—r = dyn (Id + rd,n)~*. (A.4)

Proof. Suppose first that p is not an umbilical point, i.e., S admits two distinct principal
curvatures there. A remarkable property of the principal directions e;(p), ea(p) of the
offset surfaces {a = p} for p € [0, 7] is that the orthonormal frame (n, e1, e2) is unchanged
when traveling in the normal direction from p to ¢ [90]. On the other hand, the principal
curvatures obey the following differential equation in the normal direction:
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)
3
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N

2
1
Dn(,‘ﬁg) = K,g.
If ;(0) = 0 at the contact point p, then x;(p) = 0 for any offset, and eq. (A.4) holds. If

k;(0) # 0, by assumption ;(0) # r at p, then x;(p) = ;_p for p € [0, 7]. In particular,
4 (0)

in the basis (n,eq, e2),

0 0 0
dgng=, = Hessa(q) = (0 —k1(r) 0 ) =dyn(Id +rd,n)~".
0 0 —ka(r)

Even if p is umbilical, all offset surfaces {a = p} are umbilical at p + pn and we can
choose consistent frames so that eq. (A.4) still holds. O

Lemma 13 (Riemannian Hessian of the restricted distance function). Let v be a generic
embedding in the sense of Theorem 12. Let q be a critical point of the pure distance
dist(-, S), with value r, contact points I'(q) = {p1,...,pm} and normals ny,...,n, at
these contacts. Denote by {1, ..., an} the distance functions to some associated contact
pieces, and by g = dist(-, S)|q(q) the restriction of this function to G(q) (Definition /).

o If q is of type A2, then on the A? sheet stratum G(q) orthogonal to ny = —na,

; 1
HessM ™ g(q) = §(dqnalzr +dgng,—r) (A.5)
1
=3 (dp,n(Id + rdp,n)~" + dp,n(Id + rdy,n)~'), (A.6)

where dgng, —, is the shape operator of the submanifolds {o; = r}.
o If q is of type A3, then the A3 curve stratum G(q) is directed by some unit vector t
orthogonal to the plane spanned by nq,ns,ns. Then,

Riem

Hess "™ g(q) is non-degenerate < tos-ui(t) +ts1 - ua(t) +t1,2-us(t) #0

where t; ; =n; x n; and u; = dp,no (Id+rd,n)~' =dng,—,.

Proof. We apply an extrinsic formula for the Riemannian Hessian of a smooth function
defined on a submanifold M of R3, given by [2]. If f : M — R is defined on the
submanifold and f : R® — R extends f to a neighborhood of M, then for p € M and
ve M,

Hess™'™ f(p)[v] = 11, Hess f (p)[v] + W, (v, IV £(p)),

where the Weingarten map W, of the submanifold M at p is the operator that associates
to v € TyM and Ny € T;- M the value W,,(v,No) = —II, D, N for any local extension N
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of Ny to a normal vector field on M. Here, D, N designates the directional derivative of
N along the direction v, II, is the projection onto the tangent space T, M, and HIJ; the
projection onto the normal space T;-M. Hess f(p) and V f(p) are the usual Hessian and
gradient of a scalar function defined in R3.

Reformulating the previous equality, we obtain

Hess™'“"" f (p)[v] = IL, Hess f (p)[v] — 1L, Dy (II{ V£ ().

We can now express the Riemannian Hessian at ¢ of the function dist(:, S)|g(q) defined
on the (germ of) submanifold G(q) = {ay = ... = au, = dist(-, S)}.

Here, the extension to consider is any function «;, for which we take advantage of
well-known properties of distance functions. In particular, Hess ov;(¢)[n;] = 0 and Vo, =
n; € TqLG(q). Observe that Hess ;(¢) is just the usual shape operator dyng, =, : Ty{a; =
r} — Ty{a; = r} of the surface defined by {a; = r}, with orientation given by n; at
q. Also, let n%, denote a local extension of Va; to a normal vector field on the stratum
G(q)-

In particular, if G(q) is a A? sheet, n}, is the Gauss map with the same orientation as
n; at q, so that dqniG : T,G(q) — T,G(q) will just be the usual shape operator, but this
time of the submanifold G(g). The operators dyn,,—, and d,n%, are defined on the same
tangent space: Ty{ca; = r} = T,G(q). If G(q) is a A? curve, then its tangent direction ¢
is contained in any Ty{a; =r} 2 T,G(q) = Rt.

q is of type AZ?. In this case, we get

Hess™ ™ g(¢)[v] = Hess a1 (q)[v] — D, (Vauiaq))

= dyng,=r[v] — dqniG [v].

Since n; = —ng, we can choose n}; = —né, to obtain

Hess™ ™ g(q) = dyng, =, — dyng
—

_ dgng,—r +dgna,—r

5 .

Using that dyng, =, = dp,n (Id + rd,,n)~! thanks to Lemma 12, we establish the first
case.

q is of type A3. Now, the expression involves a projection on R ¢. We use the concise
notation u;(t) = dyng,=r[t]. Applying the formula above, we get

h = Hess™g(q)[t] - ¢

=t (w1 (t) — dgni[t])
=t (UQ(t) - dqn%’[t])
=t (us(t) — dgnt]) € R
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Two of the vectors n;, say ny and ns, form a basis of the plane spanned by ni,ng,n3. In
that basis, ng = Ani 4+ pns. Importantly, we can choose the local extensions in such a
way that nd, = An}, + unZ, hence d,nd,[t] = Ad,n}[t] + pdmZ[t].

After summing the three lines with the weights —\, —p, 1 respectively, the second
terms of each line cancel out and we obtain

(L=A=p)h=t-(us(t) = Aur(t) — pus(t)).
By some trigonometric computations, one can see that

sin 9273 sin 91,3

: 1% .
sin 0 1 sin 04 o

where 0; ; = (n;,m;) is the algebraic angle in the plane orthogonal to ¢, with sign con-
vention given by t. This way, ¢; ; = n; X nj =sinb; ;t. Also, 1 # A+ u because ng # ny
and ng3 # ns. Therefore, we are led to the desired inequality:

sin 92’3 sin 91’3
h # 0&st- <U3(t) - E ’l,Ll(t) sin0172 U2(t)> 7é 0

E2x (Sin 91)2 U3 (t) + sin 92)3 U1 (t) + sin 93)1 U2 (t)) 75 0
= t172 . ul(t) —+ t2,3 . UQ(t) + t371 . U3(t) 7é 0. O
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