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On variance amplification in a three-echelon
supply chain with minimum mean square error

forecasting

Takamichi Hosod3 and Stephen M. Disney

Abstract

We analyse a three echelon supply chain model. First-order autoregressive end consumer demand is assumed. We
obtain exact analytical expressions for bullwhip and net inventory variance at each echelon in the supply chain. All
of the three supply chain participants employ the order-up-to policy with the minimum mean square error forecasting
scheme. After demonstrating that the character of the stochastic ordering process observed at each level of the supply
chain is mathematically tractable, we show that the upper stream participants have complete information of the market
demand process. Then we quantify the bullwhip produced by the system, together with the amplification ratios of
the variance of the net inventory levels. Our analysis reveals that the level of the supply chain has no impact upon
the bullwhip efect, rather bullwhip is determined by the accumulated lead-time from the customer and the local
replenishment lead-time. We also find that the conditional variance of the forecast error over the lead-time is identical
to the variance of the net inventory levels and that the net inventory variance is dominated by the local replenishment
lead-time.

Index Terms

Bullwhip effect; order-up-to policy; inventory variance; information sharing; supply chain management; minimum
mean square error forecast.

|. INTRODUCTION

The bullwhip effect, a well known phenomena in supply chain management was first popularised by Forrester [1],
and various ways of quantifying bullwhip have been suggested. @hai [2] suggest usingr3 /o3, whereo?
denotes the variance of demand argj refers to the variance of orders placed by a retailer. Simply, this equation
represents the ratio of the input variance to the output variance. Because of its simplicity and understandability,
many researchers have adopted this equation to describe the magnitude of bullwhip (e.g. [3], [4], [5]). However,

Disney and Towill [6] argue that this equation is only one half of the bullwhip problem as the replenishment rule
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also influences the inventory dynamics. They suggest dl,?@/aZD, Whereo-,z\IS denotes the variance of the net
inventory levels should also be considered. The net inventory is the on-hand inventory, that is, the stock actually
you have, minus any backorders.

Inspired by Leeet al.’s [7] model structure, we investigate a sequential three echelon supply chain in which the
demand in a market place follows a first-order autoregressive (AR(1)) process. The participants in the supply chain
are the retailer, the distributor and the manufacturer. Moreover, we assume that each participant adopts the order-
up-to (OUT) policy with a minimum mean square error forecasting (MMSE) scheme[{Fig. 1). Our research herein
is concerned with how the structure of the stochastic demand process evolves as the orders move up the supply
chain. We measure the magnitude of the bullwhip effect usfgr-3 to quantify order variance and?g/o3 to
guantify net inventory variance. The net inventory variance measure is of importance as it allows us to determine
the necessary safety stock level to achieve a required service level such as a fill-rate or availability target.

It is well recognised that the information sharing has an impact on the dynamics of a supply chain. A number
of research papers assume that the retailer uses an exponential weighted moving average (EWMA) forecasting
method even though an AR(1) demand process is assumed in their models (e.g. lBH483). a natural question
arises: Does the benefit of information sharing still exist, if the retailer adopts the MMSE forecasting scheme? Lee
et al. [7] use the MMSE scheme in a one retailer and one manufacturer supply chain model. An AR(1) demand
process and order-up-to policy with an MMSE forecasting scheme at retailer is assumed. Under the constraint that
the manufacturer employs only the latest order from the retailer, they suggest that there is a value of demand
information sharing. On the other hand, Raghunathan [10] argues that without up-to-date information sharing, the
manufacturer can still forecast the orders placed by the retailer correctly because the manufacturer already has
enough information; it is all contained in historical ordering data.

In addition, some researchers (e.g. [3], [11]) recognise that for the ordering policy presenteceinal.§€], the
replenishment order placed by the retailer follows an ARMA(1,1) process, whose specification is a function of the
autoregressive parameter of demand and the replenishment lead-time. The most signfferanicdi between these
pioneering papers and this contribution is that we consider not only the transformation of the demand process and
the order variance amplification (bullwhip), but also the amplification of the net inventory variance in a three echelon
supply chain model without making an approximation, as it is common. The quantified net inventory variance at
each echelon enables us to recognise the relationship between the demand pattern, the lead-time, the number of
echelons to the end consumer, the forecast error, and the variance of the net inventory levels.

Remarking upon our methodology, we will use a combination of statistical approaches, discrete control theory
and simulation. Using these approaches together we will achieve some understanding of a fairly complex model.
The statistical approach is very useful for gaining insight into the structure of the ordering process as it moves

up the supply chain. However the statistical approach will become rather unmanageable when we consider the

1From practical point of view, this assumption of exponential smoothing forecast methods seems reasonable because in the real business world
the exponential smoothing forecast method is widely used as it is computatioffallgre, mathematically tractable and readily understood.
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net inventory variance as the expressions for the covariances between the states of the system are very complex.
However, with control theory techniques, these intractable expressions are avoided altogether. Simulation will also
play an important ro quickly verifying our model and its workings.

Our paper is organised as follows. In the next two sections, the demand model and the ordering policy model are
introduced. We will then introduce our three echelon supply chain model. In Sédtion V, we analyse the bullwhip
ratio in the supply chain. The measurement of net inventory variance amplification ratio is derived by using a

control engineering methodology. We conclude in Sedfion VII.

Il. Tue DEmanD MoDEL

Let us assume the demand pattern faced by the retailer is an AR(1) process. The AR(1) demand process assumption
is common when autocorrelation exists among the demand process. Many researchers employ this assumption (e.g.
[2], [31, [5], [71, [8], [9], [12], [13], [14], [15]). The formulation of AR(1) process is given by

Dt =d+pDi 1 + &, (1)

where Dy is the demand at time periad p is the autoregressive (AR) parametef, < p < 1, andeg; is a i.i.d.

white noise process with mean zero and variaméeWe note that this white noise processes can be drawn from
any continuous distribution, e.g. normal, log-normal, gamma, exponesttiaMWe may setl = O without loss of
generality, thus the long term mean of the demand rate is zero. This has the advantage of not having an initial
transient response. The general expression for the variance of the AR(1) process is

2
2 O

Ty = 72 02

IIl. Tae OrDERING PoLicy MoDEL

Vassian [16] shows the ordering policy representedby (2) minimises the variance of the net inventory levels over

time,
O, = D} - WIP, - NS, (2)

whereQ; is the order quantity placed at time perit)df){ is the conditional estimate of the total demand over the
lead-time,l, WIP; is the total orders which are already placed but not yet receivedNahds the net inventory

level at the end of periotl WIP; can be expressed by;

0 if the lead-time is 1,
WIP; = (3)
Y10 otherwise.
Since the net inventory is the on-hand inventory minus backoréi&8s,can be negative. Under the condition that

a review period and the lead-time are const&t; can be described as
NS; = NSi-1 + Oty — Dr. (4)

2Interested readers may visit to our web-site and experience the variance amplification using a simple supply chain simulation model at
httpy/www.bullwhip.co.uk.
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This equation assumes th@t_;, which is received at the beginning of time perigdfulfils the demand at time

periodt.

A. Order-up-to Policy

The OUT policy can be represented with two equations;

Ot Dt + (St - St—l)s (5)

St

Bl + ké, ©)

whereS; is the OUT level at time periot ando’ is a conditional estimate of the standard deviation of the forecast
error over the lead-time. This policy allowd; to be negative, in which case we assume that excess inventory is
returned without penalty as commonly assumed (see, [2], [3], [12], [13], [14] for exankpker chosen constant

to meet a desired service level such as the fill-rate or availability objective. Note that the OUT policy expressed
as [) and[{(b) has been used in several papers (e.g. [3], [5], [7]). Interestidgly, (Z) and (5) are identical (The proof
is provided in AppendiXll). In this section, we ugé (5) because of its simpli€ity. (2) is used to generate the block

diagram in Fig[B.

B. The Relationship Between the Net Inventory Variance and the Forecast Error over the Lead-time

The OUT policy ensures that the variance of net inventory levels and the variance of forecast error over the

lead-time are equal. This fact originates in [16]. We may resfate (4) as
[
NS =D}, - Z Dt-t+is
i=1

as shown in Appendik I. The RHS of the above equation clearly represents the forecast error over the lead-time.
This result means that the forecast error made at time peribid the same as the net stock inventory at time period

t. Therefore, when the time horizon is infinite, the variance of the net inventory levels is equal to the variance of
forecast error over the lead-time. Vassian [16] also shows that if an order is placed according to the policy described
by (@), the variance of the net inventory levels is minimised for the forecasting policy employed. Therefore, the
ordering policy represented bl (2) dr (5) ensures the variance of the net inventory levels is both minimised and
identical to the variance of the forecast error over the lead-time. This fact allows us to compute the variance of
the forecast errors over the lead-time instead of computing the variance of the net inventory levels directly (for
example, see [17]). This result also highlights that an MMSE forecast scheme is an essential ingredient to minimise

inventory in supply chains.

IV. Our THree EcHELON SuppLy CHAIN MODEL
The sequence of events in any period at any echelon is as follows: the order placed earlier is received, and the

demand is fulfilled at the beginning of the period, the inventory level is reviewed and ordering decision is made

at the end of the period. We will now describe the three echelon supply chain model where each echelon uses
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the OUT policy with the MMSE forecasting scheme. In this paper, we assume a periodic review period but do
not assume a specific length of the review period. All of the results here are consistent whichever review period
is adopted (day, week, montktc.). Note that in the case of a single echelon supply chain, this OUT policy has

been shown to be optimal by Johnson and Thompson [18] for a zero lead-time and linear inventory holding and
stockout costs for the lost sales case. However, the optimal policy for a multi echelon supply chain is not yet well

understood. We will use the subscript{n = 1,2,3) to represent the echelon level.

A. The Retailer’'s Ordering Policy (& 1)

In an OUT policy,Oy 1, the order placed by the retailer at the end of time petjozhn be expressed as;

Or1

Dt + (St1 = St-11)s (7)
S = Dp +kd. ®)
NS; 1, the net inventory level of the retailer at the beginning of the petjas given by
NS;1 = NSi11 + Oy, — Dy

It is well known that the MMSE forecast is provided by the conditional expectation [19, pp.133-135]. With an

MMSE schemepy; andc? become;

I 1-— I
A p(l1-p
Dltl = E{Z Dy | Tt) = (J_fp)Dt = pA), Dy, 9
i1
Iy L (-1 2
6t = Var [Z Di+i In} = { p'} o’
=1 =1 \ico
2 I
02 2
(1-p)? .;( )

e a)

= 2 11
@-pPA-p) ¢ ()

whereA;, = (1-p")/(1-p), andr; = {Dy, Dy_1, D2, ...}, the set of all observed demand. Thus, fréth (7), (8), and

(@), the retailer’s order at time periddcan be expressed as

Ot1 = Dt + pA; (Dt — Dr-a). (12)
Using (1) and[(IR), we have the retailer's order quantity for the pdried,
Oti11 = pOr1 + (1 + pAiy)ers1 — pAy &t (13)

Note that [(IB) is a scaled ARMA(1,1) process which has been previously reported by [11], where the general

expression is given by

Oti11 = PO + £t41 — 0, &t
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Here 6, is the moving average (MA) parameter of the retailer's ordering process. Let us introduce an error term

expressed as
g1 = (1 + pAi)e.

We may then rewrite (13) as

PAI,
1+pA
which represents an ARMA(1,1) process with = (pA1,)/(1 + pAy,), and A, = (1 - p'1)/(1 - p). (IA) shows that

Oti11 =pOr1 + 411 — &1, (14)
I1

the retailer's order contains all the information contained in the demand process, that is the valaeslef. The
general expression of variance of the ARMA(1,1) process is

) _1+62-26p ,
O prMALL) — 1_—’)20—55

whered is an MA parameter, and? is the variance of the error term. Appenfik Il details our control engineering

methodology for calculating variance ratios. AppendiX Il applies it to the long-run variance of an ARMA(1,1)

demand process.

B. The Distributor’s Ordering Policy (& 2)

O:2, the order placed by the distributor at the end of time petiodnd NS; 2, the net inventory level of the

distributor at the beginning of the peridccan be expressed as;

G2 = O+ (St2 - St-12), (15)
Sie = Of +kd,. (16)
NSz = NSi12+ 0,2 - Ot
Consider an MMSE forecasting scheme. We can exrrﬁ%??sand O:|22 as;
I
O = E|D)Ouiltia|= 4,001, (17)
i=1
I2
67 = Var Zot+i,l |Tt,l)
i=1
2 I1+l2
(o 2
— £ 1- pl (18)
@7 2, )

I (l - p2) +
p|1+1 (1 _plz) (p|1+1 +p|1+|2+1 _ 2p _ 2) ) (19)
= 0-8’
(1-p)?(1-p?)
where A, = (1 - p2)/(1 - p), Ori11 = E(Ow11 | Ot, &) = pOra — pAer, and iy = {Or1, Or11, Orz1, .- .}, the

set of all observed orders placed by the retailer. We can obtain fram (I5) - (17) the following expression for the

distributor’s ordering process,

Oz = O+ ALOu11—Ora). (20)
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Now, we can find the distributor’s order quantity for the pertodl with (I3) and[(ZD),

Ou12 = pOuz + (A, + p?A1 AL, — pAlL AL + pAl, + Deia
(21) can be rewritten as

- (pAlz +p2A|1A|2 - pAj Al +pA|1)‘9t~
Oti12
where

PO2 + &te12 —

pA1, + pPA A, — pAL Ay + Ay,

&t,2,
PAL + PPN, A, = pALA, + pA, + 17

&2 = (pAi, + P°AL AL, — pALAL + pAy, + D)e.
Interestingly (22) is also an ARMA(1,1) process with

PAL, + pPAL A, = pALAL, + pA),

r
T A + P2AL AL — pALAL +pA, + 1 ET
where 6, is MA parameter for the distributor's ordering process,= pA,, + p?Ai,Al, — pAl, A, + pAj, + 1, and
T = pAj, +,02A|1A|2 — pAL Ay, + pAy,.

C. Manufacturer’'s Ordering Policy (& 3)

(23)

O3

The manufacturer's order and net inventory level at the end of time perae: given by;

Or2 + (St3 — St-13),
Si3

Al R
Ot’2 + k30'|3,

(24)
NSz = NSi13+ 03— 02
We find (5'52 andoﬂi, considering an MMSE forecasting scheme;

Al
o, = E

g

(25)
I3
Z Oz | Tt,Z] = A;,01.2,
i1
Var

I3
Z Ouio | Tt2
=
2

g

l1+lo+l3
&

2
(1-p)? i:|;;+1 (1 F )
['3(1 —p2) +

(26)

(27)

pI1+I2+1 (1 _p|3) (p|1+|2+1 +pI1+I2+I3+1_ 20— 2)

oL,

(28)

(1-p)2(1-p?)
whereA, = (1-p)/(1 - p), Oti12 = E(Oti12 | Oz, ) = pOrz — T'sr, and iz = (Or2, Or12, Ot 22,
be expressed as

.}, the set of

all observed orders placed by the distributBris described in[(23). Referring tb(24)[={26), we find tiiag can
Oz = O+ AL(On12 - 0r2).

(29)

(21)

(22)
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Substituting [(21) into[{29), we obtain the following,
Otz = pOz+ (& +pALE — ALT)ew1 — (T + pALE — ALY )er. (30)

Incorporating
g3 = (5 +pA,E — AR T)e,

into (30), and after some simplification, we find that
T+ pALE — AT
Again, interestingly, we obtain an ARMA(1,1) ordering procdsd (31) with an MA parameter of

g = T+ pALE - ALT
P E+pALE - AT

Ot+13 = POz + 61413 — &t3. (31)

(32)

Applying (23), (32) can be rewritten as

_ 92 +pA|3 - A|302
: 1+ p/\|3 - A|302 .

We find that not only is the order process faced by distributor an ARMA(1,1) process, but also that the order
process faced by the manufacturer follows an ARMA(1,1) process; furthermore both can be expressed in terms
of the parameters of the market demand process. Therefore, the manufacturer will have, as the distributor does,
complete information of the market demand process with the MMSE schemél Fig. 2 summerises how the original
AR(1) demand process is changed by the OUT policy with the MMSE scheme as it proceeds up the supply chain.
Disney et al. [20] have observed that the ARMA(1,1) demand model matched real world demand patterns within
the consumer goods industry. Within the OUT policy with the MMSE scheme, when an ARMA(1,1) process is
assumed as the market demand process, we will observe that an ARMA(1,1) ordering process also occurs at the

higher levels of the supply chain. Details are shown in Appehdix IV. Thus the ARMA(1,1) process is, in a sense,
“absorbing”.

V. BuLLwHIP IN A THREE EcHELON SuppLy CHAIN

Let the variance amplification ratio (bullwhip) of orders (/f) be given by;

. 0o,
VR)rder[Reta”] = >
b

- 73,
VR()rder[D'St“] = 2
b

e

VRorgerl[Manu] =
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whereg3, o-él, aéz, ando-203 are the variances db;, O1, O, andO3 over an infinite time horizon respectively.

Each variance can be described as;

0_2

Nt (33)
(1_p|1+1)2+
2 1- I 2_22 1-— I3+1 1- |

2 - PP (L=p") =27 (1-ph ) (1-p") o2 (34)

(1-p)*(1-p?) °

(1_p|1+|2+1)2+

2
i _ pZ (1 _p|1+|2) _ 2p2 (1 _p|1+|2+1) (1 _ p|1+|2) 0-2 (35)

o (1-p2(1-p?) >
(1_p|1+|2+|3+1)2+
X B p2 (1 _ pI1+I2+|3)2 _ 2p2 (1 _ pI1+I2+I3+1) (1 _ pI1+|2+|3) , a6
o PP 7 )

(34) - (38) reveal that wheiy + 1, or I; + |5 + |3 is constant, the value of the(z32 or 0-(2)3 keeps its original value.

Thus, the following insight is revealed.
Insight 1: When each participant in supply chain uses the OUT policy with the MMSE forecasting scheme,
it is the sum of the accumulation of all downstream replenishment lead-times (or the echelon lead-time) and
the local replenishment lead-time that influences the variance of order rates in a supply chain and not the
number of echelons.

Proof: For convenience, let us ude, where L. represents the sum of the accumulation of all
downstream lead-times and the local replenishment lead-time in a supply chain. We will then have a general
expression for the variance of order,

(1 _pLe+1)2 +
02 (1 _pLe)Z By (1 _pLe+1) (1 _pLe)
(- p)2(-p? 7
which has no information on the number of echelons in a supply chain. [ ]

Combiningthe variance expressions surrenders the variance ratio of order;

20(1-) (1)
1-p

s

(1 _p|1+|2+1)2 +p? (1 _p|1+|2)2 _

2,02 (1 _ pI1+I2+1) (1 _ pI1+I2)
VRorder[Distri] = 1= p) ,

(1 _p|1+|2+|3+1)2 + 2 (1 _p|1+|2+|3)2 _

2p2 (1 _ pll+lz+l3+l) (1 _ pI1+I2+I3)
VRorger[Manu] =

(1-p)?
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We have plotted/ Ryqer under the condition thatl < p < 1 with four patterns of lead-time settings constrained
tol; + 12+ 13 =15 in Fig.[3. From this figure, we will find that:
« bullwhip eflect does not occur whem< 0. The proof is provided in AppendIx]V.
In the case op > 0, we can see that:
« The VR, 4er are almost identical whep is relatively small (e.gp < 10.2).
« VRyger[Manu] is not affected by the values if I, or I3. As we expect, it keeps the same shape under the
constraint that; + |> + |3 is constant.

« The conditionV Ryger[Retail] < VRyger[Distri] < VRorger[Manu] is observed for all lead-time settings.

VI. THE NET INVENTORY VARIANCE AMPLIFICATION RATIO IN A THREE EcHELON SuppLY CHAIN

From our description in Sectidnl Il and ]IV, we may now develop a block diagram of the three echelon supply
chain with the MMSE forecasting. The block diagram is shown in [Big. 8. The transfer function of the net inventory

levels can be found from this block diagram and from this we may derive the variance of the net inventory levels;

I (1 - pZ) +
L elemee-a) )

TN PRy R ¢
|2 (1 - p2> +
pI1+1 (1 _plz) (pll+1 +pI1+I2+l —-2p- 2)

e = a2 G 9
I3 (1 - p2) +
pI1+I2+1 (1 _pl3) (pI1+I2+1 + pI1+I2+I3+1_ 20— 2)

s = @-7a— 7 7 %9

where a,z\lsl, ‘72st= and 0-,2\,33, are the variance of the net inventory levels at the retailer, the distributor, and the
manufacturer, respectively. Comparingl(37)_-1(39)[id (11Y (19), (28), we can recognise that the net inventory
variance is identical to the variance of forecast error over the lead-time, as we expect. Here, we have the following
two insights:
Insight 2: When each participant uses the OUT policy with the MMSE forecasting scheme, it is the local
replenishment lead-time that dominates the variance of the net inventory levels and not the accumulation of
the downstream replenishment lead-time, if the valug @f close to zero, and/or at least one{ffiown +
1, Lgown+ liocal} is large enough.
Proof: As an expression of the variance of the net inventory levels, we car_uke[(10), (18),_and (27)
instead of[(3F7),[(38), and (B9) because the variance of net inventory is equal to the variance of forecast error
over the lead-time. For convenience, we lLgg., andlioca to represent the accumulation of the downstream

replenishment lead-times and the local replenishment lead-time, respectively. Notgdthat O for the
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first echelon. This will yield a new general expression for the variance of the net inventory level,

2 Laown+iocal
O

e 1-p).
(1-p)° i=Ldown+1( ,0)

And this can be rewritten as

Ldowntocal i\2
2 ( 1-p )
o -_— .

& 1_p

i= Ldownt+1

Here, the value ofo? is constant. Sincgp |< 1 is assumed, we have

_ i\2 2
_|im(—1 p) =(—1 )
[ l—p ]_—p

Now, if we exploit this relationship, we have the approximation of the variance of the net inventory levels,
Laowntliocal i\2 2
o? Ld%::—l (11%?) ~ o2 (rlp) X liocal- (40)
This is the case that thgy. has a dominant impact on the the variance of net inventory levels. This
relationship [(4D) is valid if:
1) the value ofo is close to zero, regardless of the valuelgfwn or ligca;, @and/or
2) at least one ofLgown+ 1, Ldown+ liocat} iS large enough, regardless of the valuepof
[ ]

The second condition is not critical as it may be seen in terms of the dominantg..0fFig.[4 shows the
distributor’s variances of the net inventory levels in the cases that cdgg,l+= 1 and case 2l = 2 under the
constraintLgown + liocal = 3. Even when the total replenishment lead-times for each case are equal and small, the
dominance of o4 is clearly shown in Figl14; the variance of net inventory levels for case 1 is always bigger than
that for case 2; at any value pf

Insight 3: When each participant uses the OUT policy with the MMSE forecasting scheme, the variance
of the total net inventoryyig + 0qs, + ks, Can be expressed as the variance of forecast error over the
accumulated replenishment lead-time and is independent from the number of echelons to the end consumer.

Proof: Again, we will use [(ID),[{18), and (27). The sum of the variance of the net inventory level in

the supply chain can be obtained as;

2 2 2
ONs; TONs, T OnNs, =

o2 Iy il L, it >
ﬁ ;(1_'0') +i—|;1(1_pl) +i—|;‘;+l(l_pl)
o2 l1+l2+3 2
a0
2 & N2
= ) (41)

wherelLe = |1 + I, + I3. (@1)) does not contain information on the number of echelons any more, but does

contain information on the accumulated replenishment lead-time in the supply chain. |
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We now obtain the net inventory variance amplification ratio jfMJRwhich is given by;
2
g
VRn [Retail] = —22,
9p

2
O-NSQ

VRny[Distri] =
op

2
U-NSg

>
0pb

VRn[Manu] =

Using the results in this section/ Ry, is expressed as;

|1 (1 - pZ) +
1-— 11 li+1 _  _ 2

VRn[Retail] = p( p(l)fpp)z P ) , (42)

lo (1 - pZ) +
o pll+1 (1 _ plz) (p|1+1 +pI1+I2+1 - 20— 2)

VR [Distri] = e ; (43)
|3 (1 - pz) +
pI1+I2+l (1 _ ,OI3) (pI1+I2+l + pI1+I2+I3+1_ 2p _ 2)

VRn[Manu] = e : (44)

We have plotted/ R, under the condition thatl < p < 1, with four patterns of lead-time settings, constrained
tol; + 1, + 13 = 15 in Fig.[B. From this figure, we will find that:
« The net inventory variance is also affected by the valug. of
. Even wherp is negative, we will find that the net inventory may still vary more than demand.
« In contrast toV Ryqer, the affect of the local lead-time can be clearly seen. In the calge=0f2, even though
the retailer takes the closest position to the market, the net inventory variance is bigger than the distributor’s
and the manufacturer’s net inventory variance. Furthermore, the level of supply chain has less impRg§,on

as we expect froninsight[2.

VII. ConcLusioN

We have investigated a three echelon supply chain, constituting of a retailer, a distributor, and a manufacturer,
using a combination of statistical methods and control theory. We assume the demand process follows an AR(1)
stationary process and each supply chain participant adopts the OUT policy with the MMSE forecasting scheme.

The OUT policy minimises the variance of the net inventory levels with a given forecasting method and that
the minimised variance of the net inventory levels is equal to the variance of the forecast error over the lead-time.
This interesting characteristic can be applied to an evaluation of inventory performance in the real business. Simple
comparison of the variance of net inventory levels and the variance of forecast error over the lead-time yields useful
insights on the inventory performance. For example, if the variance of net inventory levels is greater than that of

the forecast error over the lead-time, there might be room to improve inventory turn over. However, if both values
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of variances are (nearly) equal, inventory management is under control and one way to improve your inventory turn
over is to increase the forecast accuracy.

The AR(1) demand process is transformed into an ARMA(1,1) process as it moves up supply chain. The
autoregressive parameter keeps its original value, although the moving average parameter is changed at every each
echelon. The value of the moving average parameter is a function of the autoregressive parameter, the accumulated
downstream lead-time, and the local replenishment lead-time for the echelon in question.

As the ordering process contains complete information of market demand, the upstream supply chain participants
may exploit an ARMA(1,1) model to estimate both the autoregressive and the moving average parameters to create
the MMSE forecasts. Then, with knowledge of the accumulated lead-time and the demand process, each participant
may estimate the quantity of its demand over the lead-time. Thus, with the set of assumptions in this paper, and as
suggested in Raghunathan [10], there is no benefit of information sharing in terms of the forecast accuracy among
supply chain participants. This result leads us to a practical insight. Before thinking about information sharing with
your downstream customer, it might be better to identify the demand process you face and the ordering policy the
customer uses. If the demand process follows ARMA(1,1), and your customer employs the OUT policy with the
MMSE forecasting method, you might already have full information of the demand in the market place.

To describe the character of a three echelon supply chain, we used two measurement nvdyggs;and
VRny- In terms of VRyq4er, the number of stages in the supply chain does not affect the valv&gfe,. Only
the accumulated lead-time has an impact updRqer. Also, we find that the local lead-time has the dominant
impact on the variance of the net inventory levels, if the valuepdé close to zero, and/or at least one of
{Lagown+ 1, Laown+ liocat} is large enough. Therefore, reducing a local lead-time will allow all upstream suppliers to
reduce their local order related costs, but it will also have a large positigeten local inventory holding costs.

Via simulation, we have shown th&tR,[Retail] may be greater tha¥ R, [Manu], even whenV Ry el [Retalil] is
smaller thanV Ryrger[Manul.

Finally, we have also extended Vassian’s [16] finding that the conditional variance of forecast error over the
lead-time is identical to the variance of the net inventory levels to a multi echelon supply chain setting. We have
shown that the variance of thetal net inventory levels can be expressed as the variance of forecast error over
the accumulated replenishment lead-time. To estimate the variance of the total net inventory level, it is sufficient
to conduct an analysis of a single echelon model with the accumulated replenishment leads}jnresiead of a

multi echelon model, and calculate the variance of the net inventory levels or the forecast error over the lead-time.

APPENDIX |

ANALYSIS OF 0UR ORDERING PoLicy MopEL
First, we consider the case that lead-time is greater than one. Without loss of generality, we lassQtaus

S = D}. Using [@),0; can be written as

Ot = NSt+I - NSt+|—1 + Dy (45)



Hosoda, T. and Disney, S.M., (2006), “On variance amplification in a three-echelon supply chain with minimum mean squared error forecasting”,
OMEGA: The International Journal of Management Science, Vol. 34, pp344-358. DOI: 10.1016/j.omega.2004.11.005.

ACCEPTED FOR OMEGA, AS OF NOVEMBER 2, 2004 14

Substituting the above equation infd (3), we will have another expressitl B,

-1
WIP, = NSt1 - NSt + > Dei. (46)
i=1
Then, [2) can be rewritten as;
O = DI-WIP - NS

-1
= Si- (Nsm ~NSi+ Dm] - NS,
i=1

-1
= Si- (Nsm ) Dm].
i=1

By using [2), [45), and{46), the second expression on the right hand side of the above equation can be written as

|
NSi-1 = [5{_1 - Z Di_1+i-

i=1
This yields the required expression fO¥;

O = DI-WIP - NS

-1
= §- (NSHI—l + Z Dt+i]
i=1

i=1 i=1
| -1 .
= [Z Devi— ), Dm] +S- Dy,
i=1 i=1

= Di+ (St - St-1),

which is identical to[(b). To obtain the last equation, we Q%@l Di_14i — Z!;} D¢, = Dt. Following the same steps

as above, yields the same conclusion for the case of unit lead-time Whide= 0.

APPENDIX |

ARRIVING AT VARIANCE ExPRESSIONS wiTH CONTROL THEORY

From a verbal description it is easy to develop block diagrams that represent a supply chain in z-transform
notation. We refer readers to Nise [21] for an introduction to block diagrams.

The block diagram may be manipulated with simple techniques to yield transfer functions. From the transfer
function the required expressions for the variance amplification ratios may be determined using Cauchy’s contour

integral, seel[(47), wherg(2) is the transfer function relating the input to the output of the system [22].

2
VR = O-Output _ 1

a-lzﬂput C 27V-1 é F(2)F(z )z 'dz. -
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The contour integral may be evaluated easily using a technique due fimfstral. [23] that was further refined
by Jury [22]. Let us present the approach of Jury to derive our variance expressions. We refer readers to Jury [22]

for any required proof of his approach. Let the following form,

> bz

F@) = B(@) _ i§0
"0 ] o

=)

describethe transfer function relating input to output of the variance ratio we require. The coeffigjesms by
obviously depend on the transfer function in question. Next construct 2 matigesandY ., of the coefltients

of A(2) as follows;

3 @1 an2 ao 0 0 a
0 an anp1 ap 0
Xns1=| 0 0 a, a [Yne1=| : 0 a . apy
0 a a . a1
0 0 0 0 a | | @ a & .. a

Jury shows that the variance ratio is given by

| Xnt1+ Ynit o
anl Xns1 + Ynea

where[Xni1 + Ynsialp = [Xns1 + Yns1] With the last row replaced b{anbo,ZZ bibiin-1,...,2Y bibii1,2X0 blz]

Thus, a simple algebraic process will construct a variance ratio expression.

VR

ArpeENDIX |l

DERIVING THE VARIANCE RATIO EXPRESSIONS

By way of introduction, let us first consider the simple case of calculating the variance of the AR(1) demand. It
is easy to see froni]1) that the block diagram of the AR(1) process is as shown [d Fig. 6.
Without loss of generality, we assunge= 0. Rearranging the block diagram we arrive at the following transfer
function,

D(z) 1
@  1-pzt

This transfer function has the following constant cagéints;
bO = O’ d = —p-

and
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Arranging these coefficients into thg.1 andY,,; matrices yields;

ap a 1 —
Xn+1 = = )
0 a 0 1
0 & 0 —p
Y1 = =
a & -» 1

Thus the X1 + Yne1] and [Xn:1 + Ynea]p matrices are;

1 -2
Xnsr+ Yol = )
- 2
1 -2p 1 -2
[Xns1+ Yoo = =
otb 204t | |0 2

The determinants of these two matrices are;

[ Xns1 + Yner | = 2(1-p?),

[ Xns1+ Yol = 2.

Assuming that the variance of the random shock is unity, we may determine the variance of the AR(1) demand as;

2 [ Xns1+ Ynit bo 2 1

Ta T B X + Yoer | 2(1—p?)  1-p2°

The ARMA(1,1) demand pattern is also very easy to determine using the same approach. Let us illustrate our

procedure once more. The block diagram is shown ifFig.7. The transfer functidpisfgiven by
D(z) z-¢0

2 z-p
Thenwe can see the following constant coefficients;

bO = _07

&
I

—p.
and
b1 =1, a=1.

Arranging these coefficients into tbg,1 andY,,; matrices yields;

ar Qg 1 —
Xn+1 = = )
| 0 & 1] 0 1
[0 & | | 0 -
Ynir = S
| @ & | | P 1



Hosoda, T. and Disney, S.M., (2006), “On variance amplification in a three-echelon supply chain with minimum mean squared error forecasting”,
OMEGA: The International Journal of Management Science, Vol. 34, pp344-358. DOI: 10.1016/j.omega.2004.11.005.

ACCEPTED FOR OMEGA, AS OF NOVEMBER 2, 2004 17

Thus the X1 + Yne1] and [Xn:1 + Ynea]p mMatrices are;

1 -2
[X n+l t Yn+1] = ,
L _p 2
1 -2 1 -2p
[xn+1 + Yn+1]b = =
i 2bgby 2(b§ + bf) -20 2(P+1)
The determinants of these two matrices are;
| Xne1 + Ynea | = 2(1-p7),

| Xne1 + Ynst b 2(6% + 1) - 46p.

Assuming that the variance of the random shock is unity, we may determine the variance of the ARMA(1,1) demand
as;

) [ Xns1+ Yner b 2(1+6%2-260) 1+62-2¢
a = = = .
ay | Xns1 + Ynst | 2(1-p?) 1-p?

ARMA(L,1) —
Now let us turn our attention to the three echelon supply chain model. It is easy to develop the following block

diagram (Fig[B) of our supply chain. From Fig. 8 we may identify the system transfer functions that relate the net
inventory levels and order rates at each echelon of the supply chain to the white noise process. Here, we provide

the transfer functions of the retailer’s order process and the net inventory level;

02  p-z+(z-1)p+*?
2 z-p)-1) °
NS:i(2) A1 (_z(1+ Zip-1)+p+(z- 1)p|1+1)
s@ Z-1Dz-p)p-1)

From these transfer functions we may use Jury’s Inners approach to determine the variance ratios (Note that we
also have to divide this by the variance of the demand). We have omitted these results here as there are rather
lengthy, although they are available upon request for interested readers.

Interestingly, we note that an alternative block diagram (Eig. 9) may be derived that is dynamically equivalent
to Fig.[8. From here it is obvious that there is no value of information sharing in this traditional supply chain, as

market place information is clearly, already shared and exploited in this model.

ApPENDIX |V

DEer1vATION OF RETAILER'S ORDERING ProCESs witH ARMA(1,1) DEMAND PrOCESS

ARMA(1,1) demand process can be expressed as
D1 = oDt + &t41 — O&t, (48)

wherep is AR parameterf is MA parameter, and is a i.i.d. white noise process with mean zero and variance

o? at time periodt. With the MMSE forecasting schemi1 becomes;

. I l —pll ~ ~
D = E[Z Dt | Tt] = ( 1=, ) Dri1 = Ay, De1, (49)
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whereA;, = (1-p'1)/(1 - p), Dis1 = pDy — 0, andty = {Dy, Di_1, Di_p, ...}. 71 is the set of all observed demands.
Thus, from [T), [(B), and(49), the retailer’s order at time petiasl expressed as

O1 = Dy + Ay, (D1 — Dy). (50)
Incorporating [(4B) into[{30), we have the retailer's order quantity for peried
Ou11 = pOp1+ (1+ Ap — ALO)es — (0 + Ap — A O)er. (51)
If we introduce an error term which is expressed as
g1 = (1+ Ao — Ay 0)er,

then we may rewrite (51) as

0+ Ap— A0
= =+ e s
Oti11 = pOt1 + &t111 T+ Anp = /\|198t’l
which represents a scaled ARMA(1,1) process with the converted new MA parameter
0+ A|lp - A|19
1+A,p- A|19.
ApPENDIX V

BurLLwhrp Does Not Occur IF -1 < p <0

Let L. represent the accumulated replenishment lead-time. Thus, the expression of the variance ratio of order
will be
(1 _pLe+1)2 + 2 (1—p"e)2 _
207 (1= ") (1-0)

V Rorder =
Ford -y

After some algebraic simplification, we have

2
VRyger = 1+ a _/')0)2 (_sze+2 +pPerl y plet? _ple 5y 1)‘

To show the bullwhip will not occur, it is enough to describe that the second term of the above equation is negative,

which will make theV Ry ger < 1. However, since-1<p <0 and(ﬁ# <0, it is suficient to show that;

_ 2let2

0 + p2L9+1

Let2 _

+p pte—p+1>0. (52)

Case 11, is even.

Since-1 < p < 0 andL, is positive integer, we can see that

pLe+2_p2Le+2 > O,
—-p-p = 0,
pPelel > 0.
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Thus, the sum of the all left hand expressions[in (52) is positive.

Case 21, is odd.

(1]
(2]

(3]

(4]

(5]

(6]

(7]

(8]

El

[10]

[11]

[12]

[13]
[14]

(18]

[16]

[17]

Similarly, but with a little modification, we will have;

pLe+2 -p > O,
_p2Le+2 _ pLe > 0’
A1 > 0.

Again, the sum of the all left hand expressions[of] (52) is positive.
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Retailer Distributor Manufacturer
Order Order
ouT
________ MMSE ||
Lead-time:l, Lead-time:l;
Fig. 1. Three echelon supply chain model
Retailer Distributor Manufacturer
AR(1) ARMA(1,1) ARMA(1,1) ARMA(1,1)
oyt |7
Demand Ordering MOI\>IJSTE Ordering MMSE | Ordering

Fig. 2. Transition of the market demand
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