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A B S T R A C T 

The mass ( M BH 

) of a supermassive black hole (SMBH) can be measured using spatially resolved kinematics of the region 

where the SMBH dominates gravitationally. The most reliable measurements are those that resolve the smallest physical scales 
around the SMBHs. We consider here three metrics to compare the physical scales probed by kinematic tracers dominated by 

rotation: the radius of the innermost detected kinematic tracer R min normalized by the SMBH’s Schwarzschild radius ( R Schw 

≡
2 GM BH 

/ c 2 , where G is the gravitational constant and c the speed of light), sphere-of-influence (SOI) radius ( R SOI ≡ GM BH 

/σ 2 
e , 

where σ e is the stellar velocity dispersion within the galaxy’s ef fecti ve radius), and equality radius [the radius R eq at which 

the SMBH mass equals the enclosed stellar mass, M BH 

= M ∗( R eq ), where M ∗( R ) is the stellar mass enclosed within the radius 
R ]. All metrics lead to analogous simple relations between R min and the highest circular velocity probed V c . Adopting these 
metrics to compare the SMBH mass measurements using molecular gas kinematics to those using megamaser kinematics, we 
demonstrate that the best molecular gas measurements resolve material that is physically closer to the SMBHs in terms of R Schw 

but is slightly farther in terms of R SOI and R eq . Ho we ver, molecular gas observ ations of nearby galaxies using the most extended 

configurations of the Atacama Large Millimeter/submillimeter Array can resolve the SOI comparably well and thus enable 
SMBH mass measurements as precise as the best megamaser measurements. 

Key words: masers – galaxies: ISM – galaxies: kinematics and dynamics – galaxies: nuclei. 
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 I N T RO D U C T I O N  

upermassive black hole (SMBH) masses ( M BH ) correlate with
everal properties of their host galaxies, such as stellar velocity
ispersion, bulge mass, and stellar mass (e.g. Magorrian et al. 1998 ;
errarese & Merritt 2000 ; Gebhardt et al. 2000 ; Beifiori et al. 2012 ;
ormendy & Ho 2013 ). These correlations are sufficiently tight

o suggest (potentially self-regulating) co-evolutionary processes,
lthough their exact nature remains unclear (e.g. Kormendy & Ho
013 ; Simmons, Smethurst & Lintott 2017 ; Krajnovi ́c, Cappellari &
cDermid 2018 ; Sahu, Graham & Davis 2019 ). 
The mass of an SMBH can be directly measured from observations

f a kinematic tracer sufficiently close to it that its contribution to the
otal galactic gravitational potential can be disentangled from (i.e.
s comparable to) the contributions of other constituents (e.g. stars,
as, dust, and/or dark matter). This is simplest when observations
esolve the spatial scales on which the SMBH dominates the potential
e.g. Boizelle et al. 2019 ; North et al. 2019 ; Ruffa et al. 2023 ).
o we ver, with a reliable model of the distributions of the other
ass components, the SMBH’s contribution can still be discerned
 E-mail: hengyue.zhang@physics.ox.ac.uk (HZ); 
artin.bureau@physics.ox.ac.uk (MB) 
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with commensurately larger uncertainties) by tracing velocities
igher than those expected from models with no SMBH (e.g. Davis
t al. 2018 ; Smith et al. 2019 ). Stars and ionized gas are common
inematic tracers and have yielded most of the published SMBH mass
easurements to date. Measurements with megamasers (hereafter

masers’ for short) as tracers are often thought of as the ‘gold
tandard’ (e.g. Herrnstein et al. 2005 ; Kuo et al. 2011 , 2020 ; Gao
t al. 2017 ; Zhao et al. 2018 ), as very long baseline interferometry
VLBI) allows to resolve very small angular scales (and thus physical
cales) close to the SMBHs. Ho we ver, suitable masers are rare and are
etected almost e xclusiv ely in galaxies with Seyfert 2 active galactic
uclei (AGNs), hosting SMBHs of relatively low masses (10 6 �
 BH /M � � 10 8 ; e.g. Braatz, Wilson & Henkel 1996 ; Greenhill et al.

003 ; van den Bosch 2016 ). 
More recently, advances in millimetre interferometry have en-

bled to resolve molecular gas on the spatial scales over which
entral SMBHs dominate the galactic potentials. Following an initial
roof-of-concept measurement in NGC 4526 (Davis et al. 2013 ),
dditional measurements have been performed by our millimetre-
av e Interferometric Surv e y of Dark Object Masses (WISDOM)

n 10 typical early-type galaxies (ETGs; Davis et al. 2017 , 2018 ;
nishi et al. 2017 ; North et al. 2019 ; Smith et al. 2019 , 2021 ; Ruffa

t al. 2023 ; Dominiak et al. 2024b ; Zhang et al. 2024 ), a dwarf ETG
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Davis et al. 2020 ), and a peculiar luminous infrared galaxy with a
eyfert nucleus (Lelli et al. 2022 ). Using similar techniques, other 
roups have presented molecular gas SMBH mass measurements of 
2 additional ETGs (Barth et al. 2016 ; Boizelle et al. 2019 , 2021 ;
agai et al. 2019 ; Ruffa et al. 2019 ; Cohn et al. 2021 , 2023 ; Kabasares

t al. 2022 ; Nguyen et al. 2022 ; Dominiak et al. 2024a ) and three late-
ype galaxies (LTGs), all barred spirals (Onishi et al. 2015 ; Nguyen
t al. 2020 , 2021 ). Although the molecular gas technique is well
uited to a range of galaxies, it is more challenging to apply to LTGs
ecause the shallower and occasionally non-axisymmetric potentials 
ake non-circular gas motions more significant (e.g. Combes et al. 

019 ). 
VLBI observations of masers for SMBH mass measurements 

esolve much smaller physical scales than molecular gas obser- 
 ations. Ho we ver, the absolute scales do not necessarily offer a
eaningful comparison, as the scale required to perform an SMBH 

ass measurement, the radius of the SMBH’s sphere of influence 
SOI), is proportional to the SMBH mass. Kormendy & Ho ( 2013 )
howed that, among all SMBH measurements published by then, that 
f NGC 4258 by Herrnstein et al. ( 2005 ) using masers had the most
esolution elements across the SOI and was thus the most precise 
xtragalactic SMBH mass measurement. North et al. ( 2019 ) ho we ver
emonstrated that, considering instead the number of spatially 
esolved Schwarzschild radii, their molecular gas observations of 
GC 383 resolved spatial scales comparable to those of the maser 
easurements of the Megamaser Cosmology Project (e.g. Kuo et al. 

011 ; Gao et al. 2017 ). 
In this paper, we consider three separate metrics that quantify the 

hysical scales probed by kinematic tracers in circular motions: the 
adius of the innermost detected dynamical tracer divided by the 
MBH’s Schwarzschild radius R Schw , SOI radius R SOI (estimated 
sing the ef fecti v e stellar v elocity dispersion), and equality radius
 eq (the radius at which the SMBH mass equals the enclosed 
tellar mass). We then adopt the metrics to compare the resolved 
patial scales of maser and molecular gas dynamical SMBH mass 
easurements. In Section 2 , we introduce the metrics by rewriting 

he circular velocities V c ( R ) of the Keplerian circular velocity curves
sing different M BH -independent forms. In Section 3 , we estimate 
nd collect the parameters of all existing SMBH mass measurements 
o date that use molecular gas and/or maser observations. We also 
ompare their minimum resolved spatial scales using the metrics in- 
roduced and discuss the results and their implications. We conclude 
n Section 4 . 

 KEPLERIAN  C I R C U L A R  VELOCITY  C U RV E S  

N  DIFFERENT  UNITS  

or kinematic tracers dominated by rotation (so primarily molecular 
as and masers rather than ionized gas or stars), the key factor for
he precision of an SMBH mass measurement (assuming a sufficient 
ignal-to-noise ratio has been achieved) is how well the observations 
esolve the innermost part of the rotation curve, where the motion 
s predominantly Keplerian and gravitationally dominated by the 
MBH (Davis 2014 ). In other words, a precise measurement requires 
bservations with a spatial resolution sufficiently high to probe the 
inematics very close to the SMBH and deep into its potential well.
LBI maser measurements are thus considered the gold standard of 
MBH measurements, as they resolve spatial scales much smaller 

han those reached by other methods (see e.g. Table 1 ). Ho we ver,
s argued abo v e, an absolute scale does not necessarily offer a
eaningful metric, because the scale required to perform an SMBH 

ass measurement (the SOI) itself depends on M BH . A better spatial
esolution will only lead to a more precise M BH measurement at
 fixed mass. It is thus more meaningful to compare the spatial
cales probed by different kinematic tracers using a set of units that
liminate the M BH dependence. In this section, we thus rewrite the
ircular velocity V c ( R ) of Keplerian rotation using three different
airs of such units and introduce three corresponding metrics to 
ompare SMBH mass measurements that use different tracers. 

.1 Natural units ( c and R Schw ) 

he velocity of any kinematic tracer in a circular motion due
o gravity is such that the gravitational acceleration equals the 
entrifugal acceleration: 

GM( R) 

R 

2 
= 

V 

2 
c 

R 

, (1) 

here G is the gravitational constant, M ( R ) the mass enclosed within
 sphere of radius R , and V c the circular velocity at R . The enclosed
ass M ( R ) includes contributions from all the mass components

SMBH, stars, gas, dust, dark matter, etc). Ho we ver, for the rest of the
iscussion, we assume that M ( R ) in the central region of each galaxy
s dominated by the SMBH and the stars, as the gas fraction and the
ark matter fraction are usually low in the nuclear regions of local
alaxies (e.g. Cappellari et al. 2013 ; Zhu et al. 2023 ). We also note
hat for a non-spherically symmetric mass distribution, mass outside 
f the radius R also contributes to the kinematics. Those contributions
o we ver tend to cancel out, and the net effect is negligible compared
o the high circular velocities in the nuclear region. Multiplying both
ides of equation ( 1 ) by the Schwarzschild radius 

 Schw ≡ 2 GM BH 

c 2 
(2) 

Schwarzschild 1916 ), where c is the speed of light, yields 

(
V c 

c 

)2 

= 

1 

2 

(
R 

R Schw 

)−1 
M( R) 

M BH 
. (3) 

or a tracer much closer to the SMBH than the SOI radius, the BH
ass dominates o v er the stellar mass (i.e. M( R) ≈ M BH ), and (
V c 

c 

)2 

≈ 1 

2 

(
R 

R Schw 

)−1 

. (4) 

n this manner, we have rewritten the Keplerian relation between 
 c and R in natural units, eliminating its explicit dependence on the
MBH mass. This approach allows a fair comparison of observations 
f different kinematic tracers, in terms of the proximity of each tracer
o the SMBH in units of the Schwarzschild radius, even when the
MBH masses are different by orders of magnitude. Observations 

hat resolve circumnuclear disc material the fewest Schwarzschild 
adii away from the SMBH will thus detect the highest rotational
 elocities and rev eal the physical processes of SMBH accretion and
eedback closest to the galactic nucleus. 

As a caveat, the Keplerian relation in equation ( 4 ) is only satisfied
y kinematic tracers well within the SOI, so if an observation does
ot highly resolve the SOI, as is the case for many molecular gas
bserv ations (sho wn later in Section 3.2.4 ), the velocities of the
inematic tracer are expected to deviate from equation ( 4 ). By
ontrast, most SMBH measurement observations using masers do 
ighly resolve the SOI. The masers are thus expected to closely
ollow equation ( 4 ). This will be discussed in detail in Section 3.2.4 .
MNRAS 530, 3240–3251 (2024) 
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.2 Units of σ e and R SOI 

quations ( 3 ) and ( 4 ) express V c and R in natural units, providing
 metric that quantifies how well an observation spatially resolves
he material and motions in the circumnuclear disc. Ho we ver, this

etric is not ideal for e v aluating the reliability of SMBH mass
easurements, as the natural units relate only to the SMBH and

ontain no information on how other components of the gravitational
otential compare to it. For example, at a fixed radius in natural units,
 kinematic tracer in a galaxy with an o v erly massiv e central bulge
compared to its SMBH) will be more affected by stars than one in
 galaxy with an undermassive bulge. Everything else being equal,
he latter case generally yields a more precise SMBH mass than the
ormer. To e v aluate an SMBH mass measurement in units that reflect
oth the SMBH and the stars, and thus the likely precision of the
easurement, we normalize R by the radius of the SMBH SOI 

 SOI ≡ GM BH 

σ 2 
e 

(5) 

e.g. Wolfe & Burbidge 1970 ), where σ e is the stellar velocity
ispersion measured within one ef fecti ve (half-light) radius R e of
he galaxy, a proxy for the depth of the galaxy potential well and thus
he stellar component at large spatial scales. The relation between V c 

nd R then becomes (
V c 

σe 

)2 

= 

(
R 

R SOI 

)−1 
M( R) 

M BH 
. (6) 

gain, for R � R SOI , M ( R ) ≈ M BH , and (
V c 

σe 

)2 

≈
(

R 

R SOI 

)−1 

. (7) 

It is worth noting that when R is normalized by R SOI , V c is
ormalized by σ e . This is reasonable as the SOI is the region where
he influence of the SMBH potential exceeds that of the stellar
otential. So, for a tracer at R SOI , the SMBH’s contribution to the
ircular velocity should approximately equal the contribution from
he stars, which is of the order of σ e . Again, observations that only

arginally resolve the SOI ( R ≈ R SOI ) have M ( R ) considerably larger
han M BH , so the velocities are expected to deviate from equation ( 7 ).

.3 Units of V eq and R eq 

lthough σ e is measurable for most nearby galaxies and provides a
onvenient way to estimate the size of the SOI, it is only a proxy for
he dynamics of the stars and their underlying gravitational potential.
he SOI definition in equation ( 5 ) is thus only an approximation to

he more physically meaningful definition that the SOI is the region
here the SMBH potential dominates o v er the stellar potential, or

qui v alently where the SMBH mass dominates o v er the stellar mass.
herefore, we consider a more formal and accurate definition of the
OI radius, the equality radius R eq , such that 

 ∗( R eq ) = M BH , (8) 

here M ∗( R ) is the stellar mass enclosed within the radius R . We then
efine V eq to be the circular velocity at R eq due only to the SMBH: 

 eq ≡
√ 

GM BH 

R eq 
. (9) 

n these units, the relation between V c and R becomes (
V c 

V eq 

)2 

= 

(
R 

R eq 

)−1 
M( R) 

M BH 
. (10) 
NRAS 530, 3240–3251 (2024) 
gain, for R � R eq , M ( R ) ≈ M BH , and (
V c 

V eq 

)2 

≈
(

R 

R eq 

)−1 

. (11) 

Unlike the definition of R SOI that approximates the comparison
etween the SMBH and the stellar potential with the comparison
etween V c and σ e , the definition of R eq comes from an explicit
omparison between the SMBH mass and the stellar mass distri-
ution. Therefore, V eq and R eq are better physically moti v ated and
ore accurate units to compare the depths of the potentials probed

y different observations. Having said that, detailed modelling of
he stellar mass distribution near the SMBH SOI is not available
nor feasible) for every galaxy with a dynamically measured SMBH
ass. This is particularly the case for maser galaxies, as their SOI

re often smaller than the angular resolutions of even the best
ptical telescopes (e.g. Hubble Space Telescope , HST , and JWST ; see
ection 3.2.4 ). Hence, V eq and R eq are only available for a subset of

he galaxies considered in the next section, and this will be discussed
n detail. 

 C O M PA R I N G  MASER  A N D  M O L E C U L A R  G A S  

EASUREMENTS  

.1 Methods 

n this section, we compile all molecular gas and maser SMBH
ass measurements in the literature and compare them using the
etrics introduced in Section 2 . Instead of re-deriving the entire

otation curve of each galaxy in the new units, we consider only
he radius R min and velocity V max of the innermost kinematic tracer

easurement in these units. This reveals the smallest spatial scale
robed by each observation and indicates the quality of the mass
easurement. 
For maser galaxies, we thus adopt the (redshifted or blueshifted)
aser spot that has the highest velocity relative to the galaxy’s

ynamical centre. The uncertainties of the maser position and
elocity and those of the dynamical centre position and velocity are
aken from the original publication and are added using the standard
rror propagation procedures for Gaussian random variables. 

By contrast, molecular gas observations yield continuous emission
istributions in the radius-velocity planes, commonly shown in the
iterature as major-axis position–velocity diagrams (PVDs). For each
alaxy, we thus visually identify the major-axis position (i.e. the
adius) with the highest velocity (i.e. the velocity peak) in the central
egion of the PVD. If the observation resolves the SOI, this velocity
races the velocity rise due to the SMBH. If the SOI is unresolved
nd no velocity rise is detected, this velocity represents the innermost
esolv ed v elocity within which the observ ed v elocity rapidly falls off
o zero. In this case, a BH mass measurement is still possible if the
elocity is substantially higher than that expected from models of the
ther mass components only. 
In practice, we extract the corresponding radius and velocity using
ebPlotDigitizer 1 (Rohatgi 2022 ). If the redshifted and blueshifted

elocity peaks look almost symmetric, we measure both peaks and
dopt the average R min and V max of the two measurements, with half of
he differences as the uncertainties. If the resulting V max uncertainty
s smaller than the channel width of the data cube, we inflate it to the

https://automeris.io/WebPlotDigitizer/index.html
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We note that the channel width is a conserv ati ve estimate of the
ypical uncertainty of velocity measurements from data cubes. If one 
f the peaks has a substantially lower velocity than the other or is
ndistinguishable from noise, we adopt the other (higher velocity) 
eak and estimate the position uncertainty from the spatial width 
f that peak and the velocity uncertainty as the channel width. We
lso note that R min is sometimes marginally smaller than the full
idth at half-maximum (FWHM) of the synthesized beam of the 
bservations, as the position of the central unresolved emission can 
e measured more precisely than the beam FWHM. We show five 
xamples of our measurements of R min and V max for molecular gas 
bservations in Appendix B . Three examples are from observations 
hat resolve the SOI, and two are from observations that do not. The
est of the measurements are shown in the online supplementary 
aterial (PVDs reproduced with permission). Finally, we deproject 

he observed maximum rotation velocity V max into the maximum 

ircular velocity assuming perfect circular motion and an infinitely 
hin disc, V c = V max /sin ( i ), adopting the inclination and inclination
ncertainty listed in each SMBH mass measurement paper. 
While there may be non-circular motions or warps in some 
olecular gas and maser discs, in most cases the errors introduced 

n V c will be small ( � 30 km s −1 ; see e.g. Herrnstein et al. 2005 ;
guyen et al. 2020 ) compared to the large V c in the nuclear regions.
hese errors are thus unimportant for the following discussion. More 
omplex central non-circular motions (e.g. inflows and/or outflows) 
ssociated with bright emission could of course exist in some objects, 
nd they could mimic Keplerian rises of rotation curves due to 
MBHs. The galaxy Fairall 49 may be such an example, with 
aint blueshifted emission near the nucleus explainable by either 
 Keplerian velocity rise or non-circular motions (Lelli et al. 2022 
rgued for a molecular gas inflow). Our measurements of V max and 
 min for this object could thus be more significantly affected. 
We thus acknowledge that our measurements of R min and V max of
olecular gas observations are only rough estimates with consid- 

rable uncertainties. For example, the identification of the velocity 
eaks is performed visually and may be subject to human biases
nd uncertainties (e.g. confirmation bias and uncertainties marking 
he exact location of each peak by hand). Moreover, this method 
lightly but systematically o v erestimates V max , as it adopts the highest
etected velocity, slightly boosted by the velocity dispersion of the 
as, rather than the mean of the velocity distribution of the innermost
inematic tracer. We take these effects into account in the adopted 
ncertainties. F or e xample, we repeat our measurements three times
nd compare the results to estimate human-related uncertainties. 
e also ensure that the uncertainty of V max is at least as large as

he gas velocity dispersion. The final adopted uncertainties are thus 
onserv ati ve and likely much larger than the systematic uncertainties 
aused by any of these effects. A more reliable method to measure the
 min and V max of molecular gas observations could be to inspect the
riginal data cube of each galaxy and identify the ‘innermost detected 
inematic tracer’ by applying a signal-to-noise ratio threshold. 
o we v er, we hav e confirmed using the data cubes of the WISDOM
roject that these potentially more accurate measurements do not 
ffer a substantial impro v ement o v er our more simplistic approach. 

.2 Results 

.2.1 Summary of measured and adopted quantities 

able 1 lists all molecular gas and maser SMBH mass measurements 
n the literature, as well as our own measurements of R min and
 max obtained from those. If a galaxy has multiple SMBH mass
easurements from the same method, we consider only the most 
ecent one. All uncertainties listed are 1 σ uncertainties. Some 
nclinations have zero associated uncertainties as they were fixed 
uring the kinematic modelling. If a maser paper does not state
n inclination, we assume that the inclination was fixed at 90 ◦, as
etection of maser emission requires an almost edge-on maser disc. 
e added the stellar dynamical mass measurement of Sgr A ∗ in the
ilky Way (MW) as a reference point, as the motions of individual

tars can be measured. The MW R min and V max are taken to be those
f the star S2 from GRAVITY Collaboration ( 2018 ; hereafter GC18 ).
If uncertainties are provided, the distances listed in Table 1 

re taken from the listed references. Otherwise, we adopt the 
istances listed in Saglia et al. ( 2016 ) and rescale the SMBH masses
ccordingly (as dynamical mass measurements scale linearly with the 
ssumed distance). If a galaxy is not in Saglia et al. ( 2016 ), we adopt
 distance from another source, retrieved from the HyperLeda 2 data 
ase (Makarov et al. 2014 ), and assume a 10 per cent uncertainty,
onsistent with the approach of van den Bosch ( 2016 ). 

We also compile the stellar velocity dispersions within one 
f fecti ve radius σ e of all the galaxies to compute their R SOI . For
he MW, we adopt σ e = 105 ± 20 km s −1 (G ̈ultekin et al. 2009 ).
or other galaxies, we prioritize the σ e referenced by the SMBH 

ass measurement paper. If that paper does not list σ e , we search
he following sources (in descending order of priority): 

(i) Sources with well spatially resolved stellar kinematics, such 
s the ATLAS 

3D project (Cappellari et al. 2013 ) and the MASSIVE
urv e y (Veale et al. 2017 ). For MASSIVE galaxies, if uncertainties
re not provided, we assume 10 km s −1 . 

(ii) van den Bosch ( 2016 ), who compiled the best σ e measure-
ents of all galaxies with an SMBH mass measurement before June

016. 
(iii) Other literature sources (e.g. Greene et al. 2010 ) with σ e 

easurements. 
(iv) The ‘central stellar velocity dispersion’ listed in HyperLeda 

Makarov et al. 2014 ), defined as the mean stellar velocity dispersion
ithin a circular aperture of 0.595 kpc radius. 
(v) The ‘velocity dispersion’ listed in the Sloan Digital Sky Survey 

SDSS) data release 16 (DR16; Ahumada et al. 2020 ), measured
ithin a circular aperture of 1.5 arcsec radius. 

We correct the stellar velocity dispersions from HyperLeda and 
DSS to σ e using σ e / σ = ( R / R e ) 0.08 (for spiral galaxies; Falc ́on-
arroso et al. 2017 ), where R is the radius of the aperture and σ

he corresponding velocity dispersion, and R e is computed from the 
tellar mass model adopted by the SMBH mass measurement paper. 
f the galaxy does not have a stellar mass model, we adopt the r -band
etrosian half-light radius from the SDSS DR16 (Ahumada et al. 
020 ). Because stellar velocity dispersion scales only slowly with 
perture size ( σ e / σ = ( R / R e ) α , where −0.06 < α < 0.08; Falc ́on-
arroso et al. 2017 ; Zhu et al. 2023 ), the differences between σ and
e are unlikely to substantially affect our results. We are unaware of
ny σ measurement of Fairall 49. 

To measure R eq , we use the stellar mass model described in each
MBH mass measurement paper. For molecular gas measurements, 

his usually implies multiplying the best-fitting multi-Gaussian 
xpansion (MGE; Emsellem, Monnet & Bacon 1994 ; Cappellari 
002 ) model of the stellar light distribution stated, constructed using
he mge fit sectors procedure of Cappellari ( 2002 ), with the
orresponding best-fitting mass-to-light ratio ( M / L ). We then use the
MNRAS 530, 3240–3251 (2024) 
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Figure 1. Correlation of the SMBH masses and the ef fecti v e stellar v elocity 
dispersions of all galaxies with an SMBH mass measurement using maser or 
molecular gas kinematics (and the MW). The solid black line shows the local 
M BH –σ e relation of van den Bosch ( 2016 ), while the dashed and dotted grey 
lines show the 1 σ and 3 σ observed scatter of the relation, respectively. Maser 
observations (filled red circles) probe a narrow SMBH mass range ( M BH ∼
10 7 M �), much narrower than that of molecular gas observations (filled blue 
circles). 

Figure 2. Correlation of the radii and the circular velocities of the innermost 
kinematic tracer measurements of all galaxies with an SMBH mass measure- 
ment using maser or molecular gas kinematics (and the MW), in units of 
R Schw and c , respectively. The measurement of Sgr A 

∗ in the MW uses the 
peribothron of star S2. The dashed black line shows the Keplerian relation 
of equation ( 4 ). Observations probing fewer Schwarzschild radii from the 
SMBH tend to follow the Keplerian curv e v ery well, while observations 
with lower resolutions (in the unit of R Schw ) deviate from the relation, as 
the contributions of stars become significant. The e xpected v elocity profiles 
for a range of S ́ersic indices n are shown for comparison as solid curves in 
different shades of green, for a galaxy with total stellar mass M ∗ = 10 11 M �

8 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/530/3/3240/7657817 by guest on 17 June 2024
ge radial mass procedure 3 in the JAMPY package 4 (Cappellari
008 , 2020 ) to convert the two-dimensional stellar mass profile into
 one-dimensional radial profile. We interpolate this radial profile to
dentify the radius R eq at which the enclosed stellar mass equals the
est-fitting SMBH mass. Finally, we estimate the uncertainty of R eq 

sing Monte Carlo methods: we recompute R eq using 10 4 random
ealizations of M BH and M / L sampled from Gaussian distributions
ith means and standard deviations equal to the best-fitting M BH and
 / L and their 1 σ uncertainties, respectively. We take the standard

eviation of the resultant distribution of R eq as the uncertainty. The
 eq of the MW is calculated from the MW nuclear star cluster model
f Feldmeier-Krause et al. ( 2017 ). 
Our procedure to measure R eq is reliable when the adopted stellar
ass model comes from an o v erall dust-free optical or near-infrared

mage (usually from HST ) with a resolution comparable to or better
han R eq . Otherwise, the result will depend strongly on the point
pread function and/or the dust distribution model assumed. By
hecking the Mikulski Archive for Space Telescopes, 5 we confirm
hat no image satisfies both criteria for any of the maser galaxies in
his paper except NGC 4258 (whose model is detailed in Drehmer
t al. 2015 ). The main limitation is that maser galaxies typically
ave much smaller SOI ( R eq ∼ 0.01 arcsec) than galaxies with
olecular gas measurements (see Section 3.2.4 ). Additionally, the

ense molecular gas required to trigger maser emission is often
ssociated with prominent dust, so maser galaxies are typically dusty
n their cores. By contrast, all of the SMBH mass measurement papers
sing molecular gas contain a reliable stellar mass model. 

.2.2 Sample galaxies in the M BH –σ e diagram 

ig. 1 shows the correlation of the SMBH masses and the effective
tellar velocity dispersions of all galaxies with an SMBH mass
easurement using maser or molecular gas kinematics (and the
W), compared to the local M BH –σ e relation of van den Bosch

 2016 ). Maser observations span an SMBH mass range ( M BH ∼ 10 7 

 �) much narrower than that of molecular gas observations. The
ain reason is that the required maser emission originates from a

pecific type of nuclear activity most frequently present in Seyfert
 AGNs (see Lo 2005 for a re vie w), with a narrow range of SMBH
asses. By contrast, molecular gas observations probe a wide range

f galaxy and thus SMBH masses, ranging from massive ellipticals
e.g. Cohn et al. 2021 ; Smith et al. 2021 ; Ruffa et al. 2023 ) to dwarfs
e.g. Davis et al. 2020 ; Nguyen et al. 2022 ), constraining SMBH–
alaxy scaling relations across the entire dynamic range. 

.2.3 Comparing R min / R Schw 

ig. 2 shows the correlation of the radii and the circular velocities of
he innermost kinematic tracer measurements of all galaxies with an
MBH mass measurement using maser or molecular gas kinematics
and the MW), in the unit of R Schw and c , respectively. Because
 Schw quantifies the physical scales of the motions probed and of
rocesses such as accretion and feedback in the circumnuclear discs,
bservations with smaller R min / R Schw trace these processes closer to
he SMBHs. Using this metric, the best molecular gas SMBH mass

easurements resolve spatial scales (i.e. numbers of Schwarzschild
NRAS 530, 3240–3251 (2024) 

 From https:// pypi.org/ project/ mgefit/ 
 From https:// pypi.org/ project/ jampy/ 
 https:// mast.stsci.edu/ search/ ui/ #/ hst

and SMBH mass M BH = 5 × 10 M �. The best molecular gas SMBH mass 
measurements resolve spatial scales (i.e. numbers of Schwarzschild radii) 
comparable to those of the best maser SMBH mass measurements. In fact, 
the recent high-resolution WISDOM measurement of NGC 383 (leftmost 
blue data point; Zhang et al. 2024 ) probes material with smaller R min / R Schw 

and higher rotational velocities than those of all previous molecular gas and 
maser measurements. 

https://pypi.org/project/mgefit/
https://pypi.org/project/jampy/
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Figure 3. As Fig. 2 , but in the unit of R SOI and σ e , respectively. The σ e of 
each S ́ersic profile is derived by first using the jam sph proj procedure of 
the JAMPY package to compute the second stellar velocity moment ( V ∗, RMS ) 
map and then calculating the luminosity-weighted sum of V 

2 
∗, RMS within 

R e . Maser observations generally resolve the SOI better than molecular gas 
observ ations. Ho we ver, the recent high-resolution WISDOM measurement of 
NGC 383 (leftmost blue data point; Zhang et al. 2024 ) has a resolution (in the 
unit of R SOI ) that is in the same range as that of the best maser observations. 

Figure 4. As Fig. 2 , but in the unit of R eq and V eq , respectively. The only 
maser galaxy for which we can compute R eq is NGC 4258, which has the 
largest angular SOI size and the highest resolution SMBH measurement 
(using either R min / R Schw or R min / R SOI as the metric) of all maser galaxies. 
So far, molecular gas observations have fewer resolution elements across R eq 

than the maser observations of NGC 4258, consistent with the results using 
R SOI as the metric. 
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adii) comparable to those of the best maser SMBH mass measure- 
ents. In fact, the highest resolution (smallest R min / R Schw ) molecular

as measurement is the recent WISDOM measurement of NGC 383 
Zhang et al. 2024 ) that probes material with smaller R min / R Schw 

 ≈41 300) and higher V c ( ≈1040 km s −1 ) than those of all previous
olecular gas and maser measurements. This is because, as masers 

re present in galaxies with SMBH masses typically two orders of
agnitude smaller than those of galaxies studied with molecular 

as, the poorer angular resolutions of molecular gas observations 
compared to those of maser observations) are compensated by 
he relatively more massive SMBHs probed. Consequently, the 
ighest resolution molecular gas observations can probe physical 
rocesses in the circumnuclear discs closer to the SMBHs than maser
bservations. We note again, however, that this does not guarantee 
ore reliable SMBH mass determinations, as the R min / R Schw metric

oes not take into consideration the gra vitational contrib utions of
tars. 

While observations with small R min / R Schw mostly follow the 
eplerian velocity profile of equation ( 4 ), those with large R min / R Schw 

end to deviate from this relation, because the contributions of the
tars to the velocity profiles become significant when R ∼ R SOI .
o quantify the typical deviations expected, we generate velocity 
rofiles of a mock galaxy with a total stellar mass M ∗ = 10 11 M �,
n SMBH mass M BH = 5 × 10 8 M �, and different S ́ersic indices n .
his stellar mass is approximately the mid-point of the total stellar
ass dynamic range of the galaxies probed with the molecular 

as method, and the ( M ∗, M BH ) pair adopted is consistent with
he M ∗–M BH relation of van den Bosch ( 2016 ). We note that these
arameters are chosen only to illustrate reasonable qualitative trends 
t large radii, not to reproduce the data points in this region of the
iagram. The mass surface density radial profile of the S ́ersic model
s 

( R) = � e exp −b n 

[ (
R 

R e 

)1 /n 

− 1 

] 

. (12) 

e estimate the half-light radius R e of each model using the relation
f Shen et al. ( 2003 ): 

R e 

kpc 
= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

0 . 10 
(

M ∗
M �

)0 . 14 (
1 + 

M ∗
3 . 98 ×10 10 M �

)0 . 25 
, if n < 2 . 5 

2 . 88 × 10 −6 
(

M ∗
M �

)0 . 56 
, if n > 2 . 5 . 

(13) 

e approximate b n as 

 n ≈ 2 n − 1 

3 
+ 

4 

405 n 
+ 

46 

25515 n 2 
(14) 

see Ciotti & Bertin 1999 ), where n is the index of the S ́ersic profile.
he mass surface density at the ef fecti ve radius, � e , is normalized
y the total stellar mass using 

 ∗ = � e 

(
2 πR 

2 
e 

) n e b n 

b 2 n n 

�(2 n ) , (15) 

here � is the Gamma function. To compute the corresponding 
hree-dimensional mass volume density profiles, we first fit each 
 ́ersic profile with a set of Gaussians (i.e. we perform a MGE fit)
sing the mge fit 1d procedure of Cappellari ( 2002 ). We then
se the mge vcirc procedure of the JAMPY package (Cappellari 
008 , 2020 ) to deproject the Gaussians, add an SMBH at the
entre, and compute the resulting circular velocity curve. The 
esulting curves are shown as solid curves with different shades 
f green in Fig. 2 (with analogous curves in Figs 3 and 4 ). The
ata points at large R min / R Schw roughly follow the coloured curves,
emonstrating the robustness of our measurements of the innermost 
racers. 

.2.4 Comparing R min / R SOI 

s argued abo v e, detecting material that is fewer Schwarzschild radii
way from the SMBH does not in itself guarantee a better SMBH
ass measurement, as the measurement precision is more directly 

elated to the factor by which the observations spatially resolve the
MNRAS 530, 3240–3251 (2024) 
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OI. Analogously to Figs 2 and 3 thus shows the correlation of the
adii and the circular velocities of the innermost kinematic tracer
easurements of all galaxies with an SMBH mass measurement

sing maser or molecular gas kinematics (and the MW), but this
ime in the unit of R SOI and σ e , respectively. 

To compute the σ e of each S ́ersic profile, we adopt the
am sph proj procedure of the JAMPY package to calculate a
rediction of the second stellar velocity moment ( V ∗, RMS ) from
he MGE of the S ́ersic profile. Then, we compute σ 2 

e as the
uminosity-weighted sum of V 

2 
∗, RMS within R e . The resulting σ e 

re 110, 111, 122, 126, and 129 km s −1 for n = 1, 2, 3, 4, and 5,
espectively. 

Again, almost all observations that resolve the SOI ( R min / R SOI <

) follow the Keplerian circular velocity curve, while observations
ith innermost tracers farther from the SMBHs than R SOI are more

ubstantially affected by the galaxies’ stellar contents. SMBH mass
easurements are nevertheless possible for such observations, if

he stellar mass models are sufficiently accurate. In those cases
he best-fitting SMBH masses usually have large uncertainties,
s the measurements are sensitive to uncertainties in the stellar
ass models (and unrealistically small uncertainties would almost

ertainly imply underestimated systematic uncertainties). So far,
ll SMBH mass measurements using observations with R > R SOI 

re measurements with the molecular gas method, as some of
he targeted galaxies were revealed to have central holes in their
ircumnuclear CO(2-1) or CO(3-2) emission (e.g. Davis et al.
018 ; Smith et al. 2019 , 2021 ). These holes may imply that the
nner edges of the molecular gas discs do not reach the SOI or
hat the molecular gas within the SOI only emits at higher CO
ransitions and/or only exists as higher density molecular tracers.
n these cases, the radii of the innermost kinematic tracers are
reater than R SOI regardless of the angular resolutions of the ob-
ervations. 

The maser observations generally resolve the SOI better than
he molecular gas observations, in agreement with the generally
etter SMBH mass precision they of fer. Ne vertheless, the highest
esolution molecular gas measurement (smallest R min / R SOI ), again
he recent ALMA measurement of NGC 383 (Zhang et al. 2024 ), has
 resolution ( R min / R SOI = 0.05) that is in the same range as that of the
est maser observations. As ALMA’s best angular resolution at the
requency of CO(2-1) ( ≈0.018 arcsec) is about 40 per cent of R min of
his measurement, future ALMA molecular gas observations with the

ost extended configurations can provide comparable R min / R SOI and
hus SMBH mass precision as the highest resolution measurements
sing masers (assuming the observations can achieve sufficient
ignal-to-noise ratios). 

Although the angular resolutions of VLBI maser observations
re generally much higher than those of ALMA molecular gas
bservations, the angular sizes of the SOI of galaxies with maser
inematic SMBH measurements are also usually much smaller than
hose of galaxies with molecular gas kinematic SMBH measure-

ents, partly because of the smaller M BH of the galaxies with
aser emission, and partly because maser-hosting galaxies are on

verage farther away due to the scarcity of masers. For these reasons,
uture molecular gas observations with the longest baselines of
LMA can relatively easily achieve the same R min / R SOI as those
f the best maser measurements so far. By contrast, megamaser
bservations have already exploited the highest angular resolution of
urrent facilities (e.g. ≈0.35 mas at the frequency of water masers
or the Very Long Baseline Array; Napier 1995 ). It is thus more
hallenging to impro v e the precision of SMBH measurements using
asers. 
NRAS 530, 3240–3251 (2024) 
.2.5 Comparing R min / R eq 

ecause R SOI ≡ GM BH /σ
2 
e is only an approximation to the actual

OI radius, we repeat our comparison with R SOI replaced by the
quality radius R eq , the formal definition of the SOI radius. Fig. 4
hus shows the correlation of the radii and the circular velocities of
he innermost kinematic tracer measurements of all galaxies with an
MBH mass measurement using maser or molecular gas kinematics
and the MW), this time in the unit of R eq and V eq , respectively.
lthough only one maser galaxy (NGC 4258) with an SMBH mass
etermination has an R eq measurement, this galaxy also has the
mallest R min / R Schw and R min / R SOI ratios of all maser galaxies, so
he maser data point in Fig. 4 represents the best maser observations.
hese observations still have more resolution elements across the SOI

han the molecular gas observations (using R min / R eq as the metric),
onsistent with the results using the R min / R SOI metric. Ho we ver,
gain, ALMA observations with the most extended configurations
an relatively easily produce SMBH measurements with a R min / R eq 

nd a precision comparable to the highest resolution measurements
sing masers. 

.3 Other considerations 

n practice, achieving a precise SMBH mass using molecular gas
bservations requires not only high spatial resolution but also a
recise determination of the disc inclination, as the SMBH mass
epends strongly on the inclination through the deprojection of
he velocities: M BH ∝ sin −2 i . Due to this sin −2 i dependence, any
nclination uncertainty contributes more to the M BH uncertainty
udget for smaller (i.e. more face-on) inclinations. As maser discs
an only be observed nearly edge-on, inclination uncertainties impact
MBH mass uncertainties less for the maser method than for the
olecular gas method. 
Another advantage of the maser method is that it sometimes

nables an independent galaxy distance determination (e.g. Kuo et al.
013 ; Pesce et al. 2020a ). As M BH scales linearly with distance, the
istance uncertainty often dominates the M BH uncertainty budget,
ven though it is customary neither to include nor quote the distance
ncertainty in other M BH measurements (as rescaling the SMBH mass
o a different distance is straightforward and does not require redoing
ny fit). An independent distance determination using masers thus
mpro v es the true SMBH mass precision (including the distance
ncertainty), if the distance obtained is more precise than other
istance estimates (obtained using e.g. the Tully–Fisher relation;
ully & Fisher 1977 ). 
On the other hand, a clear advantage of the molecular gas method

s that it yields truly three-dimensional data and thus a full two-
imensional velocity map of each circumnuclear disc, while the
aser method yields ef fecti vely one-dimensional kinematics, i.e.

he velocities of a few maser spots along the kinematic major axis
f the disc only. With many more data points sampling all azimuths,
he molecular gas method can provide a reliable SMBH mass even
hen the data hav e relativ ely lower signal-to-noise ratios. Moreo v er,

wo-dimensional velocity information allows to properly constrain
on-circular motions (e.g. Lelli et al. 2022 ) and the internal structure
f the disc (e.g. warps; Nguyen et al. 2020 ; Ruffa et al. 2023 ) that can
ubstantially affect the SMBH mass measurement. Modelling these
ffects is much more difficult using maser data. 

Another advantage of the molecular gas method is that molec-
lar gas observations help constrain the mass distribution of the
olecular gas disc itself. An accurate molecular gas mass profile

llows to disentangle the dynamical effects of the SMBH from
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hose of the self-gravity of the molecular gas disc, thus reducing 
he systematic uncertainty of the SMBH mass measurement. This 
s especially crucial when the total molecular gas mass within 
 min is a considerable fraction of the SMBH and/or stellar mass.
easurements with masers, by contrast, require many assumptions 

o model the disc self-gravity indirectly (e.g. Lodato & Bertin 
003 ). 

 C O N C L U S I O N S  

he mass of an SMBH can be measured using spectroscopic observa- 
ions of kinematic tracers at sufficiently small radii, such that the mass
nclosed within the tracer’s orbit is dominated by the SMBH. Such 
racers then follow a Keplerian circular velocity curve, V c ∝ R 

−1/2 , that
an be written in M BH -independent forms (equations 4 , 7 , and 11 ),
ffording a fair comparison between SMBH mass measurements that 
robe different SMBH masses and angular scales. In this paper, we 
ave compared SMBH mass measurements using molecular gas and 
aser observations, adopting as the metric the radii of their innermost

inematic tracers divided by R Schw , R SOI , and R eq , respectively. We
ave thus shown that the best molecular gas observations resolve 
aterial fewer Schwarzschild radii away from the SMBHs than the 

est maser observations, so molecular gas observations can probe 
otions and physical processes closer to the SMBHs than the maser 
ethod. Conversely, the best maser observations typically resolve 

he SMBHs’ SOI better than the best molecular gas observations, 
hether the SOI is defined using the ef fecti ve stellar velocity
ispersion σ e or the equality radius R eq . Already, molecular gas 
bservations using the most extended configurations of ALMA 

an spatially resolve the SOI comparably well, leading to SMBH 

asses as precise as the most precise SMBH masses derived using
asers. 
If we accept the claim that masers offer ‘gold standard’ measure- 
ents of SMBH masses for M BH ∼ 10 7 M � (as they resolve the

mallest physical scales around the SMBHs), we should consider the 
olecular gas method capable of producing equally precise measure- 
ents across a much wider SMBH mass range. Most of these precise
easurements will be towards the high-mass end, where the physical 

ize of the SOI is the largest. Nevertheless, the method can also
chieve high precision for a closer, less massive SMBH if a regular
nd dynamically cold molecular gas disc is present at the centre of
he galaxy. Galaxies with lower mass SMBHs are more likely to have
urbulent gas kinematics due to the smaller V c and stronger impact 
f stellar feedback, but regular and circularly rotating CO discs 
uitable for SMBH mass measurements are also present in some (e.g. 
avis et al. 2020 ). SMBH measurements with molecular gas are thus
ighly complementary to existing high-precision measurements with 
asers. 
In practice, achieving high angular and thus spatial resolu- 

ions requires long baselines and, in turn, long integration times 
 ≈5 h with ALMA). Such observations are not necessarily im-
ediately feasible for a large sample of galaxies. Ho we ver, the

otential for the molecular gas method to steadily increase the 
umber of ‘gold standard’ mass measurements across the entire 
MBH mass range is clear. Moreo v er, it remains to be seen
hether the two methods yield consistent masses for the same 
alaxies, as no galaxy with an existing SMBH mass measure- 
ent from maser observations so far meets the selection criteria 

or an SMBH measurement using molecular gas (Liang et al. 
024 ). 
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PPENDI X  A :  SUMMARY  O F  A S  Y E T  

NPUBLI SHED  SMBH  MASS  MEASUREMENTS  

his appendix summarizes two submitted but as yet unpublished
MBH mass measurements from the WISDOM project. 
1 NGC 383 

he SMBH mass of the nearby lenticular galaxy NGC 383 is
easured by Zhang et al. ( 2024 ) using ALMA observations of

he 12 CO(2-1) emission line with a synthesized beam FWHM of
16 × 8 pc 2 (0.051 arcsec × 0.025 arcsec). This angular (and thus

patial) resolution is approximately four times better than that of the
revious intermediate-resolution measurement by North et al. ( 2019 )
nd it spatially resolves the SOI by a factor of ≈23. The observations
ield V max ≈ 634 km s −1 (corresponding to a deprojected velocity V c 

1040 km s −1 ), ≈1.8 times higher than that of North et al. ( 2019 ), as
ell as evidence for a mild position angle warp and/or non-circular
otions within the central ≈0.3 arcsec. By forward modelling the
ass distribution and ALMA data cube, Zhang et al. ( 2024 ) infer an
MBH mass of (3.59 ± 0.20) × 10 9 M � (1 σ confidence interval),
ore precise (5 per cent) but consistent with ( ≈1.4 σ smaller than)

he measurement by North et al. ( 2019 ). The best-fitting SMBH
ass is insensitive to varying models of the central warp and/or non-

ircular motions. The PVD of the ALMA data, o v erlaid with that of
he best-fitting model, is shown in the online supplementary material.

2 NGC 4751 

he SMBH mass of the ETG NGC 4751 is measured by Dominiak
t al. ( 2024b ) using ALMA observations of the 12 CO(3–2) line with
n angular resolution of ≈24 pc (0.19 arcsec). The observations
eveal a regularly rotating central molecular gas disc with clear
entral Keplerian motions. By forward modelling the molecular gas
inematics and data cube, Dominiak et al. ( 2024b ) infer an SMBH
ass M BH = 3 . 43 + 0 . 45 

−0 . 44 × 10 9 M � assuming a constant stellar M / L ,
ut an SMBH mass M BH = 2 . 79 + 0 . 75 

−0 . 57 × 10 9 M � assuming a linearly
patially varying M / L . We adopt the linearly varying M / L model as
t agrees more closely with the SMBH mass derived through stellar
inematics in the same paper. The PVD of the ALMA data, o v erlaid
ith that of the best-fitting linearly varying M / L model, is shown in

he online supplementary material. 

PPENDI X  B:  EXAMPLES  O F  I NNERMOS T  

RAC ER  MEASUREMENTS  O F  M O L E C U L A R  

A S  OBSERVATI ONS  

igs B1 –B5 show fiv e e xamples of our measurements of the
nnermost kinematic tracers used for SMBH mass measurements
ith the molecular gas method. The first three examples are from
bservations that spatially resolve the SOI. The last two examples are
rom observations that do not detect emitting material within the SOI
ue to a central hole in the CO(2-1) morphology. Similar figures for
ll remaining measurements are shown in the online supplementary
aterial. 
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Figure B1. Major-axis PVD of the CO(2-1) emission of the galaxy NGC 

1574 (fig. 5d of Ruffa et al. 2023 ). The red triangles indicate the data points 
we adopt as the innermost kinematic tracer. 

Figure B2. As Fig. B1 but for the galaxy NGC 4697 (fig. 2 of Davis et al. 
2017 ). The emission at the highest positive velocity may well be noise, so we 
choose not to take our measurement there. 

Figure B3. As Fig. B1 but for the galaxy NGC 3258 (fig. 5 of Boizelle 
et al. 2019 ). As the redshifted and the blueshifted velocity peaks are strongly 
asymmetric, we adopt only the higher velocity peak. 

Figure B4. As Fig. B1 but for the galaxy NGC 4429 (fig. 10 of Davis et al. 
2018 ). Although there is no central rise in velocity, we identify the innermost 
kinematic tracer as the innermost point before the velocity falls off rapidly to 
zero. The innermost kinematic tracer is outside the SMBH SOI because of a 
central hole in the CO(2-1) morphology. Yet, an SMBH mass measurement 
is possible as the velocity of the tracer is higher than that expected from the 
best-fitting model without an SMBH (cyan contours). 

Figure B5. As Fig. B1 but for the galaxy NGC 6861 (fig. 7 of Kabasares 
et al. 2022 ). The PVD was plotted using a continuous colour map without 
contours, so we visually identify the innermost point that is distinguishable 
from noise. 
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