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Summary

In this thesis we investigate the theory of planar algebras for type III subfac-
tors. We show directly how to associate a planar algebra to a type III subfactor
using endomorphisms and intertwiners. We begin by describing how to define
a type III version of the Temperley-Lieb planar algebra before giving a general
definition of a type III planar algebra. We define a presenting map using en-
domorphisms and intertwiners and prove that this defines a type III subfactor
planar algebra. We show that the definition of a type III subfactor planar algebra
may be extended by removing the sphericality condition.

We also investigate the reverse implication, and show that if we start with
a type III subfactor planar algebra we can produce a type III subfactor using
techniques from Guionnet-Jones-Shlyakhtenko and free probability.

In the final chapter we investigate the type III version of A, planar algebras.
We extend the results of Chapter 3 to the Ay setting, defining a type III string
algebra for SU(3) ADE graphs and relating this to planar algebras. We also

discuss further work here relating to A, planar algebras.
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Chapter 1

Introduction

Interest in the theory of subfactors was initiated by the paper of Jones [37], where
he defined the index and proved that it takes values in the set {4 cos(7w/n),n >
3} U[4,00). Besides the index, many other invariants for subfactors have been
defined. These include the principal and dual principal graphs and the standard
invariant [37]. The standard invariant consists of commuting squares of finite
dimensional C*-algebras. Alternative characterisations of the standard invariant
have been given by Popa’s A-lattices [76] and Ocneanu’s paragroups [71], [70].
Under certain conditions the standard invariant is a complete invariant. The
index, principal graph and standard invariant of a subfactor N C M can be
described in terms of bimodules. The theory of bimodules is one of the key tools
in the study of II; subfactors.

The concept of a planar algebra was first introduced by Jones in [36]. A
planar algebra is a way of representing the standard invariant of an extremal
subfactor using a collection of finite dimensional vector spaces and multilinear
maps which are represented graphically by planar tangles. The idea of a planar
algebra grew from the graphical representation of the Temperley-Lieb algebra,
which first appeared in [44]. The Temperley-Lieb algebra appears as a planar
subalgebra of any planar algebra, this is because the Jones projections satisfy the
Temperley-Lieb relations. Recently it has been shown [15] that planar algebras

may be used to define invariants for non-extremal subfactors also.



Planar algebras have proved to be a useful tool in the study of subfactors.
Firstly, as mentioned above a subfactor planar algebra is equivalent to the stan-
dard invariant of a subfactor. Another use is in proving the existence of subfactors
with particular principal graphs [74], [5]. They have also been used to construct
subfactors. In particular the work of Guionnet-Jones-Shlyakhtenko [28] provided
the first step in this construction and demonstrated the connections between sub-
factor theory, free probability and random matrices. The link with free probability
is due to the central importance of the Temperley-Lieb algebra in subfactor theory
and the non-crossing pair partitions in free probability. A Temperley-Lieb dia-
gram with n boundary points is just a non-crossing pair partition of n elements.
This work has been continued by Jones-Shlyakhtenko-Walker [42], Kodiaylam-
Sunder [49], [50], [51] and others. They have proved that any subfactor planar
algebra P may be used to construct an inclusion of interpolated free group factors
with P as its standard invariant. This should be compared with results of Popa
and Shlyakhtenko [78], on the universality of LF, in subfactor theory.

Another area of research is the As-planar algebras of Evans-Pugh [23], [24].
These can be used to study SU(3) subfactors.

In parallel to the theory of II; subfactors is the theory of type III subfactors.
In the II; case, the existence of a canonical positive definite trace is crucial in
proving many results. The trace defines a conditional expectation, and it is this
expectation which is used to define the index. In the type III case this trace no
longer exists. Despite this Jones index theory has successfully been extended to
the type III case, by Kosaki [52], Longo [58],[59], Hiai [31] and others. In the
type III theory, instead of using the index of the trace preserving conditional
expectation, the index is defined as the minimum over all possible conditional
expectations. The role of bimodules in the type II theory is replaced with the role
of endomorphisms here, since every bimodule is determined up to isomorphism
by an endomorphism in the type III case. An equivalence relation may be defined
on endomorphisms and the equivalence classes are called sectors. The theory of

superselection sectors first appeared in the work of Doplicher, Haag and Roberts



[17], in the context of quantum field theory. It was noticed by Longo that this
theory was applicable to the theory of type III subfactors and this was exploited
in the papers [58], [59]. Sector theory can be used to describe the principal and
dual principal graphs and is used in work of Izumi [32] on the classification of
subfactors.

Popa [77] shows under certain conditions the standard invariant is a complete
invariant for type III subfactors and in this case the type III subfactor N C M
is isomorphic to (N C M) ® M where N' C M is a type II; subfactor.

In this thesis we investigate the theory of planar algebras for type III subfac-
tors. We show directly how to associate a planar algebra to a type III subfactor.
We do so using endomorphisms and intertwiners, relying on techniques of Izumi
[34], and in particular the characterisation of the spaces of intertwiners between
endomorphisms as string algebras. We show that most of the theory for type II
subfactors carries over to the type IIl case with some minor changes. We also
investigate the Guionnet-Jones-Shlyakhtenko construction in the type III setting.
We prove that, starting with a type III subfactor planar algebra P, we can con-
struct a type III subfactor with P as its planar algebra. We use techniques from
free probability to study this tower of algebras. We also show how to define a
type I1I version of the As-planar algebras.

1.1 Outline of Thesis

We begin in Chapter 2 with a detailed discussion of the background theory. We
focus mainly on the theory of planar algebras for type II subfactors and the
general theory of type III subfactors. We collect here all the definitions and
results from the literature which we will need in the rest of the thesis.

In Chapter 3 we describe how to extend the theory of planar algebras to de-
scribe type III subfactors. We begin with a couple of simple examples. We define
a type III analogue of the Temperley-Lieb planar algebra and show that it may
be used to define inclusions of hyperfinite type III, factors. Using results of Popa



mentioned above, we show that this inclusion can be split into a type II inclusion
tensored with a type III factor. Next we make the general definition of a type III
subfactor planar algebra. We define a presenting map using endomorphisms and
intertwiners and prove that this defines a type III subfactor planar algebra. We
also give a detailed construction of type III subfactors using string algebras. We
show that our definition of a type III planar algebra may be extended further,
to define non-spherical planar algebras. This relies on the type II construction of
[15] and the 2-categories associated to a subfactor in the work of Longo-Roberts.
Non spherical planar algebras correspond to subfactors which are not necessarily
extremal. We also discuss how to extend the theory of planar modules to the
type III setting.

In Chapter 4 we show how to use the planar algebras defined in Chapter 3
to construct a tower of type III factors. We define a type III Guionnet-Jones-
Shlyaktenko construction and show that the subfactor constructed from a planar
algebra P has P as its planar algebra. We use a graph construction, similar to
[51], to split the factors into an amalgamated free product of simpler factors.

In Chapter 5 we investigate the type III version of As-planar algebras. We
extend the results of Chapter 3 to the Ay setting, defining a type III string
algebra for SU(3) ADE graphs and relating this to planar algebras. We also
discuss further work here relating to As-planar algebras, namely the extension of

the results of Chapter 4 to the As setting and skein theory for A, algebras.



Chapter 2

Background and Preliminaries

2.1 von Neumann Algebras

A C*-algebra A is a Banach *-algebra with a norm || - || satisfying ||z*z|| = ||z||?
for all x € A. It can be shown that any C*-algebra is isomorphic to a norm
closed *-subalgebra of B(H ), the space of bounded linear operators on a Hilbert
space H. A won Neumann algebra M is a weakly closed unital *-subalgebra
of B(H). In this thesis we will always assume H to be a separable Hilbert
space. A theorem of von Neumann proves that if M is a unital *-subalgebra
of B(H), then M is a von Neumann algebra if and only if M = M", where
M ={x € B(H):am = mx forall m € M} is the commutant of M. Given
a C*-algebra A, an element x € A is said to be positive if there exists y € A
with yy* = x. The collection of all positive elements of A is denoted by A,. A
simple unital C*-algebra A is called purely infinite if for every non-zero x € A
there exists y € A with yxy* = 1.

A weight ¢ on a unital C*-algebra A is a positive linear functional on A. If
a weight ¢ also satisfies ¢(1) = 1 then we call ¢ a state. A linear map ¢ : A —
B between C*-algebras is positive if ¢(A;) C By. A linear map between von
Neumann algebras is called normal if it is o-weakly continuous. A trace is a
state ¢ with ¢(zy) = ¢(yz) for all x,y € A. A state ¢ on A is said to be faithful
if ¢(z) = 0 implies z = 0 for z € A,.



Let ¢ be a faithful normal semifinite weight on a von Neumann algebra M
and let § > 0. Then there exists a unique one paramater group of automorphisms
{ov : t € R} on M such that ¢(zy) = ¢(yos(x)) for all y € M and all x entire for
0. In this case o is called the modular automorphism group and ¢ is said to satisfy
the KMS condition for ¢ at inverse temperature 3. Given a von Neumann algebra
M with state ¢ the centraliser of ¢ is {z € M : ¢(zy) = ¢(yx) forall y e M}
and is denoted by M. For two von Neumann algebras N C M the map E :
M — N is a conditional expectation if it is positive and bounded and satisfies
E(1) =1 and E(nymny) = n1E(m)ns for n; € N and m € M. If there is a trace
tr on M then for z € M by Theorem 5.20 of [21] there is a unique 2’ € N such
that tr(zy) = tr(2’y) for all y € N. We call the map E : M — N defined by

2’ =: E(x) the conditional expectation relative to the trace.

Definition 2.1.1. Let B3 be a von Neumann algebra with a finite faithful normal
trace and let B; be von Neumann subalgebras for ¢+ = 0, 1,2 then the four von

Neumann algebras

B(] c B
NN (2.1)
By C Bs

are said to form a commuting square if they satisfy one of the following conditions,

which are shown to be equivalent in Proposition 9.51 of [21]:
1. Ep,(Bs) C By
2. Ep,(B)) C By
3. Ep Ep, = Ep,
4. Ep,Ep, = Ep,
5. Ep Ep, = Ep,Ep, and By = B, N By
6. Fp,(z) = Ep,(z) for all x € By

7. Ep,(z) = Ep,(x) for all x € B,



where E'p, : Bs — B, is the conditional expectation from Bs — B; relative to the
trace for 1 = 0,1, 2.

A factor is a von Neumann algebra M with trivial centre, that is M'NM = C.
Factors are important as any von Neumann algebra may be written as a direct

integral of factors. Factors may be classified as follows.

1. Type I, factors are matrix algebras M, (C) for 1 < n < oo, type I, are
B(?)

2. Type II; factors are factors with a finite trace, type Il are tensor products

of a II; factor with a I, factor
3. Type III are all other factors.

Type III factors were classified further into type III, for 0 < A < 1 in [10], where
this classification depends on the Connes spectrum of the factor. Let M be a
von Neumann algebra with modular automorphism group o;. Then the Arveson
spectrum Sp(oy) == {s € R : f(s) = 0,f € I(6)} where I(0) is the intersection
Neem{f € L'(R) : of(x) = 0} and of(z) = [ f(t)oe(x)dt for x € M. If p is
a projection in M7 we write o} (x) = oy(x) for x € M, = pMp. The Connes
spectrum I'(o) = N,{Sp(o})} where the intersection is taken over all non zero
projections p in the fixed point algebra M?. In fact, by Lemma XI 2.2 of [87]
the intersection may be taken over all projections in the centre of M7 and thus
in the case where M? is a factor the Connes spectrum and Arveson spectrum
coincide. A factor is of type III; if I' = R, type Il if the Connes spectrum is
{1} and type III, if the Connes spectrum is {\" : n € Z}. An approximately finite
dimensional (AFD) or hyperfinite factor is a factor M which has an increasing
sequence of finite dimensional subalgebras whose union is weakly dense in M.
There is a unique AFD factor of type 11y, 1, and III, for each A € (0, 1] this was
proved for type 11 in [68], for II,, in [11] and for type III in [10].

Suppose N, M are factors with N contained in M then N C M is called a
subfactor. In this thesis we will only consider the case when N and M are either

both type II or both type III.



2.2 Bratteli Diagrams and Path Algebras

The material in this section may be found for example in Chapter 2 of [21]. Let
A= limA, be an approzimately finite dimensional (AF) C*-algebra, that is A
is the inductive limit of finite dimensional C*-algebras A, with inclusion maps
in : Ap — Any1. It can be shown that there is a unique C*-norm on the algebraic
inductive limit. Recall that a finite dimensional C*-algebra is isomorphic to a
direct sum of matrix algebras M,,, & --- @ M,, . The minimal central projections
of such an algebra are of the form 0®- - -G0H1H0d- - -B0. Suppose A,, has minimal
central projections Q[n] := {p™,... ,pi?%)} and let A, = A™) Zi . De the

i j=1,...,r(n+1)
multiplicity matrix for the inclusion A, in A, 1, that is, the simple subalgebra

(n)

of A,, corresponding to the projection p, ’ is embedded in the simple subalgebra

of A, 41 corresponding to the projection p(-nH) with multiplicity )\E;L). Then the

J
multiplicity graph G,, for the inclusion is the bipartite graph with r(n) vertices
along the top and r(n+1) vertices along the bottom with )\Z(?) edges joining vertex
¢ along the top with vertex j along the bottom. The Bratteli diagram of A is
obtained by concatenating the multiplicity graphs, identifying the vertices along
the bottom of each G,, with those along the top of G,.1. An example is shown
in Figure 2.1. A Bratteli diagram can be associated to any AF algebra and two
AF algebras with the same Bratteli diagrams are isomorphic.

Suppose we have a Bratteli diagram which describes unital embeddings. We
now describe the path algebra model for such a Bratteli diagram. Suppose m < n
and let i € Q[m] and j € Q[n] be vertices in the Bratteli diagram. Let Path(i, j)
denote the collection of paths (of length n—m) from i to j in the Bratteli diagram.
Given paths a € Path(i,j) and 8 € Path(j, k), o - 8 € Path(i, k) denotes the
concatenation of the paths. Denote by A;; := M|pamn(i ) Then A;; can be
thought of as being generated by matrix units (i, ) where p and v are paths in
Path(i, 7). Then let Alm,n] = @icom A;j. For m’ < m < n < n’ the algebra

j€Q[n]

A[m,n] may be embedded in A[m’, n’| by

(,v) =S (a-p-Boa-v-B) (2.2)



where the sum is over all paths o € Path(k,i) for k € Q[m'] and § € Path(j,1)
where [ € Q[n']. The AF C*-algebra is given by A = lim A[0, n] with the inclusions
of A[0,n] — A[0,n + 1] given above.

2.3 1I; subfactors

There are many invariants for II; subfactors including the index, the standard
mwvariant, planar algebras, the principal graph and A-lattices. Throughout this
subsection N C M will be an inclusion of II; factors. Standard references for the
theory of II; factors are [21] and [43].

Using the uniquely defined trace on M define an inner product on M by
(x,y) = tr(y*x) and denote the completion of M by this inner product by L?(M).
If the action of M on some Hilbert space H is isomorphic to the action of M on
(B}, L*(M))p where p = (p;;) is a projection in M,(C) ® M for some n < oo
then we define the coupling constant dimy H := Y. tr(p;). The Hilbert space
L*(M) can be thought of as a left N module, where N acts by left multiplication.
The index [M : NJ is defined to be dimy L*(M). If the action is not of the above
form we say [M : N] = oco. Jones proved in [37] that the index of a subfactor
may only take the values {4cos’7/n : n=3,4,5,...} U[4,00].

Given a subfactor N C M there is a unique trace preserving conditional ex-
pectation Ey : M — N. The map Ey may be extended uniquely to a projection
e; : L*(M) — L*(N) where L?*(N) may be identified with the subspace of L*(M)
generated by the image of the elements of N. This projection is called the Jones
projection. Then let M; be the von Neumann algebra generated by M and e;
(both acting on L*(M)). It can be shown that M is a II; factor if and only if
[M : NJ is finite. This is called the basic construction. In the finite index case
the trace tr on M extends uniquely to a trace on M; which we denote also by
tr and this satisfies tr(ze;) = [M : N] 'r(z). We may repeat the process on
the subfactor M C M, with Jones projection e, : L*(M;) — L*(M), to get

M, = (M, es). Continuing iteratively, we get a tower of II; factors M; and a



sequence of projections e; with
NcMcM cM,C---

Then it can be shown that when [M : N] < oo the grid of relative commutants

NNN ¢ NnM c¢c NnM, ¢ NnM, C---
U U U
MM c M'nNnM, ¢ MNM, C---

is a grid of finite dimensional C*-algebras with a consistent trace. This is called
the standard invariant of the subfactor N C M.
Recall, e.g. from [21] Section 9.5, that the Temperley-Lieb algebra is the

universal *-algebra on n generators E, ..., E, satisfying the relations
1. E?=FE;, = E}
2. B,E; =E;E; if |i—j| > 1
3. B;E;p1E; = 0F; for all ¢

The Jones projections {e;} satisfy the Temperley-Lieb relations, with 6 = [M :
N1

Note that we have {1,e,...,e,}" C N'N M, for all n.

In [76] an alternative formulation of the standard invariant called a A-lattice
is defined. In order to define this we first need to define the index for inclusions of
finite dimensional algebras. This definition may be found for example in Chapter
3 of [27]. The index [B : A] for finite dimensional von Neumann algebras A C B is
defined as follows. If A ~ M, (C), B ~ M,,(C) then [B : A] = m?/n?. Otherwise
let A=, Ap; and B = @;n:l Bg; where p;, g; are the collections of minimal

central projections of A, B respectively. Define
Aij = qipiApigj, Bij = piq; By;p;.

Then define the inclusion matrix A% by A\;; = [Bi;, Aij]% if gjp; # 0 and A\;; =0
otherwise. Then the index [B : A] is defined as ||A5||2.
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A A-lattice is a collection of finite dimensional algebras A, ;7,7 € N with
Ai; = Cforall ¢, A;; C Ay, for k < ¢ and j <[ with a faithful trace on U,ey
Ao, and such that

1. Ea Ea,, = Ea, Ea,, = Ea,, for m = max{i,k}, n = min{j, [} where

m,n

E 4 is the trace preserving conditional expectation onto A

2. there exists a representation of the sequence of Jones projections {e; };>2 in

UnAO,n with
ejEAifgykar2§Z'§j§k

€jr1L€Ej41 = EAi’jJrl (a:)ejH for all x € Ai,j, 1 < j —1

€;+12€;11 = EAZ.JAJ. (x)€i+1 for all = € Ai,j ) S j —1

3. [Ai,j+1 . Ai,j] S A_lEAi’j (6j+1) = )\I

[Airy t Aig] S ATTEA,_ j(e) = AT

A M-lattice is called standard if [A;;, Al =0 forall 0 <i < j <k <L

A finite index subfactor is called extremal if Eniqp(er) € C. In [76] it is proved
that the tower of relative commutants of an extremal subfactor forms a standard
A-lattice and that every standard A-lattice is the tower of relative commutants for
some extremal subfactor. However even if we start with a hyperfinite subfactor
and associate a A-lattice to it, the subfactor associated to that A-lattice in [76]
may not be hyperfinite.

Drawing the Bratteli diagram for the tower of relative commutants at each step
we get the reflection of the previous step plus a possible new part. The principal
graph is obtained by deleting all the reflected parts of the Bratteli diagram, this
is shown in bold in Figure 2.1. The dual principal graph is obtained by repeating
the same procedure for the tower M'NM C M'NM; C ---. A subfactor is called
finite depth if its principal graph is finite. Note that the principal graph is finite
if and only if the dual principal graph is finite.

The principal graph may alternatively be described as follows. The collection

of even vertices is given by the irreducible N — N bimodules y Xy occuring in

11



Figure 2.1: Bratteli Diagram

the decomposition of the bimodules NLQ(Mn) ~. The odd vertices are bimodules
~n X7 occuring in the decomposition of the NL2(Mn) m- A vertex corresponding
to y X is joined to the vertex labelled Y, by n edges if the decomposition of
the bimodule xY ®,; L?*(M)y contains n copies of yXy.

For subfactors of index less than 4 the only possible principal graphs are the
Dynkin diagrams, shown in Figure 2.2. The A, graphs, correspond to index
4cos?(m/n + 1), Ds, correspond to index 4 cos?(mw/4n — 2), and Eg and Eg cor-
respond to indices 4 cos?(7/12) and 4 cos®(m/30) respectively. For index greater
than 4 it is still an open problem, but all possible graphs of index less than 3+ /2
were listed by Haagerup in [30], more recently, in the series of papers [64], [62],
[73], [35] it is shown that there are exactly five finite graphs which appear as prin-
cipal graphs of subfactors with index in the interval (4,5). It has been proved by
[zumi that there are exactly five principal graphs subfactors with index 5, all of

these are subgroup subfactors.
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Ly
Figure 2.2: ADE graphs
2.4 String Algebra Construction of II; Subfac-
tors

Consider the finite graph G with subgraphs Gy, G1, G» and G3 as shown.
Vo 2% Vi
| |a
Vi o Va
We assume that Gy and G, are connected and that Gy has more than one edge.
We denote the common vertices of Gy and Gz by V{, the common vertices of G
and G; by Vi and so on, as shown in the diagram above. For each edge £ denote
its source vertex by s(¢) and range by r(£). Denote by & the edge & with the
opposite orientation. Denote the number of edges between vertices v and w by

Nyw- SUppose we have an assignment of a strictly positive number p(v) to each

vertex v. For each possible square oy,...,o03 such that o; is an edge in G; we
A2 B

assign a complex number denoted ”31 l"l . This assignment should satisfy
C o D

the following conditions.

1. Unitarity Suppose A,D,B, B’ are vertices in G such that B and B’ are in

13



the same V; and suppose 0¢,0(,01,07 are edges as shown. Then we have the
identity
AZB A pB

Z a3l lol cr3i io’l :5B,B’6¢70,06501,03-

0’0'2,0'3 N RN
C a2 D C o2 D

2. Renormalisation

A <><C>B&O ()(0)002
_ [u(B)u(C) _ [uB)ulC) )

ol o= 1(D)u(A) nl L 1(D)u(A) sl e

C & D 5 C A o B

3. Harmonicity: There exists ¢’ > 0 such that
'p(v) = Z T, (W)
weVy,
for any pair of vertices v and w connected by an edge in G; or G3. There
also exists ¢ > 0 such that
Su(v) = > nywp(w)
weVy

for any pair of vertices v and w connected by an edge in Gy or G,.

Such an system is called a biunitary connection. Fix a vertex in V; and denote it

by *. Normalise p so that p(x) = 1. A connection is called flat if it satisfies

01 02 O2n
—_— > s e . _

*
lp’l
lp’g

= 501,0'1 T 5U2n7¢7§n6,01,/)'1 o '5P2m,P'2m

p2ml lpém

/ / /
01 g1 Oon
for all choices of n, m, a;, o’, p;, pi. The left hand side of the equation is calculated

14



as follows. Suppose we fill the inside of the rectangle with a grid of squares in G.
We call any such choice of edges a configuration. The value of a configuration will
be the product of the 4mn values of the connection contained in the configuration.
The left hand side of the equation is then defined to be the sum over all possible
choices of configuration of the values of the configuration.

Starting with the graph G, we define a collection of *-algebras A as follows.
A path in Gy is a succession of edges { = oy - - - 0, with r(0;) = s(0;41) for alli. We
denote by || the length of £. As a vector space Ay has basis consisting of pairs
of paths (£1,&) on Gy with s(&§1) = s(&) = *, 7(&) = r(&) and |&] = |&|= k.

We may define a multiplication and *-operation by

(£1,62)(C1, C2) = 0604 (&1, C2)

(51752)* = (52751)-

Under these operations Ay is a *-algebra. The algebra Aj; may be embedded
in the algebra A 41 as in Equation 2.2 by

(€1,6) = > (& 0,6 0)

lof=1
where & - 0 means the concatenation of the two paths and the sum is over all
edges o with s(o) = r(§1). We may define a trace tr on UAgx by tr(&1,&) =
Se,.6,(6)lu(r(&)). Let Agoo denote the von Neumann algebra obtained by
taking the completion of UA j with respect to this trace. It follows from Theorem
10.3 in [21] that the trace on UAg is unique and hence A is a hyperfinite II;
factor.

We define the string algebras A;; in a similar manner. As a vector space A;
has basis given by pairs of paths (a; - 1,y - 52), where a; is a path in Gy with
s(a;) = * and |a;| = k. The path f3; is a path in G; if k is odd and Gs if k is
even. It satisfies r(«a;) = s(5;), |6:i| = [ and r(81) = r(B2). The multiplication
and *-operation are defined exactly as for A ;. Using the connection it is possible
to transform the basis of A;j into a basis where we first travel [ steps along Gs

and then k steps along Gy or G, or any other combination of paths on G with
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k horizontal steps and [ vertical steps. Define a trace on A; by tr; (&1, &) =
76" R0e, eou(r(€)). Let A, be the von Neumann algebra completion Ugen A, &
with respect to the trace. As before this is a hyperfinite I1; factor.

Define the vertical Jones projection e, € A, o by

N LV (©) (o
D E T BRGSO

where the sum is over all paths £ of length n — 2 starting at * and all edges ¢ and
n for which the sum makes sense.
Theorem 11.9 of [21] states that the construction above defines a subfactor

A oo C Aj oo with [A] o, Apoo] = 0% and tower
Apoo CA1oo CAzoe C ...

where the Jones projection of the inclusion A,, oo C A, 110 is given by e,,. Flatness
of the connection is equivalent to the condition that any element of Ay ( commutes
with Ap . Theorem 11.15 of [21] then states that if the connection is flat, the

relative commutant Aj ., M Ay o is then Ay .

2.5 Planar Algebras

The idea of planar algebras was first introduced by Jones in [36] as an alternative
formulation of the standard invariant of a subfactor.

A planar tangle is a disc Dy in the plane with a collection of internal discs D;,
1 <@ <n. Each disc D;, 0 < i < n has a 2k; marked points on its boundary. The
interior of D also contains a collection of non-overlapping strings. Strings may
only intersect the boundaries of the discs at the marked points. Every marked
point is the endpoint of exactly one string and each string either forms a closed
loop or has exactly two endpoints, both occuring at marked points of some disc.
For each disc D; one boundary region will be marked with a star. Regions of
a tangle are shaded black or white and adjacent regions are required to have

different colours. A + tangle is one which has the star of Dy in a white region
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Figure 2.3: Tangle T and T in a standard form

and a — tangle has the star of Dy in a black region. An example of a +, 3 tangle
is shown in Figure 2.3. A planar tangle is said to be in standard form if all the
marked points of the discs are along the top edge and the tangle is drawn in such
a way that each horizontal strip contains at most one cup or cap of a string or
one internal disc. A planar tangle with one input disc is called an annular tangle.

If the outer pattern of a tangle S is the same as the pattern of some inner
disc D; of a tangle T then we can form the tangle T o; S by gluing S inside D;,
removing the boundary and smoothing the strings.

A planar algebra is a collection of vector spaces Pf, 1 € N, with a collection
of multilinear maps Zr (one for each tangle) that are consistent with composition
of tangles and relabelling of internal discs in the obvious way. If T is a tangle
with ko marked boundary points and n internal discs D;, each with 2k; marked
boundary points then Zp : @I Py, — Pj,.

Given two elements z,y € Py, k € N, their product is defined as Zy(x,y)
where M is the multiplication tangle shown in Figure 2.4. This multiplication,
along with the inclusion maps gives P the structure of an associative algebra. The
Fourier transform tangle, shown in Figure 2.5 gives a canonical identification of
the P with P, and so we usually just work with the P, and we often write

P, instead of P. Thus when we draw tangles we omit the shading with the
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Figure 2.4: Multiplication Tangle

Figure 2.5: Fourier Transform

understanding that it is determined by the fact that the region containing * is
unshaded.

A planar algebra has modulus ¢ if, given a tangle T' containing a closed loop,
we have Zp = 0Z where T” is the tangle T" with the closed loop removed.

The adjoint T* of a tangle T is the tangle obtained by reflecting the tangle
through a horizontal line through its centre.

A planar *-algebra is a planar algebra where the vector spaces P, have a *-
structure which is compatible with the adjoint of a tangle, that is Zp(z*) =
(Zr(x))* for all x € P and all tangles T'.

Given a tangle T" we may define two operations tr; and tr,. by joining corre-
sponding points along the top and bottom of the tangle to the left or right as
shown in Figure 2.6. This operation gives a left and right trace on the algebra P.

A planar algebra is called spherical if Zp is invariant under isotopies of the 2
sphere for all O-tangles T'. This is equivalent to the statement that the left and

right traces are equal. In this case let T'r = § "tr; = 0 "tr, be the normalised
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Figure 2.6: The traces tr,.(z) and tr(x)

U

Figure 2.7: Right and Left Conditional expectations and Jones Projection

trace on P,.

If the trace is positive definite we may define a postive definite inner product
on P by (x,y) :=Tr(y*z).

A planar algebra is called connected if the spaces Py and P, have dimension
one. A planar algebra is said to be finite dimensional if dimP,, < oo for all n.

A planar *-algebra is a C*-planar algebra if the trace is non degenerate, it is
finite dimensional and Z7 is positive for all O-tangles 7. In this case there is a
unique C*-norm on P.

*

A subfactor planar algebra is a planar *-algebra with some extra structure:
sphericality, finite dimensionality, positive modulus, connectedness and a positive
definite trace.

In [36] the following important theorem was proved, which justifies the use of

the adjective ‘subfactor’ in the above definition:

Theorem 2.5.1. Let N C M C M, C ... be the tower of the basic construction
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of an extremal I, subfactor N C M with finite index 6. Then there exists a
unique subfactor planar algebra P with modulus 6 such that the vector spaces
P, = N'0NMy_4 for all k > 1 and the presenting map Zr is compatible with the

trace, conditional expectations, inclusions and Jones projections.

The converse to this theorem, i.e. that, given a subfactor planar algebra P,
one may find an extremal finite index subfactor with P as its planar algebra,
has been proved, for example by Jones using Popa’s A-lattices. Another proof
using planar algebra techniques appeared in [28], [42], [49] where starting with
a subfactor planar algebra P a subfactor N C M is explicitly constructed such
that the subfactor planar algebra of N C M is isomorphic to P. In [2], [29] it was
shown that given any planar algebra it is realised as the standard invariant of a
subfactor of an interpolated free group factor. In [15] it was recently shown that
it is possible to remove the extremality assumption. A non extremal subfactor
corresponds to a non spherical subfactor planar algebra.

Another important construction is the planar algebra of a bipartite graph,
first defined in [38]. This is a useful tool which has been used (for example in
[5],[74]) to find new subfactors by finding their subfactor planar algebra in the
planar algebra of the principal graph. It was recently shown [40] that all finite
depth subfactor planar algebras are planar subalgebras of the planar algebra of
a bipartite graph. The planar algebra of a bipartite graph may be defined as
follows.

Given a bipartite graph G with edges E and vertices V., and V_, let A be its
adjacency matrix, ¢ be its Perron-Frobenius eigenvalue and let p(v) be the entry
of the Perron Frobenius eigenvector corresponding to the vertex v. The planar
algebra PY is the planar algebra with vector spaces given by bounded functions
on loops of the graph of length 2n, starting in V, for P and V_ for P, . Given
a tangle T in standard form a spin state o : {strings} U {regions} — EUV, UV_
is a map taking strings of the tangle to edges of the graph and regions to vertices
such that if an string s borders regions r; and 75 then o(s) is an edge from vertex

o(ry) to o(rg).
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A spin state assigns a label [; to the i"* disc of a tangle T, the label is the
loop of length n; on the graph gotten by reading the assignments of vertices and
edges around the edge of the disc, starting with the starred region.

Let S(T') denote the collection of singularities (maxima and minima) of the
strings of the tangle 7" in standard form. For a tangle 7" with a certain spin state
o each s € S(T') is assigned a coefficient 1),. For each cup U, the value of ¢ is
Yy, = p(vr)/p(ve) where vy is the vertex corresponding to the region under the
cup and vy is the vertex corresponding to the region above it. Similarly for a cap
we put 1n, = p(v1)/pu(v2) where now vy is the region above the cap and v, is the
region below.

The maps Zr are then defined as follows. Suppose T is a k-tangle, and 7 is
a loop of length 2k in G. Then the coefficient of Z; corresponding to the basis

element -y is

2 11w 11w

discsD;  s€S(T
where the sum is over all states inducing v on the boundary.

The planar algebra of a bipartite graph was shown in [38] to be a spherical,
positive definite planar *-algebra with modulus §.

An important example of a planar algebra is the Temperley-Lieb planar *-
algebra TL(d) where § > 0 is the modulus. The vector spaces TL} (TL;) are
the linear span of all planar diagrams with 2¢ marked points on the boundary,
no internal discs and the marked point in an unshaded (shaded) region. It can
be shown [27] that the vector spaces are generated multiplicatively by the Jones
projections e;, shown in Figure 2.7, which are easily seen to satisfy the Temperley-
Lieb relations. The maps Zp are just given by insertion of the relevant TL
diagrams inside the appropriate inner discs of 7', removing all closed loops by
multiplying the result by 6. The Temperley-Lieb planar *-algebra is a subalgebra
of the planar algebra of the bipartite graph A,,_;, where the value of n determines
the value of §. TL(d) is a subfactor planar algebra for § > 2. For § = 2cos(7)
(n > 3) we may form a subfactor planar algebra by taking a quotient of TL(J)

by the ideal () of all vectors x € TL(d) with tr(z*z) = 0.
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Figure 2.8: Braiding on Temperley-Lieb Tangles

Figure 2.9: Removing a twist

We can define a crossing on tangles using the linear combination of diagrams
in Figure 2.8, with 6 = ¢+ ¢~ !.

The braid group B,, is the group with n — 1 generators o4, ..., 0,_; satisfying
the braid relations

0,05 = 0;0; lf’Z—]| >1

and

0i0i4+105 = 0;41070+1.

It is shown for example in [44] Section 4, [46] Section 2.3 that if oy is the
crossing with £ straight strands to the left and n — k — 2 straight strands to
the right, the o, define a representation of the Braid group B, on the n- strand
Temperley-Lieb algebra TL,,.

The crossing defined above also satisfies the second and third Reidemeister
moves and the first Reidemeister move up to a constant as shown in Figure 2.9.
A proof of this may be found for example in Corollory 3.4 and Theorem 3.5 of
45)

We may use the Temperley-Lieb planar algebra to define a C*-algebra as
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follows. Use the trace on TL,, to define an inner product by (z,y) = tr,(y*z) and
take the GNS construction. The C* algebra 7 L, generated by TL, is a finite
dimensional C* algebra which may be embedded in 7L, using the inclusion
of TL, in TL,;. Taking the inductive limit im7 L, we get an AF C*-algebra
which we denote by 7 L.

2.6 As-Planar Algebras

Here we introduce the As-planar algebras which were first defined in [23].

Let 0 = o1 - - - 0, be a sign string, that is, each o; is either + or — and we write
0* = o, -+-01. A planar o tangle is a disc Dy in R? with m marked boundary
points containing a possibly empty collection of internal discs Dy,..., D, and
a collection of oriented strings. Each disc Dy has m; marked boundary points

k) = Jik) - -J,S’j,l, and each boundary point is the

with orientations given by of
endpoint for some string. A boundary point is called a source if the string is
orientated away from it and a sink if it is oriented towards it. Boundary points
with positive orientation are source vertices and those with negative orientation
are sinks. Strings may not intersect the discs at points other than the marked
boundary points but they are allowed to meet at incoming and outgoing trivlalent
vertices and closed loops are also allowed. The tangle is equipped with a colouring
such that each region has colour 0, 1 or 2 and when crossing a downwards oriented
string from left to right the colour increases by 1 mod 3.

The boundary of each disc Dy between the last and first marked points is
marked with a *;, , where b, € {1,2,3} is the colour of the region it is adjacent
to. For tangles with no marked boundary points, there are three types, depending
on the colour of the region adjacent to the outer disc.

Similarly to the tangles defined in Section 2.5, tangles can be composed if the
pattern of the outer disc of some tangle S is the same as the pattern of some

inner disc D; of a tangle T (i.e. the two discs have the same number of strings

and all orientations and colourings are compatible). Then T o; S is formed by
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Figure 2.10: A ++++- Tangle

./
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Figure 2.11: Kuperberg Relations

gluing S inside D; of T', then removing the outer disc of S and smoothing all the
strings.

Let P, (L) be the free vector space generated by coloured o tangles, with inner
discs labelled by elements of L, quotiented by the Kuperberg relations defined in
Figure 2.11, where J, o are related by o = 62 — 1.

A partial braiding may be defined on local parts of tangles by Figure 2.12, with

q € C such that 2], = ¢ and [3], = a. The quantum number [n], is [n], = q;:qq__ln

forn € Z and q € C.
The As-planar operad P is P =P(L) = U, P,(L).
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Figure 2.12: Braiding

With composition as defined above this has the structure of a coloured operad.

Definition 2.6.1. A general Ay-planar algebra is a family of vector spaces P =
{PZ%, o any sign string,a € {0, 1,2}} such that every o-tangle T has an associated
mulitlinear map Zr : ®1§m§nng — P? The maps Zr are called presenting
maps and they are required to be compatible with composition of tangles and
relabelling of inner discs in a similar manner to the planar algebras defined in the

previous section.

In other words a general As-planar algebra is an algebra over the As-planar
operad P. In a general As-planar algebra, given two tangles a and b in Py, we
can define a multiplication and trace analagously to Section 2.5, i.e. the product

a.b € P,,+ is the oo™ tangle formed by stacking a on top of b.

Definition 2.6.2. A general As-planar algebra is spherical if the presenting map

is invariant under isotopies of the 2-sphere for any (-tangle.

For a tangle a € P, we may define normalised traces Trp(a) and Trg(a) as
the tangles formed by joining corresponding points along the top and bottom of a
to the left of a for Try, and to the right of a for Trg and then dividing by 6~1°I. If

P is spherical then these two traces are the same and we write T'r := Tr; = Trpg.
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Each general As-planar algebra contains a copy of the As-Temperley-Lieb algebra
which is just the planar algebra with labelling set L = ().

For a o-tangle T, there is an involution given by reflecting 7" in a horizontal
line through its centre and reversing the orientations of all strings. The resulting
tangle is denoted by T*. We say that P is a general As-planar *-algebra if
(Zr(x))* = Zp«(x*) for all tangles T and = € P.

Definition 2.6.3. A spherical general As-planar algebra is said to be non-
degenerate if the trace defines a non degenerate bilinear form on P,,« for all

g.

Definition 2.6.4. An As-planar algebra P is a spherical, non-degenerate gen-
eral Ap-planar *-algebra which satisfies the following requirements: dim(FPyg) =
dim(Fy;) = dim(Fp2) = 1 and removal of a closed loop causes the presenting

map to be multiplied by ¢ for some ¢ > 0.

For a non-degenerate As-planar algebra we may define an inner product by
(a,b) = Tr(a*b). It can be shown that a non-degenerate spherical Ap-planar
algebra P has a unique C*-norm, and we call such a P an As-planar C*-algebra.

An As-planar algebra is called flat if strings may be passed over discs. That
is, given any tangle T and any internal disc Dy, let 7" be the liner combination of
tangles obtained by pulling i strings of T" over the disc Dj. If the planar algebra
is flat we require that Zy = Zp/, where if 7" = > ¢;T; we define Zp» = > ¢; Zr,.

2.7 As-Planar Algebras for Subfactors

In this section we recall the constructions from [20], [23] of subfactors and planar
algebras associated to the the SU(3) ADE graphs shown in Figure 2.13, a more
complete list may be found for example in [16] or [22]. The A™ graphs are the
Weyl alcove of SU(3) at level k. The D™ are obtained as Zs orbifold of AM.
We also have the exceptional graphs £ and the A™* and D"™* graphs which are
conjugations of the A™ and D™ graphs. Alternatively we can describe A
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Figure 2.13: ADE graphs
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as the graphs associated to diagonal modular invariants. The graphs D™ are
orbifold modular invariants. The A™* and D"™* graphs are associated to the
conjugate of the A™, D™ modular invariants. Finally the graphs £® £®)
g2

S i=1,...,0and & (24) are the graphs associated to exceptional invariants.

For A AM* D0 DM* £0) we call n the Coxeter number.

For each graph G, let {u(v)}, be its Perron Frobenius eigenvector with eigen-
value [3],, ¢ = €™ where n is the Coxeter number of G. Denote by * the
vertex with lowest Perron Frobenius weight, and normalise the eigenvector so
that u(x) = 1.

Let G be any finite subgroup of SU(3). We may associate to G a graph Gg
called its McKay quiver. Let L be the fundamental representation of G. The
vertices of the graph are the set of irreducible representations {L;} of G and the
number of edges from vertex L; to L, is the dimension of Homg(L;, L; ® L).

A type I frame in a graph G is a pair of edges e;, es with s(e;) = s(es)
and r(e;) = r(ez). A type II frame is 4 edges eq,...,e4 with s(e;) = s(eq),
s(ez) = s(es), r(e1) = r(eg) and r(e3) = r(ey).

Given a graph G which is either an ADE graph (but not 84512)) or Gg for
some subgroup G C SU(3) we can associate a complex number WA, 5., to each

oriented triangle in the graph edges «, 3,7 as follows.

Definition 2.7.1. A cell system on G is a map that associates a complex number

W A, g to each oriented triangle in G such that the W satisfy the following rules.
e For any type I frame
Y Whap Whas, = [2lgu(s(@)) ulr(a)da
e =
e For any type II frame

Z M(k)ilI/VAazﬂl,% WAOéaﬂmﬁsWA&4,53,54WAQ1,54751 =

k,B1,82,63,84
r(B1)=s(B2)=r(B3)=s(B4)=k

p(s(an))p(s(ae)) p(s(a))day s 0as,05 T0(s(1)) p(s(2) ) 1(5(03)) Oy 0z Oaas s
(2.3)
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In [22] the cells were shown to exist and calculated for the SU(3) ADE graphs,

apart from the graphs 53212) and 5&12).

Let G be any finite SU(3) ADE graph with vertices V' and distinguished vertex

x € V. Let {u(v) : v € V'} be the Perron Frobenius eigenvector with eigenvalue

[3];- We construct the double sequence of finite dimensional string algebras in a

similar manner to the construction in Section 2.4.

Bop C Box C Bpa C -+ — By
N N N N
By C By C Bip C -+ — DBix
N N N N
Byy C Byy C DBsa C -+ — DBy
N N N N

Here the horizontal inclusions are given by the full graph G. If G is not three

colourable, the vertical inclusions are given by all of G but if it is three colourable

the inclusion B; ; C B;11 is given by the j—j + 1 part of G. We identify By = C

with the starred vertex of G.
For the square
B,; C Bijn
N N
Bit1; C Bijij4+1
if 7 is even we define a connection on the graph G by
i 25
X = P3l lﬂz = q2/35m703502,p4 —q ' Uy

k s 1

and

_ —1 -
U =" pu(s(p1) " (r(p2) T W AN s WD e
A
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If 7 is odd we define the connection on G by

L [useeatrie)
nlo e \/ u(slpoutripn)) "L e 20)

Thus we may transform a path from B, ; — B;11; — Bjy1,41 to a path of the
form Bi,j - Bi,j+1 - Bz’+1,j+1-

Denote by B, o, the GNS completion of Un21 B, , with respect to the Markov
trace defined for (¢,() € B, ; by

tr(£,¢) = e8] u(r(9)).

It is known [20] that for G = A™ D™ the algebra B~ is a II; factor and
the double sequence satisfies B(l),oo N B = B for all .

Define operators U_j, € B; ; by

U= Z UPPPHE - prop2-&a-C&ps-pa-&-() 0<k<j—2
l€11=—2—Klp;| =1
leal=i.IC|=k
U_jr1 = Z UPPH - p1-p2-C & p3pa- ()

[€11=5—1lp;|=1
¢l=

where the sum is over all horizontal paths &; and vertical paths (.

In order to relate As-planar algebras and subfactors, we restrict our attention
to a certain subcollection of tangles, called (7, j) tangles where i,j € N. An (3, j)
tangle T' is a planar ¢ tangle such that the first j boundary points are required
to be sources, the following 2¢ alternate between sources and sinks and the final
j are all sinks. The (j + 1)-th marked point is a source for a + tangle and a sink
for a — tangle. For a o of this form, we denote P, by P, ;.

We now define an As-planar algebra whose vector spaces P; ; ~ B, ; and whose
presenting map is defined as follows. First we isotope T  into standard form. That
is, we draw 7" in such a way that it can be divided into horizontal strips so that
each strip contains at most one of a cup, a cap, and incoming or outgoing Y

fork, an inverted incoming or outgoing Y fork or a labelled rectangle. For each
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a Qi1 Qi1 ay,

_/

Figure 2.14: Labelling for the strip U’

horizontal strip, label the sequence of vertices along the top and bottom edges by
all possible paths in the graph G starting at * and such that downward oriented
strings are labelled by edges in G and upwards oriented strings are labelled by
edges in Q~ , the graph G with all orientations reversed.

For a strip U’ containing a cup joining the i-th and (i +1)-th vertices as shown
in Figure 2.14 the vertices along the top and bottom edge are labelled by paths
in G, in order for the labelling to be consistent we must have «o; = 3; for all ¢ and

a;+1 = ;. Thus the contribution to the presenting map for each pair of paths is

z(uy=%" —\Méai,am(al O, L it Qiga e Q)
SN/IE)
where the sum is over all possible paths o := aq - - - ay,
For a cap joining the i-th and (i + 1)-th vertices along the bottom of the
rectangle the contribution to the presenting map is Z(N') = Z(U")*.
For a strip Y* containing an outgoing Y-fork joining the i-th and (i + 1)-th
vertices on the top to the i-th vertex on the bottom, label the vertices as in

Figure 2.15. Then we must have a; = §; for 1 < 57 < i —1 and «a; = B;4, for

1+ 2 < j <n. Thus the contribution to the presenting map is

; 1
200 = e
where once again we sum over all possible paths a and 3, the edge &; is a; with
the orientation reversed and W is the complex number defined by the cell system
on the graph.

Similarly for a strip Y containing an incoming inverted Y-fork joining the

i-th vertex on the top to the i-th and (i + 1)-th vertex on the bottom, we label
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Qi1 oy @iy an,

231
51 Bi-1 3, Bina

Figure 2.15: Labelling for the strip Y°

Pn—1

Qi1 Qg

Bi-1 ; Bia

Figure 2.16: Labelling for the strip Y

ay Qp
B1 Bt

as in Figure 2.16 and the presenting map is

‘ 1
Z(AN') = W(A Giag.a; )\ Oy O 2w - Q1 D047 - Ol ).
W= Ty G e

For inverted Y-forks A’ and inverted outgoing Y-forks X’ we have that Z(A?) =
Z(¥H)* and Z(X'") = Z(Y")*.

For a strip x containing a rectangle with label (&, %), if there are no through
strings to the left or right of the rectangle the presenting map is just Z(z) = (&, *).
If there are n through strings to the right, the presenting map Z(z) = >,,_,, (¢
a, «). If there are m through strings to the right, we start by adding m through
strings to the right as above and then use the connection to transform to a path
of the form Z(z) = 37, _,, ¢ cec(a - ¢, a) where the constants c¢¢ come from the
connection. Then if there are n through strings to the left and m to the right the
presenting map is

Zx)= Y cecla-¢-Ba-p)

|laf=n,|B|=m

where the sum is over all possible paths « of length n and (8 of length m. If the
rectangle is labelled by a linear combination of paths Y A;(&;, %) then just extend
the definition linearly.
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Finally suppose T is a tangle in standard form which is divided into n hor-
izontal strips tq,...,t, where ¢; is the top strip, ¢y is the next one underneath
and so on. Then the presenting map Zr is the product Z(t1)... Z(t,) where the

presenting maps of the individual strips are as defined above.

Theorem 2.7.2 (Theorem 6.4, [23]). Let G be an ADE graph with x chosen as the
vertex with lowest Perron Frobenius weight and suppose G has a flat connection.
The above definition of Zp for an As-tangle makes the double sequence B; ; into

a flat As-planar C*-algebra with parameter «, the Perron-Frobenius eigenvalue of

G, and dimP, = dimpéf)l’l) _ dimPég’Q) -

In the above theorem we use the notation PZ(T") =Z (73@»(31’")), where 731»(31’”) is
the subspace of P; ; spanned by discs where the first n strings are through strings
and strings n + 7 + 1 to n + 7 + m are strings which pass over any strings they
cross and are such that there are no discs between them and the right edge of the

tangle.

Definition 2.7.3. An As-planar algebra is called the As-planar algebra for the
subfactor N C M if Pooo = N, Ploo =M |, Pioo = M;_y and Py N P oo = Pip
and Zr satisfies the following conditions.

(1)  Z(W_) =U_y, k>0,

()  Z(f)) = aey, [ >1,

@i 2B B @) Z( =)= aBu (@)

)=2Z()) Z() =2z(])

where a = [3], for ¢ such that [M : N] = [2],.

(i) Z(
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2.8 Type III Factors and Sectors

Let M and N be type I1I factors and let Mor(M, N) be the collection of unital
normal endomorphisms M — N. If M = N we write End(M) := Mor(M, M).
Suppose N C M is a subfactor with N and M isomorphic, then there exists
p € End(M) with p(M) = N ([60], Section 2.8). Suppose there exists a faithful
normal conditional expectation £ : M — N then Kosaki describes in [52] a
canonical construction of an operator valued weight E~1 : M’ — N’. If 1 is in
the domain of E~! then we put ind(F) = E~!(1), otherwise we put ind(E) = oo.
It is shown in Theorem 1 of [31] that if the index is finite then there exists
a unique conditional expectation with ind(Ey) = infind(E) where the infimum
is taken over all faithful normal conditional expectations from M to N. If the
subfactor is irreducible, that is, if N’ N M = C then the conditional expectation
is unique. If not, let p; be the minimal projections of N’ N M. Then there are
unique conditional expectations E, : M, — N,, and Proposition 5.4 of [58] states
that the minimal expectation Ey : M — N is related to E, by
Ep(my) = (indEj,) Eo(my,)p
for m, € M, . The dimension d(p) of an endomorphism p is defined as d(p) = [M :
p(M)]é, where [M, Ny is the minimal index of N in M. For py, po € Mor(M,N)
let
(p1,p2) =={n € N :npi(z) = po(x)nfor allx € M}

be the intertwiner space. A morphism p € Mor(M, N) is said to be irreducible
if the intertwiner space (p, p) is just C. Define an equivalence relation on endo-
morphisms by p; ~ p if there exists a unitary u such that p; = Ad(u)ps. Denote
by [p] the equivalence class of p in Mor(M,N)/ ~ = Sect(M,N). In the case

N = M we write Sect(M) for Sect(M,M). Sums and products of sectors are
defined as follows. Let

[p1][p2] = [p1p2] [p1] @ [p2] = [v1p1v] + v2pavs]

where the v; € M are isometries satisfying v;v] + vov; = 1. The index satisfies

d(p1p2) = d(p1)d(p2) and if [p] = [p1] @ [pa] then d(p) = d(p1) + d(p2)[54]. The
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canonical endomorphism v for a subfactor p(M) C M is defined as y(z) = I'al™,
where I' = J,nJy and Jyr and Jy are the modular conjugations. Then the
conjugate sector of [p] is the equivalence class of 7 denoted by [p] where pp = .
Let 8 = pp be the dual canonical endomorphism.

Given a finite index subfactor N := p(M) C M it was shown [57] that there

and 77" = e; and rr* = ey, where the e; are the Jones projections for the basic
construction of M; ; C M;, defined for type III factors in Section 3 of [52].
Define r, = p~*(r) and 7, = T.

The downward basic construction for a type I1I subfactor N C M is the tunnel
MDODND~NM)Dy(N)D...
which gives the tower of relative commutants
C=MnMcMNONcCcMnyM) C...
If we define {(x) = JyJyzJyJy then we may construct the Jones tower
NCMC({(N)C¢M)cC...

Note that the subfactor v(M) C N is isomorphic to M C ((N).

As in the case of II; factors, we have the notion of principal and dual principal
graph. These may be defined in terms of endomorphisms and intertwiners [34].
To define the principal graph for p(M) C M first decompose the endomorphisms
1, p, pp, ppp, ppPp, - - - into irreducibles p;. The vertices of the graph are labelled
by the [p;] and an edge joins the two vertices labelled p; and p; if p; appears in
the decomposition of pp; into irreducibles. The dual graph is defined similarly
but this time we decompose the endomorphisms 1, p, pp, ppp, pppp, - --. For the
graphs A, Ds,, Eg and Eg the fusion rules are given in [32].

Let G be the dual principal graph of the inclusion N = p(M) C M. The even
vertices G are labelled by irreducible sectors p, € Sect(M, M) which occur in
the decomposition of [(pp)"] and the odd vertices G are labelled by irreducible
sectors p, € Sect(N, M) which occur in the decomposition of the [(pp)"p]. The
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number of edges between v € G¢" and w € G°¥ is the dimension of (p,, pwp).
Let {T'(£)}¢ be an orthonormal basis of (p,, ppw ), indexed by all paths £ of length
one starting at v and ending at w. For a path & of length n, £ = & ---&, let
T(€) =T(&)...T(&,). If € is the opposite path then let T'(€) = r,T(€). This is
an orthonormal basis for (pu, pup)-

Similarly, let H be the principal graph of the inclusion p(M) C M. Even
vertices H®*" are labelled by irreducible sectors o, € Sect(M, M) which occur
in the decomposition of [(pp)"] and odd vertices H° are labelled by irreducible
sectors 0, € Sect(N, M) which occur in the decomposition of the [(pp)"p]. Again,
we let {T'(n)}, be an orthonormal basis of the intertwiner spaces (o,,0,p) for
paths 7 of length one with s(n) = 2 € H°™ t(n) = y € H®*" and extend this to
paths of arbitrary length. Note that the conjugation map allows us to identify
the odd vertices of G with those of H.

Next we fix an orthonormal basis {S(§)}¢ of the intertwiner spaces (o,/, ppy),
with v/ € G and v € G, and {S(n)} of (0., pp,) With z € H®" and
y € H°%¥. In this way we get bases for the intertwiner spaces (p,, (pp)"p.) and
(po, p(pp)"pw) ete. In order to define bases for spaces such as (p,, (pp)" pwp) We
need to define a connection, since both {5(T'(£)S(v)} and {S(¢)T'(n)} are natural
choices for this basis.

In Section 2.4 of [34] this connection is defined by the rule

pTE)SwW) =Y ¢ |vSOTM). (2.7)
C’T]vy —_—
Yy n T

It was shown that this satisfies the flatness, unitarity and renormalization axioms.

There is a unique (up to equivalence) corespondence between endomorphisms
o and bimodules X, for type III factors. For any endomorphism o the space
X, = Hy, where Hy is the GNS Hilbert space associated to the von Neumann
algebra M with state ¢, is an M-M bimodule where M acts on the left by ordinary

multiplication and on the right by o as shown
x€y = x€o(y) Ee M, x,y € M.
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For type III factors all bimodules arise in this way up to isomorphism and o ~ ¢’
if and only if X, ~ X/, whereas for type II; factors there are bimodules which do
not have this form [21]. Tensor products of bimodules corresponds to composition
of the corresponding endomorphisms, i.e. X, ® Xy >~ X p.

Often it is possible to split an inclusion of type III factors into a type II
subfactor tensored with a type III factor. This has been investigated for example
in [77], [56], [33], of particular use to us is the following theorem which was proved

in [77].

Theorem 2.8.1. Let N C M be a finite index inclusion of type III factors and
suppose there exists a conditional expectation E : M — N. Suppose also the

following conditions hold:
1. N~ N ® R, where R is the hyperfinite type II, factor
2. N C M is approximately inner and centrally free
3. E and its extensions define a trace on the relative commutants N' N My,

4. U'nar 1s strongly amenable

Then N € M ~ <(UkN,; AN) C (UNL O M)) ® M.

The principal graph T'y 5/ is called amenable if |T' v ]2 is equal to the minimal
index. I'y s is called ergodic if the trace on the relative commutants N, N M
defined by E_j .- F is factorial, where Ny is a tunnel and Ej : Ny — Ny is
the conditional expectation. Then I'y s is called strongly amenable if it is both
amenable and ergodic.

Theorem 2.9 of [77] gives the following characterisation of approximate in-
nerness for hyperfinite subfactors, a more general definition may be found in
[77]. Suppose N C M is an inclusion of hyperfinite factors of type III, for some
A € (0,1] then N C M is called approximately inner if either

1. A=1 and FE is the minimal expectation or
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2. A € (0,1) and there exists a common discrete decomposition, that is, there
exists a I, subfactor N C M and a trace scaling automorphism ¢ of M

fixing N with N x4, Z C M x4 Z~ N C M.

We also define central freeness only for hyperfinite subfactors, our definition
is a result of Theorem 3.5 and 4.1 of [77], where a more general definition may
be found. The inclusion N C M of hyperfinite type III factors is called centrally
free if either

L. N is of type IIT) for some A € (0,1), ¢ is a A trace and NN M, >~ NN M,

for all k£ or

2. N and M are type III; and there exists a faithful normal state ¢ on N such
that N' N M, ~ N}, N M, for all k.

The following theorem, which is Theorem 3.12 of [53] describes the basic

construction for type III factors.

Theorem 2.8.2. Let N C M be a type III subfactor with normal conditional
expectation & : M — N. Suppose L is a von Neumann algebra containing M
with normal conditional expectation £ : L — M. If there exists a projection e € L

and a constant A > 0 such that
1. E(e) =\
2. Ne(ze)e = ze for all x € L

3. exe = E(x)e for allz € M

then the subfactor M C L is isomorphic to the basic construction M C My and

this isomorphism takes e to the Jones projection.

Let a be an automorphism of N C M. Then a may be extended to M;
inductively by setting «(ey) = eg, where e, is the Jones projection for M _o C

Mj._1. Then & defined by
(o) := {alarnm, tr
is called the Loi invariant.
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2.9 The Cuntz-Krieger Algebras

Given an N x N (N < oo) matrix A with entries in {0,1} and no zero rows
or columns the Cuntz-Krieger algebra 4 is defined as the universal C*-algebra

generated by n non zero partial isometries S; 1 <7 < N satisfying the relations
Q=) AP, PP=36,
J

where P, = 5,57 and @; = S;S;. The algebra O4 was first defined by Cuntz and
Krieger in [12]. In the case where A is an N x N matrix with N > 2 and all
entries equal to one, Q4 is the Cuntz algebra Oy.

Given a multi index y = (pu, . . ., itn) the operator S, =S, ...S,, is non zero

if and only if A =1forall 1 <i < N. The algebra O, is the completion of

i spi g1
the linear span of operators of the form S,S; for multi indices p, v. Denote by
F 4 the AF algebra which is the inductive limit of the finite dimensional algebras
F} = span{S,P,S};|u| = |v|] = n,1 < i < N}. Each F} may be written as a
direct sum of matrix algebras F! which are the closed linear span of the operators
S,P;S,, |u| = |v| =n, 1 <i < N, and the embedding of F} in F}*! is given by
A, that is, the algebra F! is contained in the algebra Ffl 41 with multiplicity A; ;.

For an N x N matrix A with entries in the positive integers, let ¥ = {(, k, j)|
i,j e {l,....,N}1 <k < A;;} and A'((i1, j1, k1), (32, k2, Jo)) := 0,4 If A’ is
irreducible and not a permutation matrix then O, is the algebra on |X| = m
generators S; subject to the relations S;S; = 3,y A; ;5,57

There is an automorphism group of 04 given by MA(S;) = tS; for t € T. It
can be shown [12] that F, is the fixed point algebra of O, under the action of .

As in [72] we define states on Oy4 as follows.

Given a Cuntz-Krieger algebra O 4 with A an N x N matrix, let w = (w1, ..., wy)
€ RY and o (S;) = e™:S;. Let Q4 = {(a;)%21|44;0:., = 1} be the set of one
sided infinite admissible words.

Let ® be the conditional expectation from O4 onto span{SgS¢ }. It was shown

in [12] that C(Q4) ~ span{S;S;}. Hence we may define a state on O, by first

projecting onto span{SESE } and then integrating with respect to some measure.
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Assume that there exist x; > 0, 1 < ¢ < N and § > 0 such that Zfil T =1
and z; = ), exp[—pBw;]A;;z;. Define a probability measure v on Q4 by its value
on the cylinder sets Q4(&1,...&,) = {(a;) € Qa4 : a; = &,1 < i < n} by
v(Qa(&,... &) = eP¥a .. ePax . Then the state ¢* := v o ® is the unique
KMS state for the modular automorphism group ¢“ at inverse temperature (3
[72].

It has been shown (eg in [72], Theorem 4.2) that the weak completion of O,
with respect to this state gives the AFD type III, factor, with A dependent on
the choice of w. More specifically, given w = (wy,...,wy) then we may define a
word length we on words £ in 24 by we = we, + ... +wy, for & = & ---&,. If for
every two loops ¢ and 7 the ratio we /w, € Q then O4 completes to give the AFD
type III, factor. In this case the closed additive subgroup of R generated by Buwe

is rZ for some r > 0 and A = e~

AFD type III; factor.

. f wefw, ¢ Q for some £, n then we get the

2.10 Free probability

Most of the results in this section may be found for example in [69] or [88].
A noncommutative probability space is a unital algebra A over C with a linear
functional ¢ : A — C such that ¢(1) = 1. The space (A, ¢) is called a C*-
probability space if A is a C*-algebra and ¢ is a state and it is called a W*-
probability space if A is a von Neumann algebra and ¢ is normal. An element
a € A is called a noncommutative random variable and its distribution g, is the
function Cla] — C defined by u.(p) = ¢(p(a)) for any polynomial p € Cla]. If
(A;)ier are disjoint subalgebras of A then A; are said to be free if ¢(ay ---a,) =0
whenever a; € A;,, i; # i1 for all j and ¢(a;) = 0 for all j. If (A;,¢;) i € [ is
a family of noncommutative probability spaces let A := x;c;A; be the algebraic
free product, then by 1.4.1 of [88] there exists a unique linear map ¢ on A such
that ¢|4, = ¢; and the A; are free with respect to ¢.

Suppose (H;,€Y;), i € I, is a collection of Hilbert spaces H; with distinguished
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unit vector €2;. The free product (H, Q) = *,c;(H;, ;) is the Hilbert space
H=cooP( P H,®---@H)
nEN i1 #io# ... Fin
where H? = H,; © ().

In order to define the free product of W*-probability spaces, suppose (A;, ¢;)
are von Neumann algebras and 7; : A; — B(H;) is a representation of A; on the
Hilbert space H; for all i. Let H = xH; and let

Hi)=CcQoP P H,e--oH).
neN i1izs . in
Then the free product A = %A; is the von Neumann algebra (UA(A4;))” where A,
is represented on H by A;(a) = Vi(m;(a) ® 1u@))Vy*. Here V; : H; ® H(i) — H is
defined by
Q,®0—Q

H° ®Q — HP
GRH © - ®H, - H. ®---@ H

HQH ® -®H, - HQH, ® - HY.

2.10.1 Free Group Factors

Let G be a group. Then the left regular representation of G' on ¢?(G) is defined
by (A&)(h) =&(g71h) for € € £3(GQ), g,h € G. The group von Neumann algebra
L(G) is defined as the von Neumann algebra generated by the A, with trace given
by tr(A\y) = 64 where e is the unit of G. It is well known that in the case that G
is an infinite conjugacy class (ICC) group, i.e. a group where the conjugacy class
of every non identity element is infinite, L(G) is a factor, a proof may be found
for example in [86], Proposition 7.9. In particular the free group factors L(IF,,) are
I1; factors. The problem of whether L(F,,) is isomorphic to L(F,,) for m # n was
one of the motivations for the beginning of the study of free probability, however
this problem still remains open. It is a well known result that L(F,) = *_, L(Z),
this follows from the fact F, = % ,Z and L(G * H) = L(G) x L(H). The
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interpolated free group factors L(F,) for 1 < r < oo were defined by Dykema
[18] and Radulescu [80]. If » € N, with n > 2 then the interpolated free group
factor L(F,) is a free group factor. The interpolated free group factors satisfy
(L(F,))s ~ L(Fip(—1y;) for all 0 <t < oo and 1 < r < oo. For a II; factor M
with trace tr we use the notation M; := pMp where p is a projection in M with
tr(p) = t, it was shown in [68] that M, is well defined, that is pMp ~ qMgq if p

and ¢ are projections, both of trace t.

2.10.2 Free cumulants

Before we define the free cumulants we must introduce non-crossing partitions.
Let n € N be fixed. Then © = {Uy,...,U,} is a partition of {1,...,n} if the
U; are disjoint subsets of {1,...,n} and their union is {1,...,n}. We call the U;
the blocks of w. The partition « is called a non-crossing partition if whenever
ay,az € U; and by, by € U; with @ # j the situation 1 < a; < by < ag < by < n does
not occur. The collection of all non-crossing partitions is denoted by NC(n). The
number of non-crossing partitions of a set with n elements is C,, = 1/(n + 1) (*")
the n'™ Catalan number. There is a natural partial order on NC(n), for m,
o € NC(n) we say m < o if each block of 7 is contained in some block of o.
We write 0,,, 1,, for the smallest and largest element of NC(n) respectively. For
any two non-crossing partitions my, 79 € NC(n) the join mp V 7y is the smallest
o € NC(n) with m; < 0 and m < o. The partition = is called a non-crossing
pair partition if each block has exactly two elements. The collection of non-
crossing pair partitions of n elements is denoted NCy(n), where obviously here
we must have n even. There are C,, elements of NC5(2n) and hence there is a
bijection between NC'(n) and NC5(2n). The Kreweras complement of a partition
7 € NC(n) is the largest non-crossing partition o of the set {1,...,m} such that
7 U o is a non-crossing partition of the set {1,1,...,n,7}.

Let (A, ¢) be a non commutative probability space. Then we may define

functions ¢,, : x"A — C by ¢y, (ai,...,a,) = ¢(ay---a,). For any 7 € NC(n) we
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can define the extensions ¢, of the ¢, by

¢n(a17"-;an) 1f7T:1n
On(ar, ..., a,) =

o1, ..y, O(Ais1 - Qigj)Qigjss - - Qp) if m=0Uljpi4
The free cumulants k,, are defined by kr(a1,...,a,) = >, ¢o(ar, ..., a,)pu(o, )
where 1 is the Mébius function defined recursively by p(m, m) = 1,
plo,m) = =3 crepi(o, ) for o <.
It was proved (e.g Theorem 4.2.1 [69]) that, given a non commutative proba-
bility space (A, ¢) with subalgebras A; for i € I, the algebras A; are free if and
only if the cumulants x,(a1,...,a,) are zero unless all the a; are in the same

subalgebra A;.

2.10.3 Amalgamated Free Products

Given a collection of free probability spaces (A;, ¢;) for i = 1,...,n with a com-
mon subalgebra B such that ¢;|p = ¢;|p for all 4,5 and conditional expectation
maps ¢; : A; — B. Let A = xgA; be the algebraic amalgamated free prod-
uct. Then the map 1 : A — B is the amalgamated free product of the 1); if it
satisfies ¢[4, = ¢; and ¥(a1...am) = 0 for ar € Ay with ¥y (ar) = 0 and
i(k) #i(k+1) for 1 <k < m. In the case of amalgamated free products we have
B valued cumulants, defined by the formula

fn(ar, . an) = Y al(a,. . an)p(T, 1),

TeENC(n)

An alternative definition was given by Speicher in [83]. If an algebra A is the
algebraic free product with amalgamation over B of subalgebras A; then ¢ is
the free product state if and only if its B valued cumulants k, (a4, ..., a,) are all
zero for all n and whenever there exists j, k such that a; € A;;), ar € Ay and
i(g) # i(k).

Often it is useful to think of the free product A; xg A, with amalgamation
over B as the algebra generated by B + A(AS, A5) where AS denotes the kernel
of the conditional expectation ¢; and A(C, D) means the collection of alternating

products of elements of C' and D.
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2.11 Crossed product of a (*-algebra by an en-
domorphism

Let A be a unital C*-algebra and ® be an endomorphism of A. A covariant
representation of (A, ®) is a pair (7, .S) where 7 is a non degenerate representation
of A on some Hilbert space H and S is an isometry with 7(®(x)) = Sm(x)S* for
all x € A. Then the crossed product of A by ® is a triple (B,i4,t) consisting of
a unital C*-algebra B, a unital homomorphism i4 : A — B and an isometry ¢ in

B such that
e is(P(a)) =tis(a)t*

e for every covariant representation (7, S) of (A, a) on a Hilbert space H there

exists a unital representation o of B on H with 0 oi4 =7 and o(t) = S
e ¢t and i4(A) generate B.

Given such a pair (A, ®) denote by A, the inductive limit of A 2A2A...
It was shown in Proposition 2.2 of [84] that the crossed product defined above
exists if and only if A, # 0 and in this case it is unique and we usually write

A x¢ N for the crossed product B.

2.12 Bicategories

The theory of bicategories was first introduced in [3], all the material in this

section may be found in [55] or [14].
Definition 2.12.1. A bicategory B is
e a collection of objects By called 0-cells.

e for cach a,b € By there is a category B(a,b) whose objects a € ob(B(a,b))
are called 1-cells of B, denoted a — b, and whose morphisms f € Mor(B(a, b))
are called 2-cells of B, denoted « EN 0.
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e for each a, b, c € By there is a functor ® : B(a,b) x B(c,a) — B(c,b)

e for each triple @ € B(a,b), 5 € B(c,a), v € B(d,c) of 1 cells there is an
isomorphism f, 5, : (@ ® ) ® v — a ® (8 ® 7) such that the following

diagram commutes

Ja,84®1s Ja,87,6

(a@p)®v)®6 (a®(B®7)®0 a® () ®0)
fa®[3m5l lla@fﬁmé
(a®B)® (y®9) a® (B&(y®9))

fa,8y®6

for all « € B(a,b), 6 € B(c,a), v € B(d,c) and § € B(e,d)
e for each a € By there is an identity morphism a la g

e for each 1 cell a = b there exist isomorphisms 1, ® « 24 o and « ®1, 2

in Mor(B(a,b)) such that the following diagram commutes

Qo 1,8

(a®1,)® 6 a® (1, ® )
Pm Aﬁ
a® f

for o € ob(B(a,b)), 5 € ob(B(c,a)).

A 2-category is a strict bicategory, that is, a bicategory where the associativity
and unit constraints are just the identity.

Let B, B’ be two bicategories. A weak morphism (F,¢) from B to B’ consists
of

1. a function F': By — Bj
2. functors Fy, : B(a,b) — B'(F(a), F(b))

3. natural isomorphism ¢ such that for all a, b, ¢ € By we have ¢®¢ : @' o (F*®
F®) — F*o®

4. for all a € By there is an invertible ¢, € MorB(a,a) 1rq) i F(1,)
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Suppose (F,¢) and (G, 1) are morphisms between bicategories B, 5’. Then
a weak transfomation between F and G is a 1-cell o, € 0bB'(F(a),G(a)) for all

a € By a natural transformation ¢®’ : g, ® F** — G% ® o, satisfying

/

Poq

Ogq ®/ ]-F(a) Oa Y 1G(a) & 04
tousfo| lmloa
0, ® F(1,) - G(l,) ® o,
Uf®/1F(a) 1G(a)®lag

o.® F(a)® F(B) G(a) ® 0, @ F(B) G(a) @' G(B) ® o,
1®¢a,gi lwa,ﬂ@naa
0. Q@ F(a® f) Gla® f)® g,

Ta®p

for all « € 0bB(b,c), f € B(a,b) a,b,c € By.

Definition 2.12.2. A one cell ¢ = b in a bicategory B is said to have a right
o . e
dual a7 if there exists a one cell b = @ such that there exist 2-cells o @ o =5 1,

and 1, 3 a ® o satisfying
(la®eq)o(ca®1,) =1,

and

(o @ 1o#) 0 (1ys ®@cy) = 1oz

A bicategory is said to be rigid if every 1 cell has a right dual.
The composition # o # defines a functor ## from B to B.
A bicategory is said to be pivotal if it is right rigid and there exists a weak

trasformation a : idg — ## with a. = 1, for all € € By
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Chapter 3

Planar Algebra for Type III

subfactors

In this chapter we explain how to define a planar algebra for a type III subfactor.
The main idea we use is from [34], where it was show that starting from a subfactor
p(M) C M one can construct a C*-algebra O,; = U, ((pp)", (pp)™) which is
isomorphic to the Cuntz Krieger algebra Oaa: where A is the adjacency matrix
for the principal graph.

Using the characterisation of the principal graph in terms of intertwiners de-
scribed in Section 2.8 it was shown in [34] that O,; is characterised by the two

conditions

e O is generated by U, -q((pp)", (pp)") and 7, and

® FpT(er)T*(f—)T; = ﬁ Zn,g,\n|:\g|:1 \/M(T(n))ﬂ(r(o)T(n’ﬁ'§+)T*(C‘§'f—)

for T and r,, 7, as defined in Section 2.8.

In Section 3.3 we show that using a string algebra construction similar to
Section 2.4 we can define hyperfinite type III, subfactors and characterise their
relative commutants in terms of paths in the graph.

Next, in Section 3.4 we give the general definition for a type I1I planar algebra
and we prove that the algebra O,; has the structure of a type III subfactor planar
algebra.
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We then extend the definition slightly, to define the planar algebra of subfac-
tors which are not necessarily extremal, using a method similar to [15].

We conclude the chapter by introducing type III planar modules, this is a tool
that has proved very useful in the type II theory.

We now begin by defining some simple extensions of two planar algebras to

the type III setting, first the Temperley-Lieb algebra and next a matrix example.

3.1 Type III Temperley-Lieb Planar Algebra

A planar diagram is a rectangle in the plane with a collection of marked points
along the top and bottom edges. The interior of the diagram contains a collection
of non intersecting strings. Each marked point is the endpoint of exactly one
string. All strings either form closed loops or have exactly two endpoints, each
occuring at a marked point. Planar diagrams are defined up to planar isotopies
which leave the boundary fixed. Often when drawing tangles we will denote n
parallel strands by a thick strand with the number n adjacent to it. We may
equip diagrams with a checkerboard shading. We call a diagram a + diagram if
the region adjacent to the first marked point is unshaded and a — diagram if it
is shaded.

Let T}, denote the collection of all planar + diagrams with n points along
the bottom and m points along the top where n 4+ m is even.

A diagram x € T}y may be embedded in Tgfkk . by adding k vertical through
strings on the right and thus we have an embedding of T}, in Tﬁ*,;’fi for any
k > 0. The product zy of a diagram z € T, with y € T;7%_ is defined as
follows. If ny < mg then embed z in T, n’f;i”?_”l, then stack x on top of y, aligning
corresponding marked points. Then remove the marked points and if necessary
smooth the strings. The product zy is therefore an element of T:gli mamm It
ny > my then we embed y in T3, _,,, + and proceed similarly. It is easy to see
that this multiplication is associative. Figure 3.1 shows the product of x € Tgi +

with y € T3, .
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TY = o)y =

Figure 3.1: Multiplication of planar diagrams

For z € T}, define z* € T}, . to be the diagram obtained by reflecting x

in a horizontal line through its centre. Note that this satisfies ™ = z and

* a3k

(zy)" = y*z”.

Let 6 > 1. For each n,m let 7, be the linear span over C of T)",. Let I},
be the ideal in 7,7, generated by the relation ‘closed loop=4" (i.e any diagram
x containing a closed loop is equivalent to dz’ where 2’ is just x with the loop
removed). Then let V] be the quotient of 7", by I".. Note that Vg, ~ C,
since the only elements of V{ are scalar multiples of the empty diagram. The
dimension of V" is the Catalan number Cy = NLH(%]VV) where N = Z(n +m),
since the dimension of V", is the number of non crossing pair partitions on 2N
elements. Hence V)", is finite dimensional for all n, m.

The space V", can be naturally embedded in the space V;Zfl}i using the linear
extension of the embedding of 7", in T, ;;ffi Using this embedding we take the
algebraic inductive limit @V;fk =: Vi 4. Let O%L = ®rez Vi +, s0 elements
of OF; are finite direct sums of elements of the V4. Then we may equip OF;

with the multiplication given by the bilinear extension of the multiplication and

the *-operation given by the conjugate linear extension of the *-operation defined
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Figure 3.2: Map from OF; to O,

above. It is easily seen by drawing the diagrams that the multiplication and *-
operations are compatible with the identification of z € V}ka with 2’ € Vsi]%,ki]v .
Under these operations OF; is an associative unital *-algebra. For each n let F;
be the subalgebra of O%L spanned by diagrams with n marked points along the
top and bottom edge. Using the map shown in Figure 3.2, where z is any Orp,

tangle, it is easy to see that OF;, ~ Or,. Thus we usually just work with OF,

and write Ory, instead of O, .

Let a = Iné. For any n,m € N and any diagram € T, define o;(z) := e®(m—tg,

and extend linearly to all V}". The action o; is compatible with the embedding of
T in Tﬁzk and so 0; can be extended to V. Since for x € T, y € T2 we have
oi(zy) = ediltmtme—mi—n2)tyy — o, (1)04(y), 0, is multiplicative on all of Orp. Also
(0¢(x))* = oy(z*) and so o, is a *-automorphism. Let S(x) = a/27 fo%w o(x)dt
for x € Orr. Note that the map t — o,(z) is continuous and so the integral is
well defined. The operator S is positive since the integral is the limit of Riemann
sums of the form """ oy, (x)(tiy1 — t;) which are obviously positive. Since S
satisfies S? = S, S is a projection from Ory, onto T'L := U, F7, .

Let tr,, be the usual trace on F7; , that is tr is the trace on the Temperley-Lieb
algebra defined in Section 2.5, defined on elements of V" by joining corresponding
points along the top and bottom of the diagram and let T'r be the normalised
trace, defined by Tr(z) = 0 "tr,(z) for x € V.*. The trace Tr may be extended
linearly to F7;, noting that it is zero on the ideal I since it is zero on the

generator by definition. Note that T'r is scalar valued, since the only elements of
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Figure 3.3: Braiding

F?, are scalar multiples of the empty diagram.

When § < 2, let Z be the ideal in F}}; generated by x € F; with Tr(z*x) =0
and let Fp, = F}, /2" and let Orp, be the quotient of Ory, by traceless vectors.
When § > 2, T'r is positive definite and we put F7; = Fp; and Orp, = Oryp.
Then F7; is just the ordinary Temperley-Lieb algebra on n generators defined in
2.5.

We define a state on the algebra Oy by ¢ := Tr o S. The state ¢ is positive
since it is the composition of two positive operators, S and T'r.

We define an inner product on Ory by (z,y) = ¢(y*x) and let Hyp be the
Hilbert space completion. Let A : O, — Orp be the action of Ory, on itself
by left multiplication. We wish to show that A is bounded and hence may be
extended uniquely to an element of B(Hzr). Let U € Vi be the diagram with
two marked points along the top joined by a single string.

Using the crossing defined in Figure 3.3, with ¢ + ¢~ = J, we may define a

braiding on Ory in the same way as in Section 2.5.

Lemma 3.1.1. The planar algebra Oy, is generated as a *-algebra by the type I1
Temperley-Lieb algebra and the element U € T2. Fvery element x € Oy, may be

written as a finite sum
T = Z Uz, + zo + Z(U*)”x,n (3.1)
for some x; in the type II Temperley-Lieb planar algebra

Proof. This is clear since if we have any diagram in 7" with m = n+ 2k for some

k > 0 then there must be at least k cups along the top. At least one of these
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Figure 3.4: Writing tangles in Oy, as products of U and TL tangles

joins two adjacent vertices. This may be moved to one side using the braiding
as in Figure 3.4. This shows that a tangle in x € T""? can be written as a
product of a linear combination of Temperley-Lieb tangles, a copy of U and a

n+2(k—1)

tangle in T, . The procedure can be repeated k times and thus we get a

product of a linear combinationn of T”j_';,f tangles with some copies of U and a
Tr tangle. Thus there exists # € T/} with = FUF and so every tangle in
Orr may be written in the form 3.1. Since we know from Section 2.5 that the
ordinary Temperley-Lieb algebra is generated by Jones projections we have that

Ory is generated by Jones projections and U. O]

Proposition 3.1.2. Let a € Opp, and let \, denote the action of a on Ory, by left
multiplication. Then A\, is bounded and may be extended uniquely to an element

Of B(HTL) and so Oy, C B(HTL)

Proof. Since, by Lemma 3.1.1, O is generated by T'L diagrams and U, all that
needs to be proved is that left multiplication by U or by a € T'L are bounded.
First let a € T'L and suppose a has k strings along its top and bottom edge. Let
xr =Y ¢;x; where the z; € T are diagrams in Orp and ¢; € C. It is easy to
see that (az;, ax;) is zero unless n; — m; = nj —m; and so we just need to prove
that there exists C' > 0 such that ||az| < C||z|| for z = > ¢;z; where all the
x; € TN, Here we are using || - || for the inner product norm on Hyy. We may
suppose that x; € To/ ™ for some M with M + N > k. Then
llaz||* =(az, ax) = Z(Ciaxi, cjax;)
i,J

—Z cia'x), ciaxl) = ||a'z'|?
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M+ N k .y
N+ M —
a/ — a
M+ N k
M+ N M+ N
N
/ 5T
. p— 4 i
x’l, x?,
N

Figure 3.5: The tangles a’ and 2’

where d’ is the image of a in T]{\fjf\}f , o is the T]\]\fifv\[ tangle shown in Figure 3.5
and 2’ = > ¢;x}. Since a’ and 2’ are both elements of the Temperley-Lieb algebra
and the inner products on T'L and Oy, agree on T'L, we may use boundedness
of the multiplication there to get ||a'2’|| < ||d||opl|2’|| Where || - ||, is the operator
norm. Thus, since ||2/|| = ||z|| we have |lax| < ||d||op||z] as required.

Next we wish to show that there exists C' > 0 such that (Uz,Uz) < C||z|?
for all x € Opp. To show this, let x = Y ¢;x; where the z; € V% are diagrams

in OTL and C; € C. Then
(Uz,Uz) = Z ¢ic; (U, Uy)
2%
— Z 5ni_mi’nj_mj5—(pi,j+2)cic;ft7‘pi’j+2(Uxix;u*)
i,

= Z 5ni—mi,nj—mj 67(pi’j+1)cic;trpi,j (.%zl’;) = 5”‘T||2

where p; ; = n; if m; > n; and p;; = m; if m; < n;. It is easy to see that the map
a — A, is multiplicitive since Ay, = A\ Ay and the map is injective since, for any

a# 0, (Aa(1),A:(1)) = (a,a) > 0 and so A, is zero if and only if a is zero. O
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= mTme(yr)

Figure 3.6: KMS condition

Thus we can define a C*-algebra O, by taking the norm completion of Oy,
in B(Hrr) and a von Neumann algebra My by taking the weak completion.
Let Q € Hypp be the image of 1 € Ory in Hpp and define a state ¢ on B(Hrp)
by ¥(z) = (x2,Q). Then 1 is a faithful normal state on B(Hrz) which agrees
with ¢ on the image of Ory. Denote by ¢ the restriction of ) to M.

Proposition 3.1.3. The state ¢ is the unique KMS state on My, for o, and

the inverse temperature (3 is also unique and equal to 1.

Proof. To show ¢ is a KMS state at inverse temperature § = 1 we calculate for
example @(zy) for x € T;™, y € 1772, Then ¢(zy) = 0 unless m; —ny = ng —my.
Suppose that with m; < ng and ny; < mo. In this case we see as in Figure 3.6 that
o(xy) = Trp,(zy) = ™2 Ty, (yr) = ™ ™e(yr) = p(yoi(z)). The other
t

cases may be proved similarly. The element x is entire since oy (z) = e*(m1—m1)

is an analytic continuation of o;. Hence ¢ is a KMS state for oy.
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Uniqueness can be proved in a similar way to Example 5.3.27 of [7]. Let v
be any KMS state for o, at temperature 3. Since 1 (o,(z)) = e m=™q)(z) for
x € T7" and by properties of the KMS state ¢ is o, invariant, we must have that
Y(z) = 0 for all = € T™ with n # m. Hence ® is the trace on T'L, since it is
contained in the fixed point algebra OF;, and zero everywhere else. Since the
trace on T'L is unique, we must have ¢» = ¢. To prove uniqueness of 3 let x € T}
and y € T"2. By the KMS condition p(zy) = ¢(yois(z)) = e *Pm=mp(yz).
Both sides of this equation are zero unless m; — n; = ny — msy, so suppose this is
the case and also suppose n; > my (a similar calculation shows the result holds
for my > ny also). Then, since p(xy) = 0~™2tr(zy) and @(yx) = § "2tr(yx) it is
easy to see that the KMS condition is satisfied if and only if 3 = 1. O]

Since the KMS state ¢ is unique, by Theorem 5.3.30 of [7], the von Neumann
algebra completion of Ory, is a factor. The centraliser of My, is the II; factor
My generated by the Temperley-Lieb algebra. It is easy to see that Mypp is
contained in the centraliser of My, for the reverse inclusion note that the con-
ditional expectation S maps Mry to M7,. For any x € (My), there exists
a net x; in Op converging weakly to x and so S(z;) is a net in T'L converging
weakly to S(z) = = and hence « € Mypy. Thus the Connes spectrum and Arveson
spectrum coincide. Since oy is periodic with period 27/, Mrpy, is a type III,

factor for A = e =1/4.
Proposition 3.1.4. The C*-algebra Oy, is simple and purely infinite.

Proof. We prove this in a similar way to Theorem 3.1 of [82]. We need to show
that for each non-zero z € Op; there exists v € Oy such that v*zv = 1. As in
[82] we prove this in four steps. Let 7L be the C*-algebra generated by (type II)
Temperley-Lieb tangles and define LI := 572U. Let ® be the endomorphism on
T L defined by ®(x) = UzU* for z € TL. Let E : Or, — T L be the conditional
expectation defined by F(z) = o/27 fo%/a oy(x)dt.

Step 1: We prove that for every non-zero projection p € 7 L there is a partial

isometry u € 7L and m € N such that (L*)"u*puld™ = (L*)™u*ull™ = 1.
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Let p be any non-zero projection in 7£. Choose m € N such that /72" =
TrU™uw*)™) < Tr(p). Then we may find v € 7L with U"(L*)™ = u*u and
wu* < p and thus (U*)"u* pull™ = (U*)Mu*ulld™ = 1.

Step 2: Next we prove that for every non-zero x € 7 £ and m € N there is a
non-zero projection p such that |[pz®™(p)|| < |z

Let A = inf sp|z*|, where we denote by sp(x) the spectrum of z. If A <
sll2|| then choose a continuous function f : [0,]z|] — Ry with f(t) = 0 for
t > %[z and f(Jz*[) # 0. Then let p be a non-zero projection in the closure
of the subalgebra f(|z*|)TLf(Jz*|). Then p satisfies |[pz| < #|lz[|.  Hence
[pz®™(p)|| < 5llzll. If A > §|lz|| then |z*| is invertible. Hence u = |z*| 'z € TL
is a unitary. If we take p = 1 —ulU™ (LU*)"u* then pu®™(p) = 0 and so px®™(p) =
p(la*| = 3ll2l))u®™ (p). Hence

m 1
Ipze™ ()] < 5lall

Step 3: For any x € Oy with E(z) = 1 and any € > 0 there is an isometry
v € Opy, with ||v*zv — 1|| < e

By Proposition 3.1.1 any  in Oy, may be written as > U x,+zo+>_(U*)"z_,.
For x of this form, E(z) = xo. Thus any x € Op;, with E(x) = 1 may be approx-
imated by elements of the form >~ (LF)"z_, + 14+ 320 | 2,U" with z,, € TL
and so it is sufficient to show that for any x of the above form there exists an
isometry v and j # 0 such that v*zv = > (L*)"2", + 1+ > 2/, U" with 2} € TL
such that [|z]| < [lz;|| and ||| < 3|l=;||. By the previous step, there exists
a projection p € TL with ||pz;®/(p)|| < %|z;|. Hence, with u,m as in step 1,
v = puld™ is an isometry with the required property.

Step 4: Finally we show that for any non-zero x € (Ory), there exists z €
Oqp with z*zz = 1.

It suffices to show that there exists z such that ||z*zz — 1|| < 1, since then
z*xz is invertible. Hence, by the previous step, we just need to find z such that
E(zxz*) = 1. Let xy = E(x). Then x, is a non-zero positive element of 7 L.

Choose € with 0 < € < ||zo|| and put f(¢) = max{t —€,0} Then f(zo)TLf(xo) C
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Figure 3.7: The endomorphism p

1 1

xgTLx§. Since TL is AF and so real rank zero, by Theorem 2.6 of [8] there
- 11

exists a non zero projection p € f(xo)TLf(z9). Then p = ziyxi for some

positive y € TL. Let e = y%xoy% then by step one we may find v € 7L and

m € N such that (L*)"u*eult™ = 1. Then z = yéul_lm has expectation one since
E(z"zx) = E((I_I*)mu*y%:cy%ul_lm) = (U")"™u eud™ = 1.
m

Proposition 3.1.5. The C*-algebra Oy, is isomorphic to the crossed product
Orp ~ TL e N where TL is the C*-algebra generated by Temperley-Lieb dia-

grams and the endomorphism ® is given by ®(x) = 61 U zU* for x € TL.

Proof. By Lemma 3.1.1 Op; is generated by TL and §~'/2U € Op;. Since
(67Y20)*6712U = 1 and 672 U (67Y2U)* = ey, 62U is an isometry. Since
T L is simple and AF it follows from Theorem 2.6 of [8] that it has real rank zero,
and from [6], Example 5.1 that it has comparability of projections. Thus it fol-
lows from Theorem 3.1 of [82] that the crossed product 7L x N is simple. There
exists a homomorphism from 7£ x N — Op, = C*(TL,U) and since we know
T £ xN is simple this must be an isomorphism. Hence Oy, is the crossed product
of TL with N by the endomorphism ® of T'L defined by ®(z) = 6~ U (z)U* for
any x € T'L. O

An endomorphism p can be defined on Opy, as in Figure 3.7. From Figure 3.7

it is clear that p(xy) = p(x)p(y), p(x*) = (p(x))* and p(1) =1 for all z,y € Orp.
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Figure 3.8: Conditional expectation tangle

For the case 6 < 2 we will show in Proposition 3.4.8 that Or; may be realised
as a subalgebra of the planar algebra of the graph A,,, where 6 = 2cos(mw/n). It
follows from this and Proposition 3.3.6 that the commutant (p™ (ML) "My is
just the *-algebra F7; . We use this fact in the proof of the following proposition,
however we note here that the following proposition is not used to prove any
further results in this thesis, in particular it is not needed to prove Propositions

3.3.6 and 3.4.8.

Proposition 3.1.6. Suppose 6 = 2cosw/n for some n > 3. Then p(Mrr) C
My is an extremal finite index subfactor which is isomorphic to the subfactor
N ® Mprp, C M @ My, where M is the type II; factor which is the weak closure
of the algebra generated by Temperley-Lieb diagrams with the same number of
marked points on the top and bottom and N is the II; factor generated by diagrams

with a through strand joining the leftmost marked points on top and bottom.

Proof. To see this we need to check the conditions of Theorem 2.8.1. There is
a conditional expectation F : M — p(M) defined by Figure 3.8 with m = 1.
Morevoer, for any m, Figure 3.8 defines a conditional expectation F,, : M —

m

p™(M). By the comment above the proposition the relative commutants p*(M)’'N
M ~ FF,. Thus it is clear that the conditional expectation FEj, implements a trace
on p*(M)'NM. For finite graphs it is shown in 1.3.6 of [75] that the condition Iy 5
is strongly amenable is always true. To show p(Mpr) C My is approximately

inner we need to prove the existence of a simultaneous discrete decomposition. A
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theorem of Loi ([56], Theorem 2.8) states that for a type III) subfactor N C M
the simultaneous discrete decomposition always exists if N N M is a factor and
the conditional expectation is minimal. Since p(Myr) N M7y, is one dimensional,
there is only one conditional expectation. Thus p(Mrr) C My is approximately
inner. The only thing left to check is central freeness. Corollary 3.7 of [77] states
that for III, factors, central freeness of N C M is equivalent to the condition that
the principal graph of N C M is the same as the principal graph for the type
II, subfactor appearing in the common discrete decomposition. It is known (e.g.
[53] Theorem 5.13) that this is always true for type III subfactors with principal
graphs A, for n # 4m — 3. In the case n = 4m — 3 the type II principal graph
may be A,, or Ds,,. However, since we know that the higher relative commutants
are the Temperley-Lieb algebras which are generated by Jones projections, the
Loi invariant must be trivial. ~ Hence, by the discussion preceding Theorem
5.13 of [53], the principal graph must be Ay, 3. Hence all the conditions of
Theorem 2.8.1 are satisfied, and p(Mpp) C My is isomorphic to the subfactor
((Ukﬂk<M)' N p(Mrr) C (Uppk(Mopr) N MTL)) ® Mrr.

]

Next we show how to decompose the endomorphism p into irreducibles, similar
to [63], [25]. In order to do this we need to define a tensor category C whose objects
are elements of U, 7" and for any x € 7', y € 7,* the morphisms in Hom(z,y)
are elements of 7" . The trivial object in C is the empty diagram and the tensor
product is given by horizontal juxtaposition. From C we define a matrix category
Mat(C) which has objects given by direct sums of objects in C and morphisms
given by matrices of morphisms in C, that is Hom(z1®- - - ®xy,, 1D - - Dy, ) is an
m x n matrix whose 4, j entry is an element of Hom(z;,y;). The tensor product
on C gives a tensor product on Mat(C), where the tensor product on objects is
given by distributing over the direct sum and the tensor product of morphisms
is given by the ordinary tensor product of matrices.

Let p € 0b(C) be the diagram consisting of a single vertical strand. Clearly p

is irreducible since Hom(p, p) is in V} which is one dimensional. Then p® p = p?
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is the diagram with two vertical strands. It is easy to see that Hom(p?, p?) is
two dimensional as it is spanned by the identity diagram and the element UU*.
Thus we may decompose p? into irreducibles. First we can see that (p?, p°) is
one dimensional as it is spanned by U. The space Hom(p?, p') is empty by
definition and thus we must have that p?> = id @ p, where py is an irreducible
endomorphism in V7. The irreducible endomorphisms are represented graphically
in the same way as the Jones Wenzl idepotents in the type II case. They satisfy
the same relations and we have that pp, ~ p,_1 & p,+1 where the isomorphism

is represented graphically by

* PP 7 Pn-1 =+ Pn+1

* Pn—1 + Pn+1 =7 Pn

3.2 Planar algebra for infinite tensor product of
matrices

Let N=1®M,® M, ®...and M = M, ® M, ® ... and consider the subfactor
N C M of index p?. The Jones tower is then N ¢ M C M, @ M C M, ®
M, ® M C ... and the relative commutants N' N M,, = @™ M, where M,, is the
n'" step in the basic construction. For this we recall Example 2.6 of [36]: in the
setting of type II planar algebras, Jones defines a planar algebra P whose vector
spaces are P, = (V @ V*)® V is a vector space of dimension p with dual V*

so VeV*~ M, ~ End(V). Internal discs of colour k; of tangles are labelled
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by elements of (V @ V*)®* with 2k; factors in the tensor product. Given a fully
labelled tangle 7" we define the presenting map Zp : ® P, — Py, as follows.

First let o be a map (which we will call a state) from the strings of T' to
the set {1,...,p}. For any internal disc D the state o assigns a sequence of
indices ji, ... J, to the strings meeting D along its top edge and i1, ...1%,, to the
strings meeting D along its bottom edge. Thus if D is labelled by the element
R € (V@ V*)®™ following Jones notation we denote the number R; j “-'m
by (D).

The presenting map then gives an element of (V @ V*)® where the entry of
Zp indexed by j, " s

(Zr)jy,g 0 = > II oD

states inducing internal discs D

)
. 7 on boundar;
(J15--9k) Y

where the sum is taken over all states on the tangle that induce the correct indices
on the boundary disc Dy. The value of a closed loop is thus p, the dimension of

V', since there will always be a choice of p labels for a loop.

3.2.1 Type III Planar Algebra for Tensors I

We may generalise this example in two ways to give a type III subfactor. For
the first generalisation, suppose V has dimension n, the vector spaces P, are as

before as are the maps o and Zp. Let {c1,...,c,} € R} and let D be the matrix

e_ﬁcl 0 PN O
0 e fe 0
0 0 ce. e Pen

where (3 is chosen so that the matrix has trace 1. We modify the trace of the
previous example to get a state ¢ defined as follows. Starting with a tangle T
we join corresponding points along the top and bottom with a string. Each of
these joining strings has a weight, diagramatically we indicate this with a dot on

the string. Then when we take the presenting map, if a state assigns the value
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k to one of the joining strings we multiply by e®®*. Taking the completion with
respect to this state gives the hyperfinite type III, factor, where A = In 3. Thus
this is the planar algebra of the subfactor (N, ¢) C (M, ¢) of the hyperfinite type
III, factor since each P, = (M®* ¢), which is the relative commutant M, N M
of this subfactor. Here ¢ is the state defined by ¢(z) = tr(®*D - ) for x € M®*.

3.2.2 Type III Planar Algebra for Tensors II

For our second example we enlarge the vector spaces to get a type III algebra
with non-tracial state. Let V' be a p dimensional vector space. We define a planar
algebra P = @kli_n)ler% where P/ = (V)® @ (V*)® and presenting maps Zr
defined below.

A (n,m)-tangle is a disc in the plane which we shall often draw as a box
for convenience (i.e. in order to keep track of what we mean by the top and
bottom edge), with n marked points along the top edge and m along the bottom
edge. The interior of the disc contains a possibly empty set of internal discs
D; 1 < i < k(T) each with n; marked points along the top and m; along the
bottom, along with a collection of non-intersecting strings, each of which has
both endpoints on marked points of the discs or form closed loops.

The adjoint of a labelled tangle is gotten by reflecting it in a horizontal line
through its centre and replacing the labels by their adjoints. As in the above
type II example an input disc D; is labelled by an element of (V)% ® (V*)®™i,
so a box with n marked points on the top and bottom is an element of ®"M,,.
For a tangle T" we define a state o : {strings of T} — {1,2,...,p}. If the
state o assigns the indices ji, ..., jm, and ¢1,...,1,, to the top and bottom edges
of a disc Dy (labelled by some R € (V)®" @ (V*)®™) then we say o(Dy) is
the number Rj17,_.jmki1""i"k. As in the type II case, the presenting map of a fully

labelled (n,m) tangle T' defines an element of (V)" ® (V*)®™, its entry indexed

by il,n_jinjl"“’jm is the number:

(Zr)ig,ooia? 9 = Y II <o

compatible internal discs D
states o
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Once again, by compatible state we mean a state on the tangle which induces
the correct indices on the boundary of Dy and here closed loops can be removed
by multiplying the resulting tangle by p. This presenting map is compatible
with the composition of tangles and the star operation as required. Note that
with this presenting map we recover ordinary matrix multiplication for two discs
z,y labelled by elements of M, (or ®"M,) using the Zy where T is the usual
multiplication tangle which stacks x on top of y and joins corresponding strings.
The multiplicitive identity here is just the tangle with all vertical through strings.

Define an action of R on P by o;(x) = e*™*g for x € P"**. We define a state
in a similar way to the state on Oy, by ¢ := Tr oS, where S : P — |, PV
is the projection defined by S(z) = fol oi(z)dt for v € P and T'r is defined on
(n,n)-tangles by joining corresponding marked points along the top and bottom.
Note that ¢ gives the usual trace on elements of ®"M,,.

This construction gives the subfactor N ® Q € M ® Q, with A/, M the II;
factors above and @ is the type III factor which is the weak completion of P with

respect to the trace defined by ¢. The tower of relative commutants
NRQ)NINRQ)CNRQ)NMRQ)C N N(M, Q) C...
is in this case given by
CcM,cM,®@M,C...

As in the algebra Opp, in the planar picture the commutants are the dia-
grams with the same number of marked points on the top and bottom. Checking
dimensions we see the spaces have the correct dimension, the (0,0) space has
dimension one, and the dimensions of the (n,n) space is p**, since we have 2n

marked points and p choices of label for each.

3.2.3 Fixed Point Algebras

Let N/ C M be as in the section 3.2.2, but now we require dimV = 2. Let G be
a finite subgroup of SU(2). Then G acts on M as follows. Let ej, e5 be a basis
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el

Figure 3.9: Action of g € G on a tangle x € P3

for V and let (g;;) € G then ay(e1) = grie1 + gare2 and ay(ez) = grze1 + gozes.
Then the inclusion N¢ C MY is a subfactor. It was shown in [27] that the tower
of relative commutants is just the tower of fixed point algebras of the tower of
the original subfactor.

The action of G on the planar algebra is as shown in the Figure 3.9 multiply
along the top by ¢g and along the bottom by ¢*.

It is well known that (®M;)%Y® is isomorphic to the Temperley-Lieb algebra
and hence M5V ~ M.

Finite subgroups of SU(2) are classified by the affine Dynkin diagrams. The
A, diagrams correspond to the cyclic subgroups. The cylcic subgroup corre-
sponding to A, is generated by the diagonal matrix {e?™/" e=27/"} If the state

2mi/n

o assigns the value 1 to a string, multiply the diagram by e , if it assigns the

value 2, multiply by e=2™/". Then 2 € P™ is in the fixed point algebra if when-

ever ¢ assigns the value 1 to k strings and 2 to [ strings then e?™*#/ne=2mli/n — 1

where k +1=n+m.

3.3 String Algebra construction of type III fac-
tors

In this section we generalise the string algebra construction of Section 2.4 to

define hyperfinite type III subfactors.
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Let G be the graph:

Vo 251

| |a

Vi o Vo
with finite subgraphs G, and vertices Up<;<3V; such that G, and G5 share common
vertices Vp, Go and Gy share vertices V7, G, and G share vertices V5 and finally G,
and Gg share vertices V3. The graph G has a distinguished vertex marked * in Vj.
We assume that the graphs Gy and G, are connected. Suppose that there exists
an assignment of positive numbers u(v) to each vertex v and a pair of positive
numbers §, 0’ such that there exists a connection on G satisfying the unitarity,
renormalisation and harmonicity conditions described in Section 2.4. A string
is a pair of paths (£,&;) in G with the same start and end point but possibly
different lengths. We can define a multiplication and *-operation on strings as
follows. Let )

(§1,G &) & =0"&
(£1,€2)-(C1, C2) = (&1-C,G) G =E& ¢

0 otherwise
\

and
(&,&)" = (&.&),

where ¢ -  is the concatenation of £ and (. In other words, if r(§) = s((), £ is a
path of length m and ( is a path of length m then £ - ( is the path of length n+m
obtained by first travelling along £ and then travelling along ¢, in the case where
r(§) # s(¢) we define § - ¢ = 0. Note that ((£1,&2)-(C1,¢2))" = (C1,¢2)" (&1, &2)"
We may define a collection of vector spaces A, ), as follows. For m, n or p
less than O the space Ay, ), is empty by definition. For m,n € N then A, )0
is the vector space with basis given by the collection of paths (&;,&;) where &,
& are paths in Gy with s(&1) = s(&2) = *, 7(&) = (&) and |§| = m, [&] = n.
Note that in this case A )0 = C can be identified with the distinguished vertex
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*. The space Ay n) 0 can be naturally embedded in Ay, 41,n41),0 using the map

(&,8)— > (&0, 0)

where the sum is over all edges o € Gy for which the composition makes sense.
This embedding is compatible with the above multiplication and *-operation. Let
Ao = @A(m,mﬁkm and A = @)z, Aro- The multiplication and *-operation
above make A o into an associative *-algebra with unit (x, %).

We can define a state ) on Ao as follows. First define an action of R on
strings (&, ¢) by 0((€,¢)) = e™E=Ich (¢ ¢). Then we define a state by (&, ¢) =
de 6~ u(r(¢).

Let S : Axo — Aop be the map defined by

Ind 27w /Inéd

5(51,52) = % ; Ut(fb&)dt = 5\51|,|£z\(51af2)-

Then we may prove in a similar way to Section 3.1 that S is a faithful conditional
expectation of Ay o into Agp.

We may then define a state ¢ on the algebra A, o by ¢ =1 0 S. Using ¢ we
may define an inner product on Ay o by (x,y) = ¢(y*z). Let Hy o be the Hilbert

space completion of A, in this inner product.

Proposition 3.3.1. Let x € Ayxpo. Denote by A\, the action of x on Axpo by
left multiplication. Then A, is a bounded operator for the inner product norm on

Ao and so it may be extended uniquely to an element of B(Hx ).

Proof. Let U € A(20)0 denote the element ) (€€, *), where the sum is over all

edges e € Gy. The algebra A, is generated by Agp and U , since if (§,() €

A(n,n—Zk),Oa then (57 C) = (67 (eé)k : C) ' Z|a|:n+k((eé>k07 U)' Let z = Z Ci(Oéia 62) S
Ao where ¢; € C and (o, ;) € A(ming)0- Then

| U2|]? =(Uz, Uz) = ¢(a* U* Ux)
:¢(Z Cic;(ﬁiﬂ ai)(*: €é)(ff~, *)(ajv ﬁ]))
=Y (a*z) = n|jz?,
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where n is the number of edges adjacent to *, so multiplication by U is bounded.

Next, let a = (§,() € Agp. Then

laz||? =(az, ax) = ¢(z*a*ax)

=¢<Z cic(Bi, i) (€, €)(E, Q) ey, )
=¢<Z i (Bi, 03) (¢, O (ay, B)))

For each 4,5 let (B;, a;)(ej,5;) = (vij,mij)- Suppose |a;| > |(| = n. Then
(Bis i) (€, Oy, B7) = (Vi i) (a)py ¢ a1 SO

P((Bs; ) (€ Oy B7)) =0(an) (Vi 7))
where we use the notation («)p,, to mean the path made up of the first n edges

of a. Similarly if |oy;| > |(| we get
gb((ﬁw ai)(ga g)(aﬁ 6])) = 5(043‘)[1,”],C¢((7ij’ 771]))

If both || and |ay| are less than || then (3;, os)(C, O) (e, B;) = (Vi5Gi mi5G5)
where (j, are paths made up of the last || — |ax| edges of (, and so

O((Bi, i) (G ey, 8))) = 6~ DD u(r(Q)) < 6715 (i (7)),

where the inequality follows from the eigenvalue condition.

Hence in all cases we have ¢((5;, ;) (¢, ¢)(ay, 5;)) < o((5i, i) (e, 5;)) and so
laz|| < ||z|| Thus the action of As o on Ao by left multiplication is bounded

and so it may be extended to an operator in B(Hy ). O

Denote by A o the C*-algebra generated by A o in the GNS representation
with with respect to ¢ and let M o denote the weak completion of A, in the
GNS representation with respect to this state. Let (My ), be the centraliser of

o.

Proposition 3.3.2. The state ¢ is the unique KMS state on Mo for the mod-

ular automorphism group o, at the inverse temperature 3 = 1.
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Proof. That ¢ is a KMS state at inverse temperature (3 is easily checked, we use
the same argument to prove uniqueness as in [19]. Suppose ¥ is any KMS state
for the modular automorphism group ¢ at inverse temperature 5. Then by the

KMS condition t(x) = 0 unless x is in the fixed point algebra of o. Then for any
(&1,&) € Ammyo with 04(&1,&) = (&1, &2) we have

PY((61,&2)) = ((&1,61)(61,€2)) = (&1, 82)04(61,61)) = P ((61,€2) (61, &1))-

The product (&1,£2)(&1,&1) is zero unless either & = & - ¢ or & = & - (o, but in
both cases, since (£1,&;) is in the fixed point of ¢ we must have ¢; = 0. Hence

Y (&1, &) is zero unless & = &. Hence 1 is zero outside Ag and is the trace on

App and so P = ¢. ]

Let Ago be the C*-algebra generated by Ag in the norm ||z||? = ¢(a*x). Let

and let ¥ be the endomorphism of A defined by ¥(z) = UzU*.
Proposition 3.3.3. The C*-algebra Ao is simple and purely infinite.

Proof. This can be proved in exactly the same way as the analogous result for
Orr in Proposition 3.1.4.  Using the fact that any pair of paths (£,1) € Apnir)o
may be written as (&', 7') -U for some (§',7') € A(nntk—2),0 We can prove that any

r € Axp may be written as a finite sum

r = Z Uz, + 9 + Z(U*)”x_n

for some x; in the type II string algebra. Since Ag is simple and AF and thus

has the comparibility property of projections the proof of 3.1.4 carries over. [
Proposition 3.3.4. Then Ao = Aoo v N.

Proof. This is proved in exactly the same way as Proposition 3.1.5. The algebra
Ao is simple and AF, hence it satisfies the conditions of Theorem 3.1 of [82]
and so the crossed product Apop ¥y N is simple. It is easy to check that U is
an isometry and A is generated by Ao and U. By Proposition 3.3.3 A is

simple and hence it is isomorphic to the crossed product Ao ¢ N. O
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Proposition 3.3.5. The von Neumann algebra My o is the type III\ factor for
A=9.

Proof. 1t was proved in Theorem 3 of [9] that the von Neumann algebra comple-
tion of a nuclear algebra is hyperfinite and it was proved in Theorem 3.1 of [67]
that the crossed product of a nuclear algebra by an endomorphism is nuclear. The
C*-algebra A is nuclear since by Proposition 3.3.4 it is the crossed product of
a nuclear algebra by an endomorphism. Hence the von Neumann algebra M o
is hyperfinite. It is a factor, since by Proposition 3.3.2 ¢ is the unique KMS state,
and by Theorem 5.3.30 of [7] it is a factor state. Using the same method as the
discussion preceding Proposition 3.1.4 we may prove that the centraliser (Mu )4
is isomorphic to the von Neumann algebra generated by the type II string alge-
bra and so it is a factor. Hence the Connes spectrum and Arveson spectrum are
2

equal. Then the modular automorphism group has period %. Hence My is

type I, with A = e~ % = 1/6. O

To define the vector spaces Ay, We start at the vertex * and first travel
horizontally along Gy using a pair of paths in A, )0 ending at a vertex v in 1§
or V; and then travel vertically along G3 or G; using a pair of paths ({1, (3) with
|G| = p for i = 1,2. The vector space A, is the linear span over C of all
possible pairs of paths of this form. In order to make these vector spaces well
defined require the existence of a connection. We could equally have chosen to
use a basis where we travel along @3 first and then out along G, or G, or any
other combination of paths in G with the required lengths and endpoints. The
connection allows us to change basis between these different paths. As in the II;
case the connection must satisfy the unitarity, harmonicity and renormalisation
conditions defined in Section 2.4. As before we let Ay, = h_H)lA(m’m_,_Qk)’p and
Asp = Breg Arp- The Ay, can be given the structure of a unital associative
*-algebra, with multiplication and *-operation similar to A, . We can define
states ¢, on Ay, in a similar way to the states defined on A, above. Let
Sp be the projection onto the subalgebra Ay, defined by S,(£,¢) = djec1(€ C)-
Suppose £,¢" are paths of length p in the vertical graph G; both starting at
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and ending at r(£) = r(£’). Suppose also ¢, (" are paths in the horizontal graphs
Go or Gy (depending on the parity of r(£)) of length m, n respectively with
s(¢) = s(¢') = (&) and r(¢) = r(¢’). Then we define the state 1, on Ay, ), by

V(- ¢ & () = 000" (0") PO mp(r(§)).

The state ¢, is then the composition ¢,,0.5,. Using this state we can form an inner
product in the usual way by (x,y) = ¢,(y*z) and taking the weak completion
with respect to this inner product we have an increasing sequence of von Neumann
algebras

Moqo C Moo,l - Moog C Moqg C...

A similar proof to that of Proposition 3.3.5 shows that each M, ,, is a hyperfinite
type III, factor. Next we will show that the basic extension of My, C My i1
is Moo nt2. We also show that the relative commutant M7, N Moo is Agr)o
for all k. In order to do this we first define certain projections and conditional
expectations and check the conditions of Theorem 2.8.2 are satisfied.

Define the vertical Jones projection e, € A(g,0)nt+1 by

N LV (©) o
D N T RRCRAUCRY

where &, (, n are paths in G3 with [{| =n —1, [(] = |n| = 1, s(§) = * and the
reverse edge of ¢ is indicated by €. As in the II; case we can show the e, satisfy

e, = €2 =e* and e, e, 116, = 0 2e,. If we use the connection to transform e,, into
n +

an element of Ay, t+5 = n+1, it still has the same form. We will show below
that e, is the Jones projection for the basic construction of My ,,—1 C Moo .

For m sufficiently large, the vector space Ay, m+k),n is generated by A(,—1 m—14k)n
and the Jones projection e,,_;. This is because the graph is finite and so eventu-

ally the Bratteli diagram at each step is a reflection of the previous step.

Define the map Ej : Agp)0 — Ag—1,k—-1),0 DY

o o) = _1p(r(a1))
Ek(gl 1752 2) 5017025 M(S(Ol))(£17£2)

where |&1] = |&2] = k — 1 and |o7| = |o2| = 1. Then it is easy to check that Ej is

a conditional expectation and it satisfies ¢ o £} = ¢.
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Consider the following inclusion of vector spaces

A(m,n),p - A(m+1,n+1),p
N N (3.2)

Ammyptrr € A@mtintn)prl

1 1 3 (mvn)7p+1 .
For the horizontal inclusions we may define maps E(m+1,n+1),p+1 DAt prl —

A(mn)pr1 as follows. Let (&1,&2) € Apnn)ps1 and let ¢ be an edge in the hor-
izontal graph starting at r(&;). Then, similarly to the definition of Fj above,

let

m,n),p — C
E((mﬂ)nﬁ o1& G & G2) = 06,0 ZE:EQ;;(&,&)-

. . . . (m+1,n+1),p .
For the vertical inclusions we may similarly define maps E(m )l

A(m—l—l,n—l—l),p—i—l — A(m+1,n+1),p as fOHOWS. Let (51,52) < A(m+1,n+1),p and let C’L

be an edge in the vertical graph starting at r(&;). Then let

m n — C
Bt (&G & - G) = 0q.60 IZEZEC;;(& &2).

The renormalisation condition of the connection gives us the equality

W)V |
022,;.4 72))1u(s(03)) “3l_>l“2 Usl_}lm

This implies that the maps E defined above satisfy E((:Zfl)i H)’pE((;ZLl:ZLl)) 7’5 1=

E(mvn)7p (m,n),erl
(mn),p+17" (m+1,n+1),p+1"

Denote by &,-1 the conditional expectation &,_; : M, — Moo ,—1. Then

for x € Agpn)p, we have &,_1(z) is given by the conditional expectation of x onto

A(m,n),pfl'
We check the conditions of Theorem 2.8.2 for N = My o, M = M1, L =

M2 and the conditional expectations and e; as defined above. For the first
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condition:

LVurur(©) . . . =
54” (3.3)

1 1
=Y g =5ld

&mn
For condition 2, let = (av- By - Ba, &' - 31 - B5) € A(mn)2 Where |a| = m,
|o/| =n and |B;| = |B]] = 1. Then

= Y %W(r(n))u(r(é))(wﬁl vl B BNE T CO)

jel=n[Cl=lnl=1 Hir())
1 r(85)) u(r
I
(3.4)
Then
51@61) _El(zé\/M<7:5~é(2f;§T<C))5ﬁi’Bé(a By - o, - ¢ Q:))
¢
G RV GE TG P (35)
THGE)E i) s e )
_ 1 \/u(r(B))ul(r(B)) o
52 M(S(@)) ( 517 52)
and so we have
20 (1o Voo g2 1/ u(r(m)p(r(Q) /u(r(Be)u(r(B)) o
alae = 2 5T 0) Wls(B))
(Cl=Inl=1
(a -61,04’-32)(5-77'776(‘5) (36)
1 o
5\/,“ ,u(r(o/)) Q)dﬂiﬁé(o"ﬁl'ﬁ?’()‘ (- 0)

as required.
For condition 3, let € A(;,),1. Then z is of the form « = (o - B1, 2 - B2)

with 1| = m, |az| = n and |3;] = 1. We embed @ in Agn )2 as 32,y (on - fr -
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0-7052'ﬁ2'0-)

O R RGO G R GGG
R R ST (3) u(r(0))

lvil=lvil=lol=1

(& v -11,&, v - )

(041'ﬁ1'0 ag - By - )(
_255 1\/N (Vl)

82005,71 01,61 5 52 M(T(g))
Vi(r(n)n(r(32))

Cv-91,¢ 72 - F2)

(v2))

(041 SV U, QYo "72)

_ 1 u(r(B0) Vilr ) ulr (72))
=2 % (5

1)) M(T(al)) ((1/1 VU, QY ’72)
(37)

On the other hand we have

1)
G0 =5 ()

(o, az)

gmmwmwwmwmwﬁﬁpé

(a2 n-7,as-C-C)

(3.8)

and so condition 3 holds.

Thus we may apply Theorem 2.8.2 to conclude that Mg C My 1 C My 2
is the basic construction with Jones projection e;. We may repeat this calculation
to show that My C Moo gr1 C Muo 12 is the basic construction with Jones

projection eyq for all £ > 0.

Proposition 3.3.6. For the algebras defined above, if the connection is flat we

have M{, N Moo = M) 0-

Proof. To prove this we use Ocneanu’s compactness argument [71]. Let z €
M yNM oy and denote by z;,, its conditional expectation in A yon) k- Let d be

the smallest integer such that the Bratteli diagram for the inclusion A gyon)x C
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A(d+1,d+142n),k is a reflection of the Bratteli diagram for the previous step. Then
for all 2t > d the algebras A’(%% +amy0 N A(at,2t42n),k are isomorphic since they are
string algebras with basis consisting of pairs of paths of length k£ on the graph Gs
which are allowed to start at any vertex in V. Denote by B a finite dimensional
C*-algebra isomorphic to these algebras and let ¢q;,, : A/(2t,2(t +n)),0ﬁA(2t72(t+n)),k —
B denote the isomorphism. Note also that the algebras A/(2t,2(t +n)),OmA(2t+272(t+n)+2)’k

are all isomorphic, denote by B an algebra isomorphic to these algebras with

isomorphism QNSQt,n : AI(2t72(t+n))70 N A@er22(t4n)+2)k — B. Then {P2t.n(T2t.0) }t

is a bounded sequence in B since ||¢pon(T2tn)|| < ||z2:n| and by compactness
we may find a sequence {t;}, such that the subsequences {paos, n(T2t, ) }r and
{bat, +2.n(T2t,+2.1) }r both converge. Let z and z’ be their respective limits. We
may embed any string in B into B by adding the horizontal identity string of
length 2 at the beginning or at the end. Thus, using the connection we can
identify z - idy with idy - 2/, where idy is the string > _,(0,0), since we know
that limy_.oo [|T2r — Tor2n]] = 0. Now we wish to show that we have in fact
z-idy = idy - 2" as strings. It is easily shown that z’.e = e.z’ and e.id = id.e where

e is the horizontal Jones’ projection. Hence we have

(2.id) x (id.e) =(id - 2') x (e -id) = e - 2
=z"-e=(Z.id) x (id.e).

Taking conditional expectations we have that z = 2z’ in B. Let z(v) denote the
component of z with initial vertex v. Then we have that lim; . ||€ern—2(%)|| =0

if the connection is flat and hence x = z(x) € Agr)0 O

The algebras Agj are the type II string algebras, and the state ¢% is the
ordinary trace here. Denote by Hj; the Hilbert space completion with respect
to the trace. Let Ay be the C*-algebra generated by Agj, and Mgy the von
Neumann algebra completion in B(Hyy). Similarly to Proposition 3.3.4, it can

be proved that A j is the crossed product of Ag by an endomorphism.

Proposition 3.3.7. Let k > 0 then A =~ Ao X N where V(x) = UpaU}; for
x € Aoo and Uy, is the image of the isometry U = 573 >o(eé, %) in Agy.

74



Finally we want to show that the subfactor My o C M1 is isomorphic to
(N C M)® Mo, for some II; subfactor N C M. In order to do this we again use
Theorem 2.8.1. In the case when we have a tower of type I1I; factors, by [77] the
conditions of the theorem are automatically satisfied. In the III, case we need
to check central freeness and approximate innerness. It is known that a common
discrete decomposition of a subfactor N C M of type III, exists if NN M is a
factor so this is automatically true for Moo C M if the graph G has only
one edge adjacent to the vertex *. Central freeness is equivalent to requiring the
type II and III graphs to coincide, so we know this is true for the ADE graphs
(apart from Ay, 3).

3.4 Definition of Type III planar algebra

An (ng, mg) tangle T is a disc Dy in the plane with a possibly empty collection of
internal discs D; 1 < i < k(T). Each disc D; 0 <i < k(T') has n; marked points
along the top and m; along the bottom (usually discs will be drawn as rectangles
so ‘top” and ‘bottom’ are clear) such that for each i the sum m; + n; € 2N. The
interior of Do/ U, <;<4 () Di contains a collection of non intersecting strings, each
string either has exactly two endpoints, which occur at marked points of the D;,
or forms a closed loop. Each marked point is the endpoint of exactly one string.
The interior of the tangle is shaded black and white in such a way that adjacent
regions always have different shadings. A disc with pattern (n,m) will be called
a +(n,m) disc if the region adjacent to the first marked point (which we usually
indicate with a ) is unshaded and a —(n,m) disc if the region is shaded. The
inner discs may be labelled using some labelling set L = Uy, ;;, L ). Tangles are
defined up to planar isotopy. A tangle is said to be in standard form if all the
discs are converted to rectangles with all marked points along the top edge and
the tangle is drawn in such a way that it may be split horizontally into strips with
each strip containing at most one cup, one cap or one inner disc. When drawing

tangles we will often denote n parallel strands by a thick strand with the number

75



n written beside it.

A tangle T' is fully labelled if there is an assignment of I € L, ) to each
internal (n, m)-disc Dj. Denote the collection of all planar tangles with labels in
L by P(L). We now define a composition in P(L).

If the pattern of the outer disc of some tangle S € P(L) is the same as the
pattern of some inner disc D; of a tangle 7" € P(L) then we may form the tangle
T o; S by gluing S inside D;, removing the outer boundary and smoothing the

strings.

Definition 3.4.1. A type III planar algebra is a collection of vector spaces P,

n

n,m € Nwith inclusion maps i : P, — P7%', and a collection of linear maps Zr

(one for each tangle T' € P(L)) such that, for T as above Zr : ®fg)P$fi — Proy
such that the Zr are compatible with composition and relabelling of internal
discs, more precisely, we require that the following diagram commutes, for all

tangles 7" with k(T") inner discs and tangles S with k(S) inner discs for which the

composition 1" o; S makes sense:

1 my k(S) pts kT m;
(@) @ (F) P L) @ (F0) Pry)

S]‘,
mo

1®Zs®1 Pn(hi

o

D S
where the empty tensor product is defined to be C. Let P, + = @Pﬁfk and let

P, = ®ez Py 1. The map Zp is called the presenting map of the tangle T'.

Using the Fourier transform tangle shown in Figure 2.5 we can show that
P}, is anti-isomorphic to P;" if at least one of n, m are non-zero, and so in

general we will work only with the + part and write P" to mean P , and for

n,+?
n =m = 0 we write P, or P_ depending on the shading of the region adjacent
to the outer boundary. Thus when drawing tangles we usually omit the shading

since the region containing * is always assumed to be unshaded.
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Figure 3.10: The tangles M (z,y) and I((Z;@l)’mﬂ)(m)

We say a planar algebra P has modulus (6,9 ) if there exist constants .
with Z7 = . where T is the €(0,0) tangle with a single closed shaded (for e = —)
or unshaded (for e = +) loop in its interior. If 6, = 0_ = § we call P unimodular.
Each planar algebra Py contains a copy of the Temperley-Lieb planar algebra O%L
as the subalgebra with labelling set L = () where the presenting map is just the
identity map.

There are inclusion tangles, shown in Figure 3.10 which embed a +(n,m)
tangle in a £(n + k,m + k) tangle by adding %k through strings to the right.

An annular (m,n;m’,;n’) tangle is a tangle T' for which the outer disc has
pattern (m,n) and T exactly one inner disc, with pattern (m’,n’).

In order to define the multiplication in the planar algebra we have a class of
multiplication tangles, shown in Figure 3.10, which map P @ P2 — Prztmi—nz
(or P2, depending on whether ny—my is positive or negative). The product
of z € P and y € P? is then defined as Zy/(x,y) where M is the appropriate
multiplication tangle. The element Z;(1) € P is the identity for this multiplica-
tion, where 1 is the tangle where all the strands are through strands.

The adjoint T* of a tangle T is defined as the tangle obtained by reflecting T’
in a horizontal line through its centre. If T"is labelled (by some labelling set with
a *-operation), the labels must be replaced by their adjoints. A type I1I planar *-

algebra is a planar algebra with an involution on P satisfying Zp«(x*) = (Zr(z))*
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Figure 3.11: The adjoint of a tangle

for all z € P and all tangles T

It is easy to see that the collection of all planar tangles is generated by Orp,
multiplication tangles and annular tangles. To show this, just draw any tangle
in standard form. Each horizontal strip is either an annular tangle or an element
of Orp and the multiplication of the horizontal strips is given by multiplication
tangles.

We now define a partial braiding on P. We wuse the same crossing as in
Section 2.5, replacing local parts of planar tangles by the linear combination
shown in Figure 3.3. Recall from Section 2.5 that this satisfies the second and
third Reidemeister moves, but removing a twist results in multiplication by a
scalar as shown in Figure 2.9. However in general we cannot pass strings over
or under discs. Given a planar tangle T, let T" be the linear combination of
tangles obtained by passing j strings of T" over some inner disc D; of T as shown
in Figure 3.12. A planar algebra P is called flat if Zy = Zp for all T and all

possible choices of 7 and j, where as before if 7" = Y. _, ¢;T;, we denote by Zp

iel
the linear combination ) .., ¢;Zr,. Note that in this case it is still not possible
in general to pull strings under discs.

A type III planar algebra P is spherical if Zr is invariant under isotopies of
the 2-sphere for all 0,0 tangles 7'

Let o, be the action of R on P defined by o,(z) = "™z for o = In§ and

x € P and extend linearly to all of P. As in Opp, we define a projection S

from P onto P, by the linear extension of the map S(z) = a/27 | 2 /e

o oi(x)dt for
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Figure 3.12: Flatness

x € P'. We may define states on the F, in a similar way to the trace on the
IT; planar algebra. In terms of planar tangles the states Trg and T'r are gotten
by joining corresponding marked points along the top and bottom of the tangle,
where the strings pass either to the right (for Trg) or to the left of the tangle
(for T'ry), and possibly multiplying by a scalar factor. Then the states ¢r and

¢r, are the composition of Trg or Tr; with the projection S.

Proposition 3.4.2. Let P be a type III planar algebra. Then P is spherical if
and only if or = ¢r.

Proof. This is proved exactly as in [36]. Suppose P is spherical. Then for any
x € P ¢r(x) =0=¢p(x) if n # m. For any z € P" ¢r(x) = ¢ () since if we
imagine ¢r(z) on the surface of a sphere, we can loop the n strings on the right
of ¢r(x) around the sphere to get ¢r(z). If pr = ¢ then P is spherical since

all spherical isotopies are generated by planar isotopies plus the isotopy taking

¢r(x) to ¢r(z)[1]. -
Proposition 3.4.3. A flat planar algebra P is spherical.

Proof. We just need to check that ¢ and ¢r agree. This is exactly the same as
in the type II case in [36], since ¢, and ¢ are zero for any z € P™ with n # m.
For x € P?, ¢r(x) = ¢r(x) since we may pass the strings on the right of ¢r(z)

over the rest of the tangle as shown in Figure 3.13 and remove the twists using
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Figure 3.13: Passing a string over a tangle

¢R( ): = 0y

(1] D= = 5

Figure 3.14: Spherical planar algebras are unimodular

the partial braiding. Since there is one positive and one negative crossing, the

scalar factors involved in removing the twists cancel. O]

For a spherical planar algebra we write ¢ instead of ¢ = ¢r. A spherical
planar algebra must be unimodular since by Figure 3.14 ¢ (1) = §, and ¢r(1) =
d_ where 1 € P} is the one-string identity.

A planar algebra is non-degenerate if ¢p(z*z) > 0 for all x # 0 and in this case

we may define a non degenerate inner product on P by (x,y) := ¢(y*z).

Proposition 3.4.4. A planar algebra P is non-degenerate if and only if Z4(x) =

0 for all (0,0;m,n)-annular tangles A implies x = 0.
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Proof. We can prove this in exactly the same way as the proof of Lemma 1.29 in
[36]. First suppose that P is non-degenerate and = # 0. Then ¢(z*z) # 0 and
¢(z*z) is the result of applying an annular tangle to z. For the converse, given
any (0,0;m,n)-annular tangle A we may find y € P such that A(x) = ¢(zy).
Thus there exists y such that ¢(xy) # 0 and by Cauchy-Schwarz we have that

¢(x"x) # 0. O

A planar algebra is finite dimensional if dimP!" < oo for all n, m, connected

if Py has dimension 1 and irreducible if dimP} = 1.

Proposition 3.4.5. Let P be a non-degenerate finite dimensional type III planar

*~algebra. Then there is a unique C*-norm on P.

Proof. 1t is proved in [36] that a type II planar algebra has a unique C*-norm.

Since the subalgebra Py C P is a type II planar algebra it has a unique C*-norm
-

for x € Py. To see this is a norm, |laz||p = al||z||p and ||z||p = 0 implies © = 0

1
2
C*

o+ We can use this to define a norm || - ||p on all of P by ||z||p = ||z*z]

both follow from the corresponding properties of || - ||¢«, for subadditivity

lz + yll5 =ll(z +y)* (= + )]

C*

<||z"x|

o+ 2\|lz"ylle- + ||y y|

C*
<zl + 2ll=llpllyll» + lyllz

=(ll=llr + llyll»)*.

o+ on Fy. To prove

It is easy to see that this is a C*-norm and it agrees with || - |

uniqueness, suppose || - || is any other C*-norm on P. It must agree with || - ||~

on Py and so ||z||* = ||z*z|| = ||z*z||c- = ||z]|%. [

Therefore we will call a non-degenerate finite dimensional type III planar *-

algebra a type I1I C*-planar algebra.

Definition 3.4.6. A type III subfactor planar algebra is a spherical, finite di-
mensional, connected planar *-algebra with modulus § > 0 and a positive definite

state ¢.
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We define an endomorphism p on (n, m)-tangles as in Figure 3.15.

The endomorphism p maps P, to P_. We may similarly define p as the
endomorphism which maps P_ to P, by adding a single through string to the
left. We also define the conditional expectation tangles Ep and Eg as in Figure
3.16.

The map ! Zp, is the conditional expectation of P onto the subalgebra P(*)
which is the subalgebra where the first and last endpoints of each tangle are
joined by a through string. Drawing diagrams, it is easy to see that E, satisfies
Er(azb) = aEr(z)b for a,b € PY and x € P. To show positivity of Ey, let
r = > x; € P then Ep(xz*) = 2/2"" where 2’ = Y} and x} is defined in the
Figure 3.17.

The map 6 ' Zp,, defines a positive conditional expectation from P — Pl

3.4.1 Type III Planar Algebra Associated to a Subfactor

Given a finite bipartite graph G with distinguished vertex *, one may associate a
type III planar algebra as follows. Suppose the Perron Frobenius eigenvalue of G
is 0 with eigenvector entry p(v) corresponding to the vertex v. The vector spaces
P’ are spaces of pairs of paths (&, () where [£| = n, |(| =m, s(§) = s(¢) = * and
r(§) = r(¢). The multiplication and *-operation defined in Section 3.3 makes P
into a *-algebra. The labelling set is just P. The presenting map Zr of a tangle
T is as follows. First isotope the tangle to standard form and then presenting
maps for individual rectangles are as in [23] which were described in Section 2.7.
That is, suppose we have a strip with a cup joining the i*" vertex along the top
with the (i + 1) vertex along the top and the rest of the strings through strings.
We may label the diagram by a pair of paths from G. We require that a through
string must have the same label along its top and bottom edges. Thus we have
that the n'® edge along the bottom must agree with the n'* edge along the top
for the first i — 1 edges, and the n'* edge along the bottom must agree with the
n + 2 edge for the remaining edges along the bottom. Also the edge ¢ on the top

82



m

m

Figure 3.15: The endomorphism p(z)

\J,,

in

n

)

Figure 3.16: Conditional expectations E(x) and Eg(x)

pl

L

Figure 3.17: The tangle 2/
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must be the opposite edge as ¢ + 1. Thus the map Z, is defined as

NS M) e e e e
Zu—%; M(T(U))(fl Em-n-&ix1- & &)

where the sum is over all possible paths £ and n. Similarly we have that

p(r(n))

For a strip containing a rectangle with label (&, *) and no vertical strings to the

A SN LIS NS )
&m

left or right then Zr is just (£, *). If the rectangle has n vertical through strings to
the left first attach the n string identity >, _, p to the right to get >- (£- p, p).
Using the connection transform this to the an element of the string algebra with
the identity on the left, i.e. 3 . ce(v-(,v), where

£

vV —w

=) ¢ v
Cnuzl/ —_—

Yy n

are given by the connection defined in Section 2.8. Note that if the connection
is flat this presenting map defines a flat planar algebra.Finally, if there are m
through strings on the right, label them by the m string identity ZM:m v. Hence
the presenting map of a strip b containing a labelled box with n through strings
to the left and m to the right is the element

Zb::ch(uf-l/,u-y)

Qv

The presenting map of T"is then Zp = Z(t1) ... Z(t,,) where t; is the top rectangle,
t5 is the one directly below it and so on.

Now we show that for a type III subfactor p(M) C M using the identification
of string algebras with spaces of intertwiners in [34] we can use the definition of

Z above to define a type III subfactor planar algebra.

Proposition 3.4.7. Let p(M) C M be a extremal type 111 subfactor with d(p)2 =
0 < oo and for each n,m let
P =((pp)" (pP)™)

Pyt =((op)"p, (pP)™p)
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Let P, = UnPﬁk and P = @, P and let ¢ = tro S be the state defined in Section
3.4. Then the above definition of Z makes P into a type III subfactor planar
algebra with modulus 6 and Z(x) = x for each x € P (where by Z(x) we mean the
presenting map of a tangle with a single input box labelled by x ). For alln,m € N
and x € P, 7 satisfies

’ Z(Hf\

J=6"e i>1

w 2()=2)  2(G) =

i) Z(11)=8 By () 2((7)= 6 (@)

Here Eniny, is the conditional expectation N' 0N M1 — N' 0N M, and & is
the minimal expectation M — N.

If Z' is another planar structure on P satisfying the 4 conditions above and

such that Z'(x) = Z(x) for all labelled discs x and also Z'(U) = Z(U) then
7 ~7.

Proof. As in [34] (and Section 2.8) we identify the vector spaces ((pp)", (pp)™)
with vector spaces with basis given by pairs of paths (£, &) in the principal /dual
principal graph of p(M) C M with [§]| = n, |&] = m, s(&) = s(§&2) = * and
r(&) = r(&).

Let Z be as defined above. We begin by showing that the definition of Z
is independent of isotopies of the tangle. By the discussion at the beginning of
the proof of Theorem 4.2.1 of [36] we just need to check the isotopies of Figures
3.18,3.19, 3.21 and 3.22. This is almost exactly the same as the proof in [23].

Firstly, straightening a string with a cup and cap does not change Z since for
a strip ¢ with a string with a cup and cap then we can split the strip into two
strips, as shown in Figure 3.18, ¢; has a cap joining points 7 + 1 and 7 + 2 along
the bottom and 5 has a cap joining points ¢ and 7 4+ 1 on the top.

Then Z(t) = Z(t1)Z(t2) with
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Figure 3.18: Straightening a cup and cap

-y M) o e
(s(v)) .
Z(ts) =3 (|G G v T G G G )
>\ ulr(v))

and so Z(1) = Y, Opoy) S JHE(E 6 Gy oo &) = iy A similar

computation shows that flattening a string with a cap and then a cup does not

change Z either.

Next, we show that isotopies involving labelled discs do not change Z. For the
first isotopy of Figure 3.19 we show that interchanging the vertical coordinates
of the rectangle and cap does not change Z.

Suppose t; is the horizontal strip containing the rectangle = with label (&, x)

on the left hand side of the equation. Then
Z(ty) = ch,c(@l (rag-ag,ar - an - ag)
a;,C

where the sum is over all «; with |a;| = 7, |as| = k, |as| = [ and ¢ with |(] = j and

the constants c¢¢ come from the connection. Then, if ¢; is the strip containing
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the cup,

N W) g B B B By
Z(tﬁ—% iy BB Ba -1 s - B B B)

where now we sum over all 8; with |51] = i, |B2] = J, |83] = k, |B4] = | and

|n| = 1. Hence

Z(t) = Z(1)Z(t2) = Y 51.0108,.¢085,0008.05Ce

7]7C70¢i

(Ch G 3, '042'Oz3)~

(r(n))

Then if we label the upper and lower strip of the right hand side by s, s

respectively we have

_ M) o e
Z(s1) = Z M(T(U))( 1T Qs Q)

|og|=i,|ag|=3,
|agl=k,|lag=l,|n|=1

and
Z(s))= > cec(BiC B BsBu B Ba Bs Bu).
|B;Fi|2,:\3ifi‘l,:|§ =j
Hence

Z(s) =Z(s2)Z(51)

S ~
=) 051010005 051, O3 mi e il (U))(al Qg3 Q- ap)
v p(r(n))

which is equal to the left hand side. To show that we may interchange the vertical
coordinates of a labelled rectangle to the right of a cap, as in the second equation
of 3.19 we can use the partial braiding as shown in Figure 3.20 to transform this
to the above situation.

For the isotopies described in Figure 3.21 we show that pulling a rectangle
down to the left of another rectangle does not change Z. Given two rectangles
x and y, labelled (&, *) and (&2, ) then the horizontal strip containing the first

rectangle will be

Z(s1) = Z cealon-CG-Br-vy-61,00-01-7-61)

[¢l=k, | |=7,
[B11=L,1v|=m, |61 [=n
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Figure 3.19: Isotopies involving a cup and labelled rectangle

Figure 3.20: Isotopies involving a cup and a labelled rectangle 11
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Figure 3.21: Isotopies involving two labelled rectangles

and the strip containing the second rectangle will be

Z(s2) = Z Cer o (g~ o Co v Og, i - o - O).

lag|=7,182]=L,
[¢a|=m,|d3]|=n

Multiplying these we see

Z(s1)Z(s2) = Z Cey 1 Ceaca (@1 - Cue Br v Go v 01, - By - 0).

[¢l=k,|a1 =3,
1B11=0,I¢2|=m, |81 |=n

On the other hand, letting ¢, t5 be the horizontal strips on the left hand side we

get
Z(t2) = Z Ceyep (Qa - Cr - Babay0q - By~ 04)

I¢] 1=k, laq|=5,

[B41=1,164]=n
and

Z(t) = Z Cerco(z -y - B3 (- 03,037+ B3+ J3)
I¢hl=m,|ag|=j|vI=k
1831=L,163]=n

and so Z(t1)Z(t2) = Z(s1)Z(s2) as required.

The final planar isotopy that needs to be checked is that rotating a box by
27 does not change Z. We demonstrate this for a box with two marked points,
the method carries over to a box with an arbitrary number of marked points. Let

the box be labelled by (&, *), with |{| = 2. Then splitting the diagram in Figure
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Figure 3.22: Rotation of a rectangle

3.22 into five horizontal strips as shown we get

Z(Sl) = Z (Oél + (g, (3 '5(3 s e Cl/l)

ov;|=1

Z(s5) =Y (Bi---Bu By Bs-Bs - Bo---Ba)

18:]=1

Z(ss) = D cecln o€ mme )

[yil=1,I¢|=2

Z(S4) = Z ((51 '52 . 52 '53 '54,51 . '63 (54)
|6:]=1

Z(s5) = Z(e “ €, %).
le|l=1

Hence Z = ) c¢ (¢, *) which, by the definition of the connection, is equal to
(&%).

Hence our definition is independent of all planar isotopies. To show that P
is a subfactor planar algebra, we must show that is is spherical, connected, finite
dimensional, has modulus 6 > 0 and the state ¢ is positive definite. The finite
dimensionality of P™ is true by definition, as is the fact that Py = (id,id) has
dimension one. The planar algebra P is spherical since the connection defined in
Section 2.8 is flat. To show that the planar algebra has modulus d, the Perron

Frobenius eigenvalue of the graph, let ¢t be a horizontal strip with a closed loop
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Figure 3.23: Calculating o

with ¢ through strings to the left and j through strings to the right. Then
Z(t) = Z(t1)Z(ts) where t; is the strip with a cap joining strings ¢ and 7 4+ 1 on
the bottom and ¢5 is the strip with a cap in the corresponding position on the

top edge as shown in Figure 3.23. Then

Z<t1)—; M(S(ﬁ))(fl Ens &1 &iom e Eipr &)

§ V/‘L(T(V)) ~
2 9) = e (CRERN R ZEN N CER RN (N G TN N

and

2= S MWDo i,

Cris(v)=r(&)

We now show that the state on the planar algebra is positive. Let x be a tangle
with label (£1,&). Then Z(4(£1,&)) = 0¢ .60 1 u(t(€1)). This is exactly the
state we defined on the string algebra, which is positive since it is the composition
of a projection and the unique positive definite trace on the string algebra.

Next we must show that P satisfies the three conditions in the statement of
the proposition. For the first one, using the definition of Z we calculate the left
hand side to be

V(r(a))u(r(B))
mzﬂ p(r(&i-1))

Gl a @& G BB 6
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which is which is ¢ times the Jones projection in the string algebra. The second
condition is satisfied by definition.

Now we must show that we have the correct conditional expectations. The
minimal expectation E : M — p(M) is given by E(x) = p(r*p(z)r) for r €
(id, pp). The presenting map of the left conditional expectation tangle gives
exactly this map with » = Z(U). The right conditional expectation is the ex-
pectation from N’ N M, onto N’ N M,_1, which is exactly the same as the type
IT case. This follows from the fact that Pi" = ((pp)™, (pp)") = N’ N My, and
Pyl = ((00)"p, (pp)"p) = N' 0 Moy

The uniqueness can be proved exactly as in Jones’ paper [36]. Suppose Z and
Z' are two presenting maps on P satisfying Z(x) = = = Z'(x) for all z € M
and Z(U) = Z'(U). Then we want to show that for any planar tangle 7" we have
Z(T) = Z'(T). Let T be a type III planar tangle. Putting 7" in standard form we
see it is a product of Oy tangles and tangles containing a single labelled disc,
possibly with some strings to the left and right. Since Oy, is generated by U and
Jones projections, we know that Z = Z’ on Op;. We also know that Z = Z’
for any strip containing a labelled disc or a labelled disc with through strings to
the right. All that is left is to show that Z and Z’ agree on strips containing a
labelled disc with strings to the left. Since we are assuming the connection is flat,

this is trivial. ]

Next we show that for § < 2 the planar algebra Or; may be realised as the
planar algebra defined using the string algebra construction for the graph A,

where 6 = 2 cos(m/n).

Proposition 3.4.8. Let P be the planar algebra with presenting map defined

using the string algebra construction for the Dynkin diagram A,. Then P ~ Ory,.

Proof. The ordinary Temperley-Lieb algebra may be described as the (type II)
string algebra of the graph A,. In order to prove Ory may be described as the
type III string algebra of A, first we define linear maps x : Vi — Vyyq for k € Z
by
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n+ 2k n+2k-1

n+ 2k n+2k 1

,4;—1(33 ): T

n n—1

Then k is invertible with inverse k=% : Vio1 — V. We can similarly define
maps K A(n,n+2m),0 - A(n—l,n+2m+1),0 by R(él ce énu Cl te Cn+2m)

= (& 6n-1,C 0 Curam - gn)

If z € V, with k > 0 then (k71)*(z) is in Vy which is the type II Temperley-
Lieb planar algebra. Let y be the isomorphism from Vj, to the type II string
algebra of A, defined by mapping the diagramatic Jones projection e; in V
to the corresponding Jones projections in A,. We wish to show that Z de-
fines a surjective map from V"™ — A, om0 and then, since dim/(V,H2™) =
dim(Vim) = dimAgmpntm)yo = dimAg niom)0 we have that Z is a bijection
and hence Z : Orp — Asp is an isomorphism. Let x € A nyom)o. Then
R™(x) € Apmtmmntm)o and then x(F™(x)) defines a unique element of V. Thus,

letting & = k™ x(R™(x)) we have that for any x € V there exists £ € V with

Z(Z) = z and so Z is surjective. O

3.5 Perturbations of Planar Algebras

In [15] it was shown that for type II planar algebras it is possible to remove the
condition of extremality by defining planar algebras which are not necessarily
spherical. We now show that this is also possible for type III planar algebras.
First we define an analogue of the bimodule planar algebra of [15], [26]. In the
type II setting the appropriate bicategory is the bicategory of bifinite bimodules.

93



However in the type III setting we use instead the following bicategory B, details
of which may be found for example in [65], [61].

Let N = p(M) C M be a type III subfactor. Let B be the 2-category whose
objects are {p(M), M}, whose 1-morphisms generated by p and p and whose
2-morphisms are intertwiners. The tensor product of 1-morphisms is given by
composition, i.e p; ® py = p1po and the tensor product of intertwiners u € (py, p2),
v € (01, 02) is given by u ® v = up; (v).

Recall from Section 2.8 that there exist isometries r and 7 with r € (idy, pp),
T € (idy, pp) and 7*®1,01,®r =1, and r*®1;01,&®7 = 1. Such an r is said to be
a solution of the conjugate equations. Suppose p = > p; is a sum of irreducibles.
Then there exist partial isometries w; with w;pw; = p; and ) . w;w; = 1. There is
a unique (up to unitary equivalence) r; € (1, p;p;) and the sum r = ). w} @w; or;
is said to be the standard solution of the conjugate equations. The standard left
inverse for p is a collection of mappings ¢, : (po,pr) — (o,7) defined by
Gor(z) =1 ®@ 1,01, ®x0r ®@1,. Similarly one can define the standard right
inverse ¢, . : (op, 7p) = (0,7) by Vo, () =1, @r* oz ®1;01, @r. It is proved
in Lemma 3.9 of [61] that ¢ and ¢ are faithful positive maps and 1 = ¢y if
and only if r is standard. For any choice of ' € (1, pp), ¥ € (1, pp) there exists
an invertible element y € (p, p) such that " = (1, @ y) or and ¥ = (y* ® 1,) o 7.
The minimal conditional expectation E : M — p(M) may be defined in terms of
standard r by E(z) =1, ® ™ ox ® 1;01; ® 7. The bicategory B is right rigid if
p(M) C M is a finite index subfactor, since in this case a unique p always exists
by Proposition 6.25 of [65]. Thus any choice of r defines a pivotal structure on
B.

As in [15] we can associate a planar algebra P to the bicategory B by letting
the vector spaces P be spaces of intertwiners from (ppp...) — (ppp...) or
(pp...) — (pp...) where there are n terms on the left and m on the right. Fix
some r € (1,pp) and 7 € (1,pp). Then, given a tangle T' we can define the
presenting map via the assignments shown in Figure 3.24 where o, is (pp...)

with n terms if the left hand side is shaded and (pp...) with n terms if the left
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Figure 3.24: Presenting map for horizontal strips

hand side is unshaded.

Proposition 3.5.1. Given a type III factor M and a finite index endomorphism
p € End(M) there is a unique finite dimensional, connected, positive definite type

11T C*-planar algebra structure with states ¢ and ¢r and

((pp)"; (p2)™)

Py =
((2p)", (P)™)
(3.9)
pamit ((pp)", p(pp)™)

(p(pp)"; p(pp)™)

and such that for all x,y € P we have the following identities
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where e are the Jones projections for the inclusions p(M) C M and pp(M) C
p(M).

Proof. The first thing that needs to be checked is that the definition of Z above
is invariant under the three planar isotopies in Figure 3.25 for all z,y € P and
all ng,ix, jp € N.

Smoothing a string as in (i) leaves Z unchanged since Z(N®1,)Z(1lp®@U) =
r*op(r) =1= Z(1) by the conjugate equations.

Interchanging the vertical coordinates of discs labelled x, y as shown in (i7)
of Figure 3.25 doesn’t change Z, since, if we assume nyg, ji, i are all even and
the extreme left hand side of the diagram is unshaded, the left hand side is
equal to (p)"/2(z)(pp) "+ m)/2(y). Since "i/2(z) € ((pp)™ /2, (pp)m+in/?)
this equals (pp)™+1+72)/2(y)(pp)™/?(x) which is equal to the right hand side.
Invariance of Z can similarly be shown for other values of ny, j,ix and either
shading.

The final planar isotopy we need to consider is rotation. For simplicity we give
a proof here for a disc € (p, p) and the general case may be proved similarly.
The presenting map is r* ® 1,01, 7 ® 1,501, ®2®1,;01,®7®@1;01, Q1 =
" ®1;01,®7®1,01;,®r®1,,01®@1r*0l,®r =z, where the first equality
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follows from pivotality and the second follows from the conjugate equations.
The planar algebra is finite dimensional by definition, it is connected because
P{ = (id,id) is one dimensional by definition, positivity follows because the state
¢ is the composition of a projection with a trace, the trace is positive definite
because Z(tr(z)) = r*ox ® 1 or for x € P!, which is positive, since if z = y*y
then Z(tr(z)) = (y or)*(y or). The four conditions listed follow directly from
the definitions of Z and B. Uniqueness is proved in exactly the same way as in

the proof of Proposition 3.4.7. O]

Proposition 3.5.2. Let P be the planar algebra defined in the previous proposi-
tion. Sphericality of P corresponds to extremality of the subfactor p(M) C M.

Proof. From the previous section we know that sphericality is equivalent to the
condition that the states ¢r and ¢ agree. From [61] we know that the left and
right inverses for p agree if and only if the isometry r € (id, pp) is standard, and in
this case the conditional expectation is minimal and so the subfactor p(M) C M

is extremal. O

For finite depth subfactors, the above construction is exactly the same as the
planar algebra defined in the previous section. To see this just use the identifica-
tion of the intertwiner spaces ((pp)", (pp)™) etc with spaces of pairs of paths in
the graph and dual graph of the subfactor described in Section 2.8.

Given a type III planar algebra we can define a bicategory B as follows. Let
By have exactly two elements denoted 4+ and —; for each choice of ,e € {+,—}
the category B(e,n) is the category whose objects are natural numbers and a
morphism in B(e,n) from n to m is an element of P™. Composition of morphisms
is by multiplication in the planar algebra, the identity morphism is the empty
tangle. The tensor product of objects is just addition in N and the tensor product
of morphisms is by placing the tangles side by side as shown in Figure 3.26.

A rigid structure may be defined on B using the adjoint in the planar algebra.
For a O-cell € define e := e. For a 1-cell k € ob(B(e,n)) define k# = k €
ob(B(n,€)). The evaluation map is given by Z(U) and coevaluation by Z(N).

97



i n—i—1 n

e fin |2 e n3 ne i ne |2 |ns
T
t1 S1 .
t S2
Nl
J1 Jo J1 2
S1
/, 52
|
(i) fL’ 53
[
Sy4
S5
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Figure 3.26: Tensor product of morphisms u ® v
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H/b.l\

Figure 3.27: Perturbation of Cups and Caps

A 2-cell x € Mor(k,l), for k € ob(B(e,n)), | € ob(B(n,v)), corresponds to an
element of P! and so to define 2% € Mor(l, k) we take the adjoint in the planar
algebra.

Similarly to [15] we define a weight of a planar algebra to be an invertible
element z € P} such that the element z;, ;= (2 ® 271)®* is in the centre of P}
for all £ > 0. Suppose that there exist a,b € P with 2z = ab then we define
a perturbation P* of P to be the planar algebra with the same vector spaces
P as P but where the presenting map is altered by replacing cups and caps as
shown in the Figure 3.27.

It is clear that this presenting map is well defined, i.e. it is invariant under
planar isotopies. If z € C then P is called a scalar perturbation. Note that for
irreducible planar algebras scalar perturbations are the only possible perturba-
tions, since P} ~ C. If a planar algebra has modulus (4, , §_) then its perturbation
by a scalar z = X has modulus (A716,, \d_) and so it is possible to perturb P to
a unimodular planar algebra by perturbing by the weight A = \/m .

Proposition 3.5.3. There is a one to one correspondence between the weights
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of a planar algebra P and pivotal structures on the strict 2-category associated to

P.

Proof. Let z be a weight of P. Then, for k € B(e, n), the two cell k 5 k defined
by 7. = 2z is a pivotal structure. To check this we need to show that 797 is a
natural transformation, i.e. that 7f77! = f and that 7,e; = 7 ® 7;. The first
equality follows from the fact that z is central. The second equality is easy to
verify, since by drawing diagrams it is clear that both sides of the equation are
equal to zp4y.

Conversely if 7 is a pivotal structure on P then z = 7 € Mor(1,1) = P} is
a weight of P, we just need to check that it is central, but this follows from the

fact that 7 is a natural transformation. O]

For the rest of this section we assume P is a type III finite dimensional con-

nected C*-planar algebra which has positive definite states ¢z and ¢y.

Proposition 3.5.4. The planar algebra P has a spherical planar algebra in its

perturbation class.

Proof. The states ¢ and ¢y, are related by ¢r(x) = ¢ (2%*2) for some invertible

z € B{. Thus perturbing P by 22 gives a spherical planar algebra. O]

Proposition 3.5.5. The perturbation class of P contains a unique spherical pla-
nar algebra P. P is the unique unimodular planar algebra attaining the minimal

index in its perturbation class.

Proof. This is proved in exactly the same way as in [15]. If P is spherical and
Q is a perturbation of P by the weight z € P}. Then let p; be the collection of
minimal central projections of P} and let ¢; = trp;, so dp = >;ci. Then there
exists \; > 0 such that (5g,00-) = (3° Nici, Y. A 'e;). Then the index of Q is
> AiX teic; > (3 ¢)? = dp. Hence P has the minimal index in its perturbation
class if it is spherical.

Conversely, suppose P is unimodular and has minimal index §. Let ) be a
spherical planar algebra in the perturbation class of P. Then ) must have the

same index as P and the weight z must be a scalar. Hence z =1 and Q = P. [

100



If P is the planar algebra associated to a subfactor as in Proposition 3.5.1, a
choice of perturbation z corresponds to a choice of ' € (id, pp). Any 7’ can be

written in terms of the standard r as ' = x ® id or for some invertible x € (p, p).

3.6 Planar Modules

In this section we define modules over a type III planar algebra P. This was
first investigated by Jones in [39], and the Temperlely-Lieb modules were studied
further in [81], [41]. This was then used, for example in [74] construction of
the planar algebra of the Haagerup subfactor and more recently in [14], [13] to
investigate the Drinfeld centre of planar algebras. A similar construction for
As-planar algebras appeared in [24].

It would be interesting in the type III case see if planar modules could be
used to investigate the Longo-Rehren subfactors, given the connection between
Longo-Rehren subfactors and the Drinfeld centre described for example in [66]
and the above mentioned connection between type II Temperley-Lieb modules
and the Drinfeld centre.

We now define planar modules for type I1I planar algebras in exactly the same

way as the type II theory developed in [39].

Definition 3.6.1. An annular tangle is a tangle T" with a distinguished internal
disc. If the outer disc has pattern (ng, mg) and the inner disc has pattern (ny, ms)

then it is called an annular (ng,mg) — (n1,m) tangle.

Definition 3.6.2. A planar module V is a collection of vector spaces V™ for
n,m € N with an action of P. For each annular (ng, mg) — (n1,m;) tangle with
internal discs D; of pattern (n;, m;) there is a linear map Zy : V" @ (@, P) —
Voo which satisfies all the usual compatibility requirements for presenting maps

of planar algebras.

A planar algebra P is always a module over itself, where the action of P on

itself is by composition. We will call this the trivial module. Another way to define
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planar modules is in terms of the annular category AnnP as follows. Let AnnP
be the category whose objects are pairs of natural numbers (n,m) and whose
morphisms are given by annular tangles with labelling set P. Composition of
morphisms is given by gluing of tangles. Let F'AP be the category with the same
objects as AnnP but whose morphisms are linear combinations of morphisms,

and composition of morphisms is the linear extension of composition in AnnP.

Definition 3.6.3. The annular algebra AP is the quotient of F'AP by the relation
0=0.

Denote by AP(n,m) the subalgebra of annular tangles with pattern (n, m) on
both the internal and external discs.

A module V is said to be irreducible if it has no non zero proper submodule
and it is said to be indecomposable if it cannot be written as V = U & W for
some submodules U and W. The following proposition may be proved similarly

to Lemma 2.11 of [39].

Proposition 3.6.4. A P-module V is indecomposable if and only if V. is an

indecomposable AP(n,m) module for all n,m.

Proof. If V™ is indecomposable for all n,m then it is clear that V' is indecom-
posable. To prove the converse assume that V' is indecomposable but that there
exists a proper AP(n,m) submodule W C V. Then AP(W) is a submodule of
V and AP(W)™ C V'™ so AP(W) is a proper submodule of V. O

The rank of an annular tangle 7" is the minimum number of strings crossed by
any closed loop in the interior of T" enclosing the distinguished internal disc. The
weight of a module V' is the smallest n such that V" is non-zero (equivalently,
the weight is the smallest n such that V;j with 7 + 7 = n is non zero). For the
rest of the section we assume P is a type III C*-planar algebra. The *-structure
on P induces a *-structure on AP where the *-operation on an annular tangle T
is given by reflecting T about a circle halfway between the inner and outer discs.

A Hilbert P-module is a P module H such that each H)" is a finite dimensional
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Hilbert space with compatible inner products satisfying (ax,y) = (x,a*y) for all
x,y € H" and a € AP. Any spherical C*-planar algebra P is a Hilbert P-module
with inner product (x,y) = ¢(y*z).

Proposition 3.6.5. Let V' be a Hilbert P-module and W C V10 is an irreducible
AP0 -submodule of V0 for some ng,mg. Then AP(W) is an irreducible P-
submodule of V.

Proof. This may be proved in a similar way to Lemma 3.4 of [39]. For Hilbert
modules irreducibility is the same as indecomposability, since if U is a proper
submodule of a Hilbert module V then U @ U+ =V, so by Proposition 3.6.4 we
just need to show that AP(W)" is an irreducible AP}* submodule for all n,m.
Suppose that AP(W)™ is not irreducible. Then there exist x,y € AP(W)™ with
AP(z) 1L AP(y)". We may write x = azg and y = byy with zg,y9 € W

and a,b € AP(W)((no,mo), (n,m)). Then AP(a*axo);® and AP(b*byo)m° are
orthogonal submodules of AP(W);o. O

We may use this lemma, along with the fact that if U, W are AP" invariant
subspaces of V™ for some module V' then U L V implies that AP(U) L AP(W),
to decompose a module V' into a countable orthogonal direct sum. First, sup-
pose k = weight(V) and decompose V/* into irreducible AP modules U;. Then
AP(U;) L AP(U;) for all ¢ # j. Taking the orthogonal complement we get a
module with higher weight that £ and we may continue the process, decompos-
ing this module into irreducibles and so on. To decompose the modules V" for
n # m we just use the decomposition of the V" and the fact that as vector spaces
Vm e~ VFfor k= (n+m)/2. Let ZPT be the ideal in @: generated by elements

with rank less than n + m.

Proposition 3.6.6. Let V' be a Hilbert P-module and let Wy, be the AP sub-
module of V™ spanned by the (n,m) graded pieces of all P submodules of weight
less than n+m. Then

(W™t =n _mker(a)

a€AP,,
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Figure 3.28: The tangles ¢; and ¢,

Proof. First, let w € W)". We will show that w L Nkera. We can write w =
> a;w; for some annular tangles a;. We can find tangles t; with tt;a; = a; and
tia € AP™. Let v € Nkera then (v, q;w;) = (t*taiv,w;) = 0 for all 7.

For the opposite inclusion, suppose w € (W™). Then we want to show

w € Nker(a). For any v € W™ we have that (aw,v) = (w,a*v) = 0. O

3.6.1 Temperley-Lieb modules

As in [39] we may define the Temperley-Lieb modules. The type III annu-
lar Temperley-Lieb algebra AT L is the algebra of annular tangles with no in-
ternal discs besides the distinguished one. It is easy to see that the quotient
ATLY/ ﬁL\ZL is generated by the rotation tangle, since any tangle in 7'L)" with
n 4+ m through strings must be a rotation of the identity. Define the map o4 on
annular (0,0) tangles as the map which puts a single non-contractible circle of
shading + into the interior of the tangle. The module ATLZ is generated by the
map o404 since the only possible strings in the interior of the tangle are con-
tractible and non contractible circles, and the contractible ones may be removed
by multiplying by 6. Suppose V is an irreducible Hilbert T'L module of lowest
weight zero. Then the maps o act by a scalar A with 0 < A < 4. We prove
A < § using the tangles €1, € in Figure 3.28. It is easy to see that d '¢; is a
projection and ;€26 = A?¢;. Taking the norm of both sides gives the required
inequality. Thus the 0-weight modules are determined by the numbers A,  and
the dimension of ATLT and ATLZ.

As vector spaces we know V" ~ V, where k = n + m and Vj, is the type II
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Temperley-Lieb modules defined in [39], [41].

The main use of Temperley-Lieb modules so far is in decomposing the bipartite
graph planar algebras into irreducible Temperley-Lieb modules. In [81], [41] it
is shown how to decompose the bipartite graph planar algebra for the ADE
graphs into Temperley-Lieb modules and this was also used e.g. in [74] to find
the subfactor planar algebra of the Haagerup subfactor inside the bipartite graph
planar algebra. The type III planar algebra of a bipartite graph may be defined
in a similar manner to the type II case. Basically the idea is to use the same
construction as in Section 3.4.1 apart from now we do not require the existence
of a connection and we do not constrain the paths on the graph to start only at
%, now we allow them to start at any vertex. Thus the presenting map may be

defined on horizontal strips by

ZU) =Y ((-a-a-¢¢-Q)

where the sum is over all paths with |£| =i, |a| = 1, || = j and r(§) = s(a) =
s(¢). For a strip containing a labelled rectangle with label  the presenting map
is
Z(x) =) (£-7-¢EQ)

Using the methods of the proof of Proposition 3.4.7 that this presenting map
is invariant under planar isotopies. However the bipartite graph planar algebra
is not in general a subfactor planar algebra, since the space P is usually not
isomorphic to C.

The decomposition of type II planar algebras into modules gives a decompo-
sition of Py into planar modules, for a type III planar algebra P. Then the Py
may be decomposed by applying annular tangles to F.
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Chapter 4

Constructing Subfactors from

Planar Algebras

In Chapter 3 we showed how to associate a planar algebra to a type III subfac-
tor. In this chapter we would like to perform the opposite construction, that is,
starting with a planar algebra P we would like to find a type III subfactor such
that the planar algebra P is its subfactor planar algebra. Our construction is
similar to the constructions in [28], [49], [42] for II; subfactors. In these papers
they define alternative algebra structures on P and then take the GNS represen-
tation. The difficult thing here is proving boundedness of the representation, but
this can be done using planar algebra methods. Then it is proved that the von
Neumann algebras obtained form the Jones tower of a subfactor II; that has P
as its planar algebra. In our construction we use a larger class of planar tangles
and obtain a tower of type III factors. Then in Section 4.1.1 we use techniques
from free probability to investigate these subfactors. We use methods similar to

2], [51], [29].

4.1 Subfactors Associated to a type III Planar
Algebra

Let P be a type III subfactor planar algebra. Let P't" =: P! where we shall

n,m?
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Figure 4.1: A tangle in P!
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Figure 4.2: Inner product on P!

draw elements of PfL’m as rectangular boxes with n strings to the left, m strings to
the right and 2¢ strings on top with the marked boundary point always at the top
left corner. An example is shown in Figure 4.1. Often when drawing tangles we
omit the outer boundary. Define an inclusion map P}, — P}, ., by adding a

horizontal string underneath the tangle. Let Gry(F),) = lim P} and let

+nk+n+2m
Gri(P) be the vector space direct sum @, Gry(PL). An element « € Gry(P) is
a finite sum Zn’t Ty, where z, ¢ € Grg(P}). Denote by x; =Y, Define an
inner product on the P,’i’m by Figure 4.2.

We define an algebraic structure on the Gry(P) as follows. For x € P2

n1,my
y € P2 ., the multiplication 2y (which we usually just write as zxy) is defined
as in Figure 4.3. More precisely, if m; = ny join the vertices along the right edge
of x with the corresponding vertices on the left edge of y sum over all diagrams
with the last ¢ vertices on the top edge of x joined to the first ¢ vertices from
the top of y. If my # ny, first apply the inclusion tangle |m; — ng| times to z if
my < ng or to y if my > ny and then multiply as above. This multiplication is

then extended bilinearly to all of Gry(P).

This multiplication is associative because x x (y x z) and (x * y) * z are both
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Figure 4.3: Multiplication in Gry(P)
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Figure 4.4: Adjoint in Gr(P)

sums over all ways of joining the top vertices of x, y and z. The multiplicitive unit
I}, in Gry is just the usual unit in P, that is, I} is the diagram with k& horizontal
strings and no other strings.

The adjoint ' is obtained by reflecting = about a vertical line through its
centre and moving the marked boundary point to the top left of the resulting
tangle. Drawing the diagrams, it is easy to see that (z xy)" = y' x z7. Note that
for z € P;;m this adjoint operation is the composition of the adjoint in P with a
rotation of the marked point * clockwise by 2t strings.

Thus with the multiplication and *-operation defined above Gri(P) is an
associative unital *-algebra. Note that for ¢ = 0 these are the ordinary adjoint
and multiplication in P defined in Section 3.4.

The algebra Gry(P) is included in Gry41(P) using the inclusion map which
takes a diagram in Gry(P) and adds and extra horizontal string below. Thus we
have an increasing sequence Gro(P) C Gri(P) C ... of *-algebras.

There is a state ¢y on Gry(P) defined by ¢i(z) := ¢(z0) for x € Gri(P), where
¢ is the state on the planar algebra P defined by composition of the projection
onto Py with the trace. Note also the tower of algebras constructed in [49] and

[42] is contained in the tower of algebras defined above, by restricting to tangles
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SO — XL 5n,m5t,0 5n<— X )

Figure 4.5: The state ¢

with exactly k strings to the right and left and our state ¢, restricts to their
trace. There is a conditional expectation map FEj : Grpi1 — Gry defined as the
tangle with the bottom string on the left and right side joined. It can be seen
diagramatically that this satisfies Fy(x1yzs) = x1Fg(y)z, for all x; € Gry(P) and
y € Griy1(P). Note that this also satisfies g o Ey = @g11. The inner product
on Gry(P) is defined as usual as (z,y)r = @r(y' * ). Note that in this inner
product Gry(P!) L Gry(Pt) for any (n,t) # (n/,t'). Let Hj, denote the Hilbert
space completion of G'ry(P) with respect to this inner product. A vector x € Hj,
is asum Y, with 2, € Gri(P) and 3 [z, ]]? < oo.

We wish to show that Gri(P) acts on the Hilbert space Hy by left multipli-
cation and that Gri(P) C B(H). We prove this in a similar way to [49].

Proposition 4.1.1. Let k € N and let « € P!' .. C Gri(P). Then there exists

ni,mi

a constant C' > 0 such that ||z * y|lg, < Cllyllg, for ally € P2, C Gri(P),

n2,ma2

Proof. We prove this as follows. Firstly we redraw the tangle ||z*y||? as shown in
figure 4.6. Then we may replace the left and right hand sides of the tangle with
positive elements u*u and v*v of the planar algebra. We do this in such a way
that we can calculate the norm of v in terms of x and v in terms of y. Then the
tangle may be written as the inner product (u*u, v*v). Using the Cauchy-Schwarz
inequality we can then prove the boundedness of the left multiplication.

We may suppose that m; = ns, otherwise we may add horizontal strings to x
or y without changing its norm in Hy. Then ||z * y||; is shown in Figure 4.6.

Assume that ny > m; (otherwise just add ny — m; closed discs around the

outside of the tangle and multiply by §~("2=™1)). Then, for each i we can replace
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min{2tq,2t2}

2 —
o syl = ) 67
1=0

Mo

min{2t1,2t2}

— Y sms §

. 2t — i 2y -t
1=0 !

Figure 4.6: ||z x y|/%;,

the left and right hand sides of the tangle in Figure 4.6 by positive elements uu;

in P™ +ni1+1

it ti as described below.

and vv;
First, we can redraw the left hand side of Figure 4.6 as in Figure 4.7.
In case (i), where my + ny + 14 = 2t; + 1+ 2d for d > 0, we can take u; to be
the tangle shown inside the dotted line. In the case m; +ny +4¢ = 2t; +1i — 2d

! 1%

for some d > 0, the tangle in (i7) of Figure 4.7 is Ey(z'z"™), for 2’ as defined in
Figure 4.8. This is positive, since the tangle x’z’* is a positive element of the
type II planar algebra and Fy : ng;j:j — ng;j:;j is the (right) conditional

expectation in the type II planar algebra which is known to be positive. Hence
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x*
. 5—d dw ifm; +ny+1=
— O o —iv2d
] @=o
A~
[I}'* 1fm1—1—n1+z:
2ty —1— 2d
B 2, — i — 2d
(é4) . (d > 0)
.
Ik

Figure 4.7: Replacing LHS of ||(z % y);||7;, with a positive tangle

2t1—i—d

~

X

my+ng 41 d

Figure 4.8: The tangle 2’
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we may choose u; to be its unique positive square root in the type II subfactor
planar algebra F.

Next we show how we may replace the right hand side by a positive element
of Fy. First flip y about a vertical axis and rotate the marked point of y as shown
in Figure 4.9. Denote by g the flipped and rotated tangle obtained from y. The
tangle §7y; can be replaced by a positive v;v; for v; € Py using a similar procedure
to the replacement of x*x by uju; described in the previous paragraph.

Then, since 0}; is positive, FL(0;7;) must be positive, where Fy, is the left
conditional expectation. Therefore Ep(v70;) has a unique positive square root
v, € F.

Flip v; about a vertical axis and add n; — my strings to the left. Call this v;.
Then v}v; is equal to the left hand side of the last tangle in Figure 4.6.

Returning to the expression for ||z« y[|3;, in Figure 4.6 we use u;, v; defined
above to get the tangle shown in Figure 4.11. This is (uju;, viv;) where we are
using the inner product in P

Denote by || - ||, the inner product norm in P”. It is clear from the diagrams
that ||u]|n,4m,1i = 0™ F¢r(2*x), where tr is the non-normalised trace on
prormitt and |villngamg i = 6~ MFmAD§m2gn |yl - Thus we have that

min{2t1 72152}

lzxyllz, =1l > (@xylilli,

=0

<MY (@ y)il,

=M Z 52 M (kv (4.1)

<MY 2

Y ) Jy

where M = (1 + min{2¢,,2t5}). Hence the result follows letting
2t1
C= Z 6~ M (1 4 2t )tr (¥ x), (4.2)

i=0

which does not depend on y.
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*
Ui

ng +mo +1

Figure 4.9: Replacing RHS of [|(z % y);[|7;, with a positive tangle I
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Figure 4.10: Replacing RHS of ||(z % y);||3;, with a positive tangle II
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Figure 4.11: [[(z % y)ill7, = [[wivil[%n s
m—4n+1
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O

Proposition 4.1.2. Let x € B}, C Gri(P), then there exists a constant D < 0o
such that ||z * y||g, < D||y||lu, for all y € Gri(P).

Proof. Let k € N and let y € Gry(P). Then y is a finite sum of elements > ¢
with y,: € Gri(P)) and

lzx yll 7, =1 ) @ * gl
n,t

n t

(4.3)
<> DD exynl,
n t
<@+ 1)C Y ynilliy, = 20+ 1)Clyllz,
with C as in Equation 4.2. O]

Then propositions 4.1.1, 4.1.2 show that left multiplication by an element of
Gri(P) defines a bounded operator on a dense subspace of Hy and hence may be
extended to an element of B(Hy). Consequently, Gri(P) may be thought of as a
*-subalgebra of B(Hy). Let My (P) be the weak completion of Gry(P) in B(Hy).

As in the type II case we now prove that the M} ’s form an increasing sequence

of von Neumann algebras and that

1. My is a type III factor

2. My C M, is an extremal subfactor with index ¢
3. M{N My = Py, for all k

4. My C M; C My C ... 1is the basic construction

5. M. N M, is the subalgebra of Py generated by tangles with i vertical
strings to the left for 0 < < k.

Proposition 4.1.3. The inclusion of Gri(P) C Gry41(P) extends to an inclusion
of their weak completions My(P) C My1(P).
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The proof of this Proposition follows from Lemma 4.1 of [33] which we state

here.

Lemma 4.1.4. Let A be a C*-algebra with a state ¢ and let (74, Hy, Q) be
the GNS triple. Suppose also that Q4 is separating for wz(A)”. Let B be a
unital *-subalgebra of A such that 1 is the restriction of ¢ to B with GNS triple

(g, Hy, Q). Then there exists a
O (my(x)) = my(x) for all z € B.

-isomorphism ® : w,(B)" — my(B)" with

To show that M, is a type III von Neumann algebra we calculate the Connes
spectrum. We do this in exactly the same way as the analagous calculation for
My in Section 3.1. Define an action ¥ of R on M, by the linear extension
of the map o,(x) = e"~™M0z 5 € P! . The state ¢ is the KMS state for
the modular automorphism group ¥ at inverse temperature 3 = 1. The fixed
point subalgebra of oy is the von Neumann algebra generated by Gri(Fp). It
was shown in [49] that this is a type II; factor and so the Connes spectrum and
Arveson spectrum coincide and equal {\?} for A = 1/§. Hence My, is type II1,.

To prove that M{ N M, = Py, we use a similar method to the one used by
Kodiyalam and Sunder in [49]. Their proof shows that x € M{ N M, implies
that zo; = 0 for all t > 0, we extend this to show that x,,;, = 0 unless n =t = 0.

First we need some notation. Let T'((m,n), {a1, ... a2}, {b1,...,ba})%,
m,n,a;,b;,s,8,t €N, m+n 2N, a;,b; € 2N + 1, be the annular tangle shown
in Figure 4.12, with 2s + m + n marked points along the outer boundary and
2s" + m + n along the inner boundary. The last m + n points along the inner
boundary are joined by a string to the corresponding point on the inner boundary
as shown. The points 2a; + 1,...,2a; are joined to the points 2b; + 1,...,20b;.
The remaining marked points are capped off in pairs with no nested caps.

Let C}, C P}, be the subspace generated by tangles with ¢ cups along
the top edge. Let Cy C My(P) be the subalgebra generated by the (weak)
closure of Dmez Chm,t, where Cy ¢ i= imCy v, Let C* be the orthogonal
complement of C' in Gry(P) with respect to the inner product (-,-);. Now we

give analogues of Lemma 5.6-Lemma 5.8 in [49].
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12 2a, 2a,+1 2s

2t

n m

Figure 4.12: T((m,n),{a1,..., a2}, {b1,...,ba})%

2t

T et = g = =0

Figure 4.13: x € C+

Lemma 4.1.5. Let x € P!

m,m-+n

and suppose that v € C+. Then the map v —

2 = ([xnt, U])er1 15 injective with inverse given by

t
r= Z 0 Zr((mn) {1, 2(t—s+1)} {2541, 204 1)), (2) (4.4)

Proof. The condition € C* is equivalent to the condition in Figure 4.13 for all
n,t.

If 2 € C*, let z = ([24, U])141 € Plafins as shown in Figure 4.14.

It is easy to see that the second equation of Figure 4.14 must hold, by applying
the tangle shown in Figure 4.15 to the equation above it. Then, summing over
all k, most terms on the right hand side cancel and we get the equation of Figure
4.16.

Now, cap off points ¢ and ¢ 4+ 1 for ¢ € {1,3,...,2¢t — 1} along the top. The

second term on the right is zero and the other terms give Equation 4.4 O]

Lemma 4.1.6. Let x = x,; € C* with z,, € Gri(P!) for alln, t and suppose
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N N
+ 2 2t
< = xn,t xn,t
tk k-1 t—kt1 k-1 tk
——— —— — ——— ———
2(t+1) 2t 2t
4 Tt Tt =

m m+n

Figure 4.15: Annular tangle

[z,U] = 0. Then

t—Fk k—1 t

2t + 2 2 2t

Z X X

Figure 4.16: Summing over k
t
Tag =Y 8 N Zr(mm) (1 s D) 2 d) L 241}, (Tss)
s=1
- ZT((n,m),{1,...,Q(t—s+1)},{2(s+d)+1,...,2(t+d+1)})§, (In,s»
where d =t' —t and for each n, we choose m so that xn, € P}, .., C Gr(P).

Proof. We prove this in exactly the same way as the proof of Corollary 5.7 of
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2t 2t
TR\ TR\

b(t —1) b(t—1)

Ln t+1 Ln t+1 Lnt—1 Lnt—1

Figure 4.17: ([>_,,, Tnt, U])s

[49]. We begin by proving the d = 1 case and then prove the general case by in-
duction on d. Since [x,U] = 0 we must have ([3°, , #ns, U])s = Sul([Tn,s-1,U])s +
([Tnst1,U])s) = 0 for all s. Thus we have the equation of Figure 4.17.

The right hand side of Figure 4.17 is equal to

ZT((m,n),{1,...,2t},{1,...,2t})§+1($n,t+1) - ZT(n+m,{1,...,2t},{3,...,2(t+1)})§+1(flfn,t+1)

The left hand side is equal to ([z,;-1,U]); and so by Lemma 4.1.5 we have

t
Tnt—1 = Z 5_SZT((m,n),{1,...,2(7&75)},{23+1,...,2t})§*1 (ZT((m,n),{l,...,2t},{1,...2t})§+1 (Tnit1)
5=0

= Z7((mn) {1,203, (3, 2004 )DL (Tnt1)
t—

—_

= 678(ZT((m,n),{1,...,2(t—s)},{25+1,...,Qt})ijr} ($n,t+1)

s=1

- ZT((m,n),{1,...,2(t—s)},{25+3,...,2(t+1)} i (xn,tﬂ))
(4.5)
Thus the lemma is true for d = 1. Next assume inductively that

t+1

—rdd—
T+l = E ot 1ZT((mm),{1,...,2(t+2—r)},{2(r+d)—1,...,2(t+d+1)})§,+1(xn,t')
r=1

_ZT((mm),{17...,2(t+2—r)},{2(r+d)+17...,2(t+d+2)})’;,+2(xn,t’)
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Substituting this into equation 4.5 we get

t—1 t+1
_ —r—s+d—1
Tnt—1 = Z Z 0 (ZT((m,n),{1,...,Q(t—s)},{2$+1,..‘,2t})§1i

s=1 r=1

(ZT((m,n),{1,...,2(t+2—r)},{2(r+d)—1,...,2(t+d+1)})i,"’1 (Tn,p)

- ZT((m,n),{l,A..,2(t+2—r)},{2(r+d)+1,4..,2(t+d+2)})?’1 (xn,t’))
= 20 () {1, 20)) (2543, 20 DD
(ZT((m,n),{1,...,2(t+277~)},{2(r+d)71,...,2(t+d+1)}):,+1 (Tnr)

- ZT((m,n),{1,...,2(t+2—r)},{2(r+d)+1,‘..,2(t+d+2)})§,+2 ($nt’)))
t—1
—s+d—
:Z‘S - 1(ZT((m,n),{l,...,(t—s)},{2(s+d)—1,...,2(t—1+d)})§71(xn,t’)
s=1

- ZT((m,n),{1,...,2(tfs)},{2(s+d)+1,...,2(t+d)}):71 (wn,t’))

—r+d—s
+ Z 0 (ZT((m,n),{1,...,2(t+27rfs)},{2(r+d+s)71,...,2(t+d+1)})371 (xn,t’)
s,r,s+r<t4+2

- ZT((m,n),{1,...,2(t+2—r—s)},{2(r+d+s)+1,...,z(t+d+2)})§71 (n,))

—r—s+d—1
+ Z 0 o (_ZT((m,n),{1,...,2(t+1—r—s)},{2(r+d+s)+1,...,2(t+d+1)})z71 (xn,t')
r,s,r+s<t+1

+ ZT((m,n),{1,...,2(t+1—r—s)},{2(r+d+s)+3,.,.,2(t+d+2)})§,—1 (Tn)

The first sum gives the required expression for z,;_; while the r, s term of the

second sum cancels with the r — 1, s term of the third sum. Il

Lemma 4.1.7. Let v € P}, C Gry(P) and let
y= ZT((m,n),{a,.‘.,a+2k},{b,...,b+2k})§/ (z) € Pri,m C Gr(P).

Then |lyll, < o7 —**||z]lZ,

Proof. This may be proved similarly to Lemma 5.8 in [49] The norm ||y||3;, is

07" Zp where T is the tangle in Figure 4.18.
We can remove the ¢ —k closed loops by multiplying by 6 —* and the remaining

tangle is ||z'||p where 2’ is the tangle obtained from z € P by applying the

appropriate rotations and ¢ — k conditional expectation operators and || - || p is the
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X X

Figure 4.18: HyH%{k

norm in P defined using the state ¢. Since the rotation operator has norm one

and the conditional expectation has norm § we get [|y||3, < 6" %' *|z[3, . O

The following two propositions are analogues of Proposition 5.4 and 5.5 in

[49].

Proposition 4.1.8. Let x = ), xn: € My with x,; € Griy(PY). Suppose x

commutes with the image of U € Ory, in Gri(P). Then z € C.

Proof. Suppose x = Y, € C* satisfies [z, U] = 0. Then, by Lemma 4.1.6, we

have
t

Tt = Z 678+d71(ZT(n+m,{1,...,(tferl)},{2(s+d)71,...,2(t+d)})i, (Tn,s)

s=1
= Zr(ntm L, 20— s+ D25+ 20+ 1) DY (Tn,s))
Hence by Lemma 4.1.7 we have that ||z, ]| < 32020 g=s+d= 150 =0=9) ||z, ||?
for all s > ¢ and hence, since ||z, || — 0 as s — oo we must have z,,; = 0 for all

n and t.

O

Let U be the Op, tangle with exactly two nested cups along its top edge and

no other strings.

Proposition 4.1.9. Suppose © € Gry(P) commutes with the image in Gry(P)
of both U and V. Then x € P C Grg(P).
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2.1

— Tnt —— — y’n,t —

Figure 4.19: Relation between z,,; and y,,

t ¢

— Y1 T — Ynt+1 —
L ¢

— — =0

Figure 4.20: Y70 ([, U]), =0

AN AN
+ ,
— yn,t—l — — yn,,t+1 —
NS/ N/
J— — — 0
o yn,tfl | — yn,t+1 |

Figure 4.21: Capping off the equation S27%)  ([z,.,U]); = 0

Proof. We know from above that if x € Gri(P) commutes with U then x € C.
For any x = Znt Znt € C, then each z,; can be written as y,,; with ¢ cups along

the top as shown in Figure 4.19.

If the commutant [z, W] = 0 then for each n and t we must have 3270 ([, U]), =
0 which is equivalent to the equation in Figure 4.20
If t > 0 we may repeatedly cap off the 4 and 5" marked points along the

top to get the equation of Figure 4.21
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1 mn

Figure 4.22: The tangle 6, ,,

Then capping off points 1 and 2, 3 and 6 and 4 and 5 gives the equation
(6% = 0)(Ynt + Ynt—1) = 0 and since § > 1 this means that Y, = —Yn2e41 =: Un

for all t. Hence
121 =) " laaell® =D llonoll® + > lynl(6 + 6%+ 6% + ..

and since we know that ||z|| is finite and § > 1 we must have y, = 0 for all n.

Thus x = >z, i.e. © € P C Grg(P). O
Proposition 4.1.10. Let x € M{yN My. Then x € Pyy.

Proof. By Propositions 4.1.8 and 4.1.9 we have that M N M, C P C Gri(P).
Let y € P C Gri(P), i.e. y € Gri(P?). Then, if y commutes with the element
Op.m defined in Figure 4.22 for all n,m € N, then y must be in PF. Hence
M{NM,; C PF. When we embed My C M, we do so by adding k strings along
the bottom, hence any tangle living on the bottom k strings will commute with

everything in M,. Hence M{N My = Py . O

We now show that My C M; C My C ... is the basic construction. The
conditional expectation Eu : M;11 — M, is the restriction to M;;; of the
extension to H;1; — H; of E; : Griy1(P) — Gr;. This follows since we can
identify H; with the GNS Hilbert space associated to (M;, ¢;) and, since H; is
included in H;,; by the extension of the inclusion map from Gr;(P) — Gr;1(P)

the conditional expectation must be the extension of the diagramatic one.

Proposition 4.1.11. For the algebras M; defined above we have the following

identities
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2. 0°Ep, (ze)e = e for all v € My
3. exe = Ep,(x)e for all x € My

where Eyy, @ M; — M;_1 is the conditional expectation and e € P§2 15 the tangle

defined by uu, where u is as in Figure 4.24.

Proof. For the first equation we have

Enmo(e) =Eamo(671 ) ()

=52D (

=621

For the second equation, suppose z € Py, C Gry(P). Then

_1
re = 0 T
D
Thus ‘
E/Vll(x€> =07 X
—t

and

Epm, (zwe)e =677 —x

<

Hence 0*Ey, (ze)e = ze. For the third identity, suppose z € P7, C Gri(P).
Then

EMO (CIZ) =01 X

To calculate Enq,(2)e, first embed Eg, () in Gry(P) and multiply as shown.
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>

Figure 4.23: The conditional expectation F

Epy(v)e=06"2% @

=02 g

Similarly, to calculate exe, first embed x in Gry(P) and multiply as follows.

|

erxe = § 2 — T

> D (

:5_2 — T

]

Thus by Theorem 2.8.2 M C M, is isomorphic to the basic extension of the
subfactor My C M; and this isomorphism takes e to the Jones projection. We
can repeat this argument to show that My C My C My C ... is the tower for

this subfactor.
Proposition 4.1.12. The conditional expectation E : My — M is minimal.

Proof. By Proposition 2 of [47] the minimal expectation is the unique conditional
expectation satisfying cE(z) = ). wzuf for x € MjN My, ¢ > 0 and a basis
{u;} of the conditional expectation. The element u shown in Figure 4.24 is a

basis for the conditional expectation. This is because x = uE(u*z), which is easy
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Figure 4.24: The tangle S2u

to verify by drawing diagrams. For any x € M{ N M, then x has a horizontal
strand joining the bottom endpoints on each side. In this case we have that

dE(z) = uzu* and so F is minimal. O

Proposition 4.1.13. Let P be a type III subfactor planar algebra and let My C

M, be the subfactor defined above using P. Then P is the subfactor planar algebra
of My C My

Proof. Let P be the subfactor planar algebra associated to the subfactor M, C
M. We need to show that P57 = ((pp)”, (pp)™) and P4t = ((pp)"p, (pp)™ p)-
If m = n the spaces are isomorphic to the relative commutant M{NM,,. Therefore
P ~ P For m # n, we know the all the intertwiner spaces are generated by the
spaces with m = n and a single element in (id, pp). Then, by uniqueness of the

planar algebra satisfying the conditions of Proposition 3.4.7 we have P ~ P. [

4.1.1 Graph Construction

Next we would like to identify the subfactor My C M;. In [29], [50], [51], [2] the
authors use techniques from free probability to prove that for II; factors the above
construction gives subfactors of interpolated free group factors. In this section
we use similar methods to investigate the type III analogue of this construction.

We begin, as in [2] by associating a probability space to a finite graph G with
vertices V', edges E and Perron Frobenius eigenvector (u(v)),ey with eigenvalue 4.
Let (&,m,¢) be a triple of paths in the graph G such that r(§) = s(n), r(n) = s(¢)
and r(¢) = s(£). Let V! be the linear span of all paths (£,7,¢) in G with
[l =mn, |n| = 2t and [C| = m.
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We define an inclusion map i : V,; , — Viiiy .01 by
1(57777€) = Z(e ’ gan7c ' 6)
eckE

where as usual £ -7 means the concatenation of £ and 7 and is zero if 7(§) # s(n)
for any paths &, . For each k € Nlet (Vi);, = limV!,, .. .. and let V; =
D.nczien(Vi)i,. We now define a multiplication # on Vi, let

((51, Zk Ok, C2) if &G=0G
) €52 00k, 0G) i &G =G
(6581, 2 10k, C2)  iF & = (1€

\ 0 otherwise

where & = (&)1 (&)r, and 0y = [Ty, i AEHES 001 (o —i(m)i - (12)2r,
if ()2t —i+j = (72); for 1 < j <@ and o; = 0 otherwise.

(517 m, Cl)#k<€27 72, <2) =

Denote by Gri(G) the algebra V; with multiplication #y.
Define a state ¢, on Gri(G) by

Ur(€,1,¢) = 0 &0nue)d 1 p(r(€)).

The state 1, is the composition of the projection P : Vi, — @,,(V4)%, with
the trace from the type II algebra and so it is positive definite. Similarly to
the calculation for Gri(P) in the previous section it can be shown that v is
the KMS state at inverse temperature 1 for the modular automorphism group
o (&,m, ¢) = eBUE=IED (¢ ¢ n) where a = In .

If we think of a triple (£, 7, () as a planar diagram in the previous section with
the strings on the left representing the path &, the strings on top representing 7
and those on the right representing ¢ then Gry(G) with the multiplication and
state defined above is the same as the multiplication and state for Gry(P) defined
in the previous section.

We may define another algebraic structure on Vj, as follows. Let Gry(G) be V
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with multiplication %, and state ¢ defined below. Let

(

(&1, m -2, (o) if & =G
(51, m - 72, CzC{) if §2C{ = (1
(&8, - m2,G2)  if & = (1&)

\ 0 otherwise

(517 , C1) *k (52, 712, Cz) =

Define a state on Gri(G) by
o6 =0¢ >, I owa I] (@)™ 67
reNC(2t) {i,j}em,i<j CeK(r)

Where K (m) denotes the Kreweras complement of 7 and v is the vertex cor-
responding to C' € K(r) (i.e. if i € C then vc is the vertex corresponding to
r(n;) = 8(ni+1)). There is a ¢y-preserving conditional expectation E from Gry(G)
to the subalgebra generated by elements of the form (£,v,n) for v € V and £, n
paths in G of length at least k. This is defined for any (£,7,¢) € Gry(G) by

peno= 3 I Sy D) (6 ) )

Mi,Mj ]
m€TL(|n|) {(5.5)€m i<} (s(ni))

In [42] it was shown that for the type II case the algebras Gr and Gr are
isomorphic. We now show that their proof carries over to the type III case. The
proof involves the natural action of certain classes of Temperley-Lieb diagrams
on Gri(G) and Gri(G). An epi Temperley-Lieb diagram is an element of T'L?,
where n < m and all the n marked points along the top are joined to marked
points along the bottom. Denote by ETL the collection of epi TL diagrams. Let
NNETL be the collection of non nested ETL diagrams i.e. ETL diagrams where
no cap along the bottom edge encloses another cap. A TL diagram 7" € T acts
on (&,7,() as follows. First, split the vertices of T into three collections, Vi,
the vertices along the top connected by a cup to another vertex along the top,
Veap the vertices along the bottom connected to another vertex by a cap, Virrougn
the vertices which are the end points of some through string. Then T'(¢, 7, () is
zero unless 7; = 7; if the vertices i, j € V,,, are joined by a cap. In this case the

resulting triple T'(¢,n, () := (&, 0,() satisfies 0; = n; if vertex ¢ along the top is
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connected by a string to vertex j along the bottom and if vertex k along the top

is connected to vertex [ along the top then o, = Y . e and we have 0; = 7.

Let = : Gr(G) — Gri(G) be the map defined by Z(&,71,¢) = > e prr 761, €)
and let ¥ : Gr(G) — Gr(G) be the map defined by ¥(&,7,() =

Y rennern T(€,n,¢)(=1)"", where ny is the number of caps of T'. Similarly to

[42] we may prove the following two propositions.
Proposition 4.1.14. The maps = and ¥V defined above satisfy =V = V= = Id.

Proof. Let (&,n,¢) € Gr(G) then Z¥(&, 1, () will be a sum of the form ) ¢,(&, 0, ()
where o is a ‘subpath’ of n, that is,if 0 = 0y - -- 0, and = 0y - - - 1, then o; = ;)
and for ¢ < k then j(z) < j(k). Then each o # n with n outermost caps will have
coefficient ¢, = Y"1 (=1)"(}) = 0. Hence Z¥(&,n,¢) = (&,1,¢). A similar proof
shows W= is the identity. O

Proposition 4.1.15. ¢(®(z)) = ¢(z) for all z € Gry(G).

Proof. Clearly ¥(T(£,1,¢)) = 0 unless T € TLY with || = n. Hence

W(EE. ) =o(X TT #0210
TETL (3,5)€T
M( (m)) —l¢]
Cf Z H :u 77177155(77)T71 N(S(nz)) :

TeTL (i,5)eT
Since by definition
—|C _
o€ =0c > I na [ wd)* s, z674,
meENC(2t) {i,j}em,i<j CeK(n)

we need to show that

II s mﬁs(n),r(mﬂ(r(m)) = 11 ().

(i,)ET s (mi)) CeK ()

For any C' € K (), we need to show that the weight ;(v)) appears in the product

on the left hand side 2 — |C| times. This is true since if C' does not contain the
vertex 2n then there must be one pair (i, j) € T such that ve = r(n;) and |C| — 1
pairs (i, j) € T with ve = s(n;) and so u(v}) must appear to the power 2—|C|. If
2n € C then ve = p(s(n)) must appear as the vertex s(n;) for |C| pairs (i,7) € T
and hence appears to the power 2 — |C/| in the left hand side. O

129



Similarly to the previous section we may use the algebras Gri(G) to define a
type III factor. We use the state 1) to define an inner product on Gri(G) in the
usual way, and let Hj be the Hilbert space completion of Gr,. Then let Gry act
on itself by left multiplication.

Proposition 4.1.16. Let ©x € Gri(P) and let A\, : Grg(P) — Gri(P) be the
action of x on Gri(P) by left multiplication. Then there exists a constant C' > 0
such that || A\ (y)|| < Clly|| for all y € Gri(P) and hence X\, extends uniquely to
an element of B(Hy,).

Proof. Let x = (§,1,() € Gry(P). As a first step we show that there exists K > 0
such that ||(z#y):]| < K|y for all y = (¢, 7, ") € Gri(G), where (x#vy); is the
element of 2#y in Py, . To prove this, first suppose that [£'| > |¢|. Then we may
suppose & = (¢ and 1, ; = 7} for all 1 < i < ¢, since if this is not the case the

product (z#y); is zero and the proposition is trivially true. Then we have

||(x#y) || —H(f 50777[1151 t]n[ttg )

:5—|556u(s(n))uﬁ(&(tn)z))

el (r(n)
=0 G

()
s())

and so the claim is proved. Now suppose that |{'| < [(|. Again we may assume

Me,—i = 1, for all 1 < i <t and also that ( = (p¢’. Then we have

o) || =5—E (s ) p(r(ar))

)l =67 uls(n) e s )
R eI GUIGUR),

<G (s () e TS

¢l el #0r (1)
=6 0 ))H yll

where the inequality follows from the fact that §/¢I=1€'1 > 1.

Next we must show that for a finite sum y = Zfil ¢i(&,mi, ¢;) there exists a
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constant C' > 0 with ||z#y| < C|ly||.

lz#yll = || Zci@,n,o#(@,m,g)H
< Z llei((€,m, Q) # (&, miy G))ell

< ZKiCiM<T(77z‘)) < Clyll

where [[(2#£ (&, i, G)ell < Kl (&6, i, G| -

The above proposition shows that Gry(G) C B(Hy) and we may take the
weak completion to get a von Neumann algebra M. Since ¢y, is the unique KMS
state, My is a factor. By calculating the Connes spectrum we can see it is type
ITI. Lemma 4.1.4 proves that the inclusion Grp C Griyq extends to an inclusion
of the associated von Neumann algebras.

The basic idea for the rest of the section is that for algebra Gry(P) generated
by triples (£,7,¢) is made up of the part generated by pairs (&, (), which is
isomorphic to a Cuntz-Krieger algebra, and the part generated by paths 7, which
is isomorphic to the algebra defined by Kodiyalam and Sunder in [2]. Let A be the
adjacency matrix of G and let O4 be the corresponding Cuntz-Krieger algebra.
Let v € V be a vertex of G and let p, be the projection onto the subspace of
Gry(G) generated by triples (§,n,¢) with 7(§) = v. Let A : Grg(P) — Gri(P)
be the left regular representation. Then for a vertex v, A, is the projection of
Gri(P) onto the subalgebra of tangles with vertex v in the top left corner. Then
Py corresponds to the projection P, = ZaeG’t(a):U SoSk in O4 and the projection
Ay of Gr(G) defined in [51]. Then p,Gri(G)p,, is the tensor product of P,O4P,
with the algebra \([v])Gr(G)A([w]).

We need the following theorem which is Theorem 4.1.2 of [69]:

Theorem 4.1.17. Let (A, ¢) be a non commutative probability space and let
m,n € N. Suppose that there exist 1 < i(1) < i(2) < ... <i(m) =mn. Then for
any o € NC(m) and ay,...,a, € A

fia(fh“'ai(1)7--~,ai(m—1)+1"'az‘(m)) = E fiw(a17-~,an)
ﬂENC(n)nr\/()m:&
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where if o is a non-crossing partition of the set (Ai,...,Ay) and each A; =
Ai(j—1)+1 " * - Qi(j) then & is defined as the non-crossing partition on the set
(a1,...,aium)) where for any a; € A; and ap € Ay then aj ~; ay if and only if

Aj ~o Ak

Let B C A be von Neumann algebras with a conditional expectation ¢ : A —
B. Suppose A;, i € I are subalgebras of A with B C A; for all 4, and suppose
each A; is generated by a subset (G;. Then, combining the above theorem with
Speichers definition of the amalgamated free product as in Section 2.10.3 we
see that the algebra A is the free product of the subalegbras A;, i € I with
amalgamation over B if and only if for g, € G;, then (g1, ..., ¢,) = 0 unless all
the g, are in the same G;.

The algebra Gr(G) is generated by subalgebras Gri(G.) where Gri(G.) is
the algebra generated by triples (&, 7.,() where 7, is either a path containing
only e and € or an empty path. Each Gry(G,) is multiplicatively generated by
the set I'e := {(&,e,() : & (pathsin G} U {(§,¢,() : £ (pathsin G} . Using the
conditional expectation defined above we may calculate the 04 valued cumulants

Kk, similarly to Proposition 3.1 of [2].

Proposition 4.1.18. For the algerbras Gri(G) defined above, the O a-valued cu-
mulants kyn(Ti,, ..., 2;,) T, € Le, are all zero unless n = 2 and x;, and x;, are

from the same subalgebra Gry(G.).

Proof. The proof is similar to the proof of Proposition 3.1 in [2]. Define the
cumulants x,, by the rule that &, = 0 for all n # 2 and k2 ((&;, 71, (1), (2,12, () =
5771,65,,17;]2%(51, (1) - (&2, (). Let k. be the multiplicative extensions of the k,,.

Then we wish to show that

E(xy,...,x,) = Z KTy, .o, Tp)

TeNC(n)

Note that x, must be zero unless 7 is a pair partition. In that case, there must ex-

ist k with {k, k+1} € 7 and it is easy to see that Ky = Ko (T1,.. ., T} 1, Thi2y .- Tn)
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where ) _, is the product of z;_; with li(a:k,a:kﬂ) = p(r(zy)) and then by in-

(f ¢) where (£,¢) = [[(&;,¢;). Hence

duction on we see that k, = H{u}eﬂ
<J

M(S(e
ut
>kl = > ] s C) = E(xy--x)
TeNC(n) meNC(n {H}G7T

i<j

]

Hence we may split the algebra Gri(G) into a free product, as in Corollary

3.2 of [2].

Proposition 4.1.19. Gri(G) = *g,p,0,r,{Gr(G.) : ¢ € E} and also, taking
completions we get My(G) = *g,p,0,p,{Mp(G.) : € € E} where My(G,) is the
von Neumann algebra completion of Gri(G.) in B(Hy).

Thus the algebra Gri(G.) can be written as
@ P’UOVP’U} ® var(G(i)pw
v,weV
where p, is the projection (v,v,v) € Gr(G.). In [2] the algebra Gr(G.) was
shown to be equal to My(LZ) & C & H, where H, is a Hilbert space with basis

10
given by V/{s(e),r(e)} where the projecions py.) = DLIDO, pye) =
00
0 0 : : o
@ 06 0 and the p, are orthogonal one dimensional projections in H
0 1

for v € V/{s(e),t(e)}.

In the case where there is only one vertex the above algebra has a simple form.
By [2], if the graph has two edges e and € the type II part is LIFy and A is the
matrix (2). Hence M (G) is a tensor product of LFs with a hyperfinite type 111
factor, since the von Neumann algebra completion of O, is a hyperfinite type III
factor.

For more complicated graphs, the free product in Proposition 4.1.19 is difficult
to understand. Most of the literature on amalgamated free products of type III
factors focuses on free products with amalgamation over finite subalgebras, and

the results seem difficult to generalise to the infinite case.
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Chapter 5

Ao-Planar Algebras

In this chapter we return to the setting of As-planar algebras, defined by Evans
and Pugh in [23] and described in Section 2.6 of this thesis. Section 5.1 of the
chapter describes how to use the methods of Chapter 3 to extend the theory of
As-planar algebras to describe type III subfactors. The rest of the chapter is
concerned with further work. Section 5.2.1 describes how to extend some of the
skein theory results of [74], [5], [63] to describe the skein theory of subfactors
with graph D" Finally, in Section 5.2.2 we discuss extensions of the Guionnet

Jones Shylaktenko [28], [42], [49] construction to As-planar algebras.

5.1 Type III A,- Planar algebras

5.1.1 Type III A;- Temperley-Lieb

We now define an Ay analogue of type III planar algebra Orp. An Ay-Orp tangle
is a rectangle with n marked points along the top and n+ 3k marked points along
the bottom for some n € N and k € Z with n+ 3k > 0. The marked points along
the top are source vertices for oriented strings which have as their endpoint either
a sink vertex along the bottom or an incoming trivalent vertex. Let T"+3* be the
vector space spanned by such diagrams, quotiented by the Kuperberg relations
shown in Figure 2.11. If k = 2m the vector space T""3* is finite dimensional

since it is either a type II As; Temperley-Lieb diagram or the rotation of a type
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IT Ay Temperley-Lieb diagram. Thus finite dimensionality follows from finite
dimensionality of the type II A;-Temperley-Lieb algebra proved in Lemma 3.11
[23]. If k is odd, T"*3F is finite dimensional since a basis may be written in terms
of a basis of T3¢+ multiplied by the diagram with three vertices joined at
a trivalent vertex. Thus each T""3* is a finite dimensional vector space. There
is an embedding i of T"*3* into T/ by adding a vertical through string to
the right. In this way we may take the inductive limit T} := lii>1r1T[LL+3"C and put
T = @,z Tk Note that Tj is the A; Temperley-Lieb algebra defined in [23]. We
may define a braiding on T in exactly the same way as in Figure 2.12.

Let x € T""3* and y € T™*% be single diagrams and suppose m+3j < n. To

form the product z - y first embed y in 7' 5. and then stack = on top of y. Join

j
the corresponding strings on the bottom edge of x and the top edge of y, remove
the vertices, smooth the strings and if necessary use the Kuperberg relations to

remove any closed loops or embedded digons or squares. If n > m + 35 then

we embed z in T, /3

and take the product in a similar way. An example
is shown in Figure 5.1. The multiplication on 7' is the bilinear extension of
the multiplication defined above. There is also a *-operation taking T"*3* to
T s, where, given a diagram z the adjoint z* is formed by flipping = around a
horizontal axis.

Let W e T3 be (6-(62—1))"2 = (ad) "2 times the tangle with 3 vertices along
the top, joined by a single trivalent vertex as shown in Figure 5.2. Let ® be the

endomorphism of 7" defined by ®(z) = WaW* for z € T

Proposition 5.1.1. The algebra T is generated by Ty and W.  Fvery x € T

may be written as a finite sum

T = Z W"x, + xo + Z(W*)"a:_n
for some x; € T.

Proof. Suppose z € T"3%. We can write z as a product of Tj tangles and WW’s

as follows. Let z’ be the tangle x with k& copies of W* added along the bottom,
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Ty

N

N

)

N

Figure 5.1: Multiplication in As-O7pp,

NN

Figure 5.2: The tangle (aé)%W
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as shown in Figure 5.3. Let W, ; be the image of the tangle with k copies of W

along the top in T;}*‘% showin in Figure 5.4. Then z = 2'W,, .

X

TN Ty

Figure 5.3: The tangle 2’

n

Figure 5.4: The tangle W),

O

The following proposition may be proved in exactly the same way as Propo-

sition 3.1.4.
Proposition 5.1.2. The algebra Ay-Ory, is simple and purely infinite.

Let o, be the action of R on T defined by oy(z) = ™™g for v = Ina

and x € T)". Then let S : T — Tj be the conditional expectation defined by the
on

linear extension of the map S(z) = /27 [, o¢(x)dt for a diagram x € T™. Let

Tr be the normalised trace on 7y, defined on x € 7" by joining corresponding
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points along the top and bottom and multiplying by a~". Then define a state ¢
onT by ¢ :=TroS.

Let H be the Hilbert space completion of T" with respect to the inner product
defined by ¢ and let T act on H by left multiplication.

Proposition 5.1.3. Let A, : T — T, x € T be the action of T on itself by left
multiplication. Then A, is a bounded operator for all x € T and hence may be

extended uniquely to an element of B(H).

Proof. Since we know that T is generated by W and T; and multiplication by
Ty is bounded, we need to show multiplication by W and by elements of Tj is
bounded. Let z € H then we wish to show there exists C' > 0 with |Wz|| < C||z|].
This follows from the computation [|[Wz|* = (Wz,Wz) = o 3(W*Wz,z) =
a~3{x,r) and so we obtain the desired inequality with C' = a~3. To show that
multiplication by a € A; — T'L is bounded we can use the same proof as for
Proposition 3.1.2, except here we must replace x = ), ¢;x; by 2/ = ). ¢} as

shown in Figure 5.3. O]

Let 7 be the C*-algebra generated by T in B(H ) and let 7y be the C*-algebra
generated by Ty. The algebra 7 is a simple AF C*-algebra and so we can prove

the following proposition in a similar way to 3.1.5

Proposition 5.1.4. The algebra T is the crossed product of Ty by the endomor-
phism P.

Proof. From above we know that T' is generated by the As-Temperley-Lieb alge-
bra and the isometry W. Since the C*-algebra 7 is simple, its crossed product

by ® is also simple and hence 7 ~ 7y x¢ N. [

Let M be the weak completion of T" in the GNS representation associated
to the state ¢. Then ¢ is a KMS state at temperature § = 1 for the modular
automorphism group ;. The following proposition may be proved in exactly the

same way as Proposition 3.1.3
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Proposition 5.1.5. The state ¢ defined above is the unique KMS state on M for

the modular automorphism group o; and the inverse temperature (3 is also unique.
Proposition 5.1.6. The algebra M is the AFD type III, factor, where A\ = é

Proof. This is proved in a similar way to Proposition 3.3.5. We know that M
is a factor since the KMS state is unique and hence a factor state. That M is
hyperfinite follows from the nuclearity of the A, Temperley-Lieb C*-algebra which
is preserved after taking the crossed product. The modular automorphism group

o is periodic with period 27/3 and so M is type Il with A\=¢e¢"7 =1/a. O

5.1.2 Type III ADE string algebra

Now we describe how the string algebra construction for type III factors from
Section 3.3 may be extended to construct subfactors from finite SU(3)-ADE
graphs.

Let G be a finite SU(3)-ADE graph such that there exists a connection on G
and a cell system as in Section 2.7. Let n be the Coxeter number and let ¢ = /™.
Put a = 2], and 6 = [3],. For m € N and k € Z with m + 3k > 0, let B, m+31).0
be the vector space over C with basis given by pairs of paths (£1,&;) on G with
s(&1) = s(&) = *x, (&) = r(&), |&| = m and |&] = m + 3k. We may define
embeddings i : Bunmisk)0 = Bminmintsryo by i(§r,€0) = > (& 0,6 - 0)
where the sum is over all paths o of length n starting at ¢(&;). Thus we define
By = li_n>13(m,m+3k),o and By = @kez By . The vector space By can be
given the structure of an associative *-algebra with the same operations as in

section 3.3. That is, there is a multiplication defined by

(

(1, &) f&=0-&
(61,62)-(C ) =9 (& - ¢, &) iFG =6

0 otherwise
\

and *-operation defined by (&1, &) = (&2, &).
Suppose G is three colourable. Then we define the vector space B(m m+3k)n

to be the spaces with basis pairs of paths (o7 - &, 09 - &) where o; is a path of
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length n starting at x in the 0 — 1 part of G with r(01) = r(09) and (£1,&) is a
pair of paths of length (m,m + 3) starting at r(oy) with r(&) = r(&2). As before
we can define inclusion maps B(m m+3k)n — Bm+1,m+1+3k),» and then let By, =
U B, m+3k).n and Beo p 1= ..z Bin- Using the same connection defined in 2.5
we can transform paths of the above form to paths where, for example, we travel
first along a path (&,&;) € B(m,m+3k),0 ending at some vertex v of colour b, and
then travel along a path of length n the b,-b, + 1 part of G. Thus we may embed
Bm,m+3k),n 080 B mt3k)nt1 DY (§1-C1 & G) = 2 2(61 - G- 0,8 - G2 - 0) where
the sum is over all vertical paths o in G; _3—. If G is not three colourable, we
use the whole graph for the vertical inclusions.

For © € Bunm+3k)n and ¥y € By m431), We define the product as follows.
First put both x and y in the basis where we first travel vertically along the
0 — 1 part of G and then horizontally along G. Suppose z = (& - (1, & - () and
y = (& - ¢, & - ¢) in this basis. Then if m + 3k = m/, n = n’ we define the
product xy = ¢, ¢/ 0¢,.¢1 (§1+ €1, €5 - Go) if m + 3k # m’ or n # n' we first apply the
inclusion maps above to x or y and then multiply.

Define an action of R on B(nmiann by 01(E1,&) = 7GR (&,&). Using
this we define a state 1, on By, by ¥n(£1,&) = 0¢ 60 % u(r(&)). The map
®, : Baon — Bon, ©u(61,6) = v/27 [T 04(&1,6)dt is a faithful conditional
expectation. We can then define a state on By, by ¢, := ¢, 0 @,,. Let Hy,,, be
the Hilbert space completion of B, with respect to the inner product defined
by (z,vy) := ¢,(y*z). It can be shown as in Proposition 3.3.1 that the action of
B, on itself by left multiplication is bounded and hence B, may be thought
of as a subalgebra of B(Hx ).

Proposition 5.1.7. Let By, be the C*-algebra obtained by taking the norm
completion of the algebra B, with respect to the inner product norm. Let W =
(6(6% — 1))’% szg WA, 5y.05(0,%) be an isometry of Bso and let W, be its
image in Beo . Define the endomorphism ¥ of Boo,, by W(z) = W, (2)W5. Then
Ben = Bonxe N

Let M, be the completion of B, ,, with respect to the inner product defined
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by ¢,. As in Proposition 3.3.2 it can be shown that ¢ is the unique KMS state
for the modular automorphism group ¢ and hence M, is a factor. Since By,
is the crossed product of a nuclear algebra with N, it is nuclear and hence M,
is hyperfinite. As in Proposition 3.3.5 we can show that M, ,, is the hyperfinite
III, factor for A = 1/a. Define the Jones projections by

1 \/u(r(n)u(r(Q)) " :

€n =
§l=n—2,[C|=In|=1

Thus we have an increasing sequence of type III, factors My o C Moo1 C

Moo ...

Proposition 5.1.8. The sequence Moy C Moo1 C Mya... is the basic con-

struction for the subfactor

Moo’O C Moo,l-

Proof. Using Theorem 2.8.2 and the Jones projections defined above, the propo-

sition may be proved in exactly the same way as for the bipartite graph case. [J

Proposition 5.1.9. Let My ; be as above and suppose the connection is flat.

Then M, o N Moo = Bnmyo for alln € N.

Proof. This may be proved using Ocneanu’s compactness argument in exactly
the same way as the proof of Proposition 3.3.6 apart from instead of B, (4o 1+2k)

we use By, (143k,143k)- O

5.1.3 As-Planar Algebra for type III subfactors

Let P be a general As-Planar algebra, as in Definition 2.6.1. Define o (i, j, k) to
be the sign string —‘G;+" "% where &, is the alternating sign string of length 2j

which starts with a —. Write P ;) for Py ). Define inclusion maps [((;’;Z)l’k) :

P(i,j,k) - P(i,j—‘rl,k) and I((Zz;rz)%k) . P(i,j,k) — P(’H—Lj,k) as in Figure 55, recall the
crossing on As-tangles is defined as in Figure 2.12 .
Let Pr) = UmP; k) be the algebraic direct limit and let P := GDiEIZ Pk

be the vector space direct sum, where P ) is empty when ¢ + 3k < 0. We can
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1+

i+3k+j

i+ 3k

Figure 5.5: Inclusion tangles / ((Zﬁ)]k) (x) and [ ((Zﬁ)lk) (z)

define a multiplication on tangles as follows. If the pattern of the bottom edge
of = is the same as the pattern of the top edge of y then the product z -y is
just x stacked on top of y. If the patterns do not match, apply the inclusion
maps Ir and I}, to z and/or y until the patterns do match and then stack. The
bilinear extension of this map defines an associative multiplication on P via the
identification x-y = Z(M (z,y)) where M is the appropriate multiplication tangle
and z,y € P.

As usual, we define an involution * on tangles by flipping about a horizontal
axis. Then we may define an involution on P by Zr(z)* = Zp«(x*). Under these
operations P is an associative *-algebra. We call such a P a type III Ay-planar
algebra. We define a state ¢ on P by ¢ = Tro.S where T'r is the trace on the type
IT As-planar algebra and S is the projection from P onto € ien Pio- As usual,
we may use ¢ to define an inner product (-,-) by (x,y) := ¢(y*z).

Definition 5.1.10. Let P be a general As-planar algebra. A type III As-planar
algebra is P = @éeg Py where the P are as defined above, Py has
S

dimension 1 and P, ; is finite dimensional for all 7, j, k.

The following proposition may be proved in exactly the same way as Propo-

sition 3.4.5.

Proposition 5.1.11. Suppose P is a non degenerate finite dimensional type II1
As-planar algebra such that Z is a positive map on Fyoo. Then there exists a

unique C*-norm on P.
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We call such a planar algebra a type III Ay C*-planar algebra.
Next we show how to use the string algebra construction of the previous

section to define a type III As-planar algebra.

Proposition 5.1.12. Let G be an ADE graph with flat connection. Let (3], =6
be its Perron Frobenius eigenvalue and let 2|, = «. Let Z be the presenting
map defined in section 2.7 and let P be the the planar algebra defined above with
P; k=~ Biivar),;- Then P is a flat type III Ay-C*-planar algebra such that

(1) Z(W,k)uz U_g, k>0,

(i) Z(HnH) = a6 >1
) Z(): o By, () Z(v))=aEy, ()

i) Z([))=2([)) 7)) =2([))

Proof. Most of the proof carries over from the proof of Proposition 3.4.7, in terms
of invariance of Z under planar isotopies, the only ones that need to be checked
are shown in Figures 5.6, 5.7, 5.8. For these invariance is proved exactly as in
[23]. We show the first isotopy of Figure 5.6. The presenting map of the top strip
on the left hand side is

_ ) e g

la|=n,|¢l,In|=1
[Bl=m

and the presenting map for the bottom strip is

1
|v|;2,_u:i1 \/N(S(Vl))M(T(Vl))

Z(ty) = W (D) (Y 11 - Vo vy - 0,7 - 31y - 0)

Multiplying we get

1
Z(t) = WAy vy)(-vy - By v 1y
= 2 Teey Gaman g

lvil=1
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which is equal to the right hand side. All the other isotopies in Figure 5.6 may
be proved similarly.

For the isotopy in Figure 5.7, the strips on the left hand side give
1

a|—nz,;_1, \/N(S(Vs))ﬂ(r(%))

[v|=m,|vi|=1

1
AR WAy )@ vy vy - 7o o v - 5.
lof |=n, |8/ |=1, \//L(S(V:/’;))/L(T(Vé)) b s

Iy |=m. |v}|=1

Z(t) =

W(AVLV&VQ)(Q . ﬁ U, Qe 5 *Vy U3 ’7)

The strips on the right hand side give

1 .
Z(s1) = WA, s -v1-B-y,0-vy-v3-3-
@= 2 ety Gl .

[v]=m,|vi|=1

| _
Zs2)= ) WAy ) -0 vy vh ool v )
iz, V(W) u(r(14)) ’

Sl v =1

and so both sides equal

1 1
W (D s0)W (Dt
Z'm Vu(s(s))u(r(vs)) v/ p(s(v4)) u(r(v4)) ( IW(Bri0n)

!
v |=lv;|=1

(a-vi-vi-ya- v vy-7)
For isotopies involving rectangles, for the first one, if z has label (§,*) the left

hand side is

1
Z(t) = W(Aymm)a-B-vy- v vy 0,7 v3-0)
a|_|71,;n,lwl—p \/M(S(V?’))M(T(W))
S|=gq,|lv;|=1
Zt) = D ceela-Coyv oy oy )
R
and so
1
Z(t) = WAy 00 )Cec(@-Cy 1206, ey v3-0)
a:’n,|§n,’y|:p \/M(S(V?)))M(T(V?))) ’
[6]=q,|v;|=1

Similarly on the left hand side we have

Z(s)= Y cecla- ¢y ya- Gy )

lo/[=n,|¢|=m,|v|=p
[6]=q;|v'|=1

1
e WAy o)l By v -vp-0,a-0-7-v3-0
o |a—n,§—;,w—p \/N(S(Vza))ﬂ(?"(ug)) ( )a- By B )

[6]=q;|v;|=1
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and so Z(t1)Z(ta) = Z(s1)Z(s2)
For the second isotopy in Figure 5.8 we use the same trick with the braiding

as for the isotopies involving a cup and rectangle in the proof of Proposition 3.4.7

to transform it into the situation of the first equation in 5.8.

n \4/ /) m

<

bl

—->—
\2

C

u+—>
Ul o

Figure 5.6: Isotopies involving an incoming trivalent vertex and a cup or cap

I

n m \ n m
> J

!

Figure 5.7: Isotopies involving two trivalent vertices

Next we verify that the definition gives a C*-planar algebra. The spaces F; ;)
are finite dimensional by definition, with Py ~ C by definition. The state is
positive definite, since it is the composition of the projection onto F; ) with the

positive definite trace on Py from the type II string algebra. The last thing we
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Figure 5.8: Isotopies involving a trivalent vertex and marked point

need to check are the four conditions in the statement of the theorem. The first
one is exactly the same as the first condition in Proposition 3.4.7. The second

one may be proved as in [23].

Z(W_y) :(Z WA i ma) \/M(S(nll)M(T( ) (€ m-me-GEm3-Q))
HAS M

) m
1

W Am,%na
2 >¢ (s(na))pu(r(na))

:ug;gg(g'nl'772'<7§'775'776'C)

(& na-CLEm5-m5-C))

The two condtions involving the inclusions follow from the definition of the inclu-
sions in the string algebra. For the conditional expectations, the right expectation

is exactly as in the type II case, the left expectation is the minimal expectation

defined by E(z) = p(rp(x)r*) O

5.2 Further Work

5.2.1 Skein Theory for D™ Planar Algebra

Further work to be completed on As-planar algebras is the extension of the skein
theory results of [63], [5], [74], [4] to the A, setting. Here we begin to describe
the analogue of the description of the D, planar algebra using generators and

relations in [63]. The Ds, planar algebra may be described as the unique planar

146



(0,2)

(0.1) (1,1)

(0,0) (1,0) (2,0)

Figure 5.9: The graph A©®)

P (0,0)

P(l.())

Figure 5.10: The graph D)

algebra with a single generator S in the Py, 4, modulo the relations
1. the modulus is 6 = 2cos(7/4n — 2)

2. rotating the marked point of S is equivalent to multiplying by
|

S =0

3.

= m'—u
4.

The SU(3) analogue of this is the planar algebra of the D?" graphs. Here for

simplicity we will look only at the graph D shown in Figure 5.10. The graph
DS is an orbifold of the graph A©® shown in Figure 5.9.

The SU(3) analogue of the Jones Wenzl idempotents are the Jones Wenzl
projectors, defined in [85], [48]. They satisfy the relations P, ,® |2 Pingin) @
Pin—1,n41) @ Pinn—1) and Py = 0 for all m, n with m+n > 4 and which may be
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P(m_lan) P(m—l,n)
m—1 \'
BN I R S [n]
P(m,n) = P(m—l,n) [m] [m][m+4n+1] ]
P(m—l,n) P(m—l,n)

T 1

Figure 5.11: Relations between Jones Wenzl Projectors

~ N

P(m,n) = 0 = P(m,n)

Figure 5.12: Capping off Projectors gives zero

represented graphically by Figure 5.11. They also satisfy the relations in Figure
5.12 for any position of the cap or Y-fork.

The A™ planar algebra is generated by the Jones Wenzl projectors with the
relation P, ; = 0 whenever r + s = n.

The vertices of D® correspond to the projectors Po,0y, Po,1) and P as
shown and the projector F; 1) splits into 3 projections xy, zs, r3. From the graph

we can see the projectors satisfy the following relations:
1 D 12 B a3 = Py

7;® |= P )
7;® 1% P,
Pon® |= 21 + 29 + 23 + Po )

By drawing the Bratteli diagrams for D and A® and using Lemma 6.3.1 from
[79] which tells us that dimB; jy = dimB; ;) we see that the (1,1) box space

of the D® planar algebra has dimension two higher than the corresponding space
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P,y

Figure 5.13: Hom(z;® |, |)

for A©) this tells us that we must have two linear independent generators in this

space. These generators satisfy the relations
P(l,l) D S () S2 = I

P(l,l) D wS D w252 = T2
P(1’1) B WS pws? = T3

where w = e . This implies
T+ T+ 13 = Py

T +w2x2 + wrsz = S
T + wry + Wiy = 52

Hence S satisfies the property S = P and so multiplying an z; by .S results in a
scalar multiple of x;. The number of edges between any two vertices of the graph
DO) give us the dimensions of the spaces of homomorphisms between the corre-
sponding projections. Looking at this graphically gives us Figure 5.13. Thus, we
see in this case that there are two morphisms between Fy; and P; . Therefore
there is some diagram in P,,  that is not a Temperley-Lieb diagram, and so it
must contain a copy of S or S?. We also see that the space of homomorphisms
between the z;® | and Fp; is one. Graphically we have the picture of Figure
5.13.

Hence one of these diagrams must give zero. Possibly this indicates that we
have the uncapability condition on the z;, similar to condition 3 in the presenta-

tion of the Ds, planar algebra.
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In order to develop a skein theory we must find ways of simplifying diagrams
with multiple copies of the generator in them, to do this we must for example
find ways of passing strings over or under the generators and relations to simplify
diagrams when the generators are joined with a certain amount of strings. From
the fact that the projector P 9) = 0 we would guess that the diagram S®S(where
we just place two copies of S side by side) should be zero. Therefore we must
look at other ways of combining the S, to do so we can for example look at the
analogue of Wenzl’s relation and use this and the fact that we wish F,,, to be

zero when m + n > 4 to find relations on S.

5.2.2 Constructing Subfactors from A,;-Planar Algebras

Another problem which could be investigated further is using As-planar algebras
to construct subfactors, both of type II and type I1I, using some generalisation of
the Guionnet-Jones-Shlyakhtenko construction in [28] or the orthogonal version
from [49], [42].

As in the Guionnet-Jones-Shlyakhtenko construction we need to define some
kind of filtered or graded multiplication to allow multiplication between different
P, and a tracial state on the planar algebra with this multiplication. In the A,
case, there is extra complication due to the orientations of the strings.

In the original paper, a Fock space model was used, where the von Neumann

algebras were generated as subspaces of B(H) where
H=(I)e P H

where I' is some bipartite graph and H is a Hilbert space whose orthonormal
basis consisting of the edges of I'. The commutants of the basic operators U
and U were calculated and this was used to show the von Neumann algebras were
factors. In the A case, it may be possible to use the work of Evans and Pugh [22]
on spectral measures of the ADE graphs to study this. In the Fock space model,
¢(T") should be replaced by ¢(I') ® ¢(T') and H should be replaced by H @ H.

150



Bibliography

1]

J. W. Barrett and B. W. Westbury. Spherical categories. Adv. Math.,
143(2):357-375, 1999.

M. Basu, V. Kodiyalam, and V. S. Sunder. From Graphs to Free Products.
arXiww:1102.44135.

J. Bénabou. Introduction to bicategories. In Reports of the Midwest Category
Seminar, pages 1-77. Springer, Berlin, 1967.

S. Bigelow. Skein theory for the ADE planar algebras. ArXiv:0905.0144.

S Bigelow, E Peters, S Morrison, and N Snyder. Constructing the extended
Haagerup planar algebra. Acta Math., 209(1):29-82, 2012.

B. Blackadar. Comparison theory for simple C*-algebras. In Operator al-
gebras and applications, Vol. 1, volume 135 of London Math. Soc. Lecture
Note Ser., pages 21-54. Cambridge Univ. Press, Cambridge, 1988.

O. Bratteli and D. W. Robinson. Operator algebras and quantum statistical
mechanics. 2. Texts and Monographs in Physics. Springer-Verlag, Berlin,
second edition, 1997. Equilibrium states. Models in quantum statistical me-

chanics.

L. G. Brown and G. K. Pedersen. C*-algebras of real rank zero. J. Funct.
Anal., 99(1):131-149, 1991.

M. D. Choi and E. G. Effros. Nuclear C*-algebras and injectivity: the general
case. Indiana Univ. Math. J., 26(3):443-446, 1977.

151



[10]

[11]

[15]

[16]

[17]

A. Connes. Une classification des facteurs de type III. C. R. Acad. Sci. Paris
Sér. A-B, 275:A523-A525, 1972.

A. Connes. Classification of injective factors. Cases Iy, I1, I11,, X # 1.
Ann. of Math. (2), 104(1):73-115, 1976.

J. Cuntz and W. Krieger. A class of C*-algebras and topological Markov
chains. Invent. Math., 56(3):251-268, 1980.

P. Das, S.K. Ghosh, and V.P. Gupta. Affine modules and the Drinfeld
Center. arXiv:1010.0460 [math.QA].

P. Das, S.K. Ghosh, and V.P. Gupta. Drinfeld center of planar algebra.
arXiv:1203.3958v1 [math. QA].

P. Das, S.K. Ghosh, and V.P. Gupta. Perturbations of planar algebras.
arXiv:1009.0186v2 [math.QA].

P. Di Francesco and J.-B. Zuber. SU(N) lattice integrable models associated
with graphs. Nuclear Phys. B, 338(3):602-646, 1990.

S. Doplicher, R. Haag, and J. E. Roberts. Fields, observables and gauge
transformations. I. Comm. Math. Phys., 13:1-23, 1969.

K. Dykema. Interpolated free group factors. Pacific J. Math., 163(1):123—
135, 1994.

D. E. Evans. On O,,. Publ. Res. Inst. Math. Sci., 16(3):915-927, 1980.

D. E. Evans and Y. Kawahigashi. Orbifold subfactors from Hecke algebras.
Comm. Math. Phys., 165(3):445-484, 1994.

D. E. Evans and Y. Kawahigashi. Quantum symmetries on operator algebras.
Oxford Mathematical Monographs. The Clarendon Press Oxford University
Press, New York, 1998. Oxford Science Publications.

152



[22]

28]

[29]

[30]

[31]

D. E. Evans and M. Pugh. Ocneanu cells and Boltzmann weights for the
SU(3) ADE graphs. Miinster J. Math., 2:95-142, 2009.

D. E. Evans and M. Pugh. A,-planar algebras 1. Quantum Topol., 1(4):321-
377, 2010.

D. E. Evans and M. Pugh. As-planar algebras II: Planar modules. J. Funct.
Anal., 261(7):1923-1954, 2011.

D. E. Evans and M. Pugh. The Nakayama automorphism of the almost
Calabi-Yau algebras associated to SU(3) modular invariants. Comm. Math.

Phys., 312(1):179-222, 2012.

S. K. Ghosh. Planar algebras: a category theoretic point of view. J. Algebra,
339:27-54, 2011.

F. M. Goodman, P de la Harpe, and V. F. R. Jones. Cozxeter graphs and
towers of algebras, volume 14 of Mathematical Sciences Research Institute

Publications. Springer-Verlag, New York, 1989.

A. Guionnet, V. F. R. Jones, and D. Shlyakhtenko. Random matrices, free
probability, planar algebras and subfactors. In Quanta of maths, volume 11

of Clay Math. Proc., pages 201-239. Amer. Math. Soc., Providence, RI, 2010.

A. Guionnet, V. F. R. Jones, and D. Shlyakhtenko. A semi-finite algebra
associated to a subfactor planar algebra. J. Funct. Anal., 261(5):1345-1360,
2011.

U. Haagerup. Principal graphs of subfactors in the index range 4 < [M :
N] < 3 ++/2. In Subfactors (Kyuzeso, 1993), pages 1-38. World Sci. Publ.,
River Edge, NJ, 1994.

F. Hiai. Minimizing indices of conditional expectations onto a subfactor.

Publ. Res. Inst. Math. Sci., 24(4):673-678, 1988.

153



[32]

33]

M. Izumi. Application of fusion rules to classification of subfactors. Publ.

Res. Inst. Math. Sci., 27(6):953-994, 1991.

M. Izumi. Subalgebras of infinite C*-algebras with finite Watatani indices.
I. Cuntz algebras. Comm. Math. Phys., 155(1):157-182, 1993.

M. Izumi. Subalgebras of infinite C*-algebras with finite Watatani indices.
II. Cuntz-Krieger algebras. Duke Math. J., 91(3):409-461, 1998.

M. Izumi, V.F.R. Jones, S. Morrison, and N. Snyder. Subfactors of index

less than 5, part 3: quadruple points . arXww:1109.3190.
V. F. R. Jones. Planar algebras, I. New Zealand J. Math. To appear.

V. F. R. Jones. Index for subfactors. Invent. Math., 72(1):1-25, 1983.

V. F. R. Jones. The planar algebra of a bipartite graph. In Knots in Hellas
98, pages 94-117. World Scientific, 1999.

V. F. R. Jones. The annular structure of subfactors. In Essays on geometry
and related topics, Vol. 1, 2, volume 38 of Monogr. Enseign. Math., pages
401-463. Enseignement Math., Geneva, 2001.

V. F. R. Jones and D. Penneys. The embedding theorem for finite depth
subfactor planar algebras. ArXiv:1007.3173.

V. F. R. Jones and S. A. Reznikoff. Hilbert space representations of the
annular Temperley-Lieb algebra. Pacific J. Math., 228(2):219-249, 2006.

V.F.R. Jones, D. Shlyakhtenko, and K. Walker. An orthogonal approach to
the subfactor of a planar algebra. Pacific J. Math., 246(1):187-197, 2010.

V.F.R. Jones and V. S. Sunder. Introduction to subfactors, volume 234 of
London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 1997.

154



[44]

[45]

[46]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

L. H. Kauffman. State models and the Jones polynomial. Topology,
26(3):395-407, 1987.

L. H. Kauffman. Knots and physics, volume 1 of Series on Knots and Every-
thing. World Scientific Publishing Co. Inc., River Edge, NJ, third edition,
2001.

L. H. Kauffman and S. L. Lins. Temperley-Lieb recoupling theory and invari-
ants of 3-manifolds, volume 134 of Annals of Mathematics Studies. Princeton

University Press, Princeton, NJ, 1994.

S. Kawakami and Y. Watatani. The multiplicativity of the minimal index of

simple C*-algebras. Proc. Amer. Math. Soc., 123(9):2809-2813, 1995.

D. Kim. Jones-Wenzl idempotents for rank 2 simple Lie algebras. Osaka J.
Math., 44(3):691-722, 2007.

V. Kodiyalam and V. S. Sunder. From subfactor planar algebras to subfac-
tors. Internat. J. Math., 20(10):1207-1231, 2009.

V. Kodiyalam and V. S. Sunder. Guionnet-Jones-Shlyakhtenko subfactors
associated to finite-dimensional Kac algebras. J. Funct. Anal., 257(12):3930—
3948, 2009.

V. Kodiyalam and V. S. Sunder. On the Guionnet-Jones-Shlyakhtenko con-
struction for graphs. J. Funct. Anal., 260(9):2635-2673, 2011.

H. Kosaki. Extension of Jones’ theory on index to arbitrary factors. J. Funct.

Anal., 66(1):123-140, 1986.

H. Kosaki. Type III factors and index theory, volume 43 of Lecture Notes
Series. Seoul National University Research Institute of Mathematics Global

Analysis Research Center, Seoul, 1998.

H. Kosaki and R. Longo. A remark on the minimal index of subfactors. J.

Funct. Anal., 107(2):458-470, 1992.

155



[55]

[60]

[61]

[62]

[63]

[64]

[65]

T. Leinster. Higher operads, higher categories, volume 298 of London Math-
ematical Society Lecture Note Series. Cambridge University Press, Cam-

bridge, 2004.

P. H. Loi. On automorphisms of subfactors. J. Funct. Anal., 141(2):275-293,
1996.

R. Longo. Simple injective subfactors. Adv. in Math., 63(2):152-171, 1987.

R. Longo. Index of subfactors and statistics of quantum fields. I. Comm.

Math. Phys., 126(2):217-247, 1989.

R. Longo. Index of subfactors and statistics of quantum fields. I1. Correspon-
dences, braid group statistics and Jones polynomial. Comm. Math. Phys.,

130(2):285-309, 1990.

R. Longo and K.-H. Rehren. Nets of subfactors. Rev. Math. Phys., 7(4):567—
597, 1995. Workshop on Algebraic Quantum Field Theory and Jones Theory
(Berlin, 1994).

R. Longo and J. E. Roberts. A theory of dimension. K-Theory, 11(2):103—
159, 1997.

S. Morrison, D. Penneys, E. Peters, and N. Snyder. Subfactors of index less
than 5, Part 2: Triple points. Internat. J. Math., 23(3):1250016, 33, 2012.

S. Morrison, E. Peters, and N. Snyder. Skein theory for the D, planar
algebras. J. Pure Appl. Algebra, 214(2):117-139, 2010.

S. Morrison and N. Snyder. Subfactors of index less than 5, Part 1: the
principal graph odometer. Comm. Math. Phys., 312(1):1-35, 2012.

M. Miiger. From subfactors to categories and topology. I. Frobenius algebras
in and Morita equivalence of tensor categories. J. Pure Appl. Algebra, 180(1-
2):81-157, 2003.

156



[66]

[70]

[71]

[72]

73]

[74]

[75]

M. Miiger. From subfactors to categories and topology. II. The quantum
double of tensor categories and subfactors. J. Pure Appl. Algebra, 180(1-
2):159-219, 2003.

G. J. Murphy. Simplicity of crossed products by endomorphisms. Integral
Equations Operator Theory, 42(1):90-98, 2002.

F. J. Murray and J. von Neumann. On rings of operators. IV. Ann. of Math.
(2), 44:716-808, 1943.

A. Nica and R. Speicher. Lectures on the combinatorics of free probability,
volume 335 of London Mathematical Society Lecture Note Series. Cambridge
University Press, Cambridge, 2006.

A. Ocneanu. Quantized groups, string algebras and Galois theory for alge-
bras. In Operator algebras and applications, Vol. 2, volume 136 of London
Math. Soc. Lecture Note Ser., pages 119-172. Cambridge Univ. Press, Cam-
bridge, 1988.

A. Ocneanu. Quantum symmetry, differential geometry of finite groups and
classification fo subfactors. volume 45 of University of Tokyo Seminary

Notes. Cambridge Univ. Press, Cambridge, 1988.

R. Okayasu. Type III factors arising from Cuntz-Krieger algebras. Proc.
Amer. Math. Soc., 131(7):2145-2153 (electronic), 2003.

D. Penneys and J. E. Tenner. Subfactors of index less than 5, Part 4: Vines.
Internat. J. Math., 23(3):1250017, 18, 2012.

E. Peters. A planar algebra construction of the Haagerup subfactor. Internat.

J. Math., 21(8):987-1045, 2010.

S. Popa. Classification of amenable subfactors of type II. Acta Math.,
172(2):163-255, 1994.

157



[76]

[31]

[82]

[83]

[84]

[85]

[36]

S. Popa. An axiomatization of the lattice of higher relative commutants of

a subfactor. Invent. Math., 120(3):427-445, 1995.

S. Popa. Classification of subfactors and their endomorphisms, volume 86

of CBMS Regional Conference Series in Mathematics. Published for the
Conference Board of the Mathematical Sciences, Washington, DC, 1995.

S. Popa and D. Shlyakhtenko. Universal properties of L(F) in subfactor
theory. Acta Math., 191(2):225-257, 2003.

M. Pugh. The Ising Model and Beyond. PhD thesis. Cardiff University,
2008.

F. Radulescu. Random matrices, amalgamated free products and subfactors

of the von Neumann algebra of a free group, of noninteger index. Invent.

Math., 115(2):347-389, 1994.

S. A. Reznikoff. Temperley-Lieb planar algebra modules arising from the
ADE planar algebras. J. Funct. Anal., 228(2):445-468, 2005.

M. Rgrdam. Classification of certain infinite simple C*-algebras. J. Funct.

Anal., 131(2):415-458, 1995.

R. Speicher. Combinatorial theory of the free product with amalgama-
tion and operator-valued free probability theory. Mem. Amer. Math. Soc.,
132(627):x+88, 1998.

P. J. Stacey. Crossed products of C*-algebras by s-endomorphisms. J. Aus-
tral. Math. Soc. Ser. A, 54(2):204-212, 1993.

L.C. Suciu. The SU(8) Wire Model. PhD thesis. The Pennsylvania State
University, 1997.

M. Takesaki. Theory of operator algebras. I. Springer-Verlag, New York,
1979.

158



[87]

M. Takesaki. Theory of operator algebras. II, volume 125 of Encyclopaedia
of Mathematical Sciences. Springer-Verlag, Berlin, 2003. Operator Algebras

and Non-commutative Geometry, 6.

D. V. Voiculescu, K. J. Dykema, and A. Nica. Free random wvariables, vol-
ume 1 of CRM Monograph Series. American Mathematical Society, Provi-
dence, RI, 1992. A noncommutative probability approach to free products
with applications to random matrices, operator algebras and harmonic anal-

ysis on free groups.

159



