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Simulations of multiphase flows serve as a crucial tool in understanding the complex fluid 
dynamics present in various natural and engineering phenomena. The moment-o-fluid (MOF) 
method is widely recognised for its accuracy and efficiency in capturing complicated topological 
changes, while extensions to the method have enabled fine structures like filaments to be 
resolved. In the essence of multiphase flows, the solution has emerged as an independently 
solvable numerical approach, thereby creating opportunities for more complex processing. A 
novel adaptive dual grid technique which utilises the moment-o-fluid method is proposed here 
(MOF-ADG). This framework allows the simultaneous adaptive resolution of fine interfacial 
details and the solution of the Navier-Stokes equations on a coarse grid. This novel approach 
is validated through several benchmark test cases including free surface flows like sloshing, the 
dam break problem and the Rayleigh-Taylor instability. Surface tension modelling is included 
and implemented for the rising bubble problem. The complex interfacial dynamics are captured 
accurately and the computational efficiency of this approach is demonstrated. Good agreement is 
obtained with existing numerical findings and experimental data in the literature.

1. Introduction

Multiphase flow, where two or more distinct phases coexist, is ubiquitous in various engineering applications, ranging from 
natural occurrences like river sediment transport to industrial applications like oil and gas extraction. The accurate representation of 
the interface between phases is paramount, ensuring that mass, momentum, and energy transfer are robustly and accurately simulated. 
The interface dynamics, governed by interfacial tension, wettability, and other physicochemical interactions, play a pivotal role in 
determining flow patterns, phase distribution, and heat and mass transfer rates. Thus, a precise characterisation of the interface is 
crucial for reliable and robust multiphase flow predictions.

Many numerical methods have been developed for this purpose, such as the volume-o-fluid (VOF) method [1,2] and the level-set 
(LS) method [3]. Generally, the VOF method conserves mass well while maintaining a sharp interface. However, for some complex 
flows the interface can become quite diffuse or smeared. The level-set method is well-suited for complex topologies, representing 
the interface implicitly through a distance function, however occasionally it encounters difficulties in conserving mass. The moment
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o-fluid (MOF) method [4] is an extension of the VOF method that overcomes some of its limitations and which enables improved 
interface reconstruction. The method allows subgrid reconstruction of features such as thin ligaments while maintaining mass con

servation. The MOF method uses a mesh-based approach, transporting zeroth and first moments for interface reconstruction. Recent 
improvements in the MOF method have overcome problems associated with the spurious diffusion of material and artficial surface 
tension by reconstructing sharp and parabolic interfaces within a cell [5]. Some have found an analytical solution which overcomes 
the need to perform an optimisation step, initially for Cartesian grids [6] and then for tetrahedral cells [7]. Recent enhancements 
have reduced overall computational costs and broadened its complex applications [8--15]. The work of Desjardins et al. [16] attempts 
to overcome the limitation of the Continuum Surface Force (CSF) method in resolving filaments using a two-plane reconstruction 
technique in which a local construction of two distinct volume fraction fields is employed. This rfinement enables the effective use 
of CSF even in cases where two interfaces coexist at sub-grid scale, as illustrated later in Fig. 3.

In the field of computational fluid dynamics (CFD), the dual grid method has emerged as a powerful method to enhance the 
accuracy and efficiency of the computation of complex flow phenomena by combining different solvers on different grids. In this 
context, the aim is to solve the Navier-Stokes and transport equations on separate grids. This method involves the use of two distinct 
grids: a primary grid that captures the overall flow domain (velocity-pressure) and a secondary or dual grid that focuses on interface 
reconstruction, scalar or mass transport, with attention on specific regions of interest, often where high gradients or intricate flow 
structures exist [17--20]. The contribution of Lentine et al. [20] is related to our work but uses a velocity projection on the coarse 
grid to maintain accuracy and computational efficiency and a level-set method for interface capturing. Generally, the convergence 
of the flow might have been achieved well before the interface attains its grid independence. Therefore, maintaining identical grid 
resolutions for both the Navier-Stokes and transport equations could prolong computational time excessively and unnecessarily [2,21]. 
One prominent approach within the dual grid framework is the overset grid method, in which multiple grids with different resolutions 
are overlaid on one another, allowing for localised rfinement where necessary [22,23]. The overset grid method offers flexibility in 
grid generation, especially in complex geometries and facilitates dynamic simulations where grid movement is required. However, 
the method tends to focus on solid boundaries, whereas the primary focus in this paper is the dynamic deformation of interfaces. 
Indeed, in this context, the resolution of interfaces is improved by adaptivity.

Adaptive mesh rfinement (AMR), particularly the quadtree approach, has gained significant traction in CFD due to its ability 
to dynamically adjust grid resolution to capture intricate flow features with high precision. The quadtree method subdivides the 
computational domain into quadrants, rfining areas with high gradients or intricate flow details or coarsening regions with minimal 
variation. This ensures computational efficiency without compromising accuracy. The benfits of AMR include reduced computational 
cost, enhanced resolution in critical regions, and the ability to capture transient phenomena with high fidelity [24,25]. However, 
challenges persist, such as ensuring solution continuity across rfined boundaries, increased algorithmic complexity, and potential 
difficulties in parallelisation [26--31]. Indeed, achieving rfinement on a single AMR grid may induce large computation error. The 
efficiency on a single grid would be compromised with the novel unconstrained AMR framework for MOF methods [32].

Combining one technique or the other has been a subject of increasing interest in the numerical multiphase flow community. 
Oftentimes, most interface capturing/tracking methods have been either volume-o-fluid (VOF), level-set (LS) or even recently 
moment-o-fluid (MOF) methods. In these approaches, both Navier-Stokes and transport equations are solved on the same single 
grid. In these instances, some limitations appear such as the increased complexity in combining these numerical methods [33--36]. 
Dual grid techniques combined with VOF [2] or LS [20,37,38] methods have been developed but usually on fixed grids. Some have in

cluded adaptivity with the level-set method for combustion [39]. However, despite recent advances in MOF methods, the integration 
of dual grid techniques with adaptive mesh rfinement, has not yet been achieved.

The objective of this study is to extend the dual grid method complexity using adaptivity. The novel contribution of this paper is 
the development of a moment-o-fluid adaptive dual grid (MOF-ADG) method for multiphase flows. This variant of the MOF method 
is computationally efficient and is immensely promising for CFD applications involving complex multiphase flows. This innovative 
approach incorporates the combination of the most recent and complex research topics in a straightforward fashion. Significantly 
reducing computational expense while enhancing accuracy has emerged as a recent focus in the CFD community, thus expanding the 
horizons of research applications. This combination harnesses the strengths of both methods, offering flexibility and efficiency with 
dual grids and dynamic adaptability via AMR. This paper focuses on the seamless integration of these techniques, ensuring solution 
consistency across overlapping and rfined grids. The synergy of dual grid and AMR not only enhances computational efficiency but 
also elevates the accuracy and robustness of flow predictions in complex engineering applications. A known challenge in multiphase 
flow simulations arises when multiple buoyant bubbles are underresolved on the velocity grid but are well captured on the interface 
grid. In such cases, if the bubbles are homogeneously distributed throughout the computational domain, they will fail to rise, as the 
coarse velocity grid cannot adequately resolve the necessary buoyancy-driven motion [40]. This results in significant inaccuracies 
in the computation of the rise velocity due to its interpolation from a coarse grid, leading to errors compared to a more standard 
approach with a uniform fine grid. This limitation is inherent to many numerical approaches, including our method.

This paper is organised as follows. Section 2 describes the governing equations as well as the MOF method and recent developments 
and improvements on a fixed grid. The adaptive mesh rfinement scheme and its structure together with the dual grid implementation 
are presented in Section 3. In Section 4, results and analysis of several benchmark problems are presented. Discussion on the efficiency 
of the method is discussed in Section 5. Finally, some concluding remarks are made in Section 6.
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2. Numerical framework

2.1. Governing equations

The multiphase dynamics of an incompressible fluid are described by the Navier-Stokes equations which comprise the continuity 
and momentum equations for each material. These equations are given by

∇ ⋅ 𝐮 = 0 (1)

𝜕(𝜌𝐮)
𝜕𝑡 

+∇ ⋅ (𝜌𝐮⊗ 𝐮) = −∇𝑝+∇ ⋅
[
𝜇
(
∇𝐮+∇𝐮𝑇

)]
+ 𝜌𝐠+ 𝐟 (2)

respectively, where 𝐮 is the velocity vector, 𝑝 the pressure, 𝑡 the time, 𝐠 the gravitational force and 𝐟 external forces (e.g. surface 
tension or excitation force). The parameters 𝜌 and 𝜇 are the density and dynamic viscosity, respectively.

In the context of multiphase flows, Equations (1) and (2) are solved throughout the computational domain using a weighted 
description of density and viscosity that is phase-dependent. In particular, these material properties are specfied by

𝜌 = 𝐹𝜌a + (1 − 𝐹 )𝜌b, (3)

𝜇 = 𝐹𝜇a + (1 − 𝐹 )𝜇b, (4)

respectively, with the two fluids designated as ‘a’ and ‘b’ and 𝐹 representing the volume fraction of material ‘a’ within a cell. The 
advection equation for 𝐹 is discussed and solved in Section 2.4.

2.2. Navier-Stokes solver

The governing equations are discretised on a staggered mesh using the finite volume method and solved using a Cartesian grid

based fluid flow solver [41]. This approach involves dividing the computational domain into a structured Cartesian grid, where the 
fluid flow solver utilises staggered grid arrangements. Fig. 1 highlights the arrangement of velocity and pressure on the staggered 
grid.

The finite volume method, applied to this staggered grid cofiguration, ensures the conservation of mass and momentum by 
integrating the governing equations over control volumes. This combined strategy not only simplfies the representation of complex 
geometries but also enhances numerical stability, making it a widely employed and effective approach in CFD.

Consider a control volume Ω that has an arbitrary domain, the surface of the control volume is 𝑆 and the unit outward normal 
vector to the face of the domain is 𝒏. The Navier-Stokes equations (1) and (2) can be recast into an integral form as below,

∫
𝑆

𝐮 ⋅ 𝒏d𝑆 = 0 (5)

∫
Ω 

𝜕𝜌𝐮
𝜕𝑡 

dΩ+ ∫
𝑆

(𝜌𝐮 ⋅ 𝒏)𝐮d𝑆 = ∫
Ω 

−∇𝑝dΩ+ ∫
𝑆

𝜇
(
∇𝐮+∇𝐮𝑇

)
d𝑆 + ∫

Ω 
(𝜌𝐠+ 𝐟)dΩ. (6)

For the temporal discretisation, a first-order backward Euler method is used for time derivatives, which lead to an implicit scheme 
for the momentum equation. In the spatial discretisation, advection terms are handled using a high-resolution scheme for accuracy 
and monotonicity, while pressure and diffusion term gradients are computed using a central difference scheme [42]. Let 𝐮𝑖,𝑗 denote 
the face-centred horizontal and vertical velocities within a grid cell and let 𝑝𝑖,𝑗 represent the pressure which is evaluated at the cell 
centre (shown in Fig. 1). When substituting all the discretised terms into the momentum equation (6), an implicit equation with the 
following structure for determining the velocity at location P can be derived

𝑎𝐮P𝐮
𝑛+1
P =

∑
𝑎𝐮nb𝐮

𝑛+1
nb + 𝑏𝐮P +𝐴f (𝑝P − 𝑝nb), (7)

where 𝑎𝐮 is the coefficient for the momentum equation and 𝐴f is the surface area of control volume faces, the subscripts P and 
nb = E,W,N,S denote the variables in the present and neighbouring cells (shown in Fig. 1), respectively, and 𝑏𝐮P is the source term.

The SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [43] is used for pressure-velocity coupling in this 
study. For the initial pressure or latest iteration of pressure distribution 𝑝∗ , the discretised momentum equations can be solved together 
with under-relaxation technique to produce the fluid velocities 𝐮∗, which satisfy the momentum equation (7)

𝑎𝐮P
𝛼𝐮

𝐮∗P =
∑

𝑎𝐮nb𝐮
∗
nb + 𝑏

𝐮
P +

1 − 𝛼𝐮
𝛼𝐮

𝐮0P +𝐴f (𝑝∗P − 𝑝
∗
nb), (8)

where 0 < 𝛼𝐮 < 1 is the under-relaxation factor (𝛼𝐮 = 0.7 is used here) and 𝐮0P is the value from previous iteration.

To obtain the pressure correction, the updated fluid velocities are substituted into the discretised continuity equation (5) and the 
resulting pressure correction equation for 𝑝′ has the following form

𝑎
𝑝

P𝑝
′
P =

∑
𝑎
𝑝

nb𝑝
′
nb + 𝑏

′
P, (9)
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Fig. 1. Staggered grid arrangement on a 3 × 3 grid. The black circles represent the cell-centred pressure 𝑝(𝑖, 𝑗). The plain arrows represent face-centred horizontal 
velocities 𝑈 (𝑖, 𝑗) and the hollow arrows face-centred vertical velocities 𝑉 (𝑖, 𝑗). The red letters correspond to the present cell P and its neighbouring cells N, S, W, E. 
(For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

where 𝑎𝑝 is the coefficient for the continuity equation and the term 𝑏′P, called the mass residual, is the left-hand side of the discretised 
continuity equation calculated in terms of the updated fluid velocities 𝐮∗ .

After solving the pressure corrections 𝑝′, the final solutions for the pressure and velocity values in the control volume are updated 
as

𝑝 = 𝑝∗ + 𝛼𝑝𝑝′, (10)

𝐮 = 𝐮∗ + 𝐮′, (11)

where

𝐮′ =
𝛼𝐮𝐴f
𝑎𝐮P

(𝑝′P − 𝑝
′
nb), (12)

and 𝛼𝑝 = 1 − 𝛼𝐮 is the under-relaxation factor for the pressure.

2.3. Surface tension model

In cases where interfacial forces play a significant role, surface tension must be considered. A continuum surface force model [44] 
is incorporated into the Navier-Stokes equations to represent surface tension. This force 𝐟𝜎 can be described as:

𝐟𝜎 = 𝜎𝜅𝐧𝛿 (13)

where 𝜎 is the surface tension coefficient, 𝐧 is the interface normal, 𝜅 = −∇ ⋅ 𝐧 is the interfacial curvature and 𝛿 is the Dirac delta 
function. We use 𝛿 = |∇𝐹 | and 𝐧 = ∇𝐹 |∇𝐹 | to address the surface tension modelling as a function of the volume fraction.

The interfacial normal 𝐧 is discretised using a smoothed volume fraction function. The curvature term is discretised by approxi

mating the normal at cell faces and its surrounding neighbouring values. It can be expressed as:

𝜅𝑖,𝑗 = −

(
𝑛𝑥
𝑖,𝑗

− 𝑛𝑥
𝑖−1,𝑗

Δ𝑥 
+
𝑛
𝑦

𝑖,𝑗
− 𝑛𝑦

𝑖,𝑗−1

Δ𝑦 

)
(14)

where the superscripts 𝑥 and 𝑦 corresponds to the horizontal and vertical components of the normal 𝐧 on the fixed coarse grid, Δ𝑥
and Δ𝑦 represent the fixed coarse grid sizes in the horizontal and vertical directions, respectively.

2.4. Interface capturing method

The transport of the interface is controlled by the advection equation for the volume fraction 𝐹 as

𝜕𝐹

𝜕𝑡 
+ 𝐮 ⋅∇𝐹 = 0 (15)

where 𝐮 is the velocity field.
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Fig. 2. Reference and reconstructed interface using the MOF method: 𝐱𝑟𝑒𝑓 is the reference centroid, 𝐱𝑎𝑐𝑡(𝐧) the reconstructed centroid, and 𝐧 is the normal to the 
reconstructed interface.

The ability to accurately model interfaces and conserve mass as well as the ease of implementation for complex problems are key 
technical reasons to adopt the new emerging interface capturing method that is the MOF method. By accurately handling complex 
geometries, dynamic boundaries, and fluid-solid interactions, the MOF method enhances numerical stability and fidelity, making it 
a valuable tool in a diverse range of applications, such as free surface flows [45--47], droplet/bubble dynamics [36,48], and fluid

structure interactions [49].

Initially, the MOF method identfies fluid interfaces. Subsequently, it computes the moments of the materials present within each 
computational cell and aims to maintain the shape of the interface accurately. This includes calculating the zeroth moment (volume 
fraction) and the first moment (material centroid). The interface can then be reconstructed without the need for neighbouring cell 
information [4,6,50]. Not requiring information from neighbouring cells to reconstruct interfaces is a great advantage for the adaptive 
dual grid technique as other methods might have difficulty in achieving the same level of complexity. The MOF method can be viewed 
as the constrained optimisation problem:

min
|||𝐱𝑟𝑒𝑓 − 𝐱𝑎𝑐𝑡(𝐧)

||| (16)

subject to the constraint

|||𝐹𝑟𝑒𝑓 − 𝐹𝑎𝑐𝑡(𝐧)
||| = 0 (17)

where 𝐹𝑟𝑒𝑓 and 𝐹𝑎𝑐𝑡 are the reference volume fraction (zeroth moment) and the reconstructed volume fraction, respectively, 𝐱𝑟𝑒𝑓 and 
𝐱𝑎𝑐𝑡(𝐧) are the reference centroid (first moment) and the reconstructed centroid, respectively, 𝐧 represents the normal vector used 
in piecewise linear interface calculation. Fig. 2 depicts the reference interface of any shape, curved or linear, where the centroid of 
the material considered is 𝐱𝑟𝑒𝑓 . The reconstructed interface is a linear interface with an outward pointing normal 𝐧, and the polygon 
that is reconstructed has the reconstructed centroid 𝐱𝑎𝑐𝑡(𝐧).

Additionally, efforts have been made to incorporate the MOF method into symmetric reconstruction, adaptive mesh rfinement 
and multi-material techniques, enabling more precise simulations with reduced computational costs [8--12]. Another significant 
enhancement involves the integration of the MOF method with machine learning and artficial intelligence for improved interface 
capturing and prediction. These innovations collectively contribute to the MOF method’s growing applicability [13].

Filaments within the VOF method [51] and MOF method [14,15] have played a significant contribution in its progress by enabling 
more accurate and detailed representations of fluid interfaces. Innovations in filament manipulation and reconstruction have led to 
improvements in its wide use.

Fig. 3 displays three examples of the MOF method to incorporate additional features. Multi-material, filaments, unconstrained 
rfinement are significant benfits of these enhancements to the MOF method. Fig. 3(a) illustrates how the minimisation nature of the 
MOF method is exploited by trying all possible reconstruction scenarios (nested dissection) when three different materials coexist in a 
cell. Using symmetric reconstruction improves the efficiency and accuracy of interface reconstruction by minimising the combination 
of the two materials considered in the desired reconstruction. The symmetric reconstruction process requires the minimisation of the 
following functional to determine the normal 𝐧 to the interface

𝐸𝑠𝑦𝑚
𝑐

(𝐧) = |||𝐱𝑟𝑒𝑓 − 𝐱𝑎𝑐𝑡(𝐧)
|||+ |||𝐱𝑟𝑒𝑚𝑟𝑒𝑓 − 𝐱𝑟𝑒𝑚

𝑎𝑐𝑡
(𝐧)||| (18)

where the superscript rem corresponds to the remaining material under consideration.

In similar fashion, Fig. 3(b) shows a filament reconstruction. Two interfaces coexist within a cell, indeed two conglomerates of 
the same material (white background) are evaluated as not being adjacent to each other. One of these conglomerates is considered to 
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Fig. 3. Evolution of complexity of reconstruction using the MOF method. (a) and (b) using a symmetric nested dissection, (c) using standard MOF for rfinement 
around sharp edges. The red dashed line represents the reference interface, while the green dashed line represents the MOF reconstruction without filament.

Fig. 4. Example of complex reconstruction using the MOF-AMR method in which the aim is to reconstruct a curved filamentary interface: (a) reference interface, 
(b) fixed grid reconstruction using standard MOF which highlights the limitation of this method, (c) fixed grid reconstruction using a filament MOF in which the 
linear interface is reconstructed with a certain error, (d) reconstruction using standard MOF with one level of rfinement which still shows the limitations of standard 
reconstruction, (e) reconstruction using a combination of filament MOF and MOF-AMR which enables to reconstruct a linear interface while mitigating the error of 
the curved interface.

be a fictitious material, leading to a multi-material case scenario. All possible scenarios are tested when reconstructing the first then 
the second interface. The final solution minimises all centroids in the cell using the minimisation function

𝐸 =

√√√√ 𝑛 ∑
𝑖=1 

|||𝐱𝑟𝑒𝑓 (𝜓𝑖) − 𝐱𝑎𝑐𝑡(𝜓𝑖)
|||2 (19)

where 𝐱𝑟𝑒𝑓 (𝜓𝑖) is the reference centroid of material 𝜓𝑖 and 𝐱𝑎𝑐𝑡(𝜓𝑖) is its reconstructed centroid. The fictitious material is reassigned 
to its original material after reconstruction.

Fig. 3(c) illustrates the rfinement process in which a cell is subdivided into four subcells when the reconstruction error is larger 
than a user-defined criterion, usually 10−9Δ𝑥(𝑙𝑒𝑣). Here Δ𝑥(𝑙𝑒𝑣) dfines the subcell size at level lev. Since the MOF method uses 
piecewise linear interpolation to calculate the interface, it struggles to reconstruct sharp edges within a cell. Therefore, rfining 
these is very helpful in maintaining highly accurate sharp interfaces. The red dashed line denotes the reference interface formed by 
a rectangular shape encompassing four subcells. The reconstructed interface before rfinement is depicted as a green dashed line, 
highlighting the significant error incurred in reconstruction.

In Fig. 4, the comprehensive integration of the three diverse and complex MOF examples mentioned above is combined. These 
complexities, namely symmetric multi-material reconstruction, filament approach, and unconstrained adaptive grid rfinement, col

lectively contribute to the evolution of MOF methods. A closer examination of the rfinement process reveals a structure, incorporating 
one distinct level of rfinement, in which one subcell contains a filament reconstruction. This implies a rfinement strategy, in which 
each region undergoes a detailed filament detection procedure.

3. Adpative dual grid

Adaptive dual grid is an innovative approach in the field of fluid dynamics, designed to address the computational challenges asso

ciated with complex and evolving flow phenomena. This method uses the power of adaptivity to dynamically rfine grids in response 
to changes in local flow characteristics, enabling higher resolution in regions of interest. By intelligently allocating computational 
resources on two grids, one solving the velocity-pressure coupling and the other resolving the dynamic interface, the adaptive dual 
grid technique offers significant advantages in simulating a wide range of fluid dynamics problems over fixed dual grids or a single 
adaptive grid.
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Fig. 5. Structure and indexing of the novel quadtree approach. Green cell corresponds to level 0 (L0), yellow cells to level 1 (L1) and red cells to level 2 (L2). 

Fig. 6. Visual schematic of the interpolation of node velocity from the fluid solver fixed grid to the MOF-ADG grid. All other velocities when subsequently rfining 
the grid are interpolated from the four fixed grid nodes.

3.1. Adaptive mesh rfinement

The unconstrained quadtree adaptive mesh rfinement method [9] is a sophisticated numerical technique employed to enhance 
accuracy and computational efficiency. A hierarchical data structure, referred to as a quadtree, is used where the domain is repeat

edly divided into subcells based on a user-defined criterion. Unlike constrained methods, which follow the 2:1 rfinement rule, the 
unconstrained approach allows for irregular grid adaptations, making it particularly well-suited for capturing complex flow features 
efficiently.

In the novel yet simplfied quadtree mesh approach [32], an arbitrary cell is denoted by (𝑖, 𝑗, 𝑖𝑠, 𝑗𝑠), where (𝑖, 𝑗) signfies the base 
mesh coordinates. Subsequently, the subcell indices 𝑖𝑠 and 𝑗𝑠 are related to the desired level, 𝑙𝑒𝑣, of rfinement. To access children 
cells, a logic based on the parent cell’s index parity is employed, where children subcell indices are given by (2𝑖𝑠 − 1,2𝑖𝑠) when the 
parent index is even and (𝑖𝑠, 𝑖𝑠+ 1) when the parent index is odd. This logical scheme is applicable up to level 2 and is applicable in 
both the horizontal and vertical directions. Mathematically, cells and subcells at their finest rfinement level are contained in a set 
Φ𝑙𝑒𝑣 including non-overlapping subsets Φ0, Φ1 and Φ2. Fig. 5 highlights the rfinement structure and indexing of the hierarchy. In 
this example, the green cells are level 0 (L0), the yellow subcells are level 1 (L1) and the red subcells are level 2 (L2). This example 
clearly demonstrates that the red subcells indices are (3 ∶ 4,3 ∶ 4).

The triggering of rfinement in the context of the MOF method employed here uses the centroid error as the primary criterion. 
This approach considers the reconstruction error as an effective gauge of the accuracy of the reconstruction, which encompasses 
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Fig. 7. (a) Structure and (b) flowchart of the adaptive dual grid method. (a) Top grid is the interface MOF-AMR grid using the same colouring scheme described in 
the previous section. Bottom grid is the fluid solver grid, where dashed circles represent cell-centred pressure and volume fraction 𝐹𝑁𝑆(𝑖, 𝑗), plain arrows represent 
horizontal velocities 𝑈 and hollow arrows vertical velocities 𝑉 , both face-centred. Communication between grids is required for velocities and volume fractions.

the material centroid error, including the fictitious material in filament scenarios. Notably, the rfinement criterion in this study is 
normalised by the cell size. More details can be found in Hergibo et al. [32].

3.2. Dual grid method

The dual grid method involves the addition of a secondary grid together with the primary grid, which allows for a rfined resolution 
of complex flow features. Conserving computational resources is critical in the context of MOF methods since the optimisation 
component of the method can be expensive. By adapting the grid resolution locally, the adaptive dual grid method aims to enhance 
the precision and fidelity of numerical simulations in accurately predicting fluid dynamics.

Due to the unconstrained nature of our novel AMR structure, calculating fluxes through different levels of rfinement on a single 
AMR grid may be necessary for velocity, pressure and volume fraction variables. Therefore, the dual grid aspect comes naturally. 
Indeed in numerical multiphase flow simulations, the velocity-pressure coupling and volume fraction are solved independently. The 
adaptive dual grid method stems from the difference in resolution needed for accurate interface representation. Reasons to use an 
adaptive dual grid approach rather than a single AMR grid include facilitating parallel computation, limiting the complexity of the 
flux calculations, utilising the convergence rates for different parts of the numerical scheme and the unconstrained nature of this 
approach.

The velocity-pressure coupling on a coarse grid facilitates the overall understanding of the flow. Concurrently, the interface 
dynamics are effectively resolved on an AMR grid. The exchange between the two grids is facilitated through smooth communication 
of vital information. The first part of the communication is from the fluid solver on a fixed coarse grid to the interface MOF-AMR 
grid, in which the node velocities needed to advect the interface are interpolated from the base grid for the Navier-Stokes solver. 
Indeed, the fluid solver is composed of face-defined velocities 𝑈 and 𝑉 , in the horizontal and vertical direction of a control volume, 
respectively. The interpolation is applied linearly on a uniform Cartesian grid with 𝑖 and 𝑗 indices as follows

𝑢𝑛(𝑖, 𝑗) =
𝑈 (𝑖− 1, 𝑗 − 1) +𝑈 (𝑖− 1, 𝑗)

2 

𝑣𝑛(𝑖, 𝑗) =
𝑉 (𝑖− 1, 𝑗 − 1) + 𝑉 (𝑖, 𝑗 − 1)

2 

(20)

where 𝑢𝑛 and 𝑣𝑛 are the horizontal and vertical velocities at the bottom left corner node of the control volume used in the MOF 
context. In the fluid solver, the pressure and volume fraction are cell-centred. Fig. 6(a) shows how node velocities are spatially 
interpolated for a single control volume, in addition to its directional components. Fig. 6(b) considers the node velocity interpolation 
when rfinement is triggered in the dynamic procedure. These velocities are required during the material advection part. More details 
can be found in Hergibo et al. [32].

The second part of the communication process exchanges information about volume fraction between the MOF-AMR grid and 
the fixed coarse grid used for the fluid solver in order to solve the system of discretised equations. The exchange is performed in the 
following way. Communication to the coarse grid is carried out using the equivalent volume fraction as follows

𝐹𝑁𝑆 (𝑖, 𝑗) =
∑
𝑙𝑒𝑣 

∑
𝑖𝑠,𝑗𝑠⊂{Φ𝑙𝑒𝑣}

𝐹𝐴𝐷𝐺(𝑖, 𝑗, 𝑖𝑠, 𝑗𝑠, 𝑙𝑒𝑣) |Ω| (𝑙𝑒𝑣)|Ω| (0) (21)

where 𝐹𝑁𝑆 (𝑖, 𝑗) denotes the volume fraction used on the flow solver grid, Φ𝑙𝑒𝑣 is the set of cells/subcells and 𝑖𝑠, 𝑗𝑠 and 𝑙𝑒𝑣 are indices 
in the AMR structure for each level of rfinement and |Ω| (𝑙𝑒𝑣) corresponds to the subcell area. It is crucial to note that if a cell has 
not been rfined then level 0 remains. In this case, the above relationship is simplfied as follows
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Fig. 8. Inviscid sloshing case: (a) schematic of the initial conditions, (b) evolution of the wave elevation compared with the predictions of Ubbink [52]. 

𝐹𝑁𝑆 (𝑖, 𝑗) = 𝐹𝐴𝐷𝐺(𝑖, 𝑗,1,1,0) (22)

Fig. 7 serves as an illustrative snapshot of the effective communication and integration between the two grids. The depiction encap

sulates the exchange of data and information that is fundamental to the success of the adaptive dual grid method. The coordination, 
as seen with the flowchart, is essential for maintaining accuracy and coherence in the numerical simulation.

When surface tension forces are significant, additional interaction between the two grids is required to maintain the correct 
physical behaviour and to ensure accuracy of the flow features. The interaction happens on two levels. As described above, the 
velocity field is communicated to the secondary grid (AMR grid) while the volume fraction is transferred back to the primary grid 
(Navier-Stokes fixed coarse grid). In addition, the curvature is calculated on the secondary grid and interpolated to communicate an 
equivalent coarse grid value. In this paper, the equivalent fixed grid volume fraction is summed using all the subcells volume fraction, 
including potential mass redistribution. This equivalent volume fraction is smoothed and used to determine the cell face normal and 
therefore curvature.

4. Results

4.1. Sloshing

4.1.1. Free sloshing of inviscid fluids

In this section, sloshing, the study of uncontrolled oscillatory motion of a liquid within a container, is examined. Typically caused 
by external forces or perturbations, complex topological changes are created in the free surface. We first consider the inviscid sloshing, 
where no viscosity is applied resulting in no damping of the fluid motion.

For the inviscid sloshing case, we replicate the cofiguration used by Ubbink [52] for an algebraic VOF method. The rectangular 
tank has length 𝐿 = 0.1 m and height 𝐻 = 0.065 m. The initial wave is a half cosine of amplitude 0.005 m with the still water level 
at rest at ℎ = 0.05 m. Fig. 8(a) shows the domain and initial condition with a half cosine wave. The ratio of densities of the fluids is 
1000 and both viscosities are set to 0.

At the initial stage, the liquid exhibits a half wave length perturbation. As time progresses, characteristic wave patterns are formed. 
In this case, the period is given by

𝑃 = 2𝜋 √
𝑔𝑘 tanh(𝑘ℎ)

(23)

where 𝑔 = 9.8 ms−2 is the acceleration due to gravity, ℎ is the still water height and 𝑘 the wave number dfined by 𝑘= 𝜋∕𝐿. Fig. 8(b) 
displays the wave elevation at the left boundary in physical units for the initial six periods only using a level 0 grid. The waves are not 
damped as this case is inviscid. The frequency aligns with the theoretical frequency. The wave elevation exhibits different behaviour 
for even and odd periods, related to wave modes. In both cases the amplitudes match the predictions of Ubbink [52].

4.1.2. Free sloshing of viscous fluids

The second part considers the ifluence of viscosity on the sloshing motion by varying the Reynolds number, resulting in damping 
of the wave elevation over time to different degrees. In this instance, we make comparison with the predictions of Liu and Lin [53]. 
In this setting the dimensions of the container and the initial condition are changed. The tank has length of 𝐿 = 1 m and height of 
𝐻 = 0.65 m. The initial wave is a full wavelength and its amplitude is set to 0.01 m, while the water depth is maintained around 0.5
m. Fig. 9 shows the computational domain and initial condition.
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Fig. 9. Schematic of the tank dimensions and initial condition. 

Fig. 10. Evolution of water level at the left boundary using the MOF-ADG method with a 40 × 26 base grid compared with the analytical solution for (a) 𝑅𝑒= 20, (b) 
𝑅𝑒 = 200.

Two scenarios are studied: 𝑅𝑒 = 20 and 𝑅𝑒 = 200, where 𝑅𝑒 is dfined by

𝑅𝑒 =
𝜌ℎ

√
𝑔ℎ

𝜇
(24)

and 𝜌 and 𝜇 are the density and dynamic viscosity of water, respectively. The air-water density ratio is maintained as per the inviscid 
case. The viscosity ratio is kept constant while studying different Reynolds number. In both cases, three levels of grid resolution were 
implemented using the novel MOF-ADG method. The first one corresponds to a fixed grid, level 0 (L0), the second has one level of 
rfinement (L1) and finally, the last has two levels of rfinement (L2). The simulation time is extended to 30 units, where time is 
multiplied by 

√
𝑔∕ℎ to obtain a dimensionless time. The timestep used across different rfinements is constant.

Fig. 10 presents the normalised wave elevation at the left boundary as a function of the nondimensional time. For both cases, 
𝑅𝑒 = 20 and 𝑅𝑒 = 200, numerical predictions on all three grids are compared with the analytical solution provided by Liu and Lin 
[53] and Wu et al. [54]. The characteristic oscillatory behaviour reveals a gradual reduction in wave amplitude. Notably, the decay 
rate of the wave is more pronounced for a smaller Reynolds number. In both situations, the wave elevation at the left boundary 
matches favourably the analytical solution. Note that for a low Reynolds number the adaptive dual grid method exhibits very similar 
behaviour irrespective of the levels of rfinement while a higher Reynolds number exhibits a slight discrepancy in wave elevation 
when using one or two levels of rfinement.

Fig. 11 depicts a natural sloshing sequence at various time intervals revealing the dynamic behaviour and evolution of liquid 
movement within a tank when 𝑅𝑒 = 200. The coarse grid is composed of a 40×26 arrangement of Cartesian cells. As time progresses, 
subsequent figures capture the agitation at 𝑇 = 1.7, 𝑇 = 3.55 and 𝑇 = 30. Note that for these two cases, the wave period is different 
from the inviscid case. These figures provide a comprehensive visual representation, illustrating the dynamics of sloshing using the 
MOF-ADG method.
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Fig. 11. Evolution of water level within the tank when 𝑅𝑒 = 200. Zoom is carried out on the interface to highlight the performance of the MOF-ADG method. The base 
grid (L0) is composed of 40 × 26 Cartesian cells. Blue depicts level 0 (L0), green level 1 (L1) and red level 2 (L2).

4.1.3. Viscous sloshing under horizontal excitation

In this section, the sloshing of a liquid in a 2D rectangular tank that is horizontally agitated is assessed. The excitation occurs 
periodically, with velocity 𝐮𝑒𝑥𝑐 = [−𝐴𝜔 cos(𝜔𝑡),0], where 𝐴 is the displacement amplitude and 𝜔 denotes the angular frequency of 
the excitation. Within the momentum equation (2), this excitation is provided as an external force 𝐟𝑒𝑥𝑐 in addition to gravity forces 
i.e.

𝐟𝑒𝑥𝑐 = −𝜌  
𝑑𝐮𝑒𝑥𝑐
𝑑𝑡 

(25)

The parameters and dimensions of the tank are similar to the free sloshing case above. The mesh used to generate the results is 
finer to better track the complex dynamics. The notable difference is the initial condition. In such a scenario, the natural frequency 
of the fluid in the tank is expressed as 𝜔0 =

√
𝜋𝑔 tanh(𝜋ℎ) s−1 [53]. In the following test case, the free surface is initially at rest in the 

tank at a new height ℎ = 0.175 m. For this test case, the amplitude and frequency are specfied as follows: 𝐴 = 0.06 m and 𝜔 = 2.0𝜔0.

This case is showcasing the ability of the MOF-ADG method to handle complex dynamics. Fig. 12 shows the evolution of the 
interface, which increases in complexity until the forming jet falls onto the free surface. Note that thanks to two levels of rfinement, 
the thin jet is not breaking up and maintains a sharp interface. The first jet with the motion of the tank then creates a secondary jet 
that is thinner. This means that breakup is likely, however the observations show that the breakup occurs only with two levels of 
rfinement, highlighting that the method is capable of effectively capturing subgrid features. The series of snapshots captured during 
the simulation offer a visual narrative of the dynamic topology of the interface. It also highlights the interaction taking place within 
the domain near the wall boundaries.

4.2. Dam break

Demonstrating its significance as a benchmark problem in multiphase flow simulations, the phenomenon of dam breaking encom

passes intricate dynamics, including high-impact pressures, surface fragmentation, and the formation of water jets, among others. 
The investigation presented in this section focuses on dam breaking and aims at replicating the experimental work of Zhou et al. [55] 
and Buchner [56]. The computational domain consists of a rectangular tank measuring 3.22 m in length and 1.8 m in height. The 
lower-left corner accommodates the water phase, with a reference density of 1000 kg/m3, occupying an area of 1.2 m in width and 
𝐻 = 0.6 m in height. The air medium is characterised by a reference density of 1.29 kg/m3. Fig. 13 offers a visual schematic of the 
domain. Time is nondimensionalised by 

√
𝑔∕𝐻 , pressure by 𝜌𝑔𝐻 and height by 𝐻 .

Validating the numerical simulations of a dam break event against experimental and numerical data in the literature is vital in 
demonstrating the reliability of the method. Fig. 14 shows a sequence of three snapshots following the collapse of a dam under the 
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Fig. 12. Snapshots of the evolution of the air-water interface during horizontal excitation (sloshing) of a tank initially at rest and with 𝐴= 0.06 m and 𝜔 = 2.0𝜔0 using 
the MOF-ADG with two adaptive levels of rfinement.

Fig. 13. Schematic of the domain, initial condition and location of probes A, B and C, which are used as instrumental validation. 

Fig. 14. Evolution of the air-water interface for the dam break problem using the MOF-ADG method with two levels of refinement. 

ifluence of gravity. Snapshots show two levels of rfinement where the base grid is composed of 161 × 90 Cartesian cells. When the 
dam breaks the surge position advances rapidly. This is followed by a strong vertical motion after the water impacts the right-hand 
wall. Eventually, the liquid falls back on itself creating a cavity. Using the filament MOF method and a coarse timestep, the snapshot 
reveals a thin air film that does not enclose the cavity completely.

Our present adaptive dual grid MOF method preserves detailed phenomena, such as water splashing and the formation of flow 
jets. Fig. 15 shows the results of our present method for level 0, 1 and 2 and comparison is made with the level-set method and SPH 
methods provided by Colicchio et al. [57]. The air cavity is well captured and enclosed using MOF-ADG (L0) method, while still 
containing a few ‘bubbles of air’. Other numerical methods also capture the air cavity but a large discrepancy occurs in predicting its 
location. The level-set method creates a large bridge of coalescence and a small cavity whilst the SPH method creates a large cavity. 
The associated jet also shows a significant difference between the three methods. Note that the process of interface rfinement tends 
to create a thin film of air, rather than fully enveloping the cavity.
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Fig. 15. Comparison of the air-water interface for the MOF-ADG, level-set and SPH methods at 𝑇 = 6.2. Interface with level 0 is in blue, level 1 in green and level 2 
in red.

Fig. 16. Water height and pressure measurement analysis using MOF-ADG method compared to level-set and SPH methods from Colicchio [57] and experimental 
work from Buchner [56].

Fig. 16 illustrates the temporal evolution of water height and pressure at three locations. These probes were used in the early 
experiments performed by Zhou et al. [55] and Buchner [56]. Probe A is located at 𝑥𝐴∕𝐻 = 3.721, probe B at 𝑥𝐵∕𝐻 = 4.542 along 
the horizontal axis accounting for water height evaluation. Probe C is located at the right hand wall at a height of 0.16 m.

While the experimental and numerical trends exhibit a satisfactory level of agreement for water height measurements until 𝑇 = 6.5, 
a notable disparity emerges throughout the second part of the simulation and the water level peak seems to be underestimated. The 
initial pressure rise agrees well with other numerical methods but there is a delay in attaining its peak value compared to experimental 
work. Note that the different resolutions of the MOF-ADG method exhibit nearly overlapping trends. In conclusion, there is a relatively 
limited level of agreement between the computational results and the experimental data which may be due to the pressure transducer 
location or variations in the water front propagation velocity. Challenges in achieving measurement repeatability have been previously 
documented leading to inconclusive findings when comparing with experimental data [55]. However, most of the numerical methods 
seems to show good agreement with each other.

4.3. Rayleigh-Taylor instability

This well-known instability is a phenomenon that emerges when gravity causes a heavy fluid initially at rest on top of a lighter 
fluid to deform the interface between them. In our study, we adopt the same cofiguration used in previous investigations [17,58,59]. 
The rectangular domain is [0, 𝑑] × [0,4𝑑] and the interface is initially perturbed with a sinusoidal waveform of amplitude 0.1𝑑. The 
Atwood ratio 𝐴, a measure of the density difference between the heavier and lighter fluids, is dfined by

𝐴 =
𝜌𝐻 − 𝜌𝐿
𝜌𝐻 + 𝜌𝐿

(26)

where the subscripts H and L, respectively, denote a heavy and light fluid. Time is nondimensionalised by 
√
𝑑∕𝐴𝑔, and surface tension 

and turbulence effects are ignored in this study. In this test case we set 𝐴 = 0.5.

We conduct computations using three cases for our present MOF-ADG method with different levels of rfinement while using 
the same finest Cartesian grid size. Therefore for these computations, the timestep is the same. The coarsest grid is 32 × 128 with 
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Fig. 17. Snapshots showing the evolution of the interface between the heavy fluid (blue) and the light fluid (white) using the novel MOF-ADG method with a 32× 128
base grid with two levels of rfinement. 𝑇 is nondimensional time.

two rfinement levels (L2), the medium grid is 64 × 256 (L1) and the finest grid is 128 × 512 (L0), respectively. Fig. 17 shows a 
sequence of snapshots revealing the evolution of the interface, where the heavy fluid falls into the lighter fluid. The early stages of 
the deformation of the interface exhibit a ‘mushroom’ like shape, then thinner structures begin to appear as the material becomes 
increasingly deformed. Some ‘bubbles’/‘droplets’ appear in the material and are highlighted with the colour scheme of the rfinement.

Fig. 18 highlights the rfined reconstruction of the interface during deformation at a nondimensional time of 𝑇 = 3.5 for the three 
cases. We observe that the ‘mushroom’ shape formation during the spike penetration is reconstructed well. The interface remains 
sharp and exhibits very limited diffusion. Many filaments are present, but grid convergence of these structures is elusive. To the best 
of the authors’ knowledge, such a late stage of simulation with a coarse grid and subgrid structures has not been achieved.

In order to investigate the robustness and performance of the MOF-ADG method, we provide some insights into its performance in 
Fig. 19. Acceptable mass conservation is achieved throughout the simulation (Fig. 19(b)). Reducing the timestep would improve mass 
conservation even further but at a greater computational cost. The Courant number is not a limiting factor in our MOF approach. Two 
fundamental variables, cell count and filament subroutine count are shown on a common plot in Fig. 19(c). The filament subroutine 
count cycles through the domain and iterations during the dynamic process in order to evaluate how many times the filament 
reconstruction subroutine has been called. Since two interfaces are reconstructed within a cell, it is important to understand its 
potential ifluence on the computational cost. The juxtaposition between cell count and filament count allows for a clear and concise 
comparison of the ifluence of these outputs offering potential correlations with runtime. Moreover, the last figure (Fig. 19(d)) offers a 
crucial evaluation of the relative runtime performance of each principal component of the computation. The total runtime is compared 
with respect to the time of the shortest simulation, shown as a percentage, with the rest providing a more expensive computation. The 
AMR and reconstruction subroutines are responsible for a major part of the interface capturing procedure as per Hergibo et al. [32]. 
The time spent in these subroutines is added together across all iterations and each value in the AMR and reconstruction histogram 
corresponds to the percentage of time shared between them. It clearly shows a significant time spent in the AMR at level 2 while 
having nearly the same amount of filament to reconstruct. As reported in Hergibo [32], in many instances a single level of rfinement 
is the most efficient approach.

4.4. 2D rising bubble case

The 2D rising bubble test case is examined in this section. In this problem, a bubble with radius 𝑟 = 0.25 is initially placed at 
the point (0.5,0.5) within a rectangular domain [0,1] × [0,2]. Slip boundary conditions are applied on the left and right walls, while 
no-slip conditions are enforced at the top and bottom. Following Hysing et al. [60], we focus on the case where surface tension causes 
the formation of thin trailing filaments. The density ratio between the liquid and gas phases is 1000, and the viscosity ratio is 100. 
The surface tension coefficient is 1.96 Nm−1 , and the gravitational acceleration is 0.98 ms−2 . Surface tension is incorporated through 
an additional term in the external force balance, as outlined in Section 2.3.

Fig. 20 presents a visual depiction of the evolution of the shape of the bubble using the adaptive dual grid method for a coarse 
fixed grid and the highest level of rfinement. The simulation is carried out until 𝑡 = 3 s.

In this study, we use the same finest grid size. Therefore, three different grid resolutions are run until 𝑡 = 3 s, respectively: 120×240
with level 0, 60 × 120 with level 1 and 30 × 60 with level 2. Fig. 21 presents the numerical results for the three grid scenarios. The 
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Fig. 18. Snapshots of the Rayleigh-Taylor instability for the MOF-ADG method at 𝑇 = 3.5 for the same finest level of rfinement. In the zoom boxes, blue denotes level 
0, green level 1 and red level 2.

simulation results indicate the formation of a thicker filament for the case with the most rfinement. Moreover, the satellite bubble 
seems to be located at a slightly different location. The dynamics of the bubble tend to follow its base grid behaviour. In addition, the 
model demonstrates slightly better mass conservation properties for the most rfined case, capped within −0.7%, along with a less 
circular satellite bubble. A shorter runtime is observed for the finest rfinement compared to a less rfined case, which is expected 
as fewer cells are resolved both for the fixed coarse grid flow solver and the adaptive interfacial grid.

Fig. 22 compares the bubble prfile at 𝑡 = 3 s on the finest grid with prfiles from the literature [60,61] and the evolution of 
the centre of mass and bubble rise velocity. As expected, there are differences in the resolution of the filament: the TP2D (Transport 
Phenomena in 2D) method [60] shows a clear breakup, while the conservative level-set method of Doherty et al. [61] maintains the 
satellite bubble within the main bubble. The evolution of the centre of mass agrees well with these two references. The rise velocity 
shows slight deviations from the reference values but remains within the expected physical bounds of the problem.

5. Discussion on the efficiency of the MOF-ADG method

5.1. Rayleigh-Taylor instability

The MOF-ADG method framework offers a compromise between accuracy and runtime. It achieves this by using dual grid benfits 
and also rfining regions of interest. It naturally reduces the overall number of cells used in a computation compared to a uniform 
grid or a single AMR grid. Typically, in AMR practices, runtime increases as the number of rfinement levels increase, resulting in 
decreased error or a more precise region of interest.

However, in the context of the MOF method, regions experiencing high deformation may be able to be reconstructed effortlessly 
using filaments while maintaining a reasonable computational cost. Consequently, one can assess the accuracy of various levels of a 
MOF-ADG method using the filament procedure. Note that a filament reconstruction with a higher base resolution but a lower level 
of rfinement may be equivalent to a lower base resolution reconstruction but with a higher level of rfinement.
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Fig. 19. Detailed analysis of several numerical data of the MOF-ADG method. BM stands for base mesh. CC stands for cell count and FP for filament procedure. 100%
total runtime is based on the shortest simulation.

Fig. 20. Evolution of the rising bubble from 𝑡= 0 to 𝑡 = 3 s using an adaptive dual grid method including surface tension modelling and two levels of refinement. 
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Fig. 21. Bubble profile at 𝑡= 3 s using the filament MOF-ADG method for three grid resolutions using the same finest grid size. 

Fig. 22. Comparison of the predicted centre of mass, rise velocity and bubble shape with TP2D [60] and Doherty et al. [61]. 

This section aims to provide insights into the trade-off between rfinement and error using the Rayleigh-Taylor instability problem. 
The timestep remains constant across all test cases, therefore, comparing runtime alone may not provide a comprehensive under

standing of efficiency. The first set of cases uses a 32 × 128 grid with level 0, 1 and 2 and a standard reconstruction. The second set 
of cases uses the same resolution but with a filament reconstruction.

Fig. 23 demonstrates that, in general, standard reconstruction does not provide a great deal of improvement and two levels of 
rfinement are needed. However, for such extreme filamentary cases, a coarse grid and one level of rfinement does not prevent the 
breakup of filaments, even when enabling filament reconstruction. Eventually, two levels of rfinement are necessary to achieve an 
acceptable degree of precision, although using a standard reconstruction gives a poor result. The zoom provided shows the standard 
MOF method with two levels of rfinement is on the edge of breaking up whereas the filament MOF method shows a smoother 
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Fig. 23. Study of the efficiency of the MOF-ADG method. Accuracy against rfinement using both standard (STD) and filament (FIL) reconstruction. The base mesh is 
32 × 128 and uses three different levels of rfinement. The side figure shows a zoom on the tip of the filamentary mushroom, zoom box [0.5,1] × [1.8,2.8].

interface. The filament MOF-ADG shows a better reconstruction even on a fixed grid. Filaments do breakup with zero and one level of 
rfinement when using a filamentary reconstruction. This can be explained by the choice of multimaterial reconstruction described 
in [15]. An interesting question concerns the choice of best variant of the MOF-ADG method in order to obtain acceptable results. On 
one hand, it seems that a filament method with L0 is faster and seems to breakup less than a standard MOF-ADG L1. On the other 
hand, a filament MOF-ADG L1 offers more breakup than the standard MOF-ADG L2, although significantly faster.

In terms of runtime, each runtime is provided in the caption, however, a conclusion cannot be drawn. The only possible comparison 
is the runtime between standard and filament MOF-ADG which obviously increases for the latter.
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Fig. 24. Bubble prfile at 𝑡 = 3 s using both standard (STD) and filament (FIL) MOF method and the dual grid method for three rfinement resolution using a 30 × 60
base grid.

5.2. 2D rising bubble case

In this section, we provide insights into the trade-off between rfinement and error using the 2D rising bubble case with surface 
tension modelling. The formulation of the problem and simulation setup is the same as that described in Section 4.4. In this study, 
we use the same 30 × 60 Cartesian grid with three rfinement resolutions: level 0, level 1 and level 2. In addition, we use a standard 
MOF and a filament MOF reconstruction. The simulation is carried out until 𝑡 = 3 s. Note the time step used in this study is different 
to the case shown previously. Fig. 24 presents a visual depiction of the shape of the bubble at the final stage for a standard (STD) 
and filament (FIL) MOF reconstruction. As the bubble rises, the interface on coarse grids forms filaments that tend to break apart due 
to the effects of surface tension and numerical precision. As the filamentary area is rfined by our adaptive dual grid framework, the 
breakup behaviour is attenuated and the finest rfinement tends to avoid breakup.
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The rfinement proposed by the adaptive dual grid approach allows us to observe the filament formation behaviour. Fig. 24

compares the interface representation of the shape of the bubble at the final stage. Runtime is also displayed in the caption. The 
simulation results indicate a better reconstruction of the filament leading to the satellite bubble. A shorter runtime is achieved for 
all cases using standard MOF, as expected, while the filament MOF method produces results with a runtime that is approximately 
equivalent. For this test case, the discussion of efficiency is more nuanced and the conclusion about which is the best numerical 
option is unclear. One could opt for a shorter runtime by using one level of rfinement with filament reconstruction or choose to 
invest more time for better precision. While two levels of rfinement offer significant improvements, the decision between using 
standard reconstruction or filament reconstruction is not straightforward. Spending an additional 8 seconds leads to slightly better 
results.

In comparison with the Rayleigh-Taylor instability, we can conclude that efficiency is highly case-dependent. Indeed, for the 
former, filaments appear for the majority of the simulation time, whereas for the rising bubble case, filaments only form towards the 
end of the simulation. The formation of filaments is the most significant factor that needs to be considered when choosing between 
runtime and precision.

6. Conclusions

In conclusion, this paper introduces a novel adaptive dual grid moment-o-fluid (MOF-ADG) method coupled with an implicit 
finite volume Navier-Stokes solver. This method represents a novel and promising approach for simulating complex multiphase flow 
dynamics using two separate Cartesian grids, a fixed coarse grid for the fluid solver and an adaptive grid for the interface capturing 
method. The present approach exhibits remarkable adaptivity in rfining computational grids, offering a significant improvement in 
the numerical efficiency and accuracy of fluid flow simulations. In addition, numerical complexity has been enhanced by including 
subgrid-scale elements such as filaments in order to reduce the persisting numerical breakup of filaments through the moment-o-fluid 
method.

The method proposed in this study is evaluated using established benchmark problems in which there are challenges of vary

ing complexities. The method demonstrates an excellent level of accuracy in addressing the natural sloshing problem, displaying 
quantitative agreement with existing literature and analytical solutions. In addition, some horizontal excitation is performed for the 
sloshing case. Moreover, the dam break problem successfully provides accurate quantitative estimations of water height evolution 
and pressure measurement, aligning well with both experimental data and previous numerical analysis for dam break flow scenarios. 
In the Rayleigh-Taylor instability problem, the method precisely reconstructs the interface during its early stages and effectively 
captures deformed subgrid-scale structures in later stages with the particularly well developed filament MOF-ADG method. In the 
final section, the MOF-ADG method shows its relevance within interface capturing methods by comparing reconstructions for a rising 
bubble exploring different rfinement strategies in which the surface tension cannot be neglected. In summary, the MOF-ADG method 
demonstrates excellent performance in accurately capturing complex flow features and its intrinsic physical behaviour.

Despite notable progress, challenges persist in accurately capturing material diffusion within interface capturing methods such 
as the MOF method itself. Numerical simulations of multiphase flows using the moment-o-fluid method encounter difficulties in 
reconstructing sharp edges or poorly resolved structures like filament tips or tails. In addition, certain limitations of the MOF-ADG 
method arise notably in situations with breakup and coalescence or with extreme geometries despite offering sharper interface 
reconstruction. The computational expense of the proposed method is somewhat mitigated by employing analytical solutions on 
Cartesian grids for interface capturing features when possible. However, the use of a fixed coarse grid for the flow solver is not 
negligible in terms of computational efficiency. Nevertheless, this study has been carried out on a single core, leaving room for 
improvements through parallelisation. For our future work, the focus will be on addressing these limitations by including additional 
features such as fluid-structure interaction and extending the application of this method to a wider range of multiphase problems 
such as droplet and bubble dynamics. Furthermore, the proposed approach should be extended to three-dimensional examples. The 
adaptive dual grid moment-o-fluid (MOF-ADG) method has been shown to be a robust and promising enhancement to interface 
capturing and tracking techniques in complex numerical multiphase flows.
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