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A B S T R A C T

In this work we investigate well-posedness for the partial differential equation stemming from the balance of
linear momentum for an implicit constitutive relation that can describe the response of porous elastic solids
whose material moduli depend on the density. We study heteroclinic travelling waves and obtain closed form
analytic solutions for the resulting ordinary differential equation. Finally, we consider some special solutions
for the partial differential equation and solve the resulting equations numerically.
1. Introduction

Recently, there has been considerable interest in the use of implicit
algebraic constitutive relations to describe the response of materials.
By implicit ‘‘algebraic constitutive relations’’ we mean constitutive
relations which in the case of solids represents an implicit algebraic re-
lationship between the stress and the deformation gradient, no deriva-
tives of the stress or the deformation gradient being involved, and in
the case of fluids an implicit algebraic relationship between the stress
and the symmetric part of the velocity gradient, once again with no
derivatives of the stress or the symmetric part of the gradient being
involved. More general implicit constitutive relations have been in
place for a long time. For instance, with regard to fluids, Burgers [1]
introduced a constitutive relation for viscoelastic fluids that involved
the stress and its material time derivatives with the symmetric part of
the velocity gradient and its material time derivative. Later, Oldroyd
(1950) introduced a systematic methodology wherein he was able to
establish many implicit relationships between the stress and its time
derivative with the symmetric part of the velocity gradient and its
time derivative. With regard to solids, implicit relationships have an
even earlier reference. A classic implicit constitutive relation is a ‘‘rigid-
perfectly plastic’’ body, wherein one can neither express the stress as a
function of the strain, or the strain as a function of the stress. All con-
stitutive relations wherein the notion of ‘‘plastic strain’’ is introduced
is invariably an implicit constitutive relationship.1

∗ Corresponding author.
E-mail addresses: krajagopal@tamu.edu (K.R. Rajagopal), sengultezely@cardiff.ac.uk (Y. Şengül).

1 Plasticity/inelasticity as developed by Tresca, von Mises, Prandtl, Reuss, Huber, Nadai and others wherein repeated loading and unloading of inelastic body
that yields takes place automatically leads to implicit relationships between the stress and strain.

2 The term pressure in often times confused with the Lagrange multiplier that appears due to the constraint of incompressibility, especially in nonlinear theories
of fluids and solids (see [6]).

Rajagopal [2,3,4] introduced implicit algebraic constitutive rela-
tions to describe the response of both solids and fluids. With regard to
elastic solids, such implicit constitutive relations are able to describe
the nonlinear behaviour of metallic alloys, cement concrete and rocks
even when they are subject to small strains. In [4,5], it was shown
that linearization under the assumption of small displacement gradient
can lead to a nonlinear relationship between the linearized strain
and the stress, which is an impossibility within the context of the
classical Cauchy theory of elasticity. These relations can also describe
the response of porous materials like sintered metals, ceramics, bone,
rocks and concrete whose material moduli depend on the density and
the mean normal stress (mechanical pressure2) (see [7,8]). Last but
not least, those implicit constitutive relations present the possibility of
strain-limiting behaviour as observed in biological fibres, DNA (see [9,
10]) and many other additional beneficial characteristics which allow
one to describe bounded stresses at the tips of notches, crack tips and
fracture (see [5,11–15]).

Viscoelastic solids described by algebraic implicit equations have
been studied by Şengül and co-workers within the context of wave
propagation (see [16–22]). Many of these studies were concerned with
strain-limiting viscoelastic solids that allow for bounded strains at crack
tips as the strains can be limited a priori. Rajagopal and Wineman [23]
introduced constitutive relations for a class of viscoelastic bodies whose
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material properties are density dependent, and Bustamante and Ra-
jagopal [24] developed a constitutive relation wherein the stress, strain
and strain rate all appear linearly.

With regard to fluids, implicit algebraic constitutive relations can
describe the response of fluids with pressure and shear-dependent vis-
cosity (see [25–27]), colloidal solutions and suspensions (see [28,29]).3

detailed discussion of implicit algebraic constitutive relations used to
escribe the response of fluids can be found in the recent review article
y Rajagopal [31].

Our study in this paper concerns the investigation of implicit con-
titutive relations developed to describe the response of porous solids
hose material moduli depend on the density, a class of constitu-

ive relations recently introduced by Rajagopal [7]. This constitutive
elation has been studied by Murru and Rajagopal [32], Murru and
ajagopal [33], Vajipeyajula et al. [34,35], and a further simplification
f the constitutive relation by thresholding as carried out by Itou et al.
14,15], ErbaŞ et al. [36]. We study the propagation of waves in a
ody described by the constitutive relation in [7] (see also [37] for
related problem). While studying problems concerned with implicit

quations, since the stress and strain are implicitly related, one cannot
n general substitute the expression for the stress into the balance of lin-
ar momentum and obtain a single equation for the displacement field
nd then solve for the displacement field. However, when one makes
pecific assumptions for the nature of the stress field and displacement
ield, the general system might be reducible to a single equation, for
nstance if the stress and the displacement field on one space variable
nd time, as in the case of our study. It is imperative to recognize that
uch a simplification is not always possible. Moreover, it is also possible
hat in the process of obtaining a single equation we might increase the
rder of the equation and we might not have an adequate number of
oundary or initial conditions. In problems involving infinite domains,
uch a difficulty might not arise. Kannan et al. [38] studied the problem
f wave propagation by considering the system of the balance of linear
omentum and the constitutive relation simultaneously. Here, in this

tudy, we are able to reduce the problem to a single equation and then
nvestigate the possibility of travelling wave solutions as well as some
pecial solutions in such a material.

The structure of this note is as follows. In Section 3 we will derive
he partial differential equation for stress that is going to be studied in
his work using the constitutive relation and the equation of motion. In
ection 4 we will investigate travelling wave solutions for this equation
hich as a result of considering the travelling wave variable reduces

o an ordinary differential equation. In Section 5 we study special
olutions for the partial differential equation appealing to a similarity
ransformation as a result of which we obtain two ordinary differential
quations and solve using Matlab.

. Kinematics

In this section we shortly introduce the notation we use throughout
he paper. Let 𝐮(𝐱, 𝑡) be the displacement of the body at the current
osition 𝐱 ∈ R3 of a particle 𝐗 in the reference configuration at time 𝑡.
hat is, 𝐮 = 𝐱 − 𝐗. We can define the deformation of the body, which

s assumed to be stress free initially, as 𝝌(𝐗, 𝑡) so that the deformation
radient is defined as 𝐅 = 𝜕𝝌∕𝜕𝐗. Having the deformation gradient, we
an ensure existence of positive definite, symmetric tensors 𝐔 and 𝐕,
nd a rotation 𝐑 such that

= 𝐑𝐔 = 𝐕𝐑,

here 𝐔 is the right and 𝐕 is the left Cauchy–Green stretch tensor.
oreover, we know that each of these decompositions is unique and

= 𝐔2 = 𝐅𝑇𝐅, 𝐁 = 𝐕2 = 𝐅𝐅𝑇 ,

3 Pruša and Rajagopal [30] developed very general constitutive relations for
luids wherein one has an implicit functional relationship between the history
f the stress and the history of the relative deformation gradient.
2

where 𝐁,𝐂 are called the right and the left Cauchy–Green deformation
tensors, respectively. Under the assumption that

max
𝐱,𝑡

|∇𝐮| = 𝑂(𝛿), 𝛿 ≪ 1, (1)

ne can obtain the linearized strain as

= 1
2
[

∇𝐮 + (∇𝐮)𝑇
]

, (2)

where ∇𝐮 ∶= 𝜕𝐮∕𝜕𝐱 and | ⋅ | stands for the usual trace norm.

3. Derivation of the equation

As described by Rajagopal [7], for isotropic elastic materials, mod-
elling via implicit constitutive theory begins with the relation

f (𝜌,𝐓,𝐁) = 0, (3)

where 𝜌 is the mass density and 𝐓 is the Cauchy stress. The represen-
tation of f in terms of the material moduli and the principle invariants
(see [19] for a derivation using the Cayley–Hamilton Theorem) is given
by

f (𝜌,𝐓,𝐁) = 𝜒0𝐈 + 𝜒1𝐓 + 𝜒2𝐁 + 𝜒3𝐓2 + 𝜒4𝐁2

+ 𝜒5(𝐓𝐁 + 𝐁𝐓) + 𝜒6(𝐓2𝐁 + 𝐁𝐓2)

+ 𝜒7(𝐁2𝐓 + 𝐓𝐁2) + 𝜒8(𝐓2𝐁2 + 𝐁2𝐓2),

(4)

where the 𝜒 ’s are depending on 𝜌 and the scalar invariants of 𝐓 and 𝐁
expressible in terms of

tr 𝐓, tr 𝐁, tr 𝐓2, tr 𝐁2, tr 𝐓3, tr 𝐁3, tr 𝐓𝐁, tr 𝐓2𝐁, tr 𝐓𝐁2, tr 𝐓2𝐁2.

Depending on the properties of f , it might be possible by (3) and (4)
to write the stress as a function of the strain, as it is done in classical
elasticity, or the strain as a function of the stress, as expected by the
causality argument.

After linearizing the strain under the assumption (1), 𝐁 becomes
𝐁 = 𝐈+2 𝝐+𝑂(𝛿2), where 𝝐 is the linearized strain as defined in (2). As
a result, (3) and (4) lead to

𝝐 + 𝜒̂0𝐈 + 𝜒̂1𝐓 + 𝜒̂2𝐓2 + 𝜒̂3(𝐓𝝐 + 𝝐𝐓) + 𝜒̂4(𝐓2𝝐 + 𝝐𝐓2) = 𝟎, (5)

where the 𝜒̂𝑖’s for 𝑖 = 0, 1, 2, are scalar-valued functions depending
at most linearly on 𝝐 and arbitrarily on the invariants of 𝐓, while
for 𝑖 = 3, 4, they are functions of the invariants of 𝐓 only (cf. [39]).
Obviously, this is a nonlinear relationship between the linearized strain
and the stress, which is the novelty of this approach observed by
Rajagopal. Moreover, this phenomenon is observed in the response of
various materials including metallic alloys and concrete (see e.g., [7]
and references therein), and the classical linearized theory is incapable
of describing the observed nonlinear behaviour.

Returning to (4), as explained by Rajagopal [7], implicit constitutive
theory clearly allows the material moduli to depend on the density,
the invariants of the stress, and the invariants of the linearized strain,
as well as mixed invariants. However, this dependence has to be very
special due to the requirement that the constitutive relation is linear in
the linearized strain. Therefore, since the density also depends on the
tr 𝝐, the requirement that our model depends linearly on 𝝐 restricts the
way the coefficients in (5) depend on the density and tr 𝝐. Moreover,
under the restriction that both the stress and the linearized strain
should appear at most linearly in the constitutive relation, we obtain
(see equation (7) in [7])

𝝐 + 𝐴1𝐓 + 𝐴2(tr𝝐)𝐓 + 𝐴3(tr𝐓)𝐈 + 𝐴4(tr𝝐)𝐈 + 𝐴5(tr𝐓)𝝐

+ 𝐴6(tr𝐓)(tr𝝐)𝐈 + 𝐴7(𝝐𝐓 + 𝐓𝝐) + 𝐴8tr(𝝐𝐓)𝐈 = 𝟎, (6)

where 𝐴𝑖, 𝑖 = 1,… , 8 are constants. Under assumption (1), one can
approximate the balance of mass as
𝜌𝑅 = 𝜌(1 + tr 𝝐), (7)
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where 𝜌𝑅 and 𝜌 are the densities in the reference and deformed con-
igurations, respectively. This allows us to replace tr𝝐 by a ratio of

the current and the reference densities. This implies that the coeffi-
cients in (6) are density-dependent material moduli, which brings us
to modelling of porous materials as required.

In particular, we consider a special subclass of (6), which is the
constitutive relation given in [7] (equation (22)), namely,

𝝐 = 𝐵1(1 + 𝜆2(tr𝝐))𝐓 + 𝐵2(1 + 𝜆3(tr𝝐))(tr𝐓)𝐈, (8)

where 𝝐 is the linearized strain as before, 𝐓 is the Cauchy stress, and
𝐵1, 𝐵2 and 𝜆2, 𝜆3 are constants. It is important to note that when 𝜆2 =
𝜆3 = 0 and

𝐵1 =
1 + 𝜈
𝐸

, 𝐵2 = − 𝜈
𝐸
, (9)

here 𝐸 is the Young’s modulus and 𝜈 is the Poisson’s ratio, the
lassical linearized elastic model is recovered. Here, we work in one
pace dimension so that the constitutive relation (8) takes the form

= 𝐵1(1 + 𝜆2𝜖)𝜎 + 𝐵2(1 + 𝜆3𝜖)𝜎, (10)

here 𝜎 stands for the one-dimensional stress. Defining 𝛼 = (𝐵1𝜆2 +
2𝜆3) with 𝐵1 and 𝐵2 as in (9), we obtain the system, given below, con-

isting of the balance of linear momentum and the reduced constitutive
elation, under the assumption that gravity can be ignored:

𝜌𝑢𝑡𝑡 = 𝜎𝑥,
𝜖 = 𝜎

𝐸
+ 𝛼 𝜖 𝜎, (11)

where 𝜖 = 𝜖(𝑥, 𝑡) is the linearized strain, 𝜎 = 𝜎(𝑥, 𝑡) is the stress, and
𝑢 = 𝑢(𝑥, 𝑡) is the displacement. From the second equation in (11) we
can deduce that

𝜖 = 𝜎
𝐸

1
(1 − 𝛼𝜎)

, (12)

ince 𝐸 is a non-zero constant.
At this juncture, we make a further approximation that greatly

implifies the governing equations of the problem under consideration.
hile the norm of the linearized strain in 𝑂(𝛿), 𝛿 ≪ 1, the product

𝑖(tr𝝐), 𝑖 = 1, 2, is comparable to 1, that is 𝜆𝑖(tr𝝐), 𝑖 = 1, 2, cannot be
eglected with respect to 1. This is because 𝜆𝑖 are large. On the other
and, since (tr𝝐) = 𝑂(𝛿), 𝛿 ≪ 1, it can be neglected in comparison to 1
nd thus the balance of mass leads to the density 𝜌 being approximated
y 𝜌𝑅 which is assumed to be a constant in the reference configuration
as in the case of linearized elasticity).

For convenience, we non-dimensionalize (11) and consider the
ne given in terms of the dimensionless quantities instead. Assuming
nough regularity so that differentiation in the first equation in (11)
s possible, we can use (12) to replace 𝑢𝑥 = 𝜖 giving a single partial
ifferential equation as

𝑅

(

𝜎
𝐸

1
(1 − 𝛼𝜎)

)

𝑡𝑡
= 𝜎𝑥𝑥. (13)

ince 𝐸 and 𝛼 are constants, they do not depend on time so that we
an rewrite (13) as

𝑡𝑡 =
𝐸
𝜌𝑅

𝜎𝑥𝑥(1 − 𝛼𝜎)2 − 2𝛼
𝜎2𝑡

1 − 𝛼𝜎
. (14)

Firstly, it is worth noting that Eq. (14) is an equation of motion given
in terms of the stress, rather than the displacement. While this is
interesting in its own right, it also prevents one from having any sort
of intuition about possible expressions for the energy of the system,
dissipation, and the like. Similarly, in [38], the balance of linear
momentum was coupled to a nonlinear constitutive relation between
the linearized strain and the stress, and the coupling was eliminated
leading to a higher order nonlinear hyperbolic equation for the stress.
However, in [38], authors preferred investigating the coupled system
rather than this higher order equation for the stress. In this work, we
follow the other route.
3

Moreover, Eq. (14) is in the form 𝜎𝑡𝑡 =  (𝜎𝑥𝑥, 𝜎, 𝜎𝑡) with nonlinear 
for which there is no systematic way of proving existence of solutions.
It is worth noting that when 𝛼 = 0, Eq. (14) becomes a wave equation
for the stress, which is expected since in this case we have classical
linearized elastic body. However, due to the fact that the unknown is
the stress, we have a stress wave equation. Moreover, the interesting
case to consider is when 𝛼 is not zero, which is the case we investigate
here. Therefore, for the rest of the paper, we assume that 𝐸 and 𝛼 are
non-zero constants.

4. Travelling wave solutions

In this section we focus on travelling wave solutions of (14) corre-
sponding to the heteroclinic connections between two constant states
(defined as 𝐾+ and 𝐾− below). We define 𝜉 = 𝑥 − 𝑐𝑡 as the travelling
wave variable, where 𝑐 is the wave speed. This reduces (14) to a
nonlinear ordinary differential equation for 𝜎. Since in this case 𝜎 =
𝜎(𝜉), differentiating with respect to time 𝑡 and space variable 𝑥 in (14)
eads to

2𝜎′′ = 𝐸
𝜌𝑅

𝜎′′(1 − 𝛼𝜎)2 − 2𝛼𝑐2
(𝜎′)2

1 − 𝛼𝜎
. (15)

Clearly, 𝜎(𝜉) ≡ constant is a solution to (15). For boundary conditions,
e will assume

lim
→+∞

𝜎(𝜉) = 𝐾+, lim
𝜉→−∞

𝜎(𝜉) = 𝐾−,

here 𝐾+ ≠ 𝐾−. Assuming that 𝜎′ ≠ 0, we can rewrite Eq. (15) to get

𝜎′′

𝜎′
= − 2𝛼𝑐2𝜎′

(1 − 𝛼𝜎)
(

𝑐2 − 𝐸
𝜌𝑅

(1 − 𝛼𝜎)2
)
.

For the right-hand side, using partial fractions, we obtain

𝜎′′

𝜎′
= 𝛼𝑐𝜎′

(𝛼𝜎 − 1)
√

𝐸∕𝜌𝑅

⎧

⎪

⎨

⎪

⎩

1
(𝛼𝜎 − 1) + 𝑐

√

𝐸∕𝜌𝑅

− 1
(𝛼𝜎 − 1) − 𝑐

√

𝐸∕𝜌𝑅

⎫

⎪

⎬

⎪

⎭

.

e are now in a position to take the integral of both sides with respect
o 𝜉. Calculating the integral of the right-hand side we obtain

og |𝜎′(𝜉)∕𝐶1| = log
|

|

|

|

|

|

|

(𝛼𝜎 − 1)
(𝛼𝜎 − 1) + 𝑐

√

𝐸∕𝜌𝑅

|

|

|

|

|

|

|

+ log
|

|

|

|

|

|

|

(𝛼𝜎 − 1)
(𝛼𝜎 − 1) − 𝑐

√

𝐸∕𝜌𝑅

|

|

|

|

|

|

|

,

where 𝐶1 > 0 is the constant of integration. This is equivalent to

𝜎′(𝜉) = 𝐶1

(

1 −
𝑐2𝜌𝑅

𝐸(𝛼𝜎(𝜉) − 1)2

)

. (16)

Now, using the boundary conditions given by 𝜎′(𝜉) → 0 as 𝜉 → ±∞, we
btain 𝑐2 = 𝐸

𝜌𝑅
(𝛼𝐾+ − 1)2 = 𝐸

𝜌𝑅
(𝛼𝐾− − 1)2 leading to

𝐾+ = 𝐾− or 𝐾+ +𝐾− = 2
𝛼
. (17)

Since we are looking for heteroclinic travelling waves, the first option
in (17) does not apply in our situation. Therefore, we will only consider
the second option. Also, we can calculate the wave speed as

𝑐 =

√

1
2

(

𝐸
𝜌𝑅

(𝛼𝐾+ − 1)2 + 𝐸
𝜌𝑅

(𝛼𝐾− − 1)2
)

.

Considering the values of 𝜎(0) which will be determined later, we can
asily find from (16) that

1 = 𝜎′(0)
𝐸(𝛼𝜎(0) − 1)2

𝐸(𝛼𝜎(0) − 1)2 − 𝑐2𝜌𝑅
.

Denoting 𝜎′(𝜉) = 1
𝛼

𝑑
𝑑𝜉 (𝛼𝜎(𝜉) − 1), Eq. (16) is equivalent to the equation

given by

𝑧′(𝜉) = 𝐶1𝛼 −
𝐶1𝛼𝑐2𝜌𝑅 ,

𝐸𝑧2(𝜉)
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Fig. 1. Travelling wave profile 𝜎(𝜉) given in (18) when the choices of 𝜎′(0) = 0.1, 𝜌𝑅 =
1 kg∕m3 , 𝛼 = 2m2∕N, 𝐸 = 0.01 Pa, 𝐾− = 0.75 and 𝐾+ = 0.25 are made.

where we denote 𝑧 = (𝛼𝜎 − 1). Separating the variables, we obtain

𝑧2𝑑𝑧

𝑧2 − 𝑐2𝜌𝑅
𝐸

= 𝐶1𝛼𝑑𝜉.

Integrating both sides with respect to the corresponding variables gives

𝑧 − 𝑐
√

𝐸∕𝜌𝑅
tanh−1

(
√

𝐸∕𝜌𝑅
𝑐

𝑧

)

= 𝐶1𝛼𝜉 + 𝐶2,

where 𝐶2 is another constant of integration. Recalling that 𝑧 = 𝛼𝜎 − 1,
we find the travelling wave profile as

𝜎(𝜉) − 𝑐
√

𝐸∕𝜌𝑅𝛼
tanh−1

(
√

𝐸∕𝜌𝑅
𝑐

(𝛼𝜎(𝜉) − 1)

)

= 𝐶1𝜉 +
𝐶2 + 1

𝛼
. (18)

This gives the solution of (15) in closed form (see Fig. 1 for the
travelling profile corresponding to (18)).

5. Special solutions to the equation of motion

In this section, we will investigate Eq. (14) as a nonlinear partial
differential equation. Similar to the argument in the previous section,
since 𝛼 is a constant, we have 𝜎𝑡 =

1
𝛼

𝜕
𝜕𝑡 (𝛼𝜎 − 1) and 𝜎𝑡𝑡 =

1
𝛼

𝜕2

𝜕2𝑡
(𝛼𝜎 − 1).

These lead to rewriting (14) as

(

𝛼𝜎 − 1
)

𝑡𝑡 =
𝐸
𝜌𝑅

(

𝛼𝜎 − 1
)

𝑥𝑥
(

𝛼𝜎 − 1
)2 + 2

(

𝛼𝜎 − 1
)2
𝑡

(

𝛼𝜎 − 1
) . (19)

Now, defining 𝜂(𝑥, 𝑡) ∶= 𝛼𝜎(𝑥, 𝑡) − 1, we can rewrite (19) as

𝜂𝑡𝑡 =
𝐸
𝜌𝑅

𝜂𝑥𝑥𝜂
2 + 2

𝜂2𝑡
𝜂
. (20)

We will consider special solutions to Eq. (20) by assuming that the
variables of 𝜂 can be separated, that is, 𝜂(𝑥, 𝑡) = (𝑥) (𝑡). In this case,
Eq. (20) yields

 ′′ = 𝐸
𝜌𝑅

 32 ′′ + 2
( ′)2


,

which is equivalent to

 ′′ − 2
(

 ′)2

 4
= 𝐸

𝜌𝑅
 ′′.

Clearly, this leads to

 ′′ =
𝜆𝜌𝑅 ,

 ′′ − 2
(

 ′)2

= 𝜆, (21)
4

𝐸  4
Fig. 2. Functions  and  in Eq. (21) are obtained using the package ode45 in Matlab
by making the choices 𝜆 = 0.001, 𝜌𝑅 = 1 kg∕𝑚3, and 𝐸 = 0.01 Pa. since Eqs. (21)
are second order ordinary differential equations, some initial conditions on the first
derivatives are required to be put into the code. The conditions chosen for this figure
were (0) = 0.1,  ′(0) = 0 and  (0) = 0.1,  ′(0) = 0.01. Once  and  are found, 𝜂
and 𝜎 are graphed using their respective definitions.

for some constant 𝜆. Solving these ordinary differential equations in
Matlab we obtain the solution functions  and  . From these, one can
find 𝜂 and by using the definition of 𝜂 = 𝛼𝜎 − 1, one can find 𝜎 (see
Fig. 2).

6. Concluding remarks

Understanding the response of bodies undergoing unsteady motions
has important technological relevance. For instance, wave propagation
is a common approach to non-destructively test materials. Another
important application is elastography, a methodology used to deter-
mine the location of disease in soft tissues, bones, etc., wherein an
increase in the local stiffness is used as a sign of disease in that
location. While palpation, the use of one’s hands, is often employed
to detect locally stiff areas, a more sophisticated method is the use of
ultrasound. In view of the constitutive relation studied in this paper
being appropriate for porous elastic bodies such as soft tissues, bones,
etc., a systematic study of the unsteady motion of bodies described
seems to make eminent sense and this study is a consequence of such
a determination. Unlike classical compressible Cauchy elastic bodies
wherein one has the conservation of mass and the balance of linear
momentum to solve for the density and the displacement, in the case
of the constitutive relation considered in this paper, in general, we have
a system of partial differential equations consisting of the conservation
of mass, balance of linear momentum and the constitutive relation that
need to be solved simultaneously for the density, displacement and
the stress. However, for the specific one-dimensional problem under
consideration, the system of equations can be reduced to a single
partial differential equation for the one-dimensional stress in one space
variable and time, allowing one to consider the possibility of ‘‘travelling
stress waves’’ in the material, similar to the study by Kannan et al.
[38] wherein they investigated the possibility of travelling waves for
a partial equation in space and time for the stress that stems from
a constitutive relation having a nonlinear relationship between the
linearized strain and the stress. An interesting feature of the partial
differential equation for the stress is that both the first and second
derivative of the stress appear in the equation. The presence of the first
derivative of the stress does not imply any dissipative mechanism at
play as the body in question is elastic.
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In addition to obtaining travelling wave solutions for the stress by
simplifying the partial differential equations by appealing to a simi-
larity transformation, we are able to introduce a new variable which
reduces the partial differential equation to an ordinary differential
equation which is amenable to the determination of the solution using
Matlab. In future work, we plan to investigate the possibility of other
unsteady motions of bodies described by this constitutive relation (8).
In our study, the body is assumed to be homogeneous, the density
in the unstressed and unstrained reference configuration is constant,
changes in density in the body being a consequence of the deformation.
Of particular interest is the generalization involving inhomogeneous
bodies, as material such as soft tissues and bones are inhomogeneous.

The constitutive relation considered in this paper admits the pos-
sibility for the material moduli to depend on the density. Recently,
Jayavel et al. [40] have studied a generalization of the constitutive
relation (8) wherein the material moduli depend on both the density
and mechanical pressure (mean value of the stress), a constitutive rela-
tion particularly well suited to describe the response of bones. Allowing
for the body to be inhomogeneous they consider uniaxial extension
and compression of such bodies and are able to capture the distinct
behaviour exhibited by bones in tension and compression. We plan to
study unsteady problems within the context of both homogeneous and
inhomogeneous bodies when the material moduli depend on both the
density and the mechanical pressure.
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