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This paper provides two main new results: the first shows theoretically that large
biases and variances can arise when the quasi-maximum likelihood (QML) esti-
mation method is employed in a simple bivariate structure under the assumption
of conditional heteroskedasticity; and the second demonstrates how these analyt-
ical theoretical results can be used to improve the finite-sample performance of a
test for multivariate autoregressive conditional heteroskedastic (ARCH) effects,
suggesting an alternative to a traditional Bartlett-type correction. We analyze two
models: one proposed in Wong and Li (1997, Biometrika 84, 111-123) and another
proposed by Engle and Kroner (1995, Econometric Theory 11, 122-150) and Liu
and Polasek (1999, Modelling and Decisions in Economics; 2000, working paper,
University of Basel). We prove theoretically that a relatively large difference
between the intercepts in the two conditional variance equations, which leads to
the two series having correspondingly different volatilities in the restricted case,
may produce very large variances in some QML estimators in the first model and
very severe biases in some QML estimators in the second. Later we use our bias
expressions to propose an LM-type test of multivariate ARCH effects and show
through simulations that small-sample improvements are possible, especially in
relation to the size, when we bias correct the estimators and use the expected
hessian version of the test.

1. INTRODUCTION

The multivariate-ARCH (autoregressive conditional heteroskedastic) model was
first introduced by Kraft and Engle (1983) and Bollerslev, Engle, and Wool-
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dridge (1988). Since then, new combinations of this specification of the vari-
ance equation with different structures in the mean equation have been pro-
posed; see, e.g., Baba, Engle, Kraft, and Kroner (1991); Harmon (1988); Engle
and Kroner (1995); Calzolari and Fiorentini (1994); Polasek and Kozumi
(1996); and Bauwens, Laurent, and Rombouts (2005) for a review of recent
developments.

The multivariate model implies that the conditional variance-covariance matrix
(H,) of the disturbances (&,) depends on the information set (7,_). The main
problem to be faced in this specification is the relatively large number of param-
eters that are involved. There are, however, many possible parameterizations
for H, that reduce the number of parameters to estimate. One possibility is to
consider the “vech” (vec-half) representation. However, even for the estima-
tion of this model, it is necessary to restrict the number of parameters still fur-
ther. Another possible specification is the diagonal representation, where each
element of the covariance matrix Ay, is a function only of past values of itself
and past values of ¢; ,&; ,. The drawback in this case is that we must still ensure
that H, is a positive definite matrix for all values of the &,, and it can be a
difficult task to check this in the previous specifications. This is why Engle and
Kroner (1995) proposed a new parameterization: the BEKK (Baba, Engle, Kraft,
and Kroner, 1991) representation. A recent discussion of all these models (and
how they can be nested) can be found in Bauwens et al. (2005).

Nowadays there exists an extensive literature about multivariate-ARCH mod-
els that have been applied to different varieties of data. Most of them use (quasi)-
maximum likelihood (QML-ML) as the estimation procedure. However, there
are relatively few theoretical papers that examine the consequences of this.

If we define y, as an M-dimensional finite-order vector of time series vari-
ables, the relevant part of the (conditional) log-likelihood function in these mod-
els is denoted by

T 1 T 1 T
L(y,0) = >, L,(y,,0) B > log|H,| > D = ) H ().
=1 =1 =1

(1.1)

Liu and Polasek (1999) gave the following representation of the conditional
information matrix of the ML estimator (/(#)) in a general multivariate hetero-
skedastic model:
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(see Liu and Polasek, 1999, p. 103), where u, = E(y,/I,_;) isan M X | con-
ditional mean vector, H, = var(y,/I, ) is an M X M conditional variance matrix,
D is the M? X M(M + 1)/2 duplication matrix, and ) indicates Kronecker
product.

Regarding asymptotic theory, Tuncer (1994, 2000), Bauwens and Vandeuren
(1995), Jeantheau (1998), and Comte and Lieberman (2003) have established
the strong consistency of the quasi-maximum likelihood estimator (QMLE) in
a simple multivariate-ARCH model. Asymptotic normality is proved provided
that the initial state is either stationary or fixed. More recently, Ling and McAleer
(2003) have shown the asymptotic normality in a vector autoregressive moving
average—generalized autoregressive conditional heteroskedasticity (VARMA-
GARCH) model requiring only the existence of the second-order unconditional
moment and a finite fourth-order conditional moment of the errors, which rep-
resents an important advance. However these papers have nothing to say about
the finite-sample properties of QMLE, and in this paper we provide results that
go some way toward addressing this.

In relation to finite samples, in a more recent paper, Liu and Polasek (2000)
have compared through Monte Carlo simulation the biases that are generated
using the Splus + GARCH program package of MathSoft (1996), the BASEL
package of Polasek et al. (1999), and the application of the method of scoring
for MLE using the exact information matrix (given previously). The generated
biases are seen to be striking, and the Bayesian method seems to be the best
alternative; see Polasek et al. (1999) for a discussion of this method. For a
sample of 200 observations, their results show the existence of severe biases.
There are, in fact, other recent papers that analyze different types of Bayesian
bivariate-ARCH models applied to economic data, such as Osiewalski and Pip-
ien (2004). On the other hand, Wong and Li (1997) reported through Monte
Carlo simulation that in their model the biases in the parameters were very
small (see Wong and Li, 1997, pp. 119-122). It is precisely this apparent con-
flict over the nature and the size of the bias in bivariate-ARCH models that has
motivated the work in our present paper.

It is interesting to note too that in a recent paper, Jensen and Rahbek (2004)
prove how in univariate ARCH processes the QMLE is always asymptotically
normal provided that the fourth moment of the innovation process exists, whether
or not the process is stationary. This gives support to the estimation of ARCH
processes without being subject to constraints, and in this paper we carry out
the estimation through unrestricted QML.

The plan of the paper is as follows. In the next section we will begin analyz-
ing a bivariate model under two important specifications that have been pro-
posed in the literature so far: the one given in Wong and Li (1997), where they
allow the two disturbances to be dependent but not correlated, and the one pro-
posed in Engle and Kroner (1995) and Liu and Polasek (1999, 2000), where
linear dependence between the disturbances is introduced. We provide theoret-
ical results on the O(T ') biases for the QML estimators in each specification
under the assumption of conditional heteroskedasticity. We impose the restric-
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tion that the variance parameters are zero (overspecification of ARCH effects),
hence following an approach that can be found in a number of other studies
(see Engle, Hendry, and Trumble, 1985; Linton, 1997). For ease of manipula-
tion, we assume also that the intercept in the mean equation is known, although
more complicated structures could, in principle, be analyzed following the same
methodology. In fact, the results given in Iglesias and Phillips (2003) that showed
that it is the number of exogenous variables in the mean equation (and not their
individual characteristics) that determines the bias also apply in this setting.
Although our theoretical results are obtained in a very restricted model, we are
able to prove how, in the Wong and Li (1997) model, the variances for some
estimators can be large when there is a relatively large difference between the
intercepts in the variance equations (they only showed results for cases when
the intercept parameters had very similar numerical values), and in the second
model that is examined in Liu and Polasek (1999, 2000) we show that a large
difference in the intercepts under the null of no ARCH effects (when the two
series can have very different volatilities) can produce very large biases in some
of the QMLESs. We demonstrate also theoretically how, in the Wong and Li and
Liu and Polasek models, some assumptions should be imposed for the QML
estimator to be well defined. We provide evidence that the biases can be very
different depending on both the structure we impose on the model and the com-
binations of the parameters we study. We also analyze some invariance proper-
ties, extending the Lumsdaine (1995) work in a univariate framework. Later, in
Section 3, we consider an LM (Lagrange multiplier) test for multivariate ARCH
effects. We find that an LM test based upon the expected hessian is available
that completely dominates the outer product and hessian versions. We also show
how the bias approximations obtained in the null case can be used to improve
the finite-sample performance of the test. There are many papers that propose
improving the finite-sample performance of likelihood ratio (LR) tests by using
Bartlett-type corrections (see, e.g., the recent paper by Johansen, 2002); how-
ever, such a correction is not available for the LM test. We show that, in the
context of an LM test, the novel approach of bias correcting the QML estima-
tors may be a suitable alternative. Finally, Section 4 concludes.

2. SOME FINITE-SAMPLE RESULTS FOR BIVARIATE-ARCH MODELS
2.1. Case 1: Allowing for Dependent but Uncorrelated Disturbances

We begin by analyzing the framework proposed in Wong and Li (1997) for the
variance equation, where the model is specified as

»=B+teg 2.1

and where y, = (v, y2:)', & = (&1,,€5,)", and E(g,) = 0. The intercept vector
B = (BioB2) is assumed known. We could, in principle, allow for the estima-
tion of the intercept and the introduction of any number of exogenous variables
in the mean equation along the lines of the results of Iglesias and Phillips (2003).
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This would entail a considerable increase in the complexity of the analysis.
However, our main interest here is to examine some well-known models in the
literature, and our specification in (2.1) adequately allows for this. The condi-
tional variance equation follows the structure

(hllt 0 )
}t;: )
0 h22r

where
hyy, :E(Slzt/lt—l):a0+a18]21—] +a23§z—1’ (2.2)
hy, = E(sgt/ltfl) =%tV 812r71 + 728221—1- (2.3)

Expressions (2.2) and (2.3) can be rewritten as
e, = ag+ ajef,_, tazes, + 1y,
3%: =%t 8121—1 + ')’2822r—1 + M2,
where, because of the uncorrelatedness of the epsilons,
E(n,,) = E(n,,) =0; E(my,m5,) =0,
E(ni) = EQh}\);  E(n3) = EQ2h3,).

We assume that the process is at least second-order stationary (see Wong and
Li, 1997). After some algebra, we find

ay(1 = v,) + ayy, Yol —ay) + v,

ER T TS L T T S

From the preceding discussion we may deduce the following restrictions on
the variance equation parameters:

Y. <1; a; <1 1=y)d—a;) —y,a,>0.

Besides, in the analysis that follows, we will study the case of overspecifi-
cation of ARCH effects:

a;=a,=y;=v7,=0.

Our objective is to analyze the QML biases of O(7 ~!) in this simple model.
The methodology we will use has been proposed by Cox and Snell (1968) for
the MLE and extended by McCullagh (1987) to the QMLE. McCullagh (1987)
showed that for independent but not necessarily identically distributed obser-
vations, the bias (b) of the QMLE of B (B) reduces to

. d 2
bs :E(IBJ_IBS): 2 kSikj]{< _:K4>kijl+kij,l} +0(T_2) (2'4)

i, 1=1
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for s = 1,...,p, where k; = E(0>L/0B;9B;), kyy = E(I°L/3B:0B;B,), ki1 =
E((3°L/9B;0B;)OL/B,), for i,j,1 =1,...,p (L denotes the log-likelihood func-
tion). Here k, is the fourth cumulant of the true distribution. The total Fisher
information matrix and its inverse are defined by K = {—k;;} and K ' = {—k"},
respectively. The formula is valid, even for nonindependent observations, pro-
vided that all k’s are of O(T) (see Cordeiro and McCullagh, 1991), and this
justifies the application of the methodology in our case. When x4 = 0, QML
equals ML, and then the formula of McCullagh (1987) equals the one of Cox
and Snell (1968). In practice, when we want to use our expressions for the case
where our time series vector would present conditional heteroskedasticity, x4
can be estimated by using the methodology to estimate cumulants developed in
Cox and Hall (2002).

To proceed to obtain the expectations of the second- and third-order deriva-
tives, we can follow the matrix differential calculus techniques of Magnus and
Neudecker (1991). Liu and Polasek (1999) provided the expression of the con-
ditional information matrix (7(#)) of a general VAR(k) — VARCH(g) model
for y, = (¥1;, Yass-++» Yrr), by specializing (1.2):

1(6) = (111 Iu)
Ly I
with

T
IIIZEW,H;lVVz’ 121211,2:0

=1

and
1 T
Iy =5 2V/D'(H @ H)DY,,
where
W, =, X150, X—0), Vi=Uy, 21—y 2y,
X, = diag(yy,—i» Yor—iseerr Yan—i), fori=1,...k,

— 3 2 2 > _
Z,_; = diag(ef,_j,&1,—j€2—js- s €a—j), fOrj=1,....4.

Note that ), and Iy are M X M and N X N identity matrices, respectively,
and D is the duplication matrix defined in (1.2).

This formula is valid only in the situation where there are no parameters to
estimate in the mean equation, which is precisely our case. We extend the work
by Liu and Polasek (1999) to include all the cumulants we need for our analy-
sis, and Appendix A provides the expressions for the second- and third-order
derivatives of (1.1) in our model on applying the differential matrix calculus.

Tables A1 and A2 in Appendix A show the expressions for all the k compo-
nents that are needed to apply expression (2.4) and obtain the bias results and
the variances (given by the information matrix) for the general QML estimator
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in this model. Unfortunately, although Iglesias and Phillips (2003) were able to
find a bias approximation in closed form for the variance parameter estimators
in a univariate ARCH(1) model without imposing restrictions, the additional
complexity of the multivariate model prevents similar easy to interpret deriva-
tions unless restrictions are imposed. To make progress under the assumption
that we specify the conditional variance structure given in (2.2) and (2.3), we
impose the restrictions that «; = @, = y; = y, = 0. This type of restriction has
been imposed in many of the theoretical analyses that have been carried out in
univariate ARCH models so far (e.g., Engle et al., 1985; Linton, 1997), and it
facilitates, especially here, the analysis and the interpretation of the results.
Table A3 shows the results of the k components when the restrictions are
imposed. It is to be noted that if, for example, it is demonstrated through the
bias approximations that severe biases and/or large variances are possible in
the restricted model, then these characteristics will surely be found in unrestricted
models. Of course, if such problems do not arise in the restricted case the same
may be true in the unrestricted model, but it need not be so. Hence, care is
needed in drawing conclusions from the approximations.

THEOREM 2.1. If y, = &, where y, = (y1,,v2:), & = (&1,,&5,) Iis a vector
of random variables that has the structure given in (2.2) and (2.3), with o, =
ay = 7yy = ¥, = 0, then the biases and the variances of the QML estimators to
order T~ ! are given by

N & . N Yo 1
E(ao_ao):?"'O(T ) E()’o_?’o):?"'o(T )’
1
E(a;, —a;) = —;+0(T71) E(a,—ay)=0o(T"),
S ~1 S 1 -1
E(y,—v) =0o(T"") E(72—72)=—;+0(T ),
4ag 4y
var(@,) = — + o(T}) var(9,) = — +o(T1),
T T
(@) = = +o(T) (@)= o)
var(o = - o var(o = o )
1 T 2 T’yg
var(9,) = RN o(T1) var(3,) = =+ o(T 1)
Y Ta? YT :

Proof. Given in Appendix A.

Notice that the biases in the restricted model are relatively small, suggesting
that estimation bias may not be a particular problem in this model. However, it
is interesting to note how, when the intercept parameters « and vy, differ sub-
stantially, the preceding model can generate severe and large variances in the
QML estimators of the «, and vy, parameters (at least in one of them). In prac-
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TABLE 2.1. Approximate standard errors when we over-
specify the multivariate ARCH effects, 7' = 400

ay = 0.81 ap = 0.04

Yo = 0.04 Yo = 0.04
@ 0.081 (0.082) 0.004 (0.004)
@ 0.050 (0.051) 0.050 (0.050)
@ 1.012 (1.035) 0.050 (0.051)
Yo 0.004 (0.004) 0.004 (0.004)
- 0.002 (0.002) 0.050 (0.051)
¥a 0.050 (0.050) 0.050 (0.050)

Note: Simulated values are given in parentheses for 20,000 replications.

tical applications that fit a model with this specification to real data, one should
be mindful of this fact when interpreting the estimation results. It is very easy
to find an interpretation in this situation: under the null of no ARCH effects,
the two intercepts reflect the two unconditional volatilities of the two series. So
our results show that severe variances result in this case when the two series
have very different volatilities.

Table 2.1 shows the standard errors of O(T ') and a comparison with the
simulated errors for different combinations of the intercepts of the conditional
variance equation, confirming the results shown previously.

On the other hand, the bias and variances of the QML estimators to O (7~ !)
in a univariate ARCH(1) model, E(g}/I,_,) = a; + a,&] ,, when nothing is
estimated in the mean equation whereas «, = 0, are given by (see Engle et al.,
1985; Iglesias and Phillips, 2003)

o 1
E(a, —a)) = 71 o) E(dy—a)=—2+o(I),

3aj 1
var(@,) = E +o(T™") var(@,) = P +o(T71).

Comparing these biases with those of Theorem 2.1, it is seen that, in the new
bivariate specification, the biases in the parameters that are common have the
same structure whereas, on the other hand, there is a loss of estimation effi-
ciency to O(T ') in the intercept parameter estimator, and no gain or loss in
efficiency for the estimator of the ARCH parameter.

Extending the work in Lumsdaine (1995), the representation of the relevant
part of the log-likelihood involves

2

L iogh: +loghn + - + o
=——|lo 0 — .
t 2 g 117 g 22¢ h]]f hzzt
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Using the same argument as the one given in Lumsdaine (1995, p. 10), we
can prove that if @, and 7y, change in the same proportion, the biases and
t-statistics in &, @, ¥, and ¥, will remain invariant. This result matches with
the bias and variance results obtained in Theorem 2.1. However, if «, and vy,
vary in different proportions, the invariance property does not hold.

2.2. Case 2: Allowing for Dependent and Correlated Disturbances

We analyze now the variance specification proposed by Engle and Kroner (1995)
and Liu and Polasek (1999, 2000), given by the bivariate model

v, =B +eg, 2.5)

where y, = (yi;, ¥2:)', & = (&1;,€2,)', E(g,) = 0, and we assume again the inter-
cept vector B = (B1o,B2)" to be known. We allow for possible misspecifica-
tion of the marginal distribution of the errors; thus the QML estimator is used.
The variance representation implies a diagonal structure for the disturbances
following an ARCH(1) process:

hllr h12r
where var (e, /I,_,) = H, = and

hyye hao,
hyyy ao a;,; O 0 etim
hiyp | =laxy [+ 0 ap» O €1-182—1 |. (2.6)
o, A3 0 0 as &3,

Then, it follows that
E(ey,85,/1,_1) = ayo + @r 1,1 €251, t=s, 2.7)
0 otherwise
E(ef,/l,-1) = ajo + ay 87, _y, (2.8)
E(ng/lz—l) = a3t as ng—l-

Following Engle and Kroner (1995) and Liu and Polasek (1999, 2000),
we assume that the process is at least second-order stationary. The uncondi-
tional expectations become E(e7,) = a;o/(1 — ayy), E(&3,) = az/(1 — as3),
E(e,,85,) = as/(1 — ay,), and the unconditional correlation coefficient
between both disturbances is an\ (1 — ;) (1 — as3)/(1 — axn)\aas.
This implies that in this model, to guarantee that the correlation coefficient is
absolutely smaller than 1, the following restriction is required:

a220 (1- a22)2

Ao A30 (l_au)(l_asz,)'
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When a;; = ay = as; = 0, then ajy/a;qa30 < 1. In addition, a;g,azy > 0,
whereas 0 < oy, 33 < 1.

Our objective is to analyze the biases of O(T ~!) in this simple model when
we use the QML estimation procedure. Tables B1 and B2 in Appendix B show
all the k components that are needed to apply (2.4) and to get the bias expres-
sions for the general QML estimator. Again, to get closed-form solutions and
for ease of interpretation, our analysis assumes that we specify a diagonal struc-
ture in the conditional variance, when, in fact, the true model is the one for
which we have @, = ay = az; = 0. Table B3 in Appendix B shows the k
components when they are evaluated under that restriction. The bias results are
given in Theorem 2.2.

THEOREM 2.2. If y, = g, where &, = (&y,,€5,)" is a vector of random vari-
ables that has the structure given in (2.6) with ay; = o = azz = 0, then the
biases and the variances of the QML estimators to order T ™' are given by

2 2 2 2 2 2 2 2 _ 4
ajoaszo(ajoasy T ajoay + azaszy + 2a0a5 a3 — ay)

E(a)— ay) =
T(alzoaazo + 4a10a220a30 + a;o)(al()aSO - azzo)

+o(T7Y),

2 3 3 2 2 2 4 6
ajoBarjazy + 13ajyaz sy + 10ayan ase + 2ay)

Val'(&lo) =
T(aﬁoago + 5“120‘1220‘1320 + Saloagoazo + a260)

+o(T™1),

4 2 2 4 2 2 2 4 2 4 2 _~ 6
ar(ajpas, + ajyaz, + 6ajyasaz, + ayai; + ayaz, = 2ay)

E(Qyy — ayy) =
0 0 2T(a120 a320 + 4“100‘220‘”30 + ago)(aloam - azzo)

+o(T™h),
33 2 2 2 4 6
(aipaszy T 6ajyasaz, + Sajgazasy + 2ay)

var(d,,) = +o(Th),
* T(alzoafo +4ay, ago azy t 0‘;0)

202 2 2 2 2 2 2 _ 4
ajpa(@jyas, + ajyas T asxaz, T 2a0a5 a3 — ay)

E(as0 — a30) =
T(alzoafo + 4“10“2206130 + 0‘30)(“10“30 - 01220)

+o(T™1),
0‘320(30‘?()0‘330 + 13“1200‘22001320 + l05’10“3‘0%0 + 20‘;0)

var(ay,) = +o(T™")
30 T(afoago + Salzoazzoaszo + 50‘10“30“30 + ago) ,

2 2 2 2 2 2 2 _ 4
g azg(ajyasz, T ajoas T azazy + 2a0a5 a0 — ay)

E(a,, —a;) =—
! ! T(alzo%zo + 4a,0a220a30 + ago)(aloaso - 0‘220)

+o(T™1),

2 2 2
ajoasoagasy + 3ay)

var(@,;) = +o(T7),

33 2 2 2 4 6
T(ajpaszy T Sajoasazy + Sajgaxaz + ay)
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4 2 2 4 2 2 2 2 4 2 4 _ A 6
(ajpas, + ajyay, + 6aj,asas, + ajyay + azyay — 2ay,)

E(Gy — ay) = —
* 2 2T(a,20a320 + 4a10a220a30 + a;o)(aloaso - azzo)

+o(T™1),
(a120a320 + ago)

var(@,,) = +o(T),
- T(alzoaszo + 4“10“30“30 + a;o)

2 2 2 2 2 2 2 _ 4
agazp(@igaszy T ajoasy T azyasy + 2a0a5 a3 — ay)

E(ay; —ay3) = —
T(alzoa320 + 4“10“2205130 + a240)(a10a30 - azzo)

+o(T™1),
0‘1200‘320(5110“30 + 3“220)

var(dy;) = +o(T7Y).
2 T(afoasso + 5“12061220“320 +5a ago azy + azéo)

Proof. Given in Appendix B.

In spite of the large and tedious expressions we get, it is important to high-
light the utility we can get from them, because they enable us to find approxi-
mations to the biases for any combination of parameters and to discover their
evolution. Notice that all the coefficient bias approximations contain in the
denominator the term (aga3y — a3,), which is the determinant of the uncon-
ditional covariance matrix of the disturbances. Hence one obvious situation in
which large estimator biases are to be expected is when there is high correla-
tion between the disturbances. However, the biases can still be large even when
this correlation is relatively modest, as will be shown subsequently. Thus we
can provide theoretical support for the large biases found by Liu and Polasek
(2000) even though our analytical results are obtained under strong restric-
tions. An additional use for the approximations is for bias correction under the
assumption of overspecification of the conditional process; we can use the
expressions for bias correction, substituting estimates for the true values of
the expressions. The direct applicability of the results for testing will be shown
in the next section of the paper.

We have noted that our theoretical analysis supports the results in Liu and
Polasek (2000), in the sense that the biases can be very large in these models—
even though our setting is different—but our findings provide evidence that
when the disturbances are not highly correlated, the biases are only so large for
some combinations of parameters. Table 2.2 shows how the larger biases are
those for the parameters of the ARCH components, especially when there is a
large difference between the intercepts of the two conditional variance equa-
tions (the simulated results support the same outcome). For example, the approx-
imate bias of the estimator of a,, increases from around —0.005 to —0.249
when the constant terms «;, and a3, change from being the same and equal at
0.15 to «( being kept constant at 0.15 and a3, increasing to 15.

Once we have found the bias expressions of O(T '), we can again extend
the work by Lumsdaine (1995) to our model. In this case we need to change
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TABLE 2.2. Biases and variances of O(T ') for some dif-
ferent parameter configurations, a;q = 0.15, a,, = 0.05,

and 7 = 200

as3n = 0.15 a3p = 15
E(ajo — ajo) 0.00083 (0.0071) 0.00083 (0.0201)
var(dag) 0.00032 (0.0024) 0.00034 (0.0035)
E(an — anp) 0.00026 (0.0025) 0.01246 (0.0145)
var(dag) 0.00013 (0.0097) 0.01127 (0.0092)
E(aszp — a30) 0.00083 (0.0081) 0.08322 (0.1032)
var(d3) 0.00032 (0.0025) 3.37250 (4.2710)
E(a); — ayy) —0.00553 (—0.0071) —0.00554 (—0.0077)
var(ay ;) 0.00041 (0.0050) 0.00498 (0.0051)
E(&s — ay)  —0.00519 (=0.0075)  —0.24921 (—0.2161)
var(das) 0.00347 (0.0095) 0.00497 (0.0056)
E(as; — az3) —0.00553 (—0.0081) —0.00554 (—0.0081)
var(as3) 0.00041 (0.0060) 0.00498 (0.0062)

Note: Simulated values are given in parentheses for 20,000 replications.

a9, ®ag, and asg in the same proportion to get invariance in the bias and
t-statistics of @y, &, and a33. Otherwise, the invariance property becomes
invalid (again, this is consistent with the results in Theorem 2.2).

2.2.1. Special Case When the Correlation of the Disturbances is Overspec-
ified. In this case, if we set a,y = 0, Theorem 2.2 now becomes Corollary 2.1.

COROLLARY 2.1. If y, = &, where &, = (&,,,&5,) is a vector of random
variables that has the structure given in (2.6) under overspecification of the
conditional correlation (a,, = 0), then the biases and the variances of the QML
estimators to order T~ are given by

R o - ) 1 _
E(alo_alo):T"'o(T 1) E(an_al]):_;"'o(T 1)»

2 2
ajy t+ s

E(&zo_azo) :O(Til) E(ay — ) = — +0(T71),

2Ta g as,

A X390 —1 N 1 4
E(a3 — asy) = ?+0(T ) E(a33—a33)=—;+0(T ),

2
23T}

T

1
var(@,) = +o(T7) var(@,,) = P +o(T7Y),

Ao A30

1
var(d,g) = — +o(T™) var(&,,) = P +o(T7),
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2
a3

1
var(dy,) = +o(T) var(ds3) = P +o(T7).

Proof. In the results given in Theorem 2.2, we set ao = 0. |

The expression for the bias of &,, is now especially easy to interpret, and it
is easy also to analyze the effect of a large distance between the two intercepts.
On the other hand, the bias and variances of the QML estimators in a univari-
ate ARCH(1) model, when nothing is estimated in the mean equation, were
given at the end of Section 2.1. So we see that the effect of imposing a corre-
lation between the disturbances, when in fact it does not exist, again does not
affect the bias structure, although on the other hand, this time there is neither
gain nor loss in efficiency to the order of the approximation.

3. AN LM-TYPE TEST ALLOWING FOR BIAS CORRECTION
IN THE ESTIMATORS

In this section, we examine how the biases of O(T ') can be used to improve
the finite-sample performance of a test for multivariate ARCH effects. We pro-
pose that instead of improving the finite-sample behavior of the test by apply-
ing a Bartlett-type correction (Bartlett, 1937), which in any case is not available,
we proceed by bias correcting the estimates themselves. The justification for
this is the following. Let us consider the LM test that takes the form (see Har-
vey, 1989, p. 169)

LM = (Dlog L(%,)) I3, Dlog L(W,), 3.1
where D log L(W,) is the vector of first-order derivatives of the log-likelihood
function evaluated under the null hypothesis, W, is the vector of restricted esti-
mates, and /g, is the estimated information matrix.

Harvey (1989) notes that D log L(¥,)" ~ —(¥* — ¥;)'D?log L(¥*) where

¥* is the vector of unrestricted estimates; using this approximation we may
write that

LM = (Dlog L(%,)) I3, D log L(¥,)

~ (¥* — ¥,)'D?log L(¥*)I3' D? log L(¥*)(¥* — ), 3.2)
which has an asymptotically equivalent form given by
(V" =) I3, (V" = ). (3.3)

In the case where there are no nuisance parameters and the null hypothesis is
that Hy: ¥, = 0, we see that ¥* — W, = ¥* in which case the preceding sta-
tistic reduces to

(W) 15 (™). (3.4)
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Our proposal is to use a bias-corrected estimate of W™, denoted by ¥,
in place of ¥* in the LM statistic. Because Wy is second-order efficient it
is anticipated that the statistics will converge to its limiting distribution faster,
so the size of the test in small samples will be closer to its nominal level.
If the bias correction is nonstochastic, then the information matrix will be
unchanged; this is the case for the situation we shall consider subsequently.
Thus, if in (3.3) ¥, is replaced by \Tfo, the bias approximation for the unrestricted
estimate obtained when assuming the null is true, then ¥* — \Tfo = V., SO
that the preceding statistic is modified to

(Ws0) I3, (Pye). (3.5)

Under the alternative, the bias correction that is used is incorrect, so that in
addition to improving the size some improvement in power seems likely. The
statistic we actually use is

(D log L(¥,))' Iy, D1og L(T), (3.6)
which is asymptotically equivalent to (3.5). To see this note that
(Dlog L(¥,))' =~ —(¥* = ¥,)'D*log L(¥*) = —(¥;¢)'D* log L(¥*).

On substituting from this approximation into (3.6) we may deduce the required
result.

So far we have assumed the absence of parameters not subject to test; how-
ever the basic argument is unchanged when such parameters are present. We
can choose to ignore them and use the form of the test that tests only a subset
of the complete parameter vector, or we can include them, in which case they
too can be evaluated at their bias-corrected values. The argument for including
them turns mainly on the possibility that the power may be increased because
the bias correction is invalid under the alternative.

We show now in more detail through simulation how the bias-correction pro-
cedure works. For ease of application we use the Wong and Li model (Case 1
in the previous section) as an example. In particular, because in the LM proce-
dure estimation is conducted only under the null, the bias approximations that,
for the conditional variance parameters, are found only in the null case can be
employed directly because they are nonstochastic and known. As was seen in
Theorem 2.1 bias approximations were found for the constant terms in the vari-
ance equations (2.2) and (2.3); these are nuisance parameters for the LM test
on the variance parameters, because they are not subject to the test. Bias-
corrected estimates for them are easily found. These bias-corrected estimates
will be employed in the LM test. However, as has been noted previously, an
additional use of the bias approximations for the conditional variance param-
eters in the null case can also be found. Rather than evaluate these parameters
as zero under the null, we may set them at the O(T!) biases because the
expected values of the QML estimators are not zero but are close to the bias
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approximation. This yields the test statistic given in (3.6). To analyze the effect
of this use of the bias corrections, we shall first conduct simulations with the
bias-corrected constant terms in the LM while setting the parameters under test
to zero. Then in further simulations we both use bias-corrected estimates for
the constant terms and set the parameters under test to their asymptotic bias
values. Hence in this case we are effectively testing a null under which the
conditional variance parameters are equal to the expected value of the QML
estimator rather than zero.

In this case ¥ = (a, a1, a2, Y0, ¥1,72)  is the 6 X 1 vector of unknown param-
eters, whereas the null hypothesis we wish to test is

Hy:ay,a5,v,,7, = 0.
In what follows we shall consider three versions of the LM test statistic.

Model 1. The nuisance parameters are replaced with uncorrected QML esti-
mates, and the parameters under test are set to zero (M1). This is the standard
test statistic given in (3.1).

Model 2. The nuisance parameters are replaced with bias-corrected QML
estimates, and the parameters under test are set to zero (M2). This case is con-
sidered for comparison purposes.

Model 3. The nuisance parameters are replaced with bias-corrected QML
estimates, and the parameters under test are set to their asymptotic bias values
(M3). This is the statistic given in (3.6).

There are several variants of the LM test, and generally they differ only in
the estimator of the information matrix; see, for example, Amemiya (1985) and
Dagenais and Dufour (1991) for some related literature. We may distinguish
three types of such estimators; the outer product (OP) matrix of the score vec-
tor, the hessian (HES) matrix, and the expectation of the hessian (ExpHES)
matrix. A nonoperational procedure that we shall examine for comparative pur-
poses uses the true hessian (TrueHES), where the actual values of unknown
parameters are employed rather than estimates. Each of these four variants of
the LM test will be examined in the simulations in the contexts of Models 1-3.

The LM test based upon the expected hessian is not always available because
finding the closed-form solution for the expected hessian may not be possible.
In this case, however, it is straightforward. Besides, finding the expected hes-
sian for any higher order specification of the Wong and Li (1997) model would
also be straightforward. From Wong and Li (1997) we find on using (2.1)-
(2.3) that we may write

I 1 8]2t 1 Sgt ’

Dlog L(¥) = > [ — 1- dh,— 1- dn), 3.7)
=1 2hllz hllz 2h221 h221

hessian, 0 )

. B
0 hessian,

Hessian (V) = (
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where

LI 1[2e; 1
hessian; = —— > | = —1|—dhdh' |, i=12,
Ti=L2 hm h
dh = (1,ef,_,,&5,_1)-

On taking expectations through Hessian (V) we have

T T
208 2a, 208
L S 7R
2a 2 2a,
T Tv 3Tw 0 0
2a 2a 2a¢
ExpHES (V) = T To -
0
0 0 0 - - =
2vs 2% 2
Tay 3Ta; Tay
e w s
Yo Yo Yo
. . . T Ta, 3T
2, 2v, 2
with inverse
LA e
T T Ty,
fe
= = 0 0 0 0
T T
al al
— 0 -— 0 0
. Ty, Ty,
(ExpHES(W))™! = )
o o o Moo
T  Tay T
2 2
Yo Yo
L N T
) 0
1
0 0 0 Yo 0 -=

1073
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Notice that all the test statistics that we shall consider can be placed in explicit
form using some evaluation of (3.7) together with either the appropriate esti-
mate of the outer product, the hessian, or the expected hessian or with the known
expected hessian. We thus have four variants of the LM test. Their size and
power are examined in a set of 60,000 simulation experiments. First the test
sizes are examined for sample sizes 7 = 50, 100, 200, and 500 where the nui-
sance parameters are set to ag = 0.81 and y, = 0.04. This choice of parameter
values and sample sizes was made to ensure that the small-sample biases and
variances were not trivial. In the simulations, to examine the power of the tests
we considered two sets of values for the variance parameters: (i) a; = a, =
v1 =1, =0.16 and (ii) @; = a» = y; = v, = 0.49. The first of these represents
a moderate departure from the null whereas the second lies close to the station-
arity bound and so is a relatively extreme departure.

The results on the test size are given in Table 3.1 and for size-adjusted power
in Table 3.2. The first clear result we find is that of the bad size properties in
small samples for the HES version of the LM test (see Table 3.1), because it
is clearly oversized, even at 7 = 500, in marked contrast to the other tests.
The OP, ExpHES, and TrueHes have much better size properties. However,
when we check the size-adjusted power of the tests (Table 3.2) the lack of
power of the OP test for finite samples is clear whereas the test based on
ExpHES is much more powerful than either the OP or HES test. Thus, impor-
tantly, we find that among the operational tests the ExpHES test completely
dominates the OP and HES tests. At the more extreme alternative the ExpHES
and the TrueHES tests have power close to unity at all sample sizes. From
the results, the first recommendation in practical applications is to use the
ExpHES to test for multivariate ARCH effects. Once we have selected the
ExpHES, we can concentrate on the selection among Model 1, Model 2, or
Model 3. Model 3 seems to have much better size properties than Model 1 or
Model 2. Comparing Models 2 and 3 it is interesting to see the marginal effect
of introducing the QML biases in place of zeros in specifying the null hypoth-
esis. As was suggested by our earlier theoretical analysis, the size of the test
is improved. Analyzing the TrueHES, the test having the best size properties
is again clearly Model 3. We feel this is important evidence because, given
that the expected Hessian is known and not estimated, we can more directly
attribute the improved size to the bias correction. Thus, the use of bias correc-
tion to improve the size of the test, as an alternative to the traditional Bartlett-
type correction, is supported in our study. If we consider the size-adjusted
power, we observe how the test power in Models 2 and 3 improves on that of
Model 1, with Model 3 being slightly superior. So the overall conclusion from
the simulations is that, of the operational tests, only ExpHES performs well.
Its size is approximately correct even at 7 = 50 whereas it has high power
against both the moderate and extreme alternatives at all sample sizes consid-
ered. It even dominates the nonoperational TrueHES test for the moderate alter-
native and has comparable but slightly less power for the extreme alternative.
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TABLE 3.1. Size results based on 5% critical values

(0) HES ExpHES TrueHES
Ml M2 M3 Ml M2 M3 Ml M2 M3 M1 M2 M3
T =500 0.038 0.038 0.039 0.086 0.081 0.086 0.058 0.056 0.052 0.055 0.059 0.052
T =200 0.047 0.048 0.051 0.146 0.141 0.145 0.057 0.057 0.048 0.062 0.065 0.052
T =100 0.054 0.048 0.054 0.148 0.134 0.146 0.058 0.061 0.044 0.063 0.072 0.053
T =150 0.043 0.040 0.048 0.101 0.095 0.098 0.063 0.062 0.042 0.066 0.080 0.054
Note: The results are based on 60,000 Monte Carlo replications under the null of no ARCH effects; ag = 0.81 and y, = 0.04.
TABLE 3.2. Power results based on 5% critical values size-adjusted
OP HES ExpHES TrueHES
M1 M2 M3 M1 M2 M3 Ml M2 M3 Ml M2 M3

When the alternative hypothesis is @1 = a; = y; =y, = 0.16

T = 500 0.940 0.942 0.932 0.996 0.996 0.996 1.000 1.000 1.000 1.000 1.000 1.000

T =200 0.244 0.250 0.218 0.229 0.232 0.229 1.000 1.000 1.000 0.961 0.966 0.962

T =100 0.062 0.079 0.063 0.018 0.020 0.020 0.979 0.979 0.979 0.852 0.857 0.853

T=150 0.040 0.047 0.042 0.025 0.027 0.027 0.815 0.820 0.832 0.708 0.708 0.709
When the alternative hypothesis is @) = ay = y; = y, = 0.49

T =500 0.837 0.844 0.846 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

T =200 0.537 0.541 0.526 0.719 0.754 0.689 1.000 1.000 1.000 1.000 1.000 1.000

T =100 0.101 0.143 0.087 0.030 0.075 0.015 0.999 1.000 0.999 0.999 0.999 0.999

T =150 0.013 0.018 0.009 0.009 0.009 0.007 0.966 0.969 0.966 0.981 0.982 0.982

Note: The results are based on 60,000 Monte Carlo replications; g = 0.81 and y, = 0.04.
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Hence, our simulations support the use of the ExpHES test while bias correct-
ing all the QML estimates.

4. CONCLUSIONS

In this paper we have provided theoretical evidence of the severe biases and
large variances that result from unconstrained QML estimation of a simple
bivariate-ARCH model under overspecification of the conditional heteroskedas-
ticity processes. When we analyze the model in Wong and Li (1997), we find
that some of the estimators can have large variances if the difference between
the intercepts in the model is relatively large. In the case of the Engle and Kroner
(1995) and Liu and Polasek (1999, 2000) specification, we find that strongly
contemporaneously correlated disturbances and/or a large difference between
the intercepts can produce large biases in the estimators of the ARCH terms for
some combinations of parameters. Under the null of no ARCH effects, the inter-
cepts capture the volatility of the series, and then the results of this paper warn
about the testing of multivariate ARCH effects among series that may have
very different degrees of volatilities. One rule of thumb in practical applica-
tions would be to always standardize the volatilities of the series before they
are used in a multivariate model, although the best recommendation is to use
the bias expressions that are provided in this paper. We believe that the possi-
bility of extreme biases and variances should be taken into account in practical
applications when QML is used as the estimation procedure, and this paper
provides an analysis of what happens in a simple bivariate process. In the last
section of the paper we show, through Monte Carlo simulations, that the expected
hessian form of the LM test for multivariate ARCH effects is much superior to
the OP and HES versions; also our bias approximations can be used to improve
its finite-sample performance by bias correcting the estimators of the param-
eters. Our results suggest that this can be considered as an alternative way to
improve the finite-sample behavior in testing instead of applying a Bartlett-
type correction. The general recommendation from this paper is that when test-
ing for multivariate ARCH effects by performing the LM test, the expected
hessian form should be used and all QML estimators should be bias corrected.

REFERENCES

Amemiya, T. (1985) Advanced Econometrics. Harvard University Press.

Baba, Y., R.F. Engle, D.F. Kraft, & K.F. Kroner (1991) Multivariate Simultaneous Generalised
ARCH. Discussion paper 89-57, University of California, San Diego, Department of Economics.

Bartlett, M.S. (1937) Properties of sufficiency and statistical tests. Proceedings of the Royal Soci-
ety of London, Series A 160, 268-282.

Bauwens, L., S. Laurent, and J.V.K. Rombouts (2005) Multivariate GARCH models: A survey.
Journal of Applied Econometrics, forthcoming.

Bauwens, L. and J.-P. Vandeuren (1995) On the Weak Consistency of the Quasi-Maximum Likeli-
hood Estimator in VAR Models with BEKK-GARCH(1, 1) Errors. CORE Discussion paper 9538.

Bollerslev, T., R.F. Engle, & J.M. Wooldridge (1988) A capital asset pricing model with time-
varying covariances. Journal of Political Economy 96, 116—131.



BIVARIATE ARCH MODELS 1077

Calzolari, G. & G. Fiorentini (1994) Conditional Heteroscedasticity in Non-linear Simultaneous
Equations. EUI Working paper ECO 94/44.

Comte, F. & O. Lieberman (2003) Asymptotic theory for multivariate GARCH processes. Journal
of Multivariate Analysis 84, 61-84.

Cordeiro, G.M. & P. McCullagh (1991) Bias correction in generalised linear models. Journal of
the Royal Statistical Society, Series B 629—643.

Cox, D.R. & P. Hall (2002) Estimation in a simple random effects model with nonnormal distribu-
tions. Biometrika 89, 831-840.

Cox, D.R. & E.J. Snell (1968) A general definition of residuals. Journal of the Royal Statistical
Society, Series B 30, 248-275.

Dagenais, M. & J.M. Dufour (1991) Invariance, nonlinear models, and asymptotic tests. Economet-
rica 50, 1601-1615.

Engle, R.F.,, D.F. Hendry, & D. Trumble (1985) Small-sample properties of ARCH estimators and
tests. Canadian Journal of Economics 18, 66-93.

Engle, R.E. & K.F. Kroner (1995) Multivariate simultaneous generalised ARCH. Econometric Theory
11, 122-150.

Harmon, R. (1988) The Simultaneous Equations Model with Generalised Autoregressive Condi-
tional Heteroscedasticity: The SEM-GARCH Model. International Finance Discussion paper 322,
Board of Governors of the Federal Reserve System, Washington, DC.

Harvey, A.C. (1989) The Econometric Analysis of Time Series, 2nd ed. MIT Press.

Iglesias, E.M. & G.D.A. Phillips (2003) Small Sample Estimation Bias in GARCH Models with Any
Number of Exogenous Variables in the Mean Equation. Working paper, Michigan State University.

Jeantheau, T. (1998) Strong consistency of estimators of multivariate ARCH models. Econometric
Theory 14, 70-86.

Jensen, S.T. & A. Rahbek (2004) Asymptotic normality of the QMLE of ARCH in the nonstation-
ary case. Econometrica 72, 641-646.

Johansen, S. (2002) A small sample correction of the test for cointegrating rank in the vector auto-
regressive model. Econometrica 70, 1929-1961.

Kraft, D.F. & R.F. Engle (1983) Autoregressive Conditional Heteroscedasticity in Multiple Time
Series. Manuscript, University of California, San Diego, Department of Economics.

Ling, S. & M. McAleer (2003) Asymptotic theory for a vector ARMA-GARCH model. Economet-
ric Theory 19, 278-308.

Linton, O. (1997) An asymptotic expansion in the GARCH(1,1) model. Econometric Theory 13,
558-581.

Liu, S. & W. Polasek (1999) Maximum likelihood estimation for the VAR-VARCH model: A new
approach. In U. Leopold-Wildburger, G. Feichtinger, & K.-P. Kistner (eds.), Modelling and Deci-
sions in Economics, Essays in Honour of Franz Ferschl, pp. 99-113. Physica-Verlag.

Liu, S. & W. Polasek (2000) On Comparing Estimation Methods for VAR-ARCH Models. Work-
ing paper, University of Basel.

Lumsdaine, R.L. (1995) Finite-sample properties of the maximum likelihood estimator in
GARCH(1,1) and IGARCH(1,1) models: A Monte Carlo investigation. Journal of Business
& Economic Statistics 13(1), 1-10.

McCullagh, P. (1987) Tensor Methods in Statistics. Chapman and Hall.

Magnus, JR. & H. Neudecker (1991) Matrix Differential Calculus with Applications in Statistics
and Econometrics, rev. ed. Wiley.

MathSoft (1996) S + GARCH User’s Manual, Version 1.0. Data Analysis Products Division, Mathsoft.

Osiewalski, J. & M. Pipien (2004) Bayesian comparison of bivariate ARCH type models for the
main exchange rates in Poland. Journal of Econometrics 123, 371-391.

Polasek, W., S. Jin, L. Ren, & R. Vonthein (1999) The BASEL Package. ISO-WWZ, University of
Basel.

Polasek, W. and H. Kozumi (1996) The VAR-VARCH Model: A Bayesian Approach. In J.C. Lee,
W.O. Johnson, & A. Zellner (eds.), Modelling and Prediction Honoring Seymour Geisser, pp. 402—
422. Springer-Verlag.



1078 EMMA M. IGLESIAS AND GARRY D.A. PHILLIPS

Tuncer, R. (1994) Convergence in Probability of the Maximum Likelihood Estimator of a Multi-
variate ARMA Model with GARCH(1,1) Errors. CREST Working paper 9441.

Tuncer, R. (2000) Asymptotic Normality of the Maximum Likelihood Estimators of a Multivariate
Random Walk with Drift Model having GARCH(1,1) Errors. Paper presented at the ERC-Metu
International Conference in Economics IV, Ankara, September 13-16, 2000.

Wong, H. & W.K. Li (1997) On a multivariate conditional heteroscedastic model. Biometrika 84,

111-123.

APPENDIX A: Proof of Theorem 2.1

The proof of Theorem 2.1 implies the use of expression (2.4) to find the k;;, the k;;, and
the k;;,; components. Using differential matrix calculus, defining H, ' = (z'i :'z) ,
g2 = (7,3, and assuming the parameter vector to be (ao,Yo, @, @2,Y1,Y2), We
obtain the matrix of second-order derivatives shown in Table Al.

Under the assumption of overspecification of multivariate ARCH effects, we get the
K = {—k;} matrix and its inverse, respectively (from where the approximations of the

variances are obtained):

1 1 Y
- 0 — = 0 0
@, &%) ag
1 «, 1
o - 0 0 = —
Yo Yo Yo
1 Y
— 0 3 =2 0 o0
a, a,
2|y Yo 38 '
= 0 = = 0 o0
a) ay g
«, 30«
o - 0 o0 — —
c Yo Yo
1 «
o — o0 o — 3
Yo Yo
2 %
4oy 0 —ay —— 0 0
Yo
2
Y
0 4w 0 0 = -y
@
1| —e 0 1 0 0 0
T a? a?l
-—= 0 0 =S 0 0
Yo Yo
2 2
Y Y
o -— 0 0 = 0
(o5 a
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TABLE Al. Second-order derivatives in matrix notation

(hllt)z 0 (hllt)28t27/1 0
T 0 (h221)2 0 (h22’)28[2,’1
2| (nt)2e2 0 (h11)2eX e, 0
0 (h®")2el, 0 (h®2")2e? 82,

The third-order derivatives k;; that are different from zero are shown in Table A2.

With these expressions of the second- and third-order derivatives, it is possible to
apply the results of McCullagh (1987) to find the bias general expression of the QML
estimator under conditional heteroskedasticity. For ease of interpretation, in this paper
we offer the closed-form solutions under the case of k, = 0 and overspecification of
multivariate ARCH effects. In this situation, we get the intermediate results to introduce
in expression (2.4) that we give next.

The Cox and Snell (1968) expressions that are required (apart from the second-order
derivatives, and the third-order derivatives previously given), once we evaluate them
when a; = @, = y; = y, = 0, are (we only give those that are different from zero)
shown in Table A3.

TABLE A2. Third-order derivatives

Evaluation Evaluation Evaluation
ST 2T(h'')? ki3 2T (h''")’e,_, k14 2T (h""")%e3, .,
](222 2T(h22f)3 k225 2T(h221)3812r71 k226 2T(h22’)38§r71
k133 ZT(hl]r)SS?,,l k134 ZT(/’IHT)SSIZI,IS;,I k144 ZT(/’IIH)SS;,I
kass 2T (h™')’ef,_, kase 2T (h™') et €5, kags 2T (h™')e3,_,
k333 2T (k") e, ks34 2T(h"") e, €3, kaza 2T(h"") e}, 85,
k444 2T(hllr)3€gr,] k555 2T(h22r)3€?,,] k556 2T(h22r)3€?,,] 8%,71

k656 2T(h221)3812r_18§r_1 k(,(,(, 2T(h221)38§r_1
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TABLE A3. Evaluation under the case of overspecification of multivariate ARCH effects
Eval. Eval. Eval. Eval. Eval.
T T T T T
Sk + kaa . Shiss + ks - Shiss + iz - Shisg + ks - Shiss + kias S
208 2a4Yo 2a 20 2y,
T T T T Ty2
%k136+k13,6 _—— %le +kl‘t.l —ﬂ %kMZ +k14.2 _—— %kMS +kl4,3 —& %k144+k14.4 —ﬁ
2a 207 20 20 207
T T T Ta, Ta,
%k145 + k14,5 _—— %k146 + k14.6 *l’; %kZSI + k25.1 *—2 %kZSZ + k25,2 *—Z %k253 + k25.3 7_2
2ay 2ay 2y, 2y, 2y,
T Tal Te T T
%k254 + k25,4 —_—— %kZSS + k25,5 — —2 %k256 + k25,6 - —2 %kZGI + k26.1 - %kZGZ + k26,2 — —2
2y, 2y 2y 20y 2y
T T Ta T 3T
%k263 + k26,3 _—— %k264 + k26,4 _ %kZGS + k26,5 - _2 %k266 + k26,6 _—— %k331 + k33,l —_
2y, 2a, 2y 2y, @y
3T 3T 3T«
%k332 + kss,z - %ksss + k33,3 =3T %k334 + k33,4 i %ksas + k33,5 0 %kns + k33,6 =3T
Yo ay Yo
T T T Tyl T
%k43] + k43,1 — ﬁ %k432 + k43.2 _—— %k433 + k43.3 — ﬂ %k434 + k43,4 —ﬁ %k435 + k43.5 -
202 2a, 2a, 2a2 2
T 3Ty2 37 3Ty2 3Ty3
Yhypo + Ky %o gy + Ky % Ty + kg I hys + Ky 5 1 gy + kg i
2a a; al a? o
3T 3Ty 3Ta 3Ta? 3Tal
%kMS + k44,5 - i %k44b + k44,6 - ZO %k55l + k55,l - 2 0 %k552 + k55,2 - 30 %k553 + k55,3 — 20
ay @, Yo Yo Yo
3T« 3Tag 3Tal T Ta
%k554 + k55,4 — _20 %kSSS + k55,5 - —30 %k556 + k55,6 — —20 %k651 + k65,1 _—— %k652 + k65,2 - _(2)
Yo Yo Yo 2y, 2y
Ta, T Tal Te 3T
%k653 + k65,3 — —0 %k654 + k65.4 —_— %kGSS + k65,5 — —2 %k656 + k65.6 *—0 %k661 + k66.1 _——
27, 2 2y, 2y, @y
3T 37 3T«
%k662 + k66,2 _—— %k663 + k66,3 _3T %k664 + k66,4 - j %k665 + k66,5 *—0 %k666 + k66,6 _3T
Yo Qy Yo
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APPENDIX B: Proof of Theorem 2.2

The proof of Theorem 2.2 implies the use of expression (2.4) to find the k;;, k;; ; and the
k;; components. Using differential matrix calculus, defining H,”' = (2’1: :f) , det =
(h'"""h?2" + (h'2")?), and ordering the parameters as @, 29, @30, @11, X2, X33, We obtain
the matrix of second-order derivatives, shown in Table B1.

The third-order derivatives are given in Table B2.

The Cox and Snell (1968) expressions that are required (apart from the second-order
derivatives, and the third-order derivatives previously given), once we evaluate them

when @y = @y, = azz = 0, are (we only give those that are different from zero) shown
in Table B3.
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TABLE B1. Second-order derivatives in matrix notation

SRR

(h111)2
2h11th 12¢
(h121)2
(h'11)262 |
2h'M R ey, ey,

(h“)zsz%t—l

2h llth12r
2 det
21’1 12rh22r
2h llth 12t8|2r—l
2detey, &y

2h 12rh22t812t71

(h121)2
2h 12th221
(h?21)?
(h121)2e2
2hP ey, e,

(h 22t)2<‘322r—1

(hllt)2812[71
2h llththglzl_1
(hm)zslzt—l
(hllt)ZS?t71
2h mthl}z—l €21-1

(h ]2)2812)‘—1 822t—l

2hM R e e
2detey, &y
2h IZth22r81t71 £y, 4
2n" R e}, ey
2detef, &3,

1217,221 3
2h Hhey, 85,

(hnt)zszzrﬂ
2h 12thz2t812[_1
(hzzz)zszzﬁl
(h'2)2}, o3,
2" R, 83:—1

(hzzr)z‘?gt—l
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TABLE B2. Third-order derivatives

Evaluation Evaluation Evaluation
k]ll 2T(h111)3 k112 4T(h111)2h121 k]l} ZT(h121)2hlll
kia 2T(h")ef,_, kiis 4T(R")h ey 850 kiie 2Th' (h'*")%e3,
k212 2Thllt(hllth221 + 3(h12t)2) k213 2Th12t(hllth221 + (h12t)2) k214 4T(/’l“1)2h12’812t,1
k215 2T/’l]“81,7182,71(1’l”thzzl + 3(h12)‘)2) k216 2Th12t822t,l(h]“h22[ + (h12t)2) k222 4Th]21(3h1]th221 + (hIZI)Z)
k223 2Th22r(hllrh221 + 3(h12t)2) k224 2Th“’s]2,,](h“’h22’ + 3(h121)2) k225 4Th12’81,_1821_1(3]’[“’]’[22’ + (hIZI)Z)
k226 2Th22’£22,,1(h”’h22’ + 3(h121)2) k133 ZT(h121)2h221 k134 2Th]]t(h121)2812[71
k135 2Th12’81,37182,71(]’!“[}122’ + (hIZI)Z) k136 2Th22t(h12t)28§[71 k233 4T(h221)2h12t
k234 2Th12t812t_l(hllth22r + (h12t)2) k235 2Th22t81t7|82,71(h11th22t + 3(/112:)2) k236 4Th12t(h22r)28§z—1
k144 2T(h”t)38?,,1 k145 4T(h”[)2h12t8?t,182,,1 k145 2T(h12t)2hllt812t,18§t,1
k244 4T(h“’)2h12'8?r,1 k245 2Th1“812,,182,,|(h1“h221 + 3(h121)2) k246 2Th12'812,,l822171(]11“}[22[ + (h121)2)
k155 ZT/’l]”Slz,,l822,,1(1’!]“/122[ + 3(h12t)2) k156 2Tl’l]2t8“,lSgt,l(h”thn’ + (h12r)2) k166 ZT(hIZr)ZhZZr‘e;lhl
kass 4Th'"'e},_ &3, ,(3R''h™" + (R'*)?) kase 2Th*'y, 85, (KW + 3(h">")%) kags 4T(h>')*h "6,
k333 27(h*)? k334 2Th> (h'*')%ef,, k335 4T (h)*h " ey, 89,
k336 2T(h22t)38§[71 k434 4T(h12t)2h11t8;1t71 k435 2Th12’8|3,,| 82,,1(]11“}122[ + (h12t)2)
kaze 2T(h'"*)’h*"ef,_ 85, L 2T(h'"")’sf, kaas 4T(h")°h"'e] _ eg,
k446 2T(h'2')2h“'8f,,1 8§t71 k335 2Th22t812t,lSzzt,l(h]]thn[ + 3(h12t)2) k356 4T(h22t)2h12t81,,1 eéihl
k455 2Th1“8i‘,7| 822,,|(h1“h22l + 3(1112:)2) k456 2Th12/8|3,,| 8%’,7,(1’[“%22[ + (h121)2) k366 2T(/’l221)38§t,1
k466 ZT(hIZt)2]’l22'812,,18§,,1 k555 4Th]2t813[71823171(31111;‘]122)‘ + <h12/)2) k556 2Th22t6‘lzl,lSgl,l(h]“hn’ + 3(h12t)2)
kes6 4T(h*)h e, 83, ko6 2T(h*)’e3,_,
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TABLE B3. Evaluation under the case of overspecification of multivariate ARCH effects

Evaluation Evaluation Evaluation Evaluation
3 2 2 2 2 3
1 —Taaz 1 Tonyaszy(ayg = @) 1 Tajyas, 1 —Tajyaz
skiar + kg _— ki +kign —_— 2kias kg — 2kyas T Ky —
2(ayg 39 — )’ 2(ayg a3 — )’ 2(ayg ez — az) 2(ayg a3y — )’
Tad ok (a,) — asy) Ta a3 Tat,gctp0 Taky oz — @)
1 20300 ~ 3o 1 20 430 1 10 @20 X530 1 20 @30 Q30 10
2k145 + k14,5 —_— 2k146 + k|4,6 2k24| + k24,l — ZkZAZ + k24,2 —_—

1
§k243 + k24,3

1
ks + k15,1

%klss +kiss

skasy + ks,

1
2kass + k25,5

1
ka5 + kZS,l

%k263 + ka3

%kasl +kyz

skaas + kays

1
2kasy + k35,2

2(aryg — az)’
3
—Taz a0
233
(g — az)

2(aggaz — az)’

2 2 2 5.2
Tazgas(az + ajy — 2a3)

2(aygaz — az)’

Taryy(asg — ayp) (a3, + ajpas)

2(aygaz — @x)’

Tayy (203, — eviy — @) (a3 + @ a3)

2(aygaz — az)’

Tany(ay — azn)(azzo + aypa)

233
2(aygerzg — az)
2
Tajy ey azy
R
(g3 — az)
_ 2
Taygaszpa30
23
2(ajgaz — az)
2 2
3Tayg a5y a5 (@ — az)
_ 23
(g3 — ay)
2 2 2
Taygay(as, + ajy — 2a3)

2(aggaz — az)’

1
2 k244 + k24.4

%kISE +kiso

%kISG +kise

1
2kasy +kasy

1
2kase + ks

1
2kaso + kzs,z

1
2kaes + kaea

1
2kazy +kas o

1
2 k442 + kzm,z

1
2kass + kss,s

23

2(ayg 30 — a3o)
2 2
Tajoaxaszy
— 23

(g azp — a)

2 2 2
Taryg a3 (@3 + iy — 2a3)

2(aygaz0 — az)’

2 2

2(aygaz — i)’

2
Tatyg (g = azp) (@ + ajgas)

2(apazy — az)’

>
Tay g (azg — o) (a3, + aygasp)

2(apaz — az)’

T(2a3 — afy — a5) (@ + apas)

2(ajgas — ap)’
—Tajyas
233
(g as0 — ay)
Tazy(ay, — as)
2(apaz — az)’
3Tayg @z @@y — @)
(ajpay = ag)’

Tayg a3 (agy + e — 2a3,)

2(aygazg — az)’

shaas + Ko

1
kiss + k15,3

%kI()l + ki

skigs Kigs

%klbs +kigs

1
2kaer + k26,1

%k265 + ke s

%kABS + k43,3

skaae + kas

1
2kaze + k43,s

(ayga3 — ag)’

3
Tazy (g — o)

233
(aypasy — ax)?

Tazyazo(@y — az)

23
2(ayg ez — az)
Taz,

23
2(ayg ez — @3)
—Te 2
Q@0 X0 X30

2(ajgaz — aip)’

4
Tayy(az — ayp)
233
2aygaz0 — a5
3
Tayas

(aypasy — ax)’

3
Taygasy(ayg = @)

(aypasy — az)’

4
Tay,

2

2(aygaz) — a3

2 3
3Taypaz s
23

(aygas) — a)

4
Taz as

2(aygaz — az)’

1
2kaae + k24,5

%k|54+ Kisa

%k162+ ki6.2

%kle+ K164

%kléué +kige

1
2kaer kzs, 2

%kz(m + ka6

%kA_u +kyza

i

35+ kas s

%le + Ky

(apazy — az)’®
32
Taz a3y
233
(aygaz — ay)
2
Tarygazaz0(az) — ayp)
2(aygaz0 — az)’
Tajy(as) = ay)
2(aygaz — az)’
Ta;paz
2(aygaz — @z)’
2 2
—Tajgaxas
2(aygaz — az)’
Tayagy(a — az)
(apazy — az)’
Tafyay a5
233
(g3 — az)
2 2
—Taijyazas
2(aygaz — az)’
Tagy(ayo — az)
2(ayazy — az)’
2 3
—3Taj,az,

(apazy — a)’
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51+ Kas )

%kSSI + ks

%k363 +kse3

2 _ 2 _
3Ta 050 a3 (3a @) Taygayaspla; — a

1
2kse + kase

2 2
2(aga30 — @z 2(ajpas — az)

Taygaz @z — @) Tay (@ — ax)

1
2kyss + k35,3

2(aygaz — az)’ 2(aygaz — az)’

—Tajya Tajya3
1030 1 10 ¥20
2ksga T ksga

2(ayg @z — as)

2
2(aygazg — a3

1
2kasa + k35.4

1
2Kaas +kya s

2 2
3Ta gz azy,

1
2 k444 + k44,4

_ 2
(agaz — azy

Tal, a2, (asg — ay)
10030 — @yo 1
_— ke + ke

2(aggaz — az)’

1
365 1 ke s k366 + ke

2
2(aygz0 — @z

3Tl o
3Taj,as,

(agaz — @)

2 2
Tajay

2(aygaz — az)’

3 a2
Tajyasy

2(aygaz — @)

Evaluation

Evaluation

kasy +kys

kasy +kys 3

skase + Kusa

2kass T kas s

kase + kus

1
2kzer T kag o

ka1 + kae1

shaga T kg2

kaes + kae 3

3Taggaz[ao((afy — dady) (@ s — ag) + afylapasy + az)) = 2a3a5]

2(aygazy — a; )

2 2 2
3Tagyasolafy(@gas — az) — ajpas(agas + agy) + 2aj]

2(apaz — az)*

2 2
3Tafyazyas(B3as — ay

2
2(aygaz — az)’

3Tasyazolano((afy — 4asy) (arpaz — as) + adplaigas + ax)) — 2a5ax]

2(aygaz — az)*

2 21 2 2 2 4
3Tag a3 ajy(ayg s — ax) — @ (agas + axp) + 2ay]

2(ayg @z — azp)’

2
Tajyax(as — @)

2(aypazy — az)’

2 2 2 2 2 4 2 2
Tag[(2a5y s + angady + 6ajga) (agas — azy) + 6az az — 3agagy(agaz + ag)]

4aygasy — az)*

31_(7p2 2 2 a2 2 6t 2 2
Tazy[—(2ag, + ajgazp + 3aiy + 3a3)) (a9 s — azp) + 3agaz ez — 6ay + 3ajyag]

2(aygaz0 — i)

Tajy[Qagyay + ajyas + 6asyas) (@ az — ag) + 6agyai, = Jagoai(apas + a5)]

Haggazg — az)’

1
2kese + ke.s,s

2kes1 T koo 1

1
2keer + ke,

663 + k()f)‘.’!

koo T Keo.0

2 2 _
3Ta a5y a3(3a; — a

a2 )3
2(ayg a3 — az

2 2
3Tajyaz s

(ajgaz — az)’

(ajpaz — a3)’

— 3 2
3Taj,az,
—a2)3
(erygas0 — azy)
3 2
3Tajyax as
—a2)3
(erygas) — )
2 2
3Tayazy (s = )
— 23
(@930 — a3y)
_ 3,3
3Tajyaz

(ajpaz — a3)’

(continued)
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TaBLE B3. Continued

Evaluation

Evaluation

%k%zs + Kaga

%k%s + kg s

1
2kage + k46,6

1
2kssi + k55,1

%kssz + ks

%kSSS +kss 3

1
2kssy + k55,4

1
2ksss + kss,s

%k556 +kss.6

2 2 2 2 _ a2 4 _ 2 2
Tz [(2agyas + gy + 6aygaz) (s — az) + 6ay as) — 3ajgazy(agas + a5 Shest + kgsy

Haygazo — azy)*

4 2 2 2 2 2 4 2 2
Tayy[— (a3, +aygaso + 3ajy + 3a50) (g a3 — @5) + 3agaipasy — 6az, + 3ajpas] 3kess + ks

2(ayg ez — az)*

2 2 2 2 _ 2 4 _ 2 2
Tazyas[2azyag + afyasy + 6asax)(@gas, — az) + 6as e, — 3azgaiy(agas, + ay)l %kem + kes.a

Haggazo — azp)*

T(azzn + alo“so)[(zazzoaso + azznalo + 60‘10“220)(%00‘30 - 01220) + 30‘300“?0 - aloazzoaso - afna%(,)] %ksss + kes s

2(aygaz — az)*

T (agy + aips0) [3 (g @ay azo + afyaap @iy = aly) = an(2az, +asgaset3aiy + 3a5) (apasy — az)]

(aypasy — az)*

T(agy + ayoas)[(2agyaiy + afyasy + 6azaz) (@pasy = ag) + 3ai(2ad = apaias — aipai)]

2(ayg @z — az)*

2 2 2 2 2 4 2 2 2
Taryo( a3y + aypaz) [(2a50 a0 + agoag + 6o az) (angas) — az) + 3as(2as — ajg @z a3 — ajyas)]

2(aygaz — az)’

Tayg (a3 + a9 a30) [3 (@t a3 @30 + iy ang @iy — @3y) — aap(2a3y Farngazet 3afy + 3ady) (angazo — @3]

(apaz — az)?

Taso(a3y + a9 @a0) [R5y i + iy azg + 6asgazy) (aig @z — azy) + 3ayp(2a5y — aig a5y @z — @ipaso)]

>
2(ajgaz0 — az)?*

3Taga plagy(agas — a3) —ajpas(agat az) +2a5]

2(aygazo — az)*

3Tagya[as((ag, — dady) (@ s — ag) + afy@pasy + az)) = 2a3a5]

2(aygaz — az)*

2 21 2 2 2 4
3Tazgaiyagy(a g asy — azy) —ajgas (@@t azy) + 2a3]

2(aygaz — az)*

3Tazyanolaso((afy — 4aky) (g ez — a3) + afplagasg + az)) — 2a5y e

2(aypaz — az)?




