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Exceptional points in optical systems: A resonant-state expansion study K. S. Netherwood, 1 ,* H. Riley, 1 , 2 ,t and E. A. Muljarov 1 ,+ 
1 School of Physics and Astronomy, Cardiff University, Cardiff CF24 3AA, United Kingdom 

2 Department of Physics and Astronomy, University of Manchester, Manchester M13 9PL, United Kingdom Exceptional points (EPs) in open optical systems are rigorously studied using the resonant-state expansion (RSE). A spherical resonator, specifically a homogeneous dielectric sphere in a vacuum, perturbed by two point-like defects which break the spherical symmetry and bring the optical modes to EPs, is used as a worked example. The RSE is a non-perturbative approach encoding the information about an open optical system in matrix form in a rigorous way, and thus offering a suitable tool for studying its EPs. These are simultaneous degeneracies of the eigenvalues and corresponding eigenfunctions of the system, which are rigorously described by the RSE and illustrated for perturbed whispering-gallery modes (WGMs). An exceptional arc, which is a line of adjacent EPs, is obtained analytically for perturbed dipolar WGMs. Perturbation of high-quality WGMs with large angular momentum and their EPs are found by reducing the RSE equation to a two-state problem by means of an orthogonal transformation of a large RSE matrix. WGM pairs of opposite chirality away from EPs are shown to have the same chirality at EPs. This chirality can be observed in circular dichroism measurements, as it manifested itself in a squared-Lorentzian part of the optical spectra, which we demonstrate here analytically and numerically in the Purcell enhancement factor for the perturbed dipolar WGMs. 
I. INTRODUCTIONAn exceptional point (EP), originally named by Kato (1966) [1], is a simultaneous degeneracy of the eigenvalues and the corresponding eigenfunctions of a system. An EP of Nth-order has N degenerate eigenvalues and eigenfunctions. EPs are a typical feature of open systems, which are characterized by the presence of gain and/or loss of energy and information, and can be described by non-Hermitian matrices which have generally complex eigenvalues [2]. Matrices allow a mathematically rigorous and simultaneously the most straightforward investigation of EPs as a special case of their eigenvalues and eigenvectors. To give a mathematical example of an EP, we introduce the 2 x 2 symmetric matrix (1) where a, b, and dare complex numbers. The matrix M has the eigenvalues (2) To find a point where the eigenvalues are degenerate, we let the square-root term in Eq.(2) vanish. This gives the degeneracy condition 
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1.0 FIG. 1. Eigenvalues ofEq.(1), where a= 0, b = ic, and d = I, varied against parameter c, taking a value of c = 1/2 at anEP. If b -/- 0 and Eq.(3) is satisfied, a, b, and dare the matrix elements of M at an EP. If Eq.(3) is satisfied but b = 0,the degeneracy is called a diabolic point (DP) which is a degeneracy of eigenvalues but not eigenfunctions. DPs are equivalent to any degeneracies in a Hermitian system, but in a non-Hermitian system they are only the degeneracies that arise due to symmetry, and they generally do not have the characteristic shape of an EP. This characteristic shape along with other features of EPs can be demonstrated, for example, by setting the matrix elements of Eq.(l) to a = 0, b = ic, and d = l where cis a real variable. Using Eq.(2), the eigenvalues of this example matrix around an EP at c = 1/2 are plotted in Fig.l. Fig.l shows the characteristic shape of the eigenvalues in the proximity of an EP. This shape is due to the fact that eigenvalues vary non-linearly with respect to the pa-
















































