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SUMMARY

We use extreme value theory to make statistical inference about the endpoint of
distributions. First we compare estimators of the endpoint of several distributions,
including a distribution that appears in problems of global optimization. These esti-
mators use a fixed number of order statistics (k) from a sample of fixed size (n). Two
of the estimators investigated are the optimal linear estimator and the maximum
likelihood estimator. We find that the optimal linear estimator often outperforms
the maximum likelihood estimator.

We next investigate how the order statistics change as sample size increases.
In order to do this, we define record times: the sample size at which the set of
k smallest order statistics changes. We give the distributions of several statistics
related to order statistics and record times, in particular we show that records occur
according to a nonhomogeneous Poisson process. We show that order statistics
can be modeled using a Markov chain, and use this Markov chain to investigate
estimators of the endpoint of a distribution. Two additional estimators are derived
and investigated using the Markov chain model.

Finally, we consider a meteorological application of extreme value theory. In
particular, we estimate the maximum and minimum sea level at several ports in the
Netherlands. This is done using a combination of record theory, singular spectrum

decomposition and known estimators of the endpoint of a distribution.
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Chapter 1

Introduction

1.1 Summary of Thesis

1.1.1 Using Order Statistics to Estimate Endpoint

One of the main topics of the thesis is the estimation of the endpoint of a cumulative
distribution function (c.d.f.), F(z), using the k smallest order statistics of a sample
drawn from F(z). Here k is some positive integer, much smaller than the sample
size. The lower endpoint, denoted m, is defined as m = inf{a : F(a) > 0}. We
consider estimators of m (denoted 7n) that have been derived using extreme value
theory. Throughout the majority of this thesis we consider the problem of estimating
the lower endpoint of a distribution, however the problem of estimation of the upper
endpoint (M) is an almost identical problem.

A full literature review will not be conducted here as [37] reviews extensively the
subject of global random search, and in particular the estimation of the endpoint of
a distribution using order statistics.

The problem of the estimation of the minimum or maximum of a function can be
reduced (by pure random search) to the problem of the estimation of the endpoint

of a c.d.f.. Being able to estimate the minimum or maximum of a function is of great



importance in many fields. For example, engineers building a structure may need to
estimate the strongest wind that the structure will have to endure; manufacturers
of the steel bars that make such a structure may need to estimate, from a sample of
tested bars, the minimum force that can break these bars. Another major application
is in meteorology, in particular the estimation of the maximum sea level that could
occur at a particular location. This application is of vital importance when designing
sea defences. A wealth of other applications can be found in most books on the
subject; for example, (28], [13] and [2].

In applications very little may be known about the distribution whose endpoint is
to be estimated, even in these cases the theory discussed in this thesis can be applied.
We make assumptions on F(z) that are easily met by most common distributions.
In particular the assumptions are met when F(z) is the distribution arising from
pure random search (under some nonrestrictive conditions). We define pure random
search (PRS) and show how the distribution F(z) arises in PRS, shortly.

The assumptions on F(z) are, that F(z) can be approximated close to its end-
point by

F(z) = co(x — m)* + o((t — m)®), = | m. (1.1.1)

Here ¢p is a function of v = 1/(z — m) that varies slowly at infinity as v — oo.
In particular ¢y can be any positive constant. The value of m is the endpoint that
we wish to estimate, we must have m > —o0o. Another important parameter is
the tail index a. We must have 0 < a < oco. In the majority of estimators that
we consider throughout this thesis the tail index, «, will be assumed to be known.
These estimates are defined in Sections 1.3 and 2.1.

All of the estimators of m in this thesis are based on taking a random sample
of size n from the distribution F(x). This sample is denoted Y,, = {y1,...,yn}. If
we sort this sample into ascending order and relabel, we obtain the order statistics
Yins -y Ynn, Where Y1, < y2n < ... < Yna. Clearly we could estimate m using

the minimum order statistic, y; ,. This statistic converges monotonically to m as



Figure 1.1: This figure shows F(z) = ¢o(z — m)* where co = 1, m = 0 and a = 0.5,
1, 2 and 3 (as labeled).

n — oo. However, it is a poor estimate, it has large bias and the convergence is
extremely slow. Indeed, consider the following situation: Draw one random variable
from F(z) and labeled it y;,;. Then draw random variables, y;, i = 2,3,..., one at
a time from F(z). The expected value of n at which y, < y;,; occurs is infinite.

In order to reduce bias (and mean square error) and improve convergence, we
derive estimators that use the k smallest order statistics from the sample of size
n. We do not use the entire sample for two main reasons. Firstly, the higher order
statistics contain very little information about m. Secondly, we can only use the limit
theorem for extreme order statistics if k is such that k/n — 0 as n — oo. Discussions
on the limiting behavior of the smallest k order statistics (extreme order statistics)
can be found in Section 1.2. Theoretically the optimal choice of k£ is £k — oo. In
practice however, n will never be large enough to allow for very large k. [37] shows
that small values of k (say k = 5) are almost as efficient as values of k twice or three
times as large. We now describe a very important application of the estimates that

we consider in Chapter 2: pure random search.



Applications to PRS

Pure random search is part of the wider class of optimization techniques, global
random search (GRS). [35] and [37] are excellent reviews of GRS, they give an
overview of a variety of algorithms and are a rich source of references for this subject.
They point out that global random search is very popular with both practitioners
and theoreticians, saying that this popularity is due to the following advantages.
Global random search algorithms are often simple for practitioners to implement, as
they are easily written as subroutines. Convergence can be guaranteed. Algorithms
are successful under a wide variety of situations: when the objective function or
feasible region is irregular, in the situation of a ‘black box’ objective function (where
deterministic approaches almost certainly fail), when the dimension of the objective
function is moderately high, or if the objective function cannot be evaluated without
noise. For theoreticians global random search can be an appealing topic. Indeed,
existing techniques often have simple structures that have provided researchers with
interesting work. These existing techniques can be easily and intuitively extended,
giving an abundance of theory to be investigated. The advantages listed above are
in particular (and on some points, especially) true of PRS. We now formulate the
PRS problem.

Let A be a feasible region over which an objective function f : A — R is defined
and let m = min¢ 4 f(z) be its global minimum. We define the global minimizer to
be the point z* € A such that f(z*) = m. We assume that; A is a compact subset
of R? for some d > 1; vol(A) > 0 (where vol(-) stands for ‘volume’); m > —oo; there
is at least one global minimizer; and the objective function f is continuous in the
neighborhood of this minimizer z*. For simplicity we also assume that the objective
function f is bounded from above. This last condition is made for technical reasons
and can be relaxed. In order to apply the estimators found in this thesis we must
assume that f(z) can be evaluated without noise. [38] discusses methods, based on

random search, that deal with estimating the maximum of a function in the case



where the function cannot be evaluated without noise.

The PRS algorithm can be described as follows. Let z;, ¢ = 1,...,n, be random
variables drawn from probability measure P, where P is defined on A. P must be
such that there is a positive probability that a random point z; will be in the vicinity
of z*.

Under these assumptions the set of n points X, = {z,,...,z,} will be an inde-
pendent and identically distributed random vector (i.i.d.r.v.). Let Y, = {f(z1),..., f(za)} =
{y1,--.,yn} be thei.id.r.v. obtained by computing f(-) at the elements of the sam-
ple X,,. The values y; will have common cumulative distribution function (c.d.f.)

F(t)=P(ze A : f(:z)St)=/ P(dz). (1.1.2)
Jf(z)<t
This c.d.f. is very important when studying the PRS algorithm. The minimum
value of f(-) is the essential infimum of the r.v. n with the c.d.f. (1.1.2):

m = rréijr‘lf(x) = essinfn =inf{a: F(a) > 0}.

Note that in PRS the choice of k has another important implication, this is
discussed in (37]. Here it is pointed out that k must not be chosen to be too large.
Indeed if there exist one or more sample points z; such that f(z;) < yx, and z; falls
outside the vicinity of the global minimizer, it could lead to the over estimation of

m (as inference may be made about a local minimum).

Comparison of Estimators

In Chapter 2 we compare two well known estimators of m and some simple estimators
of m. The well known estimators are the maximum likelihood estimator [19], and
the optimal linear estimator [8]. These are defined in Section 1.3. The density and
efficiency of the estimators are the main points compared. We first do this under
the assumption that the value of & is known. In this study we take F(z) to be

Weibull, beta and the c.d.f. derived from PRS, (1.1.2). A second comparison of



the estimators is undertaken where the value of a is unknown. We do not consider
estimators of a here. We draw samples from a Weibull distribution (where the value
of a is known) and then derive the estimators using the wrong value of tail index
(9). We study the efficiency of these estimators with respect to the optimal linear

estimator using the correct value of tail index (see Sections 2.5.1 and 2.5.2).

Choice of n

In the investigations in Chapter 2 sample size is fixed. In real-life situations the
choice of n will usually depend on a balance between the level of accuracy de-
manded in the estimate of m and the resources available. n could be determined
beforehand and set to some fixed number. This fixed number could be limited by
time, computing power, cost, or the available data (for example in meteorological
applications only a limited number of observations will be available). The other way
to select n is by some stopping rule. The stopping rule may depend on an estimate
of how close the smallest observation, (y;,»), is to the minimum (for example [11]),
or the expected number of random variables needed to improve an estimate of the
minimum (as discussed in [37]). [34] discuss a variety of methods used to create
stopping rules for global random search algorithms. In this thesis we investigate the
frequency with which improvements to the estimator are expected. The estimators
of m are based on the k smallest order statistics, as time increases the order statis-
tics get closer to m, indeed, yin — m < yjn — m where ¢ < j. When one or more
of the k smallest order statistics moves closer to m, the estimates also usually, but
not always, move closer to m (improve). It is therefore very important to be able

to understand how the order statistics change with time.

1.1.2 Records, Poisson Processes and Markov chains

Figure 1.2 shows the three smallest order statistics related to a sample of size n,

as n goes from 3 to 50000. (a) shows the order statistics plotted against n. It can
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be seen from this figure that order statistics change very infrequently, even at only
moderately large sample sizes. This makes studying the behavior of the estimators
through simulation very difficult. Figure (b) shows the same order statistics as
(a) plotted against log(n). This change in time scale makes it much easier to see
when each of the order statistics changes (updates). In fact it will be shown that
the number of times that the k'™ order statistic changes during the time that the
sample size is increased from k to n, is approximately equal to klog(n) as n — oo.
In both plots (a) and (b) a lot of repeated observations occur. We can discard these
repeated observations and consider the order statistics just at the times where at
least one of the order statistics changes. The order statistics that have changed are
called record values. The new value of the i** order statistic is called the (type 2)
i*? record value. The sample size at which a record occurs is called a record time,
and the number of records that have occurred at a particular sample size is called
the record number. Together these statistics are called record statistics, they will be
defined precisely in Sections 3.1.1, 3.1.2 and 3.1.3. Figure 1.2 (c) shows the record
values plotted against record number. The k smallest order statistics at sample size
n form a k-dimensional Markov chain whose members become closer to m as time
increases. The record values also form a Markov chain, it is an embedded Markov

chain of points visited by the Markov chain of order statistics. These two Markov

chains have very different properties.
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Figure 1.2: (a) shows the first three order statistics y\> y2,n and y”n from a sample
whose size is increasing, (b) shows the same first three order statistics, y2),, and
23n, plotted against logn. (c) shows the order statistics 2i,n? 22,n and t/3(, at record
times plotted against the record number.

There are many excellent and very readable articles and books dedicated to
properties of order statistics and records, for example [1, 5, 10, 16, 26, 27, 31]. In
Section 3.1 we extract definitions and properties from these sources that are useful
in understanding the behavior of the estimators defined in Sections 1.3 and 2.1 as
n increases. Many of the properties of records do not depend on the distribution
F(x), requiring only that F(x) is continuous. One of the important properties of
records is that asymptotically the occurrence of records follows a nonhomogeneous
Poisson process with intensity rlog(n), where r is a constant that depends on the
precise definition of records. A homogeneous Poisson process with intensity r can
be created by transforming the time scale. This can be seen in Figure 1.2 (b) and
the figures in Section 3.1.5.

Another important property of order statistics that we make use of, is that the
order statistics from a sample drawn from any continuous distribution F(x) can
be modeled using the order statistics from a uniform sample of the same size. It

is easy to simulate uniform order statistics at record times (record values) and so



order statistics at record times can be simulated from any continuous distribution
F(z). In Chapter 3 we use this technique to study order statistics, records and the
estimators . We define a k-dimensional Markov chain that models uniform order
statistics at record times. We show that this Markov chain can be normalized (and
one element discarded) to create a (k — 1)-dimensional Markov chain (denoted X;,
where t is the record number). Functionals on the Markov chain X, can be used
to model normalized estimators at record times as they are equal in distribution to
(m — m)/(yk,n — m). The functionals are denoted (i.. In Chapter 3 we analytically
investigate the properties of the Markov chain X, and the functionals (s ;. Due to the
simple structure of the functional (i, we are able to obtain some analytical results
more easily than would have been possible by considering the estimator 7n. Next we
use the functionals to carry out simulation studies similar to the ones carried out in
Chapter 2. Throughout Chapter 3 we verify that the distribution of the functionals
k. is indeed equal to that of the normalized estimators (7 — m)/(yx,n — m).

In Chapter 4 we continue to consider the sample Y; as a time series. Here we
define two more estimators of m. We define and study the first one, called the
weighted estimator (WE), in Section 4.1. It is based on the entire trajectory of an
estimator as sample size increases. Indeed, as the sample Y, increases from n = k
to n = N, the order statistics are recorded. At the record times the estimator
m is calculated, the WE is a weighted average of these estimates. The weight
depends on the difference between the previous record time and the current one
(known as waiting time, see Section 3.1). In Section 4.1.1 we give some interesting
properties of the conditional distributions and conditional expectations of waiting
times of records. In Section 4.1.2 we define the WE and in Section 4.1.3 we define
a functional on X, that has the same distribution as the WE. This has been made
possible by using a result from Section 4.1.1 that allows us to model the record times
using record values. The simulation study in Section 4.1.4 (which relies heavily on

the functional model) shows that the WE is not as efficient as the standard estimator



m. We give reasons for the inefficiency of the WE and suggest similar estimators
that may be more efficient.

The second estimator introduced in this chapter is an estimate based on the
expected value of the k*P order statistic at sample size n. This estimator assumes
that the value of parameter cg is known (the value of a is also assumed to be known).
It is shown theoretically and through simulation that this extra knowledge produces

dramatic improvements in efficiency for some distributions F(z).

1.1.3 Meteorological Applications

In Chapter 5 we consider meteorological applications of the estimators of m and the
record theory discussed in Section 3.1. First, in Section 5.1 we discuss the reporting
of records in the media and show that extreme care must be taken when using
record numbers to draw conclusions about whether, or by how much, the climate
is changing. [14] proposes a test statistic based on the frequency of maximal and
minimal records that is designed to test the alternative hypothesis that a time series
contains a trend (a second test statistic is designed to test whether a time series has
increasing/decreasing variance against the null hypothesis that variance is constant).
We show how the number of records can be affected by a variety of transformations
of a stationary time series.

In Section 5.2 we consider mean monthly sea level data from six locations in The
Netherlands - Delfzijl, Harlingen, Den Helder, Ijmuiden, Maassluis and Hellevoet-
sluis. We calculate the expected number of records and estimate probability mass
functions for the number of records that we would expect to see in such a time series
if it were stationary. [3] considers the number of record highs and the number of
record lows in 17 independent time series of mean monthly temperature worldwide.
He found that the frequency of record highs was unexpectedly high compared with
17 stationary time series, and the number of record lows was unexpectedly low.

In Section 5.3 we attempt to forecast the maximum and minimum (mean monthly)

10



sea level in Harlingen. This kind of estimation is of vital importance for many coastal
towns when considering flood risks. In reality it is the estimation of the maximum
sea level that is required in order to determine say, seawall height. However, flood
defenses are usually built with large safety factors [12] allowing for the under esti-
mates that using a monthly average (rather than daily or hourly) data creates.

A major problem with estimating extreme maximal sea level is that sea level
data does not form a stationary time series. It is generally thought that sea level is
composed of three components; a mean sea level trend, tidal variation and variation
associated with surges. The mean sea level reflects long term changes in global
water levels and land height. The main tidal cycle has a period of approximately
12 hours and 26 minutes. This cycle has a modulating amplitude of 14 days: the
spring/neap tide cycle. As we are considering monthly average data we would expect
these variations to be almost entirely smoothed out. [12] suggest that for practical
purposes a long-term cycle of 18.61 years can be expected, we may expect to see
this cycle in our data. Variability due to surges is mainly a seasonal effect, thus has
a 12 month period. This can be clearly seen in the data (see Section 5.4 especially).
The amount that the three components affect the overall sea level is governed by
location. For further reading on factors affecting sea level see [29]. Many methods
can been applied to estimate extreme sea levels, such as annual maxima method [18],
joint probability method (30, 33] and non-statistical methods that aim to model the
physical processes.

In Section 5.3.1 we introduce the Singular Spectrum Analysis (SSA) algorithm
and the program CaterpillarSSA. SSA is an algorithm that can be used to decom-
pose a time series into the sum of a small number of independent and interpretable
components such as a slowly varying trend, oscillatory components and a structure-
less noise [21]. The program CaterpillarSSA can be used to forecast the trend and
oscillatory components and it hypothesized that the distribution of the noise can be

made to meet the conditions of Theorem 1, and so allows the use of the estimators
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defined in this thesis. The aim of Sections 5.3 and 5.4 is to use SSA to split the
Harlingen time series into the two components; one, a forecastable time series con-
sisting of trend and regular oscillation (the reconstruction); the other, a stationary
time series of the remaining noise (the residual). We then can use the standard
techniques already discussed in this thesis to make estimates of the upper and lower
endpoints of this residual. Finally we add these estimates to the forecast (made
from the reconstruction using CaterpillarSSA) to obtain forecasts of the endpoints
of the distribution of monthly sea level.

In Section 5.3 we use different methods within the CaterpillarSSA framework to
create reconstructions and residuals from the time series of mean monthly sea level in
Harlingen. We aim to capture the trend and periodicities of the original time series
in the reconstruction, and create a residual of structureless noise. We calculate the
number of records in each of the residuals and asses whether it is likely that the
residual is a stationary time series. In Section 5.4 we use separation methods from
Section 5.3 and forecast the upper and lower endpoints of the mean monthly sea

level for each month of three different years.

1.2 Results Concerning the Distributions of Ex-
tremes

The estimators that we will be considering in this thesis are semiparametric estima-
tors derived by considering the distribution of the smallest members of the sample
Y,. Before we can define these estimators, we must give results concerning the

distribution of these extreme statistics.

1.2.1 Asymptotic Distribution of the Minimum Order Statis-
tic

Let the sample size n be fixed and ¥, < ... < ynn be the order statistics corre-

sponding to the independent random sample Y,. Here y; , represents the i*" smallest
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member within the sample Y;, = {y1,...,yn}

Consider the asymptotic distribution of the sequence of (normalized) minimum
order statistics y;,, as n — oo. Generally, in the case m = essinfn > —o0
(where the random variable 7 has c.d.f. F(z)) there are two limiting distributions
possible. However, (as discussed earlier) [11] and [35] show us that in global random
search applications we can assume (1.1.1), this means that the following theorem,
Theorem 1, can be applied. Theorem 1 shows us only one asymptotic distribution
can arise; specifically, the Weibull distribution with the c.d.f.

U, (z) = 0 for z <0 (1.2.1)
® 1-exp(—2z°) forz2>0. -

This c.d.f. has only one parameter, a, which is called the ‘tail index’. The mean of
the Weibull distribution with tail index « is I'(1 + 1/a); the density corresponding
to the c.d.f. (1.2.1) is

Ya(t) = (Va(t)) = at* Texp(—t*), t>0. (1.2.2)

We now formulate this classical result from the theory of extreme order statistics.

For proofs, discussions and generalizations see 10, 13, 15, 25, 27].

Theorem 1. Assume essinfn = m > —oo, where 7 has c.d.f. F(t), and the function

V(v)=F(m+%), v >0,

regularly varies at infinity with some exponent (—a), 0 < a < oc0; that is,

vllpgo “//((t:)) =t"% foreacht >0. (1.2.3)
Then
lim Fy,(m+ (kp, — m)2) = ¥u(2), (1.2.4)

where F\, is the c.d.f. of the minimum order statistics ¥, the c.d.f. ¥4(2) is

defined in (1.2.1) and k,, is the (1)-quantile of F(-); that is, kn =inf{u|F(u) >1/n}.
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The asymptotic relation (1.2.4) means that the distribution of the sequence of
random variables (y; , — m)/(k, — m) converges (as n — 00) to the random variable
with c.d.f. ¥,(2).

The c.df. W,(2), along with its limiting case ¥oo(2) = limg_e ¥o(l + 2/a)
=1—exp (—exp(z)), —00 < z < 00, are the only nondegenerate limits of the c.d.f.’s
of the sequences (y; n—a,)/bs, where {a,} and {b, } are arbitrary sequences of positive
numbers.

If there exist numerical sequences {a,} and {b,} such that the c.d.f.’s of (y1,n—an)/bn
converge to ¥,, then we say that F(-) belongs to the domain of attraction of ¥,(-)
and express this as F € D(¥,). The conditions stated in Theorem 1 are necessary
and sufficient for FF € D(¥,). There are two conditions: m = esssupn < oo and
the condition (1.2.3). The first one is easily met, in particular it is always valid in
global random search applications. The condition (1.2.3) demands more attention.
For example, it is never valid in discrete optimization problems as in these problems
the c.d.f. F(-) is not continuous (whereas, (1.2.3) implies that F(-) has to be contin-
uous in the vicinity of m). In fact, for a c.d.f. with a jump at its lower end-point no
non-degenerate asymptotic distribution for y, , exists, whatever the normalization
(that is, sequences {a,} and {b,}).

The condition (1.2.3) can be written as
F(t) = co(t —m)* + o((t —m)®) ast|m, (1.2.5)

where ¢ is a function of v = 1/(t — m), slowly varying at infinity as v — oco. In
particular ¢, may be any positive constant, but the actual range of eligible functions
is much wider.

Notice that the condition (1.2.5) can be met by many distributions, for example,
by using a Taylor expansion. Therefore, Theorem 1 can be applied to the minimum
order statistic from a wide class of distributions that are not derived as a result of
global random search. Indeed many papers, including [8] and [9], use an equivalent

assumption to justify their estimators of the endpoint of a distribution. The follow-
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ing condition is stronger than the condition (1.2.5) and is often used for justifying

properties of the maximum likelihood estimators (MLE):
F(t) =co(t—m)*(1+ O((t—m)")) ast|m (1.2.6)

for some positive constants ¢y, a and 7. This condition is sometimes called Hall’s
condition as it has appeared in Hall’s paper [19] which was devoted to the MLE

estimators of m.

1.2.2 Asymptotic Distribution of Extreme Order Statistics

Consider the distribution of order statistics yimn)n as n — co. Here yk(n)n is the
k'** order statistics from a sample of size n where k is a function of n. If k(n) is
constant as n — oo the order statistic yx(n)n is called the kth extreme order statistic.
Notice that the minimum order statistic is an example of an extreme order statistic.
The asymptotic distribution of extreme order statistics when suitably centered and
normalized is well known, for example see [27]. Indeed, under the same conditions

as Theorem 1, the asymptotic distribution function of y , is given by:

k-1 o
lim Fyn(a,z — b,) = 1 — exp(—2%) Z xz,—l, > 0. (1.2.7)
i=0

Here Fj, is the c.d.f. of the k'™ order statistic from a sample of size n. The
normalizing constants a, and b, are unchanged from those in Theorem 1.

Consider the distribution of y; nbn + an = Yy1.n(kn — m) + m where y, , is the
minimum order statistic from a sample of size n drawn from the Weibull distribu-
tion, m is the lower endpoint of the Weibull distribution (m = 0) and &, is the

(%)th quantile of the Weibull distribution. This random variable has the following
distribution:

Fin(z)=1- (exp (—nw" log (%))) L 23>0 (1.2.8)

As log (:25) = 1 + 0(1/n?) we can see that (1.2.8) can be written as
1 — exp(—z®) exp(—z®/2n) exp(—z%/3n?). ..
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and hence converges very quickly to (1.2.7) as n — oo.

14 i

ak=1la=3,n=10 b) k=5,a=3,n=20 (c) k=5,a=5n=20

Figure 1.3: Figure show the distribution of yi n(k, — m) + m where y;,, is the k'*
order statistic from the Weibull distribution (dashed line) and the beta distribution
(dotted lines). The asymptotic distribution (1.2.7) is plotted with a solid line. The
distribution of the minimum order statistic from the beta distribution is plotted with
three different values for the parameter 3: 8 = 0.5,1 and 2. The highest dashed
line on the graph corresponds to 3 = 0.5, the next is 8 = 1 and finally 8 = 2. The
tail index of all of the distributions in (a) and (b) is @ = 3 and the sample size in
(a) is m =10 and in (b) is n = 20. In (c) the tail index is @ = 5 and n = 20.

Figure 1.3 shows the cumulative distribution function (c.d.f.) of yx n(kn—m)+m
where yy , is the k' order statistic from a sample of n Weibull random variables
and K, is the (-};)m quantile of the Weibull distribution. It also shows the c.d.f.s
of ykn(kn — m) + m where yi, is the k*h order statistic from a sample of n beta
random variables (with various parameters) and «, is the %m quantile of the same
beta distributions. Also plotted is the asymptotic distribution (1.2.7). The beta

c.d.f. is given by
Bt(a7 6)
B(a, B)

where By(a, 3) is the incomplete beta function f(; z°7}(1 — z)#~'dz and B(a, B) is

Fs(t; 0, 8) =

the beta function. We can approximate this c.d.f. by (1.2.5) where ¢p = m and
the tail index is equal to a and m = 0. By setting 3 = 1 we have that co = 1. Then
the beta distribution is exactly equal to F(z) = ¢y(t — m)® (see (1.2.5)). We can

see from this figure that the minimal order statistics from all of the distributions
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converge very quickly to the asymptotic distribution (1.2.7). The 5 order statistics
from the distributions F(z;a, 0.5) and F(z; a, 2) are not very close to the asymptotic
distribution when the sample size is 20. The distributions of the Weibull extreme
order statistics and the beta extreme order statistics when 3 = 1 are almost exactly

equal to the asymptotic one.

1.2.3 Asymptotic Behavior of k,—m

The quantity k,—m, where m = essinfn and &, is the (%)th-quantile of F(-), enters
many formulae below and therefore its asymptotic behaviour is very important.
Fortunately, the asymptotic behaviour of k,—m is clear. Note that since the objective
function f(-) is continuous in a neighborhood of z*, the c.d.f. F(-) is continuous in
the vicinity of m and for n large enough we have F(k,) =1/n. Indeed, as long as

(1.2.5) holds with some ¢y, we have
1 a
;=F(nn)~co(n,.—m) as n — 0o

implying
(kn —m) ~ (con)™Y®* asn — oo. (1.2.9)

We say a, ~ b, for b, # 0, a, and b, random variables if we have %: —

1 in distribution.

1.3 Defining the Estimators

Let y1n < ... < Yn.a be the order statistics corresponding to the sample Y5, drawn
from a c.d.f. that meets the conditions of Theorem 1. Here we will assume that the
value of the tail index, a, is known. The consequences of using the wrong value of
the tail index is dealt within Section 2.5, although estimators of a will not be. Most
estimates of m where a is unknown estimate a and then substitute this estimate

into 7 in place of the exact value of «, see [19, 22, 36, 11].

17



In the current section, following the exposition of [35], we review existing esti-
mators of m. Two of these estimators will be thoroughly defined and used in the
remainder of this thesis (along with three more, simple estimators that will be de-
fined in Chapter 2). Note that there are some other estimators available; we only

consider the estimators which we believe are the most important ones.

1.3.1 Linear Estimators

A general linear estimator of m can be written as
k

ﬁlk.n(a) = Z AYin,

i=1

where a = (ay,...,ax)’ € R¥ is a vector of coefficients. Linear estimators first
appeared in this general form in [7]. It can be shown (see [35], Section 7.3) that as
n — oo we have

k k
Emn(a) = mZai—(nn—m)a’b + o(kp—m) = mZa,- + o(1). (1.3.1)

i=1 i=1
Here b = (by,...bx) € R, where b; = I'(i + 1/a) / T(:).

From (1.3.1) it is clear that (as the objective function f is bounded and there-
fore the variances of all y;,, are finite), a necessary and sufficient condition for an

estimator with vector of coefficients a to be consistent is:

k
» ai=1. (1.3.2)
i=1

This consistency condition can be found in [37]. The main property that we wish
to impose on estimators is a small mean square error (MSE). The MSE of a linear

estimator is given by
MSE (1) = E(tgn(a) — m)* ~ (kn—m)? a’Aa, n — o0, (1.3.3)

where A = ||A;||f,_, is a symmetric kx k-matrix with elements \;; defined for i > j

by the formula
[(i+2/a)T(j+1/a)

A= TG 41/0) ()

(1.3.4)

18



The (non-asymptotic) mean square error of a linear estimator of m from the

distribution F(z) = co(z — m)®, m < z < M, is given by

x 2
E(ﬁlk,n - m)2 = E (Z QilYin — m)
k ‘kl
Z i E(ynYj.n)
i=1 j=1
F(n+1)
Fn+1+ 2/a)a

‘Aa. (1.3.5)

1/a
Here M = (%) + m is the upper endpoint of F(z). (1.3.5) can be calculated

using the following well known expression for the joint density of two order statistics,
Yin and y;n, from a sample of size n drawn from some general distribution F(z)

(see for example [27]);

P(2,9) = i (F@) T (F) - F2)) 7

(1= F)" 7 f(2)f(y) (1.3.6)

The expression (1.3.6) allows us to calculate E(y;nyjn) as

e+ 1)I(Ei+2/a)l(j +1/a)
E(yinysin) = T(n+1+2/a)G+1/a)0G)

The above density is valid for0 < i< j<nand m <z <y < M where m and M

1< ).

are the lower and upper endpoints of the distribution F(z). Here f(z) is the density
related to the c.d.f. F(z).
We can impose an unbiasedness condition on linear estimators. Indeed, using

(1.3.1) we have that,
m — Emy (@) ~ (kn—m)a'b, n — oo.

It follows from this that an unbiasedness criteria is a’b = 0.
For the following estimator we choose the r.h.s. of (1.3.3) as our optimality
criterion for selecting a. To ensure that the estimator is consistent, we also impose

the condition (1.3.2).
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Optimal Linear Estimator

The optimal consistent linear estimator m® = 7 ,(a®), we shall call it the optimal
linear estimator, is determined by the vector of coefficients

A1

a® = arg min a'Aa =
a:a’ 1=1

The estimator m® has been suggested in [8], where the form (1.3.7) for the vector of
coefficients was obtained. Solving the quadratic programming problem in (1.3.7) is

straightforward. In the process of doing that, we obtain

min a'Aa = (a°)Aa® =1/ 1'A7' 1. (1.3.8)

a:a’ 1=1
Lemma 7.3.4 in [35] gives the following expression for the r.h.s. of (1.3.8):

ANl = a-2 (F(k+2/0) - I‘(1+2/a)) for a # 2,
Zf=l 1/i fora=2;

this expression is valid for alla > 0 and £ = 1,2, ...

The components af (i = 1,..., k) of the vector a® can be evaluated explicitly:
al=u/ 'A"'1 fori=1,...,k (1.3.9)
with
yy = (a+1)/T(1+2/a),
up = (a—1)T@E)/TE+2/a) fori=2,...,k-1,
u = —(ak—a+1)I(k)/T(k+ 2/a).

Deriving this expression for the coefficients of the vector a° is far from trivial, see
[35], Section 7.3.3.

If the conditions (1.2.6), a > 2, k — 00, k/n — 0 (as n — 00) are satisfied then
the optimal linear estimators of m are asymptotically normal and asymptotically
efficient in the class of asymptotically normal estimators and their mean square
error E(m — m)? is asymptotically (as n — 00)

(1= 2)(kn —m)2k~1*%2  fora > 2,

(kn —m)?logk fora=2. (1.3.10)

E(i —m)? ~ {
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1.3.2 Other Linear Estimators

Hall [19] uses (1.3.3) along with the consistency and unbiasedness criteria, to define

the linear estimator m* = m;, (a) = My q(a*), with vector of coefficients

*=arg min dAa.
a:a’1=1,a’b=0

a

Here 1 is the k-dimensional vector 1 = (1,...,1). The estimator m* was investi-
gated by [36] and [20]. [36] shows that asymptotically MSE(m*) ~ MSE(m°) as
k — oo. [20] showed that for finite samples m* has larger bias than m°.

[9] investigated a linear estimator that was designed to have the same properties
as Hall's maximum likelihood estimator (defined in Section 1.3.3 below). Unlike
Hall’s maximum likelihood estimator that has no closed form (except when k = 2),

Csorgé and Mason’s linear estimator, m™

, can be written in explicit form. This
estimator can be found in [9]. Here it is shown to be strongly consistent and it is
shown that asymptotically, MSE(m®M) ~ MSE(m®) as k — oo, where m® is the
linear estimator defined in [9]. [20] found that for finite samples and small a, m®™

has large MSE.

1.3.3 Maximum Likelihood Estimator

In defining the maximum likelihood estimator (MLE) we have to assume the condi-
tion (1.2.6) which is stronger than (1.2.5). Additionally, we have to assume a > 2.

Taking the asymptotic form of the likelihood function as exact (for details see
[19] and [35], Chapter 7), we obtain that the maximum likelihood estimator of the

minimum, m*, is the smallest solution z to the following likelihood equation:

M:k (1.3.11)

=2 =2

conditionally z < y n; if there are no solutions to this equation for z < y; ,, then
we set m* = y, ,; if there is more than one solution in the region z € (—00, y1,4),

then we take the smallest of these solutions.
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The asymptotic properties of the maximum likelihood estimators coincide with
the properties of the optimal linear estimators and hold under the same regularity
conditions (we again refer to [35], Section 7.3.3). The maximum likelihood esti-
mators m* = my, of m are asymptotically normal and their MSE E(m*—m)?
asymptotically behaves like the r.h.s. of (1.3.10). Unlike the optimal linear estima-
tor, this estimator is not defined for o < 2 (m° is defined for all & > 0). From [20]
it can be seen that the MLE behaves poorly for small a (close to, but larger than
2), whereas the optimal linear estimator behaves well for small a.

It should be noted that for many distributions, F(x), the likelihood function
for the estimation of m has a discontinuity at the point m. This irregularity is
discussed by [6]. In particular the case where F(z) is the Weibull distribution is
considered. In cases where a discontinuity of the likelihood function occurs, the
maximum likelihood estimator () is a local maximum of the likelihood function.

This is discussed in [32], who show that when o > 2 the MLE is consistent.
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Chapter 2

Comparison of Estimators: Static
Sample

2.1 Defining More Estimators

In this section we define a further three linear estimators. These estimators use
the same optimality criterion as the optimal linear estimator, but have additional
constraints imposed upon them. Each of them minimize the MSE given by the r.h.s.
of (1.3.3), subject to the condition that a satisfies (1.3.2). Additionally we impose
constraints on the number (and for the latter two estimators, position) of elements

in the vector of coefficients, a, free to be non-zero.

2.1.1 One Non-Zero Coefficient

The first estimator that we define in this section is the optimal consistent linear
estimator with one coefficient free to be nonzero. The remaining (k — 1) elements
must be equal to zero. This estimator denoted, m® = m(a®), is simply the minimum

order statistic, and hence is determined by the following vector of coefficients:
a* =(1,0,...,0).

This estimator is optimal as it has a lower MSE than any other estimator with one
nonzero coefficient; 7 = a;y; », where ¢ # 1. The estimator m® does not depend on

a or k and so is useful for comparison.
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2.1.2 Two Non-Zero Coefficients

We now define an estimator with two coefficients in a free to be non-zero, m(a'®) =

m®. The MSE of this estimator is given by:
(kn = m)*((a{)2Ais + 20707 Ny; + (f™)2;5)

where 1 < 7 < j < k and ¢ and j are integers denoting the positions of the two
non-zero coefficients within a. Although it is not optimal, for simplicity it has been
decided that i = 1 and j = k. It can be seen below that this estimator is not the
most efficient estimator in the wider class of all estimators with two coefficients free
to be nonzero, i.e. the class with no restrictions on position of the nonzero elements.
Due to the consistency constraint (1.3.2), a‘lz) + af) = 1, so letting Cy = —af) we

can rewrite the MSE above as
(kn — m)2((1 + Cx)®A11 — 2Ck(1 + Ci) A1 + CEAkx) (2.1.1)

We can minimize this MSE to obtain that the MSE of the estimator m(? is given

by:
(Kn — m)2
1An1le

where 1(3) = (1,1)' and

A Am
) 212

In the process we find that the value of C) that achieves this minimum is

_ Akl — An
A — 21 + Ak

Cy (2.1.3)

It can be seen that a®° = a'® when k = 2 or when a = 1.

A Wider Class of Estimators - The Choice of i

Figure 2.1 shows that m(? is not the most efficient estimator in the class of consistent

linear estimators with two non-zero coefficients. We define an estimator with two
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non-zero coefficients, m® = (1 —a;*)yin + a5 Yrn. Here i is free to be any positive
integer less than or equal to k and akAi is chosen to minimize the MSE. Notice that
m& = m?,

It can easily be shown that the MSE of this estimator is given by

(Kn — m)?
1'AZ1

o M Ak
Ao, = ( Aki Akk )

In finding this MSE we obtain that the coefficient akAi is given by:

MSE(m%) =

Here

Aii — ki
Aii + Mgk — 2

Figure 2.1 shows (k, — m)2/MSE(m®?) plotted against a for different values of
i. The figure shows that when either a or k (or both) are large, m®? has a smaller

MSE than m%' = m®.
A Wider Class of Estimators - The Choice of k

From Figure 2.1 it also appear that for any particular 7 or a, as k increases,
MSE/(k, — m)? decreases. This means that there is no need to consider an es-
timator made with any two order statistics less than or equal to yx ,: the estimator
with smallest MSE will always be made with yx ,. This does not mean that taking k
to equal n would actually result in an estimator with very small MSE, as an assump-
tion made in the derivation of this theoretical MSE is that k/n — 0. Notice also
that the estimator based on k order statistics, 7 = a;yin + a;y;» Where : < j < k,

is the same as the estimator m®* based on j order statistics.

2.1.3 Three Non-Zero Coefficients

The vector of coefficients of our final estimator, m® = ri;, ,(a®), has at most three

non-zero elements. For simplicity we set the three coefficients free to be non-zero

25



i=1' k=10 =2, =22
=3 k=10 =2 k=21
5 4 =2, k=20
=1, k=22
.54 i=1, k=21
=1 k=20
‘-
3 s
2-
u-
2 H 6 H 10 r T T T T
[ 3 a
(a) k = 10 (b) k = 20,21,22

Figure 2.1: The plots above show (k, — m)2/MSE = 1'A,1 against a. In (a),
k =10 and in (b), k = 20, 21, 22 for both i takes values i =1, 2, 3.

as a), a; and a; where 1 < 7 < k. The position, %, of the middle coefficient is free
and therefore is chosen to minimize MSE. Due to the constraint (1.3.2) we can write

a®=1-4a¥ - afcs). This means m(® is defined to be equal to

ag:,)yl.n +(1- 053) - af}))yi,n + af)yk,n

where a{®, a{ and i are chosen to minimize the MSE of m®) which is given by:

(3)
@) @ @ @ W W A A
(Kn_m)z(al y 1—ay" —a”, ak) Ail A Ak l—a(l)—ai)
Akl ki Ak af‘)

(2.1.4)

Table 2.1 and Figure 2.2, below, demonstrate the value of ¢ that minimizes (2.1.4)
for any particular choice of k and a. The graphs in Figure 2.2 show the efficiency

with respect to m° of the estimator

o 3 o % 0
m® = a'y1n + (1 = ay* — & )i + 65" Ykon,
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where the values of a}* and a}’ are chosen to minimize the MSE for the particular
choice of a, k and i. Here efficiency is defined to be

E(m°® — m)?

E(m® — m)?
The estimator m*, i € 2,...,k—1 that exhibits the highest efficiency for given value
of k and a coincides with the estimator m(®, therefore the position of the middle

non-zero coefficient in m(® can easily be seen in the graphs.

kT aZ)z MSE_ [ O 02)3 MSE_ | T .0 02)5 MSE

i a A | Treomy | 1| @1 4% | o || @ o | P
3l2l164|-001] 055 [2]1.95(-154] 044 [2]260]-284] o038
4 (2]144]-075] 048 [2]166]-030] 038 [2]214]-245] 0.32
5 [2]132]-065] 044 [2|148[-115] 033 [2[18[-220] 027
6 [3]1.31]-065] 041 [3]148]-124] 031 [3]1.8]-248] 0.24
7 [3]124]-050] 039 [3]1.37]-1.14] o028 [3]|168]-230] o022
8 [3]1.19(-055| 037 [3]129]-106] 027 [3]155]-215| 020
9 [3]114[-051| 036 [3|122[-100] 025 [3]145]-204| 0.19
10/3/1.10]-048] 035 [3]1.16]-094] 024 [4|148|-226] 018

Table 2.1: A table showing the value of i used in m®), the values of a§3’ and af)
(a® = 1-af® —afcs)). Also shown is the normalised theoretical MSE of the estimator

for various k and a.

Let i* be the value of ¢ that minimizes the MSE of m® for any particular choice
of aand k. Fora =2, 3,5, 10 and k < 5, i* = 2. Generally as k increases *
also increases. When k = 3, the estimator m(® coincides with the estimator m°
and so clearly i* = 2 and efficiency is equal to one. When a = 1, a® has just
two non-zero coefficients and coincides with both a° and a/®. When a = 1, a? = 0
(1 <7 < k), this is why at o = 1 in Figures 2.2(a) and 2.2(b) the efficiency is equal
to 1 for all values of k and ¢. It can be seen from both the graphs and the table

that as k increases the efficiency of m(® decreases. This is because the number of
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(a) k=5 (b) k=6

(c)a=2 (d) a=10

Figure 2.2: Efficiency with respect to m° of estimator m®. In (a) and (b) this is
plotted as a function of o and in (c) and (d) this is plotted as a function of k.

order statistics being used in the optimal linear estimator is increasing, whereas the
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number of order statistics in m® does not increase. For o > 1 the efficiency of m®

decreases as o increases.

2.2 Density of Normalized Estimators

In this chapter we derive the densities of the estimators defined above, under par-
ticular conditions.

First, in Section 2.2.2, we find joint densities of normalized linear estimators and
the order statistics that they are made up of. We explain how this joint density may
be used to find the univariate density of the normalized estimator. Throughout this
section we consider four different normalizations of our estimators (see below). The
densities found at this stage can be applied to any consistent linear estimator based
on k order statistics, where k is any integer greater than 1. Here the c.d.f. of the
random variables y; is any valid c.d.f..

In Section 2.2.3 we consider the joint densities found in Section 2.2.2, however
now we look at the specific case of F'(-) being Weibull and the linear estimator being
m(?, again considering all four normalizations.

In Section 2.2.4, under the same conditions as in Section 2.2.3, we concentrate on
just two different normalizations. These two normalized estimators have univariate
densities that can be written in a simple form. The asymptotic form (as n — 00)
of these densities has also been found.

Section 2.2.5 considers the density of m* (normalized) when k = 2 and F(-) is
Weibull. All four normalizations are considered in this section.

Considering the same two normalizations from Section 2.2.4 and again letting
F(-) be the c.d.f. of the Weibull distribution and k£ = 2, in section 2.2.6, we find
both the exact and the asymptotic form of the density of the normalized estimator
m*.

Finally, in Section 2.3 we study the densities found in Sections 2.2.4 and 2.2.6.

We compare the densities of m° and m* (normalized) and investigate the effect that
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sample size has on the distributions.
In Section 2.4 we investigate the estimators described above for finite samples of

size n by plotting these densities on histograms of the corresponding estimators.

2.2.1 Method for Deriving the Densities

Four Normalizations

Throughout this section and Sections 2.3 and 2.4, we consider four ways of normal-
izing the estimators defined above.

The normalizations are of the form (1 — m)/w:
(1) (= m)/wy = (nco)V/?(i — m)
(2) (1 —m)/wz = n(ia — m)/(y1,n — m)
(3) (m —m)/ws = (1 —m)/(Y1,n — m)
(4) (h —m)/ws = (h — m)/(ykn — m)

Here 7 is an independent Weibull random variable.

In order to find the densities of the normalized estimators (1), (3) and (4), we
can make a transformation on the (k-dimensional) joint density of the smallest k
order statistics (a well known result) to obtain the (k-dimensional) joint density
of the 2™, ... k' order statistics with the normalized estimator. This joint den-
sity can be integrated with respect to the 2™, ... k' order statistics to obtain the
univariate density of the normalized linear estimator. The density of the normal-
ized estimator (2) is very similar except the joint densities described above must
be (k + 1)-dimensional in order to include the independent (of the order statistics)
Weibull random variable, 7.

Let & : R* — R* be a one-to-one differentiable function mapping (¥11,. .-, Yk.n)
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onto & = (&, ...,&). For normalizations (1), (3) and (4) define ® as:

o .

m—m
6 = =
&2 = Yon
Ek = Ykn

For normalization (2) we must define a slightly different function, ® : R¥*! — R*+!,
This function is a one-to-one differentiable function, mapping (y1 .4, - - -, Ykn,n) Onto

& ={&,.. . E+1}, where &, ..., & are defined as above and £y, = 7, indeed;

@
m-—m
&L =
w
62 = YPn
& = Ukn
§k+1 = 7 (2.2.1)

We can invert ®(y, ..., yx) and ' (v1, ..., yx, 1) to get ®~! and &~ respectively.

@1 is of the form:

Yin = z(&lv <. )§k)

Yan = 62

Yen = Ek-
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Here z(£;,...,&) : R — R is some function of §&. &' is similar:

Nin = 2(611- v 7£k7£k + 1)

Yan = &2
Yen = £k
N = &1

Here z(&,...,&+1) : R¥! — R is some function of &’.
Now we can say that, for normalizations (1), (3) and (4), the joint density of

vector £ is given by:

D®!
Pera,tn (T1, T2, - - Tk) = fr2, k(D7 (21, 22, .. $k))) ' (2.2.2)
and for normalization (2), the joint density of vector ¢’ is given by:
Dy'~!
Pg, {2,...,Ek+,(zlyz2v . -Tk+1) = fi2,. kn,r}( (131,1‘2, . $k+1)) ’—— . (2-2-3)

Here fi2,. kn(¥1,%2,. -, yx) denotes the joint density of the first k order statistics,
YinsY2ny - - - » Yk, Where 1 < k < n. Letting f(y) = 1%"—) be the density of y;, then
—k Tk
(n— k)'(l F(ye))" k l—Ii=1 f(w:)

fl,2,...,k:n(y1yy2,~--’yk) = fm<y<yp<..<y <M
0 otherwise.

We also define the joint density of the first k£ order statistics and an independent

Weibull random variable.

e exp(—z°) (1 — F(u)"* 15, f(®)
fl,2,4..,k:n,7)(y1)y2,--~1yk)n) = ifm< N<ye<...<y < M, O<z <00
0 otherwise.

Here in both cases, M is the upper support of F(x). |D—“f€1 is the Jacobian of !,
and IQ%';—‘ is the Jacobian of ®'~'. The densities (2.2.2) and (2.2.3) have supports
m< z(Ty...,Tx) < T3 < ...< T < Mand m < z(z,...,T441) < T2 < ... <

T < M, 0 < 44, < 00 respectively.
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The density of the normalized estimators can now be found by integrating over

&2,...,& or &, ..., €k, depending on the normalization.
2.2.2 Density of a Normalized General Linear Estimator

Table 2.2 shows y, , from the functions ®! or &~ (see above) and the Jacobians,

"‘Z: or Id";': . We can substitute these expressions into (2.2.2) and (2.2.3) in

order to obtain joint densities of & and &’ respectively.

Normalization Yin Jacobian

(neo) 126 —3F aibi+m 1
a1 {(nco)/2a;

L P F  a(6im
ws = (y1n — M)/ Senn g aillimm) | | | Lkts 3op 8i(6imm)

wy = (nc,)~Ve

&1—a1€k+1 (é1—a1ék+1)
¥ gai(&i-m) i qai(&i—m)
wy=(yra—m) | Zumulomp ey
k
—m)—) 38kt Ex—
wy = (Yo —m) | Slom) E st o

Table 2.2: Summary table for derivation of the joint density of the vector of random
variables € and &’ that can be used to find the density of a normalized general linear

estimator m.

Densities

For w = w; = (nc)'/® the joint density of &, ..., &, pi1(2,Z2,...,Zk), is

n(z,z2,...2) =

(1 = Flag)nf (oeltetmantn ) [T, f(z,)
(2.2.4)

1
(nco)V/aa,

For w = wo = (y1,n» — m)/n the joint density of &;,...,&k+1 is given by
P2(Z,-T2a <o Tk, 77) =

k

_ |nZigei(zi-m) ﬂ!aﬂf—lexp(—z")(l _ F(.’L‘k))""kf (7)2, 28i(zi—m) + m) 1-[:;2 f(z:)

- (z1-a1n)? (n—k)! z1—-a1m

(2.2.5)
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For w = w3 = (y1,, — m) the joint density of &, ..., & is given by

p;;(z, TIo,... :L‘k) =

- | Tigai(zi-m)

(1 = Flag)yre s (Bmstemm 4 m) TTL, £(z)

- (z1-ay)? z1—a)
(2.2.6)
Finally, for w = ws = (yx,n — m) the joint density of £, ... & is given by
pa(z,Za,. .. 2k) =
- —m)=S* _ aize
= |22 | w21 — )" f (1'(3" Ttz a'mm) ITi. f(z:)
(2.2.7)

The above densities (2.2.4), (2.2.6) and (2.2.7) are defined as above when m < 3, <
T2 < ... <z £ M, and are equal to zero elsewhere. The density (2.2.5) is defined
on the support m < y1, <22 < ... <z, < M, 0 <7 < oo and is equal to zero
elsewhere. Here m and M are upper and lower support of distribution F(-). 1, is
defined as in Table 2.2.

We can integrate the multivariate densities (2.2.4), (2.2.6) and (2.2.7) with re-
spect to Z, ..., zx (and 7 for (2.2.5)) to find the univariate density of the normalized
linear estimator & = (M — m)/w, where w = wy, ws, w3 and wy. These expressions

can get very complicated as k increases.

2.2.3 Density of Estimator (m® — m)/w
with F(-) Weibull

Let us now consider finding the density of normalized estimators for the particular
case when the distribution of the random variables, y;, is Weibull, and the estimator
is the linear estimator, m(?.

We follow the method of derivation described in Section 2.2.1. Table 2.3 shows
Y1.n from ®~! (or ') for each of the normalizaions.

We could now substitute y;,,...,Ynr (and n) and the Jacobian into (2.2.2) or

(2.2.3). As the estimator m(® only depends on the first and k*" order statistics,
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Normalization Yi,n Jacobian

— -1/a (nco) "6 +Ci€a 1
wy = (nc,) (LCy) ()72 (1+Cy)

- — _GGC,
w2=(n —m)/n| gridice | Goienea
&2Ck [of

W3 = (yl,n - m) 1+gi—c§; (Q+Ci—&1)
wy = (Ykn — M) : 1;ckk 14C;

Table 2.3: Summary table for derivation of the joint density of the vector of ran-

dom variables £ and &’ that can be used to find the density of a normalized linear
estimator m(?,

some simplifications can be made to (2.2.2) and (2.2.3): By integrating these two
expressions with respect to &,, . . ., &x—) over their support, we obtain the joint density
of just the normalized estimator and the k'® order statistic. Indeed, we can say that,

for normalizations (1), (3) and (4), the joint density of vector (;, &) is given by:

_ D®!
pfl»fk(-’rl)xk) = fW(l,k:n)((I)(Ql)(thl:k)) \_d-f—\ . (2.2.8)
For normalization (2), the joint density of vector (&, &k, &x+1) is given by:
Pé1 £x ks (T1; Th, Th1) =
i Dq’l—l
= azfy; exp(—zh ) fwkna (B2~ (21, Tk, Th41)) ——d—€_’ (2.2.9)

<I>(‘2; and @22)'1 are two and three dimensional functions respectively made up of
just the elements y; », Yx,n and 7 from &' and @'~! respectively.

The function fw (1 k.n) is the joint density of the 1%t and kP order statistics where
random variables come from a Weibull distribution with parameter a. For k = 2

this is given by the following expression:

fw@ k) (T1,2) = n(n — 1)a?z8 125 lel"x 1~ | 0 < 1) < 75 < 0.

(2.2.10)

35



For k > 2 it is given by:

fwkmy(T1,26) =
nla?z¢ 15!

T k=2)n-k)!

(e(,c:_lz-((k-l)x‘l’+(n—k+l):§)) — el F5Eg+n-1)2g )))

The function fw (i k:n»n) is the joint density of the 1** and kt* order statistics and an
independent Weibull random variable. Here the order statistics are obtained from a
random sample of size n from a Weibull distribution with parameter a. For k = 2,
fw( k) is given by the following expression

fW(l,k:ﬂ,f])(xlaxkv 7’) - n(n - 1)a3 T xg—lna—le(—-’l‘?‘—(n—l)zrg—fl"),

0<z <z < 00.
For k > 2, fwq k:nn) is given by

fW(l,k:n,n) (.’L'] 1+ Tk 17) =

3 -1 -1 -1 —
_ nla’z{" 25" 0" exp(—n°) (e( 25 (k=1)z$ +(n—k+1)z8)) _ e({:%(::‘l’-f-(n—l)zg)))k 2
k= 2)l(n — k)] ’
0<z; <123 < 00.
Densities

The densities of the normalized estimators (m(? — m)/w when the distribution of
the random variables y; is Weibull are as shown below.

For w = w; = (ncy)'/® the joint density of & and &, pi(z, k) is

_ 1 (nco) Y2z + Crzy )
pl(Z)xk) - (nco)l/"(l + Ck) fW(1‘221'l) ( (1 T Ck) y L2 (2.2.12)

For w = wy = (y1,n — m)/n the joint density of &, & and &4, is given by

z2nCy z2nCk
2z n) = —20k o Zp, 2.2.13
p?( y Tk "7) 77(1 + Ck) _ ZfW(l,z. ) ((T](l + Ck) — 2)2 ) T’) ( )

For w = w3 = (y1,» — m) the joint density of & and & is given by

_ $2Ck .’L’QCk
p3(z,zx) = m—a—z)szu 2:n) (1 TG = x2> (2.2.14)
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Finally, for w = wy = (yx,n — m) the joint density of £; and & is given by

. Z2 Ta(z + Ck)
Pa(z,zk) = 1+Cka(1,2:n)< 1+ Ck ,532)

The above densities (2.2.12), (2.2.14) and (2.2.15) are defined as above when

(2.2.15)

0 < y1,n £ Tk < 00, and are equal to zero elsewhere. The density (2.2.13) is defined
on the support 0 < y;, < 7 < 00, 0 <7 < 00 and is equal to zero elsewhere. y;
is defined as in Table 2.3.

We can find the univariate density of the normalized linear estimator & = (m —
m)/w, in a similar way as for the general linear estimator (rh — m)/w (in both cases
w = w, wy, w3 and wy). Indeed, integrating the multivariate densities (2.2.12),
(2.2.14) and (2.2.15) with respect to z,,...,z; (and n for (2.2.13)), results in the
univariate densities of the normalized linear estimator & = (7 — m)/w, where

w = wy, wo, w3 and wy.

2.2.4 Density of (m® — m)/w where w = w; or w, and F(-)
is Weibull

Normalizations 3 and 4 have convenient forms that allow the explicit forms of den-

sities of (m® — m)/ws and (m® — m)/w, to be found for any k.

Lemma 2.2.1. The density of the normalized estimators, (m® —m)/(y; . —m) and

(m® —m)/(yx.n — m), for all integer k > 2, is given by

n'h (2) ( 1)r
p(Z)(z) n — k)] Z k 2 _ T)'r'[n _ —_r — 1) 1 - Z))]2
-1<z< 1. (2.2.16)

Here we define; for normalization 3;

Ck “
he) = (m_—> ’
o _ __ aCE
K(z) = 07— 2o and
Il = o
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and for normalization 4;

+Cr\“°
h(z) = (i+C‘,:) ’

, . a(z + Ck)a—l
h (Z) = W and
I = Ck.

Proof. By substituting (2.2.10) into (2.2.14) or (2.2.15) we obtain that when k = 2
the general form of the density of the normalized estimator (m® — m)/w, where

w = w3 or wy and F(-) is Weibull is as follows:
p®(2) = n(n - l)ah'(z)/ glole=z((n=D+hEgy | <2< 1.
z=0

Similarly, by substituting (2.2.11) into (2.2.14) or (2.2.15), for k£ > 2 we have

that the density of the normalized estimators is of the form:

pA(z) = o :I!IS?(,](:E %) /I: gl (exp (k n—k+1+ (k- l)h(z)))

2
—exp(k_ (n—1+h(z ))

-1 <2<1.

When k = 2 the density, p'®(z), can be simplified easily by noting that

©o
1
2a—1 a _
/:;=0$ exp(—x B)dl' = m, (2217)

where B is a positive constant. So we get for k = 2

pP(2) =n(n - DA (2)[(n—1+h(2))]7?, -1<2< 1. (2.2.18)
and
nlileop(?)(z) =h(z2), -1<2<1. (2.2.19)

The case when k > 2 needs slightly more work to get it into a simple form. Using

a binomial expansion and simplifying

(exp <':"02(n ISR h“”) moP (k xz(" —1+ h(z))>>k_2
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k—2 ,
-y %’2{3)_'_(;)1%' exp (~2®(n — (k — r — 1)(1 — h(2)))

Substituting this into p®(2) and simplifying we obtain

! o0
e 1(53 Z (k- 2 - r)lrl / ! exp(—z°[n — (k = r — 1)(1 - h(2))])dz

-1<2<1

PA(z) =

Now, noting that for both normalizations h'(z) < 1 which implies (n — (k — r —
1)(1 — h(z)) > 0, we can again make use of (2.2.17) and so obtain

2y, NH(2) (=1)"
PP(2) = (n—k)! ; (k=2-r)rln— (k—r —1)(1 — h(2))]?

-1<2<1
0O

Lemma 2.2.2. The asymptotic density of (m'® — m)/w, w = w3 or wy as n — oo

s given by:

lim p@(z) = (k- 1DA'(2)1 - h(2))*2?, -1<2<1. (2.2.20)

n—oo

Here h and h' are defined as above.

Proof. As p?(z2) is a density, integrating over the support gives 1. Make a change of

variable; u = h(z). For normalization 3 and 4 this results in the following equation:

(-1 B
(n— k)lfz Zr_() k=2—r)rn—(k—r-1)(1— u)]zdu =1

=y _
= (ﬂ k)l zr_o (k—2—-r)!r'n(n—(k-r—1)) =1
k-2 (-1)" _(n—#k)!
= 2 or=0 TR =T)) o (2.2.21)

Now consider the c.d.f. associated with p{?(z), P®(z) = P(Z < 2), obtained by
integrating the density p‘®(Z) from the lower support to z:

: pl(Z) (=1)"
CERRY A =) Z k=2 =)l = (k-7 = (1 = 2P~
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For simplicity we can make the change of variable U = h(Z) to obtain;

_ n! h(z) &3 (=1)
PlZs2) = W/M 2 T G- DA~ O

nlu § (=1)"
(n—k)! ~ k=2-rn—-(k=r—=1)]n—(k=r—-1)(1 - u))

where u = h(z).
As

1
(n—(k—r—-1)n—(k—r—-1)(1-u))
1 1—u
S wnn—(h—r=1)  wmn—Gk—r =11 —-4)

we have that

PZ<z) = S 1
(Z2=2) = (n— k)N \ < (k=2-r)rla(n—(k—7-1))
_ (=1)"(1 —u) )
(k—2—-r)r'n(n— (k-7 —1)(1 —u))

by (2.2.21) we have

_ (="
(1-u)(k—2—r)rl{ ((—"—) —(k—-r-— 1))

1-u

P(Z<2) =1

using (2.2.21) again
n'T (n—(k;—izu(l—uz)

~ (n—k)I(1 - )l (2Hzy)

1-u

P(Z<2z) =1
We can now take the limit of the above expression to obtain
lim P(Z<2)=1-(1—-u)*!
n—oo

Substituting u = h(z) and differentiating with respect to z:

lim p®(2) = (k — DA'(2)(1 = h(2))"*
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The density of (m® — m)(ncy)*/® where y; come from a Weibull distribution
can be found but a simple form cannot. The density of this normalized random
variable can be found by integrating (2.2.12) with respect to z; from ! to co. Here
l = ;;7':7" when z < 0 and | = n~'/?z when 2z > 0. Notice that for the Weibull
distribution ¢ = 1. Although it has not been possible to evaluate this integral
to obtain the density explicitly even for particular values of k and a, it has been
possible to obtain numerical solutions of integrals of the density over small ranges
of z for particular values of k and a. By doing this it has been possible to plot the
density of (m® — m)/w, on the histograms below.

Notice that for any linear estimator defined by m(®) = (1 + C,&A))yl,n - C,EA)yk_n,
C® > 0, the density of (m(®) —m)/w where w = w;, ws, w3 and w4 can be found by

substituting C,(cA) in place of Cy in any of the densities in Sections 2.2.3 and 2.2.4.

2.2.5 Density of (m* — m)/w with F(-) Weibull and k£ = 2
Amendment to MLE

Above, the definition of the MLE depends on the solution to the likelihood equation,
(1.3.3), being less than the minimum order statistic. It is easy to show that there is

always a solution to the likelihood equation less than the minimum order statistic.

Lemma 2.2.3. There is ezactly one solution to the likelihood equation in the region

(—00,Yy1,n] for any integer k and o > 1.

Proof. In the region (—00,y; ) the left hand side of the likelihood equation is con-

tinuous in 2. We have

k-1
lim (a — 1) Yen = Yin _ o
z2Tyin im1 Yin — 2

Also,

k-1
. Yen — Yin
lim (a—1 — " = —o.
zl—oo( ); in — Z
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The function (a—1) Zf;ll ﬂ‘ﬁ:—-_y"z—'“ is strictly increasing for z € (—00, y;.n). Therefore
as k € (0, 00) there is exactly one solution to the likelihood equation in the region

(_001 yl,n]- 0

We can also find explicit expressions for the density of the normalized MLE
when k = 2 and F(z) is Weibull. In this case the MLE is the solution to the linear

equation
. a-—1
m = Yin— ) (y2,n - yl,n)

a+1 a-1
2 yl,n 2 y2,n-

This is simply a linear estimator on two order statistics with C,gA) = "T‘l Its density
can therefore easily be found from Sections 2.2.3 and 2.2.4.

Notice the similarity between the densities of (m® — m)/w and (m* — m)/w.
For the estimator m®, C, = /2 for all a. Let us define an estimator to be
m® = (14 C£)yrn — CfYkn, where C3 = (a — 1)/2, then we see the density of
(m® — m)/w is equal to that of (m* — m)/w, where either w = w;3 or w = wy.

Let us derive expressions for the densities of the normalized estimators (m* —
m)/w when k = 2 and the distribution of the random variables y; is Weibull. For
w = w; = (ncp)'/® the joint density of £, and &, pi(2, z) is

2 2(ncp) "oz + (a + 1)z,
pi(z,22) = T 1)fW(l,2:n) 11

,:rg) (2.2.22)

For w = wy = (y1.,» — m)/7n the joint density of &, & and &1 is given by

_ zm(a—1) 2zon(a — 1)
P2(Z,$k,77) = mfwu,z:n,n) ((n(a + 1) _ 22)2’

For w = w3 = (y1,» — m) the joint density of & and & is given by

_ 2z3(a—1) To(a — 1)
p3(z,zx) = mfwu,z:n) (m,xz (2.2.24)

s, n) (2.2.23)

Finally for w = wy = (yx.» — m) the joint density of &, and & is given by

T2(2z2+a—1
fw(,2im) (Aa—_iT—),m)

21172
a+1

pa(z,xk) = (2.2.25)
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The above densities (2.2.22), (2.2.24) and (2.2.25) are defined as above when
0 < y1,n £ 72 < 00, and are equal to zero elsewhere. The density (2.2.23) is defined
on the support 0 < y;,, < z; < 00, 0 < 7 < 0o and is equal to zero elsewhere. y, ,

is defined as in Table 2.3 with (a — 1)/2 substituted in place of Cy.

2.2.6 Density of (m* — m)/w where w = w3 or wy with F(-)
Weibull and k = 2

As with the linear estimator m(®, the joint densities (2.2.24) and (2.2.25) are in

convenient form so that an explicit form of the density can easily be found.

Lemma 2.2.4. The densities of (m* —m)/(y1x —m) and (m* — m)/(yx,n —m) are

gwen by: : h(2)
. n(n — 1)h¥(z
P& = m T R

The associated asymptotic densities as n — 0o are given by

—1<z<1. (2.2.26)

lim p*(z) = h"(2), -1<z< 1. (2.2.27)
Here for normalization 8 we define

20(a—1)°

=/ d
W& = Grioza)em o
Il = oo
and for normalization 4,
. (224t a-1 “
h'(z) = ( a+1 ) '
2a(2z + a — 1)*7!
ht/ _ d
(2) (a+1)e an
| = (a—1)
—
Proof. The results follow by substituting Cx = (o — 1)/2 into (2.2.16) and (2.2.20)

O
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2.3 Analysis Using Densities
2.3.1 Comparing m° and m*

Let us now compare the densities and asymptotic densities of (m° — m)/w and

(m* — m)/w for k = 2, where w = w3 or w = wy.

§ p(z) lim,_p(2)| Support
ol e (r 1+ (585)") |l | o< s
meom| nn=Da(s+Cye) (n —1+ (;Igz)") B ot | _Cr<z<1
mom| BEGN (- 1+ (2)) | et |0 <2 <1
m;:m 2n(n—l)2)a(izi+)-:—l)"" (n— (2:::1—1) )™ E(%ﬂl;)iﬂ —al oz <1

Table 2.4: The density and asymptotic density of normalized estimators m® and m*
when k = 2.

Notice the similarity between the densities of (m® — m)/w and (m* — m)/w.
From (2.1.3) we can see that C; = /2. If we define an estimator to be m(®) =
(1+ C§Yyrn — C§Vyip, where CFY

= (a — 1)/2. Then we see the density of

A

(m® — m)/w is equal to that of (m* — m)/w, where either w = w3 or w = wy. This

similarity is explored again in Section 2.5.
2.3.2 Investigation into the Effect of Increasing Sample Size

Here we investigate the effect of increasing sample size on the normalized k" or-

der statistic from a Weibull distribution and on the normalized estimators (m(? —

44



m)(nce)/?, (m® —m)/(y1n — m) and (M@ —m)/(yx.. — m) where y; come from a
Weibull distribution. We also briefly discuss the convergence of the order statistics
from the beta distribution to the asymptotic distribution.
Figure 2.3 shows the densities of normalized estimators m° and m*. The nor-
malization used are as labeled. Here F(-) is the Weibull distribution with o = 2 and
= 2. It can be seen that the density of the normalized estimator (m® — m)/w
reaches its asymptotic density very quickly. The densities of the normalized es-
timators when n = 10 are quite close to that of the normalized estimators when
n = 1000. The densities of the normalized estimators when n = 100 and n = 1000
are almost indistinguishable.
Figure 2.4 (a) and (b) show (with a dashed line) the distribution of yx n(k,—m)+
m where y; , is the k't order statistic from the Weibull distribution. This has been
denoted pw (x:n)(z). For the Weibull distribution m = 0 and k,—m = (log (ﬁ))l/ e

Pw(k:n)(Z) is given by the following expression:

5 2 (1o (comn (525)) (o (o (25)))

In Figure 2.4, (a) and (b) show (using a solid line) the asymptotic distribution
of the normalized k** order statistic from a general distribution satisfying the con-
ditions of Theorem 1. The equation for this is given by (1.2.7). In (a), @ = 3 and
k = 5 and in (b), k = 10 and a = 3. The sizes of the samples of Weibull random
variables are n = 10, 15, 20, 50 and 100. As n increases the samples plotted converge
monotonically to the asymptotic one. From these two plots it can be seen that when
a = 3, the normalized 5*® order statistic converges more quickly to the asymptotic
distribution than the normalized 10" order statistic. For both k = 5 and k = 10 the
density of the normalized k*! order statistic when n = 100 is close to the asymptotic
one.

Figure 2.4 (c)-(h) show the density (2.2.16) of (m® — m)/(yxn — m) for n =10
and n = 100. Also shown is the asymptotic density (2.2.20). It can be seen that
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(a) (nco)/*(m® — m) (b) (nco)/®(m* —m)

2 2

A _

(c) (m® —m)/(y1.n —m) (d) (m* —m)/(y1.n —m)
(e) (m® —m)/(yk.n —m) (f) (m* —m)/(yk.n —m)

Figure 2.3: The plots on the left show the densities of normalized m* = m® es-
timators, the plot on the right show the densities of normalized m* estimators.
Normalizations are as labeled. In all plots the paramters o = 2, k = 2 and n =2,
10, 100 and 1000 have been used.
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for all o and k shown, the density of (m® — m)/(yrn, — m) is very close to the
asymptotic density. This is because the normalized order statistics from a Weibull
distribution converge quickly to the asymptotic distribution (as shown in (a) and
(b)).

This convergence to the asymptotic distribution of the normalized linear es-
timators can be explained by considering the distributions of the extreme order
statistics from the Weibull distribution. It was shown in Section 1.2.2 that correctly
normalized extreme order statistics from the Weibull distribution (and the beta dis-
tribution, Fjs(z;a,1)) converge quickly to the asymptotic distribution (especially
for small k). This has the direct implication that the linear estimators (normalized
using normalization (1)) must also converge to an asymptotic distribution. This
means that for any further simulation studies involving the Weibull distribution, a
small sample.size (of say n = 100) may be used to reduce simulation time without
affecting results. The quick convergence is not true of every distribution, for exam-
ple, extreme order statistics from the beta distribution, Fj(z;3,2), do not converge
very quickly to the asymptotic distribution (especially for large k), and thus the
normalized estimator based on extreme order statistics from the beta distribution,

Fj3(z; 3, 2), distribution will not converge quickly to the asymptotic distribution.
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NHk=3a=5 (g k=4,a=5 (h) k=5,a=5

Figure 2.4: Figures (a) shows pw .n)(z) for k = 5, a = 3 and n = 10, 15, 20, 50 and
100. Also shown is (1.2.7) for k = 5 and a = 3. Figures (b) shows pw (x.n)(z) for
k =10, a = 3 and n = 10, 15, 20, 50 and 100. Also shown is (1.2.7) for k£ = 10 and
a = 3 . Figures (c)-(h) shows the density (2.2.16) and asymptotic density (2.2.20)
of the normalized estimator &, = (m® — m)/(yx, — m). The density (2.2.16) has
parameters n = 50 (dashed line) and n = 100 (solid line). The asymptotic density
is marked with +. 48



2.4 Simulation Study: Known o

Below we use a finite sample simulation study to compare the estimators defined
above. First, we compare the distributions of the estimators using histograms. We

then consider the efficiency, bias and MSE of the estimators.

2.4.1 Histograms of Normalized Estimators

The histograms plotted below are of normalized estimates of m, the lower endpoint
of a Weibull distribution. Plotted on the relevant histograms are the densities cal-
culated in Section 2.2. Densities (2.2.18), (2.2.16) have been plotted. It was also
possible to obtain numerical solutions to integrals of the density of the normalized
estimator (m® — m)(ncy)('/?) for particular values of k and « over finite ranges.
This has been plotted on the relevant histogram.

Note that the c.d.f. of the Weibull distribution can be represented in the form
(1.2.6) with m = 0 and ¢ = 1, since 1 — exp(—t®) = t*(1 + O(t*)) as t — O.
This means that the normalized minimum order statistic of a sample taken from
F(zx) will also be distributed Weibull with parameter a. Sections 1.2.2 and 2.3.2
show us that with F(z) as Weibull, the densities of the extreme order statistics
and the distribution of the normalized estimators converge to their corresponding

asymptotic densities at small sample sizes.

Normalization

The estimators shown in the histograms in Figure 2.5 have been normalized in the
four different ways discussed in Section 2.2; (ncg)/*(h — m), (1 — m)n/(y1.n — M),
(m—m)/(y1n —m) and (i —m)/(ykn —m), where 7 is an independent random vari-
able drawn from the Weibull distribution with parameter . We will now study the
different effects that these normalizations have on the distribution of the correspond-
ing normalized estimators. It can easily be seen from Figure 2.5 that none of the

normalizations produce a normalized estimator with the same density as another.
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As E(y1,, — m) = (kn — m) ~ (ncp)~'/*, you might expect (nc)'/*(r — m) and
(m — m)/(y1,n» — m) to be equal in distribution, this is not the case.
For large n we can say that if #' is a variable chosen such that the following

statement holds
(M — m)n’
(yl.n - m)
then 1’ will have a Weibull distribution with parameter a. This can be seen by

= (nco)'/?(rh — m),

noting that (y,, — m) £ (kn, — m)n and using (1.2.9). This fact does not mean that
(nco)!/e( — m) and (7 — m)n/(y1n — m) will be equal in distribution, as there is
dependence between 7 and y, , whereas 7 and 7 are independent.

It can be seen from the histograms in Figure 2.5 (as well as Figure 2.3) that
the four normalizations used have very different effects on the distribution of the
normalized estimators. Using normalization (1) makes the density of the normalized
estimators similar to the normal distribution. Normalizations (1) and (2) do not
impose any bounds on the size of the normalized estimators. Normalization (3)
imposes an upper bound of 1 on the normalized estimator, but no lower bound.
Normalization (4) ensures that the resulting normalized estimator is between ax
and 1. In future all discussions about normalized estimators will be considering

normalization (4).
Estimators

The different estimators do not appear to vary greatly in distribution. They do
however have different means and variances. In general the MLE has a lower variance
than the optimal linear estimator (and estimators m(® and m®), however the mean

of the MLE is greater in general than the linear estimators.
Parameters a and k

From Table 2.5 it can be seen that as a increases, the standard deviation of the
estimators increases. The mean of the linear estimators also increases with a. For

all estimators both the mean and the standard deviation decrease as k is increased.
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Figure 2.5: Histograms of 10 000 estimates of m from the Weibull distribution with
parameter « = 3. The estimator in (a), (b), (¢) and (d) is the optimal linear
estimator and in (e), (f), (g) and (h) it is mS2\ All estimators are using k¥ = S order
statistics from random samples of size 100. The different histograms show these
estimates normalized different ways. The mean of the estimator has been plotted
using a vertical dotted line.
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a=2 a=3 a=5
Mean | Std Dev | Mean | Std Dev | Mean | Std Dev

k | Estimator

— 0.32 0.47 0.37 0.48 0.42 0.50
— 0.49 0.36 0.50 0.39 0.50 0.43

—m) 1007 | 028 |o011] 032 |013] 035
—m [ 020 | 024 |02 | 020 [ o019 ]| 033
m=-m 1 008 | 028 | 012 | 033 | 015 | 0.37
m—m) 008 | 028 [o011| 032 [014 | 036

mi-m) 1002 | 018 | 003 | 022 | 005 | 0.25
10f &=m 1910 | 016 | 009 | 020 | 008 | 0.24
m7-m | 003 | 018 | 005 | 023 | 007 | 028
mZ-m 1002 | 018 | 004 | 022 | 005 | 0.26

Table 2.5: The mean and standard deviation of estimators. The statistics were
calculated from 10 000 runs. In each run each estimator was used to estimate m
from a sample of size n = 100 taken from the Weibull distribution (with parameter
a as indicated). k order statistics were used to calculate each estimator. The
estimators considered are the three linear estimators m°, m® and m®, and the
MLE, m*.
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Figure 2.6: Histograms of 10 000 estimates of i from the Weibull distribution with
parameter a = 3. The estimates were made using £ = 5 order statistics from samples
of size 100 and normalized using normalization (4). The different histogram show
estimates made using different estimators. The mean of the estimator has been
plotted using a vertical dotted line. A normal distribution curve has been fitted to
each distribution and plotted.

For all « and k the standard deviation of the MLE is smaller than that of the linear
estimators, but the mean of the MLE is larger than that of the linear estimators.
From Figure 2.7 it can be seen that the distribution of the estimator when £ = 2
is very different from the distribution when £ > 2. First, considering the case when
k = 2; from Section 2.2 we can see that the density of the normalized estimators
(m°® —m)/(yk,n —fn) and (m* —m)/(yit,n —m) is a function of z° 1. This means
that when « = 2, the density is a linear function, when « = 3 the density is a
quadratic and so on. This is verified by the histograms. When & > 2 then densities
become more symmetric. As a increases the distributions of the estimators become

negatively skewed.
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Figure 2.7: Histograms of 10 000 normalized estimates of m from the Weibull dis-
tribution with parameter « = 2, 3 or 5. The estimates were made using the optimal
linear estimator using £ = 2, 5 or 10 order statistics from random samples of size
100 and normalized using normalization (4). From the same 10 000 samples of 100
random variables the normalized estimator (m* —m)/(£/*,,,—m) was calculated. The
percentage frequencies of normalized estimators (m* —m)/(yk,n —m) (crosses) were
plotted at each of the midpoints of the original histogram. The sample means for
(m°® —m )/(yk,n —m) and (m* —m)/(yk,n—m) are plotted using vertical dashed lines.
The sample mean of the MLE is greater than that of the optimal linear estimator in
all of the above plots. The density of (m® —m)/(yktn —m) (derived in section 2.2.4)
has been plotted on the histograms relating to £ = 2 with a solid line.
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2.4.2 Efficiency, Mean Square Error and Bias of Estimators

In this section we use the data from Monte Carlo simulations to assess the quality
of the estimators m*, m°, m® and m®. The main criteria is efficiency. Bias and
MSE are also considered. We study the behavior of the estimators when y; are
drawn from a Weibull distribution, a beta distribution and when y; are the results
of evaluating a uniform random sample over a four dimensional function. In each
case R = 10000 samples are made, each producing a set of n random variables

®) @

P

¥1,---,Yn and estimates mj, mj, m;” and m

Efficiency

By definition, the optimal linear estimator m°® = 1, x(a°), with a° given in (1.3.9),
provides the lowest MSE in the class of all consistent linear estimators as n — oo.

Using (1.3.3) and (1.3.8), we have for the asymptotic MSE of m°:
TA-1
nlgxgg (Tln-l—\_—":j;‘;MSE(mﬁ =1, (2.4.1)
for any k. Therefore, for fixed n and k it is natural to define the efficiency of an
estimator ™m as
(Kn — m)2
1'A-11
Since we consider finite samples, it is possible for the efficiency to be slightly greater

/MSE(r) . (2.4.2)

than 1.
The MSE of an estimator 17 is estimated from 1, j = 1,...,10000. The index j
indicates that each 7; is estimated from a different sample of size n. The estimated

mean square error is given by the following expression:
R
. 1 A
MSE(1n) =~ y jz::l(mj —m)?.
For fixed k, n and R, we use the following definition for efficiency of an estimator

efion) = |2

%Z(fﬁj - m)2] ) (243)



where in our case R = 10000 and k varies. As R — o0, the finite-sample efficiency

(2.4.3) tends to (2.4.2).
Simulation Study: Weibull Distribution

Figures 2.8-2.10 show the results from carrying out the above simulation study with
yi; drawn from the Weibull distribution with parameter . Using this distribution
means that the tail index used in the estimators is @, m = 0 and ¢ = 1. In
this simulation study the sample size was n = 100. The results that can be seen
from these figures are as follows. The MLE does not perform well for small a. In
particular, the efficiency of the MLE is lower than the optimal linear estimator for
all values of k£ when a = 2. The same is true of the bias except for large k. In general
for small k and for small a the MLE is outperformed by the optimal linear estimator.
For simultaneously small o and k the simple estimator m(® also outperforms the
MLE. The sirr'lple estimator m(® also outperforms MLE when a = 2 and k is not

too large.
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Figure 2.8: Estimated efficiency (2.4.3) of each estimator with respect to the optimal
linear estimator (asymptotic). In figures (a) and (b) the estimators are based on
k = 2...20 order statistics. In figures (c) and (d) estimators are based on k = 5 and
10 order statistics respectively. The sample size used is n = 100. F(z) is Weibull in
all figures. The parameter of this distribution in figures (a) and (b) is @ = 2 and 3
respectively. In figures (c) and (d) « takes integer values in the range (2, 10].
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Figure 2.9: Normalized estimated mean square error (nco)'/®% E;il(ﬁl,— —m)? of
estimators. In figures (a) and (b) the estimators are based on k = 2...20 order
statistics. In figures (c) and (d) estimators are based on k = 5 and 10 order statistics
respectively. The sample size used is n = 100. F(z) is Weibull in all figures. The
parameter of this distribution in figures (a) and (b) is o = 2 and 3 respectively. In
figures (c) and (d) a takes integer values in the range (2, 10].
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Figure 2.10: Normalized bias, (nco)"/ al Z;Ll |7n; — m| of estimators. In figures
(a) and (b) the estimators are based on k = 2...20 order statistics. In figures (c)
and (d) estimators are based on k = 5 and 10 order statistics respectively. The
sample size used is n = 100. F(z) is Weibull in all figures. The parameter of this
distribution in figures (a) and (b) is @ = 2 and 3 respectively. In figures (c) and (d)

a takes integer values in the range [2,10].
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Simulation Study: Beta Distribution

In this simulation study the distribution F(x) was taken to be the beta distribution

with c.d.f.
Bt(ay ﬁ)
B(a,B)’

where By(a, 8) is the incomplete beta function [J 2°~(1 — z)?~'dz and B(a, 8) is

Fs(t;a,B) = te(0,1]

the beta function. We can approximate this c.d.f. by (1.2.5) where ¢y = m, the
tail index is equal to a and m = 0. By setting 8 = 1 we have that ¢p = 1. Then the
beta distribution is exactly equal to F(z) = co(t — m)* (see (1.2.5)). It has been
shown that for certain selections of the parameter 3, extreme order statistics from a
beta distribution do not converge quickly to their asymptotic distribution. For this
reason sample sizes of both n = 100 and n = 1000 have been considered.

The results from this simulation study are as follows. When 3 = 1 the efficiency
of the optimal linear estimator is approximately one for all k, o and n shown,
implying that the asymptotic MSE has been reached in all these cases. Indeed, it is
the case that the optimal linear estimator has reached asymptotic efficiency when
B =1, the same is also true of any other linear estimator: From (1.3.5) we can see
that the analytic efficiency of 7 when F(z) is the beta c.d.f. with 8 =1 is given by

a”Aa°T(n+1+ a/2)
a'Aa T(n+ 1)n?e)’

which is a good approximation to the asymptotic efficiency even for small n. The
efficiency of the MLE when 3 = 1 is approximately constant for all k¥ with fixed c.
In all (8 = 1) cases shown, the MLE has slightly worse efficiency than the optimal
linear estimator, as « increases the MLE improves. When n is increased from 100 to
1000 the efficiencies of m° and m*, when 3 # 1 appear to converge to the efficiencies
when 3 = 1 of m° and m* respectively. When n is small, 3 # 1 and a > 2, as k
increases estimators m* and m° become poor. This is because the k' order statistic
no longer within the region where (1.2.5) can be assumed true. It was also seen

in Figure 2.4 that higher order statistic do not converge as quickly as lower order
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statistics to their asymptotic distribution. For larger n this is still the case but not
to such a degree. When 8 = 3 or 5 and a = 2 the efficiency of m* increases with k.

For n =1000 and 8 = 0.5, 8 =1 or a = 2 m® outperforms m*.
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Figure 2.11: The estimated efficiency (2.4.3) with respect to the optimal linear
estimator (asymptotic) of the estimators m° and m*. 10 000 estimates were made
from samples of size n = 100 that were drawn from the beta distribution with
parameters 8 = 0.5, 1, 3 and 5 (as marked on different lines on plot) and a = 2,
and 4 (as marked below each plot).
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Figure 2.12: The estimated efficiency (2.4.3) with respect to the optimal linear
estimator (asymptotic) of the estimators m°® and m*. 10 000 estimates were made
from samples of size n = 1000 that were drawn from the beta distribution with
parameters 3 = 0.5, 1, 3 and 5 (as marked on different lines on plot) and a = 2,
and 4 (as marked below each plot).
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Simulation Study: Optimizing an Objective Function

A simulation study similar to the ones described for F(z) Weibull and beta was

conducted. The objective function

f(w,z,y,2z) = 10cos(2w + 2.3) + cos(12w) + 10sin(2z — 2.5) +
+ sin(14z) + sin(4y + 3.1) + cos(8z — 0.4) (2.4.4)

was considered over the feasible region (w,z,y,z) € [0,1]*. This function has four
local minima. f(0.70,0.73,0.40,0.44) = —20.3, f(0.70,0.36,0.40,0.44) = —21.73,
£(0.30,0.73,0.40,0.44) = —21.95 and f(0.30,0.36,0.40,0.44) = —23.34. The latter,
m*=-2334 atw=w" =030, z=2"=036,y =y =040, 2 = z* = 044
is the global minimum. A random sample of n uniform random vectors on [0, 1]*
space was made. The objective function was evaluated at each of these, creating
independent identically distributed random variables (i.i.d.r.v.) y; with c.d.f. F(z),

where F(z) is approximately given by the following expression:

72,/9605 ,
This approximate c.d.f. is in the form F(z) = ¢o(z — m)?, where ¢o = -’%%’%?)——5 s

0.001, m = —23.34 and a = 2. The approximation has been found by approximating
the original function f(w,z,y,2) by fa(w,z,y,2) by performing a 4 dimensional

Taylor expansion. The quadratic form f,(w, z,y, 2) is given by

— a*)2 _ *)2 a*\2 Az — 2
fa(w’x,y’z)zwo(w w*)? + 226(x a:)2+16(y y*)? + 64(z — 2*) .

This approximation is valid close to the global minimum (see Figure 2.13).
Using Theorem 2.2 from [37] we can conclude that the c.d.f. F(z) meets the
assumptions of Theorem 1, and that the value of the tail index, a, is a = d/2 =

4/2 = 2.
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Figure 2.13: Projection of function (2.4.4). Three of the parameters are set to their
optimal values; w = w*, ¢ = z*, y = y*, z = 2*, and the remaining value is allowed
to range between 0 and 1. The free variable is labeled beneath each plot. Also
plotted on the above graphs (dotted line) are the projections of the approximation

fa(w,x» Y, z)'
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Figure 2.14: Estimated efficiency (2.4.3) of each estimator with respect to the op-
timal linear estimator as defined above. The estimators are based on k = 2...20
order statistics. Estimators assume approximation (2.4.5); @ = 2 and ¢p = 0.001.
In plot (a) the sample size used is 1000, and 10000 in plot (b).

It can be seen from Figure 2.14 that the MLE performs much worse than the
optimal linear estimator when the c.d.f. F(z) is the result of evaluating a sample
of objective function values. This is particularly noticeable when n is small. This
suggests that the MLE does not work well when the minimum order statistic is not
Weibull. When the c.d.f. was set to be Weibull or beta with tail index o = 2 the
MLE was often outperformed by the optimal linear estimator, but this effect is seen

to a much greater degree when the c.d.f. is the result of evaluating a function.

65



11

101

11

* Weibull

{ Beta

+ Function

|

i
e e e = e - A e e =Ty
le- = . e -~—- * ~.’
|
§

- o
k:,’—r"‘-‘-'—o—'f‘*.’_o— - e-e-e-gsectzE
.o

.- e-®-—e-"""

|
|

1.1

-

. .- -
~ ~ - - -
-

PRTICLR Ikt BB Aui-C e i

e e v ey OB ey A e B et | — o oy
2 s 0 15 2 2 -] 0 15 20
K K

(a) =05 (b) B=1
1 1
b_,—"~——.——'——v—~.__‘__,_4-"~-¢~~—‘-v-'—‘-<’ R e SR L T e Y
4 LR N 10 - -
L - e e —grr—e - <9~ tee—e . Le~e-e -
-~ - e TF o o ~ - -y e
o '0"'-0-"“'31?-*'-""1'1-" . “ halaainal ESUGEEPRPTEL L2 2R A S

~ 1
¢ - t

(c)B=3

vvvvvvvvvvvvvvvvvv

(d) B=5

Figure 2.15: The estimated efficiency with respect to the asymptotic optimal linear
estimator (2.4.3) of the optimal linear estimator (broken lines) and the MLE (solid
lines). 10 000 estimates were made from samples of size n = 10000. The distri-
butions used to make the estimators are either Weibull, beta or the distribution
approximated by (2.4.5) (obtained by evaluating (2.4.4) at the points of a uniform
random sample). Beta distribution has parameters 8 = 0.5, 1, 3, and 5 (as marked
below plots). All distributions have tail index o = 2.
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From Figure 2.15 we can see that the optimal linear estimator performs much
better than the MLE in estimating m from the Weibull distribution, the beta dis-
tributions and the four-dimensional function. When k is large compared to n the
estimates of m from the four-dimensional function become very poor. This is be-
cause the k'" order statistic is likely to fall in the neighborhood of a local minima
rather than the global minimum. It can be seen from Figure 2.15 that when n is
large, m° and m* have larger efficiency when estimating m from the four-dimensional
function than from the Weibull distribution or the beta distribution. This is not
because it is easier to estimate the minimum of a function than the endpoint of a
distribution. The reason is likely to be that the tail index and ¢y that are used in
the estimators m* and m° (and the calculation of efficiency) are estimates from the
approximation (2.4.5). We can obtain different estimates of these parameters by
considering that the un-normalized minimum order statistic comes from a Weibull
distribution with scale parameter ¢ = K, — m and shape parameter a. Indeed y, ,

has density ¥ (z; 0, a) given by
vso) =2 (2 oo (- (2)). #>0

Using the sample of y 10000 (of size 10000 obtained by the Monte Carlo simulation
described above), we made maximum likelihood estimates of ¢ and a, ¢ = 0.179
and @ = 2.105 respectively. Compare these to the estimates from the approximation
(2.4.5) of (13%%%10 000)_1/2 = 0.178 and 2. The two estimates of k, —m are similar,

whereas the two values of a are not so similar.

How Close is the Distribution to the Approximation?

In deriving the estimators and their efficiencies we have made the assumption that
for ¢t close to m, the c.d.f. F(t) is approximately equal to co(t — m)*. It is of
interest to investigate how close the distributions that we have investigated are to

this assumption.
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For the beta distribution we have that the ratio of the beta density to the assumed

one, coa(t — m)®~1, is given by:

t*'(1-¢)"1/B(a,B) _ ;s
t-m@1/Bl@p) U

The ratio of the Weibull density to coa(t — m)®~! is given by

at®! exp(—z?)
ate-1

= exp(—t%).

For the beta and Weibull distributions, m = 0 and for the beta distribution ¢y =
F(al._aﬁ' The supports of the beta distribution, the Weibull distribution and the
assumed distribution are [0,1], [1,00) and [m, (cp)!/® + m] respectively. The ratios
are only valid within these supports.

The ratios show that (as previously discussed) when F(z) is the beta distribution
with parameter 3 = 1, beta density is exactly equal to the assumed density. When
B > 1 and t is close to m, the beta density is smaller than the assumed density.
When 3 < 1 and t is close to m, the beta density is larger than the assumed density.
The ratio of the beta distribution to the assumed distribution does not depend on a.
When F(z) is Weibull the density is always smaller than the assumed distribution,
however, as a increases the Weibull density converges to the assumed density. The

ratios are plotted in Figure 2.16 for various 8 an a.
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Figure 2.16: The ratio of the beta distribution to the distribution coat®*~! and
the ratio of the Weibull distribution to the distribution cyat®~!. Here the beta
distribution has parameter § = 0.5, 1 or 3 (higher, middle and lower solid lines)
and the Weibull distribution has parameter & = 5, 3 or 2 (higher, middle and lower
dash lines respectively).

2.5 Comparison of estimators: Unknown «

In reality it is not always possible to know the correct value of the tail index. Even
in the above case (in Section 2.4.2) of optimizing a known objective function, it
was not possible to obtain the exact value of the tail index. In this section we give
analytical and experimental results concerning how estimators react to using the

wrong value of the tail index.

2.5.1 Efficiency: Wrong Tail Index

Let us first introduce some notation. Let m(J) be the estimator that is derived
assuming that the tail index is ¥. For example, when m(d) = m°(9) this is given
by i n(a®(9)) where a(d) is the vector of coefficients given by

Ag'1

°(9) = 22—
) = T
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Here Ay, is the matrix A = ||); ;|| as defined in (1.3.4) with 9 in place of . The
MLE with the wrong value of the tail index is denoted m*(¥) and is the solution
2 € (00, ¥1,n] to the following equation.

k-1
(@-1) B Hn _y
i=1 b

We wish to find the asymptotic efficiency eff(7i(d9)). For a general consistent

linear estimator with vector of coefficients a(¥) this is given by

1

eff(m(d)) = TA-11 - a'(¥)Aa(¥)’

(2.5.1)

The efficiency of m°(9) and m*(9) can easily be found analytically for all £k > 2.
The minimum order statistic is not affected by the choice of ¥, so is useful to asses
how robust the other estimators are under changes to J. The efficiency of m*(J)
has only been found analytically for k = 2.

Let us first consider the efficiency of the estimator m°(¥). This can easily be
derived by substituting a°(¥) into (2.5.1), it can also be found in [37]. For general

k we have that

(1'A5'1)?
1A-11 - TVAFTAA 'L
Therefore for k = 2 the efficiency of m°(¥J) is given by:

eff(m®(J)) =

a+2
at+2+a(l-2)

Notice that this efficiency is maximized when 9 = a.

The asymptotic efficiency of the minimum order statistic for k = 2 is given by:

(a+2)
2(a+1)

These efficiencies have been plotted on Figure 2.17 of simulated efficiencies.
The asymptotic efficiency of the MLE can be calculated when k£ = 2. It has an

interesting property.
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Lemma 2.5.1. For k = 2, the efficiency, effim*(9)) of m*(¥) with respect to m°(c)

s given by

a(a + 2)
202 +4a—-2a9 - 20+ 92+ 1

effflm*(9)) = (2.5.2)

this is marimized when ¥ = a + 1. The asymptotic efficiency at this mazimum is

maxy eff(lm*(9)) = 1.

Proof. For k = 2, there is exactly one solution, z, to the likelihood equation (1.3.3),

it is given by:
. a—1
m* (@) = yin — ( B )(yz,n — Y1,n)-

The asymptotic MSE of the estimator m°(«a) is given by substituting (1.3.8) into
(1.3.3):

E(m°(a) — m)? ~ i’%{}”lf- n — 00
Now consider E(m*(d) — m)%
E(m*'(d) —m) =E (y],n _0 ; 1)(yz,n — Yin) — m) (2.5.3)

From Lemma 7.1.3 in {35], we have that under conditions already assumed
E(Yin — m)(Yjn —m) ~ (kn — m)2X;j, n — 0. (2.5.4)

Therefore we can find eff(m*()) when the random variables y; are drawn from

a Weibull distribution by expanding (2.5.3) and using (2.5.4);

2
Bm(9) -m? = 3Bz, -

= (kn— m)2

(92 -1) (¥ —1)°

E(yl.nyz,n) + 4
(202 + 4a — 2009 — 29 + 9% + 1)I(1 + 2/a)
2a(a +2)

E(v;,)

2,n

The efficiency is then found by calculating g(’:: &;:2;2. Maximization by differenti-
ating with respect to ¥ confirms that maximum efficiency is achieved at 9 = a + 1.

Substitution of ¥ = a + 1 into eff(m*(J)) gives eff(m*(a + 1)) = 1. O
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Notice that it was shown in Table 2.4 and the discussion that followed (Sec-
tion 2.3.1), that under the conditions that k = 2 and F(z) is Weibull with parame-
ter a, the normalized estimator m*(a + 1) has the same density as the normalized

estimator m®?(a) = m°(a).

2.5.2 Simulations Study

In this section we find the estimated efficiency of each estimator when the value
of the tail index is incorrectly assumed to be ¥ (instead of the correct tail index,
a). R = 10000 samples of size n = 100 were drawn from a Weibull distribution
with parameter o = 2, 3, 4 and 5. Estimates of m were made using each of the
five estimators defined in Sections 1.3 and 2.1. When making these estimates the
value of the tail index of the distribution was assumed to be ¥ = 2, 2.5,...,10. The
estimates made using the wrong value of the tail index have been denoted m*(9),
me°(¥), m®(¥) and m?(9). The simplest estimator, the minimum order statistic,
make no assumption about the tail index, it has been used for comparison.

The efficiency of each of these estimators has been calculated with respect to the

optimal linear estimator using correct value of the tail index; m°(a).

R
eff((9)) = [(-"i'iAll—l—] [ Z h;(9) — ] , (2.5.5)
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Figure 2.17: eff(m)($) plotted against d. Efficiency is estimated from 10 000 samples
of size 100 from a Weibull distribution with parameter a. The number of order
statistics used in each estimator is £
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The simulation results above back up the analytical results of Section 2.5.1. The
analytic asymptotic efficiencies plotted with the plain solid line fit the simulated
efficiencies closely. It can also be seen that for k = 2 the MLE estimator has
maximum efficiency (of approximately 1) when ¥ = a + 1. The plots show that
when k£ > 2 the maximum efficiency of MLE is reached at 9*, where a < 9* < a +1.
As k increases, it appears that ¥* | a. As a increases the range of ¥ for which
eff(m(9)) > eff(m®) increases. As k increases, although eff(m®) decreases, the range
of 9 for which eff(mm(9)) > eff(m®) decreases. This shows that if a larger number of
order statistics are used to calculate the estimators, it is more important to estimate
the tail index correctly. Figure 2.18 shows the value of A = 9* — a for the MLE for
a variety of a and k. Linear regression lines have been plotted for each value of k.

The equations of these lines are given by:

2 A =097
=3: A=0.70-0.0lc

4: A=057-0.01la

5: A=048-0.02a
=6: A=0.42-0.03a

Further investigation into the MLE when « is unknown can be found in {32].

k| aleffy(a) | eff,(a) | effy(9*) | effs(9*) | Simulated J9* | Analytic 9"
212 089 0.89 1.11 1 2.97 3
213 094 0.94 1.01 1 3.97 4
215 098 0.97 1.01 1 5.98 6

Table 2.6: Table shows the estimated (from simulation) and analytic efficiency of
m*(a) (effy(a) and eff,() respectively), estimated and analytic efficiency of m*(J*)
(eff;(9*) and eff,(¥*) respectively). Also shown is ¥* found through simulation and
analytically. 9* is the value of ¥ that maximizes the efficiency.
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Figure 2.18: ¥* — a plotted against o for MLE when k = 2,...,6. ¥* — a decreases
as k increases. v* is estimated by taking 10 000 sample of size 100 from a Weibull
distribution with parameter a and making estimates of m assuming that the tail
index of the distribution is 9. In the simulation values of ¥ were tested in increments
of 0.01.
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Chapter 3

Comparison of Estimators:
Increasing Sample Size

In this Chapter we consider the sample Y, = {y1,...,yn} as a time series. In
Chapter 2 we analyzed estimators of m at a fixed sample size, here we analyze the
estimators as n increases.

As n increases, the k smallest order statistics related to the sample change.
When there is a change in the order statistics we say that a record has occurred. In
Sections 3.1.1, 3.1.2 and 3.1.3 we formally define records and some related statistics.
In Section 3.1.4 we give some well known results about the frequency with which we
expect to see records. We show that records occur very infrequently. We show links
between record occurrence and Poisson processes. In Section 3.2 we show that we
can model order statistics from a uniform distribution at record times. We create a
stationary Markov chain that can be used to model normalized estimators of m at
record times. This is very useful due to the fact that records occur infrequently, so
this model enables us to use simulation to observe estimators at sample sizes that
would not be possible through direct simulation. We analyze the Markov chain and
the random variables that model estimators. We then conduct a simulation study

using this model.
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3.1 Introduction to Records and Poisson Process

3.1.1 Notation and Definitions

An important consideration in the estimation of the endpoint of a distribution is
how large to make the sample size n. In general as n increases the estimates improve.
However, as n increases the order statistics on which they are based update very
infrequently. This means that the sample size can be increased dramatically without
seeing any improvement in the estimate. In order to describe the process of the
updating of order statistics (and hence changes of the estimate) we must consider the
random sample y,, ...y, as a stochastic process, rather than as n random variables
observed simultaneously. So observation y, is the random variable that occurs at
time n (when the sample size is n).

The definitions below give a systematic means of recording when and how often
records occur. For consistency, notation is mainly taken from [26]. We define a
type 1 record and a type 2 record, both of these definitions are used in literature.

In Chapter 5 we will consider a discrete time series. In this situation new ob-
servations can occur that are equal to the current record value. This is known as
a weak record. Weak records are defined in Section 3.1.2. When dealing with dis-
crete data, records as defined in Section 3.1.1 are often called strong records. In
Section 3.1.3 we consider maximal records. Table 3.1 shows notation relevant to

these three sections.

Definitions

First we define the type 1 and type 2 k*® indicator functions. A type 1 £*! indicator
function is equal to 1 if a type 1 k*» record has occurred. Similarly, a type 2 k'

indicator function is equal to 1 if a type 2 k*® record has occurred.
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(Strong) records | Weak records
Name Maximal records
Type 1 | Type 2 | Type 1 | Type 2
k** indicator function Ii, Iin Iwy, | Twkn
k** record count Nin Nin | Nwg, | Nwin
k** record Time T, Tiy | Twp, | Twin .
k' record value By, | R | Rup, | Ru, |00 Superscenpt
k*" record Value vector | S; . Skn | Swh, | Swkn
k'** waiting time we, Wie | Wup, | Wwg,
Random variable Yn
k*® order statistic Yk.n

Table 3.1: Table of notation. Notation and definitions for records in continuous data

are the same as those for strong records in discrete data.

Type 1 k** indicator function:

. 1,
Ik.k = {0,
1

L. = !
k,n {0,

Type 2 k" indicator function:

Ik

I kn

Yk > Yk—1,k-1,
otherwise

Yk—1,n-1 < Yn < Yk n-1
Yn = Ykn—1 O Yn < Yk—1,n—1

= 1

Yn < Yk,n—-1

0, Yn > Ykna1

The requirements for a type 1 k' indicator function to equal 1 are stricter than
those for a type 2 k' indicator function. The type 2 k" indicator function, Ii n, is
equal to 1 if the new random variable y, is less than or equal to the existing k!
order statistics from the sample at size n — 1. However, the type 1 k'® indicator
function, I} ,, is only equal to 1 if y, is between the k*" and (k — 1)*" order statistics

from the sample at size n — 1.
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The number of times that the set of k smallest order statistics changes when
increasing the sample size from k to n is given by the type 2 k*® record count, Ny,
(defined below). Notice that an equivalent way to describe type 2 k' record count
is as the number of times that the k*® order statistic changes. Also defined below
is the type 1 k*® record count, Ng ,; this is the number of times that a new random
variable y; causes the k" order statistic to change without affecting order statistics
Y1j» - - - Yk—1,j- Equivalently, this is the number of type 1 k*! records observed between
times k and n.

Type 1 k** and type 2 k' record counts are given by the following expressions.
Type 1 k" record count:

n
Ni.=) L;n>k
j:k
Type 2 k** records count:
n
Nen=) Ie;n>k
j::k

Notice that in the record count summations, the index variable j starts at j = k
not j = 1, this is because the indicator functions I;, and Ii, are not defined for
n<k.

A type 1 k! record time, T;,, is the sample size at which a type 1 k" record
occurs for the t'" time. A type 2 k** record time, T}, is the sample size at which a
type 2 k*® record occurs for the t** time. See definitions below.

Type 1 k! record time:

T, = msin(s >k—-1:I;,=1)

Ty, = msin(s >Te: i, =1),t>1
Type 2 k*® record time:

Tvn = k
Ti: = msin(s >The1: Ikn=1),t>1
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The t*® type 1 k* record value is the value of the k" order statistic at time 7,
Similarly, the t*® type 2 k*! record value is the value of the k' order statistic at
time Ty ,.

Type 1 k** record value:

Rie = wer,,t21

Type 2 k** record value:
Rk,t = yk,Tk_u t 2 1

The record values can be concatenated to form a record values vector these are

defined as follows.
Type 1 k'* record value vector:

SI:,t = {Ri,v 7:,2’ oo Ry}
Type 2 k*" record value vector:

Skt = {Rk1,Ri2, ... Ris}

We also define the limiting cases;S; = lim,_. Sg, and Sk oo = lime—,c0 Skt

The time between type 1 or type 2 records is called the waiting time and is
defined as follows.
Type 1 k** waiting time:

Wi, =Teo—Tien —1,t>1
Type 2 k** waiting time:
Wit =Tkt — Thp-1— 1,1 > 1
The definitions of waiting time are such that if (type 1 or type 2) k*! records
occur at both time n and time n + 1, the waiting time between them defined to be
zero.

In the remainder of this text if the type of record is not specified it may be

assumed that a type 2 record is being referred to.
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3.1.2 Weak Records

Weak records are defined for discrete time series. They occur when a new observation
is equal to an existing order statistic. In a discrete time series, if a new observation
is strictly less than a current record value, we say that a strong record has occurred.
The type 1 and type 2 k**; strong record indicator function, strong record count,
strong record time, strong record value and strong record value vector are defined
as in Section 3.1.1. The type 1 and type 2 k** weak record indicator function are
defined as follows.

Type 1 k** weak indicator function:

Iw* - 1’ Yk > Yk-1,k—1,
kok 0, otherwise
Iw‘ _ 11 Yk—1,n-1 < Yn S yk,n—l)n > k
kn =
" 0, Yn > Ykn-1 OF Yn < Ye—1n-1,n > Kk

Type 2 k** weak indicator function:

Iwk,k = 1

T, = 1, Yn <Ykn-1,n>k
'" 0, Yn>Ykn-1,n>k

Other definitions relating to weak records are intuitive: Type 1 and type 2
k* weak record counts and record times (denoted Nwy ,, Nwin, Twy, and Twy,
respectively) are defined as for strong record counts and times but with Jwj , in
place of I}, and Jw;, in place of Ix,. Type 1 and type 2 k'™ record values and
waiting times (denoted Rwy ,, Rwiy, Wwi, and Wwy, respectively) are defined as
for strong record values and waiting times but with T}, replaced with Twy ,, and T,
replaced with Twy . Finally type 1 and type 2 k'" record value vectors (denoted
Swy, and Swy, respectively) are defined as strong record value vectors but with
R; , replaced with Rwj, and Ry replaced with Rwy,.

In Chapter 5 a discrete time series is created by rounding a continuous time series

to the nearest integer. In order to estimate the number of records in the underlying
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time series, a small noise (a uniform [-0.1,0.1] random variable) was added to each
of the members of the time series. The number of records in this time series is
an unbiased estimator of the number of records in the underlying continuous time

series.

3.1.3 Maximal Records

Instead of considering, as we have done, the record smallest elements in a sample,
we can consider the record largest elements in a sample. All of the definitions in
Sections 3.1.1 and 3.1.2 can be repeated for maximal records. A maximal record
from a time series y; is equal to a minimal record from the time series —y;. These
are denoted with a superscript +. For example, the type 1 maximal k** record count

is denoted N; 7 and the i*" type 1 maximal weak record Nw;;.

3.1.4 Moments and Distributions

This section collects well-known results that are useful for understanding the prop-
erties of records. These can be found in literature, for example [5], [27] and [31],
[1]. [16] provides an excellent, and very readable introductory review combining
examples, results, applications and citations related to 1% records.

The following theorem is useful for discussing properties of record values as it
shows that results about the distribution of S}, can equally well be applied to S; ,,,

S3n» - It first appeared in [23], but can be found in many sources including [24].

Theorem 3.1.1. (Ignatov’s Theorem) S;,,S;,,S;3,,... are independent and

identically distributed random sets.

A set is a finite or infinite collection of objects in which order has no signifi-
cance. Elements in a set are distinct. A random set is a set made up of random
variables. Notice that although the sets S} ,, 53 ,,, ... are independent of each other,

the elements within each set are a strictly increasing sequence of random variables.
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[5] examines Ignatov’s theorem, giving excellent figures and further explanations of
its implications.
The expected value and the variance of the number of type 1 k*" records to occur

between time k and time n are given below.

EN;, =E(If,+...+If,) = X0y}

= logn—zgc;ll%—{-'y-i-O(%), n — 0o
VarNg , = Z_?:k (% - ;17)

where v = 0.5772... is the Euler constant. This derivation uses the fact that

E(I;,) = L for all n > k. This fact is shown to be true in [27], and is a consequence

of the fact that when adding a new random variable (y,) to a sample of size n —1 it

is equally likely to fall in any of the n sections, [m, 1 n-1), [Y2,n-1), - - - » [Yn—1,n-1, M].

Here M is the upper end of the support of F(z).

Similarly we can find the expectation and variance of the k" type 2 record count.

This is given below.

ENk‘n = E(Ik'k + ...+ Ik,n) = E?:k f'

=k[logn—2§;}%+'y+0(%)], n — 0o

VarNin = 3 7 (f B (?)2)

[31] shows that if F(-) is continuous then

*
1,n

—las. asn—

logn
where a.s. stands for almost surely. We can show similar results for k** type 1
records and k' type 2 records. Indeed, for n > k we have that I3, 4 It n. Using

this and the definitions in Section 3.1.1 we can say that
* d * *®
Ngn=Nin—Nipy (3.1.1)

Therefore, for finite £ we can say that
Nin
logn

— 1 as. asn — oo. (3.1.2)
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Again by their definitions we can say that

Nen = Nig+. .+ Ng =N — . = Ni1i
= Ni.+...+Ng,—(k—1). (3.1.3)

Using this, and the fact that for finite k all N;, converge almost surely to logn we

can say that
N k,n
klogn

— 1 a.s. asn — 00. (3.1.4)

These results have been verified by the simulations whose results are shown in Fig-

ures 3.2 and 3.3.

Records and Poisson Processes

Records have many links to Poisson processes, these are given below. [31] shows that
asymptotically as n — oo, Ny, is a nonhomogeneous Poisson process with intensity
A(n) = logn. Here a nonhomogeneous Poisson process is defined to be a continuous

time stochastic process, {N(t),t =01 ...}, with the following properties:
e N(t)>0,Vtand N(0) =0
e N(s) < N(t)Vs,tsuch that s<t
e P(N(t+h)—N(t)=1)= At)h + o(h), Vi
e P(N(t+h)— N(t) >1) =o(h), Vt

where ‘-’(—,:'-)- = 0 as h — oo. Here A(t) is the time dependent intensity. Notice that this
definition implies that for non-overlapping time intervals, (u, v] and (s,t], P(N(t) —
N(s) = y) is independent of P(N(v) — N(u) = z). It also has the implication that
the probability that the number of events between time a and b (0 < a < b) is equal
to some integer k is given by

_ exP(-’\a,b))‘:,b

P(N(b) — N(a) = k) =

k=0,1,...
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where \gp = [ : A(t)dt.

Using (3.1.1) we can say that Ny, is also asymptotically a nonhomogeneous
Poisson process with intensity logn. It is commonly known that the superposition
of k Poisson processes with intensities p;,...,us is also a Poisson process with
intensity py+. . .+pu. Therefore we can say, using (3.1.3), that Ni , is asymptotically
a nonhomogeneous Poisson process with intensity klogn.

A Markov process is defined to be a stochastic process, z(t), with the property
that for every n and t; < t; < ... < t, the following equality holds:

P(z(tn) < znlz(ta-1), ..., z(t)) = P (2(tn) < Zn|z(tn-1))-

If the possible values of z(t) form a countable set S (called the state space), the
Markov process is called a Markov chain. {yrn,n > k} is a Markov process its

transition distribution is given by:

1- (1= F(z2))', z2<m

P(yk,n+t < $2|yk,n = xl) = { 0, z2 > 1

(3.1.5)

As the right hand side of (3.1.5) does not depend on n, yi, is said to be a
Markov process with stationary transition probabilities. The Markov chain yx» has
a constant path, except at type 2 k*® record times (or type 1; 15,27 ... k' record
times), here the path jumps to a value closer to m, i.e. (yz,,,, —m) < (yr,, — M)
The record values { Ri¢,t > 1} are therefore an embedded Markov process of states
visited by the Markov chain {yxn,,n > k}. The Markov chain Ry;, t = 1,2,... has

stationary transition probabilities given by:

F(y) <z
P(Ris1 <ylRe,=2)={ F@* Y=T 4> 3.1.6
( k,t+1 y| k.t :r) { 0, y>z Z ( )

[31] shows us that if F'(-) is continuous with m = inf{y : F(y) > 0} and M = sup{y:
F(y) < 1}, then by letting H(t) = log(F(z)) so that H : (m, M) — (—00,0), we

can say that {R;,} is a Poisson process on (m, M) with intensity
Hla,b) = H(b) — H(a). (3.1.7)
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Finally from [31] we know that if F(-) is again continuous with support (m, M),
then we can say that the points {R; ¢, W) ,41,t > 1} are the points of a two dimen-
sional Poisson process on (m, M) x {1,2,3,...} with intensity:

(1 - F(a))’ - (1 = F(b))’
; :

p(la,b) x {j}) = (3.1.8)

Here we use the definition of a two dimensional Poisson process as found in [31].
We know that R,, = R}, and W;, = Wy,, because of this we can extend the
two previous results concerning R, to say that if F'(-) is continuous with support
(m, M) then {R;},} is a Poisson process on (m, M) with intensity given by (3.1.7)
and {R;,, W{,,,,t > 1} are the points in a two dimensional Poisson process on

(m,M) x {1,2,3,...} with intensity given by (3.1.8).

3.1.5 Altering Time Scale

It is stated above that asymptotically N;,, is a Poisson process with intensity log(n)
and N; , is a Poisson process with intensity i log(n). Therefore by letting t = log(n)
we have, EN/, = EN:_e, =t, so Ni‘,e, is a Poisson process with intensity 1, and N; e
is a Poisson process with intensity i. Figures 3.2 and 3.3 below show results from a
simulation of 100 samples of size 22 000 from a Weibull distribution. Figure 3.1 shows
the order statistics from one of these samples. These figures verify that by altering

the time scale the number of records becomes a homogeneous Poisson process.

86



1/1,n 1/2,n 1/3,n
i V4n I*n. 24n

@ (b)

Figure 3.1: (a) shows the first three order statistics, yi>n 22,,, and 23,n, from a single
sample, plotted against logn. (b) shows the normalized order statistics, —
m)/(y4n~ m), (22,n- m)/(y4n~ m) and (y3dn- m)/{y4n~ m), from a single sample,
plotted against log(n). Also plotted on (b) is 24,n against logn.

— Afin — N2n "’" N3n
24 2a
0 10 0 10
@ (b)

Figure 3.2: (a): Count, iVIIL N2 and iV3)n (frpm a single sample) plotted against
100

log(n). (b): The mean count over 100 runs, : N Nk,n,r, plotted against log(n),
r=1

where each /Vijllir is N7 from a separate run.

&7



NLn — iV2n *e¢ jV3n

10
0 10
log Sample size
(a) JVIn
10
10
log Sample size
(b) Nin
10
0
0 10
log Sample size
(©0 Nlin
J 100
Figure 3.3: Count, N*n (from a single sample) and A TV plotted against
=1

log(n), where each N*nr is N*n from a separate run.
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3.2 Modeling Order Statistics and Estimators at
Records

A problem with studying the behavior of the first k order statistics is that, as
shown above, they update very infrequently. This causes problems when simulating
data; in order to simulate, say, 500 changes in the first 5 order statistics, one would
expect to have to simulate order statistics for all sample sizes up to approximately
n = exp(100) ~ 3 x 103, This problem can be overcome by using a new model that
simulates random variables equal in distribution to order statistics at record times
of a time series y;, i = 1,...,n. In the model described below y; are independent,
identically distributed random variables from the distribution F(z) (as defined in
(1.2.6)). The random variables from the new model can be normalized to form a
(k — 1)-dimensional Markov chain, X, X,,..., the transition from X, to X4 is
described below. We create functionals on this Markov chain that can be used to
model estimators at record times.

In Section 3.4 we check that the functional described in Section 3.2.3 are equal in
distribution to the normalized estimators. First we do this by deriving the densities
of some of the functionals. We compare these densities to the relevant densities
calculated in Section 2.2. The means and variances are compared. Next we plot his-
tograms of the functionals that can be compared to the histograms in Section 2.4.1.
Finally we study whether the efficiency of the functional is the same as the efficiency

of normalized estimators.

3.2.1 Modeling Order Statistics at Record Values

In order to derive random variables that model order statistics, we require the fol-
lowing representation which can be found in [27]. It shows that order statistics from

a general continuous distribution F' can be modeled using uniform order statistics.

Representation 3.2.1. Let y1n < ... < Ynn, n = 1,2,... be order statistics from

sample yi, ...y, of i.i.d.r.v. with any continuous c.df. F. Alsolet U;, < ... <
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Unnyn = 1,2,..., be ‘Uniform order statistics’, i.e. the order statistics from a
sample, Uy, ... Uy, of i.i.d.r.v.s from a uniform distribution on [0,1]. Then for any
n=12...

(F@Win), - F(¥nn)) £ (Ui - - - Uni)s

where < means that the two vectors have the same distribution.

If we define the inverse of F(z) (denoted F~!(s)) to be
F~(s) =inf(z : F(z) > s),

then Representation 3.2.1 can be rewritten as
(Win---Ynn) 4 (FY(U1n), .. FY(Uny)). In fact, the continuity condition can be
dropped for this second form of the representation.

Representation 3.2.1 shows that if we simulate uniform order statistics at record
time, T}, then by applying F~! to the order statistics we obtain random variables
with the same distribution as order statistics y1 7, ,,. ..,y 1., Here y;7,, is the ith
order statistic from a sample of size Ty, drawn from a distribution with c.d.f. F(z).
In this section we denote the random variables that have the same distribution as
uniform order statistics at record number t as U, ,...,Ux¢. The bold font on the
second subscript distinguishes these random variables from actual uniform order
statistics.

From Representation 3.2.1 we can see that the first step in modeling order statis-
tics at records from a general distribution, is to model order statistics at records from
the uniform distribution. The k uniform order statistics at time Ty ; = k are k£ uni-
form random variables arranged into ascending order. So Uy 3 = Uk, ..., Uk1 = Ukk
To model the k smallest uniform order statistic after the next update (when t = 2
and n = T} ) we can use the fact that, for uniform random variables, the next type 1
i record (i < k) is distributed uniformly on [0, Ui ,]. Let such a random variable
be denoted U,. Let U, be such that U;_, x < Uy < Ujy, for some j € [1,...,k] and
let Upx = 0. Therefore the j* order statistic at time T} is modeled by U; 3 = Us.
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The order statistics lower than this; Uy 3,...,Uj-1,2, do not change and so are given
by Ura = Uiy, ..,Uj_12 = Ujy1. The higher order statistics; Uj41,2,. .., Uk, are
given by Uj;12 = Uj,...,Uxa = Uk-1,1. To model the order statistics at time T},
t = 3,4,... this process is repeated; a random variable U, is drawn from a uniform
[0, Uk ¢-1] distribution. This is added to the set of (modeled) order statistics at record
number ¢t — 1. This set of k + 1 random variables is reordered and the k smallest
order statistics are selected to create the random variables that model the k smallest
order statistics at record time ¢t. In doing this we create a k-dimensional Markov
chain where each k-dimensional vector is made up of the modeled order statistics.
By applying F~! to each element of each k-dimensional vector, we achieve a k-
dimensional Markov chain of random variables with the same distribution as order

statistics from a sample of increasing size with c.d.f. F(z) at times Ty,, t =1,2,....

3.2.2 Modeling Normalized Order Statistics at Records

In the analysis and simulations that follow, it was useful to obtain random variables
equal in distribution to normalized order statistics; (yin —m)/(yx,n — m) at records.
These order statistics form a stationary (k — 1)-dimensional Markov chain (the k!
element is always equal to 1, so is dropped). In order to achieve this normalization,
at time Ty, = k (record time t = 1) modeled order statistics Uy ,,...,Us, are
divided by Ui,. We define a (k — 1)-dimensional vector X; = {x&”,...,xf:_)l

to be; 2" = Uy 1/Ukyp, . .. ,:cf:_)l = Uk-1,1/Ux1. These make the first vector of a
(k — 1)-dimensional stationary Markov chain. We now simulate the next vector
(equal in distribution to k — 1 normalized order statistics at time n = T} 3, record
time ¢ = 2): A uniform [0,1] random variable is added to the vector X, denote
this random variable as U,. The resulting k-dimensional vector {zgl), e ,z:g_)l, U;}
is normalized by dividing by the largest element (denote this largest element Uy 3).
Re-ordering these random variables and selecting the k — 1 smallest gives us X, =

{z2,... ,xff_)l}. From here the next vector of the (k — 1)-dimensional Markov chain
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can be found similarly, by adding a uniform [0,1] random variable, re-ordering, re-
normalizing by dividing by the largest element (denote his largest element Uy) and
finally discarding the element equal to 1 (the largest). The notation that we have
adopted for the Markov chain vector is: X;,X5,.... The elements that make up

each vector, X;, of the Markov chain are given by :vy), i=1...,k-1

Ure/Us k ) z{?
= : — : — ...
(1) (2)
Uk—l,k/Uk.k Tr 4 Trq

withz’) <z < ... <z =1.

The transition from X; to X, is described by the following equations. Case 1
describes how the elements of the vector update if the new random variable (U,4;)
is smaller than the largest element of the (k — 1)-dimensional vector (xgll). Case
2 describes how elements of the vector update if the new random variable U,4; is
larger than the largest element of the vector at time t.

Case 1: Uy < xf:ll
(
g =B i<i-1
g = U : (3.2.1)

x(.t+l)=£ﬁl l<i<k

1 t ]

where [ is such that xft_)l <Ur < :rl(') Case 2: :vf:l, <U

{ R S S| (3.2.2)
1 Ut y -—

These transition equations will be used to derive transition densities in Section 3.3.1.
By applying F~! to each element of the vectors of the Markov chain X;, we
obtain random vectors equal in distribution to the order statistics at records from

a general distribution.
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3.2.3 Modeling Normalized Estimators at Records

The next section shows how the above Markov chain has been used to model estima-
tors of m from a general distribution of the form (1.2.5). First we consider modeling

consistent linear estimators.
Modeling a Consistent Linear Estimators

A general linear estimator of m based on a sample of size n is given by:

k
mk,n = E AiYin,
i=1

where y; , are defined as above, i.e. as the i*h order statistic from a sample of size
n.

Using Representation 3.2.1 we have that

k k
. d _
Mpn = E aiYin = E a;F"Y(Uin)
=1

i=1

From (1.2.5) we can say that as n — oo

k k U, \ Ve
S aF N Ui) ~ Y a [(—c;—") +m]
=1

_ Uk,n)”“ u (U)f
= m+( o ;a, Uk,n

l/a k 1/a
d Ukn Ui,k)
= “+ U a;\ ——
™ ( Co ; (Uk.k
1/a k
= m+ (UC’Z”> > i)V (3.2.3)
i=1

Above we used that for a consistent linear estimator 3%, a; = 1.
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k
Let (= Zai(xgt))‘/“ fort = 1,2... and {*) be defined as in Section 3.2.2.
Ckeis a functio:alll of a stationary Markov chain so (s, t = 1,2,... is stationary. We
will therefore often drop the ¢ index and just use the notation (. In order to identify
the vector of coefficients (a) used in functional {; we will use the similar notation
to that used for estimators defined in Chapters 1 and 2: ¢°, (}, or Ck, represent (g,
based on vector of coefficients a°; ¢, ¢{?, or 2 represent (, based on a® and

so on. From above, for large n we have that

1/a
Gk ~ ( Uc,:”") (e — m). (3.2.4)

By comparing the histograms in Figure 2.7, to those of {; in Figure 3.9, it appears

that ¢ 4 (Mg — m)/(ye,n —m). In fact as n — oo this is true, indeed; as

U 2 F(gn) ~ co(yin — m)® (3.2.5)

by substituting into (3.2.4) we can say that

1/a
G ~ (Tgn—m) (——Co-—)

co(Ykn — mM)*
(mk.n - m)
(Ykn — m)
As EkU, ,, = EUy» you might also expect that the distribution of ¢ and (g n —
m)/(k/*(y1» — m)) to be asymptotically equal. However the distributions of the
random variables kU, , and Uk, are not equal. Also although EUj, = % the distri-

bution of (€2)® (s, — m) is not equal to the distribution of (.
k )

Modeling the Maximum Likelihood Estimator

We now consider using the Markov Chain (X;, t = 1,2,...) to simulate maximum

1/a
likelihood estimator. First let ¢’ = (ﬁﬂ:) (m* —m). Now consider the maximum

1/a
likelihood equation (1.3.3); substitute z for ¢’ (%—"—) + m. We can say that (;,
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is the solution 2’ to the following equation:

k-1
k= (a-1)) e Yo (3.2.6)
=1 yip — 2 (%) -m
k-1 (gn —
= (a—1) Z Yen — M) = (Yin — m)

1/a
= (gon—m) — 2 (%)

Using Representation 3.2.1:

E 4 (a-1) kZ (F~)(Ugn) =m) = (F~'(Uin) = m)

i=1 (F-Y(Usp) —m) — 2/ (y_ki)l/a

co

Using (1.2.5) and rearranging:

Ui.n _i U"'k . .
As Uen Uk fori=1,...,k we can write

So finally we have

k—1 1— x(t)l/a
k= (@-1))) —m— (3.2.7)

: xst)l/a — 2

i=1

1/a
We defined ¢’ to be such that (gﬁ) ¢’ + m = m*, and substituted this into
the maximum likelihood equation (see (3.2.6)). If we set (i, equal to the solution

2’ from (3.2.7) we have that

1/a
. * ! co ®
lim G, £ ¢' = (Uk ) (m* —m).

’

When referring to (i, we will also use the notation ¢; and ¢*. If the notation ¢, (i

or (x,. is used, we are referring to any of the functionals defined in this section.
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3.3 Analysis of Markov Chain

In this section we examine some of the properties of the Markov chain, X;, and the
functional, ¢x. We find the transition density of the 1-dimensional Markov chain
when k£ = 2, so X, = xﬁ‘). We also find the transition density of {y when k = 2.
Notice that for £k = 2, :rgt) is a Markov chain. As {; = a;z'/* + a4 is a one-to-one
function, {; = a,z¥V/® 4 q; is also a Markov chain.

Using these transition densities we were able to calculate the autocorrelation
functions of :c(lt) (when k = 2) and (;. We have also used simulation to estimate
the autocorrelation functions of xft), i=1,...,k—1and {§ (a =3). In both these
cases k = 2, 3, 4 and 5.

(t) (t+1)

Throughout this section, for ease of notation we denote z;’ as z, z; * ’ as 2, (a;

as ¢ and (241 as (.

3.3.1 Transition densities of Markov Chain

Transition density for Markov Chain, :z:gt), when k = 2

Here we calculate the transition density of the 1-dimensional Markov chain X; = :c(lt),

k = 2. In order to simplify notation let :zzgt) = z and zgtﬂ)

= z/. As shown by the
transition equations (3.2.1) and (3.2.2), the value of =’ depends on the relative size
of z and the uniform order statistic U;,,. Below we consider the two cases; that the
new uniform random variable is less than z; and that the uniform random variable

is greater than z.
Case 1: Uyy1 <z
(a:gt) ) =(z)=>
Case 2: U1 >

(t+1)
1

By the law of total probability the transition c.d.f. of x is equal to

P(Case 1)P(z’ < y|Case 1) + P(Case 2)P(z' < y|Case 2).
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These probabilities are not difficult to derive. Consider first Case 1. Obviously
P(Case 1) = P(U, < z) = z. In Case 1 z' is given by

U,
(J)=(£LWM03f3L (3.3.1)

z
So the conditional c.d.f. of 2’ given Case 1 occurs is
P(r' <y|Case 1) =y, (0<y<1).

For Case 2 we have; P(Case 2) = P(Up4+) > z) =1 — z. Z’ is given by

(%) =(2'), wherez <z’ <1. (3.3.2)

So the conditional c.d.f. of =’ given Case 2 occurs is
P(z' < y|Case 2) = =%, (z<y<1).
So using the law of total probability, the transition c.d.f of xst“) fork=2is

P(z' <y) = zP(z' <y|Case 1)+ (1 — z)P(z’ < y|Case 2)

{wy, 0<y<z

3.3.3
l+zy—%, z<y<l (33.3)

We can differentiate (3.3.3) to obtain the following expression for the transition

density of xgt):

(v:2) z, 0<y<z
Z) =
Py T+ %, z<y<l

Transition density for ¢, when k = 2

The method for finding the transition density of (; is similar to the method for
finding the transition density of x(lt) when k = 2.

As we have that (; = a;z'/® + a; we can say that

x==(c_“2>a. (3.3.4)

a,

Therefore, given that the transition between = and z’ is split into two cases (Up4 < z

and z < Uy4,) the transition between ¢ and ¢’ must be split into the same two cases.
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We can write these cases in terms of ¢ and U,,;. If we do so, the condition for Case
1 becomes U4, < (%:’—’)a and the condition for Case 2 becomes (527“’)“ < Uy,

The probability of Case 1 occurring is still P(Case 1) = z, writing this in terms
of { we obtain P(Case 1) = (%)0 By substituting (3.3.4) into (3.3.1) we find
that the transition from ¢ to ¢’ can be described as

1/
C, _ anl ®

= = < <.
C—GZ + aqg, a2_< =

The conditional density of {’ given Case 1, is found by taking p;, making the trans-
, a
formation z’ = (57:93) then substituting (3.3.4). It is therefore given by
1

a(z — az)e?

) azSZSL
af

Pci(z:€) =

Similarly, the probability of Case 2 occurring in terms of ¢ is given by P(Case 2) =
l-z=1- (5—“&)0 The transition is described by

ay

(—a
C,=—U‘/°2+az’ (<(¢' <1
t

Finally, the conditional density of ¢’ given Case 2, is given by

a(¢ — az)*a$

(af — (¢ — a2)?) (¢’ — a2)**

Therefore, by the law of total probability, we have that the transition density of {

pe2(¢: ¢) = I (<z<1.

for k = 2 is given by:

i) - a(z-az)z%:((—“ﬁ)"’ a L z2<¢(
Y24 €2 - aiz—az):'%:((—az)o + a(¢—a2)® C <z<1

(z—az)“‘“ )

3.3.2 Autocorrelation Functions of Markov Chain

In this section we derive the autocorrelation function of X, = xgt) when £ = 2 and

the autocorrelation function (3. A trajectory of :cﬁ‘) where t = 1,...,1000000 and

k = 2, 3, 4 and 5 is simulated. The autocorrelation function of this trajectory is
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estimated and plotted. The autocorrelation function of a time series z,...,z, is

estimated by
n—1

A1y _ 2oict (Ti — ) (Tivt — T)
)= Yoy (m—-2)?

— z; . . .
where T = Z ;’ is the sample mean. Another estimate of the autocorrelation
i=1

(3.3.5)

function is
R () = "Z:ll ((L‘,- - i') (Tig1 — 5‘)
(n—k)30, (zi z)?

The sample autocorrelation function (3.3.6) is a better estimate of the autocorrela-

(3.3.6)

tion function than (3.3.5) in cases where the time series is a long memory process.
Indeed the estimate (3.3.5) has large bias in these cases. However, a:f:) is a short
memory process. The sample autocorrelation function (3.3.5) usually has a smaller
mean square error than (3.3.6) in this case. For more details see [4].

The simulation for k = 2 verifies the analytic results. The autocorrelation func-
tion of {x (k = 2) is also derived. It can be seen that for k = 2 the autocorrelation
function does not depend on the vector of coefficients a. Using the simulated Markov
chain, the autocorrelation function of (i is estimated and plotted for = 3. The

simulation results when k = 2 are compared to the analytic results.

Autocorrelation function of a:ﬁt) when k = 2

Denote the autocorrelation function of :vgt) (k = 2) as R,(l), where [ is the lag. So

Cov(zl’,z"") _ E(z{z{™") — B(z{")E(z"")
Varxgt) Var(:z:(,t))

Rx(l) =

¥ is a one-dimensional, first order Markov chain so it has an autocorrelation

function of the form

R(1) = exp(I)N), (3.3.7)

where A is a constant and [ is the lag.
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Using p(y; z) from above we can derive the autocorrelation function of xgt) at lag

one, and hence deduce the parameter A from (3.3.7). Let

Cov(a:gt), z; +1))

Rz(l) = Var(xlt))

(t+1)

Again we use the simplified notation x( )=z and z; ' = z'. Using the transition

density p(z'; ) and the density of z, p(z) = 1, we can say that:

1
E(zz') = / / z'dr'dx + / / :z:zx'+ dac'd:c--i
1
1
_ 2.3/ 2.0 2 _drldr = =
E(z) /O/Oarda:da:+/o/;:r, +w,2d:zd:v 5
1 T 1 1 T 1
E(z") //xz'dx'dz-}—/ / 'z + —dr'dr = -
o Jo o Jz T 2

1 T 1 1 xs 1
E(z?) = idr'dz + 2 + Sda'dr = -
o Jo 0o Jz 2 3

E(zz') — E(z)E(2")
B = —gea = (B

1
3
As R.(l) = exp(I\); A = log (3) and so R;(I) = exp (llog (3)) = 37" This can be

verified by comparing to the plot of estimated autocorrelation for k = 2 in Figure 3.4.
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Figure 3.4: Estimated autocorrelation function of mgt) o xf:ll, where k =2, 3, 4

and 5 and t = 1000000. In Figure (a) the exact autocorrelation function R,(l) is
marked with a +.

Figure 3.4 shows that as k increases, the autocorrelation function (for any !) of

x(lt) increases. The autocorrelation of the largest element of the Markov chain Xj;
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z! when k = 2, zf when k = 3, z}, when k = 4 and z{ when k = 5; are similar

according to the simulation results.

Autocorrelation function of Markov Chain () when k = 2

It is possible to calculate the autocorrelation function analytically for {;. As with
:r:1 , ¢2 is a one-dimensional first order Markov chain therefore it has autocorrelation
function of the form (3.3.7). Now the constant A will depend on a. We denote
this parameter as A, and the autocorrelation function as R, (l). As above we can
calculate the autocorrelation function for [ > 0 by finding R¢, (1), substituting into
(3.3.7) and solving for A,. We have that R, (1) is given by

Cov([al(a:(lt))l/“ + a3, [ (a:gt“))l/" + ay])
Var(a; (x(lt))l/" + as)
E(xl/ax/l/a) _ E(xl/"‘)E(:v’l/")
E(z%*) — (E(z/*))?

R(z(l) =

The expectations above can be found using the transition density p(z,z’). Indeed,;

0

E((zz)/*) = / / Seaedy'dr + / / e+ S drds
atl
E(z!/*) = / / 2%+ dz'dr + / / ‘*‘+-———dm'dz

E(z/?) = / / zx''/edz' dz + / / "/°x+ 5z dz'dz
(z¥*) = /‘/x&?d:c’dz—i—// 'dx
0 0

Substituting these expectations into the expression for R¢,(1) above, we get R, (1) =

exp(Aa) = 1355 So the autocorrelation function of ( is given by

Re,(l) = ( - +a20>l . (3.3.8)

Notice that this autocorrelation function is not affected by the coefficient a;.
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Figure 3.5: Autocorrelation function of ¢, (3.3.8) as a function of a. Lagsl =1, 2,
3, 4 and 5 are displayed as separate lines.

Figure 3.5 shows (3.3.8) plotted against . Different values of | are plotted
as separate lines. As o increases, the autocorrelation function increases for any .
Figure 3.6 shows the estimated autocorrelation functions for k = 2, 3, 4 and 5 with
a = 3, from simulated data. When a = 3 and k = 2 the autocorrelation function of

Cx is given by R, (1) = (3/7)". This is also plotted on Figure 3.6 with a +.
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Figure 3.6: Estimated autocorrelation function of ; from simulated data. Here k
takes values 2, 3, 4 and 5, a = 3 and ¢t = 1...10000. In Figure (a) the exact
autocorrelation function R, is marked with a +.
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3.4 Comparison of the Estimators and Their Re-
lated Functionals on the Markov Chain

In this section we verify that the model described in Section 3.2 produces functionals
with a distribution equal to the asymptotic distribution of their corresponding nor-
malized estimator. Indeed, we must verify that for large n (§ L (m°—m)/ (Ye,n—m),
G £ (m*—m)/(yen—m), (7 £ (m® —m)/(gen—m) and ¢ £ (MO —m)/(yen
m). This has been done in the following ways: First we derive the densities of ,(:2)
and C,Es) for k = 2,3,... and general a > 1. We then carry out a simulation study

and compare the histograms of the normalized estimators and the functional.

3.4.1 Density Function of C,(cz)

= z. In order

Throughout this section we will continue to use the notation :::gt)

to derive the density of (,(cz) we use the definition from above that C,Ez) is given by

(,(62) = (1 + Ci)x¥/* — Cy, where Cy is as defined in (2.1.3). However, the derivation

is valid when any coefficient C,EA) > —1 is substituted in place of Ci. The c.d.f. of

,(cz) is given by

PCP <2) = P((1+Cyz"/*~Cr < 2)
Z+Cka
- P(xs[lJer])
Z+Ck ay k-1
- 1-(1— ~-C. <z<1.
- (- (22))7 —asaen

By differentiating this expression we find that the density of C,(cz) is given by

_ak=1)(z+C)t (0 (2+Cy
pw(2) = (14 Cy)e =17 Cx

a\ k-2
) ) —Cr<z<1.  (34.1)

The density (3.4.1) can be seen to be exactly equal to the asymptotic density
(2.2.19) with w = w4. Notice for the case k = 2 we have that Cyx = o/2, by replacing
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Cr = a/2 by C,ﬁA) = (a —1)/2 we obtain exactly the asymptotic density (2.2.27) of

(m* —m)/(Yen — m).

3.4.2 Density Function of ¢ %
Before we derive the density of (,ﬁ” = ags)xit) + a,-:cgt) + af)

notation and let xgt) =z and zft) = y. As we have the relation a; + a; + a3 = 1, we

we will simplify the

can write one coefficient in term of the others. Indeed, we will write a; = 1 —a; —a.

We find the density using the same technique as in Section 2.2. The one-to-one
differentiable function ® : R? — R? that maps (z,y) onto & = (£,&;) is written
below. During the derivation we will consider the coefficients a; and a; in place

of aﬁ""’ and af). This is partly to simplify notation, but also to highlight that the
density can be applied to any {; = (1 — a; — ax)x + a;y + ax with coefficients a; and

ay that satisfy 1 — a; — ax > 0.

D
& = (1-a;—ap)z"* + ay/® + ax
2 = .

Its inverse is then given by,

o1
(51 — a6/ - ak)a
r =
1- a; — Qg

y = &

where 1 — a; — a; # 0. The elements, z and y, of the Markov chain have the same
distribution as the first and i*" uniform order statistics from a sample of size k — 1.

Their joint density is therefore given by,

(k — 1)!

fUl.k—l:Ui.k—l(z’ y) = (k _ z _ 1)!(Z _ 2)'(1 - y)k_t_l(y - x)i-z’ O S T S y S l‘
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The Jacobian of the transformation is given by

a-—1
— o h — am%’" — Qg
1—a;—ax 1—a;—ai )

So using (2.2.2) the density of C,(ca) is

D!
dn

la 2 — ai:vl/"‘ —a a\ i—2 .
p(2)=b [ (2- a;z'/® — a;)>? (a: - ( ) ) (1—z)ldy

I 1—-a;—a
zZ—a @ f
_ (k=1)la A —a \® _ (—‘l_v ) oray < z<a;+ag
where b = ey b = (H‘f) and [, = * '
1 fora; +a,<z2<1.

The density p<(3)(z) is valid where ax, < z2<1
k
When k = 3 we have that (¥ = ¢° and a simpler form of the density can be

found. Indeed, if we make the change of variable u = “7’3%:, we find that
pcgs)(z) =¢[B(l4(2),a—1,a—1) - B(lz,a—1,a—1)], a3<z2<1 (3.4.2)

where
_ 2(2 — a3)2a—1
(a2(1 — az — ag))>’
a2
1- 0.3,

ls =

1 foraz<z<as+a
={ly Erasicat

??G fora; +a3;<z<1

and B(z, a,b) is the incomplete beta function:

B(z,a,b) = / w11 — ) du.
0

3.4.3 Density Function of {;, when k = 2, a > 2

Using the definition (3.2.7) we can see that when k& = 2,

_2+a—1

. 1 a—1
C2 __—2—xl/a - T 5

2

As x(lt) is uniformly distributed on [0,1] when k = 2, we have that its density is given

by fi(z) = 1,0 < z < 1. Therefore using the transformation g(z) = #g=1zl/e_ o1
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we find that the density of (; is given by

fe; (2)

. 2a 2z+ (a—1)
T 2+a-1 24+a-—-1

)0 l for — g;—l <¢G <1, (3.4.3)
Compare this to (3.4.1) with C,EA) ==l

Using the above densities it was possible to calculate the moments displayed in
Table 3.2. From here it can be seen that when k = 2 the expectation of ¢* is 0.5 for
a = 2,5 and 5. The variance of (* increases with a. The variance of ¢* is smaller
than the variance of ((? for equivalent a. The mean of ¢* is greater than that of
¢@

The densities of (® and (m® —m)/(yx, —m) have been plotted for a variety of
k and a in Figure 3.7. They verify that for n as small as 100 ¢(? is approximately

equal in distribution to (m® — m)/(yxn — m).

Random variable | a | E¢ | E¢? | Var¢
¢ 2 (0.33310.333 | 0.222
¢ 2 (0.500 | 0.375 | 0.125
¢ 3037503751 0.234
¢ 3 10.500 | 0.400 | 0.150
¢ 510417 | 0417 | 0.243
¢ 510.500 | 0.429 | 0.179
G 210.182 ] 0.182 | 0.149
¢ 310.220} 0.219( 0.171
¢ 51 0.258 | 0.268 | 0.191

Table 3.2: Moments calculated from densities (3.4.1), (6.1.1) and (3.4.3) for k = 2
or 3and a =2, 3 and 5.
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Figure 3.7: Graphs on the left hand side show the asymptotic densities of the nor-
malized estimator (m(® —m)/(yx. — m). Graphs on the right show densities of (.
Plots (a) and (b) each show three densities with a = 3, In each plot the different
densities relate to k = 2, 3, 4, and 5. Plots (c) and (d) show densities with k = 2,
plots (e) and (f) show densities with k = 3. There are three densities shown on each

of these four plots, the three densities have parameters o = 2, 3 and 5 respectively.
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3.4.4 Histograms

This section shows the results of simulations that verily that for large » we approx-
imately have Ot = (m —m)/(ykn —rn). 100 000 samples of size ¥ —1 were drawn
from a uniform distribution. The elements of each sample were sorted into ascend-
ing order and the resulting order statistics were labeled x[I\ ... ,xkl. For each of
these samples C° and C* were calculated using a = 2, 3 and 5 and A= 2, 3, 5 and
10. Figure 3.8 show histograms of £° with the density (6.1.1) plotted. It has been
included to show that the derived density (6.1.1) fits the histograms of (Q3) (which
is equal to C when &k = 3). Histograms of C° for « = 2, 3 and 5 and k¥ = 2, 5 and
10 can be found in Figure 3.9. The outline of the histogram of (* is also marked,
with x. By comparing Figure 3.9 to Figure 2.7 we can see that (° appears to have a
similar density to the density of (m® —m )/{ykn —m) when n = 100 and £* appears
to have a similar density to (m *—m )/(y Bl —m) when n = 100. We have seen from
earlier simulations that the density of (vh —m)/(ykjn —m) when n = 100 is very
close to its asymptotic density. The density 3.4.1 has been plotted on the histograms

related to £ = 2 and appears to fit the histogram well.

M
%
0.925 - 0.525 - 0.125 0.275 0.675 1.525 -1.025 - 0.525 - 0.025 0.475 0.97 2.825 - 2.075 -1.325 - 0.575 0.175 0.92)
@a=20C b)a=30 ©a=520C
Figure 3.8: Histograms of £° = Here « =2, 3 and 5. + = 1... 100000. £ = 3.

Histograms have been plotted with density (6.1.1).
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2.125 -1.475 - 0.825 - 0.175 0475 2.125 -1.475 - 0.825 - 0.175 0475 2.125 -1.475 - 0.825 - 0.175 0475
@k=2q=2 b)k=5a=2 (© k=10,a =2
29
J Ik.
2.125 -1.475 - 0.825 - 0.175 0.475 2.125 -1.475 - 0.825 - 0.175 0.475 2.125 -1.475 - 0.825- 0.175 0.475
@krk=2a=3 ek=5a=3 (M it=10,a = 3
Hi
i
2.125 -1.475 - 0.825 - 0.175 0475 2.125 -1.475 - 0.825 - 0.175 0475

@k=2a=5

Figure 3.9: Histograms of 10 000 ¢ with parameter a =

hk=5a=>5

@) = 10,2 = 5

2,3o0or5and £k = 2, 5

and 10 (as marked below each histogram). From the same 10 000 Markov chains Q

was calculated. The percentage frequencies of O (crosses) were plotted at each of

the midpoints of the original histogram. The sample means of 9 and Q are plotted

using vertical dashed lines. The sample mean of the Q is less than that of @ in all of

the above plots. The density of

relating to £ = 2 with a solid line.

= @G (3-4.1) has been plotted on the histograms
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3.4.5 Efficiency

In this section we find the efficiency of (i with respect to the {¢. In order to calculate
efficiency, the MSE of (j is estimated and the MSE of ¢} is found analytically (see
(3.4.5)). In this study we consider ¢x equal to (g, (3, ¢, ) and e () First we calculate

the MSE of ‘linear Ck’. By linear {» we mean the functionals (x that can be written

in the form ( = Z a;z 4 ax. This MSE is given by

i=1

: 1/a 2
E((:—-02 = E (Za,- (g;—i) - O>

Using the well known expression for the distribution of any two order statistics from
a sample of size k — 1 drawn from the uniform distribution (see (1.3.6)) we find that

T(k)TG + 1/a)T(j +2/a)  T(k)

1/a _
EUnUss) ™ = 55/ T@TG + 1/a) — T(k + 2/a)

Aj,h

and hence we find that the mean square error of a general linear functional is given
by

L'k)
E(Ck - 0)2 ma Aa (344)

and so

o mz_ L) oy o I'(k)
Bl -0 = 5327297 = T v 2/a) AT

Therefore in a similar way to in Section 2.4.2 we can estimate efficiency of (; with

(3.4.5)

respect to (° by

eff(¢x) = (k+2/a1A 11/ Z r_0)? (3.4.6)

Here each (f is calculated from a separate set of kK — 1 uniform order statistics.
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From (3.4.4) and (3.4.5) we can see that the efficiency of linear (; is equal to
the asymptotic efficiency of m for F(z) = co(z — m)® + (o(z — m)*). When F(z) =
co(z — m)®, e.g. the beta distribution with 8 = 1, the (non-asymptotic) efficiency
of 7 is very close to the asymptotic efficiency of 7. Therefore the finite sample
efficiency of 7 is very close to the efficiency of linear {, when F(z) is Beta (with
B = 1) or Weibull. This is verified by comparing Figure 3.10 to Figure 2.8.

The efficiency of ° and ¢* in Figure 3.10 are approximately constant in k. When
a = 2 they are approximately 1 and 0.86 respectively. The efficiency of m°® and m*
when F(z) is the beta c.d.f. with o =2, 8 =1 and n = 100 are also 1 and 0.86
respectively (see Figure 2.11).
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Figure 3.10: Estimated efficiency of (g, (i, (’(cs) and C,(cz) with respect to (analytic)

(¢ as defined above. In figures (a) and (b) k = 2...20. In figure (c) kK = 5 and in
(d) k = 10. In figures (a) and (b) a = 2 and 3 respectively. In figures (c) and (d) «
takes integer values in the range [2,10].
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3.5 Functional Model: Unknown Value of the tail
index Study

In a similar way to Section 2.5, we now investigate how the functionals ¢°, ((?, ¢(®
and (* react to using the wrong value of the tail index. That is to say we study the

efficiency of linear functionals
k
G(9) =Y a(9)z/e
i=1

where a;(1) are coefficients as considered in Section 2.5 and x(t) 1. We also study
the efficiency of the functional (*(3J). The functional {*(19) is equal to the solution

z to the following equation:

(t))l/a

(9 —1) Z (,))l/a —

When k = 2 the solution z is linear in x( ) and :c(zt).
First we derive the efficiencies analytically. We then undertake a simulation

study that confirms and extends the analytic results.

3.5.1 Analytical Comparison of Estimators

It is easy to show analytical results similar to those in Section 2.5. From (3.4.5) we
have the MSE of (g(a). This will be the benchmark by which the other functionals
will be judged. From (3.4.4) we have that the MSE of linear (x(¥) is given by

I'(k) )
E(G(¥) —0)* = W( a(9))'Aa(9).

Therefore by considering eff(¢x) = E(¢g — 0)%/E({x — 0)? we can say that

(1'Ag"1)?

eff(¢5(9)) = eff(m°(¥)) = 1A-11- 1A;TAA; 'L

and

eff(GE (V) = eff((y) = eff(m®) = lA‘li " A1
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Also, as when k = 2, ({ and m* are linear functions of their respective order statistics

we can say that, for k = 2

ala + 2)
202 +4a — 209 — 20 + 92+ 1°

eff((3) = eff(m’(9)) =

The efficiency eff(¢;(99)) is maximized at ¥ = a + 1. These three efficiencies have

been plotted on the graphs of efficiencies from simulation.

3.5.2 Simulation results

In this section we make a similar simulation study to the one in Section 2.5.2. Here
10000 samples of size k — 1 are drawn from a uniform distribution. The sample is
sorted into ascending order, then the resulting order statistics labeled :cgt), . ,xffll.
These are used to create functionals ¢°(39), ¢*(89), (@ (9), ¢ (J) and ¢*. An estimate
of the efficiency with respect to (analytic) (°(a) of these functionals is made, and
has been plotted against 9 for a range of k and « in Figure 3.11. The efficiency has

been estimated by

10000

E(C(a) =07 /= 3 (@) —0)%.

The analytical efficiencies eff(¢g), eff(¢f) and (for £ = 2 only) ¢ are also plotted on
Figure 3.11.

Figure 3.11 verifies the derived efficiencies; the derived efficiencies plotted match
the simulation data well. It also shows that the value of ¥ that maximizes eff({; (7))
is greater than o (but less than o+ 1). The efficiencies of {; (for all k and a plotted)

appear to be the same as the efficiency of m* shown in Figure 2.17.
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Figure 3.11: Estimated efficiency, eff(C*(#)), of @,  and CJ 35 a function of «¢ 4
varies from 1.5 to 10, a = 2, 3 and 5 and ¥ = 2, 3 and 5. The estimated efficiency
is calculated from a sample of 10000. Also shown are the analytic efficiencies of (
and and where £ = 2, 0.
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Chapter 4

Two More Estimators of m

In this chapter we define two new estimators of m. The first makes use of the
trajectory of the order statistics, not just the order statistics at a particular sample
size. Indeed, the new estimator is a weighted average of m°® or m* estimators at
smaller record times and at the current record time. The weights depend on the
waiting times, Wy ,. In these estimators it is assumed that the parameter « is known.
The second is an estimator of m that assumes that both parameters a and ¢y are
known. We show that if we know the value of parameter ¢y, significant improvements
can be made in the estimation of m in most circumstances.

It has already been shown that functionals on the Markov chain X, can be used
to simulate estimators. In this Chapter we rely heavily on functional models to

study the new estimators.

4.1 Weighted Estimator
4.1.1 Expected Wait for Next Update

Here we use well known techniques to derive probability mass functions (p.m.f.s)
and expectations relating to waiting times. Throughout this section we will be
considering the t'! type 2 k*P records. In order to simplify the explanations, we will
refer to these simply as t*" records, where ¢ is equal to the record count, Ny ,. This

means, for example, that if we refer to the ¢*! waiting time we mean the t** type 2
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k'™ waiting time, W} ,, and if we refer to the 't record time we mean the ' type 2
k't record time, T ,.

Below we derive the expectation and variance of the waiting time for the ¢ + 1%
record given that the t*! record time is known. In order to do this we first find the
conditional probability mass function of the ¢ + 1*" record time given the ¢! record
time is known. This can be derived as follows. If the t** record occurs at time I,
then in order for the ¢ + 1'® record to occur at time r (where r > {), no records may
occur at times [+ 1,...,7 — 1, and a record must occur at time r. The probability
that a record occurs at some time n is given by P(I;, = 1) = k/n, this means that

P(Ixn = 0) = (n — k)/n. This gives us

P(Tk,t+l = T|Tk,t = l) = P(Ik,[+1 =0,... Ik,r—l =0, Ik,r = 1)

k(r — k-1
= <
ST

By definition Wi 41 = Tkt+1 — Tke+1 — 1, this means that conditional p.m.f. of the
waiting time Wy .4 given Ty, is

k(l +w— k)I!
(+w+ )=k

P(Wii1 = w|Tk, = 1) w>0,k<L. (4.1.1)

Using this we can calculate the expectation of Wk 41, the expectation of W,?’t +1 and

the variance of Wy .+1. These are given by

l-k+1
EWier1|The =1) = k—1
2 —k+2)(1-k+1)
EWElTee=1) = (k=2)(k—1)
lk(l—k+1)
Var(Wi 41Tk = 1) = (k £ 2)(k —1)2

This shows that, given the #*" record time, the waiting time of ¢ + 1** record is
independent of record number, it depends only on k and the record time, Ty,, of
the previous record. The expected wait for the next update when k = 1 is infinite

forall l > 1.
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We now wish to investigate whether, if we wait for a new record but none come,
have we reduced the amount of time that we expect to wait? That is to say, we wish
to find out if the expectation of Ty ;41 —n — 1 is longer if n = Ty, or if n = T}, + 7,
where j € Z, and n is the current time. We assume n < T ;1.

Letting Ty, = I, the p.m.f. of Ty 41 —n—1 when n = Ty, = l is equal to (4.1.1).

I=k+1

This means that the expectation of Ty 41 —n — 1 is -

The probability mass function of Tx41 —n — 1 where n = Ty +j = 1 + 7,
(assuming n < Tj.41) is given by the following expression

P(Tk,H-l -n—1= wln = + j, n < Tk,t+l)
= P(ligrjr1 =0, Intrjyw = 0, In ity jwsr = 1)
E(l+j+w— k)Y - +5)!
(l+i+w+ DI +j-k)

The expectation of the wait for record t + 1 at time n = [ 4+ j (assuming T}, <

I+ j < Tk441) is given by —; This is larger than . From this it can be

seen that the longer you wait for a record, the longer you expect to wait for it. The
relationship is linear: for every observation that you wait, you expect to wait an
extra 1/(k — 1) observations on top of your original expected wait. Indeed,
E(Thus1 —n—1n =1 +5) = E(Te —n = 1n = 1) = =1

This phenomenon is demonstrated through the following example. If £ = 4 and
the t** type 2 4*! record occurs at time n = 50 (i.e., Ty, = 50 for some t € Z%),
the expected wait for the next record, Ty, is 24 = 152, If we make one
more observation (so now n = 51) and it isn’t a record, our expected wait for the
next record is 354 = 152 + 1 = 16. If we then make a further 19 observations
without encountering a new type 2 4* record, the expected waiting time becomes
10441 - 231 So the expected wait for the next record has increased because of
having waited longer. Figure 4.1 shows the expected wait for record ¢ + 1 against
n, the current time.

From the discussion above we can see that the p.m.f. can be found conditionally

on the current time n. We will see below that it can also be found conditionally on
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Figure 4.1: The y-axis of this figure shows T4 — n + 1, this is the expected wait
until Ty 4, from time n. The z-axis shows the time n. We have made the assumption
that Ty; < n < Ty441. Also marked on the plot with e are the points related to the
above example: at n = [ = 50 the expected wait is 15%, at n = 51 the expected wait
is 16, at n = 70 the expected wait is 233.

the value of the k*® order statistic at time n, provided that we know the distribution
F(z). At time n (Tx; < n < Tk441), the conditional p.m.f. of the wait for the next

record (given yi ) is given by
PTxis1 —n—1=wlyxn=2] = (1 — F(z))*F(z), w€eN.
In particular, if n = T, we have Ty 41 —n — 1 = Wy ;41 and so
PWitr1 = w|gkn =z] = (1 — F(z))*F(z), weN.

Notice that for n such that Ty < n < T .41, we have that yxn is constant for all n

and Ykn = YkTh,-
The conditional c.d.f. of Wi 41 given yxn (The < 1 < Thpt1) is

P[Wier1 S wlypn = ] = i(l —F(z))'F(z) =1-(1-F(z))**!, weN. (41.2)
=0

Notice that this is independent of ¢.
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4.1.2 A New Estimator: Weighted Average Estimator
We now consider a new estimator:

Nin
1 k
WWE Z w .
kn = Ting,, — K j=1( ks + Dk, (4.1.3)

where ., is an estimator based on the k smallest order statistics from a sample
of n. 7y, is therefore the estimator at record time n = Ty ;. We will refer to
the estimator 1, as the original estimator associated with the weighted estimator
1y, The notation that will be used below is as follows: if the original estimator is
the optimal linear estimator, then its associated weighted estimator (WE) is denoted

oWE

m and if the original estimator is m*, then the associated WE is denoted m*WE.

The estimator given by (4.1.3) is a weighted average of the elements of the

trajectory of estimators myn,, n = Tk1,Tk2,.... The weight given to each original

. . . Wi,i+1 : e
estimator m T, , is (Tk h’,‘ i+ k). The numerator is one greater than the waiting time
! Vk,n

for the record. This means that, if Tk 41 = T+ j then the numerator for the weight

for estimator My 1, ,,, is Tk,t41 — Tkt = j. The denominator is the total number of
random variables added since sample size n = k. This means that a larger weight
is given to those estimator that we had to wait longer for.

The WE has been designed to create a greater correlation between consecutive
members of a trajectory of estimators (as n — o0o) than the original estimator. In
a trajectory of original estimators as n — oo, sometimes 7, overestimates and
sometimes it underestimates. By taking an average of these estimates we hope to
reduce bias and produce a more predictable estimator. Larger weights are given to
the estimates that we had to wait longer for, we hypothesize that if we have had to
wait a long time for an estimator it may be a particularly good one. This weighting
will tend to favor estimates made at larger sample sizes, which in general are better.

We wish to compare m'F to 1y, through a simulation study. Even for very
large sample sizes the estimator }",F will not have updated very often, we therefore

carry out a simulation study using functionals of the Markov chain X, (as defined
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in Section 3.2). In Section 4.1.3 we define a functional on X, that has the same
distribution as 7 . In Table 4.1 and the scatter plots in Figures 4.2 and 4.3 we
verify that the distributions of the functional and estimator are equal. We then study
trajectories of this new functional and its efficiency with respect to the asymptotic

functional ¢°.

4.1.3 Weighted Functional

Here we derive a functional, (}®, that is equal in distribution to (¥,F —m)/(yxn —

Uk,1y ,

. /o .
m). Earlier we saw that (i, ( ) + m ~ 7T, ,, therefore

WE 1 Pl Uk, He
(A —— . —Ed .
B Tonen — K ;(Wkd U ( Co ) S

. . 1 l/a
If we normalize by subtracting m and multiplying by (ﬁ—) , then after simpli-
Tkt

fication we obtain

it = m)

Nk.n

1/a 1
~ a (W,+1) Uk, . 1/a<,~
Uk'Tk" ) (Uk,Tk,t) Y Tk,Nk‘" -k ; #d ( ka'J) ki

(4.1.4)

Before we define the functional (¥, we wish to be able to model Uy, ,, Wk,
and Ty, without having to simulate order statistics between records. We must not
model Uy 1, , independently from the functional (i ;, or the weighted functional will
not be equal in distribution to its related WE. If Uy are the random variables that
normalize the Markov chain X, (see Section 3.2.2), we can model Uy 1, , with U, =

Uk,1. Subsequent uniform order statistics Ui, 1, , can be modeled by Uy = Up_1Ugy.
Modeling W;., and T},

Letting

Wi+ 1= [—lﬂi—y)—l L t=2,3,...
log(1 — Uy)

we have that W, 4 W)... This expression for W), was obtained by inverting (4.1.2).

Letting Tk,l =k and Tk,, = Tk,t_l + Wk,t +1,t>1, we have Tk,t 2 T
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Now let us define (%7 as follows.

1 [+
T —I/QEXWMH)U” s (4.15)
kit —

As the R.H.S. of (4.1.5) is equal in distribution to the R.H.S. of (4.1.4), and yx,, 4

F~\(Uy,n), we have that (¥,E £ (ml'Z — m)/(yxn — m).

We say that the functional (i, is the original functional associated with the
weighted functional (}%#. We denote by (;%WF the weighted functional associated
with the original functional (¢,. We denote by (;V'® the weighted functional associ-
ated with the original functional (;,. We say that (¢%¥'Z is the functional related to
the estimator m§ 5, . and (;%/'® is the functional related to the estimator mj} 1, .. As
with earlier functionals we will drop the ¢t and k subscripts where convenient. We

will also drop k,n subscripts or n subscripts where convenient on estimators.

4.1.4 Simulation Study

In Chapter 3 it was demonstrated that if F(z) ~ co(z — m)* as n — oo, then for
large n we have (h — m)/(ykn — m) 4 ¢k. The scatter plots in Figures 4.2 and

4.3, and moments shown in Table 4.1, verify that (m° — m)/(ykn) 4 ¢, (m*WE —

m)/(Ysn —m) £ GYE, (m* —m)/(ysn) £ G and (m™WE — m)/(ysn —m) £ GVE.
The subscripts have been dropped on the functionals as the equality in distribution
is true for any ¢.

In this simulation study we simulate 10000 trajectories of random variables from
the distribution F(z) = co(x —m)*, with ¢o = 1, m = 0 and o = 3. Each trajectory
is of length Ty .i1. Here c is the record number such that Ty.+; < 1000 and

Tkc+2 = 1000. At each record number in each trajectory the order statistics are

oWE sWE

calculated, and estimates m°, m*, m and m are made. Similarly, 10000
trajectories of Markov Chain X; and (j,, 1 <t < C are made. Here C is such that
Tic+1 < 1013 and Ty cq1 > 103, For each ¢ the functionals ¢°, ¢*, ¢°WE and ¢(*WE

are calculated. These functionals use the parameter a = 3. We also define the
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Estimator Mean Std Dev

k 2 3 4 5 2 3 4 5
P 0.261 | 0.167 | 0.122 | 0.101 [ 0.511 | 0.423 | 0.364 | 0.321
P 0.409 | 0.291 [ 0.228 | 0.193 || 0.400 [ 0.360 | 0.320 [ 0.288 |

m2-m |l 0,499 | 0.288 | 0.195 | 0.149 || 0.447 | 0.391 | 0.342 | 0.302

Yen—m

m?E-m  0.692 | 0.466 | 0.350 | 0.285 || 0.371 | 0.330 | 0.296 | 0.268
¢ 0.268 | 0.171 | 0.122 | 0.097 || 0.510 | 0.423 | 0.361 | 0.324
¢ 0.414 | 0.204 | 0.227 | 0.189 || 0.408 | 0.361 | 0.318 | 0.291
(WE 0.493 | 0.286 | 0.200 | 0.154 || 0.457 | 0.384 | 0.335 | 0.303
(*WE 0.686 | 0.464 | 0.355 | 0.289 || 0.373 | 0.325 | 0.291 | 0.268

Table 4.1: Sample mean and standard deviation of normalized estimators m®, m*,

moWE sWE

and m and their related functionals. Mean and standard deviation are

calculated over 10000 samples of estimators at n = Ty, and functionals at Tk,é»

where ¢ and ¢é are as defined above.

record number ¢ such that Tk, &+1 < 1000 and Tk, &2 = 1000.

Table 4.1 shows the means and standard deviations for various k of the normal-
ized estimators and their related functionals. The means and standard deviations
of estimators are based on 10 000 runs of the estimators 1, . and ﬁz?"ﬁ.c and
the functionals (i : and (}'F. The means of the weighted estimators and weighted
functionals are larger than the means of their associated original estimators and
functionals. The variances of the weighted estimators and weighted functionals are
less than the variance of their associated original estimators and functionals. The
sample means and variances of the estimators and functionals whose distribution

°WE is similar to

we have shown to be equal are similar, for example the mean of m
that of ¢°W¥ for all k.

The scatter plots in Figures 4.2 and 4.3 show the estimators and functionals at
record time ¢ (or &), plotted against the same estimator or functional at time ¢ + 1

or (¢ +1). The scatter plots demonstrate that the weighted functionals defined in
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(4.1.5) can be used to model a trajectory of weighted estimators at record times. By
considering the shape made by the points of the scatter plots and their Pearson’s
correlation coefficient, it can be seen that the WE has greater correlation between
consecutive elements of its trajectory than the original estimator.

The plots in Figure 4.4 show a single trajectory (of length C) of (¢, and (i,
where k = 4 and 5. Also plotted are the associated weighted functionals (g% % and
GiWE (for the same values of k) and the random variable U;/* simulated at the same
time as (2% and ({V'Z. In all of these plots a = 3. From these plots it can be seen
that the weighted functionals have a less erratic trajectory than their associated
original functionals; in each trajectory, the most extreme data points of the original
functionals are more extreme than the most extreme data points of their associated
weighted functionals; in the trajectory of the weighted functional, the occurrence
of a very large observation next to a very small observation is rarer than in the
trajectory of the original functional.

Figure 4.5 shows the efficiency (3.4.6) of ¢°, ¢°" %, ¢* and ¢*" ¥ plotted against
t. The efficiency is calculated from 10 000 runs. At ¢ = 1 the weighted functional is
equal to its associated original functional and so their efficiencies are equal. For low
t, as t increases the efficiency of the weighted functional decreases. The efficiency of
the weighted functionals is fairly constant for larger . The efficiency of the original
functional varies about a constant value, (approximately 1 for ¢° and 0.93 for (*).
The efficiency of the WEs is lower than that of their related original functional.
This difference in efficiency reduces as k increases. The trajectory of efficiency of
the original estimator is much less smooth than the trajectory of efficiency of the
WE. It can be seen from Figure 4.5 that (although it improves with k) the WE is
not as efficient as the original estimator.

We now attempt to explain why the WE fails and make some suggestions as to
what could be done to improve it. Figure 4.6 (a) shows U *Ce. plotted against the

record number (t) for 100 trajectories from ¢t = 1,...,100. We refer to f/tl/ *Ce, as
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an un-normalized functional. We have that U,/ Gy Ime—matn= Tiz. (b) and
(c) show the un-normalized functionals from the same samples as (a), but this time
plotted against log(T}) and log(Wx ) respectively. In (a), (b) and (c) k = 5 and
a = 3. These three plots show that the quality of the un-normalized functional (and
hence the estimator m°) increases with record number, sample size, and waiting
time. As (¢, (and (;,) are stationary in ¢, the improvement of the un-normalized
functional can be explained by considering the expectation of U,: E(U,) = (k—il)t
Clearly this decreases to zero as t — 00, and so the un-normalized functional will
also decrease to zero as t — oo. Record number, sample size and waiting time are
highly dependent variables. Indeed, as Tk,t 4 Tk, from (3.1.4) we have that for large
t the expectation of T}, is approximately exp(t/k) for large ¢, and the expectation
of Wy, for large t is approximately exp(t/k) — exp((t — 1)/k). The quality of the
functional (and hence the related estimator) improves very quickly as record number
(or waiting time or sample size) increases. Our WE fails as it gives too large a weight
to estimators at small sample sizes.

Figure 4.6 (d) shows the un-normalized functional ljtl/a(,‘c"t plotted against log(Wk.).
Here t = ¢ (where ¢ is as defined above), £k = 5 and a@ = 3. The data from 10 000
separate runs has been plotted. This plot shows no correlation between wait and
estimator quality. By considering (d) with (a), (b) and (c¢) we can conclude that
estimators improve with waiting time only because of the increase in sample size.
The initial hypothesis that there would be higher correlation between waiting time
and estimator quality than between record number and estimator quality or record
time and estimator quality appears to be false.

An improvement on the idea of a WE could perhaps be made by weighting later
estimators more heavily (see (4.1.6)), or estimating using an average of the latest

two original estimates (see (4.1.7)).
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Nk.n

= (exp(Wk,j + 1))1?7,,;‘7‘,:' (416)
T ety 1 1) | ’

1
~WE1 __
mk,n

~ WE?2 mk,t—l + Thk,t
mk’Tk't - _T_. (4.1-7)
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(@ m°, p = 0.671 (b) C°, » = 0.668

-1.5 -1.5
(c) rri*, p = 0.662 d C, »r = 0.659
Figure 4.2: Scatter graphs of estimators or functionals (as indicated below plots) at
record time ¢ (or c), plotted against the same estimator or functional at record time

¢4 1 (or c+ 1). Here ¢ and ¢ are defined as above. Also shown below each plot is

the Pearson’s correlation coefficient, p.
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(a) moWE, p = 0.927 () C *E, P= 0.923

(¢) m*WEyp = 0.917 (d) C WE>P = 0.913

Figure 4.3: Scatter graphs of weighted estimators or weighted functionals (as indi-
cated below plots) at record time c¢ (or c), plotted against the same estimator or
functional at record time ¢+ 1 (or ¢ + 1). Here ¢ and ¢ are defined as above. Also

shown below each plot is the Pearson’s correlation coefficient, p.
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(a) k =4, ¢° and (°WE (b) k=4, ¢* and ¢*WE
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(C) k=5, Co and COWE (d) k= 5, C# and CtWE'

Figure 4.4: Trajectories of (,, (i, Cor © and (i, Also marked is UM®. In the
simulation of these trajectories we used & = 3 and k = 4 or 5 as marked
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Figure 4.5: Efficiency as defined in (3.4.6) of ¢, (%%, (i, and ;' F plotted against
t. Efficiency is calculated from 10 000 trajectories. The value of k used is marked
below each plot. In each plot a = 3.
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4.2 Estimating m, cy; known

Consider the problem of estimating the endpoint of a distribution that satisfies
(1.2.5), where a and ¢; are known. This section shows that a very simple estimator
of m, where ¢y and o are known, is often far more efficient than the optimal linear
estimator of m (where only knowledge of « is used). In Section 4.2.1 we define this
simple estimator. We then give some analytic results concerning its quality. In Sec-
tion 4.2.2 we define a functional on the Markov chain X, that is equal in distribution
to our simple estimator (defined in Section 4.2.1) normalized. In Section 4.2.3 we
carry out a simulation study to asses its performance on finite samples using the

functional defined in Section 4.2.2.

4.2.1 Defining estimator and analysis

Let us define an estimator as,

T'(k+1/a)
X g — = T 421
en = 96n T T (k) (com) 7 @2
If F(z) can be approximated by (1.2.5), we have that for large n, E(yxn) ~ F(Fk()k(:oln)'f)a +

m (Proposition 2.2 of [37]). This means that asymptotically the estimator m;, has

zero bias. Its variance can also be easily calculated.

Lemma 4.2.1. Let & = %2=7 and assume that asymptotically § has c.d.f. (1.2.7)

and kn—m = (con)‘l/ @ Then m,’c‘,n is a consistent estimator as k — oo with variance

- 2
Var(my ,) = (kn — m)? r(k)r(k+2{g()k)§2r(k+l/a)) .
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Figure 4.6: (a) shows Ur QO ¢ plotted against the record number (¢) for 100 tra-

jectories from ¢z = 1,...,100.

(b) and (¢) show the same un-normalized function-

als, Ur cs,. plotted against log(7fc,t) and log(VFijtit) respectively, (d) shows the

— 1/a -
un-normalized functional Ut ' Gtc plotted against log(Wfc)- Here ¢ is defined as
above. The data from 100 separate runs has been plotted. In all of the plots £k = 5

and « = 3.
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Proof. It is easy to show that F¢; = ﬂkﬁ'kl)@ and E¢ = Eﬁ‘f‘:—:{ﬂ Therefore

x N2 _ T(k+1/a)
B (=)' = (1 i)
T'(k+1/a) 2
T(k)(con) /= ’”)

Lk +1/a)\?
)

= E (Ck("»n —-m) -

= (kn— m)zE (Ck -

= (kn —m)*Var(y

C(k)L(k +2/a) — (T(k + 1/a))?
(T'(k))?

= (Kkn—m)?
O

Note that as long as yx , is drawn from a distribution that satisfies the conditions
of Theorem 1, the assumptions made in Lemma 4.2.1 are valid.

The asymptotic efficiency of m;, with respect to mj , is given by

<y _ (T(k))*
ef(men) = FRT R T 2/a) = Tk T T/a))PTA-TT (422)

Figure 4.7 shows the efficiency (6.1.4) plotted against a for k = 5, 10 and 20.
The figure shows that efficiency of m;,, increases dramatically with a. It also shows
that the efficiency of m;, when « is small is larger for small k. For large o, the

efficiency is larger for large k.

4.2.2 Using the Markov Chain to Model Trajectory

In Section 4.2.3 we carry out a simulation study to asses the performance of m;
against mj . First we define a functional on the Markov chain X; (as defined in
Section 3.2.2) that is equal in distribution to (m,, —m)/(ykn —m), where F'(z) can
be any continuous distribution, denoted Fy(z).

The Markov chain X; can be used to model order statistics at records from any
continuous distribution with inverse F~1(z). Indeed, in Section 4.1 we showed that

we can model the k smallest order statistics from a uniform sample at record times:

135



o 5 10

Figure 4.7: Asymptotic efficiency (6.1.4) of m;, with respect to m;} , against o.
Here k£ = 5 (dotted line), k = 10 (dashed line) and k = 20 (solid line). « ranges
from 1 to 10.

Ui, 4 Utx,(.t), i=1,...,k where zg) = 1. We also showed that T}, 4 Tk,t. From
Representation 3.2.1 we have that for a continuous c.d.f. F(z) with inverse F~1(z),
we have F~1(Uyn) 4 Yk.n. We can therefore easily simulate random variables equal
in distribution to order statistics at record times from a general distribution F(z).
These random variables are equal to F' -I(U,mf.‘) ),t=1,...,k. We can model the
record times using Tk,t.

Let us define
T'k+1/a)

(k)(cofk.c)l/a(Fg—l(l}t) -m)’

where F;!(z) is the inverse of some general continuous distribution Fg(x). We have

that (7, 4 (mgr,, — M)/ (k1. ,, — m) where m;  estimates the endpoint of some

Ck):(,tzl—l-\

continuous distribution Fy(z) and yx  is the k*® order statistic from a sample of size

n drawn from the distribution Fy(z). Note that when m =0, C,:th‘l(ﬁt) 2 mx.
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4.2.3 Simulation Study

Here we carry out a simulation study (using the functional Cre) into how my
performs when calculating m from finite samples drawn from various distributions.
The distributions we consider are, the beta distribution (with c.d.f.s Fj(z;3,0.5),
Fs(z;3,1) and Fg(z;3,3)), the Weibull distribution (with @ = 3), the Uniform [0,1]
distribution and the Gamma distribution (with & = 3). The Gamma distribution is
given by F,(z;a) = %2, x > 0 where with v(a,z) = [ y*! exp(—y)dy.

10 000 trajectories of ¢y, t = 1,...,C were made, where Fy(z) was equal to
each of the six distributions described above and C is as defined in Section 4.1.4.
Figure 4.8 (a) and (b) show the trajectories of F_;I(U,)g,:jt +m and Fg‘l([jt)c,‘;'t +m
from a single run of the simulations described above where Fy(z) is Fa(z;3,1).
As Fy(z) is Fp(x;3,1), we have m = 0. Trajectories are plotted for k = 4 and
k = 5. Plots (c) and (d) show ¢, and (g, from the same trajectories as (a) and
(b) respectively. It can be seen from this figure that (;, outperforms (¢, in the
trajectories shown.

In order to calculate (;,, each of these distributions must be approximated by
a function of the form F(z) = ¢o(z — m)?, so that a and ¢y can be calculated. For
the beta distribution ¢y = m and the tail index is equal to o. This means that
F3(z;3,0.5) is approximated by F(z) = 0.3125z° and Fjs(z;3,3) is approximated
by F(z) = 10z®. When 3 = 1 F,(z) is already in the form of the approximation,
indeed, Fg(z;3,1) = z3. The beta distributions and their approximations have been
plotted in Figure 4.9 (b), (d) and (f). For the Weibull distribution, ¢ = 1 and
the tail index is equal to a. This means that the Weibull distribution when a = 3
is approximated by F(z) = z3. For the uniform distribution, ¢op = 1 and the tail

index is equal to 1. The uniform distribution exactly equal to its approximation,

1

@ and the tail index is equal

F(z) = z. For the gamma distribution, ¢ =
to a. This means that when o = 3 we approximate the gamma distribution by

F(z) = 0.6z*. The Weibull distribution, uniform distribution, gamma distribution
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and their approximations have been plotted in Figure 4.10 (b), (d) and (f). All of
the above approximations are valid form <z < ¢, Ve | m, and in each case m = 0.

(a), (c) and (e) of Figures 4.9 and 4.10 show the estimated efficiency as defined
in (3.4.6) of ¢}, with respect to ({ (asymptotic) and the estimated efficiency of Cet
from simulation with respect to (¢ asymptotically. The analytic efficiency (6.1.4) is
also plotted (grey line). These efficiencies are plotted against k. (b), (d) and (f) of
Figures 4.9 and 4.10 show the distribution Fy(z) (solid line) and its approximation
F(z) = co(z — m)* (dashed line).

In Figure 4.9 (a) and (b), Fy(z) = Fps(z;3,0.5). The approximation F(z) is
smaller than the distribution Fg(z;3,0.5) for all 0 < < 1. For small k the esti-
mated efficiency of (;, is greater than the analytic efficiency, for large & it is smaller
then the analytic efficiency. In Figure 4.9 (c) and (d), Fy(z) = Fs(z; 3, 1), this means
that the approximation is exactly equal to Fy(z). The estimated efficiency is there-
fore very close to the analytic efficiency. In Figure 4.9 (e) and (f), Fy(z) = Fs(z; 3, 3).
(f) shows that the approximation is larger than F,(z) for 0 < z < 1071/3. The esti-
mated efficiency is less than the analytic efficiency for all k£ plotted. As k increases
both the estimated efficiency and the analytic efficiency decrease, the estimated effi-
ciency decreases faster. In Figure 4.10 (a) and (b) Fy(z) is Weibull with o = 3. The
approximation F(z) is larger than the Weibull distribution for all 0 < z < 1. The
Weibull distribution is close to the approximation for 0 < z < 0.5. The estimated
efficiency of (;, in this case is only slightly lower than the analytic efficiency. In
Figure 4.10 (c) and (d) Fy(z) is uniform. This means that the approximation is ex-
actly equal to F(z) for all z. The estimated efficiency of ¢}, is less than one (and so
less than the efficiency of (g,). It decreases with k. The estimated efficiency is very
close to the analytic efficiency (6.1.4). In Figure 4.10 (e) and (f), F,(z) = F,(z).
(f) shows that the approximation is greater than F,(z) for all 0 < z < 6!/%. The
estimated efficiency is lower than the analytic efficiency and decreases more quickly

than the analytic efficiency as k increases. From both Figures 4.9 and 4.10 we can
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say that generally if the approximation F(z) is close to the distribution Fy(x), the
estimated efficiency is close to the analytic efficiency. From these figures we can also

see that the estimated efficiency of (¢, is close to its analytic efficiency, 1.
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0 % 00 0 50 100
(a) k = 4 Un-normalized (b) k = 5 Un-normalized

0 50 0 0 50 00
(c) k = 4 Normalized (d) k = 5 Normalized
Figure 4.8: (a) and (b) show trajectories of C,‘:’th‘l((?t) + m and C,:,Fg‘l((]'t) +m

where k = 4 and 5 respectively. (c) and (d) show trajectories of (¢, and (;’, where
k = 4 and 5 respectively. In all four plots we have Fy(z) = Fs(z;3,1).
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Figure 4.9: Graphs (a), (c), and (e) show the efficiency with respect to ¢° (asymp-
totically) of ¢\, and (¢, (from simulation) plotted against k. Also shown (grey line)
is the asymptotic efficiency (6.1.4) of m;,, with respect to mj} ,. In all plots Fy(z)
is beta. In (a) a =3 and 8=0.5,in (c) a =3 and 8 =1, and in (e) a = 3 and
B = 3. These distributions (solid line) and their approximations (dashed line) are
shown in (b), (d) and (f).
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Figure 4.10: Graphs (a), (c), and (e) show the efficiency with respect to ¢° (asymp-
totically) of ¢, and (3, (from simulation) plotted against k. Also shown (grey line)
is the asymptotic efficiency (6.1.4) of m;, with respect to mg,. In (a) Fy(z) is
Weibull, in (c) Fy(z) is uniform, and in (e) Fy(z) is gamma. These distributions
(solid line) and their approximations (dashed line) are shown in (b), (d) and (f).
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Chapter 5

Meteorological Applications

In this chapter we consider applications of record theory to real world (meteorolog-
ical) situations.

First, in Section 5.1 we discuss the reporting of records in the media and show
that the occurrences of records on their own cannot be used to draw conclusions
about whether, or by how much, the climate is changing.

In Section 5.2 we consider mean monthly sea level data from six locations in the
Netherlands - Delfzijl, Harlingen, Den Helder, Ijmuiden, Maassluis and Hellevoet-
sluis. We calculate the expected number of records and estimate probability mass
functions for the number of records that we would expect to see in such a time series
if it were stationary.

In Section 5.3 we introduce the Singular Spectrum Analysis algorithm and the
program CaterpillarSSA. The aim of this section and Section 5.4 is to use SSA
to split the Harlingen time series into two components; one, a forecastable time
series consisting of trend and regular oscillation (the reconstruction); the other,
a stationary time series of the remaining noise (the residual). We then can use
the standard techniques already discussed in this thesis to make estimates of the
upper and lower endpoints of this residual. We use CaterpillarSSA to forecast the
reconstruction. Finally we add the forecast to the estimates of m and M to obtain

forecasts of the endpoints of the distribution of monthly sea level. In Section 5.3
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we investigate the effects on the number of records observed of different methods
(within the CaterpillarSSA framework) of removing trend and noise. In Section 5.4
we select some separation methods from Section 5.3 and forecast the upper and
lower endpoints of the mean monthly sea level for each month of three different

years.

5.1 Reported Records: How Likely Are They?
5.1.1 Expected Number of Reported Records

The media reports record temperatures and, due to worries about climate change,
imply that the occurrence of records means that the climate is non-stationary. Below
we discuss the probability of observing at least one record in one of the final elements
of a collection of stationary time series.

The probability of a record occurring after a particular number of (i.i.d.) ob-
servations is straightforward to calculate. Consider a time series of length n. As
defined in Section 3.1.1, a new random variable is a 1% record if it is the smallest
member of the time series so far. If the time series is made of continuous indepen-
dent identically distributed random variables, the probability of a new observation
being the smallest so far is the same as the probability of it being the second, third,
fourth, or n'* smallest. Therefore the probability of the n'® member of a time series
being a record is % Notice that the first observation therefore is always a record.

Consider a time series 100 elements long. The probability of the final element of
this time series being a record value is llﬁ. An example of a reported meteorological
record with this probability is: if there exist 100 years of total monthly precipitation
data, there is a 1/100 chance that, say, this August was the wettest on record. This
of course assumes that the time series of total precipitation in August is made up of
continuous independent identically distributed random variables. As 1/100 is small,

‘Wettest August on Record’ could be considered a news-worthy event. However, if

we consider all of the different ways a record could occur, it is no longer surprising
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that every year we get at least one record event reported.

If we consider 365 time series (one for each day of the year), where each time
series is 100 elements (years) long, stationary, and independent of the other time
series, then the probability that any of the 365 times series has a record as its final

entry is

1 — P(No records in the final element of any of the time series)

365
=1- (%) = 0.974.

The above probability could be interpreted as the probability that in any given year,
at least one day is the, say, hottest for 100 years. However, an unlikely assumption
has been made: that the 365 time series are independent of each other. This would
require that, for example, the temperature on 04/10/2000 is independent of the
temperature on 05/10/2000. It has also been assumed that the distribution of the
temperature for each day of the year is stationary and that each day is independent
of the same day in all of the other 99 years considered (i.e. 04/10/1901 is indepen-
dent of 04/10/1902, 04/10/1903, ..., 04/10/2000), this is a reasonable assumption.
Although in order to apply the above probability to meteorological records an un-
likely assumption must be made, the example illustrates that the likelihood of a
record occurring greatly depends on the number of time series being considered.
Events that are more likely to come from independent time series and be more
interesting to the public are; record monthly averages, record monthly totals and
records for a particular city. When you consider this includes particularly cold,
wet, dry or windy months, or years, or Wimbledon tournaments..., the chance of
a ‘news-worthy’ record occurring in any particular year is again close to one. For
example, the probability that in a year, at least one of the months, in at least
one of five locations, is found to be the most extreme (hottest, coldest, wettest,
driest, windiest) for 100 years is 1 — (3%)%*!2*5 = 0.95. In order to calculate this

probability we are considering 5 x 12 x 5 = 300 time series. Again we must make the
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assumptions that the time series are made up of i.i.d. elements and that each time
series is independent of all of the others. This second assumption of independence
between time series relies on independence between climatic elements (e.g. between
high and low temperature - clearly false), between locations (likely if locations are
not too close together) and between months (likely). This dependence need not be
a problem, we can make assumptions as to the level of dependence between some
climatic events, and assume independence between others. The events of a record
high and a record low (temperature or precipitation) are mutually exclusive. We can
say that the probability of a record (either high or low) mean monthly temperature
occurring in at least one of 12 time series of temperature that are 100 entries (years)

long is

1 —P(No record high or low temperature occurs in any of the 12 time series)

98 12
=1— —_— = U. .
(100) 0.22

Although this is a fairly small probability, if more independent events are considered,
the probability increases dramatically (see Figure 5.1).

Although most meteorological data sets go back much further, reports are often
made when an event occurs that is the most extreme for some ‘round’ number of
years, say 10 or 20 years.

We can now estimate the following probability:

P (At least one of the following occurs in the current year:
Highest or lowest recorded monthly temperature for n years;
Highest or lowest total monthly precipitation for n years;

Strongest winds recorded for n years)

1 (2

nl2x5x2+5

This probability is plotted as a function of n in Figure 5.1. It is likely to be

an underestimate because of the many events that could not be included in the
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(a) Number of time series, N (b) Length of time series, n

Figure 5.1: (a) shows a plot of 1 — (2)"*" (solid line) and 1 — (2)'**" (dashed
line), N =1,...,50. This demonstrates how increasing the number of independent
time series increases the probability of observing a record event in the current year.

(b) shows a plot of 1 — ("—;—2)“'”(15 (solid line), 1 — (p;_1)12x15 (dashed line), and
1- ““"%’;:2:23';—”5) (dotted line) n = 2,...,200. This demonstrates how the

length of time series affects the probability of observing a record event in the current
year. The dotted line represents an estimate of the actual probability that the
current year will have at least one record (for time series of length n).

estimate due to dependence. These include; sea level, hours of sunlight, mean
monthly temperature/precipitation, statistics for particular special day or period
(e.g. coldest/warmest Christmas, most days of a sporting event rained off), highest
annual/seasonal) mean temperature/precipitation or most amount of rainfall ever

recorded to fall in one hour.
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always increase the number of observed records. For example a time series described
by the equation pj, = (r, + 10sin(nn/2) + 10)/11 is plotted in Figure 5.3. It has
produced only 4 maximal record values when 6.79 were expected. The number of
records observed depends on the amplitude of the periodicity compared to the noise,
the period of the cycle, and the phase of the periodicity at n = 1. A periodicity
with a large amplitude will tend to create records in the time series only at extreme
values of the periodicity, this can reduce the total number of records. The plot of
t, demonstrates that an increasing trend increases the number of maximal record
values (17 observed) and decreases the number of minimal record values (3 observed).
A decreasing trend would have the opposite effect. The plot showing a time series
of noise with increasing variance demonstrates that this causes an increase in the

number of maximal and minimal records (observed are 34 and 36 respectively).
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(a) Stationary (b) Periodicity

(¢) Trend (d) Increasing variance

Figure 5.2: Plots show four time series with record high values marked with ¢ and
record low values marked with o. (a) shows sn, a stationary time series of pure noise,
(b) shows pn, a time series with a periodicity and noise, (c) shows rn, a time series
with an increasing trend and noise, (d) shows vr, a time series with noise whose
variance is increasing with time.
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Figure 5.3: Plot of time series p’n. This is a time series with a large periodic component and a small random noise
component. Record high values are marked with ¢ and record low values are marked with o.



5.2 Sea level data
5.2.1 Sea level in The Netherlands

In this section we consider the mean monthly sea level at six measuring stations in
the Netherlands. We assume that for every month there is some maximum (and
minimum) possible sea level and we try to estimate it. The data was obtained from
http://www.gloss-sealevel.org/data/. We have used only data from the 122 years
from January 1885 to December 2006. Before December 1885 measurements were
rounded to the nearest 5, and so are not convenient for considering the occurrences
of records. The locations considered are Delfzijl, Harlingen, Den Helder, I[jmuiden,
Maassluis and Hellevoetsluis.

The six original time series of length 122 x 12 = 1464 were split into 6 x 12 = 72
time series of length 122, giving a separate time series for each location and each
month of the year. There are no missing data in any of these time series. The
different months of the year can be considered to be independent (see Figure 5.5),
however, there is evidence that the locations are not. The Pearson’s correlation
coefficients between locations (see Figure 5.4) are all greater than 0.7 (most are

greater than 0.9).
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Figure 5.4: Correlograms show Pearson’s correlation coefficient. Each plot shows
the coefficient for a different month and all six location. The order of the variables
in the plot are (from top left to bottom right) Delfzijl, Den Helder, Harlingen,
Hellevoetsluis, Ijmuiden and Maassluis.
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Correlation between months Correlation between months

(a) Delfzijl (b) Den Helder (c) Harlingen
Correlation between months Correlation between months Correlation between months
12 G354 LS 66 L7 L8 19 Ijlo Ijl1Ij12
(d) Hellevoetsluis (e) Ijmuiden (f) Maassluis

Figure 5.5: Correlograms show Pearson’s correlation coefficient. Each plot shows
the coefficient for a different location and all 12 months of the year. January is
shown as the top left through to December in the bottom right.
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5.2.2 Occurrences of Records

In this section we make Monte Carlo estimates of the expected number of records for
a stationary continuous time series of 122 elements. We compare this to estimates
(from the available discrete time series) of the number of records in the underlying
continuous time series of mean monthly sea level. This is done for each of the
locations listed above.

The probability that a particular member of a time series is a record was shown
in Section 5.1 to be easy to calculate. The probability of there being z records in a
time series of length n is more difficult to calculate. This is due to the fact that the
probability of any member of the time series being a record is related to its position

in the time series.

n—z+3 n—a:+2 z

S D I DI o )i

tz=iz—1+1 iz=ti2+1 i3=2

The above equation is well known. It can be derived by considering the probability
of observations ¥;,,...,¥;, (1 = 41 < i2 < ... < ¢z < n) being records and all

other observations not being records. This probability is given by the expression

1. i+l ig=21 _ig _ 1 1 _
it B nn T T 11_1 . Summing over all possible indices, 1 =

1) < i3 < ... < iz < n, gives the desired result. For large n and z this expression
becomes very computationally intensive. Below is an approximate probability mass

function of the number of kP type 1 records (k=1, ..., 10) and an approximate
probability mass function for Z 122~ These were obtained through Monte Carlo

simulations: 10 000 time series of length 122 were simulated. For each time series
(indexed %) the number of k** (k = 1,...,10) records were recorded. For simplicity

in this section the number of k*" type 1 records at n = 122 for time series ¢ has
10000

L(Ny)

— 10000 °

is an indicator function such that I.(a) = 1 if a = z and I(a); = 0 otherwise. The

been denoted Ni. P(Ni 122 = ) can then be estimated by . Here I(a)
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expected number of k** type 1 records in a time series 122 elements long is given by:

122
E(Ni.) =) % (5.2.1)

i=k

0225+

e _
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Figure 5.6: Estimated probability mass function of the number of 1% records occur-
ring in a time series of length 122.

The sea level data obtained for this study are discrete. They come from rounding
(to the nearest integer) the true continuous sea level. It is the occurrence of records
in this true, continuous data that we would like to estimate. We do this by adding
a small amount of noise to each of the variables in the discrete time series. Denote
this new time series by ¥ = y; + ¢, where y;, ¢ = 1,2,...,n is the original, discrete
time series and ¢ is an independent uniform [0,0.1] random variable. The expected
number of records in the time series y; is the same as the expected number of
records in the underlying continuous time series. The new time series will not have
any weak records. Denote the number of minimal type 1 k' records in the time
series y{, t = 1,...,n as N;%, and the number of maximal type 1 k*® records in this
time series as N,

By considering Table 5.1 we can see that the expected number of type 1 1%

records in a stationary time series of length 122 is 5.4. Let us classify observing
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P(Niig < )

1 2 3 4 ) 6 7 8 9 10

0 (0.01]0.02]0.02]0.030.040.05]|0.06]0.060.07
0.27 {0.050.09]0.12 | 0.15] 0.18 | 0.20 | 0.22 | 0.25 | 0.01
0.5310.16 | 0.24 { 0.30 | 0.35 | 0.39 { 0.43 | 0.47 { 0.50 | 0.05
0.75{0.34 | 0.45 | 0.52 | 0.58 | 0.63 | 0.66 | 0.69 | 0.72 | 0.16
0.89{0.55]0.65}0.72]0.77 { 0.80 | 0.83 | 0.85 | 0.87 | 0.35
0.96 | 0.73 | 0.81 | 0.86 | 0.89 | 0.91 | 0.93 | 0.94 | 0.95 | 0.55
0.9910.86|0.911094|0.96|0.97|0.97|0980.98|0.73
1.001094 1096|098 |0.980.99(0.99|0.99 | 1.00|0.86
1.0010.98 1 0.99|0.99]0.99|1.00 | 1.00 | 1.00 | 1.00 | 0.94
1.0010991100{1.00}100{1.00|100{1.00](1.00/|0.98
10 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 0.99
11 1.001.00|1.00|1.00|1.00]|1.00|1.00|1.00|1.00 | 1.00

EN{, | 54 | 44 | 39 | 36 | 3.3 | 3.1 | 20 | 28 | 2.7 | 26

=~

W oo U b W= Ol

Table 5.1: Estimated cumulative probability function of the number of k** type 1
records in a time series of length 122 (/V} ;,,). Also shown is the expectation of Ny ;5,.
This was calculated using (5.2.1) and verified using the Monte Carlo Simulation.

4 or fewer type 1 1% records in a time series of length 122 as observing a lower
than expected number of records. Let us also classify observing 7 or greater type 1
1% records in a time series of length 122 as observing too many records. We can
now say that the number of type 1 1% record highs was found to be higher than
expected in 69 of the 72 time series in Table 5.3. The number of record lows was
lower than expected in 47 of the 72 time series in Table 5.3. This indicates that the
time series are not stationary (see Section 5.1). We can assign a probability to each
month and location of observing the calculated number of minimal and maximal
records. However, we cannot calculate the probability of making the 12 x 6 = 72
observations, as the locations (and to some extent months) are not independent.
In order to draw conclusions about whether more (or fewer) records are being ob-
served than would be expected of stationary time series we must consider a collection
of independent time series. There is low correlation between months for the number
of observed records. This is especially true of the location Harlingen, therefore for

Harlingen, each month can be considered to be an independent time series. Another
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z P( Ilc(=rl Ni 120 = 7) P(Ziil Niige £ 7)
25 0.01 0.01
26 0.01 0.02
27 0.01 0.03
28 0.03 0.06
29 0.04 0.10
30 0.05 0.15
31 0.07 0.22
32 0.09 0.31
33 0.09 0.40
34 0.10 0.50
35 0.10 0.60
36 0.09 0.69
37 0.09 0.78
38 0.06 0.84
39 0.05 0.89
40 0.04 0.93
41 0.03 0.96
42 0.01 0.97
43 0.02 0.99
44 0.01 0.99
45 0.00 0.99
46 0.00 1.00
EZi‘il Niaz 34.56

Table 5.2: Estimated cumulative probability function of the sum of the number of
k" k =1,...,10, type 1 records in a time series of length 122. Also shown is the
10

expectation of ZN}:J”. This was calculated using (5.2.1) and verified using the
k=1

Monte Carlo Simulation.

source of independent data can be found if we consider not just the 1% type 1 record
values (of the minimum and the maximum) but also the 27, 3, ... k'™ type 1
record values. For a time series that is stationary with i.i.d.r.v.s, the number of
type 1 it records is independent of the number of type 1 j*! records for i # j. In
order to draw conclusions about whether the monthly sea level data in Harlingen
forms stationary time series we investigate whether the values of E,‘f__l N; 152 and

,lcil N,;f 122 for each month of the Harlingen time series are close to the expected
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Minimal 1% records Maximal 1% records
Month | Del Den Har Hel Ij Ma|Del Den Har Hel Ij Ma
Jan 7 6 6 5 7 3 7 9 7 10 10 10
Feb 6 6 6 5 5 4 7 8 7 7 8 7
Mar 5 6 4 3 6 2 9 11 9 11 10 9
Apr 3 3 3 1 5 3 9 12 11 7 10 8
May 7 4 3 4 8 2 6 8 5 9 7 8
Jun 3 3 5 1 3 1 14 9 10 10 12 14
Jul 2 1 2 1 2 1 11 10 9 10 10 8
Aug 4 5 3 1 6 1 7 14 9 11 10 16
Sep 6 4 4 5 6 4 14 7 8 9 7 8
Oct 3 6 3 5 7 3 10 7 8 10 7 6
Nov 2 2 2 3 3 3 13 10 10 13 10 12
Dec 4 4 3 4 4 3 9 8 9 7 11 6

Table 5.3: Ni%, and N;*". Record numbers written in bold font indicate where weak

records occurred in the original discrete time series.

value of 34.56. We also show that we can use CaterpillarSSA to create time series

from the Harlingen time series that have this property. For simplicity of notation

we will denote 37,2, N;, as Y Niggn, S, N{vas 3 Ny, . Ng,.as Y Ny,
10 *

and 37,7, N7 as 30 Nig .

5.3 Using CaterpillarSSA on Sea level Data
5.3.1 Introduction to CaterpillarSSA

In this section we use singular spectrum analysis (SSA) to decompose the original
Harlingen time series into a slowly varying trend and oscillatory components. By
taking these elements away from the raw time series we obtain a stationary time se-
ries. Extremes can be predicted for this stationary time series in the usual way, after
which seasonal variation and trend can be forecasted and added to the prediction
of the extreme.

SSA is a model-free method of time series analysis. Thorough descriptions of
the theory behind SSA as well as examples can easily be found in texts such as [17].

The program ‘CaterpillarSSA’ (version 3.1) was used to perform this analysis (see
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http://www.gistatgroup.com/cat/ for more information). This program performs
the SSA algorithm automatically allowing the user to simply select a number of

parameters for the decomposition and reconstruction.
Decomposition

Decomposition requires the user to select just one parameter, the lag (L) with
which to create a trajectory matrix. If the time series to be analyzed is denoted
Y = (41,...,Ya), the trajectory matrix X is the L x K matrix (where K = n —
L + 1) consisting of the L-dimensional vectors X; = (y;,...,¥;4+r_1). Discussion on
determining the correct value of L can be found in literature. [21] advises that L

should be large enough but no larger than n/2.

Reconstruction

When the selection of L has been made ‘CaterpillarSSA’ performs singular value
decomposition. In doing this d elementary matrices, X;, are created where d =
rankX and X = X; + ...+ X4 Each X; is given by X; = VAU;V/ where J; is
the i*! eigenvalue of the trajectory matrix X and U; and V; are the left and right
ith eigenvectors of the trajectory matrix respectively. The collection (v/X;, U;, Vi) is
called the i*" eigentriple (marked as ET on plots below) of the trajectory matrix. It
is these eigentriples that must be selected to reconstruct X. If eigentriples 41, ... ,7n
are selected, we create a matrix X; = X;, +... + Xj,,. If correctly separated, some
of the eigentriples will reconstruct the trend present in the original time series and
others (often pairs of eigentriples) will reconstruct periodicities. The final stage
performed by ‘CaterpillarSSA’ is to average diagonally across each of Xj;,,..., X,

to create )?,-1, X These can be summed to create X. X is the trajectory

ime
matrix of the reconstructed series. The trajectory matrix of the residual time series
is given by X — X. Our aim is to discover if it is possible to reconstruct the time
series so that the reconstruction can be used to forecast trend and periodicities into

the future. We also require estimates of the extremes of the residual time series to
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be accurately made.

5.3.2 Analysis

The periodogram feature of ‘CaterpillarSSA’ can help us to identify the periods
that are present in the original time series. These can be identified by the location
of sharp spikes on the periodogram. Table 5.4 shows the main periods present in
the periodograms of the original time series. They are listed in descending order
of height of peak. Therefore the number listed first is likely to correspond to the

strongest period for each month.

Month Peaks of periodogram
(descending order of height)
January 61,8,6,9,5, 3, 2, 24
February 30, 2, 8,13, 3
March 6,11,3,4,8,24
April 11, 17, 30, 2, 24, 4
May 10, 20, 40, 15
June 17, 2, 11
July 6, 4, 5, 15
August 12, 20, 40, 2, 6
September 2,17, 4, 30
October 3,14,6,24, 8
November 30, 2,4, 15
December 6,9, 5,40, 3

Table 5.4: Main peaks found in periodograms of each month of the Harlingen time
series. The highest peaks correspond to the most prominent periods (in years) in
the time series.

Figure 5.8 shows time series for sea level at Harlingen for each month of the year.
Figure 5.9 shows Z Nion and Z Ni% . against the expected value EZ Nign =
10 n
ZZ 1/i,n =1,...,122, for each month of the year. Also shown on Figure 5.9
j=1 i=j
is a > 90% confidence interval for the number of records. This confidence interval

was calculated using Monte Carlo simulation. 10000 stationary time series of length
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122 were simulated (by drawing random variables from a normal distribution). At
each sample size the c.d.f. of Z Nion was estimated. The confidence interval was
then taken to be the values s that satisfy z < s < y where z and y are given by
z = max (P (3" Mion <t) < 0.05) and y = min (P (3= Mion 2 t) <0.05). For
the 1®* type 1 record this confidence can be read off Table 5.2 as 28 < s < 40. The
confidence interval cannot be exactly 90% as Z Nip, and z Ni{,, are discrete.
Note that there is no independence between P (Z Nw,i), 10 < © < n, this means
that care must be taken when drawing conclusions from how often the observed
number of records falls within the confidence interval. Also plotted on these graphs
are the number of records observed in residual time series when just the trend has
been removed (dashed line) and when the trend and the main cycle had been removed
(dotted line). It can be seen that in most cases the removal of these elements from
the original time series is not enough to bring all of the resulting residuals within
the confidence intervals. However, it is clear that the removal of the trend goes some
way to making the time series stationary and removal of the period is also important.
By stationary, we mean in the sense that the distribution of record number is as

expected for a series where the elements are i.i.d. random variables.
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Figure 5.7: Mean number of records over the 12 months plotted against expected
number of records E(}_ Nyo,,) for a stationary time series. The solid lines relate to
> Njy, and 3" Ni¢, from the original time series, the dashed line to ) Nj,, and
Y. Ni} ., from the residuals of the time series with the trend removed and the dotted
line to 3 Njp,, and 3 N{{,, from the residual left from removing the trend and the
main periodicity.
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Figure 5.8: Time series of sea level at Harlingen for each month of the year from
1885 to 2000
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Figure 5.9: an(l o,n plotted against expected number of records

E (~2 Mo,n) for the original time series, the residual time series left after remov-
ing the trend (dashed line) and the residual time series left after removing the trend
and the main periodicity (dotted line). The > 90% confidence interval (as described

above) for the number of records * -/Vion is shaded in grey.
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5.3.3 Removing Trend and Periodicities From Mean Sea
level in April in Harlingen

We now concentrate on just one month of the time series of sea level and investigate
the most effective selections of L and ET to make the residual time series stationary.
Figure 5.10 shows reconstructions of the time series of mean sea level in April (length
122) and Figure 5.12 shows the related residuals. The selections of L and eigentriples
are indicated beneath each plot. Figure 5.11 shows part of the reconstructions from
a time series of mean monthly sea level throughout the year (length 122x12 = 1464).
The points plotted are just those that relate to April (i.e. if the reconstructed time
series is denoted y;,7 = 1,...1464, the plotted points are y;2;_s,7 = 1,...122). As
well as using eigentriples to reconstruct the time series (plots labeled ‘ET=..") we
have also used linear regression (labeled ‘Linear regression’) and a method known as
double centering (plots labeled ‘Double’). CaterpillarSSA does not perform linear
regression reconstruction, a least-squares regression routine was used to calculate
the best-fit line. Double centering acts after the decomposition stage: After L has
been chosen and the trajectory matrix of the original time series has been made,
double centering subtracts the row and column averages of each element from each
element of the trajectory matrix. It then adds the overall mean of the matrix to each
element of the matrix. Double centering gives good results if the trend of the series
is linear. Under this centering there is no access to approximating and forecasting
stages. Figure 5.13 show the residuals related to Figure 5.11.

Figure 5.14 and Figure 5.15 show the number of observed records for each of
the residual time series shown in Figures 5.12 and 5.13 respectively. Figures 5.16
and 5.17 are histograms of the points in time series shown in Figures 5.12 and 5.13

respectively.
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Figure 5.10: Raw time series of sea level at Harlingen in April (grey line) and the
reconstruction of the main periods and trend achieved as labeled (black line). Using

just April data.
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Figure 5.11: Raw time series of sea level at Harlingen in April (grey line) and
the reconstruction achieved as labeled (black line). Using all Harlingen data then
considering just April.
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Figure 5.12: Original time series of sea level at Harlingen in April (grey line) and
residual created by the extraction of reconstructed series from the original time series
(black line). Using just April data.

169



o 20 40 60 BO

(a) L = 60, Double

O 20 40 60 BO

(d) L = 120, Double

(6] 20 40 60 BO

(g) L = 480, Double

100 120

O 20 40 60 BO 100 120

(b) L = 60, EV = 3

(6] 20 40 60 BO 100 120

(e) L =120, EV = 1

O 20 40 60 BO 100 120

(h) L = 480, EV = 3

O 20 40 60 80 100 120

(j) Linear regression

o 20 40 60 BO 100

(¢ L=60, EV=1-3

(f) L= 120, EV = 1-3

(i) L =480, EV =1-3

120

Figure 5.13: Original time series of sea level at Harlingen in April (grey line) and
residual created by the extraction of reconstructed series from the original time series
(black line). Using all Harlingen data then considering just April.
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Figure 5.15: E“i'o.n and H N 'ion (for original time series and residual) plotted
against expected number of records Mo,n)- Using all data then considering
just April. The ‘> 90%’ confidence interval for the number of records J2 Nlo,n is
shaded in grey. 172
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Figure 5.17: Histograms of residual time series created by removing trend and/or
cycles. Using all Harlingen data then considering just April.
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It is clear from Figures 5.14 and 5.15 that it is possible to use SSA (and to
some extent linear regression) to create a residual time series that is stationary in
the sense that the number of records is within a confidence interval of the expected
number of records for a stationary time series. It appears that the residuals created
by using a greater number of eigentriples in the reconstruction stage, stay within
the confidence intervals with greater frequency. Using just data from the month
of interest (in this case April) seems more effective than creating a residuals using
a time series with all months and selecting every 12'* element (relating to April).
From Figures 5.16 and 5.17 it can be seen that the residual has smaller variance
when it is created by just using data from April to construct the reconstruction
than when all data is used and just the April data is selected. The better results
could be attributed to using a larger proportion of the eigentriples.

There are two problems with using the above reconstructions and residuals to
forecast extremes. Firstly, it can be seen from the plots of time series above that
there is at least one significant change point in the time series. Secondly by looking
at the periodograms of the residual time series it can be seen that there is still
some structure that could be removed. For example see Figure 5.18. We will now
investigate these two problems further.

Consider the first problem of the time series containing a change point. The time
series has very different characteristics in the first and second sections (First section
being approximately 1885 to 1960, second from 1960 to 2006). Although this does
not necessarily prevent a stationary residual from being created, it does mean that
forecasts will not be accurate. Indeed, any forecasts will be significantly based on
the earlier section of the time series before the change point.

The second problem; presence of a structure in the residual, produces forecasts
that are not as good as they could be. It was also the cause of some of the observed
number of records in the residual time series not being as close to the expected

values as others. The problem is easily overcome by using more eigenvalues in the
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Figure 5.18: Figure (a) shows the periodogram of the raw time series of sea level
at Harlingen in April. Plots (b)-(f) show the periodograms of the residuals created
by the extraction of reconstructed series from the raw time series. The eigentriples
used in the reconstruction are marked below the periodograms.
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reconstruction of the time series. Doing this will inevitably introduce more noise
into the reconstruction, leading to a poor forecast. These factors must be weighed

up against each other.

5.3.4 Change Point

The plots in Figure 5.19 show reconstruction from either single, pairs or three eigen-
triples of the time series of mean monthly sea level from January 1885 to December
2007. They show clearly that both the amplitude of periodicities and the gradient
of trend are not regular. This indicates the presence of a change point.

We can only use CaterpillarSSA to forecast accurately if the time series has no
change point. We must therefore discard any data from the years before the latest
change point occurred. However, if we continue to only consider the data relating
to April there is not much data to work with. Below we consider the mean monthly

sea level in Harlingen for all months of the year from three different sections.

5.4 Estimating Tail Index and Endpoint
5.4.1 Methodology |

In this section we use SSA to remove the trend and periods from sections of the
original time series of mean monthly sea level in Harlingen (of all months). The first
section considered is the fairly stable period from 1885 to 1904. We then consider
the period from 1973 to 1992. The reconstructions in Figure 5.19 would suggest
that this section contains a change point. Finally we consider the period of most
up-to-date data: 1987-2006. Note that the period say, 1973-1992, describes all dates
from 1% January 1973 to 315t December 1992 inclusive, so each time series has a
length of 240 observations.

The next step is to estimate the lower and upper tail indices, o and o" re-

spectively and the lower and upper endpoints and m and M using the following

177



8 1 [ i 1 1

(a) L=660 ET=1 k 2 (b) L=660 ET=A (c) L=660 £T=7 & 8
(d) L=660 ET=13 k 14 (e) L=660 ET=20 () L=660 ET=23 & 24 & 25
0
(g) L=660 ET=29 (h) L=660 ET=38 (i) L=660 ET=41

Figure 5.19: Reconstruction time series that demonstrate irregular periodicities and
trends. The original time series of mean monthly sea level at Harlingen was decom-
posed with lag L = 660. Eigentriples or groups of eigentriples were then used to
reconstruct the time series. The reconstructions that demonstrate irregular patterns
are plotted above. The most recent apparent change point has been marked using
a vertical dotted line.
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estimators:

i = log(k)
* = 108((vrm — Y3/ (Wom — 92)) (5.4.1)
= m®(&). (5.4.2)

The upper tail parameters M and a* are estimated using the following estimators:

u log(k)
aY = 5.4.3
og (e = ¥om) Gom —2) (543)
M = M°(6*) = a1(&“)ynn + - - - + 6k (G*)Yn—ks1.n- (5.4.4)

The estimator & can be found in [11]. Other estimators of a are available,
for example [22] and [19]. Indeed, the estimation of « is itself a very challenging
problem, however, it was not the primary concern in this study. m°(¥) and a;(9)
are as defined earlier. Finally for sections 1885-1904 and 1973-1992 we compare our
estimations of m and M for each month of the year to the minimum (and maximum
respectively) observed in the next 14 years. The observed value of m (and M) for
each month should not be viewed as the ‘true value’, but rather as an upper bound
for m (or lower bound for M). This is because the true minimum (or maximum)
would be unlikely to occur in 14 observations. There are two main reasons that
more years were not used as a comparison; if more post-forecast observations were
used then observed values would be unlikely to come from the same underlying
distribution as the forecast (note that if there is a trend present any year other than
the forecasted one will not be useful for comparison); also, it was desired to make the
second forecast a relatively up-to-date one, this would not be possible if many years
were required after the forecast for comparative purposes. In the analysis described
above a value of k = 10 was used. Figure 5.24 shows the results of an investigation

into the effect of changing k on the estimates of tail index and endpoint.

5.4.2 Results

(a), (d) and (g) in Figure 5.20 show the time series of sea level in Harlingen over the

three 20 year periods; 1885-1904, 1973-1992 and 1987-2006. The remaining plots in
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these Figures are the periodogram of the time series in (a), (d) and (g). (b), (e) and
(h) in each of these Figures shows that the time series all include a strong signal
with period 12. Plots (c), (f) and (i) show the periodograms with the y-axis cut off
above the second largest spike of the periodogram, this is in order to see the other
periods that are present in the time series more clearly.

(a) and (b) from Figures 5.21, 5.22 and 5.23 show estimates of o and m using
(5.4.1) and (5.4.2) respectively with k = 10. In the plot, each point represents an
estimation from the residual of a time series where the associated reconstruction
used eigentriples 1 — j (where j is the value on the z-axis of the plots). Estimates of
a and m where & < 0 or & > 6 have not been included. Shown in (c) of Figures 5.21,
5.22 and 5.23 are forecasts of the minimum mean monthly sea level in Harlingen
and (for Figures 5.21 or 5.22 only) the minimum observed mean monthly sea level
for the next 14 years. (c) shows a selection of forecasts, relating to some or all of the
following sets of eigentriples: 1, 1-3, 1-10, 1-30 and 1-60. Forecasts are not shown
for sets of eigentriples that produce estimates & < 0 or & > 6. In Figures 5.21, 5.22
and 5.23, plots (d) (e) and (f) show similar estimates and forecasts, for the same
periods, but for the upper tail.

From Figure 5.20 we can see the following. The section of the time series from
January 1885 to December 1904 has a small trend and fairly regular periodicities,
mainly period 12. The section of the time series from January 1973 to December
1992 has a small trend and periodicities that are less regular than the section from
1885 to 1904. This section of the time series has a greater variance and mean than
the first section. This data was chosen as it is relatively up-to-date whilst still
having a reasonable post-forecast data set for comparison. The section of the time
series 1987 to 2006 was considered as it is the most up-to-date 20 year period with
available data. The section of the time series from January 1987 to December 2006
has a small trend and periodicities that are less regular than the section from 1885

to 1904. Again the main period is 12. The mean and variance of this section are
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similar to that of the section from 1973 to 1992.
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Figure 5.20: (a), (d) and (g) show the time series of mean monthly sea level in
Harlingen during the three 20 year time periods as labeled. (b), (e) and (h) show
periodograms of each time series. (c) shows the same periodogram but with the
y-axis cut off above the second largest spike, so that spikes from periods other than

12 can be seen more clearly.
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(d) &+ (e) M (f) Upper forecast

Figure 5.21: Figure (a) shows & against the number of eigentriples, j, used in the
corresponding reconstruction. Figure (b) shows 7 against j. The estimation of m
uses the corresponding & from (a). Figure (c) shows a forecast of the minimum
mean monthly sea level for each month of the year 1905. The forecasts use the
reconstruction of 1885-1904 as a base. Only the reconstructions related to 1, 3, 10,
30 and 60 eigentriples are shown. Also shown in (c) is the minimum mean monthly
sea level observed for the period 1905-1918 for each month. Graphs (d), (e) and (f)
show similar information but for the upper tail.
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Figure 5.22: Figure (a) shows & against the number of eigentriples, j, used in the
corresponding reconstruction. Figure (b) shows 7 against j. The estimation of m
uses the corresponding & from (a). Figure (c) shows a forecast of the mean monthly
sea level for each month of the year 1993. The forecasts use the reconstruction of
1973-1992 as a base. Also shown is the minimum mean monthly sea level observed for
the period 1993-2006 for each month. (d), (e) and (f) show the similar information
but for the upper tail.
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Figure 5.23: Figure (a) shows & against the number of eigentriples, j, used in the
corresponding reconstruction. Figure (b) shows /1 against j. The estimation of m
uses the corresponding & from (a). Figure (c) shows a forecast of the mean monthly
sea level for each month of the year 2007. The forecasts use the reconstruction of
1987-2006 as a base. No data is available after 2006. (d), (e) and (f) show similar
information but for the upper tail.
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Plots (c) and (f) of Figures 5.21, 5.22 and 5.23 show us that the final forecasts
vary a great deal depending on the set of eigentriples chosen. In general, it ap-
pears that the more eigentriples used in a lower forecast, the larger the forecast
becomes. That is, if few eigentriples are used, it is less likely that an observation
will occur that is less than the forecast. Where more eigentriples have been used,
the observed minimum (plotted with the plain solid line) is frequently lower than
the lower forecast. Similarly for the upper forecast: when few eigentriples were used
the observed maximum sea level was generally lower than the upper forecast. When
lots of eigentriples were used the observed maximum sea level was often higher than
the upper forecast. This is an obvious consequence of the method. Using too many
eigentriples should be avoided.

The upper and lower forecasts (these are equal to the reconstruction forecast
plus M and reconstruction forecast plus m respectively) for any particular set of
eigentriples, are based on the same reconstruction forecast, and so the difference
between them is constant and equal to M —m. This can be seen by looking at plots
(c) and (f) of Figures 5.21, 5.22 and 5.23.

In Figures 5.21 (c) and (f) it can be seen that the reconstruction made using
ET =1 relates to the trend of the time series as the forecast is close to a straight
line. Similarly in Figure 5.23 (c) and (f) it can be seen that the reconstruction using
ET = 1 relates to the trend of the time series. In Figure 5.22 (c) it appears that the
reconstruction using ET = 3 relates to the trend of the time series as the forecasts
for eigentriples ET = 1 and ET = 1 — 3 are close to parallel.

Estimates, & and &% vary with the eigentriples used seemingly randomly. Esti-
mates of o greater than 6 or less than 0 were ignored as it is unlikely that the true
value of @ would be outside these bounds (in fact m® cannot be applied if a < 0).
When m (or M) was estimated using one of these unlikely estimates of @, 7 and
M were also unlikely (much smaller or larger than any observed value). Each of the

three sections produced similar numbers of poor estimates of @ and a*. The poor
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x

Eigentriples | &% M

1-13 8.9 | 587.8
1-14 14.2 | 847.3
1-15 8.9 | 642.1

1-28 10.7 | 686.6
1-29 14.3 | 833.7
1-30 64.3 | 2911.0
1-52 10.0 | 308.1
1-58 8.3 | 184.1

Table 5.5: Table shows discounted estimates of &* from the time series of 1885-1904.
Also shown in the table are the eigenvalues related to the residual and the estimate
of M.

estimates of a* and their corresponding eigentriples and M are shown in Table 5.5
for the time period 1885-1904.

The estimates of &« and m in Figures 5.21, 5.22 and 5.23 are all made with
k = 10. Figure 5.24 shows estimates of & and m from the residuals created after the
extraction of various reconstructions from the time series of sea level in Harlingen
from 1987-2006. It can be seen that altering k changes the estimates of both a and
m. In general it appears that as k increases so does the tail index and the estimate
of m. For any set of eigentriples shown, the difference between the largest estimate
of a and the smallest is of a similar order of magnitude (< 1). The difference
between the largest estimate of  and the smallest estimate of m decreases as the
number of eigentriples included in the reconstruction increases. This is likely to be
because including more eigentriples in the reconstruction phase results in general in

a residual with a lower amplitude.
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Figure 5.24: Figures (a)-(c) shows & against k. Figures (d)-(f) shows 7 against
k. The sample used for estimating a and m are the residuals created by extracting
reconstructions from the time series of sea level in Harlingen in the period 1987-2006.
The reconstructions use eigentriples as indicated below the graphs.
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Chapter 6

Conclusion

6.1 Summary

In Chapter 2 we compared two well known estimators of m and some simple esti-
mators of m. The well known estimators were the maximum likelihood estimator,
and the optimal linear estimator. The density and efficiency of the estimators were
the main factors investigated. We first did this under the assumption that a was
known. A second comparison of the estimators was undertaken where the value of
the tail index a was unknown. Here the efficiency of the estimators was compared.
In these comparisons the sample size, n was fixed.

In Chapter 3 we introduced the idea of the sample yy, .. ., y, as a time series. This
is often a natural way to consider the sample, as can be seen in Chapter 5. Looking
at the sample in this way allowed us to consider record observations. Section 3.1
was dedicated to introducing terminology, notation and some basic results related
to records. No new material was present here. In Section 3.2 we introduced a way
of modeling order statistics and normalized estimators at record times. This model
was verified, then used in the remainder of the chapter as part of similar simulation
studies as Chapter 2.

In Chapter 4 we defined two estimators of m. In Section 4.1 we introduced the
so called weighted estimator (WE). Before defining and investigating this estimator,

in Section 4.1.1 we demonstrated some interesting properties of the conditional ex-
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pectation of waiting times (defined in Section 3.1). In Section 4.1.2 we defined the
WE. The WE is a weighted average of the estimate from the current sample size and
estimates at smaller sample sizes. This estimator was investigated through a simu-
lation study using an extension to the functional model developed in Chapter 3. It
was found that this estimator had smaller efficiency than the optimal linear estima-
tor, some analysis was undertaken to explain this and suggestions for improvements
were made. The second estimator introduced in this chapter assumed that the value
of parameter ¢y was known (the value of o was also assumed to be known). It
was shown analytically and through simulation that this extra knowledge produces
dramatic improvements in efficiency for some distributions, F(x).

In Chapter 5 we considered real-life applications of the theory from Chapters 2
and 3. We began by applying the record theory discussed in Section 3.1 to the
number of record events that are reported in the media. In Section 5.2 we considered
data of average monthly sea level in six observation stations in the Netherlands. We
showed how the number of observed records can help us to identify that the time
series were non-stationary. We used the CaterpillarSSA algorithm to spilt sections
of the time series of mean monthly sea level in Harlingen in April into a forcastable
reconstruction and a stationary residual time series. The upper and lower tail indices
were estimated and the optimal linear estimator was used to predict m and M of the
residual. CaterpillarSSA was used to forecast the next 12 months of mean monthly

sea level for each section of data. The forecast was added to the estimates of m and

M.
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6.1.1 The Estimators

e The Maximum Likelihood Estimator, m*.
The maximum likelihood estimator m* is the smallest solution z to the follow-

ing equation:

(y N y],ﬂ)
”Z =) =k

where a > 2.

e The Optimal Linear Estimator, m°.

The optimal linear estimator is equal to m® = Zf=1 ayin where a° is equal to

a® = ar in a'Aa= A1
o ga:gulril afa= T'A-1 1°
Here A = || ;]|¥;_, is a symmetric k x k matrix and );; is defined for i > j

by (1.3.4).

e Three Non-zero Coefficients Estimator, m®.

The linear estimator m(® is defined to be equal to

ag )yl nt(1- (3) ais))yi,n + af)yk n

where a{¥, a®) and i are chosen to minimize the MSE of m(®.

e Two Non-zero Coefficients Estimator, m(®.
The linear estimator m(? is defined to be

Akl — A1

(2) _ — =
m;” = (14 Ce)yrn = CiYins Ci A1 — 2061 + Ak

where )\; ; are as defined in (1.3.4).

e Minimum Order Statistic, m®.

The minimum order statistic is the variable y; ..
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e Weighted Estimator, m"E.

The weighted estimator (or WE), " = m}'F is equal to

1 Nk.n
~WEFE _ S
Mgn = T v —& E :(Wk,j + l)mk,Tk.j
k.Nk.n - k j=1

e Estimator with ¢y known, mX.

The estimator m* = m;, assumes that o and c; are known. It is equal to
I'k+1/a)
X e — ——————————————
My n = Ykn I‘(k)(con)lla'

6.1.2 Estimators when k = 2

e Maximum Likelihood Estimator, m}.

When k = 2, the maximum likelihood estimator is equal to
a—1
2
As yon > y1» and a > 2 we have that m} < y; ,.

m; =Yin— (y2,n - yl,n)-

e Optimal linear Estimator, m3.

When k = 2, the optimal linear estimator is defined to be

«

my = (1 4+ Co)yin — Cayan, C2 = 7

6.1.3 Summary of Densities

In calculating the densities below we assumed that the order statistics are from a
sample drawn from the Weibull distribution with parameter o. Here w3 = y1, — m
and wy = Ygn — M.

e The density of the normalized estimators, (m® —m)/(y; , — m) for all integer

k > 2, is given by

P (2) =
nlaCg kz_f (=1)"
(n — B)!(1 + Ck — 2)°+! 5 (k—2-r)lr! [n —(k-r-1) (1 - (F%-T)a)r
-o0<z< 1
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e Asymptotically as n — oo we have,

aCy
(1 +Cy — z)a+1’

@y 3
Jirrgops (2) = co<z< 1.

o The density of the normalized estimators, (m® —m)/(yx.. —m) for all integer

k > 2, is given by

p(2) =
nla(z + Cx)*! § L
(n =B+ 00 5 (s — 2 — )i [n —(k—r-1) (1 - (J—gf)a)]z
—-Cy<2z<1.

e Asymptotically as n — oo we have,

@ __a(lc—l)(z+C'k)°"l (2t Ck o k-2 O <<
Nim pg(2) = (1+ Cy)® I-{ive —CGrszsl

This is equal to the density of the related functional C,(f).

e The density of the functional ¢{*) (which is related to the estimator m®) is

given by

p(:(’s)(z) = c[B(l4(z),a —1,a— 1) — B(l,a —1,a— 1)}, a3 <2<1 (6.1.1)

where
. 2(z — a3z)?*!
(az(1 — ag — ag))*’
az
la =
3 1— 03’

1 foraz < z<ay+ag
la(2) =

a
‘z—_%'—s' fora2+a3§z§1

and B(z,a,b) is the incomplete beta function:

B(z,a,b) = / w11 — u)*du.
0
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z p(2) lim,_,e0 p(2) Support

(2 _ n(n—-1)aCg C. o\ —2 Cco
(m® —m)fws | etsd (n-1+ (52) ) e |~ <2<

—_ a-1 a\ —2 a—
(e —m)fun | HSEER -1+ (88)) | W | Ge<es

(m* —m)/ws 2—'}%1—_)—;(——3’::1): (n—1+ (a—fT‘_‘-i-z-)a)“z '(aifl(f—;z%;r —c0<z<1
(m* —m)/w, | Zle=le@eta® (; 14 (2zrazyy ™ 2"—(2%%:)%& —alcoz<l
¢° -')'(Z—Tfér—_i - —Cy<z<1
¢ T - —al o<l

Table 6.1: Densities of estimators and functionals when k = 2.

6.1.4 Efficiency

e The asymptotic efficiency when k = 2 of estimator m°(d) with respect to
m°(a) is given by the following.

a+?2
a+2+a(l—2)

eff(m°(9)) =

The analytic efficiency of m°(«) is eff(m°(a)) = 1.

e The asymptotic efficiency when k = 2 of estimator m*(J) with respect to
m°(a) is given by the following.

ala + 2)

202 +4a—2a9 — 29+ 92+ 1° (6.1.2)

eff(m*(¥)) =

e The efficiency (6.1.2) is maximized at ¥ = a + 1, where it is equal to 1.

e The asymptotic efficiency when k = 2 of m*(a) with respect to m°(a) is given
by
ala +2)

eff(m‘ (1.9)) = m
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e The asymptotic efficiency of m® when k = 2 is given by

a+ 2

eff(m‘) = m

e The asymptotic efficiency of m(® () with respect to m°(a) for any integer k

such that k£ > 2 is given by

1.,AZ 2)
F(m@)(9) = _A @)
€ (m )(19) llA_ll
Here 13y = (1,1) and
_{ A1 Ak
po= (22, 619

e The asymptotic efficiency of m,’c‘,n with respect to my ,, is given by

<\ _ (T'(k))?
ef(Min) = FEIT R 2/a) = (T(k T 1/a)FTA-TT (6:14)

6.1.5 Transition Densities

e The transition density of :vgt) when k = 2 is given by

z, 0<y<=z
p(y;x) = ‘

e The transition density of (i for k = 2 is given by

| a(z—az):;(c—azt, a; < z2<¢
p((Z,C) = a(z—az)‘;;:(C—az)“ + a((—a2)” C <z<1
1

(z—az)°‘+l ’

6.1.6 Autocorrelation Function

e The autocorrelation function of the 1-dimensional Markov chain X; (where

k =2) is R;(l) = 3, where [ is lag.

e The autocorrelation function of any linear functional when k = 2, (3, is given

by Re(l) = (£32)"
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6.2 Conclusions

In this final section we collect the main results of this thesis. We make concluding
remarks regarding the strengths and weaknesses of the work carried out. We also
reflect on the implications of the results and any further work that could be carried

out.

6.2.1 Densities and Histograms

Investigations into the distributions of the estimators, such as deriving densities
analytically and plotting histograms, was useful as a first step. It enabled basic
properties of the estimators to be found, such as their mean and variance for finite
samples. Deriving the densities also acted as verification of results from simulation
studies. Further work could involve the derivation of densities of estimators when

F(z) is not the c.d.f. of the Weibull distribution.

Results

o If F,(z;a) = co(x — m)* then for a > 0 and z in the neighborhood of m

when 8 =1, Fz(z; a,1) = F,(z; o);

when 3 > 1, Fs(z; a,1) < Fy(z; a);

— when 8 < 1, Fg(z;0,1) > Fo(z; a);

Po(z) < Fu(z; ).

e Normalized linear estimators, My, converge quickly to their asymptotic dis-

tribution when F'(z) is Weibull as n — oo.

e The order statistics from a sample drawn from the Weibull distribution con-

verge quickly to their asymptotic distribution as n — oo.

o The order statistics from a sample drawn from Fj(z; @, 1) converge quickly to

their asymptotic distribution as n — oo for a > 0.
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e The derived densities from Sections 2.2.4 and 2.2.6 were found to be a good

fit to simulated data.
e Estimators normalized in different ways had very different distributions.

e The different estimators had similar distribution:

— Whena=1,m;, = mffi = mscsv)r

— The skewness of the distribution of each estimator is similar.

— The mean and variance of the distribution of each estimator is different.
— The (m*—m)/(yk,n—m) has a smaller variance than (m°—m)/(yxn—m).
— (m° — m)/(yk,n — m) has a smaller variance than (m* — m)/(yx. — m).

e As k increases the mean and variance of (m° — m)/(ykn — m) and (m* —

m)/(yk,n — m) both decrease.
e As o increases the mean of (m* — m)/(ykn — m) remains fairly constant.
e As a increases the mean of (m° — m)/(yk,» — m) increases.

e As a increases the variance of estimators increases.

6.2.2 Efficiency, Mean Square Error and Bias

The results regarding the efficiency of the estimators showed that the MLE is not as
efficient as the optimal linear estimator for estimating the endpoint of many of the
distributions tested. The Weibull distribution is a famous case of where the MLE is
poor due to the discontinuity of the likelihood function at m. See for example [6].
However, it is a standard distribution and therefore poor behavior is a significant

problem.
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Results

e The MSE of the estimator m(?) = a§2’ yl,n-i—af)yk,n is greater than the estimator

mﬁ:, = aiAiyi,n + af"yk,n, where i =1,2,...,k — 1 (see Figure 2.1) for some «

and k.
e For F(x) Weibull:
— For small a and for small £ the MLE has smaller efficiency and larger
bias than m°.
— The efficiency and bias of m(® and m® are better than the MLE for
some small a and small k.

e For F(z) = Fs(z; o, 1):

— The efficiency of the optimal linear estimator is very close to 1.
— For small a and for small k£ the optimal linear estimator outperforms the
MLE.
e When F(z) is equal to (1.1.2):
— When n is equal to 1000 and k is large, the efficiency of all estimators is
poor.

— When n is equal to 10000 the efficiency of the optimal linear estimator

is approximately constant (and larger than 1) for all k.
— The efficiency of m®® and m(® decreases with k.

— The efficiency of m® and m? remain larger than the MLE even for large

k.

e The results from this section were verified using the functional model.
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6.2.3 Wrong o

The investigation into using the wrong value of tail index was useful and interesting.
It is important to know how the estimators react to using the wrong value of tail
index. The main results from this section were that the MLE achieved maximum
efficiency when the wrong value of tail index, 9*, was used and that a < 9* < a+1.
This result could be used to improve the maximum likelihood estimator. Further
work could be to find the exact value of ¥* for different values of k. This may not be
possible, in which case upper and lower bounds could perhaps be found. It would

also be useful to find the reason behind this interesting behavior.
Results

e For estimators m°, m®, m(® and m*, eff(n(¥)) > eff(m*(99)) for a wide range

of 9.

e The range of 9 for which the estimators were more efficient than y,; , was larger

if £ was small.

e The range of ¥ for which the estimators were more efficient than y; , was larger

if a was large.

e For the MLE, the value of ¥ that made the estimator most efficient was ¥*

wherea < #* < a+ 1.
e Whenk=2,%=a+1.
e These results were verified using the functional model.

6.2.4 Waiting times

In this thesis a literature review concerning waiting times was conducted. This has
since been extended into a paper (submitted) on stopping rules for k-adaptive search

algorithms. Here the expected waiting time was combined with the expectation of
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Yk Ty e 41 " VkiT1 041
Vk. Ty o ~Vki Ty

stopping rule.

the ratio

(related to the quality of linear estimators) to produce a

Results

e The expectation of W, ., is infinite when ¢t > 1.
e The expectation of Wy, is finite when k > 1.

e The expectation of Tk ;1 —n (where Ty, < n < Ty .41) increases linearly with

n.

e The conditional distribution of W;, given Yk,T;, can be used to model waiting

times.

6.2.5 Simulating order statistics at record times

Defining the Markov chain equal in distribution to (normalized) order statistics at
records was extremely important to Chapters 3 and 4. It enabled record values to
be modeled at sample sizes that otherwise would be been way beyond the capability

of the available computing power.

Results

The simulation of order statistics at record values featured in Chapters 3 and 4. It
was used to verify many of the results listed in Sections 6.2.1, 6.2.2, and 6.2.3, and

played an integral part in determining results listed in Sections 6.2.6 and 6.2.7

6.2.6 The Weighted Estimator

The weighted estimator that we defined and investigated was unsuccessful as it
failed to improve on the MSE of the existing linear estimators. However, it is likely
that further work in this area could produce an estimator with smaller MSE than

existing estimators. In the work presented here, suggestions of alternative weighted
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estimators were made based on heuristic arguments. Further work could involve
deriving an estimator by considering the expected improvement in a linear estimator

as sample size increases.
Results
e The WE has a smoother trajectory than m°.
e The efficiency and bias of the WE are worse than m°.

¢ Estimator quality and Wy . are not correlated at record number ¢, where c is

such that Ty .41 < 1000 and Ty 42 > 1000.

e Estimators improve with sample size, record number and waiting time.

6.2.7 The estimator m,’;n

The work conducted concerning m;;,, showed that for a variety of c.d.f.s, when the
parameter ¢y is known even a very simple estimator can be more efficient than the

optimal linear estimator.

Results

e When a > 2 the asymptotic analytic efficiency of the estimator m;, with

respect to m; ,, is much greater than 1.

e When o = 1 the asymptotic analytic efficiency of the estimator m,’c‘,n with

respect to my , is much less than 1.

e As k increases the asymptotic analytic efficiency of m;;, with respect to mj ,

decreases.

e As a increases the asymptotic analytic efficiency of m;, with respect to m§ ,

increases.
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When F(z) is either the Weibull or the beta distribution and o = 3, the

estimated efficiency (from simulation) of mj, is much greater than mg .

When F(z) is the gamma distribution the estimated efficiency of m , is greater

than mj , for small k.

When F(z) is the uniform distribution, the estimated efficiency (from simula-

. x . o
tion) of m;,, is much less than mg ..

The estimated efficiency (from simulations) differed greatly from the ana-
lytic asymptotic efficiency when the distribution F(z) was very different from

F,(z) = co(x — m)©“.

6.2.8 Meteorological Applications

Section 5.1 shows that, with care, the number of observed (maximal and minimal)
records in a time series could be used to hypothesize that the time series is stationary.
However, it also discussed that it is possible to observe the expected number of

maximal and minimal records in a time series with periodicities.

Results

e If the elements of climate (e.g. average rainfall) are assumed to form a sta-

tionary time series, the expected number of ‘news-worthy’ records is high.

e Trend, periodicities, increased variation are factors that affect the number of

records observed in a time series.

e In data of mean monthly sea level from six different observation stations in

The Netherlands,

— there is high correlation between locations;
— correlation between months of the year at any particular location is fairly

low.
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e Consider the estimated number of records in the 6 x 12 = 72 continuous time

series of mean monthly sea level at six measuring stations in The Netherlands.

— The expected number of type 1 1% records in each time series (if time

series were stationary) is 5.4.

— The number of record highs was higher than expected in 69 of the 72

time series.

— The number of record lows was lower than expected in 47 of the 72 time

series.

6.2.9 Using CaterpillarSSA

CaterpillarSSA is an excellent tool for time series analysis as it allows the expert
user to consider the physical mechanisms behind the behavior of the time series.
In this thesis greater consideration should have been given to the choice of eigen-
triples in order to draw robust conclusions about the maximum and minimum sea
level. The estimation of the tail index is a difficult problem that also needs greater
consideration.

It is possible that change points in the time series of sea level could be better
dealt with by using climate models to explain the changes in behavior. The time
series could be split into two reconstructions and the residual noise. The first recon-
struction should be explainable and forcastable using climate models. The second
reconstruction should be forecastable using SSA (i.e. not contain change points).
The endpoints of the distribution of the residual could then be estimated using

extreme value estimators.

Results

e Removing the trend and periodicities from the time series of mean monthly

sea level in Harlingen (using CaterpillarSSA), and then selecting just the data
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relating to April was not as effective as just using data from April at the

reconstruction stage.

Using more eigentriples in the reconstruction produced residuals with smaller
variances and whose record counts were closer to those expected in a stationary

time series.

The residual when just data from April is used to create the reconstruction
have smaller variance than the residuals when all data is used to create the

reconstruction and then just the April data is selected (see Figures 5.16-5.17).

Some structure had been left in the residuals (shown in Figures 5.12-5.13) after

removing the reconstructions.

There is at least one change point in the time series of mean monthly sea level

in Harlingen in April from 1885 to 2006.

The final upper and lower forecasts (reconstructed forecast plus M and recon-
structed forecast plus m respectively) varied a great deal depending on the

number of eigentriples used.

The value of the parameter k affected the estimation of a, a*, m and M a

great deal.
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