Analysis of Regge poles in non-relativistic |
quantum mechanics

Aaron Hiscox



UMI Number: U574346

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

Dissertation Publishing

UMI U574346
Published by ProQuest LLC 2013. Copyright in the Dissertation held by the Author.
Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346



Bound by

M ABBEY 2

Unit 3 Gabalfa Workshops Excelsior Ind. Est Cardiff CF14 3AY
Tel: (029) 2062 3290 Fax: (029) 2062 5420

For use in the Library only Ematnfogabbeybockbindng <ok

Web: www.abbeybookbinding.co.uk

DECLARATION

This work has not previously been accepted in substance for any degree and is not concurrently
submitted in candidature for any degree.

Signed 74"\?1[&757? ................... (candidate)  Date ... .Q?/.‘ll/ 2011 ..

STATEMENT 1

This thesis is being submitted in partial fulfillment of the requirements for the degree of
...}?A..p.............(insert MCh, MD, MPhil, PhD etc, as appropriate)

Signed S.CO%. ... (candidate) Date 0?/ .1.1/20.1.1.

STATEMENT 2

This thesis is the result of my own independent work/investigation, except where otherwise stated.
Other sources are acknowledged by explicit references.

/
Signed ...... 740»», tGex—. ... (candidate)  Date .0 3/ 12/20.1.2. .

STATEMENT 3

| hereby give consent for my thesis, if accepted, to be available for photocopying and for inter-
library loan, and for the title and summary to be made available to outside organisations.

T (candidate) Date ... o7 / 11/2012 ..

Signed ......7Z T/ [ \0.


http://www.abbeybookbinding.co.uk

Abstract

Regge poles—the name given to poles of the scattering amplitude in the complex angular
momentum plane—are of utmost importance in atomic and molecular scattering. We
investigate various aspects of non-relativistic Regge pole theory, namely, their behaviour
at low energy, cardinality, and sensitivity to boundary conditions. Upon investigation of
the former, we find the long-standing conjecture that Regge poles become stable bound
states for ultra low energy to be true; the proof is achieved for a potential satisfying the
first moment condition at infinity and whose product with the radial variable is bounded
near the origin, with the proviso that singular behaviour of the Regge poles may occur.
It is known that for an analytic potential V' with 72|V (r)| bounded at the origin and at
infinity, there are finitely many Regge poles; we demonstrate that this is still the case
for a compactly supported potential which is not as singular as the Coulomb interaction
at the origin. This begs the question of whether or not it is possible to explicitly count
Regge poles. Not only is this a difficult and interesting mathematical problem, but it also
has implications in atomic physics where total cross-sections are often calculated using
summations over Regge pole contributions. The author’s attempt at counting Regge poles
has revealed an unexpected effect on the Regge poles due to boundary conditions: we
show that infinitely many Regge poles go to infinity under nothing more than a change of
boundary condition, at least for the free particle case.

This work was supported financially by the Engineering and Physical Sciences Research
Council (EPSRC) between October 2007 and April 2011.
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CHAPTER 1

Introduction

In quantum field theory, quantum chromodynamics (QCD) describes precisely all
particle interactions at sufficiently short separation distances, whilst Regge (pole) theory
continues to highlight our lack of dynamical understanding of the strong nuclear force at
long distances [Cox, 1998, p. 9]. However, it is of fundamental importance to be able
to derive Regge behaviour within the QCD framework, since the theory of Regge poles
illuminates the deep connection between very energetic scattering and the spectrum of
particles and resonances [Kaidalov, 2001]. Despite this, the topic of Regge theory has
largely been abandoned in high energy particle physics; however, various phenomena in
atomic and molecular physics have generated substantial interest in the (non-relativistic)
Regge pole method [Felfli et al., 2008a,b, Sokolovski et al., 2007]. In particular, there has
been a surge in research into low energy scattering, which has probably been instigated
by certain physical processes such as cold electron collisions occurring in terrestrial and
stellar atmospheres [Msezane et al., 2008]; the discovery of superconductivity in several
of the heavy fermion compounds; and the appearance of a Bose-Einstein condensation
of Ytterbium [Msezane et al., 2009]. Although this list is certainly incomplete, the
fact remains that an understanding of these processes requires a complete kinematical
knowledge of very low energy elastic scattering.

The theoretical aspects of low energy elastic scattering are best studied using Regge
poles since they provide a rigorous definition of resonances. The Regge pole methodology is
particularly suited to gaining insights into the formation of temporary anion states during
electron attachment, and this is fundamental to the mechanism by which the scattering
process deposits energy [Felfli et al., 2008b]. Moreover, the imaginary part of the orbital
angular momentum can be used to distinguish between the shape resonances and the
stable bound states of the anions formed as Regge poles in the electron-atom scattering,
whereby this imaginary part is vastly smaller for the stable bound states [Msezane et al.,
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2009]. We will show that low energy bound state formation of the Regge poles found in
experiment is theoretically consistent by proving that as the energy tends to zero, the
Regge poles approach the angular momentum eigenvalues of the associated self-adjoint
Schrodinger operator with zero energy. Original work on the low energy behaviour of
Regge trajectories was carried out by Macek et al. [2004] and Ovchinnikov et al. [2006],
in which oscillations in the total cross-sections for proton scattering are studied.

More precisely, we demonstrate this low energy behaviour of Regge poles described
above for a radial potential with finite first moment at infinity, whose product with the
radial variable is bounded near the origin. The proof, which uses a re-characterization
of Regge poles in terms of the zeros of a Wronskian determinant, will be achieved in
stages since each new case yields results which are used in subsequent generalizations. In
presenting the theory this way, it becomes clear where the difficulties lie and what methods
we are to use. Therefore, we initially consider the finite spherical well and then generalize
to a compactly supported potential. The proof of the former merely uses various standard
small energy asymptotics, whilst the latter implements an argument involving resolvent
operators. Consequently, we will be in a position to prove our most general result regarding
potentials for which 7|V (r)| is bounded in a neighbourhood of the origin and integrable
at infinity. To do this we employ an integral equation method inspired by Shubova [1989],
which allows us to write down recursive relations for the solutions; it is then possible to
study the small energy limit of these solutions and their first derivative. Finally, with a
diagonal sequence argument, the existence of such limits is established and we conclude
that for our general potential, the associated Regge poles will either approach the angular
momentum eigenvalues of the zero energy self-adjoint problem, or tend to infinity.

We also consider the issue addressed by Barut and Dilley [1963] of counting Regge
poles. It was found that for a potential which can be analytically continued into the
right-half radial plane, with the property that 72|V (r)| is bounded for » = 0 and r = oo,
there are only finitely many Regge poles. An example of such a potential is the so-called
rational Thomas-Fermi potential, which is given by

—-27

: 1
(1 + aZ¥/37)(1 + bZ2/3r2) (1.1)

VRTF("' )=

where Z is the nuclear charge and a, b are physical constants. The analytic properties of
the exact Thomas-Fermi potential are notoriously complicated, and so Virr is most often
used in practice [Belov et al., 2004]. The Thomas-Fermi model was among the earliest
attempts to study the behaviour of atoms with multiple electrons; it made the electron
density, not the wavefunction, play the central role in atomic theory. This approach is
important because it underpins the description of all neutral atoms [Spruch, 1991] and
yields good predictions, even under the most blunt approximations [Broyles, 1961].

We investigate whether there are finitely many or infinitely many Regge poles
associated with a compactly supported potential, whose absolute value has finite integral.
In short, we find that for large complex angular momentum (CAM) there are no Regge
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poles, from which we can deduce that in total, there are only finitely many. The idea of the
proof is to show that the solution with potential is well approximated by the free solution
for sufficently large CAM; as we shall see, this will suffice only if the asymptotics are locally
uniform in spatial variable. To achieve this we recycle the idea of using a recursive formula
for the solution on the support of the potential, and we again take limits. However, we
will now require fixed energy large CAM asymptotics, and this is not a straightforward
problem. The complications will essentially arise from Bessel function theory, namely,
their bounds and asymptotics for complex order.

With the various cardinality results in mind, it is desirable to be able to actually count
Regge poles. Work has been done to this end, see, for example, the excellent book by
Newton [1964]. In particular, estimates of Regge poles is discussed for analytic potentials
and for potentials of Yukawa (or screened Coulomb, see bottom of p. 19) type. For our
‘non-analytic’ purposes, the candidate method for achieving an estimate is as follows: let
us introduce a parameter v € [0, 1] into the boundary condition at infintity such that the
Regge pole problem corresponds to setting v = 1. The idea is to establish a correspondence
between the Regge poles (7 = 1) and the eigenvalues of the self-adjoint problem associated
with v = 0, and hence count the Regge poles by counting these eigenvalues. However, it
will transpire that there are infinitely many eigenvalues when v € [0,1), which is bad
news for our proposed approach to counting Regge poles. We do, however, discover
the remarkable sensitivity of Regge poles to boundary conditions: we prove that for the
identically zero potential, infinitely many Regge poles come from infinity when the value
of v is changed, by any amount, away from unity. This boundary condition phenomenon
serves as a good illustration of just how ‘non-self-adjoint’ the Regge pole problem is.

Let us describe the organization of this thesis. Chapter 2 provides an in-depth review
of non-relativistic Regge theory; this begins with a discussion of the radial Schrodinger
equation, and continues with the following topics: the scattering amplitude, partial wave
analysis, the S-matrix, complex angular momentum, Coulomb scattering, the integral
form of the scattering amplitude, and a re-characterization of Regge poles in terms of
a Wronskian determinant alluded to above. In Chapter 3, we provide a more detailed
account of the paper Hiscox et al. [2010] in which we study the behaviour of Regge
poles in the very low energy limit. Chapter 4 is concerned with the cardinality of
Regge poles associated with a compactly supported potential, and Chapter 5 details
the sensitivity of Regge poles to boundary conditions. Finally, Chapter 6 provides a
summary of the work and discusses possible directions for future research; in particular,
we consider the importance of acquiring explicit estimates on the number of Regge poles
for a given potential energy function. In addition, certain non-standard—at least in the
case of complex analysis—results used in this thesis are discussed at length in the various
Appendices; these are results which I believe are important to expatiate, but their inclusion

in the main body of text would only break the flow.



CHAPTER 2

Regge Theory

The emergence of quantum physics is typically placed in 1900 with the discovery by
Max Planck that the energy absorbed or emitted by matter is quantized. More precisely,
Planck observed that the radiation an object emits is proportional to the vibrational
frequency of that object, with constant of proportionality being a new fundamental
quantity called Planck’s constant, which is denoted by h. It was subsequently found
that this ‘lumpy’ nature of energy is not constrained to the absorption and emission by
matter, but is a much more general law of nature. In 1905 Albert Einstein proposed
that electromagnetic energy also comes in discrete packets—or quanta—of energy, called
photons. Using Planck’s results he was able to explain the photoelectric effect, namely,
that the energy of the electrons knocked off a metal surface is proportional to the frequency
v of the incident light, i.e. E = hv = fw where h = h/2m and w = 27v. The most
persuasive evidence that light is indeed corpuscular emerges from the investigations of
Arthur Compton (1922). It was found that x-rays scattered off a block of paraffin by
less than 7/2 radians possessed a greater wavelength than the incident radiation; this
phenomenon is called the Compton effect and is readily explained in terms of an elastic
collision between two particles, namely, a photon and an electron [Born, 1969, p. 87].

The quantized nature of light is not the only reason for the development of quantum
theory, there were problems with Rutherford’s picture of the atom in which the negatively
charged electrons orbit, at any distance, the positively charged nucleus. If the electrons
were orbiting a central nucleus then they would be accelerating, and thus according to
classical electrodynamics they would radiate energy. The result of this loss of energy would
be electrons that spiral into the nucleus in a time of the order 10~1° seconds [Bransden and
Joachain, 1983, p. 27]. From common experience, this is clearly not the case and so classical
electrodynamics cannot account for the stability of matter. Furthermore, this model does

not account for the discrete frequencies of radiation emitted by atoms codified in their
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so-called spectral lines [Davies and Betts, 2002, p. 4]. These problems were partially
solved in 1912 by Niels Bohr. With a blend of classical and quantum reasoning, Bohr
proposed that electrons in an atom can only occupy certain ‘allowed’ orbits at discrete
distances from the nucleus with specific energies. Moreover, Bohr conjectured that there
is no continuous radiation of energy from the electrons, but only transitions between these
discrete orbits can give rise to radiation. If a photon of frequency v is absorbed by an
atom, then by Einstein’s formula and the conservation of energy we have Bohr’s frequency
relation hv = Ey — E;, where E; and Ej are the initial and final energies of the atom
respectively and clearly, E; < Ef. On the other hand, if the atom changes its state from
an energy Ey to an energy E;, then a photon is emitted with frequency determined by
Bohr’s frequency relation [Bransden and Joachain, 1983, p. 30].

However, there is still the question of how and why this occurs. To answer this a
new mechanics is required—quantum mechanics. Quantum mechanics stems from the
inescapable fact that all particles have wavelike properties. In 1924 Louis de Broglie
suggested that all matter has an associated wave, a de Broglie wave with wavelength
A = h/p where p is the magnitude of the momentum vector. This was essentially taken
from the formulae concerning light: from classical electrodynamics we have E = pc where
c is the speed of light, but since we also have from Einstein that E = hv, then p = h/\.
Furthermore, a particle’s wavelike propagation induces an intrinsic uncertainty in the
behaviour of the particle, namely, if the particle is restricted to some region in space then
it has an ill-defined momentum; this is a consequence of the fact that a confined classical
wave cannot have a unique wavelength—the connection to the momentum of a particle
being provided by de Broglie’s formula A = h/p. The precise statement is called the
position-momentum uncertainty relation, and was first enunciated by Werner Heisenberg
in 1927 [French and Taylor, 1978, p. 327]. It states that

AzAp, 2 R (2.1)

where we write p; to specify the direction; in words, the product of the uncertainty in the
position and the uncertainty in the momentum is greater than or approximately equal to A.
This is summarized in the famous book by Gamow [1993]: ‘any body in an enclosed space
possesses a certain motion, we physicists call it zero-point motion, such as, for example,
the motion of electrons in any atom’. For instance, in a Hydrogen atom the electron
is constrained to a region of (Bohr) radius ~ 10710 metres, and since A ~ 1073 joule-
seconds, then by equation (2.1) we have Ap = MmeectronAv 2 10724 kilogram-metres per
second, where Mejectron = 10739 kilograms and Awv is the uncertainty in the velocity. The
velocity of the electron in a Hydrogen atom is thus undetermined by an amount Av > 106
metres per second, which is about 0.3% of the speed of light. Hence, the electron has
motion solely because of the fact that it is confined. To be clear, the concept of exact

position and exact momentum together has no meaning in nature.
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2.1 The Radial Schrodinger Equation

The central postulate in the theory of quantum mechanics is that the associated de
Broglie wave—or wavefunction—of a quantum-mechanical particle of mass m, satisfies the
following wave equation proposed by Erwin Schrédinger in 1926:

—h—2v2qf + VU = i (2.2)

2m ot

where the potential energy V and the wavefunction ¥ are functions of r = (z,y,2) € R3
and t € R. Equation (2.2) is called the time-dependent Schrédinger equation. Although
there is still much philosophical debate over how ¥ should be interpreted, the statistical
interpretation due to Max Born is of fundamental importance in the application of
quantum mechanics. In short, this statistical interpretation of Born says that the de
Broglie waves are not waves of substance but are probability waves, and |¥(r,t)|? is
proportional to the probability density for the particle to have position 7 at time ¢. Hence,
C|¥(r,t)|2df is the probability that the particle will be inside the infinitesimal volume dQ
at time t, where C is some constant independent of €2. This is a postulate and cannot be
derived, but it relates the uncertainty in our knowledge of the particle and the existence
of the associated de Broglie wave [Davies and Betts, 2002, p. 12]. Since the particle must
be somewhere in space we have

c/ | (r, t)]2d%r = 1, (2.3)
R3

and we call ¥ a normalizable state if the integral on the left side of equation (2.3) is
finite for some time ¢ € R. A normalizable state ¥ can always be multiplied by some
non-zero constant to obtain a normalized state—and once normalized for some time ¢, it
remains normalized for all time since the Schrédinger equation has the property of being

normalization preserving; we do not need to renormalize [Griffiths, 2005, p. 13]—meaning
| ¥ (r,t)|?d>r = 1.
R3

For a normalized quantum state ¥, [, |¥(r,t)|2d3r is the probability that the particle
will be inside the volume 2 at time t. The value of this integral will clearly change with
time since some of the wave associated with the particle flows in and out of 2, along with
the probability [Davies and Betts, 2002, p. 13]. Thus, taking the time derivative of the
integral leads to the definition of probability current density

ir8) =~ (5T — YOy, (24)

which is the total flux into .
If the potential is independent of time ¢, then by using the method of separation of
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variables on (2.2) there will be a general solution of the form
w .
U(r,t) =Y cntpn(r)e Ent/h, (2.5)
n=1

where FE is the separation constant, chosen since every measurement of the total energy
is certain to return the value E. The spatial wavefunction 1, (strictly speaking this is
not true; the wavefunction always has the time-dependent exponential factor but we shall
continue to use such language) satisfies the time-independent Schrédinger equation

-
~5 -V + VY = Ey. (2.6)

In many situations the potential energy function is radial, i.e. depends only upon the
distance from the origin. Under these circumstances it is an obvious choice to use spherical
polar coordinates (r,d,¢). Spherical polar coordinates give a one-to-one description of
points in R?\ {(0,0, z) : z € R}, and in this system (2.6) becomes

+ V() =By, (27)

[10 ,0p 1 8 . ov 1 8%
“om [725” o *7sin000°" 00t 2o 092
To separate out r we put ¢ (r, 9, ¢) = R(r)Y (9, ¢) into (2.7), which results in the following

two equations:

. .0 . 0Y o’y . 9
smﬂﬁ (sm 195——5> + 967 —£(£+ 1) sin°9Y (2.8)
and
1d( ,dR\ 2ms? _

where we have labelled the separation constant by ¢(£ + 1); there is no loss of generality
here since at this point £ could be any number. We again separate variables and look for
solutions Y such that Y (9, ¢) = ©(9)®(¢). Thus, equation (2.8) splits into

1. df . de oo o
6311119&; (sm 0@) +£4(£+1)sin“d=m (2.10)
and | 20
—— T 2
3 432 me, (2.11)

where m? is the separation constant (again, no loss of generality). The solution to (2.11)
is clearly ®(¢) = e™? (both solutions are included by letting m be negative). Notice that
in spherical coordinates ¢ + 27 is the same point in space as ¢, and so e!™(¢+27) — gim¢
or e2™m = 1. It follows that m € Z. For (2.10), the physically acceptable solution is
famously given by

©(9) = AP (cos V) (2.12)
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where P;" is the associated Legendre function

dx

Im|
PM(z) = (1~ 2?)mi2 (—d—> Py(z), (2.13)

and Py(z) is the ¢-th Legendre polynomial defined by the Rodrigues formula

£
Py(z) = 233,(‘1) (=* = 1", (2.14)

It is important to note that P(z) is a polynomial of degree £ in z but P;"(z) is, in general,
not. However, we require Pj"*(cos¥) and since v/1 — cos?9 = sin, PJ*(cos¥) is always
a polynomial in cos ¥, multiplied by sin¥ when m is odd. In view of (2.14), £ must be a
non-negative integer. In addition, since P, is of degree ¢, equation (2.13) stipulates that
if [m| > ¢ then P = 0. Thus, for a given value of ¢ there are 2¢ + 1 possible values for
m, namely, —¢,—¢+1,...,-1,0,1,...,f—1,¢. The normalized angular wavefunctions are
called spherical harmonics and are given by [Griffiths, 2005, p. 139]

Y9, ¢) = s\/ (2 4’; (E)f l:n;;?”!eimpp(cosﬁ) (2.15)

where

(=)™ if m2>0,
£ =
1 if m<O0.

It is customary to call m the magnetic quantum number and ¢ the orbital angular
momentum quantum number. These quantum numbers are related to the orbital angular
momentum L—henceforth we drop the word orbital since we will not need to distinguish
from spin angular momentum, which is not to be discussed in this thesis. In particular,
Y," is an eigenfunction, or determinate state, of the square of the total orbital angular
momentum L2, with eigenvalue h2¢(£ + 1). In other words, a measurement of L? in such
a state is certain to yield the ‘allowed’ values h2¢(£ + 1).!

The potential V(r) affects only the radial part of the wave equation. On putting
u(r) = rR(r) in the R-equation (2.9), we acquire the radial equation

R d%u
“marz *

V(r)+ —E(T )Ju = Eu. (2.16)

This equation is nearly identical to the one-dimensional time-independent equation (2.6),
except that the effective potential Veg = V + A24(¢ + 1)/2mr? now entails the so-called

!For a particle in state ¥, the expectation of an observable Q is (Q) = JU* Q¥ = (¥|Q¥), and since
the outcome of a measurement must be real: (Q) = (Q)"; in other words, observables are represented by
Hermitian operators. In a determinate state, i.e. a state in which (Q) = ¢, the standard deviation AQ of
an observable @ has to be zero. Thus, (AQ)? = ((Q —(Q))?) = (¥|(Q—q)*¥) = ((Q—q)¥|(Q—q)¥) =0,
which implies that Q¥ = ¢q¥ [Griffiths, 2005, p. 99].
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centrifugal term. This extra term tends to force the particle radially outward.

In order to express the normalization condition in spherical polar coordinates, we
require the volume element d3r in spherical coordinates. An infinitesimal displacement in
the # direction is dr and an infinitesimal element of length in the 9 direction is rd¥, whilst
an infinitesimal element of length in the ¢ direction is 7 sin 9d¢. Thus, the volume element
in these coordinates is given by d3r = 2 sin 9drddd¢, which means that the normalization

condition in spherical coordinates is

1= / 1|22 sin 9drddde

2n o 00
= / / |Y|? sin 9d9de = / |R|%r2dr,
o Jo 0

which in turn means that the normalization condition for u(r) is
oo
/ [u|?dr = 1. (2.17)
0

2.2 The Scattering Amplitude

Classically, a particle incident on some scattering centre arrives with an energy E and
leaves at some angle J. Particles incident within some infinitesimal area do will scatter
into a corresponding infinitesimal solid angle d2.2 Clearly, the larger do, the larger dQ;
this leads to the definition of a quantity called the differential cross-section D(¥) = do/df?,
which is just the proportionality factor. Moreover, the total cross-section ¢ is defined as
the integral of the differential cross-section over all solid angles, i.e.

o= ] D(9)dQ (2.18)

and is the total area of incident beam scattered by the target. In a typical scattering
experiment, a uniform beam of particles with flux of J particles per unit area per second
is incident onto a scattering centre. Let d/NV be the number of particles per second that
are scattered into an element of solid angle df2 about the polar angles ¥ and ¢. We expect
that dN will be proportional to J and to the size of do. This is summarized by

do 1dN
D) = — = = ——. 2.1
() dQ  JdQ (2.19)
In quantum scattering, an incident beam traveling in the z-direction, represented by a
ikz

plane wave Yinc(z) = Ae™ where k = v2mFE/h is the quantum wave number, encounters

a force at the scattering centre; this results in a distortion of iy, which we describe in

2The solid angle is the generalization of the planar angle to three dimensions. Just as planar angles
correspond to sectors of a circle, solid angles correspond to cone-shaped segments of a sphere. More
precisely, planar angles are measured by dividing the arc length by the radius. Similarly, solid angles are
given by the surface area dA of a projection of an object onto the inside of a sphere centred at that point,
divided by the square of the sphere’s radius R.
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terms of a perturbation. This perturbation takes the form of an additional scattered wave
Yse (Figure 2.1), whose amplitude depends upon the angle ¥ through a quantity f(9, ¢)
called the scattering amplitude [Davies and Betts, 2002, p. 55|. We study this problem by

N J

—>
"/’inc

Figure 2.1: The scattering of a plane wave incident on a scattering centre Xx.

solving the time-independent Schrédinger equation (2.6), and we do this for a spherically
symmetric potential. As a consequence of the spherical symmetry, we will not need the
azimuthal angle ¢ corresponding to rotations about the path of the incident beam, we
only need ¥ to describe the post-collision trajectory. Therefore, we search for solutions
satisfying ¥(r, 9) = Yinc(z) + ¢¥sc(r, 9). Although the exact details of 15, depend upon the
potential, we know that for a localized potential3, 1. satisfies [Mandl, 1992, p. 235]

ikr

€ r — . (2.20)

wsc(ryﬂ) ~ f(ﬂ) r ’
Localization of the potential is natural if we expect the beam to be scattered—an
assumption that we uphold throughout this chapter, unless stated otherwise. Although
this form of s is true only for large r, it is satisfactory since we are interested in the

wavefunction after the scattering event. Therefore, we have

ikr
W(r, ) ~ et*? 4 f(ﬁ)er .o o0o. (2.21)

By using (2.4) for the scattered wave defined by (2.20), we find that the number of particles
scattered into df2 per second is (fik/m)|f(9)|>d€2. Similarly for i, we find that the
number of particles incident per unit area per second is fiik/m. Hence, by using the
definition of the differential cross-section (2.19) it follows that

D) = |f(9)*. (2.22)

3A localized potential is a potential with a relatively short range, more precisely, it has the property
that rV(r) — 0 as r — oo. Note that this rules out the Coulomb potential, but the following analysis can
be applied to the so-called ‘screened’ Coulomb (or Yukawa) potential—this is defined in §2.5.
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The fundamental problem in scattering theory then, is to calculate the scattering
amplitude, since this quantity gives the probability of scattering in any given direction .
We now describe a particular method for determining the scattering amplitude, which is
especially useful when the incident particle has a low speed.

2.3 Partial Wave Analysis

The Schrodinger equation for a spherically symmetric potential admits solutions of the
form ¢(r, 9, ¢) = R(r)Y;" (9, ¢), where u(r) = rR(r) satisfies (2.16). Due to the azimuthal
symmetry we may take the magnetic quantum number to be zero in equation (2.15)—this
is a common ‘approximation’ in the literature; see, for example, Taylor {1970] p. 183.
Therefore, the wavefunction reduces to (for a particular ¢)

20+1
4

Y(r,9) = R(r) Py(cos ).

This also means that the scattering amplitude f depends only upon ¥ (the explicit
dependence on the energy is traditionally omitted). Since the Legendre polynomials form
a complete orthogonal set on [—1, 1], we may write [Arfken and Weber, 2005, p. 757]

F®) = ae(k)Py(cos ¥) (2.23)
£=0

where ay is called the ¢-th partial wave amplitude. The problem with which we are faced is
as follows: given a potential V(r), we need to determine the partial wave amplitudes a(k).
ikz

Firstly, consider the free particle. On writing the incident wave e**? as a Fourier-Legendre

series we have [Taylor, 1970, p. 183]

o)
eikz = eierOSﬂ = Zbgpg(COS'ﬂ). (224)
£=0

To find by, multiply equation (2.24) by P,,(cos?) and integrate:
1 . 1
/ P, (cos 19)e'k’°°5‘9d cosV = b,n/ Py, (cos 9) Py, (cos ¥)d cos 9.
-1 -1

A standard result [Arfken and Weber, 2005, p. 757] states that

! 2‘5€m
[ Pa)Pute)az = e,

whence )
by = 2%“5—1 / Py(z)e*dz. (2.25)
-1
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We may evaluate the integral in equation (2.25) simply by parts: since Py(1) = 1 and
Py(—z) = (=1)¢Py(x), £=10,1,2,... [Arfken and Weber, 2005, pp. 752-753], the boundary
terms of the integration are given by

1

- (eikr _ (_l)ée—ikr) — i [eikr _ e—i(kr—lﬂ)]
IRT

ikr
_ i [ei(kr—évr/2) _ e—i(kr—lﬂ/2)]
ikr

2i¢

= sin(kr — €m/2).
For large r the integral remaining after integration by parts goes to zero, and thus
Z‘E
be = E(% + 1) sin(kr — ¢m/2) (2.26)

for large r. Hence, as r — oo,
1 oo
tkz ikr _ —i(kr—£m)
e 5 ;—O(% +1) [e e ] Py(cos V). (2.27)

In summary, this means that at each angular momentum quantum number, we have
incoming and outgoing waves of the same amplitude but with different phases. Their
phases differ by ¢z due to the centrifugal term, which is present for all £ # 0, even for a
free particle [Shankar, 1994, p. 546].

Let us now turn on a localized potential. For large r, we must have R(r) asymptotically
equal to the free radial wavefunction, although we may encounter a phase shift (appearing
in the scattering amplitude) due to the potential [Shankar, 1994, p. 546]. Therefore, we
have as r — oo that

R(r) ~ % sin(kr — £m/2 + 6¢(k))

where d; is called the phase shift of the ¢-th partial wave, and ¢, is some constant yet to
be determined. Therefore, the total wavefunction as r — oo is

ad C . .
2/)(7", 19) ~ Z k_f [e1(kr—l7r/2+6g) _ e—z(kr—l’n/2+¢5¢)] Pg(COS 19) (228)
=0 r

The potential produces an outgoing wave only, and so the incoming waves must be the

same for e?*? and 1; on comparing coefficients of e **" /kr in (2.27) and (2.28), we get that
ce = (2€ + 1)ei™/2+%) /2 [Shankar, 1994, p. 547]. Whence,

1 o=20+1 7 o5, ik
P(r,d) ~ — €_+ [em‘e”" - e_’(”_e")] Py(cos V) (2.29)
kr P 2i
ik e e2i61 -1 ikr
—_— nlkZ
= e'"% 4 eE=O(2€ +1) 5k Py(cos ) (2.30)
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in the limit » — oo. Comparing equations (2.30) and (2.21) we have

621‘63 -1

ap = (20 + UW’

(2.31)

and so to calculate a; we must first find é,. Thus, the effect of a potential is to attach a
phase factor e2¥%¢ to the outgoing wave; this phase factor is denoted by Se(k), and we call
Se(k) the S-matrix for angular momentum ¢—or S-matrix. Moreover, in putting (2.31)
into (2.23) we have the following partial wave representation of the scattering amplitude:

1 4
HOESS > "(2¢ + 1) Py(cos¥)e™ sin 6. (2.32)
¢
The phase shift approach is elegant since it illuminates the physics: the conservation of

probability* means that the potential can only shift the phase of the outgoing wave. Using
equation (2.22), we have from (2.32) that D(9) = k=2 3",(2€ + 1) Py(cos 9)e'® sin 6,|2; so

1

1 . .
= /dQ Z(% +1)(2m + 1) Py(cos 9) Py (cos ¥)e % sin 8,60 sin by,
&m

2
2(23 + 1) Py(cos 9)e* sin &,
14

4r < 22
= EEZ(2£+1) sin® dg.
=0

Therefore, o = Y, 0, where
4

k2

The o, are called the partial cross-sections at each angular momentum £.

o¢ = —(2¢ + 1) sin? §,. (2.33)

It is instructive to consider an exactly soluble example; for this purpose we take the
case of the so-called hard sphere [Shankar, 1994, p. 549]

Vir) = 00 ?f r <rg,
0 if r>nrg.

We need to solve (2.9) and from the solution’s large r asymptotics, identify the phase shift
d¢. For r < rg we must have R(r) = 0, since the probability of finding the particle in this
region is zero. When r > ry we require the solution to the free particle R-equation

1d{ ,dR 2mr?
-R-E (7‘ E;) + "—ﬁ‘rE = E(E + 1) (234)

In elastic scattering the incoming and outgoing flow of probability must be equal.
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To solve this we digress and consider Bessel’s differential equation (BDE)

d’y dy
2 2 . .
7+ T + [z2 - Yy =0 (2.35)

The general solution of BDE is [Abramowitz and Stegun, 1965, p. 358]
y(z) = AJy(z) + BN, () (2.36)

where J, (z) is the Bessel function of order v and N, (z) is the Neumann function of order
v. If we let £ = kr in (2.35), then BDE reads

d?y dy
2 2.2 _ 2, _
) +7r ar + [kr —vily=0 (2.37)

where y = y(kr). The R-equation (2.34) in which the potential is identically zero can be

written in the following form:

2
r ‘;—f +2r 3—3 + [k%r2— ¢+ 1)]R=0 (2.38)

where k is the quantum wave number. Let us define a new function
w(kr) = VkrR(r) (2.39)

in which case, (2.38) becomes

d?w dw
2 2.2 21, _
gzt T [k (£+1/2)*lw=0. (2.40)

By comparing (2.35) and (2.40) and recalling (2.36), it is clear that

w(kr) = AJy(kr) + BN, (kr). (2.41)

We note that here, the order of the Bessel and Neumann functions is v = £+ 1/2. Now,
from equation (2.39), R(r) = w(kr)/Vkr and thus

R(r) = \/%J,,(kr) + \/%

It is convenient to recast R(r) in terms of the spherical Bessel functions j, and ng, which
are defined as follows [Arfken and Weber, 2005, p. 726]:

je(x)E\/ Je+1/2($) and ne(z \/ NE+1/2(93

Hence, R(r) = Agje(kr) + Beng(kr); we have made the addition of £ subscripts in order

N, (kr). (2.42)

to emphasize the dependence of the normalization constants on the angular momentum

quantum number. Matching the solutions continuously at r¢ stipulates that R(rg) = 0, or
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equivalently B o(ro)
¢ _ _Je\RTo
A ne(kro)

By standard large argument asymptotics for the spherical Bessel functions [Arfken and

(2.43)

Weber, 2005, p. 729], the radial part of the wavefunction for large r satisfies
1
R(r) ~ E[Ae sin(kr — €7 /2) — By cos(kr — €r/2)].

We digress further in order to express R in a cleaner form. To achieve this, it would be
useful to find an expression for sin(arctan(z)): let y = arctan(z) so that tan(y) = z. Then

we have sin?(y) = z2 cos?(y) or

2

.2 _
sin“(arctan(z)) = 1522 (2.44)

which yields sin(arctan(—By/A4;)) = —B¢(A7 + B?)~1/2. Similar calculations for cosine
show that cos(arctan(Be/A)) = A¢(AZ + BZ)~/2. Moreover,

sin(kr — €m/2 + arctan(—Bg/A¢)) = sin(kr — € /2) cos(arctan(—By/Ay))
+ cos(kr — €7 /2) sin(arctan(—Bg/A¢))

=1 [Asin(kr — £r/2) — Becos(kr — £n/2)].

Therefore, far from the scattering centre we have

A} + B}

R(r) ~ —kr—‘ sin(kr — €1/2 + 8¢(k)), (2.45)
where
) — Be| _ Je(kro)
d¢(k) = arctan [— Z;} = arctan [ne(kTo)jl. (2.46)

Note that we have used the matching condition (2.43) for the second equality in (2.46).
For £ = 0 we have s-wave scattering, so-called because of the sharp or s-orbitals of an
atom, whose shape is dictated by the spherical harmonics. In our hard sphere example,
we have [Arfken and Weber, 2005, p. 728]

Sin(k?‘o)/k?‘o :l = —kro

8o = -
0 arctan[ cos(krg) /kro

The interpretation of this is that the hard sphere pushes out the wavefunction, imposing
sinusoidal oscillations at r = ro rather than at » = 0.
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2.4 The S-Matrix

The partial cross-sections o, are usually small for low energy; for example, in the case
of the hard sphere potential we have

tan 8y ~ &g ~ (const.)(kro)?*!
for small &, which follows from the standard small argument asymptotics for the spherical
Bessel and Neumann functions, i.e. [Arfken and Weber, 2005, p. 729]

4

(Q_EQ:I:—T)H and ng(z) ~ —z~ G- 1), z 0.

Je(z) ~
This is to be expected. At low energies there should be negligible scattering for high
angular momentum states [Shankar, 1994, p. 550]. However, the partial cross-section is
capable of a myriad of behaviours as a function of the energy; in particular, we have the
appearance of a sharp peak against a smooth background as the phase shift passes through
7/2 [Ballentine, 1998, p. 458]. In order for &, to achieve the value of 7/2, the denominator

inside the arctan must vanish, and so for energies E ~ Eis we write

/2

m (247)

dp = arctan [

where I' is a constant which depends on the energy. From equations (2.33) and (2.44), the
associated partial cross-section for E & E,e is
_Ar

(C/2)?
(Eres — E)? + (0/2)*

Hence, oy is given by a bell-shaped curve called the Breit-Wigner form; it has a maximum
height 0" = 47(2¢+1)/k? and half-width I'/2 [Shankar, 1994, p. 551]. When this occurs,
we say that we have a resonance. As we will soon appreciate, it is most helpful to study
resonances from the S-matrix perspective. Near a resonance, the S-matrix takes on a

particularly simple form [Shankar, 1994, p. 551]:

Sg(k) — e2i5g

cosdg + isin &y

cos 8y, — isin dp

1+ itand,
1—itanéd,

— 14 i(F/2)/(Eres - E)
B 1- i(F/2)/(Eres - E)
_ E—Es—1il/2

" E—Epes +1i0/2°

(2.48)
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If we analytically continue the wavefunction to complex energy, and in particular to the
energy E = Es —il'/2, then we find from equation (2.48) that a resonance corresponds
to a pole of the S-matrix near the positive real axis of the complex E-plane. For real and

positive energy we know that
1 ikr —ikr
R(r) ~ ;(Ae + Be™ ')

for sufficiently large r, and so from equation (2.29) we have

Se(k) = % (2.49)

up to multiplication by i2¢. Thus, we may define the S-matrix for any complex k as follows:
first solve the R-equation for k € C, find the large r asymptotics, and then compute the
ratio of the outgoing and incoming wave amplitudes [Shankar, 1994, p. 552]. If k = ik,
which corresponds to E = h?k2/2m being negative, then

1
R(r) ~ ;(Ae_” + Be™).

Hence, for k such that B = 0, or equivalently S;(ik) = oo, we have a bound state.
Therefore, we may characterize bound states as poles of the S-matrix on the negative real
energy axis [Taylor, 1970, p. 193]. This means that a resonance, which is a pole near the
positive real axis, must be some kind of bound state. To appreciate this, consider the
time dependence of the wavefunction: from equation (2.5), the time dependence for such
a particle is given by e~*Frest/he=Tt/2h where we see that I' must be positive. This also
shows that the particle has a lifetime of order £/T", and so a resonance describes some kind
of semi-bound state with energy E;es—but not exactly this energy due to the uncertainty
principle®. A large I describes a short-lived particle which is associated with a broad peak
in the energy variation of the total cross-section; whilst a pole near the positive real axis,
i.e. with a small I, describes a long-lived more stable particle with a corresponding sharp
peak in the energy variation of the total cross-section [Taylor, 1970, pp. 194-195].

2.5 Complex Angular Momentum (CAM)

The notion of CAM was conceived by Watson [1918] in order to study the diffraction
and scattering of short-length electromagnetic waves [Connor, 1990]. This CAM approach
was resurrected with vigour when in 1959, Italian physicist Tullio Regge used the theory
in the context of quantum mechanics. Regge showed that when considering solutions of
the Schrodinger equation for non-relativistic scattering by a screened Coulomb (Yukawa)
potential, V(r) = —g%e~™ /r [Eden, 1971], it is useful to regard the angular momentum

quantum number ¢, as a complex valued parameter [Collins, 1977].

5We refer here to the energy-time uncertainty principle AtAE > h where At is the amount of time it
takes the expectation of some observable Q to change by one standard deviation [Griffiths, 2005, p. 114].
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To discuss Regge’s considerations we rewrite the radial Schrodinger equation (2.16) for

a quantum-mechanical particle of mass m in a potential field V as

2(6+1)
—u” + ( ( S +U(r) - k2)u =0, r€(0,00) (2.50)
where U(r) = (2m/h?)V(r) is the so-called reduced potential energy function and, of
course, k = vV2m£E /h is the quantum wave number. Let us make clear the properties we
wish the solutions to have: we look for the solution satisfying

u(r) ~r%, r— 0, (2.51)

and so according to equation (2.50), where we assume that 7~2 dominates U(r) for small
r, we must have a = £+ 1 or @« = —f in (2.51). We choose the regular solution at the
origin by taking a = £+ 1, thus we obtain the asymptotic behaviour

u(r) ~r* r 0. (2.52)

This choice bestows a restriction on the values that ¢ can take. The general solution for
small 7 is ¢;7¢F 1 +cor~¢.8 To eliminate the second term, r—¢ must dominate r*! as r — 0;
this implies that Re(¢) > —1/2 [Landau and Lifshitz, 1977, p. 589]. Moreover, we look for
a purely outgoing wave at large distances (we assume that the potential is such that such
solutions exist):

kr’

u(r) ~ € r — 00. (2.53)

Consider the summand—ignoring the Legendre polynomial since we are only interested
in the radial part—in (2.29), which gives the total wavefunction’s asymptotics; with some
rearrangment, this is equal to (2€ + 1)(2i)~1e!™/2[e~i"¢/2e2ibegtkr _ gimt/2¢=1kT] Therefore,

above threshold (k2 > 0), the radial wavefunction u has asymptotic behaviour
u~ Np [e"’i(k’_"e/m — Sei(kr—"£/2)], T — 00 (2.54)

where S = e2%(*) and N, is a normalization constant. At a pole of S, the second term
in equation (2.54) receives an infinite boost and a purely outgoing wave results. Below
threshold (k% < 0), at k = i|k| say, we have

u~ N, [elk]r+i7r£/2 _ Se—lklr—iw!/2], r — co. (2.55)

In this case, a pole of S yields a normalizable bound state. Out of interest we mention that
below threshold we can also have a bound state at k& = —i|k|, which is provided by a zero
of S; for each bound state, both the zero and the pole occur since the radial Schrédinger

6By letting r = e~ and constructing a first order system, the Levinson Theorem tells us that

132 r(V(r) — k*)dr < oo, 1o > 0 is sufficient for the existence of solutions with these asymptotics.
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equation is invariant under the mapping k — —k [Frautschi, 1963, p. 4]. Therefore, the
S-matrix for £ = 0 has a pole as a function of the energy; in general, a family of bound
states with increasing £ € Z* is represented by a family of energy poles of S.

However, there is no a priori reason why ¢ has to be a non-negative integer in the radial
Schrodinger equation, this requirement stems from properties of the spherical harmonics.
Below threshold, the so-called bound state condition u ~ e~¥I" for large r—we are only
interested in the poles of S here—defines a whole family of solutions, where, as ¢ increases
continuously, these solutions interpolate smoothly between the bound states at physical
values of angular momentum ¢ [Frautschi, 1963, p. 103]. Thus, the whole family of solutions
satisfying the bound state condition can be described by the continuous movement of an
¢-plane pole of the S-matrix; the motion of the pole being a result of varying the energy
E € R. The physical bound states then correspond to this moving pole passing through
non-negative integer values of ¢ [Frautschi, 1963, p. 103]. Therefore, regarding ¢ as being
complex is certainly not just a mathematical frivolity.

In other words, the notion of CAM provides a way of unifying bound states and
resonances as properties of a so-called trajectory function a(F). The trajectory function
is defined such that if an energy F forces a(FE) to equal a non-negative integer, L say,
then a bound state will exist at that energy E with angular momentum L. Thus, instead
of considering bound states at a given angular momentum ¢ = 0 with energy Ej, and
then at £ = 1 with energy E; and so on (as described above), we now simply look at a
single entity a(FE) [Leader, 1978]. Therefore, making ¢ complex achieved what making
the energy complex achieved. Namely, just as the scattering amplitude fr(F) has a pole
at the energy E for which a bound state of angular momentum ¢ = L exists, f(¢, E)
has a pole whenever E is such that a(F) equals ¢ [Leader, 1978]. The Regge trajectory
function indicates the existence of bound states and resonances on the occasion that it
passes through integer values; an illustrative example—assuming that the potential is such
that there are no embedded eigenvalues—is shown in Figure 2.2.

It is possible to ascertain the location of the ¢-plane poles of S using quite a general
argument found in Frautschi [1963] pp. 103-104. For real energy and real potential
function, consider the radial Schrodinger equation (2.50) and its complex conjugate

L (e*(e* D Ly - k2> u* = 0. (2.56)

dr? r2
Subtracting u multiplied by (2.56) from (2.50) multiplied by u* gives

Qu At (D) -0 +])

2
—u = O
dr? dr? r2 [u]

or, with £ = £ + i€y, this is

d / du* du , _ ul?
a;(u — - T ) + 2607 (2R + 1)|r—L =0. (2.57)
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2
Figure 2.2: Bound states at Fo, F'1, and a resonance at Es.
Integrating (2.57) yields
o0
du* du 0 |u|?
- —u* 2i01(2 1 ——dr =0. 2.
[u T @ 0 + 2i6;(2¢R + )/0 o dr (2.58)

Below threshold, u ~ r¢*! as r — 0 and u ~ 719" as r — 0o, which means that the first
term in (2.58) vanishes for Re(¢) > —1/2. Moreover, the integral is positive and thus for
a bound state (and pole of S), Im(¢) must vanish. Above threshold, the outgoing wave
tkr ~tkT as r — 0o. Since the small r

condition for a pole of S gives u ~ €'*" and u* ~ e

asymptotics are unchanged, equation (2.58) becomes
0o |’u,|2
—2ik+2i€1(2€3+1)/ —;‘-é"d’f’=0,
0

which implies that Im(¥) is positive. To summarize: below threshold, the poles of S at
Re(¢) > —1/2 lie on the real axis; whereas above threshold, the poles are situated above
the real axis. Therefore, there are no poles in the forth quadrant of the CAM plane—this
is true more generally [Bottino et al., 1962]. Regge proved that for a variety of potentials,
including the screened Coulomb potential, the only singularities of the scattering amplitude
at Re(¢) > —1/2 are poles [Regge, 1959] or as they are now called, Regge poles.

2.5.1 Coulomb Scattering

As an example, let us consider the attractive Coulomb potential, V() = —e?/r where

e? is the coupling constant of the Coulomb field. In order to find §;, we need to calculate
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the large r asymptotics of the solution to the R-equation (2.9); to begin with, we rewrite
the R-equation in the more tractable form

__(V_E>_%_gw}3=o.

We wish to use atomic units, this is formally obtained by putting e = m = h = 1 [Landau
and Lifshitz, 1977, p. 118, footnote]. Thus, the equation we must solve is

2 L0+1)

2
R'+-R + 2E+- - ——5—"|R=0. (2.59)
T T T

Introducing the new notation [Landau and Lifshitz, 1977, p. 118] n = (~2E)""/2 and
p = 2r/n into equation (2.59) yields

4 d2R 8 dR 1 4 4(6+1)
2dE Tnpdp | T2 T g |0
or
d?R  2dR 1 n £E+1)
— +-—4+|--+—-—-——"—"Z“L|R=0. 2.
2t o it pe }R 0 (2.60)

Requiring regularity at the origin means we must stipulate that R ~ pf as p — 0. On the
other hand, for large p we acquire the equation [Landau and Lifshitz, 1977, p. 118]

RII — '—R,

from which we get R = e**/2; but, since we seek the physically acceptable solution’ we
take R ~ e ?/2 as our large p asymptotic condition. Thus, peeling off the asymptotic
behaviour we introduce the function y(p) such that R = pte=P2y(p). We must now find
the equation satisfied by y. So,

= ple /%y + p!"le P Py(€ - p/2)

"Corresponding to the classical notions of bound states and scattering states (and assuming that the
potential has definite limits at +00), there are two kinds of solution to the Schrddinger equation. Due to
quantum tunneling—the phenomenon in which there is a non-zero probability that a particle will ‘tunnel’
through any finite potential barrier—all that counts is the behaviour of the potential at infinity: if the
total energy is less than the potential at —oc and +oo then we have a bound state, whilst if the total
energy is greater than the potential at —oo or +o0o then we have a scattering state. However, since in
practice most potentials decay at infinity, we have that E < 0 corresponds to bound states whereas E > 0
yields scattering states [Griffiths, 2005, p. 68]. Therefore, for the physically acceptable solution here, we
require £ < 0 which makes p positive.
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and thus the second derivative is given by

d’R
et _ple—-p/2 Il+pl 1 p/2yl(£ p/2)

dp?
+ [pf ety + pf 2P 2y(6 — 1 — p/2)|(¢ - p/2) — ptleP 2y /2.
Hence, putting R = pfe?/?y(p) into equation (2.60) yields

{ofy" + 0"y — ol 12+ 0 — Pty 2+ 26— 1)p Py — (0= 1)p Ny /2 — 0"y 2
+ply/4 - p“ly/2} + {205y + 20" 2y — "Ny} + [~1/4 4+ n/p— £+ 1)/p*]p'y = 0
or

P2y + (28p— p*+20) + [l —1)—Lp+ 20— p+np—L(L+ 1)y =0.

This results in the equation
oy + (26 +2-p)y —(£+1-n)y=0, (2.61)

which is the confluent hypergeometric equation. The solution of (2.61) satisfying the
requirements of regularity at the origin, with an acceptable rate of divergence at infinity

is given by the confluent hypergeometric function [Arfken and Weber, 2005, p. 864]
y(p) =F(+1—n;20+2;p). (2.62)

The confluent hypergeometric series

(a+j)T ﬁ)zJ
Flosf;2) = ZF T(B+J) 5!

is well-defined for any o and 8 ¢ Z~ U {0} [Messiah, 1999, p. 480]. Here, I'(z) is Euler’s
gamma function, which is the generalization of the factorial function.

For scattering, as we have already discussed, we are required to consider positive
energies E > 0; this means that our adopted notation becomes n = —i/v2E = —i/k and
p = 2ikr. Therefore, by equation (2.62) we obtain

Rie(r) = Cre(2ikr)te ™  F(0 + 1 + i/k; 2€ + 2; 2ikr) (2.63)
where Cy, is a normalization factor. For large r, the solutions Ry, defined by (2.63) take
the following asymptotic form [Landau and Lifshitz, 1977, pp. 122 and 662]:

e—i(kr—m(€+1)/2+log(kr)/k)

Teriip ¢+ 1+i/kifk -t —2ikr)

(2.64)

Rpe(r) = -f—|1“(e +1-— z'/k)|Re{
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where for G we have the asymptotic series

_ af  ala+1)8(B+1)
Gla,B,z) =1+ 15 + 51,2 +

Taking the first term in (2.64) (with ['(¢ + 1 — i/k)*/T(£ + 1 — i/k)" in the braces) gives

2 1

£ R —i(kr—-w(l+1)/2+log(kr)/k)l-\ 04+1—3/k)
R Ry R (E+1-4/k)},

Rye(r) ~

and from the calculations leading to equations (2.45) and (2.46) we have

Re{ie ®T'(¢+1—i/k)*} = sin(§)Re{T'(¢ + 1 — i/k)*} — cos(&)Im{' (£ + 1 — i/k)*}

_Im{T(¢+1-i/k)")
Re{T(£+1—i/k)"}

Im{T'(¢ +1—i/k)}
Re{T({ +1—i/k)}

=|T(€+1—-1i/k)*|sin (5 + arctan

=|I'(¢+1—1i/k)|sin (& + arctan

where € = kr — /2 + log(kr)/k. Therefore,
Rye(r) ~ %sin(kr — 7l/2 + log(kr)/k + &) (2.65)

where
0 = arg{l'({ + 1 —i/k)}. (2.66)

Equation (2.65) illustrates the stark difference between the Coulomb interaction and
shorter range potentials: the logarithmic term means that even at the largest distances,
the radial part of the scattered wave never tends to e**" /r [Messiah, 1999, p. 423].

In terms of the S-matrix Sy(k) = e = ei% /e~ we have from the polar form

definition of complex numbers and equation (2.66) that®

_ T(6+1—i/k)

ERGCESESID) (2.67)

Se(k)

To arrive at the formula (2.67) we used the well-known conjugation formula I'(2)* = ['(z*)
found in, for example, Abramowitz and Stegun [1965] p. 256. For our purposes, the
appearance of I'(£* + 1 + ¢/k) in the denominator of equation (2.67) is of no consequence
since I'(z) is without zeros [Olver, 1974, p. 35]. This means that the {-plane singularities of
the S-matrix occur at the singularites of the numerator. However, the only singularities of
['(z) are simple poles at z = 0,—1,—2,-3,... [Olver, 1974, p. 32]. Therefore, for Coulomb
scattering the j-th Regge pole position is given by

ej+1—%=—j, j=0,1,2,...,

8Equation (2.67) is obtained for E > 0 and Re(£) > —1/2, i.e. where the wavefunction is normalizable,
and then continued for E < 0 and Re(¢) < —1/2 [Frautschi, 1963, p. 120].
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or in the language of trajectories

i

V2E

aj(E)=—j—1+ (2.68)
since, in atomic units, the quantum wave number becomes simply k = v/2E. The Coulomb
trajectory described by equation (2.68) is the result reported in Frautschi [1963] p. 121,
which is where we will also take its interpretation from. Consider varying the energy. As
E — —o0, the j-th Regge pole tends to £ = —j—1. Let € > 0 be small; as the energy winds
up to —e from —oo, the poles reside on the real ¢-axis and move incrementally toward the
point Re(¢) = +oo, Im(¢) = 0. Equating a;(F) to a non-negative integer £ =0,1,2,3,...
yields the famous formula for the bound states of a Bohr atom:

1
Ejp=—r—s.
TG+ 1)

Hence, at this energy Ej, the j-th Regge pole crosses the physically meaningful values of
¢. For E — +¢, the j-th Regge pole jumps to the straight line described by Re(£) = —j—1
and tends to £ = —j—1 as E — +00. The Coulomb trajectory described here is illustrated
in Figure 2.3. It is a peculiarity of the Coulomb attraction that states of arbitrarily

Im(l)?

YE>o

£ <0 E=—¢ >
—j—1 Threshold Re(?)

Figure 2.3: Regge trajectory moving to the right from —j — 1 for the attractive Coulomb
potential; schematic taken from Frautschi [1963] p. 127.
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high angular momentum quantum number can be bound. Compare this to shorter range
potentials e #" /r, i # 0; in these cases the centrifugal term dominates for all » when £ is
sufficiently large, and so the Regge trajectories do not normally extend all of the way to
the right [Frautschi, 1963, p. 122]. We also notice the jump in the Coulomb trajectory at
threshold; for shorter range potentials it is expected that the trajectories are continuous
at threshold. In fact, mathematical proof of this expectation is the topic of Chapter 3.

2.5.2 Regge Representation of the Scattering Amplitude

Recall the partial wave representation of the scattering amplitude (2.32); rewriting the

sin dy in terms of exponentials we have
1 o0
fk,9) = o z_%(ze + 1)(S¢ — 1) Py(cos®). (2.69)

By using the Sommerfeld-Watson transformation [Connor, 1990], Regge rewrote the partial
wave sum given in (2.69) as a contour integral where each term in the partial wave sum is
the residue of a pole in the integrand. In this section, we will derive this contour integral
but first, let us adopt in the spirit of Regge [1959], the notion of generalized CAM, which
is denoted by A = £+ 1/2. Define the function F(A\) = —mf(A)/ cos(nA), where we assume
that f (not the f of (2.69)) is an analytic function of A in a region close to the real \-axis.
Then F has simple poles at A =1/2,3/2,5/2, ... where its residue is

Res(F,\) = Siig;\ri\) = (=25 ().

Hence, through the Sommerfeld-Watson method we have the relation

;(—wa +1/2) = 51; i CO’;((jr)A) dA (2.70)

where the contour 7y encloses the physical angular momentum quantum numbers—the
positive half-integers—in a clockwise sense (Figure 2.4). Assuming that the S-matrix
is an analytic function of ¢, and hence of the generalized CAM A in the vicinity of the
positive real A-axis, we have by applying equation (2.70) to the partial wave series form
of the scattering amplitude (2.69) that

oo

L (2@ +1)(Sz — 1)Py(~ cos ¥)

'2%%2(2“1)(58—1)( 1) Py(cos 9) =
=0

k
A(Sx—1/2 = 1)Py_1/9(—cos ¥
__ik/ a—1/2 = 1)Py_1/2(—cos¥) (2.71)
.

N cos(mA)

where we have used, for the second time, the formula (—1)¢Ps(cos®) = Py(— cos®). For
this analysis to work, it is important to note that P;(— cos?) is free from singularities
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Im()\) *

| B

-

172 372 572 772 972 172 PRe()

Figure 2.4: The contour v used in the Sommerfeld-Watson transformation.

at any finite £ [Frautschi, 1963, p. 109], and thus only the Regge pole singularities of S
remain. We also note that Py_; /(— cos¥), which appears in equation (2.71), is no longer a
polynomial, but a Legendre function of complex degree A—1/2 [Connor, 1990]. Therefore,
by (2.69) and (2.71) we have (with z = cos ) the integral form of (2.69):

A(Sx=172 = 1)Pr_1/2(—2)
cos(m)

1
¥) = —— dA. 2.72
) =5 (272)
Assuming the integrand in (2.72) is well-behaved for large |A|, we may deform the
contour - away from the real axis into a new contour, 4 say. Deforming ~ this way results
in f picking up contributions from poles of the S-matrix in the first quadrant; this yields
the Regge representation of the scattering amplitude [Connor, 1990]:

1 [ MSa-172 = 1)Pr_1/2(—2) iT o~ ATy
F) = 5 /7 s dX — T; By Pa-ia(=2), (273)

where A, and r, are the Regge pole positions and residues respectively. The Regge
representation of the scattering amplitude (2.73) is very important, for if we knew of
a class of potentials in which there were a relatively small number of associated Regge
poles, then the sum over the contributions from a small number of Regge poles would
offer significant simplicity compared to the sum over a large number of partial waves. In
§2.5.1 we learned that there are infinitely many Regge poles of the Coulomb scattering
matrix (2.67), and therefore the Regge representation of the scattering amplitude offers
little advantage in this case. However, even if there are many poles for a particular class
of potentials, the residues may decrease rapidly thus negating the need to use them all.
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2.6 The Wronskian Characterization of Regge Poles

The Wronskian condition for Regge poles was derived and used by Regge himself; it is
the characterization that is adopted in this thesis. Suppose ug(r, k,A) is the well-behaved
solution at the origin of the radial Schrodinger equation

2_-1/4
"+ (:\T/— +U(r) — k2)u =0, re€(0,00). (2.74)

Since (2.74) is a second order equation we must have a relation of the form
uo(r, k, A) = AN uoo (1, ky A) + B(A\) oo (T, Ky A) (2.75)

where 4o and i, are linearly independent solutions of (2.74) with u(r, k, A) ~ €™ and
fioo (T, k, A) ~ e~ far from the origin. We can write (2.75) as

uo(r, k, A) = AN [uco(r, K, A) + (A(A)/B(N) oo (T, K, A))]
= AN [too (T, ky A) + SN Lo (1, Ky A))

where S(\) = A(A)/B()) is the scattering matrix. The Wronskian of ug(r,k,A) and
Uso (T, k, A), denoted # (uo(r, k, \), uco (7, k, A)), is defined by

uo(r, ky A ueo(r, Ky A)

1.2 Lk, A), rk,A)) = .
(uo(r, K, A), oo s, A)) b (r k, N) ul(r K, A)

(2.76)
The Wronskian can be used to determine whether a set of differentiable functions are
linearly independent over a given interval. More precisely, if the Wronskian of two
differentiable functions is non-zero at some point on the interval, then those two functions
are linearly independent over that interval. Relaxing the dependency on 7, k, and A for
the moment, and introducing (2.75) into (2.76), we have

W (uo, Uoo) = AN (Uoo, Uoo) + BN # (Uso, o)
= B(AN)# (oo, Uoo)-

Since ux and o, are linearly independent, their Wronskian # (uco(r, Kk, A), too(7, k, A))
is non-zero for some r > 0; in fact, it is non-zero for all » > 0 since the Wronskian of
two solutions of a homogeneous second order ordinary differential equation is independent
of r [Simmons, 1972, p. 78]. Therefore, # (uo(r, k, A), uco (7, k, X)) is zero if and only if
B(A) = 0, i.e. when the scattering matrix S()A) has a pole.
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Low Energy

3.1 Notation and Introduction

Consider the radial Schrédinger equation in the generalized CAM form with reduced
potential given by (2.74), and suppose rg > 0 is some finite and fixed number; our notation
for the present chapter is as follows: denote by ug(r, k, A) the solution for r < ry, which is
well-behaved in a neighbourhood of the origin, i.e. the solution satisfying

ug(r, by A) ~ P12 50, (3.1)

Let uso(r, k,A) be the solution for r > ry satisfying the usual scattering condition of an

outgoing wave at distances far from the origin, i.e.
Uoo (T, Ky A) ~ e*" o 0. (3.2)

Recall that e *" does not represent an outgoing wave, which is the reason for (3.2).
Moreover, we will let u(r,0,\) identify the unique (up to multiplication by a non-zero
constant) k = 0 solution in £2(rg, oo;7~2)—this will become clear in due course.

We note at the outset that it is difficult—but not impossible—to solve the low energy
Regge pole problem using operator theoretic methods; this is because the scattering
condition required at infinity depends upon the very parameter that we are sending to
zero, namely, k. Hence, the domain of any operator that we define in order to analyse
the problem will also change. Therefore, we will take a different, arguably more direct,
approach to studying the threshold continuity of Regge trajectories. The approach we
take is to study the small k& pointwise limit of the Regge pole condition, which we will now
discuss. In view of the Wronskian characterization of Regge poles introduced in §2.6, the

30
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condition on A to be a Regge pole can be written as

ug(r, ky A) _ ulo(r, k, A)
uo(r, k, A) - Uoo (T, Ky N)

(3.3)

where r = rg > 0 is fixed. For the remainder of this chapter, and indeed for the next
chapter, r will always be identified with some fixed r¢ > 0 unless stated otherwise. We are
interested in what happens to the Regge poles as £ — 0, and thus we study the equation

. U6(T, k, A) RT U;o (T', k; /\)
l}:l—r)r}) { 'lL()(’I', k, A) } N 'll—r*r(l) {uoo("', k’a A) (34)

The local uniform convergence in A for this problem is very important: suppose we
have a sequence (kn)nen With k, = 0 as n — oo, and fp(-) = f(, kn) such that fro(A\,) =0
for all n € N (where A\, = A(ky)). Also assume that f, — f as n — oco. Then denoting
by (An;) a convergent subsequence of (A,) with limit A, it may not be the case that

locally uniformly in A.

f(Axo) = 0. This is only guaranteed if the convergence f, — f is locally uniform in A.
We illustrate this with a simple example. Let us construct a sequence of functions
(fn)nen with the following properties:

1. fr(0) = —1for all n € N,
2. fn(A) > —1 asn — oo for all A #0,
3. fn(An) =0 where A, — 0 as n — oo.

The sequence of functions given by

—(A+en)
A) =
fa(A) 1+1/n)A+eq
where €, — 0 as n — o0, satisfies the properties 1-3 if we have \,, = —&,. Retaining the

above notation, we do not have f(Ax) = 0. In this example f, has a pole at

3

SRRNESY

and consequently f, is not uniformly bounded in X violating the hypotheses of Montel’s
Theorem.! We will invoke this extremely useful result in due course to ensure that the
convergence in the low energy Regge pole problem is locally uniform in A.

As we discussed in Chapter 1, our strategy for proving the expected continuity of
Regge trajectories at threshold begins with the finite spherical well. This is a relatively
simple spherically symmetric potential—unencumbered by obfuscating details, it will be

an invaluable example which brings out the core of the argument.

! This is proved in Appendix C, the result can be found in Conway [1978] p. 153, for example.
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3.2 Finite Spherical Well

Consider the soft sphere scattering problem, i.e. we must solve equation (2.74) in which
the potential is given by
Uy if 7 <y,
Ur) = { oo (3:5)
0 if r>mrg
and Uy, 9 > 0. The well-behaved solution at the origin ug(r, k, A) may be found using the

Frobenius method, and so we are able to rewrite equation (3.4) as

ué)(rv 0’ )‘) R ugo (7‘, k, A)
ug(r, 0, A) B lll—r:}) {uoo(r, k) [ (3.6)

where we choose the matching point to be at r = ry9. Therefore, we only need to calculate
the limit of the ratio concerning u.. We have already encountered the free R-solutions:

they are given by equation (2.42) and since u(r) = rR(r),

Uoo(T, Ky A) = AﬁJA(kr) + B\/gNA(kr) (3.7)

where we have used the established notation A = ¢ + 1/2. However, neither Jy(kr) nor
N (kr) represents an outgoing (or incoming for that matter) wave. For this purpose, we
introduce the Hankel functions of the first and second kind, H il) and H/(\2) respectively;
these are defined as follows [Arfken and Weber, 2005, p. 707):

H"(z) = Jx(z) +iNx(z) and HP(z) = Ji(z) — iNA(z).

For large r, Hf\l)(kr) is asymptotically proportional to e*"/,/r, whilst H§\2) (kr) behaves
like e~*7/\/r [Abramowitz and Stegun, 1965, p. 364]. They are linearly independent
solutions but we only require the former, and so absorbing the normalization constant we

have from equation (3.7) that

Uoo(T, Ky N) = \/éHil)(kr). (3.8)
This means that since 7 = ¢ is fixed, the problem of calculating the limit
- u(r k)
b { Yoo (T, Ky M) } (3:9)

simplifies to calculating small argument asymptotics of the Hankel function of the first
kind and its first derivative with respect to spatial variable. These are quite standard, and
we perform the necessary calculations in the next section; upon applying these asymptotics

in order to compute the limit (3.9), it is straightforward to establish the required result.
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3.2.1 Hankel Function Asymptotics

We need to compute the small argument asymptotics of H f\l)(kr), but also of its first
derivative with respect to r, evaluated at » = ro—this can be taken as the definition of
the notation ’ for the remainder of this chapter. First of all, we have from Abramowitz
and Stegun [1965] p. 360 the standard series definition of the Bessel function

_(2\ - (=4
Ju(z) = (5) JZ;O INOES Rk (3.10)
where I'(z) is Euler’s gamma function. Equation (3.10) yields
(=(kr)?/4)
J_a(kr) = ( ) Z G AT ) (3.11)

and

o Oy 2 (k> (= (k)
ey =2 (5) " ey () S A Tah @

Moreover, from the well-known recurrence formula for differentiating Hankel functions,
namely, 2H),(r) = Hq,_1)(r) — H(,41)(r) [Arfken and Weber, 2005, p. 708], we have

{H{P (kr)Y = (H(‘? (k) — B, (kr)). (3.13)

It follows from standard relations in Bessel function theory, all readily found in the book
of Arfken and Weber [2005], that

HEY (kr) = HQ (k) = Jooy(kr) + iNoay (k) = (T (k) + Ny (k) )
= J(,\_l)(kr) + i(cot(\ — 1)7!‘.]()\_1)(]67‘) — csc(A — l)ﬂ'J( )\+1) (kr)) — {J(/\+1) kr)
+ i(cot(A + 1) Jyq1)(kr) — csc(A + 1) _x_1)(kr))}
2 . .
= E{J,\(kr)}' + i cot(A — Dm(Ja—1)(kr) — Joag1y(kr)) + icsc(A — 1)7r(J(_,\_1)(kr)
= Ja+1) (k)

= 2(1 +icot(A — Dm{AGNY + = eser = Dl _a(br)Y-

Therefore, by equations (3.12) and (3.13) the dominant part of {H/(\I)(kr)}’ , for small k,
is tcsc(A — 1)w{J_x(kr)}. Also, Hf\l)(kr) = Jy(kr) + i(cot AmJ\(kr) — csc AmJ_x(kr)),
of which the dominant part is —icsc ArJ_,(kr), as can be seen from (3.11). Performing
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analogous calculations for H f\z)(kr) yields that

HE) | (kr) = HY, | (kr) = ooy (kr) = iN— 1y (k) = {ny (kr) = iNp (kr)}
= —E(l —icot(A — )m){Jx(kr)} — %csc()\ — Dr{J_ar(kr)Y},
and therefore the dominant part of {H§2) (kr)} is —icsc(A — 1)w{J_x(kr)}. Finally, we

also have that the dominant part of H,(\Z)(kr), for small argument, is icsc AnJ_y(kr).
Taking only the leading terms in (3.11) and (3.12) gives

—icsc Am(kr/2)™ —Xicse(A — Dm(kr/2)”

(1) ~ (1) r .
H,”(kr) T—A+ 1) and {H,’(kr)} (At 1) (3.14)
for small k. From (3.8) it follows that
/ — [T ey 1 o,
ol ) = L HL ) + B .15)
whence
ubo(r kN _ {H (k)Y | 1 6.16)
ueo(r kN B (kr) | 20 |
Consequently, for fixed 7 = ry equation (3.14) yields
, —
Uk D) ZA Ly (3.17)

Uoo(T, Ky A) T + 2r’

If we write uj,, (1, A) = limgoulo(r, k,A) and ujim(r,A) = limg_0 uco(r, k, A), then

from (3.17) we have
W (M, A) =X +1/2
Ulim (T, A) T

; (3.18)

a consequence of the fact that only the irregular part of uy, should be taken into account
when calculating the logarithmic derivative. Recall that ug(r, 0, A) satisfies the equation

—ug(r,0,A) + ( —-Up + 8—%—1—/—4) up(r,0,2) =0 (3.19)

and furthermore, the function ujp,(r, A) = r~**1/2 satisfies the limiting equation (3.18) at

r = rg. It also satisfies

A —-1/4
—Ufim (1, A) + (-T—z—/—) uim(m, A) = 0, (3.20)
which means that wjim (7, A) = ueo(r, 0, A). Rewriting (3.20) as

2 _
—Ugo('f‘, O) )‘) + (AT—;M> UOO(T,O, /\) = 0, (321)
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we can combine equations (3.19) and (3.21) to get

—u" + (U(r) + A2—_1—/—é) u=0, (3.22)

r2

which is precisely equation (2.74) with finite spherical well potential (3.5) and k set to
zero. Equation (3.22) is self-adjoint since there is at most one square integrable solution

at each singular endpoint.? Equivalently, we have shown the equations

. ug(r, k, ) | up(r, 0, A)
lll—r&) { uo(r, k, \) } "~ ug(r,0,N) (3.23)
and
. upo (1, k, A) | uto(r,0,A)
Ilcl—% { Uoo (T, ky A) } T Ueo(r,0, M) (3:24)

to be true, which by the Regge pole condition (3.4) means that we have

ug(r, 0, A) _ ulo (1,0, X)
uo(r,0,A)  uso(r,0,2)’

(3.25)

and (3.25) is the condition on the wavefunctions in order to have an eigenvalue.

An alternative viewpoint on the Regge pole condition is to consider, for example, the
time-independent Schrédinger equation in which the potential is attractive and decays
sufficiently fast as £ — Foo. If we restrict our consideration to bound states then we
require that the solution ¢(z) — 0 as x — *o0, which we know is possible only for certain
discrete values of the energy F. Let us label by 1 and 3 the regions where E < V(z) for all
z and by 2 the region in which E > V(z). In region 2, ¢)(z) oscillates whilst in regions 1
and 3 there are two linearly independent solutions—one physical and one unphysical. We
must take the physically acceptable solution in both regions 1 and 3, which is possible only
for certain ‘allowed’ energies. The technique for finding these energies E is the so-called
shooting method. The idea of the shooting method is to start in region 1 and integrate into
region 2, which results in some function e (). Similarly, we acquire a function ¥yign¢ ()
by starting in region 3 and integrating backwards into region 2. The wavefunction and
its first derivative must be continuous, and thus we stipulate tieft(Z) = Pright(z) and
Vieft () = Yiigne (%) in region 2. This can be combined into a single matching condition by
multiplying by an appropriate constant, which is valid since the Schrédinger equation is
linear. Therefore, we could take the condition to be ¥y () /Yleft (T) = Yiigns (2)/¥right (2),
and this can be tested at a given value of x. Adjustments of the energy E are then done
until this condition is satisfied. In any case, we have shown the following:

Theorem 1. In the limit as the energy tends to zero, the Regge poles associated with a
finite spherical well tend to the angular momentum eigenvalues of the self-adjoint problem

formed when the energy is identically zero.

2This result—Theorem A.12—is developed in detail in Appendix A.3.
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The finite spherical well may not be the most realistic model—although it is quite useful
for the scattering of sub-nuclear particles [Taylor, 1970, p. 187]—but it usually proves, as
in many quantum mechanical problems, to be an instructive example. Naturally, the
sequel will be concerned with a compactly supported integrable potential, for which it will
be shown that Theorem 1 still holds. The integrability condition on the potential just

ensures that the differential equation has solutions.

3.3 Compactly Supported Potential

Suppose that U is any integrable potential such that U(r) = 0 for r > r¢. Guided
by the method used in §3.2 for the finite spherical well, we need to demonstrate that
equations (3.23) and (3.24) still hold. It is clear that equation (3.24) is satisfied since the
potential is identically zero for 7 > ro; however, it is unclear whether equation (3.23) is
true. We certainly know that ug(r, k, \) satisfies

—uli(r, ky A Al VLRI =
ok, N+ | U(r) + = kE* Juo(r,k,\) =0, 7 <rp. (3.26)

Suppose we choose the well-behaved solution ug(r, k, A) at the origin, i.e. the solution
for r < 7o such that ug(r, k, ) ~ r**1/2 as r — 0, then we have uo(r,k,\) = 0 as r — 0
provided Re(A) > 0. Thus, we are free to use the normalization ug(ro, k, A) = 1. Define

¢(1", ka A) = ’LL()(T', ka /\) - ’LL()(T, O’ ’\) (327)
so that ¢ satisfies

" A2 — 1/4 2 2
- (r,k, )+ | U(r) + 7 - k2 o(r bk, A) = k*up(r,0,0), r<rmg (3.28)

and ¢(r,k,A) = 0 as r — 0. Also, by our normalization of ug(rg, k, ), ¢(ro,k,A) = 0.
Furthermore, define an operator

T= —:% + (U(r) + A—Q#) (3.29)
with domain given by
2(T) = {f € £L2(0,r0) : Tf € L%(0,70), f(ro) = 0}. (3.30)
Then
¢(r,k, ) = (T — k)" kuo(r,0, ), (3.31)

where (T'—k?)lug is analytic in k. Therefore, ¢ — 0as k — 0, i.e. up(r, k, A) = uo(r,0, )
as k — 0 in £2. With regard to (3.23), we also need to consider the first derivative of ¢
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with respect to r, ¢/. Multiplying (3.28) by ¢* and integrating by parts we have

l¢712d7‘ = k? [/""0 ||2dr
r 0

+/r0 uo(r, 0, )\)c[)*dr}. (3.32)
0

T0 I2 T0 2 2— 70
/0 |¢|dr+/0 U(r)|é%dr + (A 1/4)/0

For small k, ¢ = T~ k?uq(r,0, \) (since (T—k?)"'~T~! = k2T ~1(T—k?)~! by the Hilbert
identity and T~! is bounded, as we shall see). Thus, for ¢’ — 0 as k¥ — 0 in the £2 norm,
we require that the operator (1/r)T~! be bounded in £2(0,7¢) and the term involving the
potential vanishes as k — 0. For the former, consider the operator Ty = T — U and write

%T‘l =—(To+UT; ' To) !

e T B

Ty (1 +UTyH™ (3.33)

In order to demonstrate the boundedness of the operator (1/r)T~! we need only consider
the boundedness of (1/7)T;* and UT,'; we will see that the boundedness of the latter
implies that the term in (3.32) involving the potential is also bounded. To obtain an

explicit expression for Tj; 1 we must solve the inhomogeneous problem
'+ (A =1/4)r "y =g, g€ L0,r).

The solution y;(r, \) = r*+1/2 satisfies the boundary condition at zero, whilst the second
solution yo(r, A) = r@Ar~2+1/2 _ pA+1/2 gatisfies the boundary condition at ro. Moreover,
their Wronskian is given by 2Ar3*. Therefore,

T3 0)(r) = o [ | omaeas+ [ yl(r)ya(S)g(S)dS]

V(G G oo [ (G- () ] o

Consequently, we have from equation (3.34) that
1., 1 T s s\ TS\
Grvta)or=55| [VE((2)' - ()" oo
T s\ A—1/2 5\ 2A
+/r (;) (1 - (7‘_0) )g(s)ds]. (3.35)

The first integral in equation (3.35) is clearly bounded: note that s < r and so each term
involving s/r can be bounded by 1, then the Cauchy-Schwarz inequality gives the result
since g € L£2(0,70) and our range of intergration is finite; but, the boundedness of the

second integral is not so clear and thus it will require further work. For convenience, let
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us denote the second integral in equation (3.35) by #(r). Since the Lebesgue space L2 is
its own dual, we can use for bounding .# the norm given by3

[(h|7)]
P (3.36)
" ”AC (0,ro) heL2(0,r0) “h”£2(0,r0)

By first changing the order of integration and then twice applying the Cauchy-Schwarz

[ 6 (- ) oo
/O-ro s—A+1/2 (1 _ (;.33)2A) o(s) ['/03 h(r)r,\—l/2dr} ds

oy _ S\ 2X s 12
< Hh”cz(o,ro)/o |s ’\“/2’ 1- (%) l9(s)| /O P21y,

inequality, we have

[(h|F)] =

ds

ro s\ 2\ '32,\|1/2
= ||h r / sTRN /51— (= s ds
s |, Ve[ () | el s
1 To S\ 2A
= ——||h / s{l—(— \ s)|ds
altleom [ Va|t=(5) | loe)
1/2
1 ro s\ 2)[2
< - | — .
< 2w||h||cz<o,m>||g||m<o,ro)[ /O sit= () ds]

On dividing by ||hl|z2(0,r,) (Which is finite and positive) and taking the supremum over all
h € £2(0,79), we find from (3.36) that

1/2
1 To S 2/\2
llc20r0) S —m= r/“‘_ ds)  <co.
121l c2(0,70) 21)\‘“9“£2(0v o)[ A (ro) }

Therefore, (1/r)T; " is a bounded operator in £2(0, 7). Recall that we also require UT}, !
to be bounded in £2(0,7p); this follows if we add a further restriction to the potential.
The extra condition that we need is illuminated when we write UTy ! = rU(1/r)Tg ",
namely, we must also make sure that the potential is such that rU(r) is supremum-norm
bounded in a neighbourhood of the origin. This neither strengthens nor weakens the
integrability condition, but it does allow Coulombic behaviour of the potential at the
origin. Note that as soon as we are away from the origin, integrabililty of the potential
alone will suffice. Concerning the term in (3.32) involving the potential, we write U|¢|?
as UT~'k2uo(T " k%up)”. To see that this will vanish as k — 0 we notice that since T},
is bounded from (3.34) then T~! is bounded from (3.33). Equation (3.33) also yields that

3£2 is a Hilbert space and every Hilbert space is self-dual. More precisely, there is an antilinear bijection
between S# and its dual J#* which is norm preserving, and so it is usual to identify 5# with 5#* in the sense
of correspondence under the isometric anti-isomorphism described by the Riesz representation Theorem
[Weidmann, 1980, p. 61). Moreover, when a norm ||g|| in &€ is given so that & becomes a normed space,
&" is also a normed space with norm defined by | f|| = supoxes {fl9)|/ll9]l [Kato, 1966, p. 13].



CHAPTER 3. LOW ENERGY 39

UT~! is bounded since we have already noted that UTy ! is bounded. We conclude that
(1/7)T~! is a bounded operator in £2(0,7() and thus ¢/r — 0 as k — 0 in the £2 norm.
Finally, the right side of (3.32) tends to zero since ug(r,0, ) € £L2(0,7), and as we know
T-! is bounded. Thus, it must be the case that ¢/ — 0 as k = 0 in the £2 norm.

In light of (3.23) we actually require pointwise convergence of the wavefunctions, whilst
we have convergence in £2(0,79). However, recycling the arguments just made, it is clear
from the differential equation (3.28) that ¢” will also go to zero in the £2 norm. Therefore,
we have shown that [j°(|¢|*> + [¢'|* + [¢”|°)dr — 0 as k — 0, i.e. that $ - O as k = 0
in the Sobolev space H2 norm. Hence, by a Sobolev Embedding Theorem*, both ¢ and
¢’ vanish pointwise as k — 0. The convergence is locally uniform in A € K by Montel’s
Theorem, where K is a compact set in the first quadrant bounded away from zero: Ty 1 /T
is uniformly bounded in A € K, and this means that ¢ is uniformly bounded in A € K

because r < rg. We can state what we have found as follows:

Theorem 2. In the limit as the energy tends to zero, the Regge poles associated with a
compactly supported integrable potential U in which r|U(r)| is bounded in a neighbourhood
of the origin, tend to the angular momentum eigenvalues of the self-adjoint problem formed

when the energy is identically zero.

We will now see that losing the compactly supported property produces a number
of complications, of which, the most fundamental is how to formulate the right side of
equation (3.4). In §3.2 we were able to explicitly calculate this limit simply because we
could write down the solution and its derivative. To compensate for this, we will be

reduced to expressing the solution recursively using integral equations [Shubova, 1989].

3.4 The General Potential

For the left-hand solution, we have already seen that for an integrable potential which
forms a bounded product with the spatial variable near the origin, (3.23) holds. Thus, for
the general potential (with finite first moment for 7 > rg) we need only prove (3.24):

lim
k—0

U (T R, A) | u(T,0,4)
uoo (7‘, ka /\) U'OO(T7 07 A)

for some fixed r = r9 > 0. We reiterate that uco(r, k,A) is the solution of (2.74) for
r > 1o such that ul (r,k, \)/uco(r, k,\) ~ ik as 7 = 00, uxo(r,0, ) is the unique (up to
a scalar multiple) £2(ro, 00;772) solution of (2.74) with k = 0, and the symbol ’ denotes
differentiation with respect to r evaluated at r = r¢. Also, we know from §3.2 that the
functions teo(r, k,A) = /7/kH f\l)(kr) and teo (T, kyA) = \/WHI(\Q)(kr) are two linearly
independent free solutions. As alluded to above, the idea is to formulate an integral

4See, for example, Sobolev [1963] p. 56. The required result is essentially given by the following line of
reasoning: |f(z) — f(¥)] = | [ f'(s)ds| < & — y|"/*(f; |F'(s)ds)'/? < |z — y|"?|| fllu2m)> Where the first
inequality is just an application of Cauchy-Schwarz.
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equation for the solution u.. (7, k, A). More precisely, we claim that any solution of®
1 oo
Uoo('f', kv A) = ﬁoo(ra k, A) + / 9(7‘, S, k)U(s)uOO(sv k, A)ds3 (337)
Yoo Jr
where #, is the Wronskian of @, and 1, and

O(r, 5, k) = tioo(T, ky N loo (8, ky A) — Goo (7, Ky N)Uoo(s, Ky A)

= L/?[H?’ (kr)H (ks) — HY (ks)HD (kr)], (3.38)

is a solution of (2.74). To justify this claim we compute

ul (ryk, A) = a5 (r,k, A) + 1

o0
L (r ky A) / Uoo (8, by, MU (8)uco (s, k, A)ds
¥ r

— Uoo (T, Ky A loo (T, ky MU (T)uoo (7, ky A) + Goo (T, ky A) oo (1, Ky A)U (T)too (7, K, A)

o0
- ﬂ:)O(r’ k’ A) / '&oo(sv k? )\)U(s)uoo(sa ka A)ds}

= &Ioo(r’ k, )‘) + 7/1—'

[e ]

o0
ul (r, k, )\)/ Uoo (8, ky, MU (8)uoco (s, k, A)ds
oo
— (k) [ (o, MU (st (5, A,
T

which means that

#oo
+ ’&;o(’f‘, k’ A)1“."00(”‘3 ka /\)U(T)UOO(T, k? )‘) - a':)o(’r’ ka )‘)&OO (Ta k7 )‘)U(T)uOO(ra kv A)

o0
W (rky A) = & (r by A) e [ﬁgo(r,k,A) / fioo(5, K AU (8) oo (s, Ky A)ds
T

— @k, A) / % (5, VU (8)to(5, /\)ds] . (3.39)

Using the definition of U (r, K, A) and equation (3.37), it follows from (3.39) that

A2 —1/4

ugo(r’ k) = ( 2 - k2> oo (T, Ky A) + Wioo WooU (T)uoo (7, Ky A)

N ()\2 ;.2]_/4 _ ’\72) (Uoo(r7 k, )\) — ﬁoo('r‘, k, /\))Woo}

2 _
— (5_;'7:[1% - k2) 'u,oo('r, k, )\) + U(T)uoo('r»k’ )‘)

5For a potential with finite first moment and bounded kernel this integral equation makes sense, but as
we shall see this kernel is in fact unbounded, and so the equation will have to be modified.
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In view of equation (3.24), we also require the first derivative of ux(r, k,A). This was

calculated above and so is given by

oo
Wk, ) = Gl (r, ki \) + Wi / O'(r, 5, k)U () o5, k, A)ds (3.40)
where
O (r, 5, k) = &l (r, by N)iioo (8, , A) — il (7, Ky A)iion (5, K, A). (3.41)

Since we are under the very small energy regime, it is useful to note the following small
argument asymptotics calculated in §3.2.1:

k\—X idcscAw
o ~ — -1/2 N _ oA —A+1/2
Goo(r ey A) ~ —k (2) ey , k=0 (3.42)
and -2 cse
~ o2 BT _ACSCAT  a+1/2
Goo(T K, ) ~ K (2) For D . k0. (3.43)

Moreover, we have

{

Uoo (T, Ky A) ~ i\/_gcsc()\ — Dr{J_x(kr)} - W, csc AmJ_y(kr)
= —i\/-gcsc /\7r({J_,\(kr)}' + %J,\(kr))

k\—* icscAw
~ L-12( 0 A —(1/2)y 1 k 44
K (2) T(-r+1) (A=1), k=0 (3-44)

and similarly

ax — X 2
k) 1CSCAT T_(,\+1/2)(/\ -1), k—0. (3.45)

il (r k) ~ k"2 (2) T
We also need fixed r, small k& asymptotics for ©, which is given by (3.38). The only
difference between Hankel functions of the first and second kind is the sign of the Neumann
function N,(z), in the linear combination that defines the Hankel functions. Thus, in the

kernel, only the mixed terms survive:
o(r,s, k) = 2i§[J,\(ks)N,\(kr) — Jx(kr)Ny(ks)]. (3.46)

Let 7 = rg be fixed and consider © for a chosen small k. Putting s = 1/k we find that
© is not, in general, bounded. This follows from the asymptotics given at the beginning
of §2.4—J,(1) is bounded, Ny(kr) will blow up, Jx(kr) is bounded at the origin and so
is Nx(1). In light of this difficulty we consider the integral equation defining the solution
Uoo(7,0,A) of the k = 0 radial Schrédinger equation, i.e.

—u” + (U(r) + #) u=0. (3.47)
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3.4.1 The Zero Energy Case

Denote by teo(r,0,A) and Geo(r,0,A) the two linearly independent free solutions of
(3.47), i.e. Too(r,0,A) = r~2*1/2 and (7,0, A) = r**1/2, Then any solution of

1
Woo,k:O

oo
Uoo(7, 0, A) = deo(r,0, ) + / E(r, s)U(s)uco(s, 0, A)ds, (3.48)
T
where #oo k=0 = # (tioo (7,0, A), Uoo (7,0, X)) and
Z(r,8) = Uoo(T, 0, N Uoo (8,0, A) — Uoo($,0, A s (T, 0, A),

is a solution of (3.47). Now, # k=0 = 2\ and the kernel is given by
— s\ ™\
=0 =i (2)'- ()

Thus, (3.48) becomes

oy (r, 0, A) = r=A+1/2 4 -2% / ~ /s [(;)A - (g)A U(s)us(s,0,\)ds.  (3.49)

We prove that there is a bounded solution—with respect to an appropriate norm,
which is yet to be introduced—of equation (3.49). The arguments used to achieve this will
subsequently be applied to the non-zero energy case in order to address the unboundedness
of the kernel ©. Multiplying both sides of (3.49) by r2~1/2 we obtain

1 o o)

P12y (r,0,0) = 1 + 5 sU(8)(s* Y ?upo(s, 0, X))ds
B f  oxgl A-1/2
S U(S)(S uoo(sa 0, A))d's
2X J,
oo
14 [ sU(s)(*V2ueo(s,0, 1)) ds
2X J,
1 [ r\2A A-1/2
-5/ (;) sU(s)(s* M Puce(s,0,\))ds.  (3.50)

Let us define the weighted Chebyshev norm
1f()llw = sup |wf(r)] (3.51)
r>0

where the weight is given by w = 1/1,. We note that in general, w depends on r, k,
and A; moreover, we may on occasion refer to the norm (3.51) as the w-norm. Let us also
make the identification

Uoo,w(Ty s A) = Wueo(T,+, A) (3.52)

A—1/2

where, in this case, we have the weight w = r . For absolute clarity, the weight is just
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the reciprocal of the associated U = 0 solution; this is the meaning of the above notation
where w is defined initially. Hence, we write instead of (3.50) the following new integral

equation, which is to be analysed for a bounded solution:

1
uoo_w(r, 0, /\) 1+ ﬁ

o0 oo T 2
/ sUtoo (8,0, N)ds — f (—) sUuoo,w(s,o,/\)ds]. (3.53)
T

S

We apply the method of successive approximations to (3.53): to begin with, define
the sequence {u w(r,0,A)}, n € N by uoow(r 0,A) =1 and

1 [ /r\22
Uso T, —+— sUu s, 0, §— — =) sUug%,(8,0, s. (3.
(1) (r,0,)) = 1 / Uull), (5,0, \)ds — = (s) Uul®, (5,0, \)ds. (3.54)
T

Flrstly, we demonstrate that u (r 0, ) is bounded by induction on n. Assume that
Iuoo,w(r, 0,)| £ C, where Cy, is some constant (which could depend on \). By (3.54),

Iu(n+ )(r,0,A)| <14 — o / |sU(s)||u(") |ds +/ I;’ |SU(S)||U<(>?>?wIdS
T

Crn
<1+ 2—|/\—| ISU(S)IdS

since |r/s|?* < 1 for Re()) > 0. By definition we have u$by(r,0, ) = 1, and therefore the

boundedness of u(") (r,0, ) for each n follows if we suppose that sU(s) is integrable on

(r, 00) for fixed r = ro. We now prove that ugo,)w(r, 0, A) converges to a limit u (7, 0, A).

By noticing the following series of equations:
1 o0
wW“von—ﬁ%mmmsﬂﬂj|£wmd%@a»—wnwsmmm,

[ (r,0, A) — u@ZD(r,0,0)] < 2IA|/ 1sU(s)][u=D(5,0,0) — w2 (s,0,\)|ds,

o0
[l (r,0,0) — ul@,(r,0,)) IsU (s)[|ul2, (5,0, X) — ul),(s,0,\)|ds,

< 1
= 2]\ J,
@ (0, %) — ul) (0, A)] < ﬂfl/ 1sU(s)|ds,

we have by back substitution that

n 1 = "
[ult ) (r,0,A) — u{®, (r,0,A)] < (-2-1—/\—'/ |5U(S)|d3) :
T

5This is completely analagous to the method used in the book of Eastham [1989] pp. 8-15 to prove
Levinson’s Theorem.
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For a fixed r = rg let us suppose that
1 o0
— |sU(s)|ds < 1. (3.55)
A

Then by comparison with a geometric series, Z{u("H)(r 0,A) — ulZ (r 0,)\)} converges
for a fixed r = ro. Hence, we define

Uoo,w(r, 0,2) = ull) (r,0,)) + Z{u(J+1)(r,0, A) —uld),(r,0,0)} = lim u®,(r,0,))

and SO Usew(T, 0, A) is bounded for a fixed r = ry. Therefore, we conclude that if sU(s) is
integrable, then for a fixed r = ro > 0 satisfying the condition (3.55), there is a solution
of (3.49) bounded in the norm || - ||,—a well-defined norm in this case since r = r¢ > 0.

3.4.2 Normalizing the Non-Zero Energy Equation

Returning to the difficulty of unboundedness in the kernel ©, we expect that control
of this term will be achieved under the norm || - ||, with weight w = 1/4..; we first need
to ensure that this norm is well-defined. Now, the Hankel function of the first kind has
infinitely many zeros as a function of its order [Magnus and Kotin, 1960], i.e. infinitely
many A-zeros; however, we also need to consider the r-zeros for Re(A\) > 0. When A is real,
it suffices to note that the positive zeros of any two real cylinder functions of the same
order are interlaced [Abramowitz and Stegun, 1965, p. 360]. On the other hand, when A
is such that arg(\) € (0, 7/2) the argument is as follows: let x denote any one of Jy, Ny,
Hﬁl), or H )(\2) and consider Bessel’s differential equation (BDE)

2y +ry+ (2 =A%)y =0

with y(r;) = 0 and y(r2) = 0, where 0 < r; < ro are two r-zeros of x. Rewriting BDE in
so-called self-adjoint form (r > 0) yields

(ry) + (r—v/r)y=0 (3.56)

where v = A\2. Multiplying (3.56) by x* and multiplying the conjugate of (3.56) by ¥,
then taking the difference ('lE _ultant equations and integrating yields

T2 2 T2
(v — ") / Xy, - / [ (Y = x(r())] dr.

1 1

We may integrate the right side of this equation and this gives

T2 2
* X *
=) [ B = e = rxey) =0
™
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and since r~! > 0 in [ry, 7], it must be that v* = v or A2 is real. Hence, for X in the strict
first quadrant, x has at most one r-zero. Thus, for each fixed r, Hf\l)(r) has infinitely
many A-zeros, but if you fix A to be one of those zeros and vary r, we find that r = 7 is
the only r-zero. We may therefore avoid any zeros by a suitable choice of A and r.

To proceed we will also need an explicit expression for the Wronskian #4, appearing
in our integral equation (3.37). It is useful to notice that

Weo = 1 (B ) {HP ()Y — HY er) (1D (k)Y )

can be simplified by an application of the Wronskian formula for the Hankel functions
given in Arfken and Weber [2005] p. 711; it follows that 1/#4, = iwk/4, and so along with
utilizing (3.46), (3.37) becomes

o0
UOO(T7 k, A) = '&oo('r» k, ’\) - % [/ \/’I‘_S‘J,\(kS)N/\(kT')U(S)UOO(S, k, A)ds
o0
- / VTsI\(kr)NA(ks)U(s)uco(s, k,A)ds|. (3.57)
T
Recall the notation (3.52), then multiplying (3.57) by w = 4! results in the equation
Jr(ks)

ook, ) =1 7 { / - Vs A N (k) (o), 1, ) ds

_ /,00 \/FEN;\)EI;;)w(r)J,\(kr)U(S)uoo,w(S’k»)‘))ds]' (3.58)

Equation (3.58) can be written in the more succinct form
T o0
Uoow(T kyA) =1 — 5/ T (r, 8, k)sU(8)Uoo,w(S, k, A)ds (3.59)
r

where
T (r,s,k) = J'\(kS)H)(\l)(ks)NA(k’") _ J/\(kT)H,(\l)(ks)N)\(ks)
T Ia(kr) + N (kr) In(kT) + i (k)

We have accounted for the possibility of the denominator of & vanishing, but we should

(3.60)

also note that since Jy(z) and Ny(z) are analytic functions of z throughout the z-plane
cut along the negative real axis, J is analytic in r, s, and k. In light of what is to come, it
would be prudent to list the small and large argument asymptotics of the Bessel functions,
holding the order fixed: for small z we have [Abramowitz and Stegun, 1965, p. 360]

JA(x)N—I-;(-S\l_m(x/Q)" and N,\(x)N%F(/\)(a:/2)"\. (3.61)
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Whilst for large z we have [Abramowitz and Stegun, 1965, p. 364]

In(z) ~ \/;%cos(x —7mA/2—7w/4) and Ny(z)~ \/gsin(z — A2 —7n/4). (3.62)

Recall that we are to take £k — 0. Thus, we show uniform boundedness in k of 7 in
order to use Lebesgue dominated convergence and interchange limit and integration. So,
let o = ks and p = kr such that o > p, then consider the first term in (3.60):

[A0)(Jr(0) + iN>(0))] [( e (p))J . (363)

In a neighbourhood of the origin, the first term in square brackets is bounded since Jy (o)
vanishes at the precise same rate as N (o) blows up. Also, it is clear that the second term
in square brackets is bounded at the origin. In principle, o could be large but since we are
interested in a finite fixed r, it will suffice to show that (3.63) is uniformly bounded for

large o and small p, which is obvious since both the Bessel and Neumann functions tend
to zero at infinity. Similarly, for the second term in (3.60)

. Nx(o)

[Ix(p)(Ir(0) +iNx(0))] |i(JA(p) + z‘N,\(p))} ’ (3.64)
we have boundedness at the origin of the first term in square brackets since o > p implies
that Jy(p) vanishes faster than N)(o) blows up. The second square bracket term is
bounded at the origin since o > p implies that Ny(p) blows up faster than Ny(c). The
argument for uniform boundedness when o becomes large is unchanged from above. Thus,
we can see heuristically that < is bounded for small ¢ and p, but for our purposes we

require uniform boundedness in k and A. So, to be more precise, write

H{"(0)J(0) Na(p) = Hi(0)Jr(p) Na(0)

T (r,s8,k) = , 3.65
5.8 APETIAR (359
and consider small o and p. We have from Arfken and Weber [2005] p. 709 that
HY(0) = 1 / o5t/ 42 Re(\) > 0 (3.66)
A T Jy AL

where the contour v = 71 U 2 (Figure 3.1) is chosen so as to have the integral given in
equation (3.66) converge.

This particular choice of contour is justified as follows: let us rewrite the contour
integral (3.66) into two contour integrals, namely,

Wy L g(—1/z) A2 | 1 o(s1/p dz
H)\ (0)_E[y1€2(z /Z)W‘*-E[mezu /Z)W' (3.67)

For convergence of the first integral in (3.67) we would like Re(2—1/z) < 0, where z = pe'”
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Im(z)‘

-1 +1 ’Re(z)

Figure 3.1: The contour v = 7; U 72 chosen for (3.66).

with 9 € [0,7/2] and p > 0; thus, pcosd — (1/p) cosd < 0. This is equivalent to requiring
(p? — 1) cos ¥ < 0, which implies that p < 1. Similarly, to gain convergence of the second
integral in equation (3.67), we must have Re(z — 1/2) < 0 where z = pe'®, 9 € [r/2,7]. It
follows that (p? — 1) cos®¥ < 0 and so we need p > 1.

By making a change of variable z = o€ in equation (3.66), we may rewrite the defining
contour integral for the Hankel function as

HO(0) = Uw_i'\/ye(ozg_ug)/zé‘j%.
Referring to equation (3.10) it is clear that H)(o)Jx(z) is uniformly bounded in k and
A € K, with the stipulation that ¢ > z. In particular, this means that both H)(c)J) (o)
and Hy(o)Jx(p) are uniformly bounded in k£ and A € K. Recall that p is fixed but can
be arbitrarily small since we are interested in small k; thus, let p be such that 0 < p < §
where ¢ is small, then we have that [Abramowitz and Stegun, 1965, p. 360]

JA(p) +iNx(p) ~ iNx(p), (3.68)
A fixed with Re(\) > 0. Hence, in considering the term

Hy(0)Jx(a)Na(p)

BESTACE e (3.69)

we find that (3.69) is uniformly bounded in k& and A € K. With regard to the term

Hy(0)JA(p)Na(o)
Jx(p) +iNx(p)

(3.70)

we use equation (3.68), and since we know H)(o)Jy(p) is uniformly bounded in k£ and
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A € K, it only remains to show the boundedness of |Ny(o)/Nx(p)|. However, for the
particular values of p being considered here (i.e., small) we have that

Ny(o)

Na(p)

=1 (3.71)

for A € K since 0 < p < 0. Hence, (3.70) is uniformly bounded in k and A € K. Piecing
together equations (3.69) and (3.70), we see that Z(r, s, k) is uniformly bounded with
respect to kK and A € K. Thus, the proof that there is a bounded solution of (3.49)
can readily be applied to (3.59); the only difference being in the explicit bounds on the
respective kernels. Therefore, there is a uniformly bounded solution with respect to k and
A € K of (3.57) in the w-norm. Let us define

Uim (7, A) = %1_1}1(1) Uoow (T, K, A), (3.72)

where we suppose for now that this limit exists—the existence of such a limiting function
will be discussed in §3.4.3. This means that for a fixed r defined by an analogous condition
to (3.55) and k — 0, we have by using Lebesgue dominated convergence on (3.59) that

ot =1+2(5)| [t () H s ()7}
(PG H a2 () foomate s
s s )
x { ﬂC:‘TJ;I_) (%)A} { F(,\1—+15 (%)A}SU(s)unm(s, )\)ds]

7/(2sin7A) o A
=1+ Fa SO 1)[ / sU (s)uiim(s, A)ds — / (%) sU(s)unm(s,A)dsJ

where we have used the asymptotics (3.14). This can be simplified using standard formulae
for the gamma function; see, for example, Olver [1974] pp. 32-35:

1 1 _ sinwA

TA-NT(A+1) T(I=-NCV)A A (3.73)

Therefore, from equation (3.73) we have

Uim(T, A) = 1+ §1X [/roo sU(8)ujim(s, A)ds — /roo (g)QAsU(s)ulim(s, /\)ds}, (3.74)

which is precisely the integral equation (3.53) in the k¥ = 0 case. In summary, we have
formally shown that if ujim exists, then it will have the exact form (3.53) that is required.
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3.4.3 Existence of the Limiting Wavefunction

To show the existence of u),, we will implement the following argument involving a
diagonal sequence: take an increasing sequence (rj)g‘;l with 7; > 7 = 7o for all j € N and
rj = oo as j — oo. Choose another sequence (kp)92, with k, — 0 as p — oo such that
the sequence of functions (fp,1);2; defined by

fp,l(') = uOO,w(', kp)a pe N7 (375)

converges uniformly on [r,r1]. This sequence is uniformly bounded with the same bound
as the original family of functions ¥ (-, k), k > 0, and (as we will show) equicontinuous
on [r,00). Thus, by the Arzeld-Ascoli Theorem [Kato, 1966, p. 157] we can extract
a subsequence from (fp,1) which converges uniformly on [r,r2]; denote it by (fp,2)p;-
In general, we have (f,;)52; uniformly convergent on [r,7;], and uniformly bounded
and equicontinuous on [r,00). Hence, we can extract a subsequence (fpj+1)pe; from
(fp,j) which converges uniformly on [r,7;41]. Thus, on each fixed interval [r,ry], the
diagonal sequence f1 1, f22, f3,3,.-- is a subsequence of the original uniformly convergent
and uniformly bounded sequence defined in (3.75). It follows that the diagonal sequence
is uniformly convergent on any compact subset of [r, 00), and is uniformly bounded. This
means that provided we can show equicontinuity of the family of functions ueow(-, k),
k > 0, the limiting wavefunction uyj, exists along a subsequence, namely, the diagonal
sequence (fnn)5>,. However, on [r,7,] with p > n, fpp(-) = Ueo,w(:, kp) does not depend
on n. Furthermore, limp_,o fpp(-) depends only upon (kp), which is an arbitrary sequence
with limit zero. Therefore, any convergent subsequence converges to jim.

A standard result states that if the family of functions ueo w(+, k), ¥ > 0 has a bounded
first derivative, then the family is equicontinuous by the Mean Value Theorem. Consider
the first derivative of ucow (T, k,A), which by the notation in (3.52) and the integral
equations (3.37) and (3.40) is

Uoow (1 K5 A) = w(r)uge (r, k, A) + 0/ (r)uco(r, K, A)

1

= w(r) [a;o<r, k) + 5 / " 6 (5, YU (5)ton(5, A)ds]

+w'(r) [ﬁoo(r, k) + —7/1; /Too O(r, s, k)U(s)uco(s, k, /\)dsJ

1 /oo rw(r)@’(ra s, k) + w’(r)@(r, S, k)- U(s)'w(S)'U»oo(Sa k /\)dS

e h | w(s) |
+ [w(r)doo(r k, )]

1 > w5, k) + 0 (1)O(r, 5,k) |
- VI/OO/r w(s)

L 4

U(8)uoo,w(s, k, A)ds
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by definition (3.51) of w(r). Whence

Ugo o (T, K, A) = ;oo /00 [w(r)i((:’)s’k)],U(s)uw,w(s, k,\)ds. (3.76)

We need to show that this is uniformly bounded in k. Now, by (3.38) we have

- 1 Ii
[w(r)O(r, s, k)] = /> | —— (H(l)(kr)H(2) (ks) — H? (kr)H(l)(ks))]
k _Hf\l)(kr) A A A A
(s a@  HOES)(Ialkr) = iNakr) |
- E_HA (ks) > JIx(kr) + iNx(kr) ]

- ‘\/%Hil’(ks) [(Ia(kr) + iNAGkn) ({I (k)Y = i{Na(kr)Y)

= (Ja(kr) = iNAGR) ({Tr(Rr)Y + i NAGkr)Y) | /(B (kr)?
s _H{"(ks)
K (HY) (kr))?

s HO(ks) ) )
- 2zk\/%m [JA(kr)N/\(kr) - J)\(kr)NA(kr)]. (3.77)

[Takr){NA(kr)Y = {In(kr)}Y Na(kr)]

If we use the Wronskian formula J,(2)N)(z) — J.(2)N,(z) = 2/nz for the Bessel and
Neumann functions [Arfken and Weber, 2005, p. 705] in equation (3.77), then on dividing
by w(s) we obtain

P [Hf\l)(ks)Jz 2 4is[H§”(ks)r

) s B, 4is
w(s) k H)(\l)(kr) wkr  wkr Hgl)(kr)

Using our calculation for 1/%#4, the derivative is thus given by

2

(1)
© H,"(k
U o (17K, A) = -/ ! Ii—’\ﬂ sU(8)uco,w(s, k, N)ds, (3.78)

v T LHY (k)

and hence it follows from (3.71) that (modulo a constant)

(ks N < 5 [ U)ol s V) ds. (3.79)
r

Since r is defined by (3.55) and an analogous condition for the k& # 0 case—we can just
take 7 to be the maximum of each value satisfying each integral condition—it is clearly
finite. Also, sU(s) is integrable and we know from §3.4.2 that ueo (7, k, A) is uniformly
bounded. Thus, the family ue (-, k), £ > 0 is equicontinuous. This therefore means that
Uoo(Ty Ky A) = Uo(T,0,A) as k — 0 in the w-norm.

Recall that we also require u/_(r, k, \) — ul(r,0, A) as kK — 0 in the norm ||-||,,. We see
from (3.79) that ul_(r, k, \) is uniformly bounded with respect to k in the w-norm; thus,
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if we had equicontinuity of the family ul_(r, k, A), k > 0, then by the diagonal sequence
argument described in §3.4.3, the limit limg_,o u. (r, k, A) would exist. Therefore, we only
need to prove that ul (r,k, ) is uniformly bounded with respect to k in the w-norm.
However, we notice that this is given by the differential equation (2.74), and indeed we
see that ul (r, k, ) is uniformly bounded with respect to k in the norm || - ||,,. Finally, to
show that limy_,o ul,(r, k, ) is of the required form, we first calculate ugo,w(r, 0, A). Since
sU(s) is integrable, we have from equation (3.53) that

1 2\ [ 3
U (1,0, A) = |~ U (1) Uoo,w (T, 0, X)) — — (g) sU(8)too (8,0, \)ds
1
_ 1.2/\( _ mT‘U(T)Uoo,w("'a 0, A))}
1 [ /r\2x
= _;/T (—;) SU(S)UOO,ZU (S’ Oa A)dS (380)

On the other hand, defining the notation uj (7, A) = limg_,0 ug, 4, (7, &, A), the formal limit

of equation (3.78) as k — 0 is given by

T S

s (r,A) = _1 /Too (C)QASU(S)UIim(S’ A)ds

where we have used the asymptotics given by (3.14) and the small energy convergence
result limg_,0 Uoo,w(T, k, A) = wlim(, A) established earlier. Note that we can interchange
limit and integration, as we have done before, using Lebesgue dominated convergence
since the integrand in equation (3.78) is uniformly bounded in k. We conclude that
ulo(r,k, A) = ul(r,0,A) as k — 0 in the w-norm.

Note that convergence of the & > 0 Wronksian to the £ = 0 Wronskian is along any
convergent subsequence (see §3.4.3). A general fact about analytic functions is that if
fa(2) tends to f(z) as n — oo, and if the convergence is uniform on compact sets, then
the zeros of f, can only either: escape from any compact set, i.e. tend to infinity, or tend
to the zeros of f. Since these Wronskians (whose zeros are the Regge poles) are analytic
as functions of A, and the convergence is locally uniform in A (as guaranteed by Montel’s
Theorem), we cannot rule out the possibility of Regge poles tending to infinity.

Under the hypothesis that the potential has finite first moment for » > ry, we have
shown equation (3.24) to be true. Amalgamating this with the compactly supported result,
we have a two-part condition on the potential; namely, that it is integrable for r < rg with
r|U(r)| bounded in a neighbourhood of the origin, and has finite first moment for r > rg.
We combine these hypotheses and state that we have shown the following result:

Theorem 3. In the limit as the energy goes to zero, the Regge poles associated with a
potential U such that (1 + r)U(r) is integrable and r|U(r)| is bounded in a neighbourhood
of the origin, tend either to the angular momentum eigenvalues of the self-adjoint problem

formed when the energy is identically zero, or they diverge to infinity.
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Regge Pole Cardinality

In this chapter we consider Regge poles residing far out in the first quadrant of the
CAM plane; in particular, we demonstrate that outside some compact set there are no
Regge poles associated with a compactly supported potential. To achieve this, we use
the integral equation strategy of Chapter 3. This approach has the advantage of not
requiring analyticity of the potential, which has hitherto been a central assumption; see,
for example, Barut and Dilley [1963]. We must first return to the Regge pole condition; we
will find it enormously helpful to think of this condition in a way that avoids derivatives.

4.1 Yet Another Characterization of Regge Poles

The Regge pole condition (3.3) may be expressed in an equivalent manner without
derivatives. The reason for doing this was touched upon in Chapter 1: for a potential
which vanishes when r > rg we wish to study the regular solution of (2.74) for large |A|,
and so in contrast to the previous chapter, A is no longer a fixed parameter—or bounded
to a compact set, as the case may be. This presents several complications on taking the
limit as |A|] — oo of the solution; chief among these is gaining uniform bounds in order to
swap limit and integration in the integral equation which defines the solution recursively.
As we have already encountered, the kernel in the integral equation is built out of the free
solutions of (2.74), which in this case are Bessel functions. It is difficult enough to get
bounds for the kernel itself, let alone its derivative. Thus motivated, consider the ideal

matching condition (3.3); this is equivalent to requiring that

up(r 4+ h,A)  uoo(r +h,A)

u(r,A)  uso(TA) (4.1)

for fixed r = ro > 0 and for all small A.

52
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Recall our notation from §3.1. Let us set k£ = 1 so that from equation (3.8) and the
notation given at the start of §3.4, uco (7, A) = Ueo(r,A) = \/FHf\l)(r). Moreover, let us
denote by uo(r, A) and ig(r, A) two linearly independent free solutions for r < rg, which
in this case are proportional to /rJy\(r) and /T N,(r) respectively. Observing that there
are no Regge poles for a free particle—if there is no potential then there is no phase shift
d¢ and hence no Regge poles—we need only show that for large |A|, uo(r,A) ~ to(r, A)
locally uniformly in r. The stipulation that these large |\| asymptotics should be locally
uniform in spatial variable ensures that the condition (4.1) is satisfied.

4.2 The Integral Equation for the Left-Hand Solution

As we have seen from Chapter 3, it is possible to formulate an implicit expression for
the solutions of the radial Schrodinger equation (2.74). In this case, we have

ug(r, A) = uo(r, A) + /(;T K(r,s, )U()up(s, A)ds, (4.2)

where )
K(’I‘, S, )‘) = 7[’&0(7'1 )\)77'0(37 ’\) - '&0(3’ )\)"10(7" )‘)] (43)

with # denoting the Wronskian of iy and g, and U(r) is an integrable potential which
vanishes for r > ry. The kernel K is unbounded in A and thus equation (4.2) fails to define
a bounded solution, which is bad news if we are to take the limit as |A| = co. We deal
with this as before and divide the integral equation by a suitable normalizer, the obvious

candidate being uo(r, A). However, we must ensure that division by zero is avoided.

4.2.1 The Zeros of the Bessel Function

Firstly, J\(r) is an entire function of A [Abramowitz and Stegun, 1965, p. 358], and
for all sufficiently large A in a cone excluding the negative real axis, it has no zeros;
this is because (7, A) is asymptotically r**+1/2—perhaps easiest to see from the radial
Schrodinger equation. Thus, Jy(r) has finitely many A-zeros by Theorem D.2 in Appendix
D.1. In the situation where ) is real, we have the bound [Neuman, 2004]

A
F((ﬂ;/i)l) cos{ﬁ(;-l_ 1)} < Ia(z), A>-1/2, |z| < 7/2 (4.4)
from which we conclude that Jy(r) is non-zero for A > 0 and 0 < r < 7/2. Moreover, if X is
on the imaginary axis, J\(r)* = Jy-(r) is also a solution of Bessel’s equation since the order
appears squared; this of course means that Re{Jy(r)} and Im{J\(r)} are also solutions.
Hence, there are no r-zeros (r > 0, which is always the case) of the Bessel function for
purely imaginary order since the real and imaginary parts of Jy(r) are solutions of the
same Sturm-Liouville equation, and so they cannot share any zeros. In addition, if there

are no r-zeros then there can be no A-zeros also: if there were a A-zero, say at A = ), then
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we could legitimately view this as an r-zero for the fixed A = .
It is also apparent from §3.4.2 that Jy(r) has at most one r-zero for A such that
arg(A) € (0,7/2); we can, however, say more than this. Observe from (3.61) that

iio(r,A) _ Ja(r)
To(r, ) . NA(r)

—0 as r—0,

which shows g to be a principal solution [Hartman, 2002, p. 355] since both the Bessel and
Neumann functions have finitely many zeros for » < 7/2—recall that 4y and ug are free
solutions and so in particular, the potential is real (being zero). Hence, by the machinery
of the so-called Niessen-Zettl transformation [Niessen and Zettl, 1992] we may transform
our singular problem into a regular one. The transformed equation is the Friedrichs
extension whose domain entails a boundary condition at the singular endpoint(s). In
our situation, we bestow on g the Friedrichs boundary condition (0, A\) = 0, or more
precisely, lim,_,0@o(r, A) = 0. If we assume that we have an r-zero of 4o, say at r = 7# > 0,
then we could place a Dirichlet boundary condition on g at 7 and show, in parallel with
the argument from §3.4.2, that A2 must be real. This reduces the number of r-zeros of
the Bessel function from one down to zero. As we have already mentioned before, if there
are no r-zeros then there can be no A-zeros, or more succinctly: Jy(r) has no zeros for
0 <r <m/2 and A in the first quadrant. Thus, we may use @y(r, A) as a normalizer.

4.2.2 Two Equivalent Kernels

Let 7 < m/2, then on dividing the integral equation (4.2) by uo(r, A\) we acquire the
following normalized (in the sense that the leading term is unity) equation:

wow(r ) = 1+ / " (5, \)U ()., A)ds, (4.5)
0
where r0(s. A
H(r,s,)\) = ZZ (j )\))K(r, 5, \) (4.6)

and recycling the notation (3.52) from the previous chapter, i.e.
ww(-A) = wup(-, ), w = do(-,A)"L

Note that J¢ is entire in A and analytic in r and s; this is because each of the Bessel
functions are entire functions of their order for non-zero argument and analytic as functions
of their argument z throughout the 2-plane, cut along the negative real axis [Abramowitz
and Stegun, 1965, p. 358]. Hence, in order to take the limit as [A| = oo inside the integral
in (4.5), we only need to check boundedness of ¢ for small 7 and s, and for |\| small and
large; the boundedness of ¢ also ensures that there is a bounded solution of (4.5).

We will use the Phragmén-Lindel6f Principle to show the boundedness of £ in A. The
Phragmén-Lindel6f Principle [Markushevich, 1965, p. 214] states that if a function f is
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analytic inside some sector of y7 radians (0 < v < 2) with the following properties: f is
bounded by some constant for every point on the boundary of the sector, and f has growth
order! less than 1/ in the sector; then f is bounded by that same constant for all points
in the sector. Roughly speaking, the maximum occurs on the boundary. For our purposes,
the sector is defined by v = 1/2 and we will need to show that the kernel is bounded on
the real and imaginary A-axes. We will find it convenient to switch between N,(r) and
J_x(r) for the second solution @g; however, this presents the following complication: when
A is integral, Jy(r) and J_,(r) are not linearly independent [Arfken and Weber, 2005, p.
677), thus we must use the Neumann function on the real axis. We justify the switching
of the second solution by showing that in fact, they yield the same kernel. Firstly,

Wy =W (Vrda(r), VrJ_a(r))
= VIO WVrIAr)] = VrI-a () [Vrda(r))

= rJx(r) l:\/FJ'_)‘(r) + 2—\17_7:J_>‘(r)} —rd_x(r) [\/;Jf\(r) + 2—\1/FJA(’I')

= r[JA(r)JLx(r) = JA(r)T-a(r)]

. [—2 sin(7r)\)]

= —% sin(m ) (4.7)

where the penultimate line is given by a standard Wronskian formula [Arfken and Weber,
2005, p. 702]. Similarly,

Wn =W (Vrda(r), VrNA(r))
= r[Ja(r)Ny(r) = JA(r)Na(r)]
= 2/71’ (48)

where again we have used a Wronskian formula [Arfken and Weber, 2005, p. 703]. If
we continue the notation started here and write subscript N to refer to the kernel with
@o(r, A) = Nx(r), and subscript J when @g(r, \) = J_x(r), then from the definition of the
Neumann function [Arfken and Weber, 2005, p. 699] and (4.3), we have

(rs)™ 2Ky = [A(r)Na(s) = Ja(&)Na(r)]
o cos(mA) J_x(s) cos(mA) J_a(r)
=3 [Jw"){ sin(mn (%) —u')} ) "*‘s){ s 0~ ) H
- _mUA(r)J_A(s) ~ Ja(8)J-A(r)]

= (Ts)_l/2KJ7

!The growth order of an entire function is the subject of Appendix D.2.
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which implies that the normalized kernels coincide, i.e. £y = JJ. For convenience, the
normalized kernels (see (4.6)) are given by

I~ I\ NAE) = AN (49)
and
2~ IIal) = I D, (4.10)

4.3 Boundedness of the Normalized Kernel

For ease of reading we will consider each case of real axis, imaginary axis and interior

growth order separately. Let us first consider bounding the kernel for real A.

4.3.1 The Real Axis

To emphasize that A is real, let us write A = w, w > 0. On the real axis we will no
doubt encounter w as a non-negative integer, say n, and thus, as anticipated, we need to
take the second solution to be the Neumann function. Moreover, because of the way in
which the Neumann function is defined [Arfken and Weber, 2005, p. 699], it is imperative
that this distinction between integer and non-integer order be sustained. Consider each
term in equation (4.9) separately: observe that [Olver, 1974, p. 59]

(z/2)”
J. < =t >—1/2 > 0. 4.11
‘w(x)l—r(w+1)7 wZ /a Tz ( )
It is prudent to note that the inequality (4.11) applies whether the order w is integral or
not. From Abramowitz and Stegun [1965] p. 360, we have

n—1 .
No(@) = —(z/2)" 3 w—_jl—l_ﬁ

j=0

(%/4) + 2 108(2/2)n(2)

ey (= ””2/ i (4.12)

:c/2 Z[\P]+1)+\Iln+3+1) 1

7j=0

where ¥(z) = I''(2)/I'(2) is the digamma function. In absolute value, the first term of
equation (4.12) may be bounded as follows:

. 2
—(a:/2)—"n'z__——'_n-'—l—)!(x2/4)J < —(z/2)"" ;Z( /4)J

< ;'(x/2)‘" exp(z°/4),

whilst the second term in absolute value is bounded by (2/7) log(z/2); note that we have
used the inequality |J,,(2)| < exp{Im(2)}, n € Z [Olver, 1974, p. 59]. Consider bounding
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the third term of N,(z). Since j and n are non-negative integers, we may make use of the
identity ¥(j + 1)+ ¥(n+j+1)=-C+37_ 1/p+ Z"ﬂ 1/q where C is some positive
constant [Olver, 1974, p. 39]. This yields the bound ¥(j+1)+¥(n+j+1) < 2log(j+1),
from which we find that the third term in modulus is bounded by

oo n+2j
%Zlog(]_*_l)‘(j._/m_f_ —-(x/2) exp(:l:2/4)

Combining the estimates for these three terms yields the bound

INn(@)| < 2 (2/2) " exp(a?/4) + 2 low(z/2) + 2 (a/2)" exp(z?/4). (4.13)

Looking at (4.9), we also need to bound the ratio J,(s)/J,(r) for s <r < 7/2. From the
inequalities (4.4) and (4.11) we have

Ju(s) “sec —_r r
Jw(r)‘ < (s/r) {\/§(w " 1)} <2, <1l (4.14)

We need not have placed the further restriction of » < 1, it has no effect in the greater

scheme; however, it is cleaner and more transparent to work with, and so it is the
assumption on the spatial variable for the remainder of this chapter. Therefore, for integer
order we have from (4.11), (4.13), and (4.14) that

Wy K exp(s?/4)  2log(s/2) . . 2exp(s?/4) n
~ Nlﬁ - 7r1"( )( s/2)" + m(s/m?

al(n +1) 1) 7l(n + 1)

which is fine given that s < r < 1. Note that to acquire the bound (4.15), we have used
the fact that the gamma function is the generalization of the factorial, i.e. I'(n) = (n —1)!
for any natural number n [Olver, 1974, p. 32]. Also observe that when multiplication by
s is performed to bound Jy, the logarithmic terms will be dealt with.

We now turn our attention to w, which is not in general integral. The biggest issue
will be getting an expression for N, (z) so that we may bound it; this will be achieved
using the following standard definitions [Abramowitz and Stegun, 1965, p. 360:

_ cos(rw) 2) — 1 .

No(z) = sin(mw) Ju(@) sin(mw) ~u(2)
_ cos(mu) v (—x2/4) —w —x2/4))
 sin(w) (2/2) Z JT(w+j+1) sin( (x/2) Z 'l"( w+j+1)

We aim to derive an expression for the Neumann function of real order which reduces to
the integer order representation (4.12) as w — n. So, let w = n + ¢ where n € Z* and
€ € [-1/2,1/2). Now, I'(—n+j+1) blows up for j =0,1,...,n — 1 since I'(z) has simple
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poles at z = 0,—1,—2,... [Olver, 1974, p. 32]; also recall that I'(z) has no zeros [Olver,
1974, p. 35]. Hence, we will regroup the terms in N, (z) accordingly to get

-l ".TQ J 'ﬂ'w fl:2 ]
( /) wz 'F( /4) COS( )( / )wz ( /4)J

No(2) = sm(7rw) 7 J! (—w+j+ 1) sin(7w JTw+j+1)
—w - _I2/4)J+n
~ sin(w (/ ;(]ﬁ-n)‘f‘—w—k]—i—n—i—l)
1 o A T(1 — w)(—~x2/4)
~ sin(mw) T (1 - (a:/2 Z J(—w+j+1)

Jj=

cos(mw) v (—z%/4)7
+ sin(7rw)( z/2) Z JT(w+j+1)

1 > (—z?/4)+n

sin(mw) (2/2)7 = G+n)T(—w+j+n+1)

Using the well-known formula I'(1 — z) = 7/[['(2) sin(7z)] given by (3.73), we have

'l-w)  D(w-—j)sin{r(w—j)} iTw=17)
rl—(w-3j) ['(w) sin(nw) = (-1) Tw) (4.16)

Furthermore, since w ~ n we may write (z/2)“(x2/4)7 =~ (z/2)™*(x2/4)7*", or
(z/2)"(z*/4)*" = (z/2)*(z*/4) + R(w, j, ) (4.17)

where R(w, j, ) is some remainder term. If we notice that cos(nrw) = (—1)" cos(me) and
sin(mw) = (—1)"sin(7e), then using equations (4.16) and (4.17) we get

1 _wnlf‘w j z/2)¥ cos(me)(—z?/4)
Mote) = 2@/ T L yay + { 5 & e
o (=17[(2/2)“(2?/4) + R(w, j, )]
JZO G+n) T (~w+7+n+1) }
n—1 .
_ _%(z/z)wz I‘(wj!— ])(x2/4)j (4.18)
=0
> w ;| cos(me)/sin(me) 1/ sin(7e)
*JZ(‘”/?) (=2/4y [j!I‘(j+1+n+6) G+n)TG+1-¢) (4.19)

R(w, j,z)/ sin(me)
—Z(— )J G+n)TG+1-¢) (420)

We need to check that this is the correct function, i.e. that this representation of N, (x)
gives Ny (z) in the limit as ¢ — 0. The first term (4.18) tends to
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L2 "3 (s ez LAY

Jj=0

as € — 0 since I'(z) is analytic save for poles at the non-positive integers; this is consistent

with the corresponding term in Np(z). As for bounding this term we have

w j) (z*/4)
(2/2)” Z F(w+ 1) J!

<al(w+ 1)(z/2)~ “exp(x2/4) (4.21)

1(4.18)] = _(‘i+_1)

for some constant a; this is essentially a consequence of I'(z) being monotone increasing
for z 2 1.46 [Olver, 1974, p. 36, Fig. 1.1]—it is a property of the gamma function that we
will use extensively in this chapter.

The second term (4.19) is not so straightforward. Let us begin with rewriting the
contents of the square bracket in (4.19) as follows:

[cos(me) — 1]/ sin(me) 1 1 B 1 (4.22)
JT(w+37i+1) sin(me) [jITG+14+n+e) (G+n)TG+1-¢)]| )

It is clear that the first term in equation (4.22) vanishes as ¢ — 0 by L’Hoépital’s rule,
since [cos(me) — 1)’|c=0 = 0 and [sin(7e)]'|c=0 = m. The second term of (4.22) is

1 FG+1-e)+n)!-TG+1+n+e)j! (4.23)
sin(me) | J1G+n)TG+1—-e)I(+1+n+e) '
of which we concentrate on the numerator divided by sin(we), i.e.
g 1 F'G+1+n) TGH+14+n+¢)
T 1- - . 4.24
ITG+ E){sin(ns) TG +1) TG+1-e¢) (4.24)

We apply L’Hépital’s rule to the contents of the braces in (4.24). So,

dfG+1+n) T(GU+1l+n+te)
de| T(G+1) TG+1-¢)
_ MG +1-el(G+14+4n+e)-TE+1-"(G+1+n+e)
- TG+1-c)
_ T+1+n+e)[I"'G+1+n+e) I'(G+1-¢)
TG+1-¢) |TG+1+n+e) T@GH+1-¢)
FO+1+n+s
FrG+1-

[@ i +1+n+e)+ V(G +1-¢),

which yields
l\Il(j+1+n)+\Il(j+1)

- G + )t e—0.

(4.23) —» —
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Therefore, the second term (4.19) tends to

_1 a2 S (/)]
—(z/2) jgo[‘”“”+‘P<"+J+1)]ﬂ(n+j)z

as € — 0, and this coincides with the corresponding term in N,(z). To bound (4.19)
consider part of the summand given by equation (4.22): firstly,

62

cos(me) — 1

e = byle| (4.25)

‘Sbl

for some constant b;. Furthermore, |1/sin(me)| < |1/¢| since € € [—1/2,1/2), and hence
let us consider bounding the numerator of (4.23) divided by ¢, i.e. bounding

'I‘(j+1+n+s)l"(j+l)—F(j+1+n)F(j+1—s)
3

)I‘(j +1)

_ (F(j+1-s)—F(j+1)
g

(I‘(j+1+n+s)—F(j+1+n)
g

)r(j+1+n)

<rG+1 sup ITY(2)]
2€[j+1/24n,j+3/2+n]

+T(+1+n) sup IT(2)| (4.26)
2€[j+1/2,5+3/2]
by the Mean Value Theorem. Now, Binet’s formula states [Olver, 1974, p. 295]

arctan(y/z)

————d 4.2
exp(2my) — 1 ¥ (4.27)

1 1 o0
log(2) = (z - 5) logz —z+ 5 log(27) + 2/0

where | arg(z)| < 7/2. Differentiating Binet’s formula with respect to z yields the following

formula for the logarithmic derivative of the gamma function:

I'(z) z—1/2 o0 1 —y/2?
_ _ d
I'(2) log z + z 1+ 2/0 1+ y2?/22exp(2my) — 1 y

o0
Yy
=logz—-— —2 dy.
857 2% /0 W2 + 22)(exp(2ry) = 1)
Since
I S s
exp(2my) — 1| ~— 2w
and for 2 >0 o 4
Yy _l y=eo  m
/0 Y2422 z arctan(y/z)‘yzo 22
we have
I'(2)
IT'(2)] <T(2)|log 2| + —=, 22>0. (4.28)

z
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Thus, by applying the bound (4.28) to equation (4.26), and using the monotone increasing
nature of the gamma function mentioned above, we get

1
log(j+1+n+1/2)+ -

sup IT(2)| <bI(j+14+n+1/2) m

z€[j+14n—1/2,j+14n+1/2

and

1
sup IT'(2)| <bsT(G+14+1/2)|log(j+1+1/2) + ———
z€[j+1-1/2,j+1+1/2] J+1/2

for some constants b, b3. These two inequalities give the bound

FG+1+n+e)IG+1)-TG+1+n)T(G+1-¢)
£

1
J+n+1/2

<bT(+ DI +1+n+1/2) [log(j +1+n+1/2)+

+bT(G+1+n)G+1+1/2) {log(j +1+1/2)+ 3 +11/2} (4.29)

and so

TG+1+n+1/2)log(i+1+n+1/2)+ 1/ +n+1/2)]
G+n)TG+1—-e)lG+1+n+e)

LG+ 1+1/2)log(5 +1+1/2)+1/( +1/2)]
JTG+1—-e)(j+1+n+e¢) ’

|(4.23)] < by

+ b3

The fundamental recurrence formula I'(1 + z) = 2I'(z) [Olver, 1974, p. 32] (this identity
has been used previously, see equation (3.73) in the previous chapter) can be iterated to
show that I'(j+2) = (j—1+2)(j—2+2) - (2+ 2)(1 4+ 2)['(1 + 2), from which we have

F(G+1+4n+1/2) _, T(G+1+n+1/2)
TG+1l+n+e) — TG+1l+n—1/2)
_p, Ut 1/2)(G +n=1/2)(5/2)(3/2)0(3/2)
(G+n—1/2)(G+n~-3/2)---(3/2)(1/2)['(1/2)
=bi(j+n+1/2)

for some constant bs. Similarly, I'(j + 1+ 1/2)/T(j + 1 —¢) < b5(j + 1/2) where b5 is a
constant. Hence, the bound becomes

j+n+1/2 b
4.23)| < b
< b G TG+ 1) T Gr TG +1-9)
b j+1/2 b

. + =
"G-DTG+1+n+e) JTG+1+n+e)

for b, b7 constants. This can be simplified with the following string of observations: there
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is a constant bg such that |1/T'(j+1+n+¢)| < bg foralln > 0 and ¢ € [-1/2,1/2), which
deals with the forth term. For the third term, we merely note that there is a constant
bg such that |j(j +1/2)/T(j+1+n+¢€)| < bg for all n > 0 and € € [-1/2,1/2). The
second term is clearly bounded by some constant divided by j!. For the first term, the
cases where n = 0, 1 are clear since they have already been dealt with; however, the cases

n > 2 require investigation: let us expand the denominator as follows:

j+n+1/2 _ j+n+1/2
G+n-DIG+1-¢) JG+1)---G+n-1DIG+1-¢)

and observe that

p+1/2 <§’
p—1 |72

whence the first term is bounded by a constant over j!. Our bound on (4.23) therefore

pe{23,4,..},

simplifies to

FG+1—-e)+n)!=-TH+1+n+e)j! < (const.) (4.30)
sin(me)j!(G+n)TG+1—-e)LG+1+n+e)|~ ' )
Using (4.25) and (4.30) to bound (4.22), we find that
[(4.19)] < b(z/2)* exp(x?/4) (4.31)

for some constant b.
Finally, we consider the third term (4.20) of N, (z). Again, we calculate the limit as
e — 0 of (4.20); to do this we apply L’Hopital’s rule to the ratio

R(w, j,x) _ 1
sin(7e) sin(me)

= (2%/4)(z/2)7 [

[(2/2)7(2?/4) " — (2/2)° (a*/2)]
(22/4)" ~ (x2/4)w]

sin(me)

f(e)

sin(me)

= (2°/4)(z/2)™

On taking the derivative of f we find f/(¢) = —(x2/4)"(x?/4) log(z?/4), which gives
f'(0) = —(z?/4)" log(z?/4). Thus,

R(n+e¢,j,x)

sin(me) - —%(x/Q)nlog($/2)($2/4)j as €—0,

which yields (4.20) tending to

g x /2" S M = g_ T x
—log(z/2)(z/2) j;oﬂ(j Tl = 7 08(@/2)n(x)
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as € — 0; again, this equals the corresponding term in N,(z). To bound (4.20), write

R(w7j7 .’L‘) _ ; ($/2)_n_€(z/2)2n - ($/2)n+€
sin(me) | (z*/4) (e
= j n—e ($/2)2E =1
= @y a2y |EL2.

Since | exp(p) — 1| < |p| for p < 0, we have |(x/2)% — 1| < |2¢log(z/2)|, where < 1. Also,
as € € [—1/2,1/2) we know that |sin(7e)| > |¢|. Putting these together gives

T 2e _
(/2 |2 < o/ og(a/2)
whence
(420)] < ele/2)"* log(z/2)| exp(a®/4 (1.32)

for some constant ¢. Combining the inequalities (4.21), (4.31), and (4.32) results in

|Ny(z)| € al'(w + 1)(z/2)™¢ exp(ac2/4) + b(z/2)¥ exp(x2/4)
+ ¢(z/2)" | log(z/2)| exp(x?/4). (4.33)

Therefore, for real order we have from (4.11), (4.33), and (4.14) that

Wit < asexp(s2/4) + F(w”sfl)wm% exp(s?/4)

—3 (5/2)°"log(s/2)| exp(s?/4)

+ Fw+1)
+ as(s/r)“ exp(r?/4) +

Lo
Mw+1)

bs w
m‘l—)(sr/‘i) exp(r?/4)

(sr/4)"(s/r)| log(r/2)| exp(r®/4), (4.34)

which is uniformly bounded for w > 0 and s < r < 1. Regarding the last term in (4.34),
€ must belong to [0,1/2) when n = 0 but for n > 1, € € [-1/2,0) poses no problem. As
with (4.15), the s saves us from the logarithmic divergences at the origin.

4.3.2 The Imaginary Axis

Let A = iw with w > 0, and recall that on the imaginary axis we are free to use J_y(r)
as the second solution. Taking the lead from the previous section, let us consider each
term in equation (4.10) separately. From Abramowitz and Stegun [1965] p. 360 we have

= I'(2j +1) (=s*/4)
Jio(8) () = 3 TG+1+iw)l(G+1—iw)l(G+1)

(4.35)
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Also from Abramowitz and Stegun [1965] p. 256 is the formula
P(22) = 57 24T ()= +1/2),

which gives
F2i+1) _ 2T(25) _  _y/2,50.
, = S0 1249 4 1/2). 4.36
IG+D - rG) U1/ (439
Putting (4.36) into equation (4.35) and recognizing that I'(z*) = I'(2)* [Abramowitz and
Stegun, 1965, p. 256], gives the identity

Jiw(8)J_iw(s) = w_l/zg |P(€(i—;.--lf-/zx)))l2 (_;f)j (4.37)
To bound this product of Bessel functions, we will use the inequality
IT(a +4B)| > v/sech(xB)[(a), o >1/2 (4.38)
found in the book by Carlson [1977] p. 51. This means that
L )
TG+1+iw)| = T@GE+1)
and so from (4.37)
| Jiw(8)J—iw(8)| < (const.) cosh(mw) exp(s?). (4.39)
Referring to (3.10), equation (4.38) also shows that
|Jiw(8)|? < cosh(mw) exp(s?). (4.40)
Moreover, J;,(r) and J_;,(r) are complex conjugates of one another, which means
JJ_:(EG) - 1. (4.41)
Piecing together (4.39), (4.40), and (4.41) yields
Z//Js—% < (const.) cosh(mw) exp(s?). (4.42)

This is not a terribly helpful bound for large |A|; however, it is not a disaster: # was
calculated to be —(2/7)sin(inrw) = —ifexp(nrw) — exp(—nw)]/7 (see (4.7)). Hence,

2™ _ 1 wfe"+1
<Ll .
e21rw_1l—2<evr_1 (443)

cosh(nmw)| _ m
L4

)
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if w > 1/2. That we must stay clear of the origin to get a usable bound was to be expected,
it merely reflects the linear dependence of the solutions at w = 0. Therefore, in coalescing
equations (4.42) and (4.43) we acquire the inequality

| #7| < (const.)sexp(s?), w>1/2. (4.44)

The task now is to patch in the boundedness of the kernel on the imaginary axis for
w € (0,1/2). We will find it useful to revert to using the Neumann function for the second
solution: recall the expression for N,(z) given by (4.18) to (4.20), but with the difference
that n = 0 and € = i§ where 6 € (0,1/2), i.e.

N cos(iwd)/sin(ind)  1/sin(ind)
Nis(z) = (2/2) X_: O R I o e Y e g
= . R(i6, §, x)/ sin(ind)
-2 Y JTG + 1 —146) (4.45)

§=0

where R(i6,j,z) = (z%/4) [(a:/2)‘i5 - (x/2)i5]. The method by which we bound Njs(z)
will be quite similar to the one used in the case of real order—in fact, it will be simpler
to estimate N;s(x). Let us consider the first term in (4.45); in particular, we concentrate
on the contents of the square brackets. Rewrite these contents in the form

[cosh(wd) — 1]/isinh(md) 1 1 B 1
SITG + 1+ 40) isinh(n0);! |TG +1—1) TG +1+4d)|

(4.46)

and denote the first and second term of equation (4.46) by (I) and (II) respectively. By
an application of L’Hoépital’s rule, we find that the numerator of (I) is such that

cosh(mé) — 1

530 sinh(mé) =0,

and so

(const.)d
Dl JNTG + 1 449)]
cosh(7é)
JTG+1)
(const.)
it

< (const.)

(4.47)

This follows from the facts sinh(7é) > & and cosh(né) — 1 < (const.)é? for 6 € (0,1/2),
and the inequality (4.38). Let us rewrite the second term (II) as

[C(j + 1+ i8) — T'(j + 1 — 46)) /i sinh(8)
TG+ 1+i0)2 ’

(1) =
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from which, L’'Hépital yields

(7 +1)

[T+ 1) +i0'(j + 1)) = TG L5

. 1
Jimm (I1) = il (j + 1)25!

For a bound, we again use the inequality (4.38) to give

A< SRR +1 +i8) = TG +1 i)
cosh(nd) | (TG +1+i6) —TG+1)) (TG+1+i8)-TG+DY
“ TG +1)? ) )
(const.) F'G+1+4+4d)-TG+1)
STz 3
< pos sup m{T ()
< g

where Q = {j + 1+ i¢/2: ¢ € [0,1]}; the penultimate line of this calculation is given by
the Mean Value Theorem. We require a more general bound from Binet’s formula than
that of (4.28): let z = pe'¥ with ¥ € (—m/2, /2), then

o l¥2+22  Jo |y?+ p?cos(29) + ip?sin(29)]
VYt + 2y?p? cos(29) + p?

< / dy

“Jo Vyt+pt
only if arg(z) € [0,7/4]. Now, we have the inequality y* + p* > (y% + p?)2/2 since it is
true that y* + p* > 2y%p?. Thus, /y? + p* > (y¥® + p?)/v/2 and so

| tm=e e
Zr SV, e

whence

1+ 2
2|

Since arg(j + 1 + i¢/2) € [0,7/4), we may use the bound (4.48) to get

IT'(2)] < IP(2)| (Ilog |+ ) arg(z) € [0,7/4]. (4.48)

(const.)

) < g3z SR I )|<|1og |+(C°“;T”).

With the implementation of yet another inequality |T'(a + i3)| < |I'(e)|, found in, for



CHAPTER 4. REGGE POLE CARDINALITY 67

example, Carlson [1977] p. 51, this bound becomes

JH(IT) < (const.) (I log(f;(;it)i/ml G+ 1);(3' n 1)) '
Thus,
|an)| < (Co;lf ‘) (4.49)
and therefore by (4.47) and (4.49),
(const.)

|(4.46) < |(D] + |AD)] <

i (4.50)

To estimate the second term in (4.45), we consider [(z/2)™* — (z/2)%] /isinh(ré). By
L’Hopital’s rule, this tends to —2log(z/2)/7 in the limit as § — 0. Acquiring a bound is
very similar to that involving R(w, j,z) for N,(z) in §4.3.1, i.e. we have

(z/2)7% — (z/2)¥
sinh(7d)

< $l2610g(z/2),

but we need to check that |exp(ip) — 1| < |p|. Well,

exp(ip) — 1 = /0 p%[exp(z’t)]dt=i /0 expl(it)dt

and this implies the required inequality. Therefore,

(x/2)"% — (z/2)% < 2+/cosh(wé)|log(x/2)|
sinh(md)['(j +1—146)| — rG+1)
< (const.)|log(z/2)|. (4.51)

Applying the bounds (4.50) and (4.51) to (4.45) yields
|Nis(2)| < exp(2?/4){d1 + da|log(z/2)|} (4.52)

where d;, d2 are constants.

In view of equation (4.9), we also need estimates on |J;s(s)| and |Jis(s)|?, as well as
on the ratio |N;s(r)/Jis(r)|. Notice that the first two bounds have already been achieved
by (4.40) since § € (0,1/2); however, the latter requires further thought. Let us write out
the Neumann function as it is usually defined [Abramowitz and Stegun, 1965, p. 358]:

_ cosh(né) 1 .
N () = im0 )~ Tstanmey )
from which we get
Nis(r) cosh(76) — J_is(r)/ Jis(T)

Jis(r) sinh(7d)
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Yet another application of L’Hopital’s rule shows that N;s(r)/J;5(r) — 0 as § — 0; this is
a result of cancellation of terms when ¢ is set to zero in the derivative with respect to §

of J_is(r)/Jis(r). Using their conjugate properties, it is possible to write

f(_aa 7”)
f(6,r)

where f is analytic jointly in  and 7 in a neighbourhood of the origin, with f(0,r) = 1.
Hence, define F(d,7) = f(=94,7)/f(é,7) and consider

J_is(r)
Jis(r)

= exp{—2id log(r/2)}

J_is(r)

cosh(mé) — T (1)

= cosh(7d) — (1 + exp{—2idlog(r/2)} — 1)(1 + [F(6,7) — 1])

= (cosh(md) — 1) — (F(,7) — 1) — (exp{—2:i log(r/2)} — 1)
— (F(d,r) — 1)(exp{—2id log(r/2)} — 1).
Now, we clearly have |F(8,7) — 1| < e;|6] uniformly in a neighbourhood of the origin in

the (4, 7)-plane, and | cosh(né) — 1| < e2|6|? and |exp{—2idlog(r/2)} — 1| < 2|6log(r/2)|
for ej, e constants; whence

Nis(r)
Jis(r)

< e2d +e1 + 2|log(r/2)| + 2e16|log(r/2)|

< e3 + e4|log(r/2)| (4.53)
for some constants e3, e4. The inequalities (4.40), (4.52), and (4.53) yield
|#nHn| < aexp(s?){di + da|log(s/2)|} + Bexp(s?){es + esq|log(r/2)|} (4.54)

for some constants ¢ and 3, with A = iw, w € (0,1/2) and s <r < 1.

We conclude from (4.34), (4.44), and (4.54) that the normalized kernel J¢ (r, s, A) is
bounded by some constant on the boundary comprising the real and imaginary A-axes.
Recall that our ‘Phragmén-Lindelof sector’ is given by v = 1/2, and since the kernel is
analytic inside this sector, we need only show that its growth order is less than 1/y = 2.
In fact, we will demonstrate that the normalized kernel has growth order at most 1.

4.3.3 Growth Order

It is most convenient to calculate the order of the normalized kernel in the form J¢7;
let us write this version of the kernel in full, i.e. from (4.10) and (4.7) we have

Ja(r)
Jx(r)

s

——m J)\ J)\(S)2 (4.55)

Ky =

(s)J-a(s) —

In this section, A # 0 with arg(\) € (0,7/2) and, as usual, s < r < 1. Moreover, we will
often denote by Ag and A; the real and imaginary parts of A respectively.
Applying the inequality (4.38) to the gamma function in the series definition (3.10) of
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the Bessel function, and using the fact that |(s/2)*| = (s/2)*®, we have

|J>\(3)|§(s/2))‘3i V/cosh(mAr) (s2/4)7
=0

F'(G+1+Ag) J!

(const.)

< m exp(mAr/2)(s/2)*R,

from which we get

(const.)
|JA(3)|2 < m

Recall the identity (4.37); in this case we have

exp(mAr)(s/2) R, (4.56)

=12y TG +1/2) (=5
Ja(s)J-r(s) = 77! 2% CG+1+M0GE+1=-X) 4!

As we have seen, we may decompose gamma functions as follows:

TG+1+ANLG+1=X) =G+ A)G =1+ A) - (1+N)AC(N)
X (G=NG-1=2)--(1=N(1 =),

which implies that

IDG+1+N0G+1—N)| > %!dist(/\,N)ll"()\)l"(l -

gt T
= —dist(A\,N)—

5 Bt N T o]
where dist(\, N) is the distance from A to the nearest natural number. Furthermore, we

assert the validity of the following inequality:

dist(A, N) >

Tsn(ry)] = (const.) exp(—7Ar). (4.57)

To prove this inequality, notice that we have periodicity in Ag and thus we may restrict
our attention to the case 0 < Ag < 1. Let us first consider 1/2 < Ag < 1: we are required

to show that
| sin(7A)|

VOR=-12+ 7

< (const.) exp(mAr) (4.58)

for A\ > 0. Well,
|sin(7A)| = |sin(wAR) cosh(mA) + i cosh(mwAg) sinh(7Af)|;

we can immediately bound three of the four terms here: we clearly have |sin(y)/y| < 1
and so |sin(7rAg)| < w|Ag — 1|. Also, |cos(wAr)| < 1 and |cosh(mA)| < exp(mA;). Hence,
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if we knew the inequality
sinh(7Ar)

AL

< exp(mh;)
to be true, then

|sin(7A)| < (w[Ar — 1| + 7| A1]) exp(nAr)

< 27r\/(/\R —1)2 4+ X2exp(mAp)
= 2ndist(A, 1) exp(7wAg).

It remains to prove |sinh(y)/y| < exp(y) or equivalently sinh(y) — y exp(y) < 0 for y > 0.
This is an inequality on the real line, it is true for y — oo and for y — 0; moreover, the
Taylor series shows the validity of this inequality:

(Y+y3/31+ /51 + ) = (y+ 2 + 3 /20 +y4/3 + /41 4+ - ) < 0.

On the other hand, when 0 < Ag < 1/2 the denominator in (4.58) is larger, whilst by
symmetry, the same bound holds for the numerator. This proves (4.57), and thus we may

use it to show
TG+ 14+ MG + 1 — A)| > (const.)jlexp(—7Ar),

whence
|Ixn(s)J_x(s)| < (const.) exp(mAf). (4.59)

Lastly, we need to consider J_,(r)/Jx(r). Since we do not have any phase method at
our disposal, we will need to write the last term in square brackets of (4.55) in a more
transparent way. Before doing this, however, let us consider acquiring a lower bound for

the denominator: we have on expanding the Bessel series

_ — (-r?/4)
Ialr) = WW}; TG+ 1+ N)j!

= /2 |51 L L +]

FA+1) T(A+2) T(A+3)2
r2/4 (/4 +}

_ o/
T +1)

Tx+2 210+ 2)(A+3)

and so ( /2)>‘|
|Ia(r)] = m

for all sufficiently large |A|. Another application of |I'(A + 1)| < I'(Ar + 1) gives

r/2)*R
|Ia(r)| = 2_15(/@)——1-1) (4.60)



CHAPTER 4. REGGE POLE CARDINALITY 71

Therefore, writing the last term in square brackets of (4.55) as

Ia(8)J-A(r)JIr(s) _ J',\(S)2
Ja(7) NG

5[ IA(r)J-aA ()],

we find from (4.56), (4.59), and (4.60) that

(s/2)"

(r/2)?A=

= (const.)(s/7)* R exp(27 A1)

= (const.) exp{2Ar log(s/7)} exp(27As)
< (const.) exp(27|Al),

Ia(s)J_x(r)Jr(s)
Ja(r)

< (const.) exp(mAs)?

and consequently
|#;%;| < (const.) exp(27||).

In other words, the product #;.%; is of order 1. Moreover, #; o sin(wA) and so it is
also of order 1 [Markushevich, 1965, p. 252]. We may thus conclude that the normalized
kernel ¥ is of order at most 1 from Lemma 1 in Appendix D.2. The Phragmén-Lindel6f
Principle then shows that the normalized kernel is bounded by some constant in the first
quadrant for s < r < 1; this means that there is a bounded solution ug,, of equation (4.5)
for integrable U. This also means that on taking the limit as |A| = 0o of ug (r, A), we can
interchange limit and integration. However, it is not terribly straightforward to calculate
large |\| asymptotics of the kernel in its current form; in the next section we express the

kernel in a different way and compute its asymptotics.

4.4 The D’Alembert Reformulation

For what follows, we consider the second solution ug to be given by the Neumann
function—since it is valid to do so in the whole of the first quadrant. Recall from (4.8)

that #v = 2/m; however, we may rescale such that # (4o, @) = 1. Then

< ~, °of ~
Uolg — Ugg 1 461
a3 U (4.61)

oN

Now,

Uo(s A)
do(r,

A)
(s, A) . 5 to(s,A)  uo(r,A)
= T to(r, A)io(s, M) [OO(S, N " Folr, /\)}

e

H(r,8,A) = [Go(r, N)ao(s, A) — to(s, A)to(r, A)]
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Observe that (4.61) can be written as
dfat,N)] 1
dt | do(t, \) N ﬁo(t,)\)2’

_ Tao(s,A)? T s | Ja(s) ?
H(r,s,A) = —/S %Wdt_ —/3 ?[Ji(t)} dt. (4.62)

In order to take the limit as |A| = oo of (4.62) we require that the integrand be
bounded. Firstly, since s < t we have s/t < 1. When A > 0, the bound (4.14) applies.
Furthermore, from the inequalities (4.56) and (4.60) we have

whence

Jx(s)

A i < (const.)(s/t)? % exp(mwA;) < (const.) exp(m|A|),

which implies that the integrand is of order 1 in the strict first quadrant. If we could
demonstrate boundedness on the imaginary axis, then Phragmén-Lindel6f would give
the boundedness of the integrand in the first quadrant. To achieve boundedness on the
imaginary axis let us define the quotient

oo I(14iw) (—s%/4)7
. _ Zj:O I'j+1+iw) 7!
Q(S, aw) = = T(1t+iw) (—t2/4)i’
7=0 T(G+1+iw)  J!

w>0

which corresponds to the ratio Ji,(s)/Jiw(t) modulo factors of unit absolute value.
Suppose that this is not bounded, then there exists a sequence (Sn,tn,wn) such that
|Q(8n,tn,wn)| = 00 as n — oco. Now, w, — oo necessarily on this sequence, whilst (sy)
and (t,) are bounded sequences—without loss of generality assume s, — S, < 00 and
Tn = Toeo < 00, exctracting convergent subsequences if need be. Letting z stand for either

s or t, we claim that

o= D +4iw,) (—z%2/4)y
=1. 4.63
JLngon:(:)P(j-i—l%-iwn) 51 (4.63)

We can justify taking the limit inside the sum by noting the following inequalities:

IT(2 + iwn)| = |1 + twn||T(1 + wn)| > |T(1 + iwn)],
IT(3 + iwn)| = |2 + wp |1 + dwn||T(1 + dwn)| > 2I0(1 + dwy)],
IT(4 4 iwn)| = |3 + 1wn||2 4 twn||1 + dwn||T(1 + dwn)| = 3NT(1 + iwn)]

and so on; at the general step we have

> j!

LG+ 1+ iwy)
[(1 + iwn)

and thus the summand is bounded. Swapping limit and summation shows (4.63) to be
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true, contradicting our assumption that |Q(sy, tn,wn)| = co. The only logical conclusion
is that Ji,(s)/Jiw(t) is bounded. Thus, we are justified in taking the limit |A| — oo
inside the integral defining ¢ in (4.62). As yet, however, we have no large complex order
asymptotics of the Bessel function; these can be found in a seminal paper by Langer [1932].

4.4.1 Langer Asymptotics for the Bessel Function

In his paper, Langer [1932] studied the asymptotic properties of solutions of the second
order ordinary differential equation

y'(2) + [1?¢%(2) — x(2)ly(2) = 0 (4.64)

for large complex values of the parameter v2, with the following hypotheses: = = v exp(z)
is real? and ¢?(z) is real, continuous, and non-negative. In the construction of the theory,

the complex variable £ (Langer’s variable) was introduced. It is defined as

£ = ,,/Oz¢(z)dz

and is important in the final asymptotic formulae. As an application, Langer considered
the special case of ¢%(z) = exp(2z) — 1 and x(z) = O since this gives rise to the equation
satisfied by the general cylinder function. This means that

E=vy [ fexp(2t) - 1}1/24t,
t=v [ {exp(2t) —1}/2dt,
where we choose the square root Such that {exp(2t) — 1}1/2 = —i{1 — exp(2t)}'/2. To
evaluate this integral let ¢t = In \/z, then

22

e — ; ‘322,/1_
€=Z/ ad 1dﬂc=—z/ 2 dz.
1 2 x

T

Next, let = cos? 9 so that

e2z . 9
——
1 cos?

2z

€
= —il// (cos? — secd) dv
1

z=e??
= —iu[sint? — log(sec ¥ + tan 19)] .
xr=

Vi—e% +1
= —iv [\/1~e2z—log{-——§£—+—}} ,

2The variable z was the independent variable of the differential equation from which the Liouville
normal form (4.64) originated; the Louville transformation is discussed in §5.1.1 of Chapter 5.
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whence
€= —iv(A —log(A+1)+2) (4.65)

where A = {1 —exp(22)}/2 = (1 — 22/12)1/2. Moreover, we will require the identification

= ()

which for our specific function ¢(z) is g = /2/7 (22 —v?)~/%. With the necessary notation
introduced, we can now give the asymptotic form of J, (z) for large |v| in the first quadrant;

however, we must choose the correct region Z(*) in Langer [1932] p. 471 table (50). Since

z = log(z/v) = logz — log|v| — iargv, z lies in region =(-2) or (- for v in the first

quadrant [Langer, 1932, p. 472, Fig. 3]. In any case [Langer, 1932, p. 471, table (50)],
Jy(z) ~ gexp{i(g — 7/}, v = oo (4.66)

From equation (4.65), £ ~ —iv{a + logz — logv} as |v| — oo, where @ = 1 — 10g(2).
Combining these asymptotics with (4.66) yields

~ exp{—Alog(t/s)},

JIr(s) £2 - a2\ /4 exp{\(a + logs —log \)}
NG s2— A2 exp{A(a + logt —log A\)}

which means that the integrand in (4.62) goes to zero as A goes to infinity along any ray
non-parallel to the imaginary axis, and thus the kernel J¢(r, s, A) also tends to zero as A
tends to infinity along non-vertical rays. On a ray that is parallel to the imaginary axis,
the integrand becomes more and more oscillatory; thus, the kernel still tends to zero as
A — oo vertically by the Riemann-Lebesgue Lemma [Bender and Orszag, 1999, p. 277].
Combining these cases, the kernel £ (r,s,\) — 0 as |A\|] — oo in the first quadrant
and thus from (4.5), uow(r, A\) ~ 1 or equivalently, ug(r, A) ~ tg(r, A) for large |A| locally
uniformly in r—the entire analysis has been locally uniform in spatial variable. This
shows that the condition (4.1) becomes the free Regge pole condition as |A| = oo, for
which there are no solutions (to be clear, there are no Regge poles for the free problem; in
fact, the Wronskian is a constant—see (4.8) and note that the Hankel function is a linear
combiniation of the Bessel and Neumann functions), i.e. there are no Regge poles for large
|A]- Moreover, the Wronskian # (ug, us) is an entire function of A, which has no zeros
for sufficiently large |A| since its \-zeros are precisely the Regge poles. Therefore, it can
only have finitely many zeros by Theorem D.2 in Appendix D.1. These facts have been
demonstrated for k = 1 and r < 1; but, as long as k < 1/rg for some finite ro > 0 then

r < rg would suffice. Consequently, we have proved the following result:

Theorem 4. For a potential which is identically zero for r > o and integrable for r < rg,

there are finitely many associated Regge poles when the energy k < 1/ro.
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Boundary Conditions

It is known that there are finitely many Regge poles for an analytic potential with
r2U(r) bounded [Barut and Dilley, 1963], and thus it would be prudent to try and count
them. As was described—albeit vaguely—in Chapter 1, the idea for achieving this is as
follows: consider (2.74) with boundary condition! u ~ cos(kr) + iy sin(kr) for large r and
v € [0, 1], where the Regge pole problem corresponds to setting v = 1. We do this in order
to establish a one-to-one correspondence between the Regge poles and the eigenvalues of
the self-adjoint problem associated with v = 0; an attempt could then be made to count
the Regge poles by counting these eigenvalues, since the technology is already in place to
do so. However, as we shall see, there are infinitely many eigenvalues when v € [0,1);
this is bad news for our proposed approach to counting Regge poles. We do, however,
discover a remarkable sensitivity of Regge poles to boundary conditions. In this chapter,
we demonstrate that when only the centrifugal term is present, infinitely many ‘Regge
poles’ come from infinity when the value of the coupling constant v is changed, by any
amount, away from unity. Strictly speaking, Regge poles correspond only to v = 1; this
is the reason for the inverted commas—maybe generalized Regge poles is better.

5.1 The Free Problem

For a localized potential, the boundary condition for distances far from the scattering
centre is u ~ cos(kr) + isin(kr). In accordance with our outline above, we introduce a

coupling constant 7 to acquire the following perturbed boundary condition at infinity:

u ~ cos(kr) + ¢ysin(kr), r — oo. (5.1)

!Note that we have the limit circle case at infinity. To emphasize that this is a boundary condition
perhaps we should write it as lim,— o0 # (u,cos(kr) + iysin(kr)) = 0.

75



CHAPTER 5. BOUNDARY CONDITIONS 76

In the free case, the solution of (2.74) satisfying (5.1) for v = 1 is proportional to H §‘1) (kr),
which is a special linear combination of the Bessel and Neumann functions. We require the
combination of Jy(kr) and Ny (kr) which satisfies (5.1) for v # 1. Modulo some constants,

we have for large r that

JIx(kr) —1/2 cos(z) sin(z)\ [ cos(kr) (5.2)

Ni(kr) —sin(z) cos(z)/ \sin(kr) '
where z = (A + 1/2)7/2, since for small argument the Hankel function of the first kind
satisfies [Abramowitz and Stegun, 1965, p. 364]

H;(/l) (.’13) ~ x—1/2e—i(u+1/2)1r/2eia:‘

The 2 x 2 matrix in (5.2) is unitary and thus (5.2) can easily be inverted to give

cos(kr) 172 cos(z) —sin(z)\ [ Ja(kr) (5.3)
sin(kr) sin(z)  cos(z) Na(kr)) '
Therefore, the required combination of the Bessel and Neumann functions is
Vr[(cos(z) + iysin(z))Jr(kr) + (—sin(z) + 7y cos(z))Na(kr)].

Thus, we have a ‘Regge pole’ when —sin(z) + iycos(z) = 0 for N entails the singular
behaviour of the wavefunction. It is helpful to rewrite this condition as tan(z) = iy where
z = (7/2)(A+ 1/2) so that, using Euler’s formulae, it becomes e%? — 1 = —y(e?* + 1) or
e?? = (1 —1v)/(1+ 7). Hence, z = (i/2) log[(1 + 7)/(1 — v)] + 7j where j is an integer,
and thus we finally get

.1 4 1+ .
A= ‘]—-é—f-—:;-lOg(sz—), j €Z, ’}’E[O,l) (54)

5.1.1 Liouville Normal Form

It will be convenient to write the radial Schrodinger equation (2.74) in Liouville normal
form, where we think of 1/4 — A2 as being the spectral parameter; this suggests that we
work in the weighted space £2(R*;r72). The general classical Sturm-Liouville problem

~ 3oL +a(r)f = )1,

can be converted to Liouville normal form

d?%g

~ap2 T19=me

using Liouville’s transformation. This transformation makes f = mg and p = [(w/p)!/?dr
where m = (pw)~1/4, provided p, ¢, and w are sufficiently well-behaved so that I, which



CHAPTER 5. BOUNDARY CONDITIONS 77

can be written as )
q d 1
I(p)== — =
(=L +me (m)

is well-defined [Pryce, 1993]. Consider the independent variable first:

p= /(w/p)l/er = /r‘ldr = log r + (const.),

i.e. r = (const.)e’. Without loss of generality we can take this constant to be 1, and thus
we have r = e?. The differential dr = e?dp, which means that

d _(dr\7'd __ d
_— = —_— — =e —
dr dp dp dp

and so (2.74) becomes

_e—pdip (e"’%) + (U(e) = k) u = —(A% ~ 1/4)e™*u. (5.5)

Secondly, u(r) = r1/2¢(p) = e?/2p(p). In order to apply this change of variable, it is useful

to make some preliminary computations; we have

du 1 d d du 1 d?
au _ L.p/2 20 4 [ _pduy 1 _p2 —p/28 %
O 2e” o+ e i <e dp) ¢ p+e Pl

which means that (5.5) is now of the form

2
(3‘3”/2(317f + 39_3”/ 204 (U(e) — k%) Pp = —(N2 —1/4)e™%%p.  (5.6)

Multiplying equation (5.6) by €3#/2 yields
—¢"(p) + (U(e?) — k*)e*o(p) = np(p), pER (5.7)

where n = —A2. In light of Liouville’s transformation, we also need to calculate the
asymptotics (3.1) and (3.2) for the transformed solutions. These are given by the following
few equations: the large negative p asymptotics for the regular left-hand solution is

vo(p) = e~ Pug(e?) ~ &, p— —oo.

For the right-hand solution (the ‘Hankel-like’ solution defined by its behaviour at infinity)
we must have

Poo(p) ~ €, p— —o0.

Moreover, the boundary condition at infinity becomes

Poo(p) ~ €”P/%[cos(keP) + isin(ke?)], p — oo.
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Consider again the free case. Let C, = (1/7)log[(1 + v)/(1 — )] with v € [0,1), and
note that C, > 0 which is large for 7 close to 1. In the n-plane we have from (5.4) that

n=-[(2j —1/2)* - CJ +2i(2j — 1/2)C,]
= —4j% + (2 - 4iCy)j + C1(Cy + 1) — 1/4. (5.8)

We note that since Ag = Re(A) > 0 then by equation (5.4) we must have j > 1. This places
the right-most eigenvalue to be at the point ng = Re(n) = C,"y’ —9/4, n; = Im(n) = -3C,,.
Hence, in terms of 7 we have the following picture of the spectrum: since we are in the
limit circle? oscillatory case at infinity there are infintely many eigenvalues (7) tending to
negative infinity along some parabola descibed by (5.8) [Pryce, 1993, p. 153]. Moreover,
in (5.7) where U = 0, all the hypotheses of Proposition B.2 in Appendix B.5 are satisfied.
Therefore, the essential spectrum is given by [0, co) in the 7-plane.

5.1.2 Boundedness of the Resolvent

We wish to show that in the limit as v — 1, infinitely many eigenvalues go to infinity.
However, to achieve this we must rule out the possibility of eigenvalues plunging into the
essential spectrum. Let us introduce the formal differential operator

L=—— —k%%, peR.

Define an operator Ay by A ¢ = Ly, ¢ € 2(A,) where
D(A)) = {f € LXR) : A,f € LA(R) and f ~ e P/%[cos(ke?) + iy sin(ke)], p — oo}

and v € [0, 1]. In light of what we want to accomplish, we need to show that the norm of
the resolvent (A, —n)~!|| is bounded with respect to 7 in some region which separates the
eigenvalues from the essential spectrum. Firstly, in order to acquire an explicit expression
for this resolvent, we must apply Liouville’s transformation to the inhomogeneous free

problem associated with equation (2.74), i.e.

A2 —-1/4 1 _
—u" + <—_r2 /4 _ k2>u =39 9E€ L2RY;r72). (5.9)

Recalling the transformation calculations in §5.1.1, we need only consider the final step of

multiplication by €3#/2 to get
—¢"(p) — (K** + n)p(p) = §(p) (5.10)

where § is defined by g(p) = e ?/2g(e?). Observe that § € £L2(R) since we clearly have
Jx 131%dp = I |g|?/r2dr < co. Hence, § is an isometry and we may continue to work with

This is given by Weyl’s alternative—Theorem A.10—which is described briefly in Appendix A.3.
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the new differential equation for p, namely, (5.10).

We use the method of variation of parameters on the inhomogeneous equation (5.10);
this is the standard method for acquiring an explicit expression for the resolvent. Suppose
that ¢o and ¢ constitute a fundamental system for the associated homogeneous U = 0
equation (5.7), or equivalently for the following first order system:

(§>::(—w%3ﬂ+m 3)(5)‘

To solve the inhomogeneous first order system

(3)2(4M;+m ) )+ (%)
(5)-or o-(2 )

where F is as yet undetermined. Then

/
1 0
L oF+( | =(¥) =¢F+oF
—(k%* +n) 0 —-g ©

which implies that F’ = & ( %). Now,

/
1 agy—1 | Poo TPoo
=W 7
Yo o

where # = # (po, poo) is the Wronskian of ¢¢ and ¢. Hence
1 Poog
Fl=—_ ,
L (—%ﬁ)

F = (fpoo%g-{_cl)

e

we write

which gives

Since (;f,) = ®F, it follows that

o0) = 1)+ expn(p) — 0lo) [ 2T ts 1 ) [~ =805, s

Using the fact that ¢;00(p) + capoo(p) is the general solution to equation (5.7) with zero
potential, we are free to choose ¢; = c2 = 0. Let Yooy € Z(A,), then on absorbing the
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non-zero constant %  into ¢, we have

P 0o
((Ay =) 7'9)(P) = —Poor(P) / vo(s)g(s)ds + wo(p) / Pooy(8)g(s)ds.  (5.12)
oo )

By the same reasoning that led to the utilization of the norm (3.36) in Chapter 3, we
may use the norm given by

h[-)|
I Ny = sup Ll 5.13
LR rec2(®) IRl c2w) (5.13)

in order to estimate ||(Ay — 7)7'§||. Suppose h € L2(R). Therefore, for the first term in
equation (5.12) we consider the quantity

< /R B(Ollpeon(o) [ ; I90(s)113(s)|dsdp

P
| [ 10)ent®) [ ea(@)(e)ascs
R —00
0
= [ 1B@lIgwr(o)l [ looto+Dlgo+ Dldtdp
R —00

0
= [ at [ 1b@llewn @llgoto + llato+ id,
—00 R
(5.14)

where on the second line of equation (5.14) we have made the substituation s = p + t.
To bound |pg(p)|, the solution defined by its good behaviour at negative infinity, for
p € (0,00), we need a second solution. Let Poo(p) ~ e ?/2cos(ke) as p — oo be this
second solution. Since P and o are linearly independent®, we must have a relation of
the kind ¢o(p) = c1P00(p) + c2oo(p) Where @ is the solution that blows up at negative
infinity. Moreover, it follows from the behaviour of ¢o that ce must be zero and so
wo(p) ~ e~P/2 cos(keP) as p — co. From the asymptotic behaviour of the solutions we may

summarize their bounds as follows:

—z/2 if 0
e 1 x>0,
< ¢ 5.15
lpo(z)| < (cons ){ e R if <0, ( )
and /
(1 + 'y)e—z 2 if > 0,
oo,y ()] < (COHS'C-){ e~ R if 1 <0. (519

On splitting up the integral over the whole real line in equation (5.14), we must
concentrate on bounding the first integral for which p € (—00,0). If p € (—00,0) then
necessarily p + ¢t < 0, and so by (5.15) and (5.16) we have

A
loo,y(P)||po(p + t)| < (const.)e*RE.

3To see this, suppose they are linearly dependent. In this case they must have the same asymptotic
behaviour, and so we have an eigenfunction. Thus, 7 is an eigenvalue, which cannot be.
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Thus, for p € (—o00,0) we have

0 0 0 0
[ dt / 1h(0)l2sory () ll0(p + £)]13(p + £)]dp < / ARt / I(o)13(p + )|dp

—o0 —oo

< (const.)”h—)l“”iu. (5.17)
R

For p € (0,00) there is an ambiguity in the sign of p + ¢t and thus we need to split up the
second integral in (5.14) once more, i.e.

0 o
[ /0 (o) [@aon(P)lg0lp + )10 + £)ldp

—00

0 —t
-/ dt[ | 1mOllemo@liooto+ llato+ D1dp
+ [ e ligolo + Ollto+ 1)

Now, from equations (5.15) and (5.16) we have the bounds

(1 +y)e=P2e=(pt0)/2 §f p4t>0,

5.18
(1 4+ y)e P2rrlPtt) if p4t <. (5.18)

(s (o)llenlo+ D) < (const.){
Thus, from (5.18) we have

0 —t
[t [ 1oliowaolivoto + 0o+ ldo
—oo i .
< (comst.)(1 +’y)/ dt/ |h(p)||§(p+t)le—p/2e/\R(P+t)dp
—00 0

o —p
= (const.)(1 +7) / dp/ |k(0)]1G(p + t)le—p/2e>\a(p+t)dt
0 —00

1/2 1/2
oo —p —p
< (const)(1+) [ e"’/zlh(p)ldp[ / |§(p+t)|2dt} [ / ewpmdt]
0 o0

_ —0o0

/ ” Ih(p)l2dp}
0

< (const.)(1 +v)(2Ar) ~Y/2|IR|lIg]]- (5.19)

1/2

o 1/2
< (const.)(1 +7)(2Ar) ™|l [ /O e—"dp]

Again from equation (5.18) we have

0 00
[t [ molema@livolo + Dllate + 0idp

0 00
< (const)(1+) [t [~ n(ollato -+ Ole %+ 2ap
—00 -t

0
15(p + t)le™"/?dt
p

~ (const.)(1 + ) /O ~ e Plh(p)ldp /
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—p

oo 0 1/2
< (const.)(1 +7)|Ig] /0 e-p|h(p)|dp[ / e-tdt}

= (const.)(1 + )3 /0 " eV —Tih(p)ldp

. 1/2
< (const.)(1 + )||R]lIg]] [ /0 (e7F —e2¢) dp]
= 271/2(const.)(1 + )|k ||3]]- (5.20)
Combining equations (5.19) and (5.20) yields
0 00
/ dt /0 1h(0)l2sory (0)]120(p + )10 + £)Idp
-0
< (const.)(1 + ¥)||R]||4ll [(2AR)*1/2 + 2—‘/2}, (5.21)

whence from (5.17), (5.21), and (5.14)

w1 144 ( 1 )]
< (const.)||h — + 14+ .
(const) gl |5+ 15T (14 =
(5.22)
Finding a bound for the second term in equation (5.12) is very similar, but we shall

p
l [ 10)¢eante) [ pols)ge)dsdp
R —00

derive the result anyway. Suppose h € L2(R). For the second term consider

< /0 Tt /R 1h(0)[002 (0 + Dll0() 13 + ldp.

(5.23)
Writing the integral over the whole real line in equation (5.23) as two integrals, we need
to consider bounding the second integral for which p € (0, 00). If p € (0,00) then p+¢t > 0
always and so by (5.15) and (5.16)

‘ [ meyeoto) [ " oory(5)(s)dsdp
R P

P00+ )lpo(p)| < (const.)(1 +~)e Pe™"2.

Thus, for p € (0,00) we have

[t [ 1ro)ipwonto + leato)lto+ Oldp
0 0 -
< teonst)(1+) [ at [ (a)lato + ™6 2ap

o0 o o]

< (const )1 +9) [ I(alePdp [ 3o+ et
0 0

1/2

< (const.)(1 + ) lIAll13] [ /0 °°e—2f’dp]

= 27"/?(const.)(1 + ) IR /llIgl- (5.24)
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For p € (—00,0) we must split up the first integral in (5.23) as follows
oo 0
[ at [ 10lignto + Olleatallate + 0ids
—00

- [ wdt[ [ 0@ lipson(o+ dliwololiato + ldo

—00

0
+ / B(O)lIonr (o + Dllo(o)3o -+ Dldp

and consider the sign of p +t. We observe from equations (5.15) and (5.16) that we have
the following bounds:

(14 y)ePtD)/2e2re if p 4t >0,

5.25
e Rt if p4+t<O. (5:25)

P00 (P + Bllvo(p)| < (const-){

Hence, from (5.25) we have

o0 —t
/0 at / IR lo0ry (0 + 1)l 0(2)][3(p + O)ldp
[e) —t
< (const.) / dt / Ih(0)]13(p + B)letdp
0 ey
< (const) ]3] | e et
0

= (const.)”i)l‘l—gg—” (5.26)

and

00 0
/0 at | Bllgocs o+ Dllvole)lae + Dide
00 0
< (const.)(1 +7) / dt / Ih(0)|[(p + )l +D/2e mPd)
0 —t

0 o0
= (const.)(1 + ) / Ih(p)le"ﬂpdp/ 15(p + t)]e~ (P24t
—o0 —p

- 1/2
0 o'}
< (const.)(1 + ) gl / Ih(p)]e*Pdp | e / e-tdt}
—w B —p

0 11/2

< (const.)(1 +7)lR{llIgll [/ e?RPdp

—00 ]

= (const.)(1 +7)(2xr) "2 |IR[III31l (5.27)

Combining equations (5.26) and (5.27) gives

00 0
/0 at [ 1B lcar o+l o+ )ldp < (const) 3] [ﬁ + 17;%%} , (5.28)
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and so from (5.24), (5.28), and (5.23)

/ h(p)po(p) / ” Poo~(8)d(s)dsdp
R P

- 1 1+ 1
< (const.) |23l [E 7 <1 + )] .

V2 VAR
(5.29)
Therefore, we finally have from equations (5.12), (5.22), and (5.29) that
14, = m)713) < Cconst )l | =+ VEL+) (14 =) | (530
/\R Vv )\R

5.1.3 Finding an Eigenvalue Free Region

In terms of the generalized CAM we have Ag = Rey/—7; we choose the branch of
square root such that its real part is greater than zero, since Ag > 0 is the regularity
condition on the solutions at the origin—this is discussed on p. 20 in Chapter 2.

Recall that we need to find a region in the n-plane in which there are no eigenvalues,
or better, a region for which the resolvent (A, —n)~! is bounded with respect to n. Let us
first consider the right-half plane, this is where —n = —a?+i8 with a, 8 > 0. On choosing
+1 for the square root in order to gain the correct sign for the real part of A, we have

V=1 =1iay/1—iB/a?
~ia(l —iB/2a°)
= B/2a+ ic.

For 1/Ar to be bounded we must have a = O(B) or /g = O(n;). Therefore, we
require g < 17?. A parabola could give the desired region in the right-half plane. To
check this, consider the problem of never allowing the point (g,, h,) inside some parabola
y = fu(z — b)? where £ > b: to solve this we require r — b < g, where y > hy. As a
consequence, f,(z —b)% > h, or f, > hy/(z — b)%. However, £ — b < g, and so we need
fa > ’—Lg (5.31)
Y9a
In our case we require the right-most eigenvalue (nr,nr) = (—3C, C',% —9/4) to always lie
outside the parabola ng = f,(nr — 8)?, nr > B (see p. 78 for the definitions of n and C,).
The solution is provided by (5.31), i.e.

fy >1/9—1/4C2.

Thus, the region enclosed by the two parabolas ng = f,(n1 — 8/2)? and ng = fy(nr — B)?
deals with the case C, > 3/2. On the other hand, for C, such that 0 < C; < 3/2 we are
to consider computing the desired ‘eigenvalue-less’ region in the left-half plane. For this
purpose, let us now write — = a? + i with a,8 > 0, and in a similar fashion to above
we can show that \/—n = a + i/2c. Since ng = —a? and —n; = B, it follows that
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1 V=R
AR —NMR—N}/40R
1

V=R — n}/Anay/ =R (5:32)
For )\El in equation (5.32) to be bounded, we require ng — —oo and 7y # 0. An infinite
strip in the fourth quadrant formed by the lines n; = —3/2 and n; = — with 3 satisfying
0 < B < 3C, would certainly suffice.

These calculations culminate in a region of boundedness for the resolvent (4, — 7)™ };
this region is depicted in Figure 5.1, and it separates the eigenvalues from the essential
spectrum as desired. Note that the boundedness of 1/4/Ag in this region is a direct
consequence of the boundedness of 1/Ag.

n4
Oess = [0,00)
tﬁ/z MR
@ e s ma e . . ..--- -4
A\
s \
@ T remss e m-- [ —— - \‘
v .
\‘ §~
~
‘\~ ~~~
s~~ ~~~~~
~~‘ ~ao
~~~ I T]R=f.7(7]1-5/2)2
..~~. .........
2 ~ - Seesee
(C2—9/4,-3C) T
h -.--.___’
nr = fylmr - B)?
e

Figure 5.1: The eigenvalues lie on the dotted parabola, whilst the region bounded between
the thick dashed lines forms the eigenvalue-free region.

By construction, the Regge pole problem (2.74) corresponds to setting the coupling
constant ~ to unity. However, if the potential is identically zero then as we know there
are no associated Regge poles; this observation, together with Figure 5.1, yields the result

Theorem 5. For the free particle Regge pole problem, every generalized Regge pole 1;(y)
is such that lim,_,1 |n;(7)| = +o0.



CHAPTER O

Conclusion and Future Work

For many decades it has been believed on physical grounds that the Regge trajectory
describing resonances (positive energy) should connect continuously at threshold to the
Regge trajectory describing bound states (negative energy). We have seen in §2.5.1 that
for the Coulomb attraction, this is certainly not the case; however, it is expected to be
true for shorter range potentials—such as the screened Coulomb potentials. In Chapter 3
we were able to resolve this long-standing conjecture: for potentials with 7|V (r)| bounded

at the origin, which satisfy the moment-type condition
o0
/ (1 + P)V(r)ldr < +o0, 6.1)
0

each Regge trajectory is either continuous at £ = 0 or else goes to infinity as F approaches
zero from above; moreover, every bound state trajectory (E < 0) has a corresponding
Regge trajectory (E > 0) to which it connects continuously at zero energy. Apart from
the Coulomb interaction, are Regge trajectories which go to infinity really possible? This
remains an open question. There are some (unreliable) numerical experiments to indicate
that singular behaviour of the trajectories may be possible for rational approximations to
Thomas-Fermi potentials; as yet, however, there are no proofs or counter-examples. On
the other hand, it has been known for half a century that Regge trajectories extend to
infinity in the CAM plane as the energy k — oo [Barut and Calogero, 1962].

In the sequel chapter we proved that for a compactly supported integrable potential,
the associated scattering problem has only finitely many Regge poles in the right-half
generalized CAM plane. In terms of analyticity, this significantly weakens the assumptions
made in Barut and Dilley [1963]; for example, the result (Theorem 4) of Chapter 4 enables
us to deal with the finite spherical well. However, it is desirable to extend these results

to non-analytic potentials without compact support. We have made several unsuccessful

36
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attempts to achieve this generalization, their failure was essentially due to the lack of
suitable normalization of the integral equation definining the right-hand solution when X\
is not fixed—a consequence of the Hankel function of the first kind possessing infintely
many A-zeros in the first quadrant. The next best candidate for a normalizer would be
the Hankel function of the second kind. This was a promising idea, largely because it has
its infinitely many A-zeros in the second quadrant [Cochran, 1965]; but, the large CAM
asymptotics could not be handled. There were similar issues with using any normalizer
concocted from Hankel functions. However, there was encouraging numerical evidence
that using e“"”‘H,(\m(r) as a normalizer could work, the problem was in seeing this from
an analytic perspective; there seemed to be some conflict between the numerical outputs
and what could be calculated explicitly.

We conjecture that there are finitely many Regge poles associated with a potential
satisfying the moment-type condition (6.1). This result would allow treatment of a much
larger class of potential functions; for example, potentials such as

C

Vir) = (14 ar)?(1 + b(r — 1)2)’

which is rather similar to a rational Thomas-Fermi potential (see (1.1)) but has
singularities at 7 = 1+ i/vb. Furthermore, what we believe would be of considerable
interest, is an estimate of the number of Regge poles in terms of the potential, in the spirit
of the Cwikel-Lieb-Rosenblum estimates for the number of bound states. This would be
the focal point for future work, the reason being the following. Knowledge that there
are only finitely many pole contributions to the sum in the Regge representation of the
scattering amplitude (2.73) is not terribly helpful, since in principle there could still be ‘too
many’; i.e. the number of Regge poles could still be very large and so for practical purposes,
infinite. We therefore justify the need for knowledge of the explicit numbers of Regge poles.
However, compared with counting bound states, the counting of Regge poles is an order
of magnitude more difficult. Moreover, it is at least as difficult as counting resonances.
The attempt made in this thesis to achieve Regge pole estimates was unsuccessful; but, it
did reveal an almost pathological sensitivity of Regge poles toward boundary conditions,
and this illustrates well the richness of the theory.



APPENDIX A

Self-Adjointness

A.1 Closed Operators

Definition A.1. If X is a subset of a metric space Z , then the closure of X in & is the
set of all x € & such that = is adherent to X; it is denoted by X. In other words, x € X
if and only if there is a sequence (zp) in X such that x, = x.

We make the following remarks: if X = 2 then X is called dense in Z". X is a closed
if and only if X = X. If X C Y then X C Y for suppose z € X and x, — = where
zn € X, then since z, € Y, z is adherent to Y. X is the smallest closed subset of 2
which contains X for if X CY and Y is closed, then X C Y =Y.

Definition A.2 (Kato [1966] p. 164). Let T : 21 — 2> be an operator. A sequence (z)
in the domain 9(T) is called T-convergent to z € 2, if both (z,,) and (T'z,) are Cauchy
sequences and r, — x. In this case, we write Tp Z . Moreover, T is called closed if

T Dz implies x € 2(T) and Tz = limTx,.

It is useful in the study of closed operators to introduce the notion of the graph of an
operator [Kato, 1966, pp. 164-165]: the cartesian product space Z7 x Z2 is a vector
space with linear operation defined by a(z1, z2) + B(z}, z5) = (az) + Bz}, axs + fz5) and
becomes a normed space when equipped with the norm ||(z1,z2)|| = (||lz1]|? + [|z2]|%)*/?,
which is complete making 2, x Z> a Banach space. The graph G(T) is the subset of
Z1 x %> consisting of all elements (z,Tz) with £ € 2(T), and is a linear subspace of
21 x 2. Moreover, G'(T) is a linear subspace of 27 x 2 consisting of all pairs (Tz,z)
with z € 2(T), and is the inverse graph of the operator T: 2 — 2.

A sequence (z,) in 27 is T-convergent if and only if (zn,Ty) is a Cauchy sequence
in 21 x &. Therefore, T is closed if and only if G(T) is a closed subspace of Z71 x Z5.

88
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Definition A.3 (Kato [1966] p. 165). An operator T : &, — %3 is called closable if T
has a closed extension. Equivalently, T is closable if and only if the closure G(T) of G(T)
is a graph. In this case, there is a closed operator T with graph G(T) = G(T) and T is

called the closure of T. Moreover, T is the smallest closed extension of T.

In view of this, if T is closable then 2(T) is the set of all £ € 27 such that there exists
a sequence (z) in 2(T) with z, — z, where (T'z,) also converges. Furthermore, we also
have Tz = lim Tz, for z € 2(T). With this information, we have

Theorem A.1 (Weidmann [1980] p. 58). Suppose we have a bounded linear operator
T € £(&,9%8) where & is any normed space and 9B is a Banach space. Then there exists
a unique bounded extension T of T satisfying 2(T) = 9(T).

Proof. Assume T is a bounded extension of T such that 2(T) = 2(T). If z € 2(T)
then there is a sequence (z,) from 2(T) such that z, — z. Since T is continuous,
Tz =lim Tz, = lim Tz, and so T is determined uniquely by T, if it exists.

To show existence, let z € 2(T) and (x,) be a sequence in 2(T) such that z, — z,
which means (zp) is a Cauchy sequence. Since T is bounded, (T'z,) is also Cauchy as
|Tzn — Tzm|| < || TH|zn — zm||- Hence, there exists a y € & such that Tz, — y and vy is
independent of the choice of (z,). So, we can define Tz = y.

To demonstrate the linearity of T suppose z,z’ € 2(T) and (z,), (z,,) are sequences

in 9(T) with £, = z and z;, = z’. Then for all , 8 € C, we have

T(ozx + Bz') = lim T (azx, + Bzl)
= lim(aT'z, + BTz}
= oTz + T

In addition, if z € 2(T) and (z,,) in 2(T) such that z, — z, then their norms also

converge, i.e. ||zn]| — ||z|.! Hence, we have
ITz|| = lim||T2,|| < lim | Tzl = | Tl2]l,

which shows that T is bounded. O

A.2 The Adjoint Operator

Definition A.4. An operator T : 5 — ¥ on Hilbert space S is called Hermitian if
it is a formal adjoint of itself, i.e. (T flg) = (f|Tg) for all f,g € D(T). Moreover, an
operator T on S is called symmetric if it is Hermitian and densely defined, where by
densely defined we mean 2(T) = .

!This is a consequence of the standard inequality |[|z|| — [lyll| < llz — yll. To derive this inequality,
we use |d(z, z) — d(y, 2)| < d(z,y), which in turn is the result of interchanging = and y in the triangle
inequality d(z, z) < d(z,y) + d(y, 2).
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We now discuss the notion of self-adjointness and to do so we cite the description given
in Weidmann [1980] pp. 67-68. If S is a formal adjoint of an operator T : 4 — 5%, then
for each g € 2(S) the linear functional Ly defined by Ly f = (g|Tf) with 2(Ly) = 2(T)
is continuous. This is because for all f € Z(Ly), we have Lyf = (9|Tf) = (Sg|f), which
means that Ly is the restriction to 2(T') of the continuous linear functional Ts,. If 2(T)
is dense, then by Theorem A.1, L, can be uniquely extended to J4 = m Hence, there
exists a hg € J#], uniquely determined by g and T via (9|Tf) = Lgof = (hg|f) for all
f € 2(T). Moreover, if S is a formal adjoint of T and g € 2(S) then we have hy = Sg.
Therefore, every formally adjoint operator of T is a restriction of the adjoint operator T,

which we now describe: suppose T': ¥, — 5% is densely defined and
9" = {g € % : there exists a hy € I3 such that (hy|f) = (g|Tf) for all f e 2(T)}.

The element hg is unique for if (h1|f) = (he|f) = (g|Tf) for all f € P(T), then clearly
(hy — ha|f) = 0 for all f € 2(T), which means that hy — hy € 2(T)*. Now, 2(T) = 4
since 2(T) is dense and S = W@WL since 9(T) is closed. Hence, ml = {0}.
Furthermore, 9_(T).l = (Q(T)“‘)L since both 2(T) and 2(T)** are the smallest closed
linear subspaces of 4 containing 2(T'). Finally, as (@(T)ll)L = 9(T)*, we have that
@(T)J‘ = {0} and thus h; = hy. Also, 2% is a subspace of 5% and 2t — 44, g — hg is
linear since for g;,90 € 2t and o, 3 € C, hag,+8g>, = ahg, + Bhyg,.

Hence, by 2(Tt) = 2%, Ttg = h, for g € 2(T7) a linear operator T : /% — I8
is defined. T is a formal adjoint of T and is the extension of all formal adjoints of T
Since a densely defined operator T is Hermitian if and only if it is a restriction of T, we
have that an operator T is symmetric if and only if T is densely defined and T C Tt. An
operator T on J is self-adjoint if T is densely defined and T = T".

Theorem A.2. If ¢ is any subspace of I, then Z L is a closed linear subspace of .

Proof. Firstly, we clearly have 0 € ¢ L. IffLgjforal jand g = E;-Zzl Ajgj, then
(flg) = >°5=1 Aj{flg;) = 0 and so #+ is a linear subspace of J#. Suppose (fy) € st
and f, — f € S, then for any g € _# we have (f|g) = lim(fn|g) = 0. Hence f € gt O

Theorem A.3 (Hutson and Pym [1980] pp. 171-172). The adjoint operator is closed.

Proof. We first demonstrate that G'(-T7) = G’(T)J‘. By definition of the inner product
in 2 x H#, (f,Tf)|(-Ttg,9)) = (f| - T'g) + (Tfl9)=0, f € D(T), g € 2(T"). Thus,
G'(-T") c G(T)*. On the other hand, take an element (h,g) € G(T)*. Then we have
the equation (f|h) + (Tflg) = ((f,Tf)|(h,g)) = 0, which means that g € 2(T") and
h=-Tlg, ie. G(T): c G'(-T").

Now, G(T)! is closed by Theorem A.2 and therefore G'(—T') is also closed, which
means that Tt is a closed operator. O

Theorem A.4 (Weidmann [1980] p. 91). Every symmetric operator T' on S is closable

and T is also symmetric.
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Proof. 1t follows immediately from Theorem A.3 that T is closable since we have T c Tt
where T is closed.

Since T is closable we can take any f, g € 2(T) such that there are sequences (f), (gn)
in 2(T) with fn = f, gn = g, Tfn = Tf, and Tg, — Tg. Therefore, since we assume
that T is symmetric, (T flg) = Uim(T f,|gn) = lim(f,|Tg,) = (f[Tg). It only remains to
demonstrate the density of 2(T). We note that if F1 C _#2, then ?1— C ;72 for suppose
f € _# and (fn) € #1 with f, — f, then also (fn) € #2 and so f is adherent to _#,.
Now, the inclusion T C T means that 2(T) C 2(T) C . Furthermore, 2(T) = S by

hypothesis and so 2(T) = 4. O

Theorem A.5. If T is a symmetric operator on 3, then T = Tt and T = Tt

Proof. 1t is clear that T is closable by Theorem A.4. Thus, from the proof of Theorem A.3
we have G(T) = G(T) = G(T)** = G'(~Tt)" . We also have that G(Tt) = G'(-ThH*
since ((f, T f)|(=T"g,9)) = (f|=T"g) + (T flg) = 0 for f € 2(T'), g € 2(T"). Hence,
G(TM caG (—-TT)J'. Conversely, suppose we have an element (h, g) € G’(—TT)J'. Then,
(=TT flh) + (flg) = ((=T'f, f)|(h,g)) = 0, which means that h € 2(T') and g = T'th,
ie. G'(—T*)J' C G(T'). This justifies the claim that G(T') = G’(—TT)J' and hence
Tt = T. Moreover, Tt = TT = (Tht = () =T, 0O

Definition A.5. A symmetric operator T on S is called essentially self-adjoint if T is
self-adjoint.

Theorem A.6. Let T be a symmetric operator on €, then T is essentially self-adjoint
if and only if Tt is symmetric. In this case, we have T = T*.

Proof. If T is essentially self-adjoint then T = T' = T = T' by Theorem A.5, the
hypothesis and Theorem A.5 respectively. Thus, T is self-adjoint and so is also symmetric.

If, on the other hand, T is symmetric then as T is symmetric by Theorem A.4 and
T' =Tt wehave T c T' = Tt. Also, Tt c Tt =T by Theorem A.5 andso T = Tt = T,

which means that T is essentially self-adjoint. O

A.3 The Sturm-Liouville Operator

Our task for this section is to study the self-adjointness of the Sturm-Liouville operator;
we give the account due to Weidmann [1980] pp. 248-250. Before embarking on this, let
us first present a result which will be of great use in the study of the Sturm-Liouville
operator. This result concerning finite linear combinations of (complex) linear functionals
can be found, for example, in the book of Weidmann [1980] p. 53; for our purpose we will
only make the statement, but it may be proved by mathematical induction. Setting our
notation for the null space, #(T) = {f € 2(T) : Tf = 0}, we have
Theorem A.7. Suppose F, Fs,...F, are linear functionals on a complex Hilbert space
H with D(F;) = D(F) = # forj € {1,2,...n}. If (o) N (Fj) C A (F), then there
ezists a;j € C such that F =} 7 o F}.



APPENDIX A. SELF-ADJOINTNESS 92

We now describe the Sturm-Liouville operator, and also introduce some concepts and
notation to be used throughout. Consider the formal differential operator

Lf = Z(~(fY +af)

on (a,b), with p,w > 0 and p, g, w real-valued and continuous functions defined on (a, b).
The maximal operator T corresponding to L is defined by T'f = Lf, with 2(T) consisting
of all f € L2(a,b;w) such that f is continuously differentiable in (a,b), f’ is absolutely
continuous in (a,b), and Lf € £2(a, b;w). The minimal operator Ty corresponding to L is
defined by Tof = Lf with 2(Tp) = C3°(a,b). Both T and Tp are densely defined.

If 2 € C and g is locally integrable, then f is a solution of the equation (L—2)f =g if f
is continuously differentiable, f’ is absolutely continuous, and (L—z) f(z) = g(z) for almost
all z € (a,b). Two solutions f; and f2 of the homogeneous equation (L—2z)f = 0 constitute
a fundamental system if their weighted Wronskian # = #/(f1, f2) = p(fifs — fof1) # 0
for some (and hence for all) z € (a,b). In this instance, solutions f of the equation

(L — 2)f = g are given by the variation of parameters formula

10) = i@ + ah(@) + (@) [ # 7 f)e(w(E)ds
- fa(o) [ W (s)g(s)w(s)ds

where ¢ € (a,b) and ¢j,c2 € C. Suppose f and g are continuously differentiable, then we
define the Liouville bracket to be

[f,gle = p(z)(f' (2)"g(x) — f(z)*d'(2))-

Furthermore, for f’ and g’ absolutely continuous we have by integration by parts that

B
| r'1a - @ gywaz = 1£.9ls - [£, 5l
for [a, 8] C (a,b). Therefore, for f,g € 2(T) we have

(fITg) — (Tflg) = [f, 9l — [f, gla-

Theorem A.8. Let L3(a, b;w) be the subspace of those functions in L?(a,b;w) that vanish
for almost all x near a and b. Then, the range Z(To) = # consists of those functions
v € L3(a,b;w) such that f: ¢*vwdzx = 0 for every solution ¢ of L¢ = 0.

Proof. For f € 2(Ty) (so Tof € %Z(Tp)) and for every ¢ such that L = 0, we have by
integration by parts that | : &* (Tof)wdz = [ : (L¢)" fwdz = 0, which means that Tof € Z
or Z(Tp) C #. Now, take v € Z and [, 8] C (a,b) with v vanishing outside [, 8]. For
c € (a,b) and ¢; = co = 0, let h be such that Lh = v given by the variation of parameters
formula met earlier for z = 0. Then, k' is absolutely continuous and h(z) = 0 for z € (a, ).
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For each solution ¢ of the equation L¢ = 0 and for each zq € (a,a), € (B,b), we have

[¢" h]l‘ = [¢, h]x - [¢7 h]:z:o
=/ (¢*v — (Lé)"h)wdzx

=0.

This holds for every ¢ with the property that L¢ = 0 and so it must be that h(z) = 0 for
all z € (B,b). Therefore, h € 2(Ty) and Toh = v € Z(Tp) or equivalently, Z C Z(Tp). O

Theorem A.9. Tpf =T.

Proof. Integration by parts shows that (T f|g) = (f|Tg) for all f € 2(Tp), g € 2(T), i.e.
that they are formal adjoints of each other. This means that T C Tp! since every formally
adjoint operator of Ty is a restriction of Tp'.

To show that Tp' € T, take f € Q(TOT). Then, g = Tp' f is locally integrable. Suppose
h is such that Lh = g, then

b b .
/ (f = )" (Tov)wdz = / [(To'f) — (L) vwdz =0

for all v € 9(Tp). Defining the functional
b
F:La,b;w) > C, I~ / (f — h)*lwdz,
a

we see that 2(Tp) C A (F). By Theorem A.8, Z(Tp) consists of all I € L3(a, b;w) such
that | : ¢*lwdz = 0 for every solution ¢ of Lo = 0. Moreover, Z(Tp) = A (F}) where
F; : E%(a,b; w) > C Il - f:gbj*lwdz, 7 = 1,2 and ¢1, ¢2 constitute a fundamental
system for L¢$ = 0. Therefore, by Theorem A.7 we can write F' = a1 F} + asF> for some
aij,az € C. Defining u(r) = a141(x) + aspa(z), we have f; (f — h— p)"lwdz = 0, which
means f —h = ay¢) + az¢s for almost all € (a,b). Hence, f is a solution of Lf = g and
since f € L£2(a, b;w) it follows that f € 2(T), i.e. To! C T. O

Theorem A.10 (Weidmann [1980] p. 254). Let L be a Sturm-Liouville formal differential
operator on (a,b) and let c € (a,b). Either every solution u of the equation (L — 2)u =0
lies in L%(c,b;w) for every z € C, or for each z € C\ R there ezists (up to multiplication
by a constant) eractly one solution u of the equation (L — z)u = 0 with u € L2(c, b;w).
The ezxact analogue holds for the boundary point a. This is known as Weyl’s alternative.

The original analysis of Hermann Weyl refers to the first case in Theorem A.10 as the limit
circle case at b (or at a), whilst the second is referred to as the limit point case at b (or
at a). These are not merely semantics, but are accurate descriptions of the possible cases
that can arise in solving the Sturm-Liouville equation with a singular boundary point, by
letting b — oo and approximating the singular problem by a sequence of regular ones.
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Theorem A.11 (Weidmann [1980] p. 255).
(a) [f.9la =0 for f € D(To) and g € 2(T),

(b) In the limit circle case at a; if ¢ is a solution of (L — 2)¢ = 0 for some z € C, ¢q is
twice continuously differentiable on (a,bd), ¢o(z) = ¢(z) near a, and ¢o(x) = 0 near
b, then we have ¢9 € 2(T) \ 2(Tv),

(c) In the limit point case at a, [f,gle = 0 for all f,g € D(T). Similarly for b.
Proof.

(a) Let f € 2(To) and g € 2(T), then there is a go € 2(T) with the property that
go(r) = g(z) near a and go(z) = O near b. This can be seen by multiplying g by
a mollifier x with the property that x(z) = 1 near a and x(z) = 0 near b, i.e. let
90 = xg then g5 = x¢’ + X’g exists and is absolutely continuous. So,

[£,)a = [, 90la — [, 90)s = —({f|T90) — (To£1g0)) = (f[To' 90) — {f|Tg0) =0

since T is closed by Theorems A.9 and A.3, and so Tot = T1 by Theorem A.5.

(b) Now, ¢o € 9(T). If v is such that (L — 2)v = 0 with #(¢,v) # 0 and vy is defined
analogously to ¢o, then vo* € 2(T') and [¢o, vo*]a = [¢, v*]a = —# (u,v)* # 0. Thus,
it follows from (a) that ¢o &€ 2(Tp).

(c) We are free to suppose that L is regular at b, then the defect indicies of Ty are
(1,1) by Weyl’s alternative—for our purposes we take as our definition of the defect
indicies (v4+,v-) of Tp to be as follows: 4 (y—) is equal to the number of linearly
independent solutions of the equation (L + i)u = 0 ((L — ¢)u = 0) that belong to
L2(a,b;w). Let ¢1,¢2 be linearly independent solutions of L¢ = 0, and let vy, vs
be twice continuously differentiable functions such that v;(x) = ¢;(z) near b and
vj(z) = 0 near a. By part (b), v1,v2 € 2(T) and are linearly independent modulo
29(Ts). Thus, 2(T) = 2(Tp) + span(vi, v2). Hence, any f,g € 2(T) have elements
fo,90 € 2(T,) that agree with f and g in a neighbourhood of a respectively. It
follows from part (a) that [f, gl = [fo, 90]a = 0.

O

Theorem A.12. If we have the limit point case at both singular endpoints, then it follows
that T is self-adjoint.

Proof. In this case we have for f,g € 2(T) that (f|Tg) — (T'flg) = [f,9]s — [f,gle = 0 by
Theorem A.11 (c). Thus T is symmetric. We also know that Tj is symmetric since we have
that To € T = To' by Theorem A.9. Consequently, as both Ty and Tp' are symmetric,
Tp is essentially self-adjoint by Theorem A.6. Another application of Theorem A.6 yields
that Ty = Tpt = T and so by definition of essential self-adjointness, T is self-adjoint. [
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The Spectrum

B.1 Spectral Theory in Finite Dimensions

Let & denote the space C" with any appropriate norm, and suppose that A is a linear
operator on & corresponding to a matrix A = (aij)7;- A non-zero vector v € & is called
an eigenvector of the operator A, belonging to eigenvalue A, if we have

Av = dv. (B.1)

The collection of all eigenvalues of A is called the spectrum of A. Clearly, the spectrum of

A coincides with the set of all roots {1, ..., Am}, m < n, of the characteristic equation
ap — A az SRS
get| omTA e
ai o G

This is justified by the fact that all matrices representing a given operator on a finite
dimensional normed space &—relative to various bases for &—have the same eigenvalues.
Therefore, if A € {\1,...,An} then the corresponding operator A — Al is not invertible,
where 1 denotes the identity operator.

Before we continue our brief introduction to spectral theory let us, in anticipation of
what is to come in the next section, note the following fundamental result concerning

linear operators and their inverses on general vector spaces [Kreyszig, 1978, p. 88]:

Theorem B.1. Let ¥; and ¥2 be complex vector spaces, and let T : D(T) — Z(T) be
a linear operator with domain 2(T) C ¥1 and range Z(T) C %. Then, the inver,
T=1: %(T) - 2(T) exists if and only if Tv = 0 implies v = 0, and is a linear opera

95
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Proof. Suppose T'v = 0 implies v = 0. If Tv; = Ty, then T'(v; — v2) = 0 which implies
v1 = vy by assumption. Conversely, if the inverse of T exists then Tv; = Twy implies
v] = vy; setting vo = 0 shows that Tv; = 0 implies v; = 0. We now show that if it exists,
T~! is a linear operator: let v1,v2 € 2(T), w; = Tvi, and wy = Tvy. Then, v1 = T 1wy
and vg = T~ lw,. Since T is linear we have for any a,b € C that aw; + bwy = T(av1 + bvg),
which means that T~} (aw; + bwsy) = avy + bvg = aT 1w, + bT tws. O

B.2 The Resolvent

Thus motivated, we now consider spaces of arbitrary dimension; in particular, we are no
longer restricted (as we were in the previous section) to finite dimensional spaces. Spectral
theory is a much richer subject in infinite dimensions since in general, the spectrum will
no longer comprise of isolated points only. Let & denote some complex normed space and

let T: 2(T) — & be a linear operator. We may associate with T" the linear operator
(T-A1)" = (T-X"! (B.2)

called the resolvent of T—we know that it is linear because of Theorem B.1. The resolvent
provides the solution to equations such as (T — \)v = w, i.e. v = (T — A\)~lw provided, of
course, that (T — A\)~! exists. The resolvent clearly depends upon A and, in fact, spectral
theory revolves around this dependence. The existence, boundedness, and density of the
domain of (T — A\)~! are of particular interest, since these properties of the resolvent give
rise to the different types of spectrum associated with infinite dimensional spaces. We now
give the standard classification of the spectrum of an operator: the definition to follow

can be found in, for example, Kreyszig [1978] p. 371.

Definition B.1. A regular value A of the operator T is a complex number such that
1. (T — \)7! exists,
2. (T — \)7! is bounded,
3. 2((T —\)71) is dense in &.

The resolvent set p(T) is the set of all regular values of T. The complement of p(T) in the
complez plane is called the spectrum of T, denoted by o(T). The spectrum is partitioned
into three disjoint sets, corresponding to the properties of (I — A)~! listed above:

e The point spectrum, denoted by op(T), is the set of A such that the resolvent does

not exist; members of the point spectrum are called eigenvalues,

e The continuous spectrum, denoted by o.(T'), is the set of A such that the resolvent

ezists and has dense domain, but is not bounded,

e The residual spectrum, denoted by o(T), is the set of X such that the resolvent exists

but is not densely defined—it may or may not be bounded.
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Theorem B.1 shows that the resolvent (T — A\)~! : Z(T — A\) = 2(T — )) exists if and
only if (T' — A\)v = 0 implies v = 0. Thus, if (T'— A)v = 0 but v # 0 then X € op(T)
by Definition B.1. The element v is called an eigenvector of T—or an eigenfunction if we
are working in a function space—belonging to eigenvalue A. This demonstrates that the

current definition of an eigenvalue is consistent with our previous one involving (B.1).

B.3 The Essential Spectrum

We have seen in section B.1 that the spectum of a linear operator T can be decomposed
as follows: 0(T) = op(T) U 0c(T) U 0r(T). However, we may define yet another subset of
the spectrum called the essential spectrum, which is denoted by oe(T"). The reason for
introducing the essential spectrum is that it is a more general concept with many useful
properties. There are various definitions of the essential spectrum in the literature, and
they are not generally equivalent, except when T is a self-adjoint operator—on a Hilbert
space of course [Edmunds and Evans, 1987, p. 417]. Furthermore, in the case where T
is a bounded self-adjoint operator, we have a simple decomposition of the spectrum into
two disjoint subsets given by o(T) = op(T") U 0e(T") [Reed and Simon, 1980, p. 236]. In
order to introduce the notion of essential spectrum, we must first make some preliminary
definitions; we take these from Edmunds and Evans [1987] pp. 7 and 39.

Definition B.2. Let # be a subspace of the vector space V. The coset of v € ¥ with
respect to W is denoted by v+ #, and is defined as

v+ ¥ ={v+w,we¥}

The cosets constitute the elements of a vector space; this space is called the quotient space,
which is denoted by ¥V /¥ .

Definition B.3. Suppose that #, and B> are two Banach spaces, then a closed linear
operator T € € (#B1,PB-) is said to be semi-Fredholm if Z(T) is closed and at least one of
the nullity, nul(T) = dim(A4 (T)) and deficiency, def(T) = dim(B2/%#(T)) is finite.

Now that we have introduced the notion of a semi-Fredholm operator, we are in a
position to define the essential spectrum of a closed linear operator o.(T’); this is given,
for example, by the following [Edmunds and Evans, 1987, p. 40]:

Definition B.4. Let & be a complex Banach space and let T € €(%). Then the essential

spectrum of T is given by the set
0e(T) =C\{A € C:T — X is semi-Fredholm (A (T) < c0)}.

As we have already mentioned there are several different definitions of o¢(T); we favour
this particular definition because it yields an equivalent definition which is usually more

convenient to work with in practice. In fact, this equivalent characterization will be useful
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imminently. To be able to recharacterize the essential spectrum, we must first introduce
singular sequences; these are defined as follows [Edmunds and Evans, 1987, p. 415]:

Definition B.5. A sequence (z,) in 2(T) is called a singular sequence of T corresponding
to A € C if it contains no convergent subsequence in a complex Banach space B, and is
such that ||zpll2a = 1 and (T — Nz, = 0 as n — oco.

With this in mind, we have [Edmunds and Evans, 1987, p. 415]

Theorem B.2. For T € € (%) densely defined, A € o¢(T) if and only if there is a singular
sequence of T corresponding to .

In spectral theory, the numerical range of an operator in Hilbert space is a most
important tool; in our case, we will require it for the purpose of calculating the essential
spectrum, by means of a well-used argument. The importance of the numerical range is
due to the fact that it contains the essential spectrum (and also the point spectrum). The
proof of this is given after the following definition [Edmunds and Evans, 1987, p. 99]:

Definition B.6. The numerical range ®(T') of a linear operator T in Hilbert space 5,

is the set of complex numbers

®(T) = {(Tz|z) : x € 2(T),||z| = 1}

Theorem B.3. ¢.(T) C ®(T).

Proof. Let A € 0¢(T). Then, by Theorem B.2 there exists a sequence (z,) in 2(T'), with
lzn|l = 1 such that ||Tz, — Az,|| = 0 or (Tzn|zn) — AM(@n|zr) — 0. This means that
(Tzp|zn) — A = 0 and so A € ®(T'). Hence, o.(T) C &(T). O

Aided by the following definition from Kato [1966] p. 194 concerning the relative
compactness of operators, we give a generalization of the seminal result due to Weyl [1909]
on self-adjoint operators in a Hilbert space; it describes the invariance of the essential

spectrum under a relatively compact perturbation [Kato, 1966, p. 244].

Definition B.7. Let S and T be linear operators satisfying 2(S) C 2(T). Assume
that for any sequence (vn) € 2(S) with both (vn) and (Svp) bounded, (Tv,) contains a
convergent subsequence. Then T is said to be relatively compact with respect to S, or

simply, S-compact.

Theorem B.4. Let & be a complex Banach space. Suppose S € € (%) and let the linear
operator T be S-compact. Then, oe(S) = 0e(S +1T).

The next theorem is the core of this section; it is indispensable in the development
of the proposition which we are to use in the main body of the thesis—in Chapter 5. In
essence, the following is an application of Theorem B.4, but we will require the machinery

of an intermediate result in order to present its proof satisfactorily.
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Theorem B.5. Consider the following operator:

d2
= —— 2
1 Pl V(z) on L*(R).

If V is bounded and decays at +o00, then oo(T) = [0, 00).

Proof. To prove this we trace Kato [1966] p. 304. For the operator Ty = —d/dz? on L2(R),
o(Ty) = 0e(To) = [0,00). Thus, in view of Theorem B.3 it suffices to prove that T — T
is relatively compact with respect to Tp. Let (f,) be a bounded sequence in £2(R) such
that (Tofn) is also bounded. We have to show that ((T — Tp)f») contains a convergent
subsequence. To continue we require the following proposition [Kato, 1966, p. 301]:

Proposition B.1. Let f(z) € L2(R) be such that |k|2f(k) € L2(R), k € R, where we
define f(k) = Ff(x) to be the Fourier transform of f(z). Then f is a bounded function

which is Holder continuous with exponent smaller than 1/2.

Proof. Firstly, observe that by an application of the Holder inequality the Fourier
transform of f is integrable:

2
F(1. dk £(1.)12 2 a2 2 00
( / lf(k)ldk) < [ e WP + a2 ak <

for some arbitrary @ > 0. Now, the Riemann-Lebesgue Theorem states that a function f
whose Fourier transform f(k) € £!(R) is bounded and continuous. To see this, we have

— ____1__ ikx £ .
fle) = = /R &% f (k) dk (B.3)

and so

1£(2)] < \/—;:w /R £ () |dk < oo

for almost all z € R, i.e. f is essentially bounded. The continuity of f follows directly
from the continuity of the integral in (B.3). Hence, f is bounded and continuous.
Next, we need to show that for all v € (0,1/2) there exists a non-negative constant C
such that for all z,y € R,
|f(z) = f(y)| < Cle —y|™

To this end, we have
— _ 1 ikz _ iky(| §
|f(x) — Fy)l = Nor /R le || f(k)|dk.

Now, -
ezk:t _ ezky — ik/ ezktdt’
y

which implies that
eika: - eikyl < |k||m _ yl'
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We note that |e** — e*¥| does not exceed 2, and thus

,eikx _ eikyl — |eikz‘ _ eiky|7|eikz _ eiky 1-
yl”.
Hence,
[f(z) = F)l
) Dy O

By the Holder inequality

2
( /R Ikl”lf(k)ldk) < ( /R |k|2*dk)( /R If(k)IQdk),

which implies

201 K[> 2
(/R|k|v|f(k)|dk) (/ TFl 1 2)2dk) (/ 17 ()25 + a )2dk> (B.4)

for some arbitrary a > 0. Looking at (B.4), the second integral is finite by hypothesis.
Denote the integrand in the first integral by I.,, then if v € (0,1/2) we have

I k|2’a~* as k—0,
K k|24 as k — Foo

and so in both cases I, is integrable. Therefore,

@) = I _

|z —y|*  —
0

In order to make use of Proposition B.1, we need to show that |k|2f(k) € £L2(R) since
we already have by hypothesis that our sequence of bounded functions lives in the Lebesgue
space L2(R). To do this we first note that —d?f/dz? is the inverse Fourier transform of
|k|2f(k), as the following straight-forward calculation demonstrates:

F k2 (k) / k2= (k) dk
2¢(__ 'Llcz
2 A
_%[# /R e”“f(k)dk]

d2
—@f(x)-
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But, by assumption we know that F~1|k|2f = T,f € L%(R), and thus by Parseval’s
Theorem [Boas, 2006, p. 383] we get |k|2f(k) € £L2(R). Therefore, applying Proposition
B.1 to our sequence (f,), we find that the f,(z) are uniformly bounded in z and n, and
equicontinuous. By the famous Arzeld-Ascoli Theorem [Kato, 1966, p. 157], (fn) contains
a subsequence, (fn,) say, that converges uniformly on any bounded interval of R. Let f
be the limit of this subsequence, then f is bounded, continuous, and resides in £2(R). All
that remains is to show that V f,. — Vf in L2(R).

Let € > 0 and suppose R is sufficiently large as to ensure that |V (z)| < € for |z| > R,
which can be done since V' decays for large |z| by assumption. Then,

/ IV fa, = VfI%dz < 262(| £, |2 + 1 £12)
|lz|>R
< A(sup |1 £, )%

for all n, and
/ Vo, —Vfl’dz 50 as n— oo
lz|<R

by the assumed boundedness of V' and the uniform convergence fp;, — f on |z| < R. It
follows that V f,; = V f in L2(R). O

What we actually want to prove is slightly different from Theorem B.5, namely, the
hypotheses on the function V' are more complicated. To cope with such modifications, we

must consider the Glazman decomposition; this is the topic of the next section.

B.4 The Glazman Decomposition

The Glazman decomposition is a strategy for calculating the essential spectrum under
the special circumstances in which the operator can be split up in some helpful way. The
method is described in the book of Akhiezer and Glazman [1993]. We study the operator

d2

—Ex—2+V(z) on L%*(R)

T =

and consider the equation

(T-2u=f, feLR).
Let L be the differential expression associated with the operator T' and define
flEfl(_oo’O]a fZEfI[o,oo)'

Thus, we need
(L - Z)U1 = fl, (L - Z)’U.Q = f2
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with 41(0) = u2(0) := h, h € C and u}(0) = u45(0). We attempt to solve
(L—2)u1 = fi, w(0)=h,
in £2((—00,0]). This is only possible provided z ¢ o(T}), where
2(Th) = {w € L%((~00,0)) : Lw € L2((—00,0]),w(0) = 0}.
Let K1h € £L2((—0o0,0]), which depends on z, be such that
(L —2)(K1h) =0, (K1h)(0)=h

and note that K; : C — L2((—00,0]) is rank 1 since 2(K;) has dimension one. Let
v1 = u; — K1 h and apply the operator (L — z) to both sides to get

(L = z)v1 = f1 — (L — 2)(K1h)
= f1.

Also, v1(0) = h—h = 0, which implies v; € 2(T}) and hence v, = (T} —z) ! f;. Therefore,

uy = v + Kih
=(Ty — 2)" ' f + K1h. (B.5)

Similarly, we solve in £2([0,00)), the problem (L — 2)us = f2, uz(0) = h. Again, this
is possible only when z is not in (7%), where

D(Ty) = {w € L4([0,0)) : Lw € L*([0,00)),w(0) = 0}.
Suppose Kah € L£2([0,00)) is such that
(L —2)(K2h) =0, (K2h)(0)=h

and note once again that K, : C — £2([0, 00)) is rank 1. Let vy = uy — K3h, then applying
the operator (L — z) to both sides yields

up = (T — z) "' fa + Kah. (B.6)

We need to eliminate h. To achieve this we take derivatives at the origin. Let 0; for
J € {1, 2} be defined by

= limu/ d Ou=Ilimu/(z).
O1u lgx&u(a:) an U ;JIBU((E)
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From our initial data, we want dyu; = daus, i.e.
(Ty — 2) 7' f1 + B1K1h = 8y(Th — 2) 7! fo + 8 Kb (B.7)

It is important to notice that the operators 1 K; = M; and 3: K> = M, are so-called
Titchmarsh-Weyl M-functions. To see this, consider the following for K2 (the same
argument applies to K;). By definition the function

&n = Kah
solves the problem
(L-2)6a=0 on [0,00), & €L*([0,00)), £r(0)=h.
Therefore,

By Ky = %azz(Qh

_ &(04)
£r(0)
_ £'(0+)
=50 (B.8)

where £ is such that
(L—2)6=0 on [0,00), &€ £2%(0,00)), £(0)=1.

Equation (B.8) is the definition of the Titchmarsh-Weyl M-function. Therefore, assuming
the same has been done for K;, we have
§'(0+) £'(0-)
Mi(z) = and Ms(z) = Z—=.

=) =0
It is well-known that the functions M;(z) and Mps(z) have poles at the eigenvalues of T}
and T, respectively [Coddington and Levinson, 1955, Ch. 9]. Hence, equation (B.7) gives

31(T1 - z)_lfl + Mih = 82(T2 — z)_1f2 + M>sh,

which implies
1 -1 -1
= [ - 02(T> — .
h M= Mz[ 81(T1 z) fi+ 2( 2 2:) f2]

Therefore, from equations (B.5) and (B.6) we have

w = (- 2) it g KT - )7+ Kada(T - )7 )

upy = (Ty — 2) L fo + [~ K201 (Th — 2) 7 f1 + K285(Tz — 2) 7 fo).

1
M; — M,
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We may write these equations in the more succinct form

() =7 ()

where
R R
RE) = (R; R;) , ®9

and

Ru() = (T3 = )7 = r— - Kau(Ti— o),

Ri2(z) = ﬁfﬁaz(]E —-z)7,

Ra(z) = \EIT}]\_IQIQ&(TI —-2)7,

Ro(2) =Ty —2)" ' + szc%(B —-2z)7h

In a finite dimensional normed space &, the Bolzano-Weierstrass Theorem holds true,
namely, we can extract from each bounded sequence () in & a subsequence (z»;) that
converges to some element £ € &. In this case, the normed space & is said to be locally
compact [Kato, 1966, p. 7]. This means that a bounded operator with finite rank is
compact. The justification for this is as follows: an operator having finite rank means
that the range of that operator is finite dimensional. Moreover, by definition an operator
T is compact if the sequence (T'xz,) contains a Cauchy subsequence for any bounded
sequence (z,) [Kato, 1966, p. 157]; but, since the range is finite dimensional it is locally
compact, and so the result follows. As a corollary, the rank 1 operators

W}EKlal(Tl -2)7Y,
Xll—iEKIBZ(Tb —z)7,
XITi—Aszaz(Tl —2)7,
mKﬁQ(TQ —2)7!

are all compact. By Theorem B.4, the essential spectrum does not ‘see’ these compact

operators and so from equation (B.9) we have

_ (=2t 0
oe(R) = oe ( 0 (T - z)_l)
= 0o (T —2) ") Uoe (T — 2)7)
1 1

RO EEREAARE (510




APPENDIX B. THE SPECTRUM 105

by the Spectral Mapping Theorem [Edmunds and Evans, 1987, p. 419]. Applying the
Spectral Mapping Theorem once again to o.(R) on the left side of equation (B.10) yields
the well-known result 0¢(T) = 0¢(T1) U 0e(T?).

B.5 Chasing Away the Essential Spectrum

We now have the necessary information to present the result that we require. The proof
of the following proposition involves chasing away the essential spectrum to infinity; this is

quite standard and is often used in circumstances in which the function V is unbounded.

Proposition B.2. Consider the following operator:

2

d
=~z +V(z) on L%R),

where the function V is such that it is bounded on (—o0,0] and tends to zero as x — —oo,
but V. — +00 as £ = +00. Then, ge(T") = [0, 00).

Proof. Allow us to decouple T into the two operators

2

T, = —a—(i;z +V(z) on L*((—o0,0])

and
2

Ty= -4 V(@ on L0, +00)),
dz
with some (Dirichlet) boundary condition at zero. By Theorem B.5, g¢(T1) = [0, 00). For

the essential spectrum of 75 we have the following lemma:

Lemma B.1. Given some Y > 0, and assuming X > 0 is large enough as to ensure that
V(z) >Y forallz > X, then oe(T3) = 0.

Proof. Decouple T into a further two operators, say

d’f 2
T3f=‘a’x’§+v(x)fa fGC ([07X])

and
d2f

Tif=—35tV@f, fe L3([X, +00))

with, for example, f(X) = 0. The operator T3 has only eigenvalues, being a regular
problem. Hence, in terms of finding the essential spectrum of 75, we need only consider
0e(Ty); we will find that the essential spectrum of Ty is also empty. The idea for showing
this is simple: take an element of the numerical range ®(Ty) and show that the real part
of this complex number exceeds Y. Since Y > 0 was arbitrary and oe(Ty) C ®(Ty) by
Theorem B.3, we chase away oe(Ty). Suppose ¢ € 2(Ty) such that ||@|| = 1, where

D(Ty) = {f € L([X, +00)) : Tuf € L(|X, +00)), f(X) = 0}.
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It follows from integration by parts that
o0 o0
Tusiy =~ [ &'+ [ Ve
X X

oo o0
= / (¢)? + / Ve,
X X
and thus taking real parts we obtain
oo o0
Re(Ty¢|¢) = / () + / Re(V)¢? > Y.
X X

This implies that oe(Ts) = 0. Hence, by the Glazman decomposition, oe(T2) = 0. a

Therefore, we conclude by another application of the Glazman decomposition that the
essential spectrum of T is indeed [0, co), as required. O



APPENDIX C

Montel's Theorem

We begin with some fundamental results in complex analysis and in particular, the
Analytic Convergence Theorem due to Weierstrass. We then give a proof of Montel’s

Theorem, in which the Analytic Convergence Theorem plays a central role.

Theorem C.1 (Morera’s Theorem). Suppose f is continuous in a region G C C and
fr f =0 for every closed curve ' in G. Then f is analytic on G.

Proof. Let zp € G and define for each 2 the function F(z) = f; f(w)dw. Since we know
that fr f = 0 for all closed curves I', the function F' is well-defined because the integral
is path independent. To see this, let I'g and I'; be paths joining z¢ and z, and fr f=0
for all closed curves I'. Then we have that fFo f= fl‘l f by I'g and —I'; to form a closed
curve in G (the path —I'; is just the reversal of I'1).

We show that F is differentiable on G with F’ = f; in this case, we would conclude that
F is analytic along with all its derivatives on G, which would mean that f is analytic on
G. So, suppose h € C such that z+h € G, then (F(z+h)—F(z))/h = (1/h) fzz+h fw)dw.
By writing f(z) = (1/h) fzz+h f(z)dw, we find that

F(z+h) — F(2)
h

z+h
1 / (f(w) — f(2))dw

- 1) = |7

Since f is continuous at z, f(w) — f(z) as w — z, i.e. f(w) = f(z) as h — 0. More
precisely, given any € > 0 there exists a § > 0 such that |f(w) — f(2)| < & whenever
|h| < &. Hence, for any € > 0 there exists a § > 0 such that

F(z+h) — F(z) & /“" _
. —f(@)| < il dw|=¢
whenever |h| < §. Therefore, F'(z) = f(z). O

107
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Proposition C.1 (Marsden and Hoffman [2003] p. 188). Suppose (f,) is a sequence of

continuous functions defined on G and f, — f uniformly, then f is continuous on G.

Proof. Suppose we choose N such that |fy(z) — f(2)| < /3 for all z € G, which poses no
problem since f, — f uniformly. Since fy is continuous, there exists a § > 0 such that
|fn(2) = fn(20)| < €/3 whenever |z — 2| < §. Hence,

|f(z) = f(20)| < |f(2) = fN(2)| + |fn(2) — fn(20)| + | fnv(20) — f(20)]
<e/3+¢/3+¢e/3=¢

and f is continuous on G. O

Proposition C.2 (Marsden and Hoffman [2003] p. 191). LetT : [a,b] — G be a curve and

suppose (fn) is a sequence of continuous functions defined on I'([a,b]), which converges
uniformly to f on T'([a,b]). Then, [ fn — J. f.

Proof. We know f is continuous and thus it is integrable. For each € > 0 we may choose
n > N such that |f,(z) — f(z)| < € for all z on I'. By the aptly named M L Theorem, we
have | [ fo — Jp fI < [r|fa — f] < €L where L is the length of I'. The result follows. [

Theorem C.2 (Marsden and Hoffman [2003] p. 191). Let G C C be an open set and
suppose that (f) is a sequence of analytic functions defined on G. If f, — f uniformly
on every closed disk in G, then f is analytic. This is the Analytic Convergence Theorem.

Proof. Let zp € G and let D(20;7) = {z € G : |z — 20| < r} be a closed disk around z
contained in G—as G is open. Since f, — f uniformly in D(zo;7), fr — f uniformly
in the open disk D(z9;7) = {z € G : |z — 29| < r}. By Propostion C.1, f is continuous
on D(zg;7). If T is any closed curve in D(zgp;r), then since f, is analytic, fr fn=0by
Cauchy’s Theorem. By Proposition C.2, [ fn = J- f and hence [. f = 0. Therefore, by
Morera’s Theorem (Theorem C.1), f is analytic on D(zp;7). a

Definition C.1. A family & of analytic functions defined on an open set in C is called
normal if each sequence of functions in & has a subsequence which converges uniformly

on compacta to an analytic function.

Theorem C.3 (Conway [1978] p. 153). If % is a locally bounded family of analytic
functions on G, then & is a normal family in G. This is known as Montel’s Theorem.

Proof. Take any sequence (f,) from # and consider the sequence (f,(z1)). We know
| fn(z1)| < M for some M and n € N. This bounded sequence has a convergent subsequence
by the Bolzano-Weierstrass Theorem, say ( f,(li)) converging at z;. Similarly, at zo the
sequence ( f,%)(ZZ)) is bounded and so we can extract a convergent subsequence ( f,gf) )
which converges at 23 and 2;. Thus, we have subsequences which converge at 21, 29, ... 2p

for each p € N. On extracting the diagonal sequence ( f,(,j) ) we find that this sequence
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converges at every z,. Let us define (g;) = ( f,(é)); we now show that the sequence (g;)
converges uniformly on compact sets.

Let K C G be compact. We prove that % is equicontinuous on K. Let " be the
boundary of a closed disk of radius r contained in G. If 2,29 € T, then by Cauchy’s
integral formula we have

1) = 1) = 3 [ (C — -2 fzo)ﬂc)dc

_*~ = f(Q)d¢
C2m /r (¢ —2)(C — 20)

If we restrict z and zg to the smaller concentric disk of radius r/2, then since |f| < M on

I’ we have the following inequality:

|7(2) = f(20)| < 4M|z — zo|/. (C.1)

Equation (C.1) shows equicontinuity on the smaller disk. Now, each point in K is the
centre of a disk with radius r as described. The open disks of radius r/4 form an open
covering of K. We may choose a finite subcovering and denote the centres, radii, and
bounds by (j, r;, and M; respectively. Let r be the smallest of the r; and M the largest
of the M;. For each € > 0 let § be the smaller of /4 and er/4M. If |z — 2| < 0 and
|20 — ;] < 7;j/4, then |z — (;| = |2 — 20 + 20 — ;| < 0 +7;/4 < r;/2. Hence, (C.1) applies
and we find that |f(2) — f(20)| < 4M;6/r; < 4M§/r < € as required.

Since & is equicontinuous on K, there exists a § > 0 such that |gn(2) — gn(2')| < /3,
n € N, whenever z, 2’ € K with |z—2/| < . Additionally, we know that K C U§0=1 D(z;; ).
Therefore, there is an N € N such that n,m > N implies |gn(2;) — gm(z;)| < €/3 for

j=1,2,...jo. Finally, for any z € K, z € D(z;;9) for some 3 € [1, jo] and so

|9n(2) = gm(2)| < |gn(2) = gn(2i)| + lgn(2i) — gm(2)| + |gm(21) — gm(2)]
<ef3+¢e/3+¢e/3=¢.

We conclude that (g,) converges uniformly on K to a function which is analytic by
the Analytic Convergence Theorem (Theorem C.2). a



APPENDIX D

Some Results on Entire Functions

D.1 The Zeros of an Entire Function

The fact that an entire function has finitely many zeros in any compact set may be
demonstrated with the aid of the following preliminary result [Holland, 1973, p. 16]:

Theorem D.1. Suppose f(z) is a non-zero entire function, then for all z = zg € C there

exists a disk centred at zg in which f(z) has no zeros, except possibly at z = 2o itself.

Proof. Suppose f(z0) # 0, then |f(20)] > 0. Since f is continuous, there exists a disk
centred at zg such that |f(z) — f(z0)| < € for all € > 0. Thus,

|£(2)] = |f(20) + [f(2) — f(=0)]l
> |f(20)| = |f(2) — f(20)]
> |f(z0)| — €.

Taking € = |f(z0)|, we get |f(z)] > 0, which means that |f(z)| # 0. Therefore, for
f(z0) # 0 there exists a disk centred at z¢ containing no zeros of f. Furthermore, suppose
f(20) = 0 and m is the order of the zero at z = zo. Then f(2) = (2 — 20)™g(2) where g is
entire and g(zo) # 0. Thus, there exists a disk centred at 2q such that g(z) # 0. Therefore,

f has no zeros other than zp inside this disk. O

Theorem D.2 (Holland [1973] p. 17). An entire function f cannot have infinitely many

zeros in any closed disk of finite radius.

Proof. Assume to the contrary, namely, that f has infinitely many zeros in the closed disk
D(0;7). By the Bolzano-Weierstrass Theorem, there exists a zo in this disk which is a
point of accumulation of the set of zeros of f. Thus, in an any disk centred at zg there are
infinitely many zeros of f; this is at odds with Theorem D.1. D

110
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D.2 A Lemma on the Growth Order

This section provides a brief study of the growth order of an entire function with the
aim of proving a lemma required in Chapter 4; since the majority of the results leading
up to this lemma are well-known, they are presented without proof.

Our discussion begins with the basic notion of the upper limit (limit superior) of a real
sequence (z,), denoted by limsup,,_, . zn. It is defined as follows: if (z,) is unbounded
above, then we set limsup,_,. zn, = +00; otherwise, define xﬁ = SUPp>N Zn, Which
means (z3;) is a non-increasing sequence so that the limit limy_,o, z; exists. We then
set limsup,_,, Tn = limy_00 ;r}t, An alternative and perhaps more practical definition
is as follows: limsup,,_,., Tn = +oo if (z,) is unbounded above; limsup,, ,. zn, = —o0 if
ZTn — —00 as n — oo; or limsup,, ,., = z (z finite) if, given any € > 0, we have z,, < z+¢
for all sufficiently large n and =, < z — ¢ for some arbitrarily large n.

In anticipation of the language used in the theory of entire functions, we introduce the
concepts of genus and canonical products. The following definition is quite standard in

complex analysis and can be found in, for example, Holland [1973].

Definition D.1. Given an infinite sequence of complex numbers (z,) with z, # 0 for all
n, |zn] = 00 as n = 00 and Y o2, 1/|z,|"*! converges for some integer h, its genus is
defined as the smallest non-negative integer k such that 3 oo, 1/ |2 |¥*! converges. If the
zn arise as the zeros of an entire function, then k is referred to as the genus of the entire

function. Given such a sequence (z,) of genus k, the corresponding product

o 2 k
H 1— 2 exp| 4+ 2+ + 2
oot Zn zZn 222 kzk

is called the canonical product corresponding to the sequence.

An important theorem linking genus, canonical products, and entire functions is the

following, which is a stronger version of Weierstrass’s Factorization Theorem.

Theorem D.3 (Markushevich [1965] p. 287). If f is an entire function of genus k with
the sequence (z,) as its non-zero zeros, and a zero of order m at the origin (set m = 0 if

z =0 is not a zero), then

mTT (1= 2 A
flz) =z Hl T ) P\ T 222 kzk
n=
where the right side is called the canonical product corresponding to f.

Probably the most fundamental property associated with a transcendental entire
function f(z)—we refer to an entire function as being transcendental in order to emphasize

that we are considering entire functions that are not polynomials—is the maximum
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modulus function. It is defined for r > 0 by
M(r) = max |f(2)]-
|z|=r

Unless f(z) is a constant function, M (r) is a strictly increasing function of r which, by
Liouville’s Theorem on bounded entire functions, is such that M(r) - oo as r — oco.
Moreover, the maximum modulus function satisfies [Markushevich, 1965, p. 250]

M(r)

TH

— 00, T —00

for every p > 0. Thus, whilst it is natural to compare M (r) with 7" for polynomials,
we clearly require more rapid growth for use with transcendental entire functions. Since
exp(z), exp(z?),exp(z3), ... are relatively simple entire functions with maximum modulus
functions exp(r), exp(r2),exp(r?),..., it is natural to use exp(r®) for comparison with
transcendental entire functions. Loosely speaking, a function will be called of order p if
its maximum modulus function grows like exp(r?). To make this more precise we have the
following definition [Markushevich, 1965, pp. 250-251]:

Definition D.2. If f(z) is entire with mazimum modulus M(r) and there ezists a number
p > 0 such that, given any € > 0, we have M(r) < exp{r?*¢} for all sufficiently large v
and M(r) > exp{r?~¢} for some arbitrarily large r. Then we say that f is of finite order,

namely, p; if no such p exists then f is said to be of infinite order.

If the maximum modulus function is given by M(r) = exp(r®), then log M(r) = r*

and so loglog M(r) = plogr, which implies that

_ log log M () -0
logr
provided M(r) > 1. An equivalent definition is thus
log M
p = limsup M. (D.1)

r—00 logr

Equation (D.1) is not quite equivalent to Definition D.2; this is because of the restriction
on M(r) to be greater than 1. However, since M(r) — oo as r — oo unless we have a
constant function, the only exceptions are the constant functions f(z) = C with |C| < 1.
We assume that we are dealing with entire functions a little more complicated than these.
A result which will be most useful in the development of the lemma we require is the

following, which can be found in Boas [1954] p. 9.

Theorem D.4. Suppose fi and fo are entire functions of orders p1 and pa respectively,
and p is the order of their product fifs. Then p < max{p1, p2}-

We require the introduction of one more quantity: the exponent of convergence. This
is also a standard concept and we take its definition from [Markushevich, 1965, p. 285].
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Definition D.3. Let (2,) be an infinite sequence with z, # 0 for all n and |z,| = oo as
n — oco. Suppose there exists a number p. > 0 such that 3 o0 | 1/|2,|P*€ converges for
alle > 0, but > 22, 1/|2n|Pe~¢ diverges for all ¢ > 0. Then we call p, the exponent of
convergence of the sequence (zn). If (2,) is the sequence of non-zero zeros of an entire
function f, then p. is called the exponent of convergence of the zeros of f. For a finite

sequence, convention dictates that p. = 0.

Every sequence of finite genus has an exponent of convergence and conversely, every infinite
sequence for which an exponent of convergence exists is of finite genus. In one sense, the
exponent of convergence is a more precise measure of the growth of |z,| than its genus,
for it need not be an integer. For example, the sequence 12,22 32, ... has exponent of
convergence 1/2, this is because Y 1/(n?)1/2+¢ converges but 3 1/(n?)/2~¢ diverges for
all € > 0; however, this sequence has genus zero since }_ 1/n? converges. On the other
hand, we have no information about the convergence of > 1/|z,|?¢, whilst we do know
that > 1/ |z, |F*1 converges. A useful characterization of the exponent of convergence is
given by the following result [Markushevich, 1965, p. 285]:

Theorem D.5. Let (z,) be an infinite sequence with zn, # 0, |2p| < |2n+1| for all n, and
|zn| = 00 as n — 0o. Then, if (2,) has exponent of convergence p., we have

= limsu logn
pe n—»oop log Iznl

and conversely.
A direct consequence of Theorem D.5 is

Theorem D.6. Defining n(r) to be the zero counting function, i.e. n(r) gives the number

of zeros of an entire function f in |z| < r, we have

lims log n(r)
= lim sup ————=.
Pe = TP Tlogr

Let us now exhibit two famous theorems due to J S Hadamard [Markushevich, 1965,
pp. 288-289]; they will be of utmost importance in the proof of our lemma.

Theorem D.7 (Hadamard’s First Theorem). If an entire function is of order p and p.

is the exponent of convergence of its zeros, then p. < p.

Theorem D.8 (Hadamard’s Factorization Theorem). Let f be an entire function of order

p with an infinite number of zeros. Then we have
f(z) = 2™ exp{Q(2)} P(2)

where P(z) is the canonical product formed using the non-zero zeros of f, and Q(z) is a

polynomial of degree at most p.
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In the Hadamard factorization f(z) = 2™ exp{Q(z)}P(z), suppose f is of order p with
exponent of convergence of its zeros p., and @Q to be of degree q. By Borel’s Theorem on
the order of canonical products [Holland, 1973, p. 71] we find that P is of order p.; we also
know that the order of exp{Q} is ¢ [Markushevich, 1965, pp. 253-254]. As a consequence,
p < max{q, p.} by Theorem D.4. However, Hadamard’s First Theorem says that p. < p,
whilst Hadamard’s Factorization Theorem says that ¢ < p, whence p > max{q, p.}. We
must conclude that p = max{q, p.}. These observations will be indispensable when proving

the next theorem!, which in turn is used to prove the subsequent desired lemma.

Theorem D.9. If fi and f, are entire functions of orders py and py respectively with
p1 > p2, then the order of their product fifs is p;.

Proof. Suppose the Hadamard’s factorizations to be fi(z) = z™ exp{Qi1(2)}Pi(z) and
f2(2) = 2™2 exp{Q2(2) } P2(z), where the P;(z) are canonical products. Then,

fi(2) f2(2) = 2™ ™2 exp{Q1(2) + Q2(2)} P1(2) Pa(2). (D.2)

Let p be the order of f f2, then there are two cases to consider: either the order of P;(z)
is p1 or else it is less than p;. Suppose Pj(z) is of order p; so that p; is the exponent
of convergence of its zeros. Adding in the zeros of P2(z) cannot decrease the exponent
of convergence of the zeros—as can be seen from Theorem D.6. Thus, the exponent of
convergence of the zeros of fi fa, say g, is at least p;. Hadamard’s First Theorem tells us
that p; < p < p, but we already know that p < p; and so p = p;.

Alternatively, suppose Pj(z) is of order less than p;. Now, p; is equal to the maximum
of the degree of Q1(z) and the order of P;(z), which implies that p; is the degree of Q1(%)
and is an integer. Since the degree of Q2(2) is smaller than p;, the degree of Q1(z) +Q2(2)
is p1. Note that P;(z)Ps(z) is of order less than p; and again use Hadamard to write
Py(2)Py(2) = exp{Q3(z)} P5(z), where P3(z) is the canonical product associated with the
zeros of both Pj(z) and P(z) and is of order less than p;, and Q3(z) is a polynomial of
degree less than p;. The product factorization (D.2) therefore becomes

fi(2) fa(z) = 2™ ™2 exp{Q1(2) + Q2(2) + Q3(2)} P3(2) (D.3)

where Q1(z) + Q2(z) + Q3(2) is of degree p1, whilst P3(z) is a canonical product of order
less than p;. Now, equation (D.3) is the Hadamard factorization of fi f2, which implies
that p; < p but also p < p; by Theorem D.4, whence p = p1. O

Lemma 1. Suppose that f, is entire, f2 is entire with order 1 and f, fa is of order 1, then

f1 is of order at most 1.

Proof. Assume to the contrary, namely that f; is of order p > 1. Then by Theorem D.9,
f1f2 would be of order p, which is impossible. O

!This result was found in Edinburgh lecture notes from 1986, the lecturer was Stanley Richardson.
Attempts to find an official citation for this theorem and its proof were in vain.
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