arXiv:1404.1912v2 [math.OA] 13 Feb 2015

Spectral Measures for Sp(2)

DaAviD E. EVANS AND MATHEW PUGH
School of Mathematics, Cardiff University,
Senghennydd Road, Cardiff CF24 4AG, Wales, U.K.

February 16, 2015

Abstract

Spectral measures provide invariants for braided subfactors via fusion modules.
In this paper we study joint spectral measures associated to the compact connected
rank two Lie group SO(5) and its double cover the compact connected, simply-
connected rank two Lie group Sp(2), including the McKay graphs for the irreducible
representations of Sp(2) and SO(5) and their maximal tori, and fusion modules
associated to the Sp(2) modular invariants.
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1 Introduction

Spectral measures associated to the compact Lie groups SU(2), SU(3) and G, their
maximal tori, nimrep graphs associated to the SU(2), SU(3) and G5 modular invariants,
and the McKay graphs for finite subgroups of SU(2), SU(3) and G5 were studied in
[T, 20, 21], 23 24]. Spectral measures associated to other compact rank two Lie groups
and their maximal tori are studied in [25].

For the SU(2) and SU(3) graphs, the spectral measures distill onto very special sub-
sets of the semicircle/circle for SU(2) (which are both one-dimensional spaces) and dis-
coid/torus for SU(3) (which are both two-dimensional spaces), and the theory of nimreps
allowed us to compute these measures precisely. Our methods gave an alternative ap-
proach to deriving the results of Banica and Bisch [I] for ADE graphs and subgroups
of SU(2), and explained the connection between their results for affine ADFE graphs and
the Kostant polynomials. In the case of Gs, the spectral measures distill onto subsets
of R and the torus T?, which are one-dimensional and two-dimensional respectively, re-
sulting in an infinite family of pullback measures over T? for any spectral measure on R.
This ambiguity was removed by considering instead joint spectral measures for pairs of
graphs corresponding to the two fundamental representations of G. Such joint spectral
measures, which have support in R2, yield a unique pullback measure over T2, and the
spectral measures are obtained as pushforward measures.

In this paper we study spectral measures for the compact, connected, simply-connected
rank two Lie group Sp(2), the group of 4 x 4 unitary symplectic matrices with entries
in C. We also study spectral measures for the (non-simply-connected) compact rank
two Lie group SO(5), the group of 5 x 5 real orthogonal matrices, whose double cover
is Sp(2). In particular we determine the joint spectral measures associated to the Lie
groups themselves and their maximal tori, and joint spectral measures for nimrep graphs
associated to the Sp(2) modular invariants.

In Cy = sp(2) (the Lie algebra of Sp(2)) conformal field theories, one considers the
Verlinde algebra at a finite level k, which is represented by a non-degenerately braided
system yAXn of irreducible endomorphisms on a type III; factor N, whose fusion rules
{N{ } reproduce exactly those of the positive energy representations of the loop group
of Sp(2) at level k, NN, = > N{ N,. The statistics generators S, T for the braided
tensor category yXy match exactly those of the Kac-Peterson modular S, T matrices
which perform the conformal character transformations (see footnote 2 in [6]). The fusion
graph for these irreducible endomorphisms are truncated versions of the representation
graphs of Sp(2) itself (see Section AI]). From the Verlinde formula (Il) we see that this
family {N)} of commuting normal matrices can be simultaneously diagonalised:

SJ,A

N, —
A > SO',O

SeSy, (1)

where the summation is over each ¢ € yAXy and 0 is the trivial representation. It is
intriguing that the eigenvalues S, /S, and eigenvectors S, = {S,,}, are described by
the modular S matrix.

A braided subfactor is an inclusion N C M where the dual canonical endomorphism
decomposes as a finite combination of endomorphisms in yXy, and yields a modular



invariant partition function through the procedure of a-induction which allows two ex-
tensions of X on NV, depending on the use of the braiding or its opposite, to endomorphisms
oy € X of M, so that the matrix 7, = (o, ;) is a modular invariant [8, 5], [16]. The
systems ) X5 are called the chiral systems, whilst the intersection 3, XY, = 3 Xy, N Xy,
is the neutral system. Then p XY, C MXE C pXu, where Xy C End(M) denotes a
system of endomorphisms consisting of a choice of representative endomorphisms of each
irreducible subsector of sectors of the from [tA7], A € y Xy, where ¢ : N < M is the inclu-
sion map. Although yAXy is assumed to be braided, the systems ;X J\i/[ or Xy are not
braided in general. The action of the N-N sectors yXn on the M-N sectors ;X and
produces a nimrep (non-negative integer matrix representation of the original Verlinde
algebra) Gy = ((€X, €))egeyan, 1.e. GAG, =" N{ G, whose spectrum reproduces ex-
actly the diagonal part of the modular invariant [9]. In the case of the trivial embedding
of N in itself, the nimrep G is simply the trivial representation N. Since the nimreps are
a family of commuting matrices, they can be simultaneously diagonalised and thus the
eigenvectors v, of GG are the same for each A € yX. We have

Sox | x
Gy = Z 5 Vel (2)
where the summation is over each ¢ € yXx with multiplicity given by the modular
invariant, i.e. the spectrum of G, is given by {S, /S, with multiplicity Z,,}. We call
the set {y with multiplicity Z, ,} the set of exponents of G.

Along with the identity invariants for Sp(2), there are orbifold invariants for all levels
k [2]. There are three exceptional invariants due to conformal embeddings at levels 3,
7, 12 [11]. There is also an exceptional invariant at level 8 [38] which is a twist of the
orbifold invariant at level 8, and is analogous to the E; modular invariant for SU(2) [9,
§5.3] and the Moore-Seiberg 8](\}25) invariant for SU(3) [19] §5.4]. These are all the known
Sp(2) modular invariants, and the list is complete for all & < 26 [27].

This paper is organised as follows. In Section [2 we describe the representation theory
of Sp(2) and SO(5), and their maximal torus T?, and in particular focus on their fun-
damental representations. In Sections ZTHZ3 we determine the (joint) spectral measures
associated to the (adjacency matrices of the) McKay graphs given by the action of the
irreducible characters of Sp(2) on its maximal torus T2, and the analogous results for
SO(5). In Section 3] we determine the (joint) spectral measures associated to the (adja-
cency matrices of the) McKay graphs of Sp(2) and SO(5) themselves. In all these cases
we focus on the fundamental representations of Sp(2), SO(5) respectively, and determine
these (joint) spectral measures over both T? and the (joint) spectrum of these adjacency
matrices. Finally in Section ] we determine joint spectral measures over T? for nimrep
graphs arising from Sp(2) braided subfactors.

2 Spectral measures for YA, (Sp(2)), "A.(SO(5))

The irreducible representations A, .,) of Sp(2) are indexed by pairs (1, uo) € N? such
that p11 > po. Let the fundamental representation p, = A 0) be the standard represen-
tation of Sp(2), p.(Sp(2)) = Sp(2), the group of 4 x 4 unitary symplectic matrices with
entries in C. The maximal torus of Sp(2) is T' = diag(t,, s, t; ", t5 "), for ¢; € T, which is
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isomorphic to T2, so that the restriction of p, to T? is given by the 4 x 4 diagonal matrix
(px|’]1’2)(w17w2> = diag(wlvw2vwl_lvw2_l)7 (3)

for (wl,wg) € T2

Let the fundamental representation p, = A1) be the standard representation of
SO(5), py(Sp(2)) = SO(5), the group of 5 x 5 real orthogonal matrices. The restric-
tion of p, to T? is given by the 5 x 5 diagonal matrix

(py|T2)(w1> WQ) = diag(wlw% wl_lw2_la wlw2_1> wl_lw2> 1)a (4)

for (wl,wg) € T2

The irreducible representations of SO(5) are given by the representations A, ,,) of
Sp(2) for which gy 4 pe is even. In order to study spectral measures associated to SO(5),
we take p, and a second fundamental representation p, = A(2,0) of SO(5), which is the
adjoint representation of Sp(2) of dimension 10. The restriction of p. to T? is given by
the 10 x 10 diagonal matrix

(p2|']1"2)(w17 W2) = dia“g(wfv W%, w1—2’ w2_27 w12, W1W2_17 wl_lw27 wl_lw2_17 17 1)7 (5)

for (wl,wg) € T2

Let {X (o) Hinpo €N >pos 10 (a1 p0) Fpn uaez. b€ the irreducible characters of Sp(2), T?
respectively, where X, u,) = XAy ) The characters x(,, u,) of Sp(2) are self-conjugate
and thus are maps from the torus T? to an interval I, := x,(T?) C R. Forw; € T, y; € Z,
the characters of T? are given by o(,, ) (w1, ws) = Wi wh?, and satisty 7, ) = 01— )

If o, is the restriction of x,, to T2, u = z,y, z, then from (3)- ()

0r = X1,0) |2 = 0(1,0) + 0(—1,0) + T(0,1) + T0,-1)> (6)
oy = Xl = 000 + 001 + 011 + 00,1 o, (7)
0. = X(2,0) |12 = 20(0,0) + T(2,0) T T(=2,0) + T(0,2) + T(0,—2) + O(1,1) + O(—1,-1) T Oa,—1) + T(1)
(8)
Then
Ox0 (1 p2) = O(pa+Lp2) T O(ua—1a) T O(urpa+1) T O 1), (9)

for any pu1, 1o € Z, where multiplication by o, = X, |12 corresponds to the edges illustrated
in the first diagram in Figure[Il The representation graph of T? for the first fundamental
representation p, is identified with the infinite graph A%z (Sp(2)), which is the first figure
illustrated in Figure Bl whose vertices may be labeled by pairs (g, po) € Z* such that
there is an edge from (pq, o) to (1 + 1, u2), (w1 — 1, pa), (p1, po + 1) and (pq, pe — 1).

Similarly, the representation graph of T? for the irreducible representations p,, p, are
identified with the infinite graphs "A%(Sp(2)) and "A%:(Sp(2)), which are the second,
third figures illustrated in Figure [ respectively, where multiplication by o, = x,, |2,
0. = Xp. |r2 corresponds to the edges illustrated in the second, third diagram respectively
in Figure[Il Both these graphs are in fact a disjoint union of two infinite graphs, coloured
black, grey respectively, whose vertex sets consists of all A such that A\; 4+ A is even, odd
respectively. These graphs "A? (Sp(2)) are essentially W-unfolded versions of the graphs
AP (Sp(2)) (see Figures [[IHI4)), where W denotes the Weyl group Dg of Sp(2).
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Figure 1: Multiplication by x,, |12, Xp,|r2 and x,,_ |
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Figure 2: Infinite graphs A%z (Sp(2)), "WAZ(Sp(2)) and A2 (Sp(2))

We consider first the fixed point algebra of @)y Ms, @y Ms, @y Mio under the conju-
gate action of the torus T? given by the restrictions of p,, p,, p. respectively to T? given
in B), @), (@) respectively. Here T? acts by conjugation on each factor in the infinite
tensor product. Thus by [I7, §3.5] we have (®y Ma)™ = AW (Sp(2))), (Qy Ms)™ =
A("AZ(Sp(2))) and (@y Mio)™ = A(MAZ(Sp(2))). Here A(G) = U, A(G)x is the path
algebra of the graph G, where A(G) is the algebra generated by pairs (11, 79) of paths
from the distinguished vertex * such that the ranges r(1;) and r(1n) are equal, and
Im| = |ne| = k, with multiplication defined by (n1,72) - (17, 75) = g (11, 75)-

We now define commuting self-adjoint operators which may be identified with the
adjacency matrix of "A?(Sp(2)). We define operators v% in (?(Z) @ (*(Z), for u = z,y, z,
by

1, =5s®@1+s5014+10s+1® 57, (10)
15 =1R1+sRs+s Qs +s5R0s +5 @s, (11)
05 =210 1)+ @1+ ()P R1+10s82+1R (s +50s5+5"®s +s50s" +5®s,

(12)

where s is the bilateral shift on (*(Z). Let Q denote the vector (d;0);. Then v% is
identified with the adjacency matrix of "Af«(Sp(2)), v = x,vy, z, where we regard the
vector ) ® 2 as corresponding to the vertex (0,0) of "A?:(Sp(2)), and the operators of

b}



the form s'®s™ which appear as terms in v% as corresponding to the edges on "2 (Sp(2)).
Then (sM®s2)(Q®Q) corresponds to the vertex (A1, \p) of WAL« (Sp(2)) for any A\, Ay € Z,
and applying (v%)™ to Q®Q gives a vector y = (Y, xy)) in (AL (Sp(2))), where y(x, 1)
gives the number of paths of length m on A2+ (Sp(2)) from (0,0) to the vertex (Aq, Ag).
We define a state ¢ on C*(v%) by ¢(-) = (- (2 ® Q), Q2 ® Q). We use the notation
(a1,as,...,a;)! to denote the multinomial coefficient (35, a;)!/ [1-_,(a;!). Then

SD((,U%)m) = Z (kla R kl(u)a m — Z kz)' SO(ST% X Srzu)
Zf%?gm !

= Z (k‘l, ceey kl(u)a m — Z k‘i)! 57’7;,0 5r2u,0,
k;>0 i

i ki<m

where [(u) = 3,4,9 for u = x,y, z respectively, and

’f’f:k’l—k’g, ’f’;:k’l—l—k‘g—l—Qk’g—m, (13)
Y =ky — ko + ks — ku, Y = ky — ky — ks + ku, (14)
Tf:2]{31—2]€2—|—]€5+k6—]€7—]€8, T§:2k3_2k4+k5_k6+k7_k87 (15)
When u = x, we get a non-zero contribution when ko = ky and k3 = —k; + m/2. So we
obtain
P((W5)™) =Y (k1 ke, —ky +m/2, —ki +m/2)! (16)
k1

where the summation is over all integers 0 < k; < m/2. When u = y, we get a non-zero
contribution when ky = k; and k4 = k3. So we obtain

QO((’U%)m) = Z (k‘l, k‘l, k‘g, k‘g, m — 2]{31 — 2]{?3)' (17)

k1,ks

where the summation is over all integers k1, k3 > 0 such that 2k; +2k3 < m. When u = z,
we get a non-zero contribution when k; = k1 —ko+ks—ks+ks and kg = k1 —ko—ks+ks+ke.
So we obtain

P((7)™) =Y (K1, ko, ks, ka, ks, ke, pr, pa, ko, m— 3k + ky — kg — iy — 25 — 2kig — ko)1 (18)

k;

where p; = k1 — ko + k3 — ks + ks, po = k1 — ko — ks + k4 + kg, and the summation is over
all integers ki, ko, ..., kg, kg > 0 such that 3k, — ko + ks + kg + 2k5 + 2k + kg < m.

2.1 Joint spectral measure for A, (Sp(2)), "A..(SO(5)) over T?

The ranges of the restrictions (6])-(8) of the characters y,, of the irreducible representa-
tions p, of Sp(2) to T?, for u = x,y, 2, are given by I, := {2Re(w;) + 2Re(wq)|wi,ws €
T} = [-4,4], I, == {1 + 2Re(wiws) + 2Re(wiw; )|wi,wy € T} = [-3,5] and I, =



{2 + 2Re(w?) + 2Re(w?) + 2Re(wiws) + 2Re(wiw; )| wi, wa € T} = [—2, 10]:

Xpo (W1, w2) = w1 + Wi+ wy +wy ! = 2cos(276;) + 2 cos(276y), (19)
Xp, (W1, w2) = 1+ wiws + wi wy "+ wiwy "+ wi ws
=1+ 2cos(2m(01 + 02)) + 2 cos(2m (6 — b)), (20)

Xp. (w1, wa) = Xp, (W1, w2)* = Xp, (Wi, w2) — 1
= 2+ 2cos(4mby) + 2 cos(4mbz) + 2 cos(2m (0, + 62)) + 2 cos(2m (6, — b)),
(21)

where w; = €*™% € T for 0; € [0,1], j = 1,2. We will write z,y,z for the elements
Xpo (W1, W2), Xp, (W1, w2), Xp, (w1, ws) respectively. Since the spectrum o(s) of s is T, the
spectrum o(v%) of v is I, u = z,y, 2.

The Weyl group of Sp(2) is the dihedral group Dg of order 8. If we consider Dg as the
subgroup of GL(2,7Z) generated by the matrices Ty, Ty, of orders 2, 4 respectively, given

by
01 0 1

then the action of Dg on T? given by T'(wy,ws) = (wiws'?, wi*ws?), for T = (a;) € Ds,
leaves x,, (w1, wo) invariant, for v = z,y, z. Then for u = z,y, 2z, any Dg-invariant measure
e on T? produces a probability measure p, on I, by

@) = [ 60w deton, o) (23)

for any continuous function v : I,, — C, where de(wy,ws) = de(g(w,wq)) for all g € Ds.
There is a loss of dimension here, in the sense that the integral on the right hand side is
over the two-dimensional torus T2, whereas the spectrum of "A%:(Sp(2)) is real and lives
on the interval I,. We introduce an intermediate probability measure v in Section
which lives over the joint spectrum D, , C I, x I, C R? for irreducible representations A,
1, where there is no loss of dimension.

The spectral measure on T? for the graph "A?:(Sp(2)) is easily seen to be the uniform
Lebesgue measure de(wy, wy) = dw; dwy /472 for u = x,y, 2z, since the m'™ moment is given
by

2 ) (Xp (W1, wa)) " dwy dwy = 2 Z (k1 ko, . Ky, m — ; ki)! /T2 w1 wy® dwy dwy

k; >0
>k <m

= Z (k‘l, ]{,‘2, e kl(u),m - Z kz)' 57’%,0 57“2“,07

k; >0
i ki<m

where 7Y, ¥ are as in (I3)-([I5) and l(u) = 3,4,9 for u = z,y, z respectively, which is
equal to p((vy)™) given in (I6)-(I8]).

A fundamental domain C of T? under the action of the dihedral group Dy is illustrated
in Figure 3] where the axes are labelled by the parameters 6y, 0, in (> e27¥2) ¢ T2
In Figure 3, the lines #; = 0 and 6, = 0 are also boundaries of copies of the fundamental
domain C under the action of Dg. The torus T? contains 8 copies of C, so that

¢(W1,WQ)d€(wl,WQ) = 8/C¢(C<J1,WQ)d€(W1,WQ), (24)

’]TZ
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Figure 3: A fundamental domain C' of T?/Ds.

for any Dg-invariant function ¢ : T? — C. The fixed points of T? under the action of
Dyg are the points (1,1) and (—1,—1), which map to the points 4, —4 respectively in
the interval I, whilst both map to the points 5, 10 in the intervals I, I, respectively.
The point (—1,1) (and its orbit under Dg) maps to 0, —3, 2 in the intervals I, I,, I,
respectively.

2.2 Joint spectral measure for A, (Sp(2)), "A..(SO(5)) on R?

Let W), be the map (wy,ws) — (x,2,) = (O (wr,w2), xu(wi,ws)). We denote by D, ,
the image of U, ,(C) (= ¥, ,(T?)) in R% Note that we can identify ©,, with ©,, by
reflecting about the line x) = x,. The joint spectral measure v, , is the measure on ©, ,
uniquely determined by its cross-moments <y ,(m,n) = fmuzz/\m:c;’jdl/,\,u(at,\,xu). Then

there is a unique Dg-invariant pullback measure €, on T? such that

V(@ 2,) AV (22, 7,) = /11‘2 P (wr, wa), Xpu(wr, wa))dey (wr, w2), (25)

9/\#

for any continuous function ¢ : ©, , — C.
Any probability measure on ©) , yields a probability measure on the interval I, given
by the pushforward (py).(7x,) of the joint spectral measure vy, under the orthogonal

projection py onto the spectrum o(A) = I). In particular, when ¢ (xy, z,) = ¥ (z,) is only
a function of one variable z, then

B )diu(or) = [ G /@ Wp(ona,) = | Dlan)dalan)

Da,p AulTx) Iy

where the measure dvy(z)) = fm#@w(m
Oaulzy) = {z, € 1| (zr,2,) € Dy,}. Since the spectral measure vy over I, is also
uniquely determined by its (one-dimensional) moments ¢\(m) = |, 1, T dva(zy) for all
m € N, one could alternatively consider the moments ¢y ,(m, 0) to determine the measure

vy over I.

)d%vu(at,\, x,) is given by the integral over z,, €



Figure 4: The domains ©,, and ©, , for Sp(2).

In particular, we will consider the joint spectral measure of the fundamental repre-
sentations p, and p, of Sp(2) over D, , := D,, ,, , and the joint spectral measure of the
fundamental representations p, and p, of SO(5) over ®,, =2 illustrated in Figure

Ml

Py,Pz)

We first describe ®,,. The boundaries of C' given by 6, = 0, ; = 1/2 respectively,
yield the lines ¢y, co respectively, whilst the boundary 8; = 65 of C yields the curve cs.
These curves are given by given by (c.f. [37, §6.3])

c: oy =2x—3, cy: Yy =—2x—3, C3: 4y:4+x2. (26)

For ®, ., the boundaries of C' given by 6, = 0 and #; = 1/2 both yield the curve ¢,
whilst the boundary 6; = 6y of C yields the line ¢5. Additionally, the line 6y = 1/2 — 6,
which bisects C' yields the third boundary of ©, ., the line cg. These curves are given by

cy: 4z =19y*+2y+5, cs: z=3y—>, cg: z=—-y— 1 (27)

Note that there is a two-to-one mapping from the fundamental domain C to ®,, ..

Under the change of variables x = x,, (wi,ws), ¥ = X, (w1,w2), the Jacobian J,, =
det(0(x,y)/0(01,65)) is given by

Joyy(01,02) = 872 (cos(2m (0 + 203)) + cos(2m (260, — 05)) — cos(27(26; + 63))
— cos(2m (60, — 26,)). (28)

The Jacobian J,, is real and is illustrated in Figures [ [6, where its values are plotted
over the torus T?.
With w; = e? % j = 1,2, the Jacobian is given in terms of w;,ws € T by

1

Jo (W1, w2) = 8T Re(wiw; + wiwy ' — wiws — wiw;y ?)

2 2, -1 -2 2 1 2 2 —2 1 2 —1 2
=4Ar* (Wi + Wy Wy © + Wiy T W Wy — Wie — Wy Wy — Wiy © — Wy W3).

(29)

The Jacobian J,, is invariant under 77 € Dg, but T'(J,,) = —J,,, for T = Ty, Ty. Thus
J? , is invariant under the action of Dg. An expression for .J7  in terms of the Dg-invariant

9
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Figure 5: The Jacobian J,, over T Figure 6: Contour plot of .J,,, over T2

variables x, y may be obtained as a product of the roots appearing as the equations of
the boundary of ©,, in (26)), and is given as (see also [37])

2 4 2
Joy(@,y) = 167" (y + 22 + 3)(y — 27 + 3)(dy — 27 — 4), (30)

for (x,y) € ®,,. Thus we see that the Jacobian vanishes only on the boundary of ©, ,,
which is equivalent to vanishing only on the boundaries of the images of the fundamental
domain in T? under Dsg.

The factorizations of J,, in ([B0) and the equations for the boundaries of ®, , given
in (26) will be used in Sections 23] to determine explicit expressions for the weights
which appear in the spectral measures fi,u over I, in terms of elliptic integrals.

Similarly, under the change of variables y = x,, (w1, w2), 2 = X,. (w1, w2), the Jacobian
Jy.. = det(0(y, 2)/0(01, 62)) is given by

Jy2(01,05) = 167 (cos(2m(6; — 3605)) + cos(2m (36 + 02)) — cos(2m(6; + 365))
— cos(27(30; — 0s)). (31)

The Jacobian J, . is real and is illustrated in Figures [7 8 where its values are plotted
over the torus T?. The Jacobian is given in terms of w;,ws € T by

_ g2 -3, -1 3 3 -3 1 3_ -1 -3_ 3 —1_ -3
Jy2(w1, wa) = 8T (wiwy ° +wy Wi +wiwe +wy "Wy w —wiy —Wy Wy ° — Wiy —wy “Wa).

(32)
The Jacobian J, . is again invariant under 77 € Dg, and T'(J,.) = —J, . for T = Ty, T}.
An expression for J;Z in terms of the Dg-invariant variables x, y may be obtained as a
product of the roots appearing as the equations of the boundary of ©, , in (27), and is
given as

2 _agd 2
J, (y,2) = 647" (2 = 3y + 5) (2 +y + 1)(y" + 2y + 5 — 42), (33)

for (y,z) € ®,,. Thus we see that the Jacobian vanishes only on the boundary of ®, .,
which is equivalent to vanishing on the boundaries of the images of the fundamental

10
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Figure 7: The Jacobian J, , over T2 Figure 8: Contour plot of J, , over T.

domain in T? under Dg as well as on the lines y = 1/2 + 6;. The lines 6, = 1/2 + 6,
denote the lines of reflection of the additional symmetry of ,,, which corresponds to the
fact that there is a two-to-one mapping from the fundamental domain C' to ©, ..

Note that since z = 22—y—1, we find that |.J, , (v, 2)| = 472\/(z — 3y + 5)(y> + 2y + 5 — 42),
and thus J, , and J, . are related by J,.(y,2) = 2v/z + y + 1J,4(y, 2). Thus J,,(y, 2) is
zero only on the boundaries of ©,, . given by the curves ¢y, ¢5 in (21), but is not zero on
the boundary given by cg.

Since Jyy, Jy. are real, JZ ., J7 . >0 and we have the following expressions:

Joy(01,02) = 87 (cos(2m(0y + 26)) + cos(2m (20, — 05)) — cos(2m (26, + 62))
— cos(2m (61 — 265))),
Ty (Wi, we) = 4m?(Wiws + wi 'wy? 4+ wiwy ' + wiws — wiws — witwy !t — wiws ? — wilws),
| Ty (@, y)| = 47/ (y + 22 + 3)(y — 22 + 3)(4y — 2 — 4),
Jy.2(01,02) = 167 (cos(2m(6; — 36)) + cos(2m (301 + 02)) — cos(27 (0, + 36))
— cos(27(3601 — 6))),
Jy2(wi, we) = 8T (wiwy® + witws + wWiws + wlwy ! — wiws — wilwy? — Wiy — wiPwy),

Ty (y,2)] = 87/ (2 = 3y +5)(z + y + 1) (42 + 2y + 5 — 42),

where 0 < 0,0, <1, wy,wy € T and (z,y) € Dy, (y,2) € Dy ..
Then

/C Dt (w1, wa) Yoy (@1, w2y duw = [ (2, 9)| () Mz dy,  (34)
D,y

/ w(Xpy(wla("')Q)asz(w17w2))dw1 dw? =2 w(va)Uy,Z(yaZ)rldy dZ, (35)
C Dy.z

and from (24) we obtain
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Theorem 2.1 The joint spectral measure v,,, (over ®,,) for WA (Sp(2)), WA (Sp(2))
is

de,y(xa y) =38 |J$7y(x7 y)|_1d.flf dy7
whilst the joint spectral measure v, . (over ®, ) for WAZ(Sp(2)), YWA2(Sp(2)) is

dv, . (y, 2) = 16 |, .(y, 2)|'dy d=.

2.3 Spectral measure for A, (Sp(2)), "A,.(SO(5)) on R

We now determine the spectral measure u%’G 1= G Over Iu, u = x,y,2, where G is
Sp(2) or SO(5), which is determined by its moments o(( =/ I3 wdpC (u) for all
m € N.

Thus for z3°" @) we set 1(z,y) = 2™ in (34) and integrate with respect to y. Similarly,

setting ¥ (x, y) = y™ in (B4]), the measure ,u%’sp @) is obtained by integrating with respect to
x. More explicitly, using the expressions for the boundaries of © given in (26]), the spectral
measure 15" (over [—4, 4]) for the graph A% (Sp(2)) is duy " (z) = JT () dz, where
JT(z) is given by

() 8 S5 5 ey ()| dy for @ € 4,0,
i 8 [V g ()|t dy  for € [0,4].

2x—3

The weight J;Tz (x) is the integral of the reciprocal of the square root of a cubic in ¥,
and thus can be written in terms of the complete elliptic integral K (m) of the first kind,

K(m) = OW/2(1 — msin®0)~/2d6. Using [10, Eqn. 235.00], JT*(z) is given by

4  —do(x)?

T (w) = 2w+ 1)

K(v(x))

for = € [—4,0], where v(z) = (z + 4)%/(x — 4), whilst for z € [0, 4], JT* () is given by

4

ng(fc) = m

K(v(z)™).
The weight JT*(z) is illustrated in Figure @l

The spectral measure 1" (over [—3,5]) for the graph WAZ(Sp(2)) is dps*"® (y) =
ng(y) dy, where J;Tz (y) is given by

3)/2 _
I y) = Sf(y;r+3//2\ny y)|"tdz  for y € [-3,1],
v 16 [y | ()| dz for y € [1,5],

where the value of the square root is taken to be positive. Note that the Jacobian is an
even function of x. The weight J;TQ (y) is the integral of the reciprocal of the square root
of a quadratic in 22 and thus can also be written in terms of the complete elliptic integral
of the first kind. In fact, using [10, Eqn. 214.00] for y € [—3,1] and [10, Eqn. 218.00]
for y € [1,5], we obtain that J;TQ(y) = JEQ(y — 1) for all y € [-3,5]. This is a surprising

12



Figure 9: JT° () Figure 10: JT*(2)

result, since there is no obvious symmetry between = and y in the Jacobian J, ,(z,y) — for
one thing Jiy is a quartic in 2 but only a cubic in y — and yet the integral of |.J, ,(z,y)| ™!
over 2 € D and over y € D yields identical weights JT* and J;Tz, up to a shift.

Moving to the case of SO(5), the spectral measure ,u?so(s) (over [—3,5]) for the graph
WAZL(SO(5)) is du? SO )( ) = J;TQ(y) dy, where J;TZ( ) is as above, since WA%(SO(5)) is
simply the connected component of (0, 0) in A% (Sp(2)), thus the moments o((v% Sp2)ymy —
o((v%°°®)m). The spectral measure 15°°® (over [~2,10]) for the graph "42:(SO(5)) is
du%9%) (2) = JT(2) dz, where JT*(2) is given by

16 f(z+5 o | Ty, (y, 2)| 7" dy for z € [-2,1],
2 =T ; -
() =14 16~ " 2 ey, 2)] ldy+16f(1izf’—|(]y,z(y,z)| Ydy fory e [1,2],
16 [ ﬁif—lJyvz(y, 2)|[7tdy for y € [2,10],

where the value of the square root is taken to be positive. A numerical plot of the weight
JT*(2) is illustrated in Figure [0

3 Spectral measures for A, (Sp(2)), Ax(SO(5))

We now consider the fixed point algebra of Qy My, @y Ms under the product action
of the group Sp(2) given by the fundamental representations p,, p, respectively, where
Sp(2) acts by conjugation on each factor in the infinite tensor product, and also the fixed
point algebra of @y Ms, @y Mio under the product action of the group SO(5) given by
the fundamental representations p,, p. respectively.

13
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Figure 11: Infinite graph A%z (Sp(2)) Figure 12: Infinite graph A% (Sp(2))

The characters {X(u i) }u poetm=p, OF SP(2) satisfy

X(1,0) X (n1,02) = X(pr41p2) T X —1p2) T X(ur,pa+1) T X(u1,p2—1)
X(@,1) X (p1,p2) =

{ X (u1+1,m041) T X(p1—1,p2—1) T X(pa+1,p2—1) T X(u1—1,00+1) if g = po,
X(paop2) T X +1pu2+1) T X(pr—1,02—-1) T X(u1+1,02-1) T X (1 —1,p0+1) otherwise,

X(2,0) X (p1,p2) =

X (p1,p2) + X(p1—2,p2) + X (p1+2,p2) + X(u1—1,p2+1) + X(u141,p2+1) if M2 = O,
X(p1,n2) T X(pa+2,2) T X(pa,p2—2) T X(ur+1,u2-1) if p1 = p2 # 0,
2X (u1p2) T X(pa—2,m2) T X +2,09) F X(p1,m2—2) T X(pur p2+2)

FX (1 -1,02-1) T X1 —1po+1) T X +1p2—1) T X(u1+1,u2+1) otherwise,

where X (u; o) = 01f po < 0 or 1y < pio.

The representation graph of Sp(2) for the first fundamental representation p, is iden-
tified with the infinite graph A%z (Sp(2)), illustrated in Figure [[I], where we have made
a change of labeling to the Dynkin labels (A1, A2) = (1 — pi2, p2). This labeling is more
convenient in order to be able to define self-adjoint operators v%, v% in £*(N) ® ¢?(N)
below. The dashed lines in Figure [[1] indicate edges that are removed when one restricts
to the graph A (Sp(2)) at finite level k, c.f. Section A1l

Similarly, the representation graph of Sp(2) for the second fundamental representation
py is identified with the infinite graph A% (Sp(2)), illustrated in Figure[I2, again using the
Dynkin labels (A, \a) = (11 — po, p12). Note that as with the infinite graph A% (Sp(2)),
the graph A% (Sp(2)) is a disjoint union of two infinite graphs.

By [17, §3.5] we have (Qy M) P = A(A%(Sp(2))) and (@ M5)P? = A(A(Sp(2))).

We define self-adjoint operators v " | 0457 in (2(N) ® (2(N) by

0P S Q14+ PRI+ R+, (36)
N
P gl ol 1ol Rl + (1M e, (37)

identified with the adjacency matrix of A2:(Sp(2)), v = z,y, where [ is the unilateral
shift to the right on ¢*(N).
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Figure 13: Infinite graph A% (SO(5)) Figure 14: Infinite graph A?z(SO(5))

Let © denote the vector (8;0);. The vector Q ® € is cyclic in £2(N) @ ¢2(N) since any
vector [P1Q @ [72Q) € (*(N) ® ¢*(N) can be written as a linear combination of elements
)

of the form (v P®)ymi (453 mZ(Q Q) so that Cr (v WPy Qe Q) = 2(N) @
(0757

(*(N). We define a state ¢ on C* ) ol By () = < (Q®0),0® Q). Since

C* (W@ %57 s abelian and Q ® Q is cyclic, we have that ¢ is a faithful state on

O (U;EVSP( )’ U%Sp( )).

The moments o( (v @ )) ) count the number of closed paths of length m on the graph
AP (Sp(2)) which start and end at the apex vertex (0,0).

Turning our attention to SO(5), the representation graph A% (SO(5)) of SO(5) for the
first fundamental representation p, of SO(5) is identified with the connected component
of the apex vertex (0,0) in the infinite graph A% (Sp(2)). The graph A%(SO(5)) is
illustrated in Figure I3, where we now use the Dynkin labels for SO(5), (A1, A2) = ((p1 —
12)/2, 1o), where (11, p12) label the irreducible representations of Sp(2) as in Section[2l The
representation graph of SO(5) for the second fundamental representation p, is identified
with the infinite graph 422 (SO(5)), illustrated in Figure[I4] again using the Dynkin labels
for SO(5). Again, the dashed lines in Figures[3] [4lindicate edges that are removed when
one restricts to the graph Ak(SO( )) at finite level &, c.f. Section @:ﬂ

Again we have (®y Ms)50®) 22 A(A%(SO(5))) and (R M5)%0® = A(Arz(SO(5))) [
We define self-adjoint operators v¥4°°® | v%%°®) in 12(N) ® (2(N) by

WO IR 1 1R+ IRIFHIQF + @, (38)
OV = @1+ 10U QI+ P QLU+ I QI+ W QI+ QU + I @ 1P +1 o ("),
(39)

identified with the adjacency matrix of A2*(SO(5)), u =y, 2.

Ts this actually correct? If the fixed point algebra doesn’t see the centre, then it should instead be
(Qn M5)0®) = A(AZ (Sp(2))) and (@ M5)5C®) 2= A(AL (Sp(2)))?
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3.1 Joint spectral measure for A, (Sp(2)), A (SO(5)) over T?

We will prove in Section 1] that the joint spectral measure over T? of vy 5p(2), vﬁ/\}Sp @

the measure € given by

1
dE(wl, wg) = ij,y(wl, w2)2dw1 dw2,

where dw; is the uniform Lebesgue measure on T, [ = 1,2, and that the joint spectral
measure over T2 of v%°?® 47590) is also ¢

3.2 Spectral measure for A, (Sp(2)) on R

: G
We now determine the spectral measure py~ := fLyuc over I, where u = x,y for G =

Sp(2) and u = y, z for G = SO(5). We first consider the case of Sp(2). From (24]) and
B4, with the measure given in Section Bl we have that

1
2 R—
19874 /C¢(Xpu(w1,w2))Jx,y(w1,w2) dw; dwy = o

/@ ()| Juy(z,y)[dzdy,  (40)

where C is a fundamental domain of T?/Dg and D, , is as in Section Thus the joint
spectral measure over D, , is | J, ,(x,y)|dz dy /167, which is the reduced Haar measure on

Sp(2) [37, §6.2]. The measure ,uf\}sp @ over I, is obtained by integrating with respect to y in

(ET), whilst the measure 1% @ over I, is obtained by integrating with respect to z in ([40).
More explicitly, using the expressions for the boundaries of ©,, , given in (26]), the spectral

measure ,u 5P (over [—4, 4]) for the graph A%z (Sp(2)) is duy ™ (z) = J2P?) (z) da /1674,
where J57 ( )( ) is given by

(x2+4)/
/ (e, y)ldy  for o € [~4,0],

—2z—3

(z°+4)/4
/ |Joy(z,y)|dy  for z € [0,4].
2z—-3

The spectral measure 127 (over [-3,5]) for the graph A%(Sp(2)) is dp¥s*"®(y) =
J3P (y) dy /1674, where J;® (y) is given by

(y+3)/
/ oy, )] da for y € [-3, 1],
—(y+3)/2

2vy—1 (y+3)/ (y+3)/
[ Peatroldes [z =2 [ s ory e 1,9]

—(y+3)/2 2¢/y—1 2¢/y—1

The weight J5P (2)(:)3) is the integral of the square root of a cubic in y, and thus can be
written in terms of the complete elliptic integrals K(m), E(m) of the first, second kind

respectively, where K (m) = ﬂ/ (1—msin®0)~1/2df and E(m) = ﬂ/ (1 —msin® §)1/2d6.
Using [10, Eqn. 235.14], Jsp@)( ) is given by
2

71T—5(4 — ) [(:& + 22422 + 256) E(v(x)) + 8z(a? — 24z + 12) K (v(2))],
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for € [—4,0], where v(z) = (z + 4)/(z — 4)2, whilst for = € [0,4], J*® (2) is given by

2

71T—5(x +4) [@4 + 22422 + 256) E(v(z)"Y) — 8z(a? + 240 + 12) K(v(m)_l)} ,

The weight J;"% (x) is illustrated in Figure I35

Similarly, the weight Jgf P (2)(y) is the integral of the square root of a quadratic in 22,
and can also be written in terms of the complete elliptic integrals of the first and second
kinds. Using [10, Eqn. 214.12], J??® (y) is given by

212

2250|1600 ) Ko(y = 1) + (62 + 220 = T) oy — 1)

for y € [—3, 1], whilst for y € [1,5], J;*® (y) is given by

2

2ot +3)|3201 - 9) Kol = 1))+ 0 + 229 = 7) Bloly ~ 17|

using [10, Eqn. 217.09]. The weight J;”(y) is illustrated in Figure
We now consider the measures for SO(5). From (24)) and (B3]), with the measure given
in Section 3.1, we have that

1 1 _
To8d /CID(Xpu (w1, w2)) Sy (wi, wa)*dw; dws = o (u)Joy(y, 2)* |y (y, 2)| ' dy dz

Dy;z

1 J—
o [ ) g 1)y
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Figure 17: J27?(2)

The spectral measure [y S06) (over [—3,5]) for the graph AZ(SO(5)) is duk SOB) () =
JoP@ () dy /1674, where J;7® (y) is as above. The spectral measure 5> (over [~2, 10])
for the graph A2 (SO(5)) is duy>?® (2) = JPP@(2) dz/874, where J7?(2) is given by

(2+5)/
[ el Gy ) Ry for = € [-2,1],
—z—1
1-2v (z+5)/
/ IJxvy(y,Z)l(Z+y+1)‘1/2dy+/ | Joy(y, ) (z+y+1)"2dy  for z € [1,2],
—z—1 —142v2z—1
(2+5)/3
[l Gy 0y for = € [2,10],
—142y/2—1

where the value of the square root is taken to be positive. A numerical plot of the weight
2P (2) is illustrated in Figure [T

4 Spectral Measures for Nimrep Graphs associated
to Sp(2) and SO(5) Modular Invariants

We now determine joint spectral measures for nimrep graphs associated to known Sp(2)
modular invariants, Where we will focus in particular on the nimrep graphs for the fun-
damental generators p;, j = 1,2,which have quantum dimensions [2][6]/[3], [5][6]/[2][3]
respectively, where [m] denotes the quantum integer [m] = (¢™ — ¢~™)/(q — q~') for
q = ¢™/2k+3)  The nimrep graphs G, were found in [I3] for the conformal embeddings at
levels 3, 7, 12. We also determine joint spectral measures for the nimrep graphs associated
to the trivial SO(5) modular invariants. It is not clear to us which of the other Sp(2)
invariants restrict to SO(5) invariants in some way, or indeed whether there are other
SO(5) modular invariants for which there are no Sp(2) counterpart. The realisation of
modular invariants for Sp(2) and SO(5) by braided subfactors is parallel to the realisation
of SU(2) and SU(3) modular invariants by a-induction for a suitable braided subfactors
[30, 32, 40, 3, 4, 8, 9], |31, 32, 140, Bl 4, &, @, [7, 18, 19] respectively. The realisation of
modular invariants for G is also under way [23].

Let G be the nimrep associated to a braided subfactor N C M. Then the graphs G,
A € yXy are finite (undirected) graphs which share the same set of vertices yX). Their
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adjacency matrices (which we also denote by G,) are clearly self-adjoint. The m,n™

moment fgx,c xTxZ?d,u,\’C(:c,\,xC) is given by <GTGE‘61,61>, where e; is the basis vector
in (*(Gy) (= *(G¢)) corresponding to the distinguished vertex x of G, with lowest
Perron-Frobenius weight.

Let 8% be the eigenvalues of G, indexed by v € Exp(G), which are ratios of the S-
matrix given by 55 = Sy, /So,, with corresponding eigenvectors (¢f)cerxp(c) (note that as
the nimreps are a family of commuting matrices they can be simultaneously diagonalised,
and thus the eigenvectors of Gy are the same for all A). Then GYGY = UATATU™,

where A, is the diagonal matrix A, = diag(8y', 532, ..., 0y") and U is the unitary matrix

U= (" s, ... 7)), for v; € Exp(G), so that

/ O (wr, w2)) ™ (Xe (Wi, wa))"den ¢ (wr, wa) = UAT AU e, e1) = (A AU ey, U er)
T2

= > BB P (41)

veExp(G)

We denote by NXZ€O(5) the even subsystem of Xy given by the set of all A\ € yXy
which are in the connected component of Ay in GA(OJ), i.e. the Verlinde algebra for
SO(5) B. The eigenvalues B% of Gy for A € NXio(E’) satisfy ﬁ;\”’j) = ﬁ;\”’k*i*j). Thus
the eigenvalues of the connected component of Ay in Gy, A € y& 50(5), are given by
the ratio 85 = S\,/So, as above, where now the exponents v essentially correspond to
a fundamental domain of the exponents of G under the Z, action Agjy <> Ajx—i—j) (in
the case of the Dy 1 the exponents which are fixed under this Zs action are excluded,
whilst for €15 only two copies of the exponent (4,4), which is fixed under this Zs, action,
are included). One could then conjecture what the corresponding partition functions for
SO(5) would be, but it would need to be verified that these are modular invariant.

The following Dg-invariant measure on T? will be useful in what follows.

Definition 4.1 We denote by A2 the uniform Dirac measure on the Dg-orbit of the
pOZ’ﬂt (e2m’91’ e27r7L62)7 (ewi(2—92)’ em'(2—61)) cC C T2,

The set of points (0;,60y) € [0,1]% such that (e*™1 ¢27%2) is in the support of the
measure d®%) is illustrated in Figure I8 For (61,6,) € 0C, |Supp(d@%)| = 16,
whilst [Supp(d©9)| = [Supp(d/%1/?)| = 2 and |Supp(d®:1/2-91))| = 8. For all other
(61,0;) € OC, |Supp(d@92))| = 4.

4.1 Graphs A;(Sp(2)), k < 00

The graphs A?“(Sp(2)), v = z,y, are associated to the trivial inclusion N — N, and
are the trivial nimrep graphs G, = N,, where A € yXy for Sp(2) at level k. The
graphs A7 (Sp(2)) are illustrated in Figures [I], [2, where the set of vertices yXy =
Pf’Sp(z) = {(A1, A2)| A1, A2 > 0; 0 + Ao < k}, and the set of edges is given by the edges
between these vertices. Similarly, A7 (SO(5)), u = y, z, associated to the trivial inclusion
N — N are the trivial nimrep graphs G, = N,, where now A € yXy for SO(5) at level

2Is this correct? Or is the Verlinde algebra for SO(5) some (Za-quotient of the even subsystem? (c.f.
the case of SO(3))

19



0 6 |

Figure 18: Supp(d(©f2))

k, nXy = PPSPO = {(A], \)| A, A > 0:2X; + Ay < k}. The graphs A2*(SO(5)) are
illustrated in Figures [[3], 14

The eigenvalues 35¢ of A}*(G), where u = x,y for G = Sp(2) and u = y,z for
G = SO(5), are given by the ratio S, /Sy, with corresponding eigenvectors ¢, = S, , for
Ar(Sp(2)) with exponents Exp(Ax(Sp(2))) = Pf’sp(z), and VY = /25, for Ax(SO(5))
with exponents Exp(Ax(SO(5))) = {\ € Exp(Ax(Sp(2)))| A1 + 2X2 < k}. Note that the
exponents for SO(5) are not the exponents for Sp(2) which correspond to the labels of
the irreducible representations of (Sp(2)), which are also representations of (SO(5))y,
namely A € Exp(Ax(Sp(2))) such that A; is even. Rather, the exponents for SO(5)
are a fundamental domain of the exponents for Sp(2) under the Zy action which maps
(M, A2) € (A, B — X — Xg). The eigenvalues 5% X € Exp(Ax(G)), are given by

0 = Xpu (w1, wa), where w; = exp®™, j = 1,2 are related to A € Exp(Ax(Sp(2))) by

91 = 5\2/2%&, ‘92 = (5\1 + 5\2)/2%& =4 5\1 = 2/'{(92 — 91), 5\2 = 2%91. (42)

The S-matrix at level k, indexed by A € Pf’Sp (2), is given by [26]:

Sap = - [005(5(0\1 +2X2) (f1n + 2f12) + A1) — cos(E((Ar + 2A2) (fix + 2f12) — Aifir))

+cos(E((Ar + 200) i — Ay (i + 2f12))) — cos(E((Ay + 2Xa) fir + Ay (7 + 2%)))]

where £ = 7/2k, k = k+ 3, A\ = (A1, \2), o = (11, p12), and Ni= N+ 1, pi; = p; + 1 for
i =1,2. Then for u the distinguished vertex * = (0,0), we obtain

Yooy = % [cos(Qg(le +3X2)) + cos(26( A1 — Aa)) — cos(26(A; + 3A2)) — cos(28(2), + Xg))}

(43)
1

= _8H7T2 Jx,y <)\2/2’%a ()\1 + )\2)/2,%) s (44)

where in (44)) we have .J, (01, 0) with (6, 62) related to A € Exp(Ax(Sp(2))) by ([42).
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Since the S-matrix is unitary, the eigenvector ¢* defined by (43) has norm 1. Recall
that the Perron-Frobenius eigenvector for Ay (Sp(2)) can also be written in the Kac-Weyl
factorized form [13]:

00 _ sin(As€) sin(24s) sin((A + 245)¢) sin((2A1 + 2)9)¢)
A sin(&) sin(2¢) sin(3¢) sin(4€) ’

Now ¢f = 1 whilst ¢} = 16sin(¢) sin(2€) sin(3¢) sin(4€)/k, and thus we have ki, =
16 sin(€) sin(2€) sin(3¢) sin(4€)¢*. Then from (44) we have

(45)

Joy(01,02) = =8k qﬁix?/%’o\l*—j\z)/?ﬁ)
= —128r sin(€) sin(2€) sin(3€) sin(48) G5, 1, (5, +30))20)

= 128k7? sin (276, ) sin(276,) sin(7 (6, + 6y)) sin(7(6; — 62)),

so that the Jacobian J,,(61,6;) can also be written as a product of sine functions. A
similar argument show that

Jy,=(01,02) = — Ak ¢91+2;\2)/4&—5\1/4n
B _641%7-(2 Sin(g) Sin(2£) SlIl(3§) Sin(4£) ¢z<5\1+25\2)/4n7—5\1/4n

= 64r7? sin(270, ) sin(276;) sin(27 (6 + 6)) sin(27(6; — 65)),

so that the Jacobian J, ,(0;,0:) can also be written as a product of sine functions.

We now compute the joint spectral measure for A" (Sp(2)), Ay (Sp(2)). Summing
over all (Ay, \y) € Exp(Ag(Sp(2))) corresponds to summing over all (61, 65) € {(Ay/2k, (A+
X2)/26)] AL, de > 1A 4+ Ay < k — 1}, or equivalently, over all (6y,0,) € lep(z) =
{(q1/2kK,q2/2K)| ¢1,92 = 0,1,...,2Kk — 1} such that

O = No/2k > 1/26, 0 — 60y = =\ /25 < —1/25 (46)
0y = (M + X)) /26 < (k —1)/2k = 1/2 — 1/2k. (47)

Denote by C2P® the set of all (wy,ws) € T2 such that (6;,6,) € M."® satisfies these
conditions. Then from (4I]) and (44)) we obtain

| o, v, e, 2) )

1 . R R 2
- 64274 Z (BPA;SP(Z)>m(ﬁpAy’Sp(2))nJ%y <>‘2/2’f7 (A1 + >\2)/2H>
AeExp (A (Sp(2)))
1 . .
= Gdr2nh D (ou(@1,02)) ™ (X, (@1, 0)) "y (w1, w2) (48)
(w1,w2)ECfp(2)

If we let C57® be the limit of C,fp(Q) as k — oo, then C°P() ig identified with the
fundamental domain C' of T? under the action of the group Dg, illustrated in Figure [3
Since J,, = 0 along the boundary of C', which is mapped to the boundary of ®©, , under

21



Sle
—

......

Slor
+

Sl
—

Figure 19: The points (6;,6;) such that (™1 ¢?™i%2) € CIV.

the map ¥, , : T? — D, ,,, we can include points on the boundary of C' in the summation
in [@g). Since J7,, is invariant under the action of Dg, we have

/T ] (Xpo (w1, w2))™ (Xp, (W1, w2)) ey (Wi, wo)

1 1 . .
- 564,%271-4 Z (Xpr(wl’w2)) (Xpy(w1>w2)) Jx,y(W1,WQ)2

(wl,wg)GCZV’SP(Q)
(49)
where
C]I;V,Sp@) — {(627r7,q1/2n’ e2mq2/2n) c T2| q1.Go = O, 1’ o Ve — 1}’ (50)

whose intersection with the complement of the image of the boundary of the fundamental
domain C' is the image of C,fp ? under the action of the Weyl group W = Ds. We
illustrate the points (61, ;) such that (e2™ e2mif2) ¢ €i"5"? in Figured The points in
the interior of the fundamental domain C, those enclosed by the dashed line, correspond
to the vertices of the graph A3(Sp(2)).

Clearly |C,?/’Sp(2)| = 4(k + 3)* = 4x%. Thus from [@9), we obtain (c.f. [20]):

Theorem 4.2 The joint spectral measure of A" (Sp(2)), Ay (Sp(2)), (over T?) is given
by
1

dsx,y(wl, (UQ) = ij7y(w1, w2)2 dg(k+3) W1 dg(]H_g) Wa, (51)

where d,, is the uniform Dirac measure over the m'™ roots of unity.

We now compute the joint spectral measure for A;’(SO(5)), AL*(SO(5)). Sum-
ming over all (A1, \y) € Exp(Ax(SO(5))) corresponds to summing over all (6q,60y) €
{(Xa/26, (A1 4X2)/26)| A1, Ae > 0, A1 +2Xs < k1, or equivalently, over all (6;,65) € lep(z)
such that 0, 6, satisfy (46) and 6, + 0y < 1/2.

In fact, £gp(2) := €4, is the joint spectral measure over T? for any A (Sp(2)), A% (Sp(2)).
).
(
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Denote by C;°® the set of all (wy,ws) € T? such that (6;,6:) € MS"? satisfies these

conditions. Then from (@) and (@), and since the eigenvectors ¥9°®) for SO(5) satisfy
90 = 2405P®) for 1 € Exp(AR(SO(5))), we obtain

/T Oy 1, 2)) ™ 1, 02) el 1,2)

2 N R . 2
=S X BBy, (Aaf2m, (Ao f2x)
AEExp(A, (SO(5)))
1 . .
~ 3op2qd > (o (w1, w2)) " (X (w1, w3)) gy (w1, w2) (52)
(w1 wz)ECSO(°)

(53)

As discussed in Section 2.2, (x, (w1, ws), Xz (w1,w2)) = (xy(wi,wh), xz(wi,ws)) where
(wy,wh) is given by the reflection of (wq,ws) about either of the lines 6; + 0y = 1/2 or
01 — 02 = 1/2. Thus we can write

[ 1,62 (e )", )

= 11 Z (Xp, (w1, w2))™ (Xp. (w1, w2))" Ty (w1, w2)?

2 32k3274 S
(UJl OJ2)€C P(2)

1 1 - §
toggam O O (006) (@1, w0) oy (w1, 02)°

(w1 wp)eCy PP

W]=—wg Or W1=—wy s

where the second summation is a correction term since the points along the lines 6, + 6y =
1/2 and 0; — 05 = 1/2, which are fixed under the Z, action, are scaled by a half in the
first summation, where they are only counted once. Then, since Jiy is invariant under
the action of Dg, we have

| 1,62 0 o 0) ", )

1 1
~ o191 (Xp (w1>w2))m(sz (wlaw2))an,y(wlaw2)2
8 64K2m4 ZW o) v

(w1,w2)€C,

1 1 - §
t S 6dne 2. (Xpy (W1, w02))™ (Xp. (W1, w2))" Ty (w1, w2)?,

(w1 wg)ecy 5P,

W]=—wg Or W] =—wy 1L

and we obtain:

Theorem 4.3 The joint spectral measure of Ay (SO(5)), A (SO(5)), (over T?) is given
by
1

2
ij,y(wbaQ) d2n X d2n

dey . =

e

-1

! 2 j/2k,(k—J)/2K
+ et Jey (Wi, w2) 1dO/ (e=3)/20). (54

<.
Il
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Figure 20: Statistical phase wy; j

where k =k + 3, d®%) s as in Definition[[.1] and d,, is the uniform Dirac measure over
the m™ roots of unity.

In fact, eso(s) = £y is the joint spectral measure over T? for any Ap(SO(5)),
AL(SO(5)).

We can now easily deduce the joint spectral measures (over T?) for A, (Sp(2)),
Ao (SO(5)) claimed in Section Bl Letting & — oo in Theorems 4.2 [£3] we obtain:

Theorem 4.4 The joint spectral measure of any pair of infinite Sp(2) graphs A2 (Sp(2)),
AL (Sp(2)) (over T?), and the joint spectral measure of any pair of infinite SO(5) graphs
A2 (SO(5)), A~ (SO(5)) (over T?), are identical and are both given by

1
de(wl, (.Ug) = ijhy(wl, w2)2dw1 dCUg, (55)

where dw is the uniform Lebesque measure over T.

4.2 Graphs Dy(Sp(2)), k < o0

The centre of Sp(2) is Z,. The graphs Dy*(Sp(2)), u = x,y, are associated to the orbifold
inclusion N — N X, Zy, where 7 = A ) is a non-trivial simple current of order 2. For
such an orbifold inclusion to exist, one needs an automorphism 7, such that [r5] = [7] and
¢ = id [3], §3], which exists precisely when the statistics phase w, of T satisfies w? = 1
[34, Lemma 4.4]. Kuperberg’'s Sp(2) spider [29] involves two types of strands, Sp(2)
and SO(5). Using this, one can construct a semisimple braided modular tensor category
whose simple objects are generalised Jones-Wenzl projections f; ;), (i,7) € Pf’sp @) (see
[39] for (SU(2)) Jones-Wenzl projections and [35, 29, [33] for generalised SU(3) Jones-
Wenzl projections) and whose morphisms are intertwiners between these projections (see
[36, 41], 12], 22] for a similar construction in the case of SU(2) and [12, 22] for SU(3)).
The statistics phase w(;j) 1= wy,, Is obtained by evaluating the twist applied to the
generalised Jones-Wenzl projection f(; ;) (see Figure 20, where the single strand drawn
here represents i Sp(2)-strands and j SO(5)-strands). Then we see that wi ) = (—1)*,
thus the orbifold inclusion exists. Further details will be given in a future publication.
See [30, Chapter XII] for a similar discussion in the case of SO(3) and its double cover
SU(2).

Following a similar method to [9, §5.2], one finds with [0] = [Xo0)] @ [Aox] that
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(3.0),

(2,0),

(0,2), (1.2),

DY(Cy) DY(C) '

.1, 3.1,

(0,1) (0.1) (1,1) 2
@1, 3.0,

40, 5.0,

3 (0,0) (1,0) (2,0) (3,0) 4,
UM oGO

o (0.0) (1,0) (2,0)

Figure 21: Orbifold graph D;*(Sp(2)) for k = 2,3,4,5

Dy (Sp(2)), u = x,y, are the nimrep graphs associated to the orbifold modular invariant

l

2 2
Zp, = E | X(m.n) + X(@2—m—n,2—m—n)|” + 2 E IX(21-2j. )|

(mmerd P () §=0

m4+2n<2l

_ 2 *

ZD2Z+1 = E |X(m7n)‘ + E X (mn) X (m,21+1—m—n)»
(mm)EPilH’sp(z) (0) (m’n)epilJﬁl,Sp(Q)
m odd

where Pf’Sp (2)(0) = {(m,n) € Pf’Sp (2)| m even}. This modular invariant appeared in [2].
The graphs Dy (Sp(2)) are are Zy-orbifolds of the graphs Dy*(Sp(2)), and are illustrated
in Figures 211 22 where we have labeled the vertices by the corresponding Dynkin labels
from the Aj(Sp(2)) graphs.

The exponents of Dy (Sp(2)) are given by Exp (D, (Sp(2))) = {(m,n) € Pil’sp@)(O)\ m #
20 —2n} U {twice (2] —24,7)|j =0,1,...,1} for k = 2[ even, whilst Exp(Da+1(Sp(2))) =
PSP 0y U (20 +1 = 24,§)|j = 0,1,...,1} for k = 21+ 1 odd. For A € PP
(which label the vertices of Ax(Sp(2))) not a fixed point under the Zs-action, i.e. A &
{(k—=27,7)|7=0,1,...,|k/2]} where |z| denotes the integer part of =, the normalized
eigenvector satisfies [¢}[> = 257,. However for X € {(k —24,7)[j = 0,1,...,[k/2]},
[0 | = 12| = V/28,.1/2, where \;, j = 1,2, denote the two copies of the fixed point in
the orbifold graph Dy (Sp(2)), so that [ |* + [422* = SZ,.

With 61,60, as in ([@2), summing over all A = (A, \y) € Pf’Sp@)(O) corresponds to
summing over all (w1, ws) € C,fp @) guch that wywy = e27m+0/28 for m € 7. where C,fp @
is as in Section L1l Then from (@Il and ({4]), with {, = 1 for k£ odd and ( = 3/2 for k
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Figure 22: Orbifold graph D;*(Sp(2)) for k = 2,3,4,5

even, we obtain

| o 1,0, )" )

2 . )
- 642714 Z (Xpa (W1, w2)) (Xpy(w17w2)) Jm,y(W17W2)2

(W1,w2)€C,fp(2):

W1w2:627ri(2m+1)/2&

G m n
+ 64/;%4 Z (Xpn (W1, w2)) ™ (Xp, (W, W2))" Ty (w1, w2)?

Sp(2
(W17w2)€Ckp( ): )

W]=—wg Or W1=—wy

1 1 m "
T Q39254 Z (X, (w1, w2))™ (Xp, (w1, w2)) Jx,y(wl,wz)z

W,Sp(2
(w1,w2)€Cy, P2,

2mwi(2m+1)/2k

wiwo=€

1 Ck m n
+§W Z (X, (w1, w2))™ (X, (w1, w2)) Jx,y(W1>W2)2-

W,Sp(2
(w1 wp)ecy P2,

w]=—wg or w1:7w271
Thus

Theorem 4.5 The joint spectral measure of Dy (Sp(2)), A (Sp(2)), (over T?) is given
by
1

de= —
© T 10858

Joy(wi,wa)? (dy X (doy — dy) + (dow — d) X d)
Ck

64K274

e

-1
Jm7y(w1’ w2)2 d(a‘/%(n—j)/%)’ (56)
1

J

where k =k +3, (. = 1 for k odd and (x = 3/2 for k even, d+%2) is as in Definition [{.]]
and d,, is the uniform Dirac measure over the m™ roots of unity.
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Figure 23: Exceptional Graph £ (Sp(2)) Figure 24: Exceptional Graph £ (Sp(2))

Letting £k — oo we easily obtain the following corollary:

Corollary 4.6 The joint spectral measure of D?=(Sp(2)), D5 (Sp(2)), (over T?) is pre-
cisely the joint spectral measure of the infinite Sp(2) graphs A% (Sp(2)), A% (Sp(2)), given
in Theorem [{.4)

4.3 Exceptional Graph &;(Sp(2)): (Sp(2))s — (SO(10)),

The graphs £3(Sp(2)) are associated to the conformal embedding (Sp(2)); — (SO(10)),
and are one of two nimreps associated to the modular invariant

Ze, = [X(0,0) + X(2,1)\2 + X0 + X(o,s)\2 + 2\)((1,1)\2

which is at level 3 and has exponents Exp(E3(Sp(2))) = {(0,0),(2,1),(2,0),(0,3), and (1,1) twice }.

The other family £M(Sp(2)) are considered in the next section. The graphs &4’ (Sp(2))
are illustrated in Figures 23] 24l Note that ££*(Sp(2)) has two connected components.

Following [4, §6] we can compute the principal graph and dual principal graph of
the inclusion (Sp(2))s — (SO(10));. The chiral induced sector bases pX;: C Sect(M)
and full induced sector basis y; Xy C Sect(M), the sector bases given by all irreducible
subsectors of [a3] and [a) o ay,] respectively, for A\, \' € yXy, are given by

1 )
2,0)]a [04(1,1)]> [a(1,1)]}>

o

MX:E = {[Q(O,O)]> [O‘ji 0)]a [O‘?(:)J)]

( b
_ - 1 1 2
wdr = {lowo), [0 g s [ o) [0 L o) oGl ] [ ] 1], 2], [ el
1 1 2 _
where [O‘ao)] = [afo,l)]@[agz?o)]u [O‘(iLl)] = [O‘(iLo)]@[agl?n]@[agl?n]v [O‘ao)a(Lo)] = [01]®[02],
and [af; @] = [m] @ [n2], for ) = ay ;- The fusion graphs of [ ;)] (solid lines)

and [a; ] (dashed lines) are given in Figure 25| see also [13, Figure 7(a)]. The marked
vertices corresponding to sectors in the neutral system p X3, = y X5, N X5, have been
circled. Note that multiplication by [ozao)] (or [y )]) does not give two copies of the
nimrep graph &3(Sp(2)) as one might expect, but rather one copy each of &{'(Sp(2))
and £ (Sp(2)). This is similar to the situation for the SU(3) conformal embedding
Let ¢ : N < M denote the injection map ¢(n) =n € M, n € N and 7 its conjugate.
The dual canonical endomorphism 6 = 7: for the conformal embedding can be read from
the vacuum block of the modular invariant: [0] = [A,0)] @ [A21)]. By [4, Corollary 3.19]
and the fact that (v,v)y = (0,0)n = 2, the canonical endomorphism v = (7 is given by

V] = 0] @ [61]- (57)

27



[a(o,())]
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[06(1,0)]
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Figure 25: &(Sp(2)): Multiplication by [O‘zrl,O)] (solid lines) and [ov; (] (dashed lines)

Then by [4, Theorem 4.2], the principal graph of the inclusion (Sp(2)); — (SO(10));
of index 3 4+ v/3 & 4.73 is given by the connected component of [Agp] € yXy of the
induction-restriction graph, and the dual principal graph is given by the connected com-
ponent of [a(] € aXar of the y-multiplication graph. The principal graph and dual
principal graph are the same, and we illustrate the principal graph in Figure[26l These are
the principal graphs for the 3311 Goodman-de la Harpe-Jones subfactor [2§]. The prin-
cipal graph in Figure 26 appears as the intertwiner for the quantum subgroup £3(Sp(2))
in [13, Figure 9].

One can also construct a subfactor O‘?El,o)(M) C M with index (1++/3)? = 2(2+/3) =
7.46, where M is a type III factor. Its principal graph is the nimrep graph &£§*(Sp(2))
illustrated in Figure 23l The dual principal graph is isomorphic to the principal graph as
abstract graphs [40, Corollary 3.7].

We now determine the joint spectral measure of £5'(Sp(2)), E8*(Sp(2)). With 61,6,
as in ([@2) for A = (A1, A\2) € Exp(E3(Sp(2))), we have the following values:

28



Mool [Pen] [Ponl ool [Peol [Aos)

— -+ — 1
[z] [Tocro ] [Tocry))]

Figure 26: &(Sp(2)): Principal graph of (Sp(2));s — (SO(10)),
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0 ¢ & & & # 1 0 ¢ & & & # 1
0, 0,
Figure 27: Orbit of (6;,6s) # (%, %) Figure 28: Orbit of (6;,60s) = (%, %)
A€ Exp | (61,0:) € [0, 1] | [2* | 52| (01, 62)]

0.0 | (H) |57 52

ey | (Ha) |5 %8¢

20 | (e | %2

0.3 | (mw) |5°] 52

(L.1) (5 1) > 3

where the eigenvectors 1* have been normalized so that |[¢)}|| = 1, and for the exponent

(1,1) which has multiplicity two, the value listed in the table for |{"7|2 is [0V 2 +

D22, Note that
11
A2
B = G 51 (58)
where () = 1 for A € {(0,0),(2,1),(2,0),(0,3)} and (1) = 2.

Theorbitundengofthepoints(91,6’2)6{(1 2),(2 5),(1 4),(4 5)},are

12712 120 12 120 12 120 12
illustrated in Figure 27, whilst the orbit of (%, %) is illustrated by the black points in

Figure The orbits of the first four points support the measure d(*/12:2/12) 4 q(1/124/12)
where d®?2) is the discrete uniform measure given in Definition ELIl Since the hollow
points in Figure 28 lie on the boundary of the orbit of fundamental domain, J = 0 at
these points, thus we see that the orbit of (2/12,4/12) supports the measure |J|dg X dg,
where d,, is the uniform Dirac measure on the n'® roots of unity. Note that when taking
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Figure 29: Graph £ (Sp(2)) Figure 30: Graph £57"*(Sp(2))

Figure 31: £M(Sp(2)): Principal graph of (Sp(2))s — (SO(10)); % Zs

the orbit under Dyg, the associated weight in (58)) is now counted 8 times, thus we must
divide (B8) by 8. Thus the joint spectral measure for £3(Sp(2)) is

|J| (d(1/12’2/12) + d(1/12,4/12)) + 36 1 3

1 1
8 12 82

1 1
d€:16§12@ |J|d6><d6.

Then we have obtained the following result:

Theorem 4.7 The joint spectral measure of EY*(Sp(2)), E2(Sp(2)) (over T?) is

1

B 1
4872

de 38472

1
|ﬂwmwm+@§m&m%w+ 7| dg x de, (59)

where d®1%2) s as in Definition[J.1] and dg is the uniform Dirac measure on the 6™ roots
of unity.

4.4 Exceptional Graph £ (Sp(2)): (Sp(2))3 — (SO(10))1 x Zs

The graphs Eéw 7 (Sp(2)), illustrated in Figures 29, B0, are the nimrep graphs for the type
IT inclusion (Sp(2)); — (SO(10)); X, Z with index 2(3 + v/3) ~ 9.46, where 7 = o))

(2,0)
is a non-trivial simple current of order 2 in the ambichiral system »;X};, see Figure 25
Now w90 = —1 [14], thus the orbifold inclusion exists (c.f. Section B2)). Note that
(7] = [ozg)l)] € uX) is a subsector of [aﬁ pls for which wq1) = e™/4 [14]. Then

whqy = €% # 1, and hence the orbifold inclusion (Sp(2))s — (SO(10))1 X+ Zs does not
exist.

The principal graph for this inclusion is illustrated in Figure BIl This will be discussed
in a future publication using a generalised Goodman-de la Harpe-Jones construction anal-
ogous to that for the Doqq and F; modular invariants for SU(2) [9, §5.2,5.3] and the type
IT inclusions for SU(3) [19, §5]. It is not clear what the dual principal graph is in this
case.
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Figure  32: Graph Figure 33: Graph £7*(Sp(2))
&' (Sp(2))

The associated modular invariant is again Zg, and the graphs are isospectral to
E3(Sp(2)). The eigenvectors ¢* are not identical to those for £(Sp(2)), however, as
seen in the following table, the values of [¢}|? are equal (up to a factor 2) to those for
E3(Sp(2)), for X # (1,1). With 6,6, as in [42) for A = (A1, A\2) € Exp, we have:

A€ Exp | (61,02) € 0,17 | [27 | g=|J (61, 62)]

(0,0) (m5) || 52

ey | (Bh) |[H] B2

(2,0) G35 I Bl

(0,3) (&5%) |57 B2

(1,1) (%5 1) > 3
where the eigenvectors 1)* have been normalized so that |[1/*|| = 1. Then (58) becomes
[W2* = (g gz |J|, where (), is as for £5(Sp(2)). Thus we have the following result:

Theorem 4.8 The joint spectral measure of 5" (Sp(2)), E37*2(Sp(2)) (over T?) is

1
38472

1

de =
© T e

‘J|d6 X dﬁ, (60)

1
J| q(1/12,2/12) J| 4(1/12,4/12)
Y + 55l -

where d¥%) s as in Definition[J.1] and dg is the uniform Dirac measure on the 6™ roots
of unity.
4.5 Exceptional Graph & (Sp(2)): (Sp(2))7 — (SO(14));

The graphs £7(Gy), illustrated in Figures B2, B3] are the nimrep graphs associated to
the conformal embedding (Sp(2)); — (SO(14)); and are one of two nimreps associated
to the modular invariant

Zer = |X(0,0) T X6,1) + X(2,2) + X(o,5)|2 + IX(6,0) + X(0,2) + X(2,3) + X(o,?)\2 +2|x@31) + X(:a,s)\2

which is at level 7 and has 12 exponents

Exp(&7(Sp(2))) = {(0,0),(6,1),(2,2),(0,5), (6,0),(0,2),(2,3),(0,7) and twice (3,1),(3,3).}
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Note again that for the second fundamental representation py, the graph (Figure B3) has
two connected components.

As in Section [4.3] we can compute the principal graph and dual principal graph of the
inclusion (Sp(2))7 — (SO(14));. The chiral induced sector bases pX;; and full induced
sector basis j; Xy are given by

)ES 1 1)+
w X = {lao]. [od ). D1 Tal ) [aly)

,0)]7[0‘(1,1)]7[04(0,2) (3,0)]7[0‘(gl] [ 1i)] for j = 1,2},
afon): 050 03], [aééé)], [aéé’a], a5 ), [0% ), [0 000
(0% 1005 o] [0 00 ] [0 00 o] sl (67, [ ][;1 H mm,
il [ 1671, TN, IV ), [, for £~ = andy = 1,2},

where (o )] = [agy] @ [a(y], (06, = lofs0)] @ lag) [Gg) = [op ] @ [aggh)
[afs.p) = lafs.] @ lafs 0 @ LGl @[y, [0 )] = [afi 0] @ 2al ] @ [y @ o) @
@Gyl [0yl = Il @ el [0hg0pe] = (] @ ). laggapy] = 1] @ [,
[O‘?E)J)O‘(_z,o)] = [{1] @ [¥3], [0423,1)04(_1,0)] = [€] @ [«], [0423,0)04(_1,1)] = {1 @ [¢], [ (1 1) (_01)] =
[aao)a(_g)]@hl]@h?L [O‘EBJ)Q_LQ] = [O‘EBJ)Q(_L())]@[%]@[’VQL [a ?i,l)a(_zo)] e ®1,0) (270)]69
[01] @ (0], [O‘Z% 0 Y10 = [5] S[Al, [azr 0@l = TS N], [a@,o)a(_o,n] = 1] @ [12] B lwi]®
[

wo] and [agy yor )] = [og, D 1,0 ® [005,0)0(1,0)] D [61]  [].
The fusion graphs of [a}f af) o) (solid lines) and [ov; )] (dashed lines) are given in Figure
B4 where we have circled the marked vertices. Here multiplication by [O‘zrl,O)] (or [ery )
ives two copies each of &(Sp(2)) and £M(Sp(2)). The ambichiral part ;XY obeys
g 7 M Y

Zy x Zsy fusion rules, corresponding to SO(14) at level 1.
We find

V] =[] @ laf g 0] © [m] &[G, (61)

and the principal graph of the inclusion (Sp(2)); — (SO(14)); of index 5(3 + v/5) +
V250 4+ 110v/5 = 48.45 is illustrated in Figure 35, where the thick lines denote double
edges.

Again, we can construct a subfactor O‘(1 0y(M) C M of index 4 + VB +2vV5+25

12.39, where M is a type III factor. Its principal graph is the nimrep graph & (Sp( ))
illustrated in Figure 32l The dual principal graph is again isomorphic to the principal
graph as abstract graphs.

We now determine the joint spectral measure of E£'(Sp(2)), E72(Sp(2)). With 61,6,
as in ([42) for A = (A1, A2) € Exp(&7(Sp(2))), we have the following values:

AcExp | (61,65) € [0,1]° 2 L 1T (0, 6)]
0.0), 0.7) | (5. 3). Gy ) | =Lgo2ss | fyons
(6.1). (6,0) | (G #). (dy ) | 00200 | ovimgio2lt
2.2, (23) | (3 5). (G, 5) | 2ol | snfnons
0.5, (0.2) | (. 5). (. 5) | SEposys | oot
6.0.63 | Ga) G| 4
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2)+
[04(1.)1)

[e

2)+
[04:2.)1)]

] [6]

Figure 34: &(Sp(2)): Multiplication by [aao)] (solid lines) and [oy; ()] (dashed lines)

where the eigenvectors ¢ have been normalized so that |[¢)*|| = 1. Note that
11
A2
= G 2
|1/)*| <>\20 87T2|J|’ (6 )

where (, = 1 for A € {(0,0),(6,1),(2,2),(0,5),(6,0),(0,2),(2,3),(0,7)} and {31y =
Sag) =2 . . 12 8 9 2 9 18

\ T?e orlilts7unde1é D78 of tghe 4pomts2 ((9%, 65) 46 i(%, %) ,(%, %) ‘Y (?—0, 2—9) , (%, %) ‘Y
(%, %) , (%, %) “ (%, %) , (%, %) : (%, %) , (%, %) “ } are illustrated in Figure[3@l The
orbits of each successive pair of points support the measures d(1/20:2/20)  ((1/20,8/20) * 4(3/20,6/20)
d(3/204/20) and d(/20.6/20) pespectively. Thus, using (6Z), we see that the joint spectral
measure for £;(Sp(2)) is
11 1
8 20 872
Then we have obtained the following result:

Theorem 4.9 The joint spectral measure of EF*(Sp(2)), EF*(Sp(2)) (over T?) is

1
8072

de = 16 |J| (d(1/20,2/20) + d(1/20,2/5) + d(3/20,3/10) + d(3/20,1/5) + 2d(1/10,3/10)) )

de |J| (d(1/20,2/20) + d(1/2072/5) + d(3/2073/10) + d(3/2071/5) + 2d(1/10,3/10)) ’ (63)
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_ — % oyt Zorr'™D 1 [Tonr@ Zoa'h,
[z] [L"Oé(m)] [“‘Oé(z,m] [LDOé(zAl;] [LDO‘(Z,I)] [b"a(n.Z)]

Figure 35: &(Sp(2)): Principal graph of (Sp(2)); — (SO(14)),

Figure 36: Orbit of (61, 65) for A € Exp(&;(Sp(2))).

where %) js as in Definition [J_1]

4.6 Exceptional Graph £ (Sp(2)): (Sp(2))7 — (SO(14))1 x Zs

The graphs €7M #1(Sp(2)), illustrated in Figures 37 and 3§ are the nimrep graphs for the
type I inclusion (Sp(2))7 — (SO(14)); X, Zy with index 10(3 +v/5) +21/250 + 110v/5 ~

96.90, where 7 = O‘E(l),)z) is a non-trivial simple current of order 2 in the ambichiral system
m XY, see Figure 34l From Section 5] [7] is a subsector of [a(i()72)]. Now w2y = —1 [14],
which satisfies w(2072) = 1, thus the orbifold inclusion exists (c.f. Section [£.2). Note that
[7'] = [ag?l)] € uXyy, j =1,2, is a subsector of [O‘?Eg,n]’ for which w1y = e™™/* [14]. Then
Wiy qy = €™/? # 1, and hence the orbifold inclusion (Sp(2))7 — (SO(14))y X Zy does not
exist.

The principal graph for this inclusion would be the graph obtained by composing the

8 9 11
4 2
7 10 12

Figure  3T: Graph Figure 38: Graph £**(Sp(2))

w
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_ s — % =D 7 () — ()
[z] [LO()‘(O,I)] [L‘W(z.o;] [L"U‘(z.])] [L"U‘(z.])] [L°‘¥(0.2)]

Figure 39: EM(Sp(2)): Zy-action on (SO(14)),

principal graph for (Sp(2))7 — (SO(14));, illustrated in Figure B5 with the graph for the
Zs-action, illustrated in Figure 39 This will be discussed in a future publication using a
generalised Goodman-de la Harpe-Jones construction (c.f. the comments in Section A.7)).
Again, it is not clear what the dual principal graph is in this case.

The associated modular invariant is again Zg and the graphs are isospectral to
E7(Sp(2)). The eigenvectors 1* are not identical to those for £(Sp(2)). However, as
seen in the following table, the values of [¢)}|? are equal (up to a factor 2) to those for
E3(Sp(2)), for A # (3,1),(3,3). With 6y,60, as in ([@2)) for A = (A1, A2) € Exp, we have:

AeBxp | (Bu8) €[00 | P | gelI(6:,6.)]
(0,0), (0,7) | (&5,2). (3, 5) | ZEpoenls | sm/iyinays
(6:1). (6.0) | (3 3): (5 35) | TE0gosy® | s/orgroeys
(2.2), 2,3) | (5. 5), (5 &) | RIS | m/iryioeys
(0,5), (0,2) | (2. 5): (.55) 5+\/5—>£10+2\/5 5+¢5—\£10+2¢5
(31,63 | (25) (53| 0
where the cigenvectors ¢)* have been normalized so that [|¢*] = 1. Then (62) becomes

2 * = Qg aee]J | where ¢y = Lfor A € {(0,0), (6,1),(2,2),(0,5),(6,0),(0,2),(2,3), (0,7)}
as for £7(Sp(2)), and ((31) = {3,3) = 0. Thus we have the following result:
Theorem 4.10 The joint spectral measure of E277(Sp(2)), EX**(Sp(2)) (over T?) is

1
8072

where d¥1%2) s as in Definition [{_1]

de |J| (d(1/20’2/20) + d(1/20,2/5) + d(3/20,3/10) + d(3/20’1/5)) ’ (64)

4.7 Exceptional Graph &(Sp(2))

The graphs £’ (Gy) are illustrated in Figures @0 and EIl To our knowledge neither graph
has appeared in the literature before in the context of nimrep graphs or subfactors. The
associated modular invariant is [38, (3.1)]

Zeg = |X(0,0) + )(((),8)|2 + X(0,2) + X(o,ﬁ)|2 + |X@a,0) + )((4,4)|2 + X1 + )((4,3)|2

+Ixes + Xeol” + (o, Xon: Xon) + (X610, X038, X05) + (Xa2), X Xes)
+ (X(2,3) X(6,0), X(6,2)) T (X(0.4) X(2,0), X(2,6) )
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Figure 40: Graph &' (Sp(2)) Figure 41: Graph &{*(Sp(2))

where (X, Xus Xo) = [Xal? + xa 0t + x0)* + (Xu + Xo)x5- This modular invariant is at
level 8 and has exponents

Exp(&5(5p(2))) = {(0,0),(0,8),(0,2),(0,6), (4,0), (4, 4), (4, 1), (4,3), (2,2), (2,4),
(8,0),(6,1),(4,2),(2,3),(0,4)}.

Since the modular invariant associated with this family of graphs does not come from a
conformal embedding, it has not yet been shown that the graphs Ep;(Sp(2)) arises from
a braided subfactor. This modular invariant is a twist of the Dg(Sp(2)) = As(Sp(2))/Zs
orbifold invariant discussed in Section[4.2] and is analogous to the F7 modular invariant for
SU(2) [9, §5.3] and the Moore-Seiberg 51(\}23) invariant for SU(3) [19, §5.4]. The realisation
of this nimrep by a braided subfactor will be discussed in a future publication, usin
a generalised Goodman-de la Harpe-Jones construction analogous to that for Fr, 51(\}23
in [9, 19]. This construction produces &’ (Gs) as nimrep graphs. It is expected that
Esp;(Sp(2)) does indeed arise as the nimrep for a type II inclusion with index 4(cos(7/11)+
cos(2m/11))% =~ 12.97.

However, for our purposes it is sufficient to know the eigenvalues and corresponding
eigenvectors for these graphs, and it is not necessary for the graph to be a nimrep graph.
With 6,6, as in ([42) for A = (A1, A2) € Exp(&(Sp(2))), we have the following values:

A€Exp | (01,62) € [0,1° | [V | gamz Sy, (01, 62)°
(0,0), (0,8) | (53:33): (3 33) | s 505
(0.2), (0.6) | (55:%5) (35:35) | @ T
(4.0, (449 | Grw) (mm) | as 5as
(4.1, (4.3) | Gro) Grm) | @ 5
(22,249 | Gpw) Gw) | @ T
(8,0) (5 39) 11b, 0
(6,1) (%,2) 1105 0
(4,2) (53) | ks 0
(2,3) (£:%) | ue 0
(0,4) (&, 5) 11b; 0
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Figure 42: Orbit of (0, 62) for A € Exp(&(Sp(2))).

where a; is the i*" largest root of 566899522° — 154608962 +152266423 —638882%+968x—1,
b; is the " largest root of x® — 112* 4 442% — 7722 + 55z — 11, and the eigenvectors 1*
have been normalized so that ||¢*|| = 1.

The orbits under Dg of the points (6;,602) € {(i 23) (2 9) ,(3 4) (7 8) ,

1 6 5 10 5 7 1o NG L\ 227 22 220 22) > \ 227 22
(535) (35:3) (35 3) - (550 33) + (0 3) > (35 25) - ,}arelllustratedlnFlgure . The

orbits of each successive pair of points support the measures d(1/20:2/22)  ((3/22,4/22) d(l/ 22,6/22)
d®/227/22) and d®/226/22) respectively. The orbits under Dg of the points (61,6,) €

{(%, %) , (%, %) , (%, %) , (24—2, 272) (22, 22)} are the black points illustrated in Figure

Thus we see that the joint spectral measure for E(Sp(2)) is

6; 131 641 J (d(1/22 2/22) | q(3/22.4/22) 4 q(1/22:6/22) 4 4(3/22:6/22) | 2d(2/22,7/22)>

+ 8 g 11 (51 d(1/22,10/22) + by d(3/22,8/22) + by d(5/22,6/22) + by d(4/22,7/22) + bs d(2/22,9/22)) .
Then we have the following result:

Theorem 4.11 The joint spectral measure of E§*(Sp(2)), EL2(Sp(2)) (over T?) is

de — 19316 4J52 (d(1/22,2/22) 4+ q8/224/22) | 4(1/22,6/22) 4 (3/22.6/22) 2d(2/22,7/22)) (65)
7-(- b}

+11 (b1 q(1/22,10/22) + by d(3/22:8/22) + by q(5/22,6/22) + by q(4/22,7/22) 4 bs d(2/22,9/22)) :

(66)

where b; is the i™ largest root of x® — 11z* + 442 — 772% + 552 — 11, and d©@%2) is as in
Definition [4.1].

4.8 Exceptional Graph &12(Sp(2)): (Sp(2))12 = (Es)

The graphs £/3(Sp(2)), illustrated in Figures 43, 44} are the nimrep graphs associated to
the conformal embedding (Sp(2))12 — (Es); and are the graphs associated to the modular
invariant

Ze, = |X(0,0) T X6,0) T X8.1) T X2.3) T X8,3) + X6,6) F X277 + X0,12) + 2X(4,4)|2
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43:

Figure Graph Figure 44: Graph &£5(Sp(2))

€ (Sp(2))

which is at level 12 and has exponents
EXp(512(Sp(2))) = {(O> O)a (67 O)a (87 1)a (27 3)a (87 3)a (6a 6)7 (27 7)7 (Oa 12)7 and four times (4a 4)}

The graphs &3(Sp(2)) are illustrated in Figures B3, B4 Note again that £72(Sp(2)) has
two connected components.
The chiral induced sector bases ;X Ajj are given by

)+ )+ )+ ,
uXa; = {leapo), [O‘E_LLO)L [O‘(io,l)]v [O‘?EQ,O)L [O‘?il)]’ [O‘?Eo,z)]a [048,30)]7 [O‘g?l)]v [0‘232)]7 for j = 1,2},

1+ 2)+ 1+ 2)t
where [ag; )] = [0‘23?0)] @ [0‘53,)@]’ [0Ge.n)] = o) @ [0‘22?1)] e [0‘22?1)]’ and [af; )] = [afi ;)] @
1)+ 1)+ (2)+
[azio)) @ [ )] ® o o)

One can in principle compute the principal graph and dual principal graph of the
inclusion (Sp(2))12 — (Es)1, as in Section B3, but we do not do that here due to their
size (the principal graph for instance has 55 vertices). It is only possible to determine the
edge set of the pair of vertices [t o ag)li)] and [z o ag)i)] together, but not which edges are
attached to either vertex individually. However, the correct choice could be verified by
the generalised Goodman-de la Harpe-Jones method referred to in Section 4.3 where the

principal graph appears as the intertwining graph.

The subfactor afj o (M) C M of index 3(10 +3v/5 + /75 + 30v/5) ~ 14.31, where M

is a type III factor, has principal graph the nimrep graph &3 (Sp(2)) illustrated in Figure
43, and the dual principal graph is again isomorphic to the principal graph as abstract
graphs.

We now determine the joint spectral measure of £73(Sp(2)), EY5(Sp(2)). With 61,65
as in ([@2) for A = (A1, A\2) € Exp(E3(Sp(2))), we have the following values:

AeExp | (61,6,) € [0,1] 21 L1 T(6,65)]
(0,0), (0.12) | (5, 3), (8, ) | 2impuores | a-vioyimeos
(6.0, 6.0) | Gy ), (G ) | "0 | Poynes
8.1, 6.3 | Gh i), (G §) | "ongeel | ponymes
2.3 2.7) | (). (5. 4) | e | Sinfmes
) (- 3) : ;
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Figure 45: Orbit of (0y, 62) for A\ € Exp(&12(Sp(2))) \ {(4,4)}.

where the eigenvectors 1* have been normalized so that |[¢)}|| = 1, and for the exponent
(4,4) which has multiplicity four, the value listed in the table for [p** | is Z?:l a2,
Note that 11

A2

2 = s 1) (67)

where (), =1 for A € Exp(&;(Sp(2))) \ {(4,4)} and C(44 =10/3.

The orbits under Dg of the points (6;,602) € {( 30 30) (%,%) ,(310, 380) (%,%) ,

(%, %) (;—0, %) (;0, 370) (30, 30) } are illustrated in Figure @5l The orbits of the first

four pairs of points support the measures d(1/30:2/30) ~q(1/30,8/30) - q(2/30,11/30) g ((4/30,7/30)

respectively. The orbit of the last pair has appeared before and supports the measure
|J| dg x dg. Thus, using (67), we see that the joint spectral measure for £15(Sp(2)) is

de = 16 é E o 2‘J| (d(1/30 ,1/15) + d (1/30,4/15) + d (1/15,11/30) + d (2/15, 7/30))
1101
365?%8 2"]|d6><d6

Then we have obtained the following result:

Theorem 4.12 The joint spectral measure of Ey (Sp(2)), EX2(Sp(2)) (over T?) is

de =

1
J (1/30,1/15) d(1/30’4/15) d(1/15,11/30) d(2/15’7/30) — |Jlds x d 68
6%2\ [ (d + + + ) + 5511 de x de, (68)

where d9192) s as in Definition[.1] and dg is the uniform Dirac measure on the 6 roots
of unity.

Acknowledgement.
The second author was supported by the Coleg Cymraeg Cenedlaethol.

References

[1] T. Banica and D. Bisch, Spectral measures of small index principal graphs, Comm. Math. Phys. 269 (2007), 259-281.
[2] D. Bernard, String characters from Kac-Moody automorphisms, Nucl. Phys. B 288 (1987), 628-648.

39



J. Bockenhauer and D. E. Evans, Modular invariants, graphs and a-induction for nets of subfactors. II, Comm. Math.
Phys. 200 (1999), 57-103.

J. Bockenhauer and D. E. Evans, Modular invariants, graphs and a-induction for nets of subfactors. III, Comm.
Math. Phys. 205 (1999), 183-228.

J. Bockenhauer and D. E. Evans, Modular invariants from subfactors: Type I coupling matrices and intermediate
subfactors, Comm. Math. Phys. 218 (2000), 267-289.

J. Bockenhauer and D. E. Evans, Modular invariants and subfactors, in Mathematical physics in mathematics and
physics (Siena, 2000), Fields Inst. Commun. 30, 11-37, Amer. Math. Soc., Providence, RI, 2001.

J. Bockenhauer and D. E. Evans, Modular invariants from subfactors, in Quantum symmetries in theoretical physics
and mathematics (Bariloche, 2000), Contemp. Math. 294, 95-131, Amer. Math. Soc., Providence, RI, 2002.

J. Bockenhauer, D. E. Evans and Y. Kawahigashi, On a-induction, chiral generators and modular invariants for
subfactors, Comm. Math. Phys. 208 (1999), 429-487.

J. Bockenhauer, D. E. Evans and Y. Kawahigashi, Chiral structure of modular invariants for subfactors, Comm.
Math. Phys. 210 (2000), 733-784.

P.F. Byrd and M.D. Friedman, Handbook of elliptic integrals for engineers and scientists, Die Grundlehren der
mathematischen Wissenschaften, Band 67, Second edition, revised. Springer-Verlag, New York, 1971.

P. Christe and F. Ravanani, GN ® GN+L conformal field theories and their modular invariant partition functions,
Int. J. Mod. Phys. A 4 (1989), 897-920.

B. Cooper, Almost Koszul Duality and Rational Conformal Field Theory, PhD thesis, University of Bath, 2007.

R. Coquereaux, R. Rais and E.H. Tahri, Exceptional quantum subgroups for the rank two Lie algebras B2 and G2,
J. Math. Phys. 51 (2010), 092302 (34 pages)

R. Coquereaux, http://www.cpt.univ-mrs.fr/~coque/quantumfusion/FusionGraphs.html|
D. E. Evans, Fusion rules of modular invariants, Rev. Math. Phys. 14 (2002), 709-732.

D. E. Evans, Critical phenomena, modular invariants and operator algebras, in Operator algebras and mathematical
physics (Constanta, 2001), 89-113, Theta, Bucharest, 2003.

D. E. Evans and Y. Kawahigashi, Quantum symmetries on operator algebras, Oxford Mathematical Monographs.
The Clarendon Press Oxford University Press, New York, 1998. Oxford Science Publications.

D. E. Evans and M. Pugh, Ocneanu Cells and Boltzmann Weights for the SU(3) ADE Graphs, Miinster J. Math. 2
(2009), 95-142.

D. E. Evans and M. Pugh, SU(3)-Goodman-de la Harpe-Jones subfactors and the realisation of SU(3) modular
invariants, Rev. Math. Phys. 21 (2009), 877-928.

D.E. Evans and M. Pugh, Spectral Measures and Generating Series for Nimrep Graphs in Subfactor Theory, Comm.
Math. Phys. 295 (2010), 363-413.

D. E. Evans and M. Pugh, Spectral Measures and Generating Series for Nimrep Graphs in Subfactor Theory II:
SU(3), Comm. Math. Phys. 301 (2011), 771-809.

D. E. Evans and M. Pugh, The Nakayama automorphism of the almost Calabi-Yau algebras associated to SU(3)
modular invariants, Comm. Math. Phys. 312 (2012), 179-222.

D.E. Evans and M. Pugh, Spectral Measures for G2, Comm. Math. Phys., to appear. Preprint, larXiv:1404.1863
[math.OA].

D. E. Evans and M. Pugh, Spectral Measures for G2 II: finite subgroups. Preprint, larXiv:1404.1866/ [math.OA].

D.E. Evans and M. Pugh, Spectral measures associated to rank two Lie groups and finite subgroups of GL(2,7Z).
Preprint, larXiv:1404.1877 [math.OA].

T. Gannon, Algorithms for affine Kac-Moody algebras. arXiv:hep-th/0106123.

T. Gannon and Q. Ho-Kim, The low level modular-invariant partition functions of rank-two algebras, Internat. J.
Modern Phys. A 9 (1994), 2667-2686.

F.M. Goodman, P. de la Harpe and V.F.R Jones, Coxeter graphs and towers of algebras, MSRI Publications, Vol.
14. Springer-Verlag, New York, 1989.

G. Kuperberg, Spiders for rank 2 Lie algebras, Comm. Math. Phys. 180 (1996), 109-151.

A. Ocneanu, Paths on Coxeter diagrams: from Platonic solids and singularities to minimal models and subfactors.
(Notes recorded by S. Goto), in Lectures on operator theory, (ed. B. V. Rajarama Bhat et al.), The Fields Institute
Monographs, 243-323, Amer. Math. Soc., Providence, R.I., 2000.

A. Ocneanu, Higher Coxeter Systems (2000). Talk given at MSRI.
http://www.msri.org/publications/In/msri/2000/subfactors/ocneanu.

A. Ocneanu, The classification of subgroups of quantum SU(N), in Quantum symmetries in theoretical physics and
mathematics (Bariloche, 2000), Contemp. Math. 294, 133-159, Amer. Math. Soc., Providence, RI, 2002.

T. Ohtsuki and S. Yamada, Quantum SU(3) invariant of 3-manifolds via linear skein theory, J. Knot Theory Rami-
fications 6 (1997), 373-404.

K.-H. Rehren, Space-time fields and exchange fields, Comm. Math. Phys. 132 (1990), 461-483.
L. C. Suciu, The SU(3) Wire Model, PhD thesis, The Pennsylvania State University, 1997.

V. Turaev, Quantum invariants of knots and 3-manifolds, Second revised edition, de Gruyter Studies in Mathematics,
18. Walter de Gruyter & Co., Berlin, 2010.

S. Uhlmann, R. Meinel and A. Wipf, Ward identities for invariant group integrals, J. Phys. A 40 (2007), 4367-4389.

D. Verstegen, New exceptional modular invariant partition functions for simple Kac-Moody algebras, Nuclear Phys.
B 346 (1990), 349-386.

40


http://www.cpt.univ-mrs.fr/~coque/quantumfusion/FusionGraphs.html
http://arxiv.org/abs/1404.1863
http://arxiv.org/abs/1404.1866
http://arxiv.org/abs/1404.1877
http://arxiv.org/abs/hep-th/0106123
http://www.msri.org/publications/ln/msri/2000/subfactors/ocneanu

[39] H. Wenzl, On sequences of projections, C. R. Math. Rep. Acad. Sci. Canada 9 (1987), 5-9.
[40] F. Xu, New braided endomorphisms from conformal inclusions, Comm. Math. Phys. 192 (1998), 349-403.

[41] S. Yamagami, A categorical and diagrammatical approach to Temperley-Lieb algebras. larXiv:math/0405267
[math.QA].

41


http://arxiv.org/abs/math/0405267

	1 Introduction
	2 Spectral measures for W  A(Sp(2)), W  A(SO(5))
	2.1 Joint spectral measure for W  A(Sp(2)), W  A(SO(5)) over T2
	2.2 Joint spectral measure for W  A(Sp(2)), W  A(SO(5)) on R2
	2.3 Spectral measure for W  A(Sp(2)), W  A(SO(5)) on R

	3 Spectral measures for A(Sp(2)), A(SO(5))
	3.1 Joint spectral measure for A(Sp(2)), A(SO(5)) over T2
	3.2 Spectral measure for A(Sp(2)) on R

	4 Spectral Measures for Nimrep Graphs associated to Sp(2) and SO(5) Modular Invariants
	4.1 Graphs Ak(Sp(2)), k 
	4.2 Graphs Dk(Sp(2)), k 
	4.3 Exceptional Graph E3(Sp(2)): (Sp(2))3 (SO(10))1
	4.4 Exceptional Graph E3M(Sp(2)): (Sp(2))3 (SO(10))1 Z2
	4.5 Exceptional Graph E7(Sp(2)): (Sp(2))7 (SO(14))1
	4.6 Exceptional Graph E7M(Sp(2)): (Sp(2))7 (SO(14))1 Z2
	4.7 Exceptional Graph E8(Sp(2))
	4.8 Exceptional Graph E12(Sp(2)): (Sp(2))12 (E8)1

	References

