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A B S T R A C T

The evolution of microstructure induced by loading and unloading has a significant impact on the hydro- 
mechanical behaviour of soils, including volume change, shear strength, water retention and permeability. In 
this paper, a constitutive model based on the evolution of microstructure is established building on the approach 
of an existing mechanistic model. In this model, the evolution of microstructure is represented via changes in the 
pore size distribution (PSD) and assumed to be related solely to the change of void ratio induced by loading and 
unloading. A PSD-dependent Bishop’s effective stress coefficient χ*, which represents the coupled impact of PSD 
evolution on hydro-mechanical behaviour of soils, is used to replace the Bishop’s effective stress coefficient χ. 
The model can reproduce and predict the hydro-mechanical behaviour and evolution of microstructure and their 
interaction within a unified framework. It also has potential in studying the soil-water characteristic curve and 
multi-field-coupling of soils. Model response and sensitivity analysis are reported based on idealized parameters 
to give a primary evaluation on the model’s performance and feasibility of using PSDs from mercury intrusion 
porosimetry. It is found that whilst the model is sensitive to parameters representing inter-aggregate pore size 
distributions it can be satisfactorily applied to represent the hydro-mechanical behaviour and microstructural 
evolution of unsaturated soils.

1. Introduction

The hydro-mechanical behaviour of unsaturated soils is a long-term 
research topic (Alonso et al., 2013, 1990; Cai et al., 2018; Davies and 
Newson, 1992; Fredlund et al., 1978; Fredlund and Morgenstern, 1977; 
Gens et al., 2006; Lloret-Cabot et al., 2013; Rahardjo et al., 2018; Sheng 
et al., 2004; Wheeler et al., 2003; Wu et al., 2022) with unsaturated soils 
behaviour, such as strength and volumetric change, of particular 
importance in many engineering applications. Many research studies 
have demonstrated that the microstructure, which can be defined as the 
arrangement of soil particles and pores (Marshall et al., 1996), can be a 
significant factor in the behaviour of soils (Alekseeva, 2007; Al-Mukhtar 
et al., 2012; Alonso et al., 2010; Belnap and Gardner, 1993; Hu et al., 
2001; Tsuji et al., 1975; Wang and Bai, 2012). Moreover, strains induced 
by loading can also lead to the evolution of the microstructure, including 
changes in pore sizes, pore shapes and pore size distribution. It has been 
established that the evolution of microstructure significantly influence 
the hydro-mechanical behaviour of soils and the storage and trans
mission of liquid, microorganism, chemical substance or other pollutant 

stored in pores (Izdebska-Mucha et al., 2011; Izdebska-Mucha and 
Trzciński, 2008; Woignier et al., 2011; Yong, 2003; Zhang, 2005). There 
exists a strong interrelationship between the hydro-mechanical behav
iour of soils and their microstructure and these interactions require 
investigation and to be represented adequately within theoretical and 
numerical models.

The impact of microstructure has received considerable attention 
from many researchers both in terms of experimentally observed 
behaviour and modelling approaches. Wang and Bai addressed the 
connection between pore diameter and compressibility of loess noting 
that compressibility is positively correlated to the proportion of pores 
larger than 20 µm (Wang and Bai, 2012). Wang et al. studied the impact 
of microstructure on shear behaviour of natural loess (Wang et al., 
2021). They found a correlation between the homogenous deformation, 
with the increase of confining stresses, and the microstructural evolution 
of pore shapes changing from angular to rounded. It was also found that 
the evolution of the macro void ratio can account for the observed 
dilatancy of unsaturated recompacted and intact loess (Ng et al., 2019). 
To numerically consider the effect of microstructure, Sanchez et al. 
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(Sánchez et al., 2005, 2001) selected different constitutive formulations 
for the macrostructural level and the microstructural level. An interac
tion formulation was proposed to connect these two levels and establish 
a microstructurally dependent model. This model was validated against 
experimental data from tests conducted by Lloret et al on heavily 
compacted bentonite (Lloret et al., 2003). Wu et al. adopted the effective 
degree of saturation as microstructural index and established a hydro- 
mechanical coupled model that considers the microstructure (Wu 
et al., 2022). The use of effective degree of saturation ignores the effect 
of water stored in micropores which contributes little to the effective 
stress (Alonso et al., 2010). Others have also explored microstructural 
effects in unsaturated soil behaviour. Pasha et al. explored the de
pendency of the water retention curve (WRC) on void ratio and proposed 
a model for WRC with hysteresis considered (Pasha et al., 2017). Russell 
and Buzzi (2012) adopted a fractal method that considers the 

microstructure as a successive orders of pores and throats with different 
sizes when building a soil–water characteristic model. According to 
thermodynamic theory, both Jiang et al. (2017) and Nikooee et al. 
(2013) proposed microstructure-dependent equations for Bishop’s 
effective stress coefficient. In each case the evolution of microstructure 
is not represented by the model and only the fractal method directly 
considers microstructure.

The evolution of microstructure, often reported in terms of changes 
in pore size distribution, induced by hydro-mechanical loading has been 
investigated by a number of researchers (Li and Zhang, 2009; Oual
makran et al., 2016; Thom et al., 2007; Vaunat and Casini, 2017). The 
pore size distribution, which can be considered as a microstructural 
index, is highly sensitive to compaction conditions and the change of the 
void ratio during a loading process (Gao et al., 2020; Li et al., 2021; Niu 
et al., 2021; Qian et al., 2022; Vaunat and Casini, 2017). For soils with 

Fig. 1. Yield surfaces of the Glasgow Coupled Model (modified after (Lloret- 
Cabot et al., 2013)).

Table 1 
Framework for the Glasgow Coupled Model (Lloret-Cabot et al., 2013; Wheeler 
et al., 2003).

Names Equations

Stress variable Bishop’s stress tensor: ​
ξ*

ij = ξij − (Sruw + (1 − Sr)ua)δij (7)

Modified suction: ​
s* = (ua − uw)n (8)

Generalized stress/strain 
increment vectors

dξ̃
*
=
(

dξ*
xx, dξ*

yy, dξ*
zz, dξ*

xy, dξ*
yz, dξ*

xz, ds*
)T (9)

dε̃ =
(
dεxx, dεyy , dεzz, dεxy, dεyz, dεxz, − dSe

)T (10)

Yield surfaces FLC = q2 − M2p* ( p*
0 − p*) = 0 (11)

FSI = s* − s*
I = 0 (12)

FSD = s*
D − s* = 0 (13)

Coupling among Yield 
surfaces

ds*
I

s*
I

=
ds*

D
s*
D

= k2
dp*

0
p*

0
(Yield on LC)

(14)

dp*
0

p*
0

= k1
ds*

I
s*
I
= k1

ds*
D

s*
D 

(Yield on SD/SI)
(15)

Flow rules dε̃p
j =

dλj
l
∂Fl

∂ξ̃
* with

l = LC, β; j = LC, β, LC + β;

β = SI or SD

(16)

Hardening laws
dp*

o = p*
0

[
vdεp

v

λ − κ
−

k1dSp
r

λs − κs

] (17)

ds*
I/D = s*

I/D

[

−
dSp

r

λs − κs
+ k2

vdεp
v

λ − κ

] (18)

Constitutive relationship dξ̃
*
= D*

edε̃e(elastic) (19)

dξ̃
*
= D*

edε̃e
= D*

epdε̃(elasto-plastic) (20)

Fig. 2. Illustrations of calculating χ* through pore size distributions (modified 
after (Vaunat and Casini, 2017)).

Table 2 
Initial states for Speswhite kaolin.

Initial states Value

pnet/kPa 50
s/kPa 300
e 1.208
Sr/% 60.1
p*

0/kPa 273
S*

D/kPa 164
S*

I /kPa /

Table 3 
Model parameters for Speswhite kaolin.

Hydro-mechanical 
parameters

Value Pore size distribution and evolution 
parameters

Value

λ 0.124 a1 1.198
κ 0.006 σ1 0.6
λs 0.098 μ1 − 1
κs 0.0076 a2 0.01
k1 0.662 σ2 0.5
k2 0.803 μ2 − 5
M 0.71 K1

1 1
μ 0.3 K1

2 0.3
Gs 2.6 K1

3 − 0.12
​ ​ K2

1 0
​ ​ K2

2 0
​ ​ K2

3 0
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double porosity the pore size distribution related to micropores is usu
ally unaffected by compaction or void ratio change with most 
compression occurring within the macropores (Li and Zhang, 2009; 
Wang et al., 2020, 2019; Yu et al., 2016).

A review of the literature suggested that the compressibility, 
swelling, shear strength and water retention behaviour of unsaturated 
soils have been studied based on the microstructure information. In the 
reported studies the microstructure of soils has been represented by 
either the void ratio or the effective degree of saturation, or even the 
pore size distribution. A wider application of the microstructure-based 
approaches, such as contaminant transport, landfill and pavement 
design require establishing the evolution of the pore-size distribution 
due to loading/unloading, which has not been explicitly considered in 
the literature.

The paper initially introduces the evolution of pore size distribution 
and its dependency on the change of the void ratio (loading), with the 
pore size distribution represented by a normal or log-normal distribution 
through a fitting method (Ghabezloo et al., 2021; Li and Zhang, 2009; 
Romano et al., 2011; Yu et al., 2016). After the fitting parameters are 
determined, the relationship between the void ratio and the fitting pa
rameters can be studied. An approach based on the Glasgow Coupled 
Model (GCM) (Lloret-Cabot et al., 2013; Wheeler et al., 2003) is then 

Fig. 3. Initial pore size distribution and its evolution under ideal
ized parameters.

Fig. 4. Comparison between model response and experimental results: (a) Bishop’s effective stress coefficient; (b) Void ratio; (c) Degree of saturation.
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adopted to represent the macro structural stress–strain behaviour (in 
terms of void ratio) of unsaturated soils. The impact of the macro
structural hydro-mechanical behaviour on the microstructure is hitherto 
established. In the past, the GCM has been used to study the hydro- 
mechanical behaviour of unsaturated soils including the effects of hys
teresis in drying and wetting (Wheeler et al., 2003). It has been recog
nised that the GCM has a successful interpretation in coupling the 
mechanical behaviour with the hydraulic behaviour and the stress–
strain response is satisfactorily determined by using this model 
(Gallipoli et al., 2003; Lloret-Cabot et al., 2013; Wheeler et al., 2003). 
Some studies have identified that the GCM has limitations, such as the 
difficulty in experimentally calibrating the synchronized evolution of 
the yield surfaces (Sheng and Zhou, 2011) and it has been unable to take 
into account the simultaneous flow of air and water and their complex 
interaction with the deformation of the solid skeleton within a consistent 
elasto-plastic framework (Khalili et al., 2008). However, the use of the 
GCM in the current study is primarily to establish the stress–strain 
response of unsaturated soils and hence the limitations on the use of this 
model do not affect the outcomes of the investigation.

To realize the interaction between the macrostructural hydro- 
mechanical behaviour and the microstructure, a PSD-dependent Fig. 5. Comparison in SWCCs between modelling and experimental results.

Fig. 6. Evolution of pore size distributions under various a2: (a) a2 = 0.001; (b) a2 = 0.01; (c) a2 = 0.1; (d) a2 = 0.5.
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Bishop’s effective stress coefficient, termed here as χ*, proposed by 
Vaunat and Casini (2017a) is adopted. The PSD-dependent χ* is estab
lished based on work input theory which gives χ* both a thermodynamic 
basis and a physical meaning. However, while the common Bishop’s 
effective stress coefficient χ is usually assumed to be related to the de
gree of saturation in constitutive modelling (Lloret-Cabot et al., 2013; 
Musso et al., 2020; Nuth and Laloui, 2008; Wheeler et al., 2003; Wu 
et al., 2022; Zhang and Lu, 2020), the PSD-dependent χ* has only been 
applied in constitutive models in a limited way (Niu et al., 2021; Vaunat 
and Casini, 2017).

In this paper, the performance of PSD-dependent χ* is for the first 
time evaluated in a constitutive model. The adoption of the PSD- 
dependent χ* enables the model to reproduce the stress–strain behav
iour, water retention behaviour and the evolution of microstructure of 
unsaturated soils in a unified framework, which has not been explicitly 
studied in the past. Due to the lack of experimental evidence related to 
PSD evolution of samples undergoing a triaxial shear loading path, 
model response in an isotropic loading condition is explored, based on 
both published and idealized parameters, to investigate the model’s 
performance in representing hydro-mechanical behaviour and micro
structural evolution. Comparisons between the model and experimental 
results from previously reported tests on Speswhite kaolin are also made. 
The sensitivity analysis is also presented in order to investigate the 

feasibility of using PSDs obtained by Mercury Intrusion Porosimetry 
(MIP) in this model, considering that the PSDs obtained by MIP and the 
fitted PSDs cannot be fully representative of the microstructure (Gao 
et al., 2020; Wang et al., 2020).

2. Evolution of pore size distribution

Pore size distribution is a microstructure-based measure based on 
pore sizes and their relative proportions to overall pore volume. It can be 
experimentally estimated by Mercury Intrusion Porosimetry (MIP) 
(Delage et al., 1996; Delage and Lefebvre, 1984; Gane et al., 2004; 
Lawrence, 1978; Nagpal et al., 1972; Ninjgarav et al., 2007; Sridharan 
et al., 1971). There are three main ways to represent pore size distri
bution, namely the cumulative pore size distribution, incremental pore 
size distribution and differential pore size distribution (Nagpal et al., 
1972; Ninjgarav et al., 2007; Sridharan et al., 1971). Assuming the cu
mulative pore size distribution curve can be described by a function F(r)
where r is the radius of pore size, the differential pore size distribution 
then can be defined as: 

f(r) =
dF(r)

dr
or f(r) =

dF(r)
Vsdr

(scaled by void ratio) (1) 

Fig. 7. Model sensitivity to a2: (a) Bishop’s effective stress coefficient; (b) Void ratio; (c) Degree of saturation.
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where Vs is the total solid volume per unit of weight (dried sample).
According to the number of peaks in pore size distribution, the dif

ferential pore size distribution can be classified into three types, 
including unimodal, bimodal and trimodal distributions (Burger and 
Shackelford, 2001; Burton et al., 2014; Satyanaga, 2013; Wang et al., 
2020; Zhou et al., 2017). A bimodal distribution will have two distinct 
peaks corresponding to inter-aggregate pores (macropores) and intra- 
aggregate pores (micropores), respectively.

The microstructure will evolve during a loading/unloading process. 
The evolution occurs in the variation of the dominant pore size, the 
volumetric proportions of pores of different sizes and the geometric form 
of pore size distribution. There is significant evidence to show that the 
evolution of microstructure and pore size distribution is highly corre
lated to changes in void ratio (Cai et al., 2020; Li et al., 2021; Li and 
Zhang, 2009; Yu et al., 2016). To quantitively study the relationship 
between pore size distribution and void ratio, the pore size distribution 
is often defined or fitted by a normal distribution or log-normal distri
bution. Since bimodal and trimodal distribution have more peaks, they 
can be described by multiple normal (log-normal) distributions, hence 
the pore size distribution can be represented, for example, as (Li et al., 
2020; Li and Zhang, 2009): 

f(r) =
∑j

i=1

ai
̅̅̅̅̅̅
2π

√
σi

exp

(

−
(r − μi)

2

2σ2
i

)

(Normal distribution) (2) 

or 

f(r) =
∑j

i=1

ai
̅̅̅̅̅̅
2π

√
σir

exp

(

−
(ln(r) − μi )

2

2σ2
i

)

(Log − normal distribution) (3) 

where i and j are related to the type of pore size distribution, unimodal (j 
= 1), bimodal (j = 2) or trimodal (j = 3) and ai, μi and σi are fitting 
variables for the distributions. The relationship between these parame
ters and void ratio can be used to represent the evolution of pore size 
distribution during loading.

After obtaining the parameters at different void ratios by fitting 
experimental data, the evolution of pore size distributions with chang
ing void ratios can also be acquired by a fitting method. Assuming that 
the change of each parameter is linearly related to the change of void 
ratio, the variation of parameters can be defined as: 

Δai = Ki
1Δe (4) 

Fig. 8. Evolution of pore size distributions under various σ1: (a)σ1 = 0.3; (b)σ1 = 0.6; (c)σ1 = 1.2; (d)σ1 = 2.4.
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Δμi = Ki
2Δe (5) 

Δσi = Ki
3Δe (6) 

where Ki
1, Ki

2 and Ki
3 are fitting parameters. The relationship between 

these parameters and the void ratio can also be taken to be nonlinear 
depending on the geometric features of experimental results in a 
parameter-void ratio graph (Li et al., 2020; Li and Zhang, 2009). Since 
the change of void ratio can be readily calculated by a traditional 
constitutive model, it is proposed here to use a constitutive model to 
reproduce and predict the evolution of pore size distribution.

3. Basic framework for hydro-mechanical behaviour

The representation of the macro structural stress–strain behaviour of 
unsaturated soils in the proposed model is established following the 
approach proposed in the Glasgow Coupled Model (GCM) (Lloret-Cabot 
et al., 2013; Wheeler et al., 2003). The GCM is a hydro-mechanical 
constitutive model that considers the effect of degree of saturation on 
mechanical behaviour via use of Bishop’s effective stress (Bishop, 1959) 
and modified suction as stress variables. The generalized stress, strain 

increment vectors and Modified Camclay Model (MCC) are selected to 
extend the model to three-dimensional triaxial space. The GCM, which 
does not explicitly consider the impact of microstructure, has three yield 
surfaces, including the loading-collapse surface (LC), suction increase 
surface (SI) and suction decrease surface (SD), as shown in Fig. 1. It is 
assumed that the three yield surfaces are fully coupled to each other, 
which means yielding on each one of three yield surfaces will induce the 
coupled movement of the other two surfaces.

The basic framework for the GCM is presented in Table 1. Eight 
parameters are included in GCM, namely the slope of normal consoli
dation line λ, slope of rebound curve κ, coupling parameters for yield 
surfaces k1 and k2, the slope of critical state line M, the slope of the main 
drying curve λs, the slope of the main wetting curve κs and Poisson’s 
ratio μ. In the framework of GCM, ξij is the stress tensor; dεij is the strain 
increment tensor; δij is the Kronecker delta; uw is the water pressure; ua is 
the air pressure; Sr is the degree of saturation and n is the porosity; dλj

l is 
the plastic multiplier with j related to the plastic mechanism which is 
active (e.g. when yield on LC yield surface is activated j is LC and for 
yield on SI or SD j is LC is β) and l is associated with plastic changes of 
effective degrees of saturation (when l is β) or volumetric strains (when l 
is LC); D*

e is the generalized elastic matrix and D*
ep is the generalized 

Fig. 9. Model sensitivity to σ1: (a) Bishop’s effective stress coefficient; (b) Void ratio; (c) Degree of saturation.
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elasto-plastic matrix.

4. Interaction between the evolution of the microstructure and 
the hydro-mechanical behaviour

Here, a constitutive model that considers the interaction between the 
evolution of the microstructure and the hydro-mechanical behaviour is 
proposed. It has been indicated that the evolution of pore size distri
bution can be reproduced or predicted by the change of void ratio 
(Gramegna, 2022; Li et al., 2020; Li and Zhang, 2009) if a specific 
constitutive model is selected and the loading path is predetermined. 
However, this only considers how the loading can induce the evolution 
of pore size distribution and does not address how the variation of 
microstructure affects the mechanical behaviour of soils. The impact of 
changing microstructure can be studied through the incremental work 
input per unit volume during loading (Vaunat and Casini, 2017): 

δw = − p
δV
V

+ uw
δVw

V
+ ua

δVa

V
(21) 

where V is the total volume; p is the total mean stress; uw is the water 
pressure;ua is the air pressure; Vw is the water volume; Va is the air 

volume. δ represents the change of volume. This expression is based on 
the approach of Houlsby (1997), who assumed that the air water 
interface moves with the soil skeleton and so disappears from the 
expression given. Considering that the solid is incompressible, the 
change of volume is equal to the change of pore volume δVV and is 
composed of the changes of both water volume and air volume: 

δV = δVV = δVw + δVa (22) 

The change of water volume can also be separated into two com
ponents δVw1 and δVw2: 

δVw = δVw1 + δVw2 = χ*δVV + δVw2 (23) 

δVw1 is the water volume change generated by the change of pore vol
ume and it is assumed to be proportional to the total change of pore 
change through a proportionality coefficient χ*. δVw2 is the water vol
ume change induced by the change of suction. By substituting (22) and 
(23) into (21), the work input can be expressed as: 

δw = − [p − χ*uw − (1 − χ*)ua]
δV
V

− (ua − uw)
δVw2

V
(24) 

Since δV
V is the volumetric strain increment, then equation (24) can 

Fig. 10. Evolution of pore size distributions under various μ1: (a)μ1 = − 2; (b)μ1 = − 1; (c)μ1 = − 0.5; (d)μ1 = − 0.25.
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also be expressed as: 

δw = − [p − χ*uw − (1 − χ*)ua]δεV − (ua − uw)
δVw2

V
(25) 

It can be noticed that the term ‘[p − χ*uw − (1 − χ*)ua]’ is consistent 
with the Bishop’s effective stress expression (Bishop, 1959). Therefore, 
the proportionality coefficient χ* can also serve as the Bishop’s effective 
stress coefficient. The coefficient χ* is defined as (Vaunat and Casini, 
2017): 

χ* =
δVw1

δVV
=

δew1

δe
(26) 

where ew1 is the water ratio (the ratio of water volume to soil solid 
volume) at constant suction and e is the void ratio. To obtain the coef
ficient χ*, the change of void ratio δe can be easily acquired by a 
constitutive model. The change of water ratio δew1 can be determined 
via consideration of the pore size distribution (scaled by the void ratio). 
Fig. 2 presents two pore size distribution curves at two different void 
ratios presented by Vaunat and Casini (2017). Curve 1 is compressed to 
Curve 2 in a loading path where the void ratio decreases from 0.8 to 0.7. 
The pore size distributions have been scaled by the void ratio, so the area 

below each curve is equal to the void ratio. The difference in total area 
between these two curves is the change of void ratio δe. Since water is 
stored in pores, if the volume of pores fully filled with water can be 
determined, the water volume and so the water ratio can be obtained. 
According to capillary theory and Washburn’s equation (Washburn, 
1921), there exists a largest pore size that the liquid can reach and every 
pore that has a smaller pore size will be fully filled. The equation for the 
largest pore size is defined as: 

R =
2γcosθ

s
(27) 

where R is the pore radius; γ is the surface tension of water; θ is the 
contact angle between water and pore wall (assumed to be 0) (Fredlund 
and Rahardjo, 1993; Fredlund and Xing, 1994) and s is the suction. Once 
R is determined, the water volume is equivalent to the pore volume of 
pores smaller than R and so the water ratio is equivalent to the void ratio 
of pores smaller than R. The area difference within the range that radius 
is smaller than R between Curve 1 and Curve 2 is the change of water 
ratio δew1. Then the coefficient χ* can be calculated from: 

Fig. 11. Model sensitivity to μ1: (a) Bishop’s effective stress coefficient; (b) Void ratio; (c) Degree of saturation.

T. Wu et al.                                                                                                                                                                                                                                      Computers and Geotechnics 176 (2024) 106775 

9 



δew1 =

∫ R

0
[PSD1(r)− PSD2(r)]dr (28) 

χ* =
δew1

δe
=

∫ R
0 [PSD1(r)− PSD2(r)]dr

δe
(29) 

Since the coefficient χ* can be calculated via consideration of pore 
size distribution evolution and it is also an important stress variable in a 
constitutive model, a relationship between the variation of pore size 
distribution (microstructure) and the behaviour of a constitutive model 
can be established. The evolution of the pore size distribution is assumed 
to be solely related to the void ratio, which can be calculated by the 
constitutive model, while the pore size distribution-dependent coeffi
cient χ* is adopted in the model to consider the effect of the micro
structural evolution on the effective stress and hydro-mechanical 
behaviour. Adopting the GCM as the basic framework for the hydro- 
mechanical behaviour and using log-normal distributions to describe 
the pore size distribution and its evolution, has allowed the establish
ment of a model that can represent the stress–strain behaviour, the hy
draulic behaviour, the evolution of the microstructure and the 
interaction among them within the same framework.

Since pore size distribution and its evolution is considered, this 
model also has the potential of studying soil–water characteristic curve 
(SWCC) and the effects of microstructure on other multi-field-coupling 
behaviour of soils. Many researchers have predicted the SWCC based 
on its physical relationship with PSD (Della Vecchia et al., 2015; Li and 
Vanapalli, 2021; Simms and Yanful, 2004). Since this model can esti
mate the PSDs at various void ratios, SWCCs at various ratios can also be 
calculated from the results of the model. Furthermore due to the inter
action between PSD, volume change, water content, heat and chemical 
reaction, this model also has the potential to be further extended to 
consider the thermo-chemical-hydro-mechanical coupling of soils (Bai 
et al., 2021, 2020).

5. Model response and sensitivity analysis

In this section a representative example is presented to demonstrate 
model performance and sensitivity. In particular, the hydro-mechanical 
behaviour of Speswhite kaolin is considered during a loading path 
experimentally reported by (Lloret-Cabot et al., 2013). The parameters 
related to the hydro-mechanical behaviour were adopted from experi
mental results reported by (Lloret-Cabot et al., 2013). The parameters 

Fig. 12. Evolution of pore size distributions under various K1
2: (a)K1

2 = 0.15; (b)K1
2 = 0.3; (c)K1

2 = 0.6; (d)K1
2 = 1.2.
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for the initial pore size distribution are determined based on the 
experimental soil–water characteristic curve (SWCC) of Speswhite 
kaolin reported by Tripathy et al. (Tripathy et al., 2014). According to 
(Tripathy et al., 2014), the SWCC of Speswhite kaolin starts to have a 
significant change of degree of saturation at a suction of about 400 kPa, 
this can be assumed as being the suction at which the largest pores are 
being evacuated and so can be used to infer the largest pore size of the 
PSD. According to Young-Laplace equation, the equivalent pore radius 
at this suction is 0.35 μm. Since the reported void ratio at this suction is 
0.9 and the initial void ratio adopted for modelling is 1.208, it is 
reasonable to assume that the initial PSD will have macropores larger 
than 0.35 μm, and hence the pore radius at peak density is assumed to be 
around 0.35 μm. Also to ensure consistency, the area below the selected 
initial pore size distribution is set to be equal to the initial void ratio of 
1.208. It is recognised that due to the limitation of MIP, in which mer
cury fails to fully inundate very large pores and cannot intrude very 
small pores (leading to a measuring range usually from several nano
metres to several hundred micrometres), the pore size distribution ob
tained from MIP cannot fully represent all pores of soils. Therefore, the 
intruded void ratio ein can be smaller than the actual void ratio e (Wang 
et al., 2020) and calibration and modification of the pore size distribu
tion shall be implemented to ensure consistency in modelling.

Due to a lack of experimental evidence (i.e. MIP data) parameters 

concerning the evolution of pore size distributions were selected by 
means of the enumeration method to achieve physically meaningful 
results. All parameters selected are within a reasonable range and result 
in pore size distributions that have similar geometric shapes and evo
lutional features as those of reported by others (Burton et al., 2014; Li 
and Zhang, 2009; Thom et al., 2007; Vaunat and Casini, 2017). Based on 
the previously adopted parameters, a sensitivity analysis was then 
conducted by changing several PSD-related parameters to study the 
impact of these parameters on the modelled pore size distribution evo
lution and hydro-mechanical behaviour.

An isotropic loading path with an increase in net mean stress from 
50 kPa to 250 kPa was considered. The suction remained constant at 
300 kPa during this loading. The initial states and parameters for 
Speswhite kaolin are presented below (see Table 2 and Table 3). The 
parameters for hydro-mechanical behaviour are derived from reported 
experimental results on Speswhite kaolin (Lloret-Cabot et al., 2013; 
Sivakumar, 1993). The pore size distribution of Speswhite kaolin is 
assumed to have bimodality where the soil pores can be classified into 
inter-aggregate pores (macropores) and intra-aggregate pores (micro
pores), so the formula for the PSD is: 

f(r) =
a1
̅̅̅̅̅̅
2π

√
σ1r

exp
(

−
ln(r) − μ1

2σ2
1

)

+
a2
̅̅̅̅̅̅
2π

√
σ2r

exp
(

−
ln(r) − μ2

2σ2
2

)

(30) 

Fig. 13. Model sensitivity to K1
2: (a) Bishop’s effective stress coefficient; (b) Void ratio; (c) Degree of saturation.
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where the subscripts 1 and 2 represent inter-aggregate pores and intra- 
aggregate pores, respectively. Table 3 also presents the initial PSD. Since 
the PSD is scaled by the void ratio and has a format of log-normal dis
tribution, then it can be found that: 
∫ +∞

0
f(r)dr = a1 + a2 (31) 

5.1. Model response

Fig. 3 presents the evolution of the PSD during the isotropic loading. 
All these PSDs have a bimodal shape where both inter-aggregate PSDs 
(for macropores) and intra-aggregate PSDs (for micropores) can be 
easily distinguished. The peak density of inter-aggregate PSDs occurs at 
around 0.35microns while that of intra-aggregate PSDs is at about 0.005 
µm. The highest density of inter-aggregate PSDs is about 2.7 and that of 
intra-aggregate PSDs is about 1.40. During the isotropic loading, peak 
densities of the inter-aggregate PSDs drop and the dominant pore size 
moves left, which is related to the compression and volume decrease of 
macropores. For the intra-aggregate PSDs, since the evolutional pa
rameters were assumed to be zero, these PSDs remain almost constant in 

shapes and positions during the loading. This style of PSDs evolution 
reflects the trends observed in reported experimental data. According to 
the experimental results from various researchers (Burton et al., 2014; Li 
and Zhang, 2009; Sridharan et al., 1971; Tanaka et al., 2003; Thom 
et al., 2007), volume change mainly derives from the compression of 
macropores such that a downward movement of the inter-aggregate PSD 
is often witnessed. Due to the reduction of macropores during 
compression, the dominant pore size can also decrease, as indicated by 
the left movement of inter-aggregate PSD.

Fig. 4 shows the comparison between modelling and experimental 
results reported by (Lloret-Cabot et al., 2013; Sivakumar, 1993). For the 
modelling result, the χ* remains almost constant at the early stage of 
loading and then starts to increase after yielding on both LC and SD yield 
surfaces. The evolution of χ* is similar to the change of degree of satu
ration but χ* is always smaller than the degree of saturation, which is 
consistent with the findings reported by Vaunat and Casini (2017). 
Yielding on both LC and SD yield surfaces occurs at a net mean stress of 
approximately 130 kPa. At the yielding point, the simulated behaviour is 
sharper in nature that the experimental results. This can be attributed to 
the adoption of the classical elasto-plasticity theory (Lloret-Cabot et al., 
2013). Generally, the proposed model succeeds in predicting the 

Fig. 14. Evolution of pore size distributions under various K1
3: (a)K1

3 = − 0.24; (b)K1
3 = − 0.12; (c)K1

3 = 0; (d)K1
3 = 0.12.
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development of both void ratio and degree of saturation based on the 
selected model parameters.

Fig. 3 and Fig. 4 highlight the most significant contribution of the 
proposed model, which is that the microstructurally based model can 
not only satisfactorily reproduce the hydro-mechanical behaviour based 
on the idealized parameters but can also represent the evolution of pore 
size distributions, something which is not possible in non-microstructure 
based models. Since pore size distribution is one of the most important 
pieces of information on the particle rearrangement in particulate sys
tems and can be applied to many areas such as volume change, water 
retention and permeability, the proposed model has significant potential 
in engineering application. For example, the pore size distribution can 
be used to estimate the soil water characteristic curve (SWCC) based on 
the relationship between water content and pore volume (Fredlund and 
Xing, 1994; Simms and Yanful, 2004). It should be noted that an SWCC 
obtained from a specific pore size distribution can only represent the 
water retention behaviour when the microstructure is unchanged, which 
means the void ratio and dry density remains constant with suction. 
However, since the proposed model can predict the evolution of PSD, it 
is also capable of representing the evolution of SWCC when the micro
structure alters during loading.

Fig. 5 presents a comparison of the SWCCs of Speswhite kaolin 
established from the proposed model between modelling results and the 

reported experimental results (Sivakumar, 1993; Tarantino, 2010, 
2009). The modelling results indicate that the SWCC shift to the right 
when the void ratio decreases during isotropic loading. Larger pores are 
compressed during loading and water is stored in relatively smaller 
pores; a higher suction is thus required to evacuate the water from the 
smaller pores. The modelling results reproduced the changing tendency 
of degree of saturation with suction for the clay. The differences between 
the modelling and experimental results in Fig. 5 are attributed to: (1) the 
modelled SWCCs are obtained based on the estimated initial pore size 
distribution and evolutional parameters (Table 2) instead of the actual 
experimental pore size distributions; (2) the experimental SWCCs have 
different initial void ratios (dry densities) compared with the modelled 
SWCCs; (3) samples prepared at the same dry density and different water 
content produce different fabric and structure (Lambe and Whitman, 
1991) and hence different pore-size distribution and SWCCs. (4) 
methods used for sample preparation will also affect the microstructure 
of soils even if the void ratio (dry density) is prepared to the same level, 
leading to difference in SWCC. Additionally, saturation and mechanical 
loading will have different impact on the evolution of pore size distri
bution (Li and Zhang, 2009; Wang et al., 2020). Therefore, two samples 
of the same soil prepared to the same void ratio will not necessarily have 
the same microstructure, resulting in the difference in SWCC. In this 
study, the modelled SWCCs are actually based on the evolution of 

Fig. 15. Model sensitivity to K1
3: (a) Bishop’s effective stress coefficient; (b) Void ratio; (c) Degree of saturation.
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microstructure during unsaturated isotropic loading while the experi
mental results are for compacted samples.

5.2. Sensitivity analysis

Compared with using degree of saturation as the Bishop’s effective 
stress coefficient, the PSD-dependent χ* is significantly more complex. 
Firstly, because of the limitation of MIP in typical testing ranges 
(Gramegna, 2022; Li and Zhang, 2009; Tanaka et al., 2003), the PSDs 
obtained from MIP should not be considered as fully representative of 
the actual PSDs of soils, which may lead to inaccuracy in calculating χ*. 
Secondly, due to the heterogeneity of soils and the irregularity of 
experimental PSDs, it is possible that the shape-fitting parameters for 
PSDs and evolutional parameters can be of variation for the same soil 
sample. Therefore, it is necessary to carry out model sensitivity analysis 
of the PSD-related parameters to evaluate the reliability of using MIP as 
the source of obtaining PSDs. In the following sections the sensitivity of 
the model to the various parameters used in the adopted PSD relation
ship is considered.

5.2.1. Sensitivity analysis (a2)
The parameter a2 represents the volumetric proportion of intra- 

aggregate pores. Since the summation of a1 and a2 is equal to the void 
ratio, the increase of a2 will lead to a higher proportion of intra- 
aggregate pores compared to inter-aggregate pores. A2 values of 
0.001, 0.01, 0.1 and 0.5 are considered (the other parameters remain the 
same as indicated in Table.3), the resulting PSDs and their evolution are 
shown in Fig. 6. Due to the zero value of evolutional parameters, the 
intra-aggregate PSDs remain constant regardless of each proportion. For 
inter-aggregate PSDs, it can be seen that there is still a similar downward 
movement of the peak densities. Fig. 7 presents the simulated hydro- 
mechanical behaviour and its comparison with the experimental re
sults. In terms of χ*, a significant increase can be witnessed with the 
increase of a2. χ* still has a similar changing tendency as the degree of 
saturation but χ* is always smaller than the degree of saturation at each 
net mean stress. Despite the significant variation of χ*, the change of a2 
does not have a profound impact on the hydro-mechanical behaviour. 
The difference in the void ratio and the degree of saturation is low 
compared to the large disparity among the parameters a2. Therefore, the 
newly introduced model is not particularly sensitive to the proportion of 
intra-aggregate PSDs.

5.2.2. Sensitivity analysis (σ1)
The parameter σ1 is the standard deviation of a log-normal distri

bution. σ1 can affect the width and the pore size at peak density of the 
inter-aggregate PSD. Fig. 8 presents the PSDs and their evolution at 
various values of σ1 (0.3,0.6,1.2 and 2.4) (the other parameters remain 
the same as indicated in Table.3). The PSDs show less bimodality when 
σ1 increases tending towards a unimodal form. During loading, the inter- 
aggregate peaks in the PSDs reduce. As shown in Fig. 9, there is a slight 
impact on χ* (the larger the σ1 is, the smaller the χ* will be), the void 
ratio and the degree of saturation when the σ1 decreases from 2.4 to 0.6. 
When the σ1 is 0.3, a sharp increase of χ* can be seen, which can lead to a 
much larger effective stress at a specific net mean stress. Therefore, the 
difference among simulated results increases and the yielding on both 
LC and SD yield surfaces occurs at a lower net mean stress.

5.2.3. Sensitivity analysis (μ1)
The parameter μ1 affects the peak density and the position of pore 

size at peak density for inter-aggregate PSDs. The PSDs under various 
values of μ1 (− 2, − 1, − 0.5 and − 0.25) are presented in Fig. 10. The 
other parameters remain the same as indicated in Table.3. It can be seen 
that the PSDs which have a higher μ1 will have a lower peak density 
while its position moves to the right. The decrease of peak density is due 
to the compression of macropores. However, the evolution of PSDs 
become less significant with the increase of the parameter μ1, especially 

when μ1 is higher than − 1. This is because χ* is at a very low level (see 
Fig. 11(a)) and the effective stress is not large enough to generate plastic 
deformation. Especially when μ1 is − 0.25, negative and unreasonable χ* 
occurs (the contribution of suction to effective stress is 0 or positive 
(Wheeler et al., 2003)). According to Fig. 11, the model shows great 
sensitivity to the parameter μ1. Significant disparity between experi
mental results and simulated results can be seen when μ1 varies from − 2. 
A higher μ1 will bring about a much lower χ*, an obvious delay in 
yielding, and a less change in the void ratio and the degree of saturation.

5.2.4. Sensitivity analysis (K1
2)

The parameter K1
2 controls the evolution of the μ1 with changes in 

void ratio. Since the void ratio always decreases during an isotropic 
loading path, the μ1 will increase in this path when K1

2 is negative but 
will decrease if K1

2 is positive. In this sensitivity analysis, K1
2 is selected as 

0.15, 0.3, 0.6 and 1.2. As shown in Fig. 12, it still can be observed that 
the peak density drops down but the difference at each K1

2 among PSDs 
narrows with the increase of K1

2. From Fig. 13, the model, as expected, is 
also sensitive to the parameter K1

2. With the increase of K1
2, there is less 

volumetric change and less degree of saturation change due to the sharp 
decrease in χ*.

5.2.5. Sensitivity analysis (K1
3)

The parameter K1
3 has an impact on the evolution of the standard 

deviation. A negative K1
3 will lead to the increase of standard deviation 

during the loading while a positive K1
3 will induce the decrease of the 

standard deviation. The movement of the PSDs under various K1
3 (− 0.24, 

− 0.12, 0, 0.12) is similar to the movement previously stated (see 
Fig. 14). As shown in Fig. 15, the change of K1

3 will moderately affect the 
simulated hydro-mechanical behaviour. At K1

3 of − 0.24, the effective 
stress coefficient χ* is at the highest level and there is larger change in 
the void ratio and the degree of saturation compared with experimental 
result. With the increase of K1

3, a smaller χ* can be seen during isotropic 
loading, as a result of which the changes of void ratio and degree of 
saturation slow down. In general, the model shows some moderate 
sensitivity to K1

3.

6. Conclusion

A constitutive model considering the interaction between evolution 
of microstructure and hydro-mechanical behaviour of unsaturated soils 
was proposed and evaluated in this paper. The model for the first time 
adopts a PSD-dependent Bishop’s effective stress coefficient in an 
existing hydro-mechanical coupled model. The model is able to repre
sent the hydro-mechanical behaviour and microstructural evolution 
within the same framework and has the potential of studying SWCC and 
the effects of microstructure in other multi-coupling behaviour of soils. 
Model response and sensitivity analysis based on the published experi
ments on Speswhite kaolin (isotropic loading) and idealized assump
tions on pore size distributions were undertaken to evaluate the 
performance of the model and the reliability of using PSDs obtained 
from MIP. According to the simulated results, the following conclusions 
can be drawn:

(1) According to the result from the model response, the model is 
able to reproduce the hydro-mechanical behaviour of unsatu
rated soils based on published hydro-mechanical parameters and 
assumed pore size distribution parameters of Speswhite kaolin. 
This also indicates the potential of this model to be applied to 
predicting the behaviour of other soils.

(2) Compared with other constitutive models that do not consider the 
microstructure or only consider the microstructure in an indirect 
way, an important contribution of this model is that it can 
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directly consider the microstructure though the pore size distri
bution and represent the microstructural evolution.

(3) According to the sensitivity analysis, the model is not sensitive to 
the volume proportion of the intra-aggregate pores (micropores) 
but is sensitive to the properties of the inter-aggregate pores 
(macropores) and the evolutional parameters. However, the de
gree of sensitivity to inter-aggregate pores properties is not 
excessively high traditional methods for obtaining PSDs such as 
Mercury Intrusion Porosimetry (MIP) can be used to provide PSD- 
related parameters for this model.

This study is limited to the consideration of isotropic loading paths 
based on a combination of both experimentally obtained and assumed 
parameters (due to the lack of some detailed experimental evidence such 
as evolution of PSDs during loading). Despite this, model performance 
suggests that use of a PSD-dependent χ* warrants further study. This 
future work should include MIP tests on triaxial samples that have 
experienced shearing load paths to different axial strains under 
controlled conditions, so as to allow fuller validation of the model.
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Géotechnique 40, 405–430. https://doi.org/10.1680/geot.1990.40.3.405.

Alonso, E.E., Pereira, J.-M., Vaunat, J., Olivella, S., 2010. A microstructurally based 
effective stress for unsaturated soils. Géotechnique 60, 913–925. https://doi.org/ 
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hydraulic hysteresis. Géotechnique 62, 269–274. https://doi.org/10.1680/geot.10. 
P.119.

Sánchez, M., Gens, A., Guimaraes, L., Olivella, S., 2001. Generalized plasticity model for 
THM simulations involving expansive clays. In: Proceedings of the 6th Int. Workshop 
on Key Issues in Waste Isolation Research. Presented at the the 6th Int. Workshop on 
Key Issues in Waste Isolation Research, pp. 28–30.

Sánchez, M., Gens, A., Guimarães, L. do N., Olivella, S., 2005. A double structure 
generalized plasticity model for expansive materials. Int. J. Numer. Anal. Meth. 
Geomech. 29, 751–787. https://doi.org/10.1002/nag.434.

Satyanaga, A., 2013. Water characteristic curve of soil with bimodal grain-size 
distribution. Comput. Geotech. 48, 51–61. https://doi.org/10.1016/j. 
compgeo.2012.09.008.

Sheng, D., Sloan, S.W., Gens, A., 2004. A constitutive model for unsaturated soils: 
thermomechanical and computational aspects. Comput. Mech. 33, 453–465.

Sheng, D., Zhou, A.-N., 2011. Coupling hydraulic with mechanical models for 
unsaturated soils. Can. Geotech. J. 48, 826–840.

Simms, P.H., Yanful, E.K., 2004. Estimation of soil-water characteristic curve of clayey 
till using measured pore-size distributions. J. Environ. Eng. 130, 847–854. https:// 
doi.org/10.1061/(ASCE)0733-9372(2004)130:8(847).

Sivakumar, V., 1993. A critical state framework for unsaturated soil. University of 
Sheffield (phd). 

Sridharan, A., Altschaeffl, A.G., Diamond, S., 1971. Pore size distribution studies. J. Soil 
Mech. Found. Div. 97, 771–787. https://doi.org/10.1061/JSFEAQ.0001595.

Tanaka, H., Shiwakoti, D.R., Omukai, N., Rito, F., Locat, J., Tanaka, M., 2003. Pore size 
distribution of clayey soils measured by mercury intrusion porosimetry and its 
relation to hydraulic conductivity. Soils Found. 43, 63–73. https://doi.org/10.3208/ 
sandf.43.6_63.

Tarantino, A., 2009. A water retention model for deformable soils. Géotechnique 59, 
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