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ABSTRACT iv

In [2], the following extension of the higher order Rellich inequality

[ 18100 S 2 v | 160 8
was proven by W. Allegretto for all f € C§°(R™\ {0}). The constant 7 is
calculated explicitly by the author for all n > 2, @ > 0 and j € N, giving
the value of the constant in the previously unknown case n < a + 4j. Hence
proving that v is equal to zero if and only if n < a+4j andn—a =0
(mod 2). In this problematic case, the author finds that the higher order
Rellich inequality (1) can be forced to be non-trivial if further restrictions
are placed on the function in S*~1.

An alternative method to restricting the functional class is to look at the
Rellich type inequality

| 1aarers = omad) [ 17600 @)

found by W.D. Evans and R.T. Lewis in [15] for n = 2,3,4. The magnetic
Laplacian is of the form Ay = (V — iA)? where in spherical coordinates

A {;qx(el)el ifn=2,

1 .
W\I’(ewl)en_l if n> 3,

(3)

with U € L*°(0,27) and ¥(0) = ¥(27). The potential A is of Aharonov-
Bohm type and the constant ® is dependant upon the distance of the mag-
netic flux ¥ to the integers Z. By finding the discrete spectrum of the
Friedrichs extension of —A, in L?(S"7!), the author is able to extend the
Rellich type inequality (2) to all n > 2 and a > 0. Consequently, the higher
order Rellich type inequality

A d ~ d
L > ame ) [ 0P @

can be constructed. The inequality (4) is shown to be non-trivial for all
n<a+4jand n —a =0 (mod 2), the previously problematic case.

The Rellich type inequality (4) enables an analysis of the spectral prop-
erties of perturbations of the magnetic operator A4 to be undertaken in
L*({R™), n > 2. Furthermore, a CLR type bound for the number of negative
eigenvalues of the operator A4 can be found in L%(R?), a space in which
there is no CLR bound for the operator A*.
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Chapter 1

Introduction
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Please note that some of the results in the proceeding historical review have
been reproduced here in an alternative form to the originals to allow for direct

comparison of the results. A list of relevant notation appears in section 1.4.

1.1 The Rellich inequality

In lectures at New York University in 1953, published posthumously in [24],
Rellich first proved the following inequality

n?(n — 4)?
16

forn > 2 and f € C§°(R™\{0}) with the further restriction in two dimensions
that the functions satisfy

- |Af(x)dx > If( )|2| i (1.1)

27 2r
f(r,0) cos0dO = f(r,0)sin6dd = 0. (1.2)
0 0
As it can be seen, the Rellich inequality is trivial in four dimensions. In order
to extend several non-oscillation theorems for elliptic equations of order 2 and

4, the Rellich inequality was extended by Allegretto (2], resulting in

L 1areor s 2 ke [ 100P S (13)
where
n+a)i(n —4— a)?
k(n,a)=( + )(16 1-a) + 7(n,a), (1.4)
7(n, a)_nirellgo{ (m+n—2)(m2+(n—2)m

n? — 4n — 4o — o? (1.5)

o))
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The following was observed; k(n,a) = 0 iff for some triplet o, n and m,
1 9 2
m(m+n—2)=——z(n —4n — 4a — o). (1.6)

Furthermore, Allegretto found the following higher order Rellich inequality

by induction,

p dx _ i . dx
[ reori 2 ket [ 1500relg. 0

In Schmincke’s investigation [26] of the class of potentials ¢ for which the
Schrédinger operator —A+q in L?(R") is essentially self-adjoint, the following
generalisation of the Rellich inequality was proven. For n > 2, f € C§°(R™ \
{0}) and s € [——ﬂg—ﬁ,oo), then

- |Af(x)[Pdx > —s IVf( e

|X|2
(n? + 4s)(n — 4)?
16

ix (1.8)

where the original Rellich inequality can be recovered for n > 4 by taking

L Wrp

s = 0. In the same spirit of the evolution of (1.1) to (1.3), Schmincke’s result
was extended by Bennet [4]. Suppose n > 2, a € [(—o0, —n) U (-2, 00)] and
a#n—4. If f € CPR"\ {0}) and s € [ EFAE=1=0) 0y then

2 dx 2
Lareor = - [ 1vieors

[(n+a)?+4s](n — 4 — a)? , dx
+ 16 - If(x)l |x,a+4'

(1.9)

Schminke’s proof inspired Davies and Hinz’s impressive paper [9] in which,
among other things, sharp constants for the Rellich inequality in LP(R") were
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first obtained. For all f € C5°(R™ \ {0}) and 2 — 2p < a < n — 2p then

dx dx
L s 2 dnan) [ PRy ()

where the constant c is sharp and defined by

(n—a-2)((p—1n+a)

- (1.11)

c(n,a,p) =
By an inductive step, Davies and Hinz found, for j € Nand 2 — 2p < a <
n — 27p, the higher order Rellich inequality

J ”—(Pi n,a,p,J X ”-—-—-—-———dx
[ 8rer s 2 Cnand) [ P (112

x|
for all f € C°(R™ \ {0}) with a sharp constant

j—1
C(n,a,p,5) = [] c(n, a + 4k, p). (1.13)

k=0

In Section 2.1, the exact values of Allegretto’s constant k(n,a) are cal-
culated. This enables us in Section 2.2 to explicitly state the higher order
L?*(R™) Rellich inequality

‘ dx dx
A f(x 2—27n,a,j/ f(x)|?P—— 1.14
[ ser s 2 ama) [ rPsR
for all f € CP(R™\ {0}), j € Nand a > 0. When n > a + 45, then
j-1 . .
L yr(nta+4)(n—a—4(G+1))?2
y(n,a,5) =] T (1.15)

i=0

which agrees with C(n, a, 2, 7), see (1.13), the constant found by Davies and
Hinz. When n < a + 47, there was very little information available in the
literature. When j = 1, Allegretto found that k(n,a) = 0 iff the condition
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(1.6) is satisfied and that in the case @ = 0 then (1.6) implies that n is even.

When n < a + 47, the constant y(n, ¢, j) is dependant on the fractional
part of 4%, ¢ say. In particular, when a — n is an even integer (¢ = 0) then
the constant v(n, a, j) is equal to zero and (1.14) becomes a trivial inequality.
This dependence on the fractional part of “5* as opposed to simply n and a
means that the constant y(n, @, j) has a very different behaviour depending
on whether n < a +4j or n > a + 4j. For example, if j =1 and a = 2;

n 7(”, 2’ 1) n ’Y(n’ 2’ 1)
2 0 6 0

I

4 0 8 25

5 i 9 1

Section 2.3 concentrates on the problematic cases when the higher order
Rellich inequality (1.14) becomes trivial i.e. when n < o+ 45 and 252 € Z.
It becomes apparent that in these cases a non-trivial higher order Rellich
inequality in L?(R"™) can be found if some restrictions are placed on the
function in S"7!. The Rellich inequality (1.1) in L2(R?) with the restriction
(1.2) on the function is a particular case of this (see Remark 2.11). One
application of this addresses the problem of there being no non-trivial Rellich
inequality in four dimensions. In doing so, for all f € C$°(R*) and

/s3 f(r,w)Yp4(w)dw = 0, (1.16)

then

L1ar@razs [ 1@r (1.17)

where Yp 4(w) is the four dimensional spherical harmonic of degree 0.
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1.2 Magnetic Potentials

1.2.1 The Aharonov-Bohm effect

The Aharonov-Bohm effect, predicted by Aharonov and Bohm in [1], is a
quantum mechanical phenomenon where a charged particle is affected by
electromagnetic fields from which the particle is excluded. There has been |
a suggestion that the Aharonov-Bohm effect demonstrates that the electro-
magnetic potentials (rather than the electric and magnetic fields) are the
fundamental quantities in quantum mechanics.

The specific case of interest in this text is the magnetic Aharonov-Bohm
effect, where the wave function of a charged particle passing around a long
solenoid experiences a phase shift as a result of the enclosed magnetic field,
despite the magnetic field being zero in the region through which the particle
passes. The magnetic Aharonov-Bohm effect was experimentally confirmed
by Tonomura [29] in 1986. In this case, the magnetic potential A is taken to
be

1y (6))e if n=2,
P Be (1.18)

mw(eﬂ—l)en—l if n >3,

in spherical coordinates with ¥ € L*°(0,27) and ¥(0) = ¥(2x). The as-
sociated magnetic field B = curlA is equal to zero in the domain R" \ £,
where

{0} if n =2,

Ln = \ (1.19)
{x = (1,61, ....0n-1) : 7 [[oz; sinb; = 0} if n> 3.
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1.2.2 Repairing the Hardy inequality in two dimen-

sions

In 1925, Hardy formulated and proved his famous inequality: let p > 1 and
f € L¥Ry), f>0. Then F(z) = f; f(t)dt < oo for every > 0 and

* (Fz)\» P_\P /°°
< | —— d 1.2
[ as (i) [Cow om
where the constant ;iLl " is sharp. However it has been noted, see [17], that

Landau, Pdlya, Riesz and Schur made very important contributions to the
development of (1.20). Many aspects of the inequality have been generalised
over the years and one form which is of particular interest is the p = 2

multi-dimension version of the Hardy inequality, namely

2 (n —2)? g dX
[ wseoracz S22 [ reors (1.21)

for all f € C§°(R™\ {0}) and n > 2. The constant LQ—T?Z is best possible and
there is equality if and only if f(x) = 0. When n = 2, the Hardy inequality is
only trivially true but a non-trivial Hardy type inequality, where the |x|? term
is replaced with |x|?(1+log? |x|), can be found if some additional assumptions

are placed on f. For example,

2 |f(x)P? : _
/R2 [Vf(x)|“dx > c o P+ log® IXI)dx if /{|x|=l} f(x)dx ; 0. |
1.22

This logarithmic factor is not ideal. Solomyak [28] found that the log|x]

term is only required for functions f depending on |x| and can be removed if
the function satisfies | (lel=r} f(x)dx = 0 for any r > 0. Laptev and Weidl’s
imaginative approach in [20] to the problem was to introduce a non-trivial
magnetic field A € C(R*\{0}) with the condition that curlA € L} (R?\{0}).

loc
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Then for f € CZ(R?\ {0}), the Hardy type inequality

[ vaseoraxza [ if6or<s (1.23)

holds where
Va=V—-iA. (1.24)

Not only have Laptev and Weidl removed the unpleasant logarithmic factor
but they have done so without placing any additional assumptions on f. A
magnetic potential A of Aharonov-Bohm type is an important example of
(1.23). More precisely, if in polar coordinates (7, ) in R?\ {0}, the potential
A is of the form

A(r,0) = \11_(9_)(_ sind,cosd), Ve L®(0,2r), ¥(0)="T(2m), (1.25)

r

then the magnetic field B = curlA generated is equal to zero in R?\ {0}. As

long as the magnetic flux

- 1 2
\IJ.

= V(6)do & Z .
2m ), 9) (1.26)
then (1.23) is non-trivial with the sharp constant

a = dist(V,Z)2.

When the magnetic flux ¥ € Z, V4 is equivalent by gauge invariance to V
and so (1.23) transforms back to (1.21) which is trivial in R2.

1.2.3 Repairing the Rellich inequality

As discussed in Section 1.1, in order for the Rellich inequality (1.1) to be non-
trivial in n = 2,4, additional assumptions had to be placed on the function.
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Inspired by ideas from [20] and [9], Evans and Lewis [15] sought to tackle
this problem by replacing the Laplacian A with a magnetic Laplacian Ay =
V2 where A is (1.18), an Aharonov-Bohm potential. If n = {2,3,4} and
U e (0,1) then Evans and Lewis found the following Rellich type inequality,

[ a0l 2 0ma ) [ 0PGRS 0

for all f € C°(R™\ {0}). The constants given by
2(2,0,%) = int {(m+¥)* - @{—2—)3}2 (1.28)
2(3, 0, %) = int {(m — ¥)(m ~ ¥ +1) —E‘f—lll—(o‘ﬁ}z, (1.29)
®(4,0,¥) = inf, {(m +¥)2—1- %ﬂf (1.30)

where Z' = {m : (m + ¥)? > 1}. Similarly to the Laptev-Weidl inequality,
Evans and Lewis have found in (1.27), a Rellich type inequality in the critical
cases n = 2,4 without making any additional assumptions on f.

As mentioned above and observed in Section 2.2, the Rellich inequality
(1.3) is trivial when n < oo+ 4 and 25? € Z, so as the value of « increases,
the number of critical cases, by which we mean the number of dimensions
for which (1.3) is trivial, will increase. With this in mind and using ideas
heavily influenced by [15], the purpose of Chapter 3 was to find (1.27) for
alln > 2 and o > 0. In order to do this, the positive eigenvalues of our
magnetic Laplace-Beltrami operator (see Theorem 3.2) were calculated in
all dimensions n > 2. Then Theorem 1 of [15] could be applied thereby
resulting in Theorem 3.8 which gives (1.27) for alln > 2, a > 0, ¥ € (0,1)
and f € CP(R™\ L,,) where

n+a)(n—a—4)

~ - ~ 2
&(n, o, ¥) = inf {(m+\IJ)(m—|—\Il+n—2)+ } (1.31)
meZ(m) 4
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and Z(® = {meZ:m< 2—n—V or m > —\i/}. The cut in the domain £,, is
determined by the choice of the magnetic potential A (see (1.18) and (1.19)).
Importantly the Rellich type inequality found has a non-zero constant

d(n,a, ¥) = Vi —a-2 i el (1.32)
(T+a+1)2(T-12 if Ve(i1)
when n < a+4 and n — a = 0 (mod 2), the case where the ordinary
Rellich inequality become trivial. In contrast to Section 1.1, no additional
restrictions were placed on the function f. A consequence of Theorem 3.8
is a higher order Rellich type inequality which is non-trivial in the cases in
which the higher order Rellich inequality (1.7) is only trivially true.

1.3 CLR type bounds

Consider the higher order Schrédinger operators
Hy =(-AY -V, jeN (1.33)

in L2(R") where V > 0 and V € L% (R"). This operator is defined as
that associated with a closed semi-bounded quadratic form. It has essential

spectrum [0, o) and for n > 27,
N(Hy) <c(n,j) | V(x)%dx (1.34)
Rn

where N (Hy) denotes the number of negative eigenvalues of the operator Hy .
When j = 1, (1.34) is known as the Cwikel-Lieb-Rozenblum (CLR) bound,
after the authors of the three earliest proofs, see [8], [21] and [25]. More
generally, Egorov [12] proved that if the Laplacian is replaced by a positive
elliptic differential operator of order 2; with sufficiently smooth coefficients,
then for n > 2j, (1.34) still remains valid. A natural question is, what
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happens to (1.34) when n < 25?7 The condition V' € L2 (R™) does not imply
the operator Hy is semi-bounded from below, let alone that (1.34) remains
true. When n < 23, [5] and [7] found some different estimates for N(Hy)
when n is even and n is odd respectively.
The limiting case n = 2j has proved to be more obtuse, see (7] [27], [5],
[6] and [18]. Found by Laptev and Netrusov in [19], a CLR type inequality
can be obtained for the operator Hy, which is Hy with an additional Hardy
term |z|~%,
Hyy = (=AY +blx|™ -V (1.35)

inR¥. IfV >0and V € L}(R,, LP(S" 1)) for 1 < p < oo, then by Theorem
1.2 in [19], Hy, is a self-adjoint operator whose essential spectrum coincides
with [0, 00) and

N(Hyp) < c(b,n, D)V L1(r, Lrsn-1))- (1.36)

Returning to the j = 1 case, the CLR inequality is valid for n > 3 and
(1.36) gives a CLR type bound in two dimensions. Using (1.36) and the
Laptev-Weidl inequality, Balinsky, Evans and Lewis [3] were able to fulfill the
prediction made in [20] in their study of the negative spectrum of magnetic
Schrodinger operators. More precisely, let T4 be the self-adjoint realisation
in L%(R?) of —A —V defined by the associated form where V € L} (R\{0}),
V >0 and

V e L*(RY, L®(S™ !, rdr)). (1.37)

The magnetic potential A is defined as (1.25), of Aharonov-Bohm type. Then
if the magnetic flux ¥ is not an integer, we have

N(Ta) < (D) V|1 ®+Lo0(51)irar): (1.38)

Futhermore it is also proven in [3] that the L*(R*; L°°(S!); rdr)-norm cannot

be replaced by the L!(R*)-norm i.e. an inequality of the form (1.34) cannot
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be found for the magnetic Schrédinger operator in two dimensions. Evans
and Lewis [14] continued the analysis by using the inequality (1.27) found
by them to construct a CLR type inequality in the limiting case n = 4 and
j = 2. This is of the form

N(La) < 6D V|1 m+1o0(65)irar) (1.39)

where L is the self-adjoint realisation of A% + B, — V defined by the
quadratic form. B, is an operator of multiplication by the function b,,

where
0<by € LYRy; L®(S™Y);r%dr) = LY (Ry;r%dr) @ L®°(S™Y)  (1.40)
and
0 <V < L*(0,00); r3dr). (1.41)

Furthermore, Evans and Lewis [14] found that the operator La has the es-
sential spectrum [0,00). The space L?(R®) having no CLR bound for the
operator A4, is another example of a critical case. Consequently in Chapter
4, the spectral perturbations of the magnetic operator A% are investigated.
Take K, to be the operator of multiplication by the function k,, where

0 < ky € LRy L(S™ 1) r7dr) = LHRy;77dr) @ L°(S™7Y).  (1.42)

Then the essential spectrum of the self-adjoint realisation of A% + K, defined
by the quadratic form coincides with [0, co). Furthermore the following CLR-
type inequality

N(Ja) < (O || e+ szoo(s7yimar) (1.43)

holds in L?(R®), where Ja is the self-adjoint realisation of A4 + K, — V
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defined by the quadratic form and

0 <V < L*(0,00);7"dr). (1.44)

1.4 Notation

The following notation will be used throughout the thesis;

C The set of complex numbers.

C§°(2)  The set of infinitely differential functions of compact
support in .

LA Q) = {f : Jq|fIPdx < oo}.

N The set of natural numbers.

Ny = NuU {0}.

R The set of real numbers.

R, The set of nonnegative real numbers.
R" n-dimensional Euclidean space.

Re|z] The real part of z € C.
Sn-1 Unit hypersphere in R™.

Z The set of integers.
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\Y Gradient.
A Laplacian.
z The complex conjugate of z € C.

as<b a is bounded above by a constant multiple of b, the
multiple being independent of any variables in @ and b.

a:=b ais defined by bd.

T [a Restriction of the operator T to the set €.

Further notation will be introduced in the text.

Chapters are divided into sections, with for example Section 3.2 denot-
ing section 2 of chapter 3. Theorems, Corollaries, Lemmas and Remarks
are numbered in sequence within each Chapter: Theorem 2.1, Remark 2.2,
Corollary 2.3 etc. Equations and formulae are number consecutively within
each chapter, so (4.3) denotes the third equation in Chapter 4. The symbol
M denotes the end of a proof.

A number of references are cited throughout the text, denoted by [-]. A
full list of which are given in the bibliography.



Chapter 2

The higher order Rellich

inequality

15
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2.1 The Rellich inequality and Allegretto’s

constant

The Rellich inequality

dx dx
Af(x)]P== > k(n, f(x)|? 2.1
[ 1areors = kma) [ 1760F S (2.1)
was proven by Allegretto in [2], where
20 _ 4 _ )2
k(n,a) = 29 (’1“6 i) (2.2)
7(n,a) = iIelrg m(m+n — 2)(m2+ (n—2)m
meNg
n? —4n — 4da — o? (2:3)
At
Define
fraclz] = z - |z (2.4)

where |z| is the floor function (the largest integer less than or equal to z).
Under this definition 0 < frac[z] < 1, x = |z]| + frac[z] and Allegretto’s

constant can be calculated.
Theorem 2.1. Suppose € := frac[*5"] and a > 0. Then

16 (2.5)

k( ) (nta 2!n—a—4!2 Zf n>a+ 4’
n,o =
l(n,a) if n<a+4
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where

0 if =0,
e2(e — a —2)? if 0<e< et V@ADers) (96

2 )

. (a+3) v/ (a+1)(a+3)
(1-e))(e—a—-3)? 4 24— 5 <e<l

l(n,a) =

Remark 2.2. The statement, k(n,a) =0 iff n —a = 0 (mod 2) and n <
a + 4, agrees with the condition of Allegretto (Corollary 2, [2]).

Remark 2.3. It can be seen from the proof of Theorem 2.1 that

(a+3) (a+1)(a+3) _ 1
— > — .
2 2 -2 (2.7)
see (2.27), which implies that
_2)2
i(n,a) = % (2.8)
whenn —a =1 (mod 2) andn < a+4.
Proof. Rewrite Allegretto’s constant
) n+a\y/m—aoa—4\ 2
k(n,a)—niggo{m(m-i—n—%—f—( 5 )( 5 )} : (2.9)

Define for x € R

(n+a)(n—a-—4)

O(z,n,a) =2 + (n — 2)z +

4
:(:r+7—l%_4) (z+n42-a> (2.10)
and set
ro= 222 (2.11)
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4 —
g, = 2Fe77 (2.12)
2
Now
a9(xna¢) 2, +(n—2)=0 = z,=1 z (2.13)
—_ = 2x, n — = e =1— = .
Oz T T=Tx 2

and since the function ©(z,n,a)? is symmetric about its local maximum z,
and z, is zero or negative, we need only look at z > z,. Therefore, finding the
inf,,en, ©(m, n, a)? becomes two different problems depending on whether or

not the largest zero x belongs to Ry U{0}. The two different cases are given
by

<0 if n>a+4,
T, (2.14)
>0 if n<a+d.

Casel:n>a+4

Figure 2.1: ©(z,n,a)? when n > o + 4.
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2. The higher order Rellich inequality

The inf,,en, ©(m, n, a)? occurs when m = 0, therefore
, , (Mm+a)(n—a-—4)?
k(n,a) = inf ©(m,n,a)’ = : (2.15)
meNg 16
Case2: n<a-+4

! !

t I

"\, f

f'
| l;

, . ]
\ /7N /

\ / \ /

| ’ ‘ |

! \ /

\ /

\

\ /

\ /

.____:\_,../.: ________________ N
X 0 X

Figure 2.2: ©(z,n,a)? when n < o + 4.

Evidently from Figure 2.2,

= ] 2
k(n, o) nig\flo ©(m,n,a)
= min{O(m_,n,a)? 0(my,n,a)?} =: l(n,a) (2.16)
where m_ and m. are the two integers neighbouring z i.e.
m_ =2+, (2.17)
=3+4 (2.18)
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where

a;n =6 + ¢, (2.19)
a—n
§ .:{ . J (2.20)
e ::fmc[a > "] (2.21)
By calculation

(6 + 2,n,a) =¢c(e — a — 2), (2.22)
06 +3,n,a) =(1—¢)(3+a—ce¢). (2.23)

Noting that

O +3,n,a)+0(6+2,n,a) =262 —2(a+3)e+a+3=:g(c) (2.24)
and

00 +3,na)—000+2,na)=83+a—2>0 (2.25)

since 0 < € < 1. The equation g(e,) = 0 has the solution

_(@+3) (a+1)(a+3)

& ="y 5 (2.26)

because the second root (0;3) + Y (a+;)(a+3) > 1 is discarded. Observing that

1> (@+3) V(a+2)2-1
2 2 2

—_— *

_(@+3) V(@+1)2+2(a+1) -1

2 2
(2.27)
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and
9(0) =a +3 >0, (2.28)
g(1)=—(a+1) <0, (2.29)
we have
e¥e — a — 2)? if 0<e< &) (a+1)(a+3)’
(-ePe—a-3p it - YEED ooy
by the difference of two squares. -

2.2 The higher order Rellich inequality

Corollary 4 (i) in [2] gives the following extension of the higher order Rellich
inequality, where the constant is given in terms of a product of Allegretto’s
constants k(n,a). This constant can now be calculated explicitly as a con-

sequence of Theorem 2.1.
Theorem 2.4. If j € N and a > 0 then

. d d
[ 180760 2 ) [ If0IPSE (28)

x|
for all f € C(R™\ {0}) where

o ifn>a+4j,

o §) = H (n+ a+ 4i) (nlga—4(z'+ 1)) . (2.32)

=0
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o ifat+d<n<a+4jande:= fracs®] #0,

L2521

n+ o )2(n—a—43 2
vmad) = [] (n + a+ 4i)%( 4(i +1))

16

=0
j—1

. H l(n, o + 47).
=y

o ifn<a+4ande #0,
j—1

v(n, a, j) Hlna+4z

1=l

o ifn<a+4j ande =0 (i.e. whenn —a =0 (mod 2))

v(n,a,j) = 0.

(2.33)

(2.34)

(2.35)

Remark 2.5. When n > a + 45, Theorem 2.4 agrees with the inequality
found by Davies and Hinz (p = 2) in [9] and as proved by Davies and Hinz,

v(n,a,7) is optimal when n > a + 45.
Proof. By Corollary 4 in [2],

dx

, dx
A f(x)]? n, o, x)P———
[ NP 2 7tmand) [ 1P

for all f € C°(R™\ {0}) where

¥(n,a,7) Hk(na+4z

(2.36)

(2.37)
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Applying Theorem 2.1 gives

(2.38)

(nta+4i)?(n—a—4(i+1))? if n>a+4(G+1
k(n,a+4i) = { 16 i+1),

l(n, o+ 4i) if n<a+4(G+1),

fori € {0,1,..,7— 1} Ifn > a+4j thenn > a+4(i+ 1) for all i €
{0,1,...,5 — 1} and so

(2.39)

N ﬁn+a+42 )2(n—a—4(i+1))?

16
=0

as required. If n < a+4thenn <a+4(i+1)forallie {0,1,...,7—1} and
s0

j—1

y(n,0,3) = H l(n,a + 47). (2.40)

=0

When a + 4 < n < o+ 45 then there exists b € {1,2,...,7 — 1} such that

a+4b<n<a+4(b+1), (2.41)
where
e ] ifn—a=0 (mod 4),
b=4{ 1 ( ) (2.42)
| 252 ifn—a#0 (mod4).

Wheni € {0,1,...,b—1} thenn > a+4(¢+1) but when i € {b,b+1,...,j—1}
then n < a4+ 4(: + 1) and so

v(n, o, 7) Hk(n a + 4i). Hk(n a + 4i)
i=0
=:l—[(n-}-a+4z) (nlga-4(i+1))2ﬁl(n,a+4z’). (2.43)

i=0 i=b
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Suppose n — a = 0 (mod 2), then

a—n

s—€Z =e=0=ln,a+4)=0 (2.44)

which implies y(n,,7) = 0 for all n < a + 4j. Therefore if it is assumed
that n —a # 0 (mod 2), then b = |27%] and the result follows. [ |

2.3 Restriction of the class of functions

The Rellich inequality becomes trivial whenn < a+4 and n—a =0 (mod 2)
according to Theorem 2.1 (see (2.6)). When a = 0 and n = 2, a non-trivial
Rellich inequality can be found if extra restrictions are placed on the function
class. Can this idea be extended to all n < a+4 and n — @ = 0 (mod 2)?
Firstly we need to investigate why the constant vanishes. In [15], Evans and
Lewis developed the following abstract inequality (referred to as Theorem 1
in [15]):

Theorem 2.6 (Evans and Lewis). Let A, be a non-negative self-adjoint
operator in the space L2(S™!; dw) whose spectrum is discrete and consists of
isolated eigenvalues \,,,m € I, where T is a countable index set. Let

2 n—-190
L= -5 (2.45)
and define the operator D := L, + ;%Aw on the domain
Dy = : f e CR(R™\ {0}),
o:={f:f o (R™\ {0}) (2.46)

f(r,:) € D(A,) for 0 <r < 00, Df € L*(R")}

in L*(R™), where D(A,) denotes the domain of A,,. Then for all f € Dy such
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that |- |"2Df € L*(R"), we have that

dx dx
[ IDfeOP s 2 Cna) | P (2.47)
where
. n+a\/m—aoa—4\)2
= et (CE)CTT)

For example, if D = —A, then A, is the Laplace-Beltrami operator which

has eigenvalues p,,, given by
pm =m(m+n —2) (2.49)

for m € Ny. In this case, Theorem 2.6 returns to equation (2.1) and illustrates
that the constant k(n,a) is of the form

k(n,a) = inf {pm+ (n;a)(n—;—4)}2. (2.50)

meNg

A technique is needed which will “eliminate” the eigenvalues in k(n, @) which
cause the constant to become equal to zero. In order to do this, the following

adapted version of Theorem 2.6 will be proven.

Theorem 2.7. Let the assumptions of Theorem 2.6 hold. Let G C T be a

countable index subset such that if m € G then

f(r,w)um(w)dw =0 (2.51)
§n—1
where A\, is an eigenvalue (repeated according to multiplicity) of the operator
A, with corresponding normalised eigenvector u,(w). Then for all f € Dy
such that | - |~ Df € L*(R"), we have that

2 dX (n, X 2
|16 = ) [ 1rG0P (252)
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where

G(n,a) = inf {,\m+("+a)(n~a_4)}2. (2.53)

meI\G 2 2

Proof. Since the spectrum of A, is assumed to be discrete, its normalised
eigenvectors um,,m € I with the eigenvalues {\,,} repeated according to
multiplicity, form an orthonormal basis of L2(S"~!; dw). For f € Dy, set

Zulfl(r) = f(r, w)tm (w)dw. (2.54)

§n—1

Then Z,[f] € C°(R,) and on using Parseval’s identity and the fact that
Z,(f] =0 when m € G, it follows that

/ e )|2|Xl"+4L ,;I/ |Zmlf1(r)[Pr"—Pdr
= [T1zanepretar

meI\G
+ Z/ |2 n—a— 5d’!‘
meg
=y / wlf](r)[2r e 5dr. (2.55)
meI\G

Also

> Am / |Zmlf](r)[2r™ " 0dr

meT (256)

=Y / AP dr,

meI\G
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Z)\Z/ | Zoml f],r)|2na5dr

met (2.57)

—z:/\z/oo wlf]()Pr " 2dr.

meI\G

Now from the proof of Theorem 1 in [15],

/ IDf(x |a >3 2 / |Z 1) Pro=Sdr
meT
+3m—a-On+a)y /\m/ |2 £ (r) o5 dr

meT 0

flo o (SRS [ o
-y 2 / |Znlf)(r)Pr5ar

meI\G

+ Z (n—a—4)(n+ a)n /000 | Zm[£1(r)|2r™ > 5dr

mGI\g

Y () (2 [ izalneprer
meI\G 0

e
meI\G 0
n+a 4 o
2 it Pt (F50) (50 m;g / |Znl A1) e dr
=it et (5 ()Y | e (258)
and the result follows. -

Remark 2.8. It can be seen from the proof of Theorem 2.1 that the constant
k(n,a) in the inequality (2.1) vanishes when 6(3,n,a) = 0 and 3 € Ny.



2. The higher order Rellich inequality 28

These conditions are satisfied when n < a+4, n — a =0 (mod 2) and

a—n

- (2.59)

f=2+

Thus, if the eigenvalue pg is removed from the constant k(n,a), it will no

longer vanish whenn < a+4 andn —a =0 (mod 2).

Let I(n, o) denote the new constant given by

0= gl bt CF) ) e

which can be calculated in the same manner as I(n, ), see Theorem 2.1.

Lemma 2.9. Supposen < a+4,n—a =0 (mod 2) and a > 0. Then

- +1)2 h <a+4,
z(n,a)z{(o‘ ) when - msa (2.61)

(a + 3)? when n=a+4.

Proof. By definition

I(n,a) = meli\{r;{{ﬂ} {m(m +n—2)+ (n ; a) (n — g — 4) }2. (2.62)

From the Proof of Theorem 2.1 it follows that § € Ny is the only local
minimum of ©(z,n,a)? (see (2.10)) in R,. If 3 # 0, i.e. when n < a + 4,
then the new minimum will be at either of the integers neighbouring 3, hence

[(n,a) =min{©(F — 1,n,),0(8 + 1,n,a)}. (2.63)
By calculation

0B —-1,na) = —(a+1), (2.64)
OB+ 1,n,a) = (a+3). (2.65)



2. The higher order Rellich inequality 29

Therefore
I(n,a) = (a+1)? (2.66)
whenn < a+4. If n=a+4 then =0 and so §— 1 ¢ Ny, hence
lla+4,0) = (a+3)? (2.67)

and the result follows. [ ]

Theorem 2.7, together with Lemma 2.9 can be used to find a non-trivial
Rellich inequality in the problematic case n < a+4 and n—a =0 (mod 2),
see Remark 2.8.

Theorem 2.10. Supposen < a+4, n—a =0 (mod 2) and o > 0. Let Yy,
denote the space of n-dimensional spherical harmonics of degree m, where the

dimension of Ym n 1s given by

_ 2m+n—2)(m+n—3)!

kmn : T (2.68)
Then for all f € C$°(R™ \ {0}) which satisfies
frw)Y(w)dw =0 (2.69)
sn—1
foralY €Y, +esn o) the following inequality holds
dx _ - dx

Af(x)?== > Il(n,a f(x)]? 2.70
L 1areor 2 ima) [ 1109P = (2.70)

where I(n, @) is given by Lemma 2.9.

Remark 2.11. Suppose a =0 and n = 2, then Ag = —a‘%, pm=m? =1
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and k12 = 2. So

AeY (6) = Y (6)

82
—=5Y (6) =Y (0)
J

Y(8) = e? = cosf + isiné. (2.71)
Therefore by Theorem 2.10, the Rellich inequality
2dx > 2 2.72
[ 1areorax [ 1760rs (2.72)
is valid for all f € C(R?\ {0}) which satisfy
f(r,0)cosfdd = | f(r,0)sinfd6 = 0. (2.73)
st s

A result already known in the literature.

Proof. Suppose D = —A, in which case A, is the Laplace-Beltrami operator.
It is known that p,, (see (2.49)) are the eigenvalues of A, with corresponding
multiplicity k,,, and eigenvectors ¥ € )Y,,,, the n-dimensional spherical

harmonics of degree m, see [13]. On account of

f(r,w)Y (w)dw = 0 (2.74)

sn—1

forallY € ), +azn o, Theorem 2.7 gives the Rellich inequality

2 dx
[arearsn e [ 1Py (275)
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where

c= inf {m(m+n-2)+(n+a)(n—a—4)}2

meNo\{2+ 252 2 2
= Il(n,a). (2.76)

By taking a = 0 and n = 4 in Theorem 2.10, a non-trivial Rellich inequal-
ity in four dimensions is found by placing only one extra condition on the

function.

Corollary 2.12. For all f € CP(R*\ {0}) and

f(r,w)Y (w)dw =0, (2.77)
s3

where Y € Yy 4, then

/ Af(x)dx > 9 / |f(x)|2|d;’|‘;. (2.78)
R4 R4

When looking at the higher order Rellich inequality of order j, the con-
stant y(n, a, j) was equal to zero whenn < @+ 45 and n — o = 0 (mod 2)
(see Theorem 2.4). Using the same argument as we did in the case of the
Rellich inequality, a non-trivial higher order Rellich inequality can be found
in the problematic cases by restricting the functional class. Looking at the

n < a + 4 case first;

Theorem 2.13. Supposen < a+4, n—a =0 (mod 2) and a > 0. Then
for all f € C(R™\ {0}) which satisfies

- f(r,w)Y(w)dw =0 (2.79)
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for allY € 2y Vo atsizn ,, WE have

. dx dx
A f(x)|? > Y(n,a, g / fX)P s (2.80)
[ 18760 2 F(ma) [ 6O
where
j—l
¥(n,a, j) (n,a + 41). (2.81)
1=0

The space Ymn is defined as in Theorem 2.10.

Proof. For j = 1, Theorem 2.13 is precisely Theorem 2.10. Assume (2.80) is
true for 7 — 1, then

[ 1876 = [ 1P
= , ,  dx
zgl(n,a—}—élz) s |Af(x)] X GD" (2.82)
Owing to the assumption that
f(r,w)Y (W)dw =0 (2.83)

s§n—1

forallY € ), atag-n-n, Theorem 2.10 can be applied and it follows that
—,

/ |AY ——>l(n a+4(5—-1))
(2.84)
Hl(n o+ 417) / |f(x |X|°‘+4J
and the result then follows by induction. ]

The case o +4 < n < a+4j is constructed using a combination of Theorems
2.4 and 2.13.
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Theorem 2.14. Leta+4 <n < a+4j, n—a = 0(mod2), a > 0 and

- e -1 if n—a=0 (mod4), (2.85)
nee 1 if n—a=2 (mod4).
Then for all f € C§°(R™\ {0}) which satisfies
f(r,w)Y (w)dw =0 (2.86)
sn—1
j—1 )
for all'Y € Ui—y Yoy attion , we have
; dx dx
J 2_ > g . 2
L i 2 sma) [ S0P @)
where
_ o (it at 4)2(n — a — 4(i + 1))? HZ .
F(n,a,3) = H T H (n,a +4i). (2.88)

i=0 i=b
The space YVmn ts defined as in Theorem 2.10.

Proof. Identically to (2.41)-(2.42), there exists b € {1,2, ..., — 1} such that

a+db<n<a+4(b+1), (2.89)
where
e -1 ifn—a=0 (mod4),
b= (2.90)
|22 =232 — 2 ifn—a=2 (mod4).

When i € {0,1,...,b— 1} then n > a + 4(i + 1) and so Theorem 2.4 can be
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applied,
; dx
|Nf(x)|2r|;
bl:Il (n+ a+ 47) (n—a—4(i+1))2/ AT £ () dx (291)
11 16 |s[oFab”
When ¢ € {b,b+1,...,5} then n < a+4(i + 1). Since
f(r,w)Y(w)dw =0 (2.92)

sn—1

for all Y € /2, Y, petiizn , the assumptions of Theorem 2.13 are satisfied

and applying it to (2.91) gives

4 dx - . dx
- le(X)lzl;l—a > 4(n,a, j) Rnlf(x)lzw (2.93)
where
b—1 ) .
. , n+a+4i)2(n—a— 43+ 1))?
¥(n, , ) =H( il 16 G+ 1)
i=0
j~b=1
H I(n,a+ 4b+ 4i)
=0
4i)%(n — o — 4(i +1))* T
_ (n+ a + 4i) (n16 a—4(i+1) Hl(n o+ i), (2.94)
=0 i=b



Chapter 3

A Rellich type inequality with

magnetic potentials

35
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According to Theorem 2.4, the higher order Rellich inequality

ax dx

- A7 f (x)[? 2 7(n,a,j) - If(X)IZIX!TH; (3.1)

x|
becomes trivial (y(n,a,j) = 0) for all n — @ = 0 (mod 2) and n < a + 4j.
Each time the Rellich inequality is applied to A’f (taking it to A*"!f) the
power of the modulus of x in the denominator is increased by 4. Let us
take for the moment the ordinary Rellich inequality (j = 1); the trivial cases
occur when n < a+4 and n — @ = 0 (mod 2) and it can be seen that as «
(the power of |x|) increases, the number of dimensions in which the Rellich
inequality is trivial grows. This illustrates that the bound n < o + 45 is due
to the iterative nature of the Rellich inequality. Hence the key to finding a
higher order Rellich type inequality for all n < av+4j7 lies in finding a Rellich
type inequality for all n < o + 4.

In Theorem 2.10, a Rellich inequality in L?(R") was found in the problem
case,n < a+4 and n —a =0 (mod 2) by placing extra assumptions on the
function f on S™~!. This in turn produced a higher order Rellich inequality
foralln < a+4j and n—a =0 (mod 2). An alternative solution is to replace
the Laplacian A with a so-called magnetic Laplacian Ap. The idea was first
utilised by Laptev and Weidl in [20] who, by replacing the gradient V with a
magnetic gradient Vo = V —iA, found a Hardy type inequality in L?(R?), a
case in which the Hardy inequality is trivial. The magnetic potential A is any
non-trivial A € C(R?\ {0}) with the condition that curlA € L}, (R?\ {0})

loc
e.g.
A(r,0) = @(— sinf,cosf), ¥eL*0,2r), ¥(0)=¥(2r), (3.2)

a magnetic potential of Aharonov-Bohm type. The Laptev-Weidl inequality
is valid for all f € C$°(R?\{0}), so no additional assumptions on the function
are required.

Analogously to the Laptev-Weidl inequality, Evans and Lewis in [15]
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found a Rellich type inequality with a magnetic potential in L*(R") for all
f € CP(R™\ {0}) when n € {2,3,4}. Here the Laplacian was replaced by a
magnetic Laplacian As = V%, where the potential A is again of Aharonov-
Bohm type. As explained above, to find a non-trivial higher order Rellich
type inequality for all n < o+ 45 and n — @ = 0 (mod 2), a Rellich type
inequality is needed for alln < a+4 and n — a = 0 (mod 2). With this in
mind, the inequality of Evans and Lewis is extended to all dimensions n in
the proceeding chapter. Firstly a magnetic Laplacian is constructed.

3.1 The magnetic Laplacian

For arbitrary n > 3, the following spherical coordinates are introduced

1 = rcosb, (3.3)
j-1
z; = rcosé)szinHk, je{2,3,..,n—1}, (3.4)
k=1
n—1
T, = rHsian. (3.5)
k=1

Define the orthonormal vectors

n—2 n—1
ep = (cos 01, cos b, sin b, ...,cos 0,_; Hsin O, Hsin Gk), (3.6)
k=1 k=1

e = (O, .+, 0, — sin @, cos ;1 cos f;,cos ;15 cosf;sin B4, . . .

j-1
n—2 n—1 (37)

..,c086,_1cosb; H sin 6y, cos 0 H sin Hk)
k=1,k#j k=1,k#j
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for all j € {1,...,n — 2} and
en_1:= (O, .oy 0, —sinf,_1, cos 9n_1). (3.8)
-2
Then it can be shown that the gradient in spherical coordinates is
d = d

V=ey + e + e
166, sm9k 796,

05 > (3.9)

Suppose ¥ € C*=(S) (or equivalently, ¥ € C*(0,27) and ¥®(0) = ¥®(27)
for all 7 € Nyp), then the magnetic potential A is taken to be the 1-form

1y(6,)e ifn=2,
A= { Br)er (3.10)

1 .
W\P(gn—l)enq ifn >3,

defined on R\ £, where

oo {0} ifn=2, (3.11)
"l {x =61, 0000} [ sinG = 0} ifn > 3. |

Define the magnetic gradient as
VA = V—-1IA (312)
and the magnetic Laplacian to be Ax = V3, then (3.12) yields

Aaf=(V—iA)Vf—iAf)
= V(Vf) —iV(Af) —iAVf — AAf
=Af —i(VA)f — 2A.Vf— A.Af. (3.13)
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Now
g 1 0 1 0
VA = ( 05 + 61391+ZTHJ Sm9k 8—93)

1
U (Op-1)en—
r 1722 sin 6 (Brr)en-s

1 d

en_ U(0p-1)en—

rznk ; sin? O, ldan——l( (Bn) 1)

1

=6, _ 3.14
r2 H:;f sin? 6, (1) (3:14)

de
since da“ te, 1 =0 Also

AVf _THk 1s1n ‘I’(9n-1)en—1-<eo§r + %ela%
n—1
+S )
e Hk(=1 sui 2, 62nf.l (3.15)
and
AA = 2O (3.16)

2 n—2 . 92
72 [ T5z; sin® 6k

Now by Egorov and Shubin [13], the Lapacian in spherical coordinates is

82 7’1,—1(9 n—1 1 8 82
A=t E+;T2—%[(n—y 1) cot by + 89];,} (3.17)

where

1 if j=1,
%= 1 o (3.18)
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Hence
# n-10 K21 5 o
B =T 32 T . 5.~ — — i —1cothi— + —
Aa or? r Or ; r2q; [(n j—1)co i 56; + 8912.]
1 52 . . 5 2
" T2qn—1 ( B 692_1 +o¥ (9"'—1) + Ql\p(en—l)agj + ‘Ij(en-—l) )
2 n-10 <21 5 52
T o ——) —|(n—j—1)cotbj— + —
Or? r or ; r2q; [(n ) cot 8, a0, + 89}2]
1 0 2
‘ ) 1
s o,y V6n) (3.19)

If n=2, simply use the negative magnetic Laplacian defined by Evans and
Lewis in [15],

2 10 1/ .0 2
—AA = —57‘—2—;5";4—;3(2'87014'\1,(91)) . (320)

Denote by ¥ the mean value of the function ¥ over S (the magnetic flux) i.e.

1 27

ZZ%O

T(6)df. (3.21)

Remark 3.1. Consider the magnetic potentials,

o {%\I’wl)el e (3.22)
0 = |
1 .
W\p(en—l)en—l ifn>3,
1Je ifn=2,
A.l = {T 11 ~ . (323)
FTTEmes  n? ifn>3,
e e (3:24)
2= ; |
TF(‘IJ + m)en_l Zf n>3,
THk:l Slnek

where m € Z. It’s an easy exercise to show that A; is of the form VP, for
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some potential function P, andi € {0,1,2}. For instance, in two dimensions,

_OR 10Py, 1
VP = WEQ + ; 801 € = Ao = T\Il(Ol)el

4

0P,

or 0

0P,

36, V(61)
J

6
Py(6) = / U(t)dt + constant (3.25)
0

and s0 Py(2m) — Py(0) = 2wV, It follows that for i,5 € {0,1,2} and i # j
that
Ai=A;+ VP, (3.26)

where Py = P, — P; € C*(S) is called the gauge function. Then U : (x) —
e Fol0n-1)9)(x) is a unitary transformation on L*(R™) and

U(—An) U™ = —Ap . (3.27)

Therefore —Ap,, —Aa, and —Aa, are unitarily (gauge) equivalent. This
leads to the consequence that we can assume w.l.o.g that ¥ = U € [0,1) is a
constant. Furthermore, it follows that if U = 0 (or equivalently ¥ € Z ), then
—Aa is gauge equivalent to —A.

In order to apply Theorem 2.6 with D = —A,, the discrete eigenvalues
of the angular part of the negative magnetic Laplacian need to be found.

Theorem 3.2. Suppose for j € {2,...,n}, the following iterative operators
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are defined;
(7/30"_1 -+ lIl(g'n—l)) lf] = 2)
Aj,w(9n+1—ja RN ,Gn_l) = _—50?3?;: — (] — 2) cot 9"+1"er£T-_j
+m1~\j—l,w(en+2—ja coybn1) if523
(3.28)

where Ay_1,, is the Friedrichs extension of the non-negative symmetric oper-
ator A1, in L2(S"2). Then the Friedrichs extension of Ay, in L*(S™1)

has a discrete spectrum consisting of eigenvalues
pY =(m+0)(m+¥+n-—2) (3.29)
where
meZM .={meZ:m<2-n—¥ orm > -0} (3.30)

Remark 3.3. To show the motivation behind Theorem 3.2, we recall that

“AA=L, - %An,w. (3.31)

Remark 3.4. The operator A,, can be seen to be a “magnetic Laplace-
Beltrami operator” because if U € Z, then the operator A, is gauge invariant
to the n-dimensional Laplace-Beltrami operator and as expected the above
Theorem gives the ezact expression to find the positive eigenvalues (denoted
by pm - see (2.49)) of this operator.

Remark 3.5. The eigenvalues p¥, have already been calculated by Evans and
Lewis in [15] for n = 2,3,4. The two dimensional case

pY = (U + m)? (3.32)

is especially crucial as it will be shown in the proof of Theorem 3.2 that all
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the higher dimensions reduce to the two dimensional case.
Before the Theorem is proven, the following preliminaries are needed.

Lemma 3.6. Suppose n € N\ {1,2}. The associated Legendre equation

d*u du U '
a7 + (n = Dot - + (A= - el)u =0 (3.33)
can be reduced to
d*w dw (n—=3)(n—1) u+@—_3§2
et +(r+ y -7 )w =0  (3.34)

by using the transformation, u = sin™ "7 Orw.

Proof. Let u = sin~ "% 6w, then

du dw n—3 . _n-s
= sin™ Hld—el — 5 sinT 6 cot G w, (3.35)
d? a3 . d? ne
—Z =sin™ "% 91—? —(n-13) sin= "% 6, cot 012@
do3 doy db, (3.36)
- 3 i ]. n— - n-— '
+ (77'—)4(?—) sin= "% 6, cot? hyw + n sin~ "% 0 w.

Then (3.33) becomes

dw (n-3)°
db, 4

+(A+"g3—sin‘;91)w} 0.

cot? 6w

sin~ 01 [(502 cot y—
(3.37)
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Multiplying by sin“Z" 6, and noting that cot?§; = .—%71 — 1, it follows that

sin

2

d*w dw (n-32% n-3 p+&2
— - - =0. 3.38
e ~}~cot91de1 + ()\-I- 4 + 5 076, )w (3.38)
|

Lemma 3.7. Let n € N\ {1, 2}, given that the following iterative relation is
true for alli € {3,...,n}

& = (p—{&a+ ( ;3)2}% + %)2 - @'_—4_2)2 (3.39)

where p; € Z, then

1
¢ = (m,, — €2)? — 220 : if n is even, (3.40)
" e — & + 12— 2222 s odd. '

where m,, € 7.

Proof. Clearly (3.40) is true when n = 3 by putting ¢ = 3 into (3.39)

b= (m-ed+3) -1 (3.41)
Again by (3.39), 1
& = (p4—{§3+%}§+%)2—1. (3.42)

Substituting (3.41) into (3.42) gives

1 1\2y3  1\2
54?(?4—{(P3—§22+-2-) 2+§) -1
IS 6
=\D4 D3 2 5 2
1 1
(pa—ps+§&3)° -1 ifps — &7 +1 >0,

1 1 (3.43)
(Patps+1-6)2—1 ifps—£2+3<0.
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Since ps3, ps € Z, both cases can be written as
1
fa=(myg—£3)" -1 (3.44)
with m4 € Z and so (3.40) is true for n = 4. Again by (3.39),

-3y Ly (o2 5.5

fl-_—(pl—{ft—rl' 1 5) T4

Firstly assume (3.40) is true for n = | — 1 where [ is even, then

1\2  (I-3)?

§i-1 = (mt—l - 52% + 5) T (3.46)

Substituting this into (3.45) gives

& =(pz — {(mz_l ~§2% + %)2}% + _;_)2 ¢ —42)2
(

11 1\2  (1—2)2
=(p — S IR B R
(p‘ ‘m"l b2+ 2] + 2) 1
1 1
_ (pl — my_y _|_£22)2 _ l—42 2 if mip_1 — 622 + % > O, (3 47)
= N ! '
(p+m+1-622-E2 ifm -2 +1<0.
Since p;, my—1 € Z, both cases can be generalised as
1 [ —2)?
&= (m - g - L2 (3.48)

with m; € Z. Secondly, assuming again that (3.40) is true for n = [ — 1 but
in this case [ is odd, then
(t—3)

§i-1= (M1 — 52%)2 - (3.49)
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Substituting this into (3.45) gives

O e

1 1
(p—mia+&2+32 -2 itm , — g2 +1>0,

- 312 1—422 . 11 (3.50)
(p+mu-1 — & +3)° -5+ ifm — & +3 <0
Since p;, m;_1 € Z both cases can be generalised as
(b =22
& = (mz &+ 2) 1 (3.51)

with m; € Z. Therefore for all [ > 4, if (3.40) is true for n = — 1 then it is
true for n = [ and the result then follows by induction. |

3.2 Proof of Theorem 3.2

Take n > 3, ¢ € {3,...,n} and denote by v, ,(Ont1-g,--.,On-1) and &;,,
the eigenvectors and corresponding eigenvalues, respectively, of the opera-
tor /~\q,w(9n+1_q, <oeyOn—1). Now since Aq_lyw(ﬁnﬂ_q, ey On_1) is a self-adjoint
operator, v,_1;_, form an orthonormal basis of L?(S?"2). Therefore, on
identifying L*(S9~") with @, _ {L*(0,7);sin?26:} @{vy—1;,_, }, we have

A, (6 6 )————?-2——( —2)cot 8 _o
qw\Yn+1-qy -~y Un—-1 6972;4.1_(1 q ﬂ+1—q80n+1_q
1 -
mAq—l,w(en+2—qa B en—l)

=@ {T‘I’jq—l(el) ®Iq—1,jq_1} (3.52)

Jg-1
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where I,_, j,_, is the identity on {vg_1,_,} and Ty, _, is an operator defined
on C§°(0,7) by

0? 0 &-1j,
; = —— —(q— —_— 3.53
TQJq—-l (91) 89% (q 2) cot 01 801 + Sin2 91 ( )
Setting T ;,_,(61)u = Au gives
82u ou fq—l Jg—1
g _ fhaind = ety =, .54
90 + (g 2)00t91391 + ( 2, )u (3.54)

By Lemma 3.6, this can be reduced to

—3)2
(=2 -1 14t i

*w dw
5_% + cot 918—0; + (/\ + 4 sin2 91 )w = 0. (355)
Now in (15|, Evans and Lewis found that the Friedrichs extension of the
operator
2 0 2
——8—0% — cot 91%{ + —_—Sin2 91 (356)

has a discrete spectrum consisting of eigenvalues

vilw) = (G —pu)(G+1-p), j€{k €Z: v(u) > 0}. (3.57)

So replacing p? with Eq-1gp1 t (q—fﬁ and subtracting ﬁft—l gives the eigen-

values of the Friedrichs extension of T, _,(61) to be

= [+ B2 i [+ 452 )

(g—2)?°-1
1
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where j, € {k € Z : £, > 0}. Equation (3.58) is true for all ¢ € {3,...,n},
so by Lemma 3.7

1 —9)2 . )
(Jn — ‘522,3'2)2 - ﬁ"_42L if n is even,

1
(G — €25, + 12 = 2% if nis odd,

(3.59)

Sn,jn =

with j, € {k € Z : & > 0}. Note that £, are the eigenvalues of the
operator Az, (61), which from [15] are known to be & ;, = (j2 + ¥)2. Hence

if n is even

, .= n—2)?2
b =in+ L2+ 2 = 22
(ot i+ 0202 55548 >0, (5.0
(—jn +Jo+0)? = m—?ﬁ otherwise. .
Both of these can be enumerated as the following
~ N - -9 2
émn=(%+wf—m4), (3.61)

with j, € {k € Z : £,4 > 0}. Since n is an even integer and j, € Z, setting
Z>m= (jn — 5 + 1) gives the eigenvalues of the operator AM, to be

Py =(m+U)(m+T+n-—2), (3.62)

with m € Z(™ := {k € Z : p% > 0}. Similarly if n is odd

Ny .= 12 (n—2)?
Enge =(dn+ 172+ 914 5) -
CJUnt i+ T+ 1202 4 >0,
= .= o2 (3.63)
(=gn+j2+¥—2)2— £"—E;L otherwise.
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Both of these can be enumerated as the following

. = 1N (n—2)2

bugo=(In+0+ -2-) -2 (3.64)
Since n is an odd integer and j, € Z, setting Z > m = (jn -5+ %) again
gives (3.62). What remains is to find Z™. When &€nm > 0 there are two
possibilities. Either

m+3¥ >0 and m+3¥+n—2>0
[} (3 (3.65)
m>-—U and m>2-n—V
or
m+U <0 and m+\il+n—2§0
J J (3.66)
m<—U and m<2—n-—VU.

Since?——n—\ig—\i/ when n > 2, then
ZM ={meZ:m<2-n-¥orm>-¥} (3.67)

3.3 A Rellich type inequality with a magnetic

potential

Theorem 2.6, together with Theorem 3.2, gives a Rellich type inequality with
a magnetic potential. We now impose the condition that the flux ¥ & 7, or
equivalently (by gauge invariance) that ¥ € (0,1), see Remark 3.1.
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Theorem 3.8. Suppose @ >0, n > 2 and ¥ = o 02" U(t)dt € (0,1). Then
for all f € CP(R™\ L,,) (defined in (3.11)),

Aaf)PEE > om0, ) [ [FOP (3.68)
R™ R™ |x|a+

x|~

where

®(n,a,¥) = inf {(m+@)(m+li/+n—2)+
mezZm

(n+a)(n—a—4)y2
; } (3.69)

and Z™ is defined in Theorem 8.2. Suppose € := frac[252], then the con-
stant ®(n, a, \il) is equal to zero if and only if

n<a+4 (3.70)
and
¥ e {e1—¢}. (3.71)

Remark 3.9. Whenn —a = 0 (mod 2), € = 0 and so Theorem 8.8 gives
a non-trivial Rellich type inequality for all U € (0,1) whenn < a+4 and
n —a = 0 (mod 2). In this case, the ordinary Rellich inequality is only

trivially true.

Remark 3.10. Evans and Lewis [15] found that for ¢ = 0 and n = 3,
even though the ordinary Rellich inequality was non-trivial, the Rellich type
inequality (3.68) is trivial when ¥ = 3- The conditions (3.70) and (3.71)
imply that this is actually true for alln < a+4 andn—a =1 (mod 2) when
G=1

Proof. From (3.19),

0? 0

— +(n—2)cot b, —

1
~Ba=L.- ﬁ{ 86,
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o2 0
+Z 51n9k[592+(n j— )cotejagj]
1
H 2 sin By

02 0
—_—Lr——2{8—65+( )COtelae

A2,w (Gn—l ) }

52 5}
— t6;
M Z 1 sin [392 (n—j—1)cotd; 801]
1
Z;f sin Bk

- —L - 1 nw(ela . ae'n—l) (372)

AS,w(en—Q, 977,—1)

where in accordance with the definition given in Theorem 3.2,

2
(i + ¥(0nr)) if j =2,
AjBrgr gy 0nq) == 696 —(j — 2) cotbnt1-jz5- 25—
+mni+—1-_-;l\j-1,w(9n+2—j, vy On1) if 5 >3
(3.73)
Take the extended operator
2
Ano(01, ..., 0n-1) = —6—2 —(n—2)cot by — 0
L )
+ m/\n—l,w(am vy On1)

where A,,_;, is the Friedrich’s extension in L?(S*~2) of the operator Ap_; ..
Then applying Theorem 3.2 gives the eigenvalues of the Friedrichs extension
in L2(S™1) of the operator A, as

=(m+P)m+TV+n-—2) (3.75)
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for m € Z™. Applying Theorem 1 from (15] (see Theorem 2.6) gives (3.68)
with

B(n,a, @) = inf {py+ B0 a~4)}2

mez(n) 4
= inf {(m+ “Ta + \I/) (m + 9—;—0‘ 2+ ‘11)}2 (3.76)

Suppose that ®(n, o, ¥) is equal to zero, then either

n—+a ~

m+ +9=0 (3.77)

or

n—«oa

m+ —24+¥=0. (3.78)

By noting the definition of Z™, the condition (3.77) is satisfied when

0=m+i2a+xi/gz—a—” = n<a+d (3.79)
Rearranging (3.77) gives
—n -
m-nt——= -V, (3.80)

Since ¥ € (0,1), m € Z and the fractional parts of both sides of (3.80) must

be equal, it follows

frac[a —]=1-17. (3.81)

2
The condition (3.78) is similarly true iff n < o + 4, rearranging (3.78)

m—2+\i/=°‘;". (3.82)
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Taking the fractional parts of both sides gives

a—n

=Y (3.83)

frac|

as required. [ ]

The Rellich type inequality is in itself an interesting object but the need
for it arose from the fact that the Rellich inequality is only trivially true when
n < a+4 and *5* € Z. To this end, the value of ®(n,q, 0) is calculated

explicitly in this case.

Corollary 3.11. Suppose2 <n < a+4,n—a =0 (mod 2) and ¥ € (0,1).
Then if n < a+4,

20 _9)\2 T 1
O T A ) yve (3.84)
T+a+1)2(¥-1)2 f¥e(]l)
and
O(a+4,a,0) = Va2 e O3], (3.85)
(T —-a-3)%(T -1 if¥e(dl).

Remark 3.12. For a = 0 and n = 2,4, the same constants are found by
Evans and Lewis in [15].

Proof. By Theorem 3.8

(n+a)(n—a—4)
4

®(n,a,¥) = inf {(m+\i/)(m+ql+n—2)+ }2. (3.86)

mez(n)
Define for all z € R,
m(z,n, @, ¥) =22 + (n — 24 2¥)z + V(¥ + n — 2)

+(n+oz)(731——a—4)




3. A Rellich type inequality with magnetic potentials 54

n+aoa = n—o =
=(x+—-—2—~—+\11)<x+—2——2+\1') (3.87)
and set
T = _"2" c_ g, (3.88)
Ty o= “;n+2-\if. (3.89)

It is evident that the points z_ and z, are the global minimums of the
function 7(z,n, o, ¥)? and so the integer minimum of 7(z,n, o, ¥)2

(minpez 7(x, n, o, ¥)?) occurs at one of the integers neighbouring z_ and .,

mt = |z_], (3.90)
m* = |z_]+1, (3.91)
mh = x4, (3.92)
my = |zy]+ 1 (3.93)

Taking into consideration that ¥ € (0,1) and %52 € Z, it follows that

| 720 252

- 2
-n—a«a
- —-1 _
5 (3.94)
and
m+=[°‘;"+2—ﬂ
SO S Y (3.95)
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Hence

m = _”2‘ o (3.96)

2 = " 1o (3.97)

u
m+—

Take n < a + 4 which implies that n < a + 2 because n — @ = 0 (mod 2)

and so

3
A

< 1-m (3.98)
m,, > 0. (3.99)

Therefore m!., m*, m!,, m% € Z™ . By direct calculation

r(mt,n,o,¥) = (I —a-3)(F-1), (3.100)
r(m*,n,0,¥) = ¥(¥—a-2), (3.101)
T(ml,n,a,¥) = (V+a+1)(T-1), (3.102)
(m¥,n,a,¥) = U(¥+a+2). (3.103)
Noting that
T(m*,n,a,¥) —7(m%,n,a,¥) = —2¥(a+2) <0, (3.104)
(m¥,n, o, ¥) + T(mY,n,a, ¥) = 202> 0, (3.105)
7(mb,n,a,¥) —7(m},n,0,%) = 21— T)(a+2)>0, (3.106)
r(mb,n,a,0) +7(m',n,a,¥) = 208 -1)2>0, (3.107)

it follows by the difference of two squares that

min{r(m*, n, o, ¥)?, T(my,n, a, \i,)z} = r(m¥,n,a, ¥)? (3.108)
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and
min{r(m’ ,n, a, V)2, 7(m},n, @, ¥)?} = 7(m4,n, a, )2 (3.109)

Hence the infimum occurs at either m!, or m“. Again by calculation

T(m*,n,a, ) +7(mk,n,a,¥) = —a—1-2¥(1 - ¥) <0 (3.110)
3 3 . if We (0,1,
T(m'li, n, «, \Il) - T(mﬂ_,n,a, \I/) = (a + 1)(1 - 211}) B ~ ( 2]
<0 if Ve(}0).

(3.111)

Therefore when n < a + 4,

®(n,0,¥) = inf 7(m,n,a,¥)?
meZ®)

r(m¥,n,a,¥)? if ¥ € (0,1],

= . . (3.112)
T(ml,n,a,¥)?* if ¥e(31).
Take n = a + 4, then
m. = 1-n, (3.113)
ml = -—n, (3.114)
mt = -1, (3.115)
my = 0. (3.116)

In this case mb, m® € Z(™ but m*, m} ¢ Z™, and so the infimum occurs

at either m!. or m¥. By calculation

- - 5 . 1
T(mi,n,a, ¥) + 7(m%,n,a, ) = a+ 5T2AT-32)>0, (3.117)
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>0 if ¥e(0d],

Tml_,n,a,\il)—r(m“,n,oz,\il)=(a+3)(1—2‘il) _
( ’ <0 if¥e )

(3.118)
Therefore
B(a+4,0,0) = mlergn) 7(m,a + 4,0, ¥)?
_ {'r(m’jr,a +4,a, \?)2 if ¥ € (0, 1], (3.119)
r(mb,a+4,0,%) if Ve (3,1)
as required. |

3.4 A higher order Rellich type inequality

As a consequence of Theorem 3.8, the following higher order Rellich type
inequality can be constructed.

Corollary 3.13. Suppose a >0, 7 € N, n> 2 and e (0,1). Then

~ dx
J 2 :
| 1P 2 ama b)) [ f0lismg G120
for all f € C°(R™\ L,,), where
Qn,a,¥,j) = H ®(n, a + 44, V) (3.121)
i=0

and ® is given by (3.69) in Theorem 3.8.

Remark 3.14. When n < a+4j and 5% € Z, the constant }(n, a, T, 5) is
non-zero for all U € (0,1) and so Corollary 3.18 gives a non-trivial higher
order Rellich type inequality for all f € C§°(R"™\ L,,). In this case the higher

order Rellich inequality is only trivially true, see Theorem 2.4.



3. A Rellich type inequality with magnetic potentials 58

Proof. For j = 1, (3.120) is precisely Theorem 3.8. Assume (3.120) is true
for j — 1, then

| irearss = [ 165 Gass ))FH

j—2
.= dx
ZI:!‘I’(",O&+4%, ‘I’)/Rn |AAf(X)I2W

><I>(n a+4(j —1),7)

Hcpna+4zq: / |f(x) lxl"‘+43 (3.122)

and the result then follows by induction. |
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Counting Eigenvalues
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The Rellich type inequality found in Theorem 3.8 enables an analysis of
the spectral properties of the magnetic quad-harmonic operator A% to be
undertaken. Furthermore in L%(R®), a space in which there is no CLR type
bound for the number of negative eigenvalues of the operator A%, a CLR type
bound can be found for the operator A4. In this Chapter the convention
(unless otherwise indicated by a subscript) will be that || - || and (-, -) denote

the L?(R™) norm and inner-product respectively.

4.1 An upper bound for H||f||%2(8n_1)r””8|]Loo(R+)

As defined in (2.54), we take Z,,[f](r) : Ry — C to be the L? inner-product
on the hypersphere S"~! of the function f : R™ + C with the m-th eigenvec-
tor u, : 8"~ + C of the non-negative self-adjoint operator A, (see Theorem
2.6), i.e.

2ol 1)) = (10 um) o = [ S, (@)

L2(Sn—1
. 7 ——
2O == [ w)m @), (42)
87'-7 §n—1
for j € N and
Zm[Awf] = (Awf(r’ ')y um) L2(sn-1) = Am (f(T‘, '), um) L2(sn1) (43)
=AmZm|f)-
Lemma 4.1. Suppose D = L, + T%Aw where
2 _
[=-2 _nz19 (4.4)

or? r Or
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Then for all f € Dy where
Do ={f:feC@R"\{0}), (45)
f(r,") € D(A,) for 0 <1 < 0o, Df € L3(R™)},
we have
[ 12aiDPear
0
= [ (ze + et TR Rz wo
0
M 4+ (n—4—a)a+2)A, N
+ = (Znl )2 )r = dr.
Proof. The inner-product (u,v)z2sn-1) is linear in u, therefore
Znlh + ho]l = Zp[ha] + Z,[ha) (4.7)
and so
e} oo 1 2
/ | Z[Df)Pr" 0 dr = / |20 [0S + SA0g][ 1o
0 0 r
oo 2
=/ ‘Zm[L,f]—{— T—lzzm[Awf]f =l gy
0
= [ (ZalLosipr
0
+2Re[ / ZolLo f1ZmAs f]r”-S-adr]
0
s [ 1Znlbus P ar (48)
0

The assumption f € Dy implies that Z,,[f] € C$°(R4) and so by using the

fact that Z,, commutes with L, we obtain

/ Izm[er”zrn—l—adT :/ ILer[f]IZTn_l_adr

0 0
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= [T iz@upeear
0
_2re[ [ 2011 20224
Fln-1) jA DU 2D (o]
-1 2 Z(l) 2 n—3-ad
=02 [ 12D o
= [ iz@inprtear
0

o0
+(n—-1)(a+ 1)/ [ZOD[ 1123 dr  (4.9)
0
by applying integration by parts. Noting (4.3), it follows

2Re / " 2L 12, Tlr=-<dr|
0
—2)\.Re [ /0 T Lz f]mfr""s‘“dr]
= — 2/\mRe[/ooo z2 [f]mr""s“adr]
—2(n — 1))\,,,126[/0<> Z,(,f)[f]K[f]r""i'“dr]
0
=2 [ 12U ar
—2(a+2)AnRe [ / ” A f]mr"-‘*-aer
0
=2An [ 12U
0

+(a+2)(n—4—a)dn /oo |ZalflPr™ 5" %dr  (4.10)
0
and
/ ” |ZuAuf]IPr™ 5" %dr = A2, / ” |Znlf)2r" 57 %dr.  (4.11)
0 0

Substituting (4.9)-(4.11) into (4.8) gives the appropriate result. |
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Lemma 4.2. For anyr,d € (0,00), 7 € Ng and 8 € R, we have the inequality

ZDNWP < 5 [ 128 s
3 )

o (4.12)
HE+1+0) [ 12U ds
0
for all f € Dy.
Proof. By integration by parts
2Re [ 24(11(6). 2D (f1(5)s* ds] = 12D 1(r) e
0
" (4.13)
~B+1) [ 12RUEPds
0
Noting that Re u < |u| and
a2
2ab < 5+ 6b° (4.14)

for all § > 0, it follows that

ZD(f](r)Prot
<2 / 125 (1)(s)s3 1| ZD(f](5)sF|ds + (6 + 1) / ZD(f)(s) s ds

<5 / |25 V[f)(s)[?s7 ds + (B+1+6) / IZD(1](s)Psds
<3 [ Izg e s @140 [ 12D s (@15)
since |29V [£](s)[2s5+2 > 0 and | Z[f](s)|2s® > 0 for all s € [0, od. -

Combining Lemma 4.1 and Lemma 4.2 gives the following Corollary.
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Corollary 4.3. Suppose f € Dy and

= ot (5 (TS 20

as given in [15]. Then

2

f('r’ )

2
H @é 2 M(n,a)”(a + 1)”3 or llLzsr-1) e (4.17)
+ (+ 2 min O N a0
where
M(m,a) = C(n,a) + [/\iET;\’ma)— m;zz)]m,_ e
and [a]m,~ := maxmez{0, —a}.

Remark 4.4. It can be seen that (4.17) is a generalisation of Corollary 1 in

[14] where the a = 0 case was considered.

Proof. By Lemma 4.1,

[ 12as16) P wds = [ 12205106 s s
0 0 o
+n-1a+) [ 12D wds
- 0
(2 [ 12U ds
+(n—4—-a)a+2) /0 Tz F)(s)Ps"1=eds)
2, [ izl eds

= I} + Apla + X2, / | Zm[f](s)|?s™ 1 *ds.
0
(4.19)
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For arbitrary 6, > 0,
1 % 2@ 2 n-l-a
L=8(5 [ 1220 ds
1 Jo
+(n—2—a+6) / IZ,(,%)[f](s)|2s"_3_°‘ds)
0

+(a+1-6)(n+6 —1) /Oo |ZD[f](s)2s" 3 ds.
0

(4.20)
Taking 6; = a + 1, it follows by Lemma 4.2 that
L 2 (a+ DIZQ[f)(r)Pre-?e (4.21)
for some r € (0, 00). Similarly, for d, > 0
1 = (1) 2 n-3-a
L=25(5 | |1ZDIf)(s)Psm22ds
d2 Jo
+(n—4—a+d) / |Zm[f](s)!23""5_°‘ds) (4.22)
0

+ (@42 —26,)(n — 4 — ) — 257 /Ooo |Zm[f1(8)|?s™ " *ds

and

(a +2)?

I > (a4 2)|Z.[f](r)|2r"4e — .

/000 | Zn[f](s)[?s™ 5 *ds (4.23)

by taking d, = %2, Therefore

/0 | Za[Df)(s) 5™ s

>(a+ D) ZD[f1(r)|2r™ 2 + (a4 2)Am| Znlf](r)[2r—te

+)\m(>\m _ (a—;2)2) /Ooo |12l f](5) 25" ds
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>(a -+ DIZD )P + @+ DAl Zal AP
- )\m),O} /0 |Zn[f)(5)2s" 5~ 2ds. (4.24)

_max{)\m((a+2 2

The operator A, has a discrete spectrum consisting of eigenvalues \,,,m € Z,

where 7 is a countable index set. Therefore summing m over 7 gives

Z/ |2nlad5

meT
>(a+1) Y 12D Pre-2e

meT

+ (a+2)min{An} 3 1Znlf)()Pr 00

meZ

~max [ (52 0.0} [T zalno e

and by Parseval’s identity

af(r,w) |2
SiEuor = [ [Pl
S ZA0F = [ lra,
:[,/ |Znlf)(5) P55 = n|f(x)|2l,j+‘+4,
> [ 1zapners s = [ preore.
Finally by Theorem 1 from [15]

1
[1100P < g LIPSO

|I°‘

Substituting (4.26)-(4.30) into (4.25) gives the required result.

b

(4.25)

(4.26)
(4.27)
(4.28)

(4.29)

(4.30)
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Theorem 4.5. Suppose f,Df € Dy and C(n,0)C(n,4) > 0. Then

ID°fII* > or | L2sn- 1) (4.31)
. 2 n-8
+6 min{An}| flIZ2en-1)r HLw(o,oo)
where
4
C(n,0)C(n,4) > 0. (4.32)

") = Sl ) + DonOoe — 18]

Proof. Applying Theorem 1 from [15] and then Corollary 4.3 gives

10217 >, 0)| 2

> o e
2C(n, 0)M(n, 4) 8r L2(S™-1)
+ 6 min{An IS Mirnony™|| . (433)
L>°(0,00)
Finally, the assumption C(n,0)C(n,4) > 0 implies that kp(n) > 0. [

Corollary 4.6. If ¥ ¢ (0,3) U (3,0) when n € {3,5,7} and ¥ € (0,1)

otherwise, then

- —8+2t < 2
ey S 10471 (4:34)

”” ort liL2sn- 1)
for f € C(R™\ L,) and t € {0,1}.

Proof. Take D = —A4, then Theorem 3.8 implies that the product

C(n,0)C(n,4) = ®(n,0,V)®(n, 4,T) > 0 (4.35)

except when n € {3,5,7} and ¥ = 3, see Remarks 3.9 and 3.10. Therefore,
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Theorem 4.5 with \,, = p¥, (see Theorem 3.2) and Dy = C°(R™ \ L,,) gives

-6

sy (4.36)

+6 min {p%}]f12agnrr"
meZ(")

18371 2 5_an()|[5]| 32
L(0,00)

All that needs to be shown is that min,, ;x {pm} is positive. By definition,
m € Z™ implies that p% > 0. Furthermore by Theorem 3.2

min {p¥} = min {(m+ ¥)(m+ ¥ +n - 2)}, (4.37)
meZ(n) mez®)

which is non-zero since ¥, ¥ +n — 2 ¢ Z, hence

min {p2} > 0. (4.38)

meZm)

4.2 Forms and Operators

Let Fa denote the Friedrichs extension of A% [p, where Dy = CP(R™ \ L,,)
1

and set ['a = F;. We denote by H(I'a), the Hilbert Space determined by

D(T'a) and the graph inner-product

(1, V)ra =(Cap,Tav) + (4, v)

(4.39)
=((TCa + i)p, (Ca +9)v)

with norm

1 1
lelica = ()2, = (ITapl® + lull?)z. (4.40)
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Note that D([4) is the form domain of Fa, Dy is dense in H(I's) and for
4 € DO)

1AL pl? = (Adp, 1) = (Thu, 1)
= ||Tapl? (4.41)

since Dy lies in D(T4).

Lemma 4.7. Suppose that the hypothesis of Corollary 4.6 is satisfied and let
K be the operator of multiplication by the real-valued function k., where

0<ky € LYRy; L®(S™Y);77dr) = L*(Ry;r7dr) @ L®°(S™1).  (4.42)
Then K? : H(Ta) — L*(R™)
1. 1s bounded;
ii. is Ta-compact on L*(R"™);
141. has I'p -bound zero.
Proof. i. Define the sesquilinear form

A, v] == (Kep,v), p,v € H(TA). (4.43)

Then the associated quadratic form is

Al = / ke () i)

= [ ket R 0 uGdx = IKEul?. (1a)
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Corollary 4.6 shows that for u € D,

(K st 1)) = / / ()l )P dr
000 )
SA |‘k+(T,~)||Lm(Sn—1)L . IM(T,W)IdeTn—ldT

oo
S/O s (ry | Loogn-ryr Ml Zaggn1)r™~*ll Loy dr

5||k+||L1(1R+;L°°(sn—1;r7dr))||PA.U||2- (4.45)

Since Dy is dense in H(T'a), (4.45) holds for all 4 € H(I'a) by conti-

nuity, and so
T L Py —— Y (4.46)
Hence K, is bounded.
ii. Let g, — 0 in L?(R") i.e.
(i, f) — 0 (4.47)
for all f € L?2(R"). Set v, = (U'a + %) ', then for all f € D(T4)

(v, f)ra =((Ta + v, (Ta +13)f)
=((Ta+9)(Ta +2) "', (Ta +14)f) (4.48)

since (I'p +1)f € L%(R™) and so v; — 0 in H(I's). Given ¢ > 0, choose
k. such that

]~C+ € CSO(R-f-aLOO(Sn—l))a supp if+ C Q. = B(0;c) \ B(O; %)’(4 19)

k4| Loomny < ce and ||]|ky — 7€+||L°°(sn—1)||L1(R+;r7dr) <e¢
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for some ¢, > 1. Now
3 N1 12 32
|KZ(Ta +3) 7wl =[[Kin
= [ kol P
Rn

= | kp(x)u(x)dx
R"

+ / (ky — k)@ Pdx.  (450)
Rn
where

[ ] estw) = Butrw)ntrw)Porar|
0 Jsn-1
5/ ”k+(7”a')—]~9+(7°,')||L°°(§"—1)/ﬁs llVl(T,uJ)Izdwr"'ldr
0 n—

[ o]
=/(; 7'7||k+(7", ) - k+(7', ')IIL”(S"‘I)-T"_SHVI(T, ')II%2(§H—1)dT
Sllrn—BHVl”%ﬂ(sn—l)I’Loo(R+)
o ~
/ kg (ry ) — ky (7, ) || poo(gn-1ydr
0
<k = Fllzogn-sy L @sirtan "=l Fogenesy lmes

SSHT""S“W HiZ(swl) ||L°°(JR+)
<eC||Taul : (4.51)

this is due to the extension of Corollary 4.6 by continuity to H(ITa),
since Dy is dense in H(['y). Also

/Rn k4 (%) [ (x) [2dx =/ For (%) |1 (%) |2dx

Qe

5||k+||L°°(Qs)||Vl||i2(ns) < CEHVIH%Z(QE)' (4.52)
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and so consequently
1
I KZ(Ca +9) 7 wll® < cellullfz,) + €ClITaum. (4.53)
For ¢ € Dy, we have

[Vavl® =(Aa9,9) < [|AavlllI¥]]

2 \/— 2 1 2 \/g 2
7||A AP+ TP = —=(840,0) + Pl
7||A 2l + L e

2 (L V3o
< laqw + (47+—)n¢||
=== (18401 + ui?)

=5 (IPAwIP +1917) = 2= ICa+ D

1 2
= 4.54

Vel (4.54)
since |[Tav|? = (A4v,¥) = ||AZ9||2. Since Dy is dense in H(T'4),
(4.54) holds for all ¥ € H(I'a). Following the steps of the Proof of
Theorem 7.21 in Lieb and Loss [22], suppose 0 # f € Dy, then

0 of
;1= (|§|af +{fi5e)
—Re h;,gf | = Re[ﬁ (a% —i4;)f]. (4.55)
Therefore
VISl = |Re flvAfH < |Vall (4.56)
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and applying this diamagnetic inequality to (4.54) gives

2
i
VIl < [Vanl? < ”7:',:'— (4.57)

and so {|v|} € H'(R"). The continuity of the embedding H(I's) —
H(R") just established and v, — 0 in H(I's) implies that || — 0
(see Dunford and Schwarz [10], Theorem V.3.15). Furthermore, since
H'(R") is compactly embedded in L%(€,.), see [11], it follows by Rel-
lich’s Theorem that v; — 0 in L?(€,). Hence (4.53) becomes

1
lim |K2(Ta + D 'w|? £ eC Jim [T aw]. (4.58)
But € can be chosen arbitrarily small, therefore

1
Jim [|K2(Ca + ) w2 =0 (4.59)
1 1
and K?(Ia +14)~! is compact on L?(R™) and by definition in [23], K2
is relatively compact with respect to I'y (I'a-compact).

1

ili. Furthermore by Lemma III.7.7 in [11], ['a-compact implies that K2
has I's-bound zero.

]

Theorem 4.8. Assume the hypothesis of lemma 4.7, then

i. the form galu,v] = (Dap,Tav) is closed and T'% is the associated self-
A

adjoint operator.

ii. the symmetric form Halp,v] = (Cap,Tav) + (Kypu,v) is closed and
bounded below. Let H% =T% + K, denote the operator associated with

ba. It has form domain

D(ha) = Q(HR) = Q(T'a) = D(T'a) (4.60)
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and
Oess(HA) = 0ess(T4) = [0, 00). (4.61)

Proof. i. This follows from Examples VI.1.23 and VI.2.13 in Kato [16]

but for completeness, a proof is constructed. Define the form
galp,v] == (Lap,Tav), D(ga) =D(Ta). (4.62)
So
galtn — pm] = ITakn — Tapml®. (4.63)

Since I'4 is self-adjoint and hence, in particular, closed, H(I'a) is com-
plete. To prove that ga is closed, it is necessary to show that

Hn — K, gA[Nn - Nm] —0 as n,m — o0 (464)

imply that ga[u, — u] — 0. From (4.63) and (4.64), it follows that
{pn} is a Cauchy sequence in H(I's) and hence goes to a limit, v say.

But v = p since
= || < llpn = vllra — 0. (4.65)

The fact that ga is closed now follows since ga[un — ] = [|[Tapn —
Capll?. The adjoint g4 of the form g4 is

galv,u) = galv,u] = Cav,Tap) = Tap, Tav) =galy,v] (4.66)
and
galp]l = Tap,Tap) = ||Tapl®* >0, (4.67)

S0 ga is a semi-bounded symmetric form. Consequently by the First
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ii.

Representation Theorem, in [16], there exists a unique self-adjoint op-
erator G such that D(G) C D(ga) and

galw, V] = (Cap,Tav) = (Gu,v) (4.68)
for all p € D(G),v € D(ga). Since G is unique and
(Can,Tav) = (Tan,v) (4.69)

for u € D(TL),v € D(ga) then G =TI'4 since D(I'4) is dense in D(ga)

- it is a core of ga.

1
By Lemma 4.7, K} has I'a-bound zero i.e.
1
IKZul® < allull® + lIT Al (4.70)

with the greatest lower bound of b, by = 0. Due to (4.44), (4.70) can

be rewritten as

Alu] < aflpl® +b(Tap,Tap) (4.71)

so the form R is relatively (form) bounded with respect to ga with

ga-bound zero. Define the form
ba=ga+ R (4.72)

on D(ha) = D(ga) N D(R) = D(ga) since D(ga) C D(R). It is a
consequence of K being ga-bounded with b < 1 and Theorem VI.1.33
in [16] that h, is closed since ga is a closed form and that they have

the same domain.

We denote the non-negative self-adjoint operator associated with ha
by H%. Recall that I' is the self-adjoint operator associated with ga
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(see (4.67)). In Lemma 4.7, the operator KE(I‘A —1)7! is shown to be
compact in L?2(R"). Also H(['}) is continuously embedded in H(T'a)
since, if f € D(T'%), we have

lell?, =ITapl?+[lpl?
=(T4n, 1) + ||ul?
5
<|ITRel? + leulfz- (4.73)

It follows that
K3 (T4 — i)™ € K(LA(R™) (4.74)

where K(L?(R")) = K(L*(R"), L*(R")) is the set of all compact map-
pings from L?(R") into itself. Theorem IV.4.4 shows that (4.74) implies
the assumptions of Theorem IV.4.2.(iv) (both of [11]), which gives

(I3 —i)™' — (Hi — )7 € K(L*(R™), Q(T%)) € K(L*(R™). (4.75)

Since the operators I'4 and H3 are both self-adjoint then the complex
number ¢ belongs to the intersection of their resolvent sets and it follows
by (4.75) and Theorem IX.2.4, also from [11], that

Uess(ri) = Uess(Hi)- (476)

Alternatively (4.76) follows from Reed and Simon [23], pg 369. To
calculate 0.s5(I'4 ), consider the following scale transformation

S:urs ue ; u(x)=c2u(cx), ¢> 0. (4.77)

In view of the denseness of Dy in H(['a), it is sufficient to assume
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u € Dy in the following argument. Let y = cx, then

Jull? = / fu(y) [2dy = / ¢ ug(x)Pdx
R R™
= [ue(x)]2dx = ||uel|?. (4.78)

IR".

Hence S is a unitary transformation, moreover

Ouc(x Ouly) Oy _ 2+10uly)
8% =< Z Oy 8IJ Oy; (4.79)

which implies that

Vitie(%) = c2 1V u(y), (4.80)
Ajuc(x) = " ALu(y). (4.81)
Since
o). ),
x=——€ =¢ €p = cA,, 4.82
] 0y = Ay (482)

it follows that

Vauc(x) =(Vx + 1Ax)uc(x) = Vit(x) + 1Axuc(x)
=c2 TV, u.(y) +icAyciu(y) = c2 'V u(y) (4.83)

and so
Al uo(x) = "PBAL u(y). (4.84)
Therefore on D,

STHAL)S = cF8AL. (4.85)
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This gives for u,v € Dy,
(TaSu,TaASv) = c 78T au, Tav). (4.86)

Since S maps Dy to Dy, it follows from the uniqueness property of the

Friedrichs extension that
STYI2)S = 812 (4.87)

and hence, since I'4 > 0 and c is arbitrary, o(I'3) = [0, 00).
|

4.3 A CLR type inequality for Ay + K, —V in
L*(R®)

In [14], Evans and Lewis considered the problem of finding a bound for the

number of negative eigenvalues of A% — V in four dimensions where
V € LYRy;r3dr) ® L=(S?). (4.88)

A necessary step of the method employed in [14] was to show that D? =
(Lr + %A,)? is of the form

D? = P {xn(Am) X I'm} (4.89)

meT
where

1 d? (r"‘l d? ) e 1)_d_(rn_3£)

Xn{Am) ~rnolgre dr? rn-l dr dr
Am{Am +2(n — 4
 Anlha +2(n 1))
T

(4.90)
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Suppose {um }mez are the normalised eigenvectors of the operator A,,, where
7 is a countable index set, then I,,, is the identity on the orthonormal basis
{tm}mer of L2(S™1). (4.89) and (4.90) was used to show in [14] that for
c < min{¥4, (1 — ¥)*}, we have

AL -V = P {Galpk) - V() QR IE}

mez)
c c
> £ ol _ A2, €
Iel?l {(Xn Pm) r4) ®Im} A+ " (4.91)
where
Pm =m(m+n —2), (4.92)
Pt =(m+V)(m+T¥+n-2), (4.93)

see Theorem 3.2. I% and IY are identities on the orthonormal bases of
L?(S™!) formed by the normalised eigenvectors of the Laplace-Beltrami op-
erator and the magnetic Laplace-Beltrami operator respectively. The in-
equality (4.91) implies that

N@ay-v)sN(a+ 3) (4.94)

where N(-) is the number of negative eigenvalues of the operator. It follows
that to look at A% —V/, an expression of the form (4.89) for the operator D*
is needed. It follows from (4.89) that

ID*fIP = / D*f(x) D*F (x)dx
—Z/ - 1 f(r, w)um(w)dw)

( / DR wum(@)d)
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-3 [ ([ xe0mstr0)m@ran)

=5 [ xalhm)?10) FoIex (4.95)

and so with this in mind, the operator x2 is investigated.

Lemma 4.9.

X2(\) = Z (=1)[Pj(n, A) +¢;(n)] & (rn—9+2j£)

rn—l dri dri (4.96)
+ PO(B/\)
where

Py(n,A) = 0, (4.97)
c(n) = 1, (4.98)
Py(n,\) = 4\, (4.99)
c3(n) = 6(n—1), (4.100)
Py(n,)) = 6X2+46(3n— 13)), (4.101)
c2(n) = 6(n—1)(2n-7), (4.102)
Pi(n,A) = 4X%+ (30n — 158)A + (530 — 479n + 1146)\, (4.103)
a(m) = 15(n—1)(n—3)(n—5), (4.104)

Po(m, ) = A +2(n—4)(A+4(n —6))(A+6(n —8)). (4.105)

Proof. The proof consists of applying the operator x,()) to itself and using
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the operator relation

1d d /- o
== ) e (4.100)
to tidy the original expression into a summation of the form
a @ (&
> kg (M) (4.107)

For ease of reading, define

Q) & (r"‘g“f d—j). (4.108)

= dri dri
Then
A2(A+2(n —4))(A\+4(n —6))

X2(A) = xn(W)xn(N) = S5_10,1; + : (4.109)
where
a =1, (4.110)
2 2 2 2
h=m g (" g (e e )
2 3
—Q(4) — 4(n— 1)QE3) + (”—_:f)i%_i)gﬁ(r”"“di%), (4.111)
s =2\ + (n — 1), (4.112)
2 2
b= e (" ()
= Q@)+ %dd—; (r“_‘lj—;) +6(n —4)Q(2)
g(ggli)% (r"—ﬁdig) —12(n — 3)(n — 6)Q(1), (4.113)
as =A(\ + 2(n — 4)), (4.114)

b= g (2 ()
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=02) - =4 (e L) _sn—0) - 20100)

rn=1ldr dr?
20n—-7)d  20(n—"T)(n-28)
+ 7‘7 d')" + 7-8 ] (4115)
ag =22+ (n — 1), (4.116)
1 dyaedy 1l &,
fa=- rn=1dr (T dr (7‘"’1 ar?’ dr2))
4 &2/, B
=—-Q(3) - e e (7‘ ﬁ) +2(n — 4)Q(2)
12(n—-3)d [ ,_¢d
+ e (r dr?), (4.117)
as =(2X + (n — 1)), (4.118)
1 df,sd/ 1 d . d
I T =l (r dr <r"‘1 ar’ d'r))
=Q(2) — 3(n - 3)Q(1), (4.119)
as =A(2A + (n — 1))(A + 2(n — 4)), (4.120)
1 dy/, .d/-
=g (5 ()
B 4d  4n-8)
== Q)+ 5+ ———, (4.121)
ar =M + 2(n — 4)), (4.122)
1 &2, | &
I _r”+3ZZ—73T dr?
B 8 d/ . d 20(n —7) d
=Q@) + —5— (r EE) +20Q(1) - =22 (4.123)
and
as =A(2\ + (n — 1))\ + 2(n — 4)), (4.124)
1 d , ,d
I s g dr
—_ou-4+4 (4.125)

r7dr
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Substituting (4.110)-(4.125) into (4.109) gives the required result.

Theorem 4.10. Let Jo :=T% + K, -V, 0< V < L'((0,00);77dr), ¥ €
(0,1) and n = 8. Then there exists a positive constant C(¥) such that the

number N(Ja) of negative eigenvalues of Ja satisfies
N(Ja) < COOIV Il Loosmyll L1 0,00)77ar)

where C(¥) depends on the distance of ¥ from {0,1}.

Proof. From (4.95)

A+ Ky =V 204 -V =P {Ixslom)’ - VI Q) In}

mezn)

where xs(pY)? is given by Lemma 4.9 and due to (3.61)

pr\Irlzz(m—i_\‘I})z_g,
ZW ={meZ:pX>0={meZ:m<—-4orm>3)}

since ¥ € (0,1). By identical steps,

2+ 5V =@ {patenr+ 5 -vo)| @15}

|m|23

where

pm =m? —9.

(4.126)

(4.127)

(4.128)
(4.129)

(4.130)

(4.131)
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Now

C
xs(Pm)? — Xs(pm)? — 5

2\ (=1)[Pi(8,p%) = Pi(8,pm)] & [ 5y &
=Z=;( Y [P5(8, ) (P)]____(Tz @

r7 dri de) (4.132)

P0(87pglz) - PO(Svpm) —C

+ =
If m > 3 then
pY =m? 4+ 2m¥ + T2 -9
~ _ (4.133)
>m? — 9+ ¥? = p,, + U2
which implies that for j € {1,2,3,4}
(o) = (pm) + ¥ (4.134)
It follows from (4.134) that

Py(8, py) — Pa(8, pm) =6[(p3)* — (pm)?] + 66[py, — pm] >0, (4.136)
P1(8’ pv‘lrlz) - Pl(s’pm) :4[(p7‘1:1)3 - (pm)3} + 22[(@,\1:1)2 - (pm)z]
+ 706[py. — pm] > 0. (4.137)

Also

Po(8, om) — Po(8, pm) =[(p3)* = (pm)*] + 16[(p)* — (pm)’]
+48[(pp)* — (pm)?] — c
>P8 4 1606 + 4804 — ¢ (4.138)
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and therefore if ¢ < U402 + 4)(¥? 4 12) then

C
Xs(pm)* = Xs(pm)* = — 2 0. (4.139)
If m < —4 then

pY =m? 4 2m¥ 4+ ¥2 -9
=(m+1)2—9+2m¥ + 92 —2m — 1
=pms1 + (T —1)2 +2(¥ - 1)(m + 1)
2pm1 + (¥ —1)7 (4.140)

since (¥ — 1)(m + 1) > 0. This implies that for j € {1,2, 3,4}

(PEY 2 (pmsr) + (¥ — )% (4.141)
which similarly to above, shows that

Pi(8,px) — Pi(8, pm+1) > 0 (4.142)

when i € {1,2,3}. Again

Py(8, ) — Po(8, pms1) — ¢ =[(o)* — (om+1)*] + 16[(p1) = (Pma1)°]
+48[(p)* = (pma1)?] — ¢
>0 —1)8+16(F —1)° +48(F — 1)* — ¢
(4.143)

and

C
X(pm)* = X(pmi1)* = 5 20 (4.144)
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if ¢ < (¥ — 1T — 1)2 4 4][(¥ — 1)? + 12]. Therefore

V(D -V @)

m>3 (4.145)
<N (@ {fuston? + 5 - v @12}
m>3
and
N( D {lxs(om)*~V ()] ®I§3)
m<—4 (4.146)

N D {futomr+ 5 -V @2})

m<-3
if ¢ < min{\U*[¥2 4 4][¥2 + 12], (¥ — 1)*[(¥ — 1)2 + 4][(¥ — 1)2 + 12]}. Note
that from (4.128) and (4.129), since ¥ € (0,1), only m > 3 and m < —4

needs to be considered, consequently
2 4, €
N(Ja) S N(T% - V) < N(at+ - V(r)). (4.147)

The operator A* + & — V/(r) is of the type for which Laptev and Netrusov
in [19] established a CLR type bound, and so by Laptev and Netrusov’s
Theorem 1.2

C
N(Ja) < N(A4 + - V(r)) < OlIVlizw@n o ooyrrary  (4.148)

where the constant C depends on only ¢, which in turn depends on ¥ and so

C =C(d). m
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